
Lecture 1: Quantum Mechanics: Origins and theory.

1 Status of Physics around 1900

It is not an exageration to say that Physics was in a very sound state towards the end
of the 19th century. Particle mechanics was soundly explained using Newton’s laws of
motion. Theory of waves and fields were quite well-developed and Maxwell’s equations
unified electricity and magnetism with the theory of light waves.

At this time there were some experiments that questioned the underlying physical
framework. The Michelson-Morley experiment questioned the nature of space and time
and caused classical mechanics to be supplemented with relativistic mechanics. The
other set of experiments questioned the nature of matter and eventually led to the
development of a new theory for matter (and electromagnetic fields), called quantum
mechanics.

Some of the experiments which could not be explained using Classical physics were
Photoelectric effect, Blackbody radiation spectrum, heat capacities at low

temperatures, electron diffraction and atomic spectra. Around the same time,
the constituent particles of all matter were discovered to be electrons, protons and
neutrons.

It is in this general scientific mood that quantum mechanics was developed. It was
subsequently refined and made more elegant over the years. It is quite remarkable
that the quantum mechanics framework which was formulated in the early 1920s was
immediately used by chemists like Pauling, Hückel and Werner to explain a large number
of molecular structures.

2 The Bohr atom, the wave-particle duality and the

Heisenberg’s uncertainty principle

The Bohr atom was the first attempt to explain the atomic spectrum of hydrogen atom.
It also a fine example of a model that was conceptually unsound but explained some
of the atomic spectra observations. It is almost completely discarded but it did predict
the radii of the hydrogen orbitals and the energies of the orbits. Probably the only
remnant of the theory is the term “Bohr radius”. Bohr invoked quantization of angular
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momentum and quantization of emitted light, but many of his other assumptions were
not very sound.

The central theme of quantum mechanics is to give a wave-like behavior to the
description of particles. The experiments like photoelectric effect were explained using
a particle-like formulation of electromagnetic waves. Thus, matter behaves like a wave
and waves behave like matter. The De Broglie hypothesis says that a particle with
momentum p should have wave characteristics like a wave of wavelength λ given by

λ =
h

p

where h is the Planck constant which was originally used by Planck in quantization
of electromagnetic radiation. The value of h is central to the quantum picture. It
establishes in some sense a scale for observing wave-like effects in particles.

The crucial difference between a classical particle and a classical wave is the local-
ization in space. Particles have well-defined positions, whereas the velocity of a wave
is well-defined, whereas its position is not clearly defined. Heisenberg’s uncertainty
principle states that it is impossible to simultaneously specify, with arbitrary precision,
both the position and momentum of a particle. The precise mathematical statement is

∆px∆x ≥ h

4π

The Planck’s constant appears here too !! Again it establishes a scale at which we have
to be concerned about the principle. There are two things worrying about this principle.

Firstly, it uses a term “uncertainty” which hardly seems scientific and secondly it
goes on to quantify the uncertainty and give a precise bound to it. So, what is meant
by the uncertainty, say ∆x ? The unerstanding is that, the position of the particle is
not precise, i.e. everytime you measure the position, you might get a slightly different
value. ∆x is a measure of the spread of values. A statistical measure of the uncertainty
is the standard deviation of x given by

√

〈x2〉 − 〈x〉2, where the angular brackets are
used to denote the average values.

The second surprising thing about the uncertainty principle is the choice of variables
position and momentum. Are these the only choice of variables ? It turns out that,
there are other variables too, but since position and momentum are the fundamental
variables in a classical mechanical description, we use them to illustrate the uncertainty
principle.

3 Framework of Quantum Mechanics

The goal here is to have a set of fundamental principles (like Newton’s laws) that will
describe the behavior of all particles. Since we rightly believe that Classical mechanics
works at large scales, QM should reduce to CM at large length scales. However, it
should also satisfy uncertainty principle and explain the experiments which fail to have
a classical explanation.
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4 The wavefunction, interpretation and properties

In classical mechanics, the description of the state of a particle involves simultaneously
specifying its position and momentum, but the uncertainty principle forbids this. In
QM, we define an object called a wavefunction, ψ which contains information about
the state of the particle. The wavefunction is a function of either the position or
the momentum of the particle (and not both). For all of this course, we will use a
wavefunction that is a function of the particle position ~r, so we write ψ(~r). Notice that
we need the functional dependence of ψ on r in order to know everything about the
state of the system.

What happens if the system we are interested in has 2 particles ? In classical
mechanics we need the positions and momenta of the two particles in order to specify
the state of the system. In QM, we need the wavefunction of the system ψ(~r1, ~r2).

The uncertainty principle implies a probability distribution of positions and momen-
tum. Somehow, this information should be there in the wavefunction ψ(x) (We consider
1D for simplicity). Max Born gave the interpretation of ψ(x) as follows:
The quantity ψ∗(x)ψ(x) is the probability density at x defined such that in the infinites-
simal interval between x and x+ dx, the probability of finding the particle is given by
ψ∗(x)ψ(x)dx.

Notice that ψ(x) can be complex, since waves have both an amplitude and a phase.
Alternatively, it can be thought that since the single function ψ(x) should contain
information about both the position and the momentum of the particle, it can be
imaginary in the case of a travelling wave and real in the case of a stationary wave. In
any case, we have

|ψ(x)|2 = ψ∗(x)ψ(x) = p(x)

where p(x) is the probability density at x. Some elementary relations follow:

∫

S

p(x)dx = 1

where S is used to denote the allowed range of x. In general, if a wavefunction ψ(x)
satisfies

∫

S

ψ∗(x)ψ(x)dx = 1

it is said to be normalized. If we have
∫

S

ψ∗(x)ψ(x)dx = A

then we can construct a normalized wavefunction ψ1(x) = 1/
√
Aψ(x) such that

∫

S

ψ∗

1
(x)ψ1(x)dx = 1
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We will see this once again later, but we note here that multiplying a wavefunction by
a constant does not give a new wavefunction.

Some other relations that follow for a normalized wavefunction are
∫

S

p(x)xdx = 〈x〉
∫

S

p(x)x2dx = 〈x2〉

The wavefunction is assumed to satisfy some mathematical properties which are given
below:

1. ψ(x) is a single valued function at every point x.

2. ψ(x) is a continous function of x.

3. ψ(x) is finite everywhere.

4. The first derivative of ψ(x) is continuous.

These properties ensure that we can interpret ψ(x) as a probability. The condition on
the first derivative is necessary since the calculation of the kinetic energy involves the
second derivative of the wavefunction as we shall see in the next section.

For a 2-particle system we have

ψ∗(x1, x2)ψ(x1, x2)dx1dx2

is the joint probability that particle 1 is between x1 and x1 + dx1; and that particle 2
is between x2 and x2 + dx2. If the particles are “independent” of each other, then the
joint probability is a product of individual probabilities so

ψ∗(x1, x2)ψ(x1, x2)dx1dx2 = [ψ∗

1
(x1)ψ1(x1)dx1] [ψ

∗

2
(x2)ψ2(x2)dx2]

or
ψ(x1, x2) = ψ1(x1)ψ2(x2)

This property of the wavefunction is referred to as separability of the wavefunction.
If we have identical indistinguishable particles, then we have

ψ∗(r1, r2)ψ(r1, r2) = ψ∗(r2, r1)ψ(r2, r1)

so we have1

ψ(r1, r2) = ±ψ(r2, r1)

1This ± relation does not hold for complex numbers. In fact, we can have complex numbers of

same amplitude and different phase, so the two combinations simply need to be related by a phase. In

3-dimensions, it turns out that we only need to worry about the ± combinations, for reasons that are

too complicated to discuss here. In 2-dimensions, we can have other combinations leading to particles

with fractional spins called “anyons” which play an important role in High Tc superconductivity.
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The plus sign is for one type of fundamental particles called bosons. The minus sign
is for the other type of fundamental particles called fermions. Electrons, protons and
neutrons are all fermions. Thus for electrons we have antisymmetry of the wavefunction
to exchange.

Since the electrons are spin 1/2 particles (not 3/2, 5/2, etc.), Pauli’s exclusion
principle states that at most 2 electrons can have the same wavefunction (spatial). This
is very important in filling electrons in states.
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