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Abstract

In this paper we consider the weighted exponential distribution proposed by Gupta
and Kundu (2009) and discuss its various reliability properties. We further consider
the length biased version of the weighted exponential distribution, and discuss different
properties and inferential issues. The maximum likelihood estimators of the unknown
parameters of the proposed length biased weighted exponential distribution has been
addressed. One data set has been analyzed for illustrative purposes.
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1 INTRODUCTION

Azzalini (1985) proposed a novel approach to introduce an additional parameter to a normal
distribution. This additional parameter incorporates skewness to the symmetric normal
distribution. This distribution is well known in the statistical literature as the skew-normal
distribution, and it has received considerable attention in the last two decades. Kundu and
Gupta (2009) introduced a new class of weighted exponential distribution using the idea of
Azzalini (1985) and it can be defined as follows: A random variable X is said to have a
weighted exponential distribution with the shape parameter o and scale parameter A if it

has the following probability density function (PDF)

a—+1
«

fX(Q:?a?/\) =

Ae M (1—e ) if 2> 0, (1)

and zero otherwise. From now on a random variable with the PDF (1) will be denoted by
WE(a, A). The WE distribution of Gupta and Kundu (2009) has several desirable properties.
Although exponential distribution is not a member of this family of distributions, exponential
distribution can be obtained as limiting distribution from the WE class. Recently, this
model has received some attention in the statistical literature because of its flexibility and
simplicity, see for example Shakhatreh (2012), Roy and Adnan (2012), Al-Mutairi et al.

(2011), Farahani and Khorram (2014) and the references cited therein.

The main aim of this paper is two fold. First we consider the WE model and discuss
several reliability properties of the model. Further we consider the length biased version of
the WE model. Length biased model plays an important role in different area of statistical
applications. If Y is a positive random variable with the PDF fy(y) for y > 0, and with
finite mean g, then length biased (LB) or size biased version of Y is a random variable T,
with the PDF;

tfy(t)

fT(t) = T; t>0. (2)



The distribution of T" is the LB version of the distribution of Y. The mean of the original
distribution has been incorporated in the LB version of the PDF so that it becomes a valid
density function. Therefore, the LB distribution does not introduce any extra parameter
in the model. The LB distribution has been used quite extensively in different areas such
as biometry, ecology, environmental sciences, reliability and survival analysis. An extensive
review of the LB distributions and their applications can be found in Gupta and Kirmani
(1990). In this paper we develop the length biased weighted exponential (LBWE) distribution
and discuss several properties and related inferential issues. One data analysis has been

performed for illustrative purposes.

Rest of the paper is organized as follows. In Section 2, we briefly discuss the WE model
and develop several reliability properties. In Section 3 we introduce the LBWE distribution
and discuss several properties. The inferential issues and the data analysis are discussed in
Section 4. The three-parameter LBWE is proposed in Section 5, and finally we conclude the

paper in Section 6.

2 WEIGHTED EXPONENTIAL MODEL AND ITS PROPERTIES

2.1 WEIGHTED EXPONENTIAL MODEL

A random variable X follows WE(a, A) if it has the PDF (1). The PDF of WE distribution is
unimodal and it has increasing hazard function for all values of a.. Since the hazard function
is always an increasing function this is suitable for modelling lifetime data when wear-out or
ageing is present. If A = 1, the moment generating function (MGF) of X can be written for

—1<t<l1as

MX(t):(l— ! )_1(1—t)_1. (3)



Using the MGF, the mean (), variance (0?), coefficient of variation (CV) and skewness ()

can be obtained as

1 - 1 B 21+ ) A+ )P +1)?
I+a’ _1+(1+a>2’cv_\/(1 (2+a)2)’ﬁl_\/((1+a)2+1)3'

Both the CV and skewness are functions of «, and the CV increases from 1/ V2 to 1, whereas

p=1+

skewness increases from v/2 to 2. The following representation can be very useful for gener-
ating WE random variable and also developing several other properties also. Suppose X ~
WE(a, A), then

X=U+YV, (4)
here both U and V' are exponential random variables with mean 1/A and 1/A(1+ f3), respec-
tively, and they are independently distributed. For various other properties and for different

physical interpretations, the readers are referred to the original paper of Gupta and Kundu

(2009).

2.2 DIFFERENT RELIABILITY PROPERTIES OF WE DISTRIBUTION

The following theorem shows that WE distribution has the ILR (increasing in likelihood
ratio) property. Let us recall that a positive random variable X with PDF f(z), is said to

be ILR if In f(x) is concave in x.
THEOREM 1: If X ~ WE(a, A), then X has the ILR property.

Proor: Note that X has ILR property, if and only if the probability density function of X

is log concave. Now, the log density function of X is given by

a—+1
8}

mh@mj):h( A)—m+mu—amy (5)

Differentiating In fx(x; o, A) with respect to x, we get

d ale=
%[lnfx(x, a, )\)] = —/\+m, (6)



which is a decreasing function in . Hence, X has ILR property. n

The following theorem shows that WE distribution preserves the likelihood ratio ordering.
Let us recall that a random variable Y; is said to be larger than another random variable
Y, in likelihood ratio ordering (written as Y) >pg Ys) if, for all z > 0, fy,(z)/fy,(x) is an

increasing function in x.

THEOREM 2: Let X ~ WE(OQ, )\1) and Xo ~ WE(O{Q, )\2), then X, >LR (SLR)XQ provided

(i) Ao > (<),
a2 _ 1 alAiz _

for all 0.
o or a x >

e

(i)

e

> (<)

Qa2

PrROOF: X; >1r (Spr)Xo if and only if fx, (x, a1, )/ fx,(x, a2, \y) is an increasing (de-

creasing) function of x. Now,

M — 042(041 + 1))\1 (1 — 6_041>\1:c) e()\zi)\l)z
fX2 (xy g, )\2) Oél(OéQ + 1))\2 (1 — 6—&2)\238)
= A(w), say
1 — e—oq)\lx
A(z) is an increasing (decreasing) function of z, if Ay > (<)M and Ay(z) = 1 o—arhz is
J— e QQAQT

an increasing (decreasing) function of z. Differentiating A;(z) with respect to x, we get

a/l)qe_al)\m(l o e—az)a:c) o &2A2€—azk2x(1 o e—al)\lx)

/
Al (x) - (1 _ €7a2>\2$>2
EL a0 (€720 — 1) — aphy (e — 1)
> (<) 0,
ea2>\2x —1 6a1/\1x _
provided W > (S)W, for all x > 0. [ |

Note that a; = ay, then X7 >1g (S<pg)Xs if Ay > (<)A;. The following example shows

that if condition (i) of Theorem 2 not satisfied then the theorem may not hold.



EXAMPLE 1: Let X; ~ WE(1,4) and X5 ~ WE(3,2). The PDF of X is given by
fx(z:1,4)) = 8e™(1—e), z>0,
and the PDF of X, is given by
8 —2x —6x
fX2(x;372) = ge (1_6 )7 x> 0.

Clearly, condition (ii) of the Theorem 2 holds but not condition (i). Now, for all z > 0

fxi(z;1,4)  Be ¥ (1—e )
fx,(7:3,2) e 22(1 — e67)
= pi(z)(say).

We see that p; (1) = 0.39954, p;(2) = 0.054927, which shows that % is not an increasing
» (@3,

function of x > 0. Hence, X >, Y does not hold. [ |

The following examples shows that if the condition (ii) of Theorem 2 does not satisfy,

then the theorem may or may not hold.
EXAMPLE 2: Let X; ~ WE(3,3) and and X5 ~ WE(2,4). The PDF of X is given by
fx,(2:3,3) = 4" (1—e ), x>0,
and the PDF of X5 is
fx,(r) = 6e (1 —e®), z>0.

Clearly, condition (i) of the Theorem 2 holds, but not condition (ii). Now, for all 2 > 0

Ix,(2;3,3) _ 2e73%(1 — e797)
fx,(x;2,4) 3e4r(1 — e=8)
!
where u = e~ *. Observe that
d ~ 9u® —8u! -1

%pQ(u) (1 —wd)?



Since 9u® — 8u” — 1 is an increasing function of u € (0,1), with maximum value less than

. . o z;3,3) . . . .
0, p2(u) is a decreasing function in u. Therefore, M is an increasing function of x.

fX2 (ZL’; 2, 4)
Hence, X1 ZLR XQ. [ |

ExAMPLE 3: Let X; ~ WE(S8, 1/4) and Xy ~ WE(1/4,1/2). The PDF of X; and X, are

given by
9 —xz/4 —2z
fx,(2:8,1/4) = 35° (1—e"), x>0,
and
o —x/2 —z/8
fXQ(‘CC) = 56 (1_6 )7 £E>0,

respectively. Clearly, condition (i) of the Theorem 2 holds but not condition (ii). Now, for

all x > 0
le (.’L’, 87 1/4> o 96_m/4(1 B 6_21)
fx,(z,1/4,1/2) — 80e~/2(1 — e~2/8)
= p3(z), (say).

We see that ps(1) = 1.0630, p3(3) = 0.75970, and p3(6) = 0.95558, which shows that ps(x)

is not a monotone function of z. Hence, X; >z X5 does not hold. [ |

The following theorem shows that the WE distribution preserves the up likelihood ratio
ordering. Let us recall that a random variable Y] is said to be smaller than another random
variable Y5 in up likelihood ratio ordering (written as Y, <ppy Y2) if, for all x > 0, fy, (z +

t)/ fv,(x) is an increasing function in z.

THEOREM 3: Let X; ~ WE(ay, A1) and Xy ~ WE(ag, A2). Then X; <pr X, provided

<1> )\1 Z )\27

eal)\lx -1 eaz)\gx -1
i > for all x > 0
(ii) a2 o or all z > 0,




(iii) X; has ILR property.

PRrOOF: Note that X; <pry X if and only if fx, (t+x; 01, A1)/ fx,(x; g, A2) is a decreasing

function in x > 0 for all ¢ > 0. Now,

le(t—l—fL’;Ozl,)\l) _ fX1(x;041>/\1)fX1(t+m;ala)\1)
Ixo (w50, Ag) sz(I;Oéz,/\z)fxl(I§041,)\1) '

Since, X is ILR, then fx, (t + z; 01, A1)/ fx, (x; 1, A1) is a decreasing function in x > 0 for

all £ > 0. Again, we see that

M _ ag(ar + 1)\ (1 — e—‘h)\m) Gamrrle
fxo (2302, Ag) ar(an + D)hg (1 — e-o2dor)

—aq A
Ixy (w301,)1) 1 — egra®

Ixy (T502,A2) is a decreasing

is a decreasing function in z if Ay > Ay and Ay(x) = [Epe——ve
R 6_

function in z. Differentiating As(x) with respect to x, we get

Oél)\le—(n)qx (1 . e—az)\zx) o 042)\26_042)‘2x (1 o 6—011)\196)

/ _
Ay(r) = (1— 6_@/\”)2
Sién ()11)\1(6_0[1)\196 — 1) — CYQ)\Q(B_OQ)\QQG — 1) S 0,
CERSE | asdox
provided ¢ > ¢ , for all z > 0. |
Oél)\l 042)\2

Note that when a3 = ay, then X; <ppy Xo if Ay > Ay and X is ILR. The following
example shows that if condition (i) of Theorem 3 does not satisfy, then the theorem may not

hold.

EXAMPLE 4: Let X; ~ WE(2,1) and X5 ~ WE(1,3). Then the PDF of X; and X, are
fx,(:2,1) = 3e 2@ (1 — 744y 5 5 0,

and

fx(2;1,3) = 62 (1—e ), x>0,



respectively. Clearly, condition (ii) of the Theorem 3 holds, but not condition (i). Now, for
allz >0and t >0,

le (I + t, 27 2) - 672(93+t)(1 o 6—4(x+t))
fxa(2:1,3) - 2e3(1 — e=37)

= py(z,t), (say).

We see that ps(0.1,1) = 0.569995, p4(0.4,1) = 0.287848, p4(1.5,1) = 0.613316, which shows
that py(z,t) is not a monotone function of z for fixed ¢. Hence, Xy <ppt Xs does not hold.

The following examples shows that if condition (ii) of Theorem 3 does not satisfy, then

the theorem may or may not hold.

EXAMPLE 5: Let X; ~ WE(1,3) and Xy ~ WE(2,2). Then the PDF of X, is given by
fx,(2:1,3) = 6 (1 —e ), x>0,

and the PDF of X5 is given by
fx,(2;2,2) = 3e*(1—e ™), z>0.

Clearly, condition (i) of the Theorem 3 holds, but not condition (ii). Now, for all z > 0 and

t>0
fa(+41,3) 2e 3@ (1 — g3t
fX2 (.13, 27 2) N e—2m(1 — 6—4m>
200 (1 — wt)
= —

= ps(u,v), (say),

where u = ¢ and v = e . It easily follows that for fixed 0 < v < 1, p5(u,v) is an increasing

function of 0 < wu < 1. Hence, X7 <ppt Xo. |

EXAMPLE 6: Let X; ~ WE(1/4, 1/2) and Xy ~ WE(6, 1/3). Then the PDF of X is given
by

5
le ((E; 1/4a 1/2> = 56_:6/2(1 - e—x/8)’ T > 07



10

and the PDF of X5 is given by

Fou(@:6,1/3) — 1—2690/3(1_6233), v >0,

Clearly, condition (i) of the Theorem 3 holds, but not condition (ii). Now, for allz > 0¢ >0

le ($ + t’ i? %) B 456—(x+t)/2(1 o e—(w+t)/8)
fx,(z,6, %) N Te #/3(1 — e=2%)
= pe(x,t), (say).

We see that pg(0.5,1) = 0.97028, pg(1,1) = 0.84440, pe(3,1) = 0.93285, which shows that

pe(x,t) is not a monotone function of = for fixed ¢, hence X; <ppt Xy does not hold. |

The following theorem shows that the WE distribution preserves the down likelihood ratio
ordering. Note that a random variable Y] is said to be larger than another random variable
Y5 in down likelihood ratio ordering (written as Y1 >pg, Y2) if, for all ¢ > 0, fy, (z)/ fv,(x+1)

is an increasing function in x.

THEOREM 4: Let X; ~ WE(ay, A1) and Xy ~ WE(ag, A2). Then X; >z, X, provided

(1) )\1 S )\27

6041)\190 -1 eag)\gx o
i for all x > 0
(ii) o S o or all "

(i) X is ILR.
PRrROOF: The proof can be obtained along the same line as the proof of Theorem 3, hence it
is omitted. |

When a; = sy, then X; >pp) Xoif Ay < Ay and X is ILR. The following example shows

that if condition (i) of Theorem 4 does not satisfy, then the theorem may not hold.

EXAMPLE 7: Let us consider Example 1. Clearly, condition (ii) of the Theorem 4 holds, but



11

not condition (i). Now, for all x > 0, ¢ > 0

fx(z,1,4) 3e718(1 — e 17)
fy(l‘ +1t,3, 2) - e—?(:c—l—t)(l _ e—G(z-i—t))
= pr(x,t), say.

We see that p7(0.1,1) = 5.99149, p;(0.5,1) = 7.05208, p;(1,1) = 2.9451, which shows that
pr(x,t) is not a monotone function of x for a fixed ¢. Thus, X; >1r; Xs does not hold.

Hence, condition (i) of Theorem 4 cannot be dropped. n

The following example shows that if condition (ii) of Theorem 4 does not satisfy, then

the theorem may or may not hold.

EXAMPLE 8: Let us consider Example 2. Clearly, condition (i) of the Theorem 4 satisfies,

but not condition (ii). Now, for all z > 0, ¢ >0

fx(x,3,3) 21 —e?)  2(1—4f)
fy(z+1,4,2)  3e 4@t (1 — e8@+))  yt(1 — udvB)

= pg(U, U)> (SaY)a (7>

xT

where u = e * and v = e~ '. Since for fixed 0 < v < 1, ps(u,v) is a decreasing function in

0§u§1,X12LmX2. [ |

EXAMPLE 9: Let us consider Example 3. Clearly, condition (i) of the Theorem 4 satisfies,

but not condition (ii). Now, for all x > 0, ¢t > 0

x@89) 91— e)
frw+t,1 3 80e~@+0/2(1 — e~ (@+0)/8)
= po(x), say.

We see that pg(1,0.5) = 0.93805, po(2.5,0.5) = 0.857198, and pg(4,0.5) = 0.91239, which
shows that pg(z,0.5) is not a monotone function in x for a fixed ¢, hence, X; >z X5 does

not hold. [ |

The following theorem shows that the WE distribution preserves the up hazard rate

ordering. A random variable X is said to be smaller than another random variable X5 in up
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hazard rate order (written as X7 <pgpt Xo) if, X1 —2 <pp Xo, for all x > 0, or equivalently,

if F'y,(z +1t)/Fyx,(z) is a decreasing function in z.

THEOREM 5: Let X ~ WE(O&l, )\1) and X ~ WE(OZQ, )\2) Then X, SHRT X5 provided

(1) A1 Z )\2;

(11) (a1 +1)e*1 121 > (ag+1)e2r27 1
Oz1)\1 - QQ/\Q

, for all z > 0,

(ifi) X is IFR.

PROOF: Let us recall that X; <ppy Xy if and only if Fx(t + z)/Fy(z) is a decreasing

function in x > 0 for all ¢ > 0. Now,

Fx, (t +x) _ Fx, (2)Fx, (t + x)
jin(x) jiXQ(I)jiX1<m) ‘

Since, X is IFR, then F, (t + 2)/Fx, () is a decreasing function in # > 0 for all ¢+ > 0.

Again, we see that

FXl (z) Q (061 +1-— e‘al)‘lw)

()\2—)\1)96.
Fy,(x) g (g + 1 — ema2tew)

P, (@) ap 41— eohe
=1 is a decreasing function in z if A\; > Xy and As(z) = is a decreasing
FX2 (x) e %} + ]_ — 6_042/\2-73

function in x. Differentiating As(x) with respect to x, we get

a\ e M (a2 +1-— e*aﬂﬂ) — (g hge2A2T (a1 +1-— e*O‘l)‘lm)

Ai(z) =
3( ) (042 —I— 1 . 6_0‘2>‘2x)2
sien ar M [(ag + 1)e22227 — 1] — aphg[(ay + 1)e®M® — 1]
< 0,
provided (o‘lﬂfj\?ltl > (aﬁl)eaﬂw*l, for all = > 0. |

g2

When a; = g, then X <gpy X if A > Ay and X is IFR. The following example shows

that if condition (i) of Theorem 5 does not hold, then the theorem may not hold.
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ExAaMPLE 10: Let X; ~ WE(1,2) and Xy ~ WE(2,3). Then the survival function of X is

given by

n —2x 1 —2x

Fx,(x) = 2e (1—56 ), x>0,
and the survival function of X is given by

_ 3 1

Fy(l’) = 56_3x(1 — 56_6:0), x>0,

Clearly, condition (ii) of the Theorem 5 holds, but not condition (i). Now, for all z,t > 0

Fx, (v +1t1,2) de=2@+0 (] — %6—2(904-15))
Fy,(;2,3) 3e3(1 — Le~6r)
= pio(x, 1), (say).

Observe pi1p(0,1) = 0.23404, p10(0.1,1) = 0.21703, p1o(1.5,1) = 0.48191, which shows that

p1o(x, 1) is not a monotone function in z, hence, X; <gpt Xo does not hold. |

The following examples shows that if condition (ii) of Theorem 5 does not satisfy then

the theorem may or may not hold.
ExaMPLE 11: Let us consider Example 4. Then the survival function of X; is given by
n —3x 1 —3x
Fx, (z) = 2e (1—56 ), x>0,
and the survival function of X3 is given by
_ 3 1
Fx,(z) = 56_23&(1 — 56_436), x> 0.

Clearly, condition (i) of the Theorem 5 holds true, but not condition (ii). Now, for all z,¢ > 0

Fr(z+6,1,3)  4e360(1 - Le=dn)
Fx,(x,2,2) 3e72¢(1 — Le—)
_ w1 )
o)

= pll(uv U)? (SaY)v



14

where u = ¢~* and v = e~". Differentiating py; (u, v) with respect to u for all v > 0, we have

/ sign 3 u’v? 3,6 4 4,3 7,6
P (u,v) = |4dv 1—7—6uv (3 —u”) + 16u"v® — 8u'v
0.

>
Thus, p11(u,v) is an increasing function in u for all v > 0. Hence, X; <gpy Xo. [ |

EXAMPLE 12: Let us consider Example 6. Then the survival function of X is given by

_ 4
Fx,(z) = be *?(1 - ge_x/s), x>0,

and the survival function of X5 is given by

_ 7 1
Fx,(z) = 66_9”/3(1 - ?e_%), x> 0.

Clearly, condition (i) of the Theorem 5 holds true, but not condition (ii). Now, for all z,¢ > 0

Fx,(z+6,1/4,1/2)  30e"@H/2(1 — de=(40)5)
Fxg(ﬂc, 6,1/3) - Te—=/3(1 — %e_gx)
= pua(z,t), say.

We see that pia(1,1) = 0.84583, pia(1.3,1) = 0.845966, pio(3,1) = 0.81193, which shows
that pi2(z, ) is not a monotone function in x for fixed ¢. Hence, X; <gprt Xs does not hold.

The following theorem shows that the univariate weighted exponential distribution pre-
serves the down hazard rate ordering. A random variable X is said to be larger than another
random variable X, in down hazard rate order (written as X; >pgr; Xo) if]
X, >ur [Xo — 2| Xy > 2], for all z > 0, or equivalently, if Fy,(z)/Fx,(r +t) is an in-

creasing function in z, for all ¢ > 0.

THEOREM 6: Let X ~ WE(&l, )\1) and Xo ~ WE(O[Q, )\2) Then X, ZHRi X5 provided

(1) )\1 S )\27
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(o + 1)exrh® — 1 - (g + 1)e222® — 1

, for all x >0,

(i)

a1\ Qg

(iii) Xy is IFR.

PRroor: It has been omitted |

When a; = ay, then X; >pp; Xoif Ay < Xy and X is IFR. The following example shows

that if condition (i) of Theorem 6 does not satisfy, then the theorem may not hold.

EXAMPLE 13: Let X; ~ WE(1,4) and Xy ~ WE(3,2). Then the survival function of X; is

given by
n —4x 1 —4x
Fx,(x) = 2e (1—56 ), x>0,

and the survival function of X3 is given by

_ 4 1
FXQ(ZI')) = 56_21:(1 — ZB_GI), x>0,

Clearly, condition (ii) of the Theorem 6 has satisfied but not condition (i). Now, for all
r,t >0

Fy, (x;1,4) 6e4 (1 — %e—‘lw)
Fx,(x4+13,2)  de2@+)(1 — Le=6+0))
= pus(z,t), (say)

We see that p13(0,1) = 5.5450, p13(0.1,1) = 6.03512, py3(0.5,1) = 3.80163, which shows that

p13(x, 1) is not a monotone function of x for a given t. Hence, X; >ppr; Xo does not hold. B

The following examples show that if condition (ii) of Theorem 6 does not satisfy, then

the theorem may or may not hold.

EXAMPLE 14: Let us consider Example 2. Then the survival function of X; is given by

_ 4 1
FX1 (33‘) = §€_3I(1 — ZB_QI), x>0,
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and the survival function of X, is given by
_ 3 1
Fx,(x) = 5674‘%(1 — 5678””), x> 0.

Clearly, condition (i) of the Theorem 5 does not satisfy, but not condition (ii). Now, for all

x,t>0
FX1($,3,3) o 732(1 411 )
Fx,(z+1,2,4)  9e1@t)(1 — fe-86+D)
w0
(1 — )

Quvt(1 — “83”8 )

= p14(u, U)v (SaY)a

where u = e™* and v = e, Differentiating pi4(u, v) with respect to u for all v > 0, we have

. 9 U8’U8 U8U8 u9
/ sign 9 4 4
B2 1— ot (11— 1— —
p14(u7 U) 4u v < 3 ) v ( 3 > < 4 )
8 9
+5ut0'2 (1 - %)

< 0.

Thus, p1a(u,v) is a decreasing function in u for all v > 0. Hence, X; >pr; Xo. [

EXAMPLE 15: Let X; ~ WE(1/3,1/4) and X5 ~ WE(1/5,4). Then the survival function of

X is given by

_ 3
Fx (z) = 4e7@/%(1 - Ze_x/m)’ x>0,

and the survival function of X is given by

- 5
Fx,(r) = 6e*(1— Ee’4x/5), x>0,

Clearly, condition (i) of the Theorem 6 has satisfied but not condition (ii). Now, for all

x,t >0

FX1($; 1/3,1/4) B 26*96/4(1 _ %efx/12)
FXQ (.Z‘ + t; 1/5, 4) o 36—4(:c+t)(1 _ 26_4(33‘”)/5)

pis(x,t), (say).
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We see that pi5(0,1) = 0.34211, p15(1,1) = 0.31901, p15(2,1) = 0.33813, which shows that

p15(x, 1) is not a monotone function of x for a given t. Hence, X; >ppr; Xo does not hold. B

3 Length Biased Weighted Exponential Distribution

Suppose X ~ WE(a, A), then the length biased version of the random variable X will be
denoted by the random variable T" which has the PDF for ¢t > 0 as

Mo +1))?

NP te (1 — e o), (8)

fr(t;a,\) =

and it will be denoted LBWE(a, A). In this section, we discuss different properties of T, and
for that without loss of generality, it is assumed that A = 1. We will denote fr(t;a,1) =
fr(t; @) only. Tt easily follows that the PDF of T' is always log-concave and fr(t,a) — 0 as
t — 0 ort — oo. Hence fr(t,a) is always unimodal. Again, as o — 0o, then the PDF of T
converges to the PDF of a gamma distribution with shape parameter 2, and as a — 0 then
it converges to gamma distribution with shape parameter 3. The distribution function of T’
is given by

(1+a)

Glt,a) = P(T < 1) =1 = o

(1+t)e "+ (14 (1+a)t)e 0t ¢ >0,
(6%

2+ «)
The corresponding hazard rate and mean residual life functions are given by, respectively,

(1+a)?t(1 —e™o)
I1+a)2(1+t)— (14 (14 a)t)eot’

re(t, o) = (

and

2+t~ e 2+ L+ a)t) e

- e U (A a)t) et

myp(t, «)

Since the PDF of T' is always log-concave, thus hazard rate function is increasing function

in z for all & > 0. Again, the mean residual life function is decreasing in ¢ for all a > 0.
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The moment generating function (MGF) of T for —1 <t < 1is

o (14 a)? 1 1
Mi) = B = (50 [ )

(et

The above Myp(t) can be written as follows:

2 o\ 2 o o\ 2
My(t) = 1—#) " (1— 11—t (1— .
r(t) 2+a< ) ( 1+a) +2+oz( ) ( 1+a)

Hence T has the following representation:

_ JUp+ W with probability 5%
| U, +W with probability 2+La’

here Uy follows a gamma distribution with the shape parameter 2 and scale parameter 1,
U, follows an exponential distribution with the parameter 1 and W follows also a gamma
distribution with the scale parameter 1 + « and shape parameter 2. Further, U; and W are
independently distributed for « = 0 and 1. This representation can be used quite conveniently
to generate samples from a LBWE distribution. Further, if T}, 75, ..., T, are independent
identically distributed random variables from LBWE(a, 1), then the distribution of S =

T, + ...+ T, can be written as follows:

S =U;,+ W with probability p; for k=0,...,n,

9 k n—k
where pp = (Z) (2 n 04) (2 j a) , and U} follows a gamma distribution with the
shape parameter 2n — k and scale parameter 1, and W is same as before. Further U, and

W are independently distributed for £ =0, ... n.

The LBWE model can be obtained as a hidden truncation model similarly as the Az-
zalini’s skew-normal model as it was observed by Arnold and Beaver (2000). Suppose the

random variables Z and Y have the following joint PDF

foyv(z,y) = X220 2500 4> 0. (9)
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Consider a new random variable T' = Z, given that Y < «. It easily follows that the PDF of
T is (8). Therefore, T can be interpreted as a hidden truncation model as follows. Suppose
Z and Y are two random variables with the joint PDF (9). We do not observe Y, but we

observe Z only, provided Y < . Then the observed sample has the PDF (8).

2
FromtheMGFofT,usinglnMT(t):1n<1—2 ! )—21n(1—t)—21n(1— ! ),

+ « 1+«
we obtain
1 1
=FT) = 21 —
i =51 = 2 (14 e - 5ya ).
2 =Var(T) 2(1+ ! 2
0’ pr— pr— —_
T 1+a)? (2+a)?)’

3 1 22
BT = pr)” = 4(”<1+a>3‘<2+a>3)’

2k—1

E(T —pur)* = 2(k—1)! {1+(1ja)k—(2+a)k}, for k=34,....

The coefficient of variation (CV) and skewness of T can be obtained as
1 3(1+ a)? }
CVp=y|=|1-
4 \/2[ (14 (1+a)(2+))?

24 =302+ a) + (1 +a)?(2+ a))?
e -+ (1+aP2+apP

respectively. Both the mean and variance are decreasing functions of a and they decrease

and

from 3 to 2. The coefficient of variation is increasing in «, and it increases from 1/ V3 to

1/4/2 but the skewness is not a monotone function of .

Now we consider the stress-strength parameter of length biased weighted exponential
distribution. Suppose that T} ~ LBWE(ay, A1) and To ~ LBWE(ay, A2) and they are

independently distributed, then

P(T, < T) Ao (1 + ap)? [i B 1 ] (4 a1)?(1 + as)? [ 3N+ Ao
AMag(24a1) | A3 (g + Ag)? a1aoXe(2+ 1) (24 ag) | (A1 + A2)?
3N+ A2 + az)s Ao (1 + ag)? 1
(A A2+ 042)\2)3] a1 (2 + 1) (2 + as) {((1 + ) + Ag)?
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2)\1(1 +Oél) 1
((14‘0&1))\1 +)\2)3 <<1+061))\1+)\2+062)\2)2

4 MAXIMUM LIKELIHOOD ESTIMATORS & DATA ANALYSIS

4.1 MAXIMUM LIKELIHOOD ESTIMATORS

In this subsection we discuss the maximum likelihood estimators (MLEs) of the unknown pa-
rameters, and derive their asymptotic properties. Just for brevity, we make a re-parameterization
B = aX. We mainly discuss the MLEs of § and A here, which are equivalent to « and
A. Suppose {z1,...,x,} is a random sample from a LBWE(«, ), then based on the re-

parameterization aX = 3, the log-likelihood function becomes

L(B,A) = 2nIn(B+ ) —nlnf—nln(8+20)+2nln A+ Inx; — A

i=1 i=1
—i—Zln (1—eP"). (10)
i=1

Therefore, the maximum likelihood estimators (MLEs) of the unknown parameters can be
obtained by maximizing (10) with respect # and A\. The two normal equations take the

following forms:

ol(B, ) 2n 2n N
_ B no_ _ 11
o\ B4+X  B+2) + ; =0, (11)
ol(B, ) 2n N~ a0
_ _n et 12
B B+ A )\+i:1 1 — e B 0 (12)

Clearly, (12) and (11) cannot be solved explicitly, some numerical technique, like Newton-
Raphson method can be used to solve the two non-linear equations simultaneously. Alterna-
tively, any two-dimensional optimization technique may be used to maximize (10) directly
to compute the MLEs of A and . The Fisher information matrix ¥ = ((0y;)) of A and S

can be obtained as follows:

B 2 4 1 13
o = (B+)\)2_(5+2)\)2+F (13)
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012 — 091 — 2 - 2 (14)
(B+A)? (B+2))?
B 2 1 1 AB+A) " A
= oy wrme o (3) )
where
u (%) = /0 (In(1 — 2))*(1 — z)%zfldz.

Since LBWE is a regular family, we have the following result:

Vi (A= 2. (3= 8) = Na(0.57),
4.2 DATA ANALYSIS

We analyze one real data mainly for illustrative purpose, to show how the propose LBWE
model behaves in practice. The data set is obtained from Lawless (1982, pp 228), and it
represents the number of million revolution before failure for each of the 23 ball bearings.
It is as follows: 17.88, 28.92, 33.00, 41.52, 42.12, 45.60, 48.40, 51.84, 51.96, 54.12, 55.56,
67.80, 68.64, 68.64, 68.88, 84.12, 93.12, 98.64, 105.12, 105.84, 127.92, 128.04, 173.40. Before

progressing further we have subtracted 10.25 from each data point.

Preliminary data analysis suggests that it is coming from a skewed distribution, and the
scaled TTT plot suggests that the empirical hazard function is an increasing function. The
histogram and the scaled TTT plots are provided in Figure 1 and Figure 2, respectively.
The preliminary data analysis suggests that the two-parameter LBWE distribution may be

used to analyze this data set.

To get an idea about the initial estimates of § and A\, we use the grid search method
with a grid length 0.01, and we obtain the initial estimates as 0.02 and 0.04, respectively.
We use these initial estimates in the Newton-Raphson algorithm, and we obtain the final

estimates of 5 and A as 0.0257 and 0.0411, respectively. The associated 95% confidence
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150

200

08

0.6 -

04 -

o+ o+ T

ol
0

0.

2
Figure 2: Scaled TTT

04

0.6

0.8

1

plot of the ball-bearing data set.

intervals become 0.0257%0.0071 and 0.041150.0098, respectively. Now the natural question

is how good is the model? The Kolmogorov-Smirnov (KS) statistic and the associated p

value become 0.0854 and 0.9960 respectively. Therefore, it provides an excellent fit. We

have provided the empirical survival function and the fitted survival function in Figure 3.

5 THREE-PARAMETER LBWE DISTRIBUTION

In this section we introduce the location parameter to the two-parameter LBWE distribu-

tion mainly for data analysis purpose. We call this new distribution as the three-parameter
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Figure 3: Scaled TTT plot of the ball-bearing data set.

LBWE distribution. A random variable T is said to have a three-parameter LBWE distri-
bution if it has the following PDF:

Mo +1))?

O{(CY + 2) (t - Iu)e_/\(t_ﬂ)(l - e_Aa(t_M)); >, (16)

fT(t; a, A, :u) =

for « > 0, A > 0 and —o0 < p < oo. It will be denoted by LBWE(a, A, 1). Clearly, the
properties of the three-parameter LBWE distribution are similar to the properties of the
two-parameter LBWE distribution. Now we will discuss the maximum likelihood estimators
of the unknown parameters based on a random sample {zi,...,z,} from LBWE(a, A, u).
Similarly as before, we make the re-parameterization g = a\, and we will be discussing the

MLEs of £, A and p only. The log-likelihood function becomes:

n

LB, A\ p) = 2nIn(B+ ) —nlnf —nln(B + 2X) +2n1n)\+zn:1n(xi — 1) —)\Z(xi — 1)

i=1 i=1

+ Z In (1— 6_6(””_“)) : (17)
i=1

The three normal equations take the following forms:

aL(ﬁv )" N) o 2n 2n n n B
OA ST D) 2(95 =0, (18)
aL(ﬂv >‘7 M) . 2n B n " (xz — M)e‘ﬁ(gﬁi_ﬂ) B

a5 BN AT 1Pl
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OL(B, \, i) _ 1 o Be=B@i—n)
8M P T — W 1 — e Blxi—n)

—0. (20)

To compute the MLEs we need to solve (18), (19) and (20), simultaneously. We have used
the same data set, and computed the MLEs as B\ = 0.0317, A = 0.0404 and = 10.9998.
The associated log-likelihood value becomes -113.0198. In this case the KS statistic and the
associated p value become 0.0849 and 0.9964, respectively. Gupta and Kundu (1999) fitted
three-parameter Weibull, gamma and generalized exponential distributions to this same data
set. For comparison purposes, we have presented below the associated log-likelihood values
and KS statistics for each case. It is clear that the three-parameter LBWE distribution

provides a very good fit to the given data set.

Table 1: Log-likelihood values and the KS statistics for different three parameter distribu-

tions.
Distribution ‘ log-likelihood  KS

Gamma -112.8501 0.107
Weibull -112.9767 0.118
GE -112.7666 0.103
LBWE -113.0198 0.085

6 CONCLUSIONS

In this paper first we consider the weighted exponential distribution originally proposed by
Gupta and Kundu (2009) and discussed its different reliability properties. We then consider
two-parameter length biased weighted exponential distribution. We discussed different prop-
erties of the proposed LBWE distribution and provided some inferential results. We further
consider three-parameter LBWE model mainly for data analysis purposes. We analyze one
data set using the three-parameter LBWE model, and it is observed that it provides a better
fit than some of the existing three-parameter models based on KS statistics. Therefore, the

proposed model may be used for data analysis purposes for some situation in practice.
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