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Rapid stability analysis of variable pitch
and helix end mills using a non-
iterative multi-frequency solution
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Abstract
Variable pitch and helix end mills disturb the regeneration mechanism that causes chatter vibrations, and as such, they
enable stable, high-performance, and high material removal rate milling processes. The regeneration mechanism is
altered by the non-uniform tool geometry that results in multiple or distributed delays between vibrations imprinted on
the machined surface. The design procedure for these cutters needs characterization of the stability diagrams to decide
the non-uniform geometry that improves the absolute minimum stable depth of cut as well as the changes in the size
and location of stability pockets. This paper presents a unified method to rapidly analyze the stability of variable helix
and pitch cutters with multiple or distributed delays using a non-iterative multi-frequency domain approach that uses the
Nyquist criterion to check stability at every spindle speed and depth of cut tuple. Predictions are benchmarked with the
established and widely used semi-discretization method and verified with previously published experimental data, which
are further validated by our own experiments. The proposed method is as accurate as of the established one while offer-
ing computational savings of up to 94%. Since explorations of alternate and better designs were potentially precluded by
the computational inefficiency of previous methods, and since the method proposed herein is fast and accurate, it can
help to accelerate the design of improved variable helix and pitch end mills for their use in industrial settings.
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Introduction

Chatter vibrations may cause unrepairable damage on
the machined surface, premature tool failure, and dam-
age to the critical machine tool components. Chatter
must hence be avoided. Chatter is a function of the
machine flexibilities, the tool’s geometry, the workpiece
material being cut, and the cutting parameters. Hence,
to avoid it, machines can be stiffened through active/
passive damping, by changing the tool geometry, or by
selecting appropriate cutting parameters. Integration of
dampers is not always feasible. Moreover, since certain
applications may demand the use of specific workpiece
materials, changing them may also not be possible.
Hence, the use of tools with non-uniform geometries is
sometimes preferred as a method to avoid chatter.
Their working principle relies on disturbing the regen-
eration mechanism responsible for chatter. Of the dif-
ferent possible non-uniform tool geometries, this paper
is concerned only with non-uniform tool geometries of
the variable pitch type,1–5 of the variable helix type,6–8

and of the variable pitch and helix type.9–16

Cutters with non-uniform geometry can be designed
based on the stability diagrams that show the effects of
tool geometry on the limiting depth of cut and the size
and location of stability pockets. Prediction of these
stability diagrams requires solving delay differential
equations that describe the regeneration effects. The
equations can be solved using time and frequency
domain solution methods.

In the time domain, methods include those that use
the standard forward Euler numerical integration
scheme,17 the semi-discretization method (SDM),9,11,16
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the full-discretization method,13 the temporal finite ele-
ment analysis,9 the subspace iteration technique,4 the
cluster treatment of characteristic roots,2 the enhanced
multistage homotopy perturbation method,10 the inte-
gral interpolation method,5 and the generalized Runge-
Kutta method.14

In the frequency domain, stability diagrams can be
obtained via the zero-order approximation (ZOA)
method for the case with single, constant delay18,19 or
by using an iterative multi-frequency solution (MFS)
approach that accounts for the multiple or distributed
delays.8,12 The ZOA method, which considers time-
averaged direction coefficients, has also been utilized to
analyze stability for the variable helix/pitch cutters1,7,12

by averaging the multiple delays. Applying the shift
theorem in the Laplace domain, an unstable island for
a variable helix tool6 has also been analyzed by aver-
aging the delay and calculating the magnitude of the
overall governing transfer function corresponding to
the critical frequency obtained from the Bode diagram.
Although methods that average the delay may be inac-
curate, they are fast. This is in contrast to the iterative
multi-frequency solutions and/or the time-domain
methods, which are accurate, but computationally
slow.

Since cutters with variable pitch and helix are used
primarily for their chatter-free high material removal
rate capabilities, they are designed to eliminate chatter.
As such models should be able to predict their stability
behavior accurately and rapidly such as to facilitate
exploring different cutter designs and cutter geometry
optimization. In response to the need for a fast, non-
iterative, and accurate method to solve for the stability
of cutters with non-uniform geometries which can be
used to explore alternate and improved design options
by the industry, this paper presents a non-iterative
multi-frequency solution (MFS) approach to analyze
the stability of variable helix and pitch cutters with
multiple or distributed delays.

Multi-frequency solution (MFS) methods were origi-
nally proposed20 to account for the higher harmonics of
the dynamic cutting force characteristics that were aver-
aged in its precursor method, the zero-order approxi-
mation (ZOA) method.18 The method was further
developed21 for systems with multiple delays using a
multi-dimensional bisection method used to find the
iterative roots of the resulting transcendental character-
istic equation. Furthermore, to truncate the infinite-
dimensional matrices, the method was numerically
implemented to calculate the stability by finding the
winding number of the closed contour around the ori-
gin.12 The method was further extended8 to solve the
stability of the multi-input-multi-output (MIMO) sys-
tem by exploiting the periodicity and high-frequency
behavior of the harmonic doubly-infinite transfer func-
tion. However, these methods are iterative and compu-
tationally costly.

To address the issue of the requirement of a solution
method that is fast and accurate, this paper proposes to

characterize stability using the multi-frequency solution
method in conjunction with the Nyquist criterion to
check for stability of systems with multiple delays. The
proposed algorithm avoids iterations as it is solely
based on the Nyquist criterion that checks whether the
given conditions lead to a stable system. This makes
predictions computationally efficient. In our prior
work, the Nyquist criterion was used to check for stabi-
lity of serrated cutters with distributed delays,22 and it
was shown that the Nyquist check can easily be
extended from its prior use in stability analysis of sys-
tems with constant delays23,24 to analyze the stability of
systems with multiple delays. Serrated cutters have very
different cutting mechanics and delay characteristics
than the variable pitch and helix cutters of interest in
this paper. As such, though our prior work and the
present work both use the MFS approach to solve for
the stability, formulations for both are fundamentally
different. Since there is no prior reported work that dis-
cussed solving for the stability of milling with variable
pitch variable helix tools using a non-iterative MFS
approach, our methods contribute to the state-of-the-
art.

The remainder of the paper is organized as follows.
At first, the cutting force model and the governing
equations of motion for tools with non-uniform geome-
tries are briefly described. In the subsequent section, the
multi-frequency solution (MFS) is presented to charac-
terize the stability of variable pitch/helix tools using the
Nyquist stability criterion. The generalized nature of
our proposed solution is demonstrated by discussing
separate cases for tools with variable helix and pitch,
for tools with variable pitch, and for tools with variable
helix. In the section after, the stability solution using
the established semi-discretization method (SDM)25,26

is briefly discussed. Among the time-domain methods,
SDM is the most popular one due to its convergence
and accuracy. We hence choose the SDM as a bench-
mark for our simulations, rather than other time-
domain methods such as the temporal finite element
analysis.9 Since the SDM handles multiple delays by
discretizing them without the need of averaging and/or
approximating delays, the method is accurate and com-
putationally more efficient than other time/frequency
domain schemes, and hence it has been preferred by
others to characterize the stability of non-uniform cut-
ters.9,11 In the last section, our results are benchmarked
with published experimental findings1,7,11 and with
those obtained using the SDM. Having benchmarked
with existing works, the proposed stability model is fur-
ther validated with our own experiments, which are fol-
lowed by the main conclusions.

Cutting mechanics and dynamics

The dynamic cutting force model and the governing
equations of motion that are to be solved to character-
ize the stability of end mills with variable pitch/helix are
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outlined here. The regenerative chatter stability model
presented herein is based on Altintas et al.1 and Sims
et al.9

The schematic of a two-degree-of-freedom milling
process is shown in Figure 1. A cutter with a diameter
D and number of teeth N rotating at angular speed O
(rad/s) is assumed to be flexible in two orthogonal
directions (x, y) while being rigid in the z direction. To
characterize stability, the generalized equation of
motion of the cutter can be described in the modal
space as follows:

€q tð Þ+diag 2zmvm½ � _q tð Þ+diag v2
m

� �
q tð Þ

=diag
v2
m

km

� �� �
Fdc
xy tð Þ,

ð1Þ

where, q tð Þ is modal displacement vector, m is the num-
ber of modes, vm, zm, and km are the modal frequen-
cies, damping ratios, and stiffnesses, respectively. The
total lumped dynamic cutting force vector

Fdc
xy tð Þ= F dc

x F dc
y

h iT� �
in the x and y directions act-

ing on the cutting tool is evaluated as:

Fdc
xy tð Þ=

XN
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ðap
0

Ai z, tð Þ
x tð Þ � x(t� ti zð Þ)
y tð Þ � y(t� ti zð Þ)

� �
, ð2Þ

where, ap is the axial depth of cut. Ai z, tð Þ(23 2) is the
time-varying elemental directional dynamic milling

force coefficient matrix for the ith flute at height z and
time t, and it can be shown to be:

Ai z, tð Þ(23 2) =
axx, i(z, t) axy, i(z, t)
ayx, i(z, t) ayy, i(z, t)
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where, gi(z, t) is a screening function, Kc
r , Kc

t are the
radial and tangential cutting force coefficients, and
ui z, tð Þ is the radial immersion angle of the ith flute at
height z at time t.

For a variable pitch/helix cutter, the pitch angle var-
ies from one flute to another as well as along the axial
position. Hence the corresponding time delay ti zð Þ (as
in equation (1)) for the ith flute at height z can be
expressed as follows:

ti zð Þ=
ui+1 z, tð Þ � ui z, tð Þ

O
=

up, i(z)

O
, ð5Þ

where, up, i(z) is the pitch angle between the ith and
(i+1)th flute at height z. Since the helix angle influ-
ences the pitch angle (up, i(z)), time delay ti zð Þ of vari-
able pitch/helix end mills changes with flute and flute
height unlike the case of single and constant delay for
regular end mill. Hence the helix angle influences the
predicted stability lobes as shown in the previous litera-
ture.5,27,28 The system dynamic parameters and the
dynamic cutting forces as expressed in equation (1) gov-
ern the stability of end mills. Equation (1) represents
the delay differential equations that can be solved using
frequency and time-domain methods to predict the sta-
bility of non-uniform end mills. In the time domain, the
system modal parameters (vm, zm, km) are usually
extracted from the measured frequency response func-
tions (FRF). In the frequency domain, the FRFs may
be used directly.

To solve the stability of variable pitch/helix cutters,
the next section discusses the multi-frequency
method.20

Stability prediction using multi-frequency
solution (MFS)

This section details methods to solve for the stability of
end mills using the frequency domain multi-frequency
solution (MFS) method20 by applying the Nyquist cri-
terion. At first, the generalized stability for the tools
with variable pitch and helix is presented, which is

Figure 1. Cross-sectional schematic of a flexible end mill with
vibration marks left on the workpiece that are machined by
consecutive flutes.
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followed by presenting solutions for the tools with only
variable pitch and subsequently for the tools with only
variable helix.

In the MFS method,20 the time-varying coefficients
(Ai z, tð Þ) of the dynamic milling equations (see
equation (2)) for variable pitch and helix cutters8,12 are
expanded into a Fourier series as:

F Fdc
xy tð Þ

n o

=
XN
i=1

ðap
0

F Ai z, tð Þf g�F
x tð Þ�x(t� ti zð ÞÞ
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� �� 	

=
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0

Ai z,vð Þ � 1� e�jvcti zð Þ
h i

H jvð ÞF Fdc
xy tð Þ

n oh i
,

ð6Þ

where, F is the operator of Fourier transform and
H jvð Þ is the FRF matrix with direct and cross FRFs.
In equation (6) the Fourier transform of the time-
varying coefficients Ai z, tð Þ is evaluated as follows:

Ai z,vð Þ=F Ai z, tð Þf g=
Xr= +‘

r=�‘

Ai, r(z)d(v� rO),

ð7Þ

where, Ai, r zð Þ= 1
T

Ð T
0 Ai z, tð Þe�jrOtdt, and where,

T=60=n is the spindle rotation period, and n is the
spindle speed (rpm). Following the procedures as out-
lined in Ureña Mendieta et al.,8 Otto et al.,12 and Bari
et al.,22 the Fourier coefficients of the dynamic forces
can be expressed as follows:

Er =
Xl= +‘

l=�‘

Lr, l 3H j(vc + lO)ð ÞEl,

. . . r, lð Þ=0,61,62, ::6‘:
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example, when only one harmonic that is,
r, lð Þ=0, 61 is considered, equation (8) becomes:
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As ap cannot be separated from the integral equation
of Lr, l, the explicit expressions of critical depth of cut
and chatter frequency are not feasible from equation (9),
unlike the system with a constant delay.21 Hence, the
stability is checked by applying Nyquist stability criter-
ion as outlined in Bari et al.,22 Merritt,23 and Eynian
and Altintas.24 According to this criterion, the process
instability at a fixed spindle speed and axial depth of cut

is checked when a clockwise encirclement of the origin
in the complex plane happens by any zero of the charac-
teristic equation CH jvcð Þ= det I(63 6)

�
�L H jvcð Þ�. As

the proposed MFS method is based on Nyquist stability
criterion, which is non-iterative, it is expected to be com-
putationally more efficient to predict the stability of
non-uniform end mills. The above procedures are gener-
alized for cutters with variable pitch and helix.

For cutters with only the helix being variable,6–8 the
time delay varies with height and flute. Hence the stabi-
lity of variable helix cutters can be solved using equa-
tion (8) and following a similar procedure as described
above. On the other hand, for cutters with only the
pitch being variable,1–5 the time delay varies only with
the flute and not with flute height. Hence the depen-
dence on the time delay ti for the ith flute on ‘‘z’’ will
drop off from equation (5). Because of not being depen-
dent on ‘‘z’’, equations (2), (3), and (8) get accordingly
modified, by ap coming out of the summation since it is
now just a scalar. Other procedures to characterize sta-
bility repeat as described above.

The clear advantage of MFS over SDM methods is
that the natural frequencies would not influence the
simulation performance or the minimum simulated
spindle speed. Moreover, various effects such as pro-
cess damping can be added in a very systematic manner
without complicating the simulations. MFS method is
normally applied with the iterations in which the eigen-
values are searched until certain conditions are met.
With our use of the Nyquist criterion, we show that the
iterations can be avoided, and a significant computa-
tional saving can be achieved.

To contextualize the efficacy of our proposed
method, our predictions are benchmarked with the
established semi-discretization method,25 which is
briefly outlined next.

Stability prediction using the semi-
discretization method (SDM)

By decomposing the governing delay differential equa-
tion (1) to its first order discretized form and following
the semi-discretization method for the case of stability
with multiple delays,25 the transition matrix F is esti-
mated over the principal period T. Then, using the
Floquet theory, the system is considered to be asympto-
tically stable when the modulus of eigenvalues of F is
equal to one, stable when the modulus of the eigenva-
lues is less than one, and unstable when the modulus of
the eigenvalues of F is greater than one. This method
to characterize the stability of cutters with non-uniform
geometries was used by other researchers.9,11

Benchmarking with state-of-art numerical
simulation and experiments

The results obtained using our proposed multi-
frequency solution (MFS) method are benchmarked
with published experimental results and with our own
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experiments. The well-established high-fidelity semi-
discretization method (SDM)25 is also used for the veri-
fication of stability boundaries. The verification and
validation of the proposed stability models are shown
in Figures 2 to 4 for three four-fluted cutters of interest:
one with variable pitch and helix,11 another with vari-
able pitch,1 and one with variable helix.7 Additionally,
another case for a three-fluted cutter with variable
pitch is verified in Figure 5 to demonstrate that the
proposed method can also capture Hopf- and flip-
bifurcations.9 A comparison between cases is not
intended or warranted. Each figure discusses a separate
case from the literature.

The geometry of cutters under consideration1,7,9,11

in this study are summarized in Table 1. The workpiece
material, cutting force coefficients, and corresponding
cutting conditions are summarized in Table 2. The sys-
tem dynamic parameters in the x and y directions are
listed in Table 3.

In the MFS method, four harmonics (r, l=4) are
considered for the four-fluted cutters,1,7,11 results which
are shown in Figures 2 to 4. And, for the three-fluted
cutter,9 results of which are shown in Figure 5, three
harmonics (r, l=3) were selected. The choice for the
number of harmonics was decided based on the spectra
of the static feed force being dominated by N harmo-
nics, where N is the number of flutes. The choice was
also constrained by checking the number of harmonics
that are necessary to capture the critical depths of cut
in the period-doubling (flip) lobes predicted for the
given flute geometry and cutting conditions. The fre-
quency step was set at 10 (for Figures 2–4), and 1Hz
(for Figure 5) in the frequency range from
0:93min(fx,m, fy,m)Hz to 1:53max(fx,m, fy,m)Hz,

where fx,m, fy,m are the modal frequencies (Hz) in x

and y directions. The frequency step was decided based
on the convergence analysis of stability lobes. In the
SDM, six points were selected per period of the highest

Figure 3. Comparison of experimental results (from Altintas et
al.1) and the predicted chatter stability diagrams using MFS and
SDM for a four-fluted end mill with variable pitch angle.

Figure 4. Comparison of experimental results (from Comak
and Budak7) and the predicted chatter stability diagrams using
MFS and SDM for a four-fluted end mill with variable helix.

Figure 2. Comparison of experimental results (from Jin et al.11)
and the predicted chatter stability diagrams using MFS and SDM
for a four-fluted end mill with variable pitch and helix.

Figure 5. Verification of stability lobes for three-fluted variable
pitch end mill. See Figure 10(a) by Sims et al.9 for the original
stability lobes diagram predicted using SDM.
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natural frequency oscillation wave, which is three times
that required by the Nyquist sampling theorem. And,
each period (revolution) was discretized in

63 max fx,m, fy,m

 �

3 60=min(n) steps, where n is the

spindle speed (rpm). A simulation grid of 503 100
points along depths of cut and spindle speed was cho-
sen for all cases in Figures 2 to 5. This grid size is
selected based on the convergence and accuracy level to
characterize the stability behavior.

In Figure 2 the experimental validation of chatter
stability is shown for a four-fluted end mill with vari-
able helix and pitch using the experimental data from
Jin et al.11 The tool parameters and cutting scenario as
considered in Jin et al.11 are described in Tables 1 to 3.
The stability diagram is predicted using the Nyquist
check for the MFS method, which is compared with the
SDM result using the same parameters as their experi-
mental work.11

Although the overall prediction accuracy of the limit-
ing depth of cut by MFS is acceptable in Figure 2, and
though predictions agree with experimental observa-
tions, small differences with SDM are noticeable at
speeds near 5000, 6000, and 10,000 rpm. Differences

could be attributed to a potentially insufficient number
of harmonics of the spindle rotation frequency being
considered as part of the eigenvalue solution,29 and/or
to simulation artifacts due to the multiple possible solu-
tions, and/or to the inclusion of false solutions that do
not correspond to the chatter frequency.30 Since the per-
iodicity of the dynamic cutting force for the four-fluted
cutter with alternating pitch and helix angles under con-
sideration herein is half the tooth passing frequency (or
twice the spindle rotation frequency), two of the four
harmonics of the spindle rotation frequency would have
no effect. As such, since the odd harmonics would play
no role in the solution, the MFS method could be refor-
mulated to potentially include higher harmonics that
influence the predictions. Those investigations could
form part of future studies.

Since the proposedMFS method is generalized, our sta-
bility model is further validated for a four-fluted end mill
with variable pitch angles using the experimental data from
Altintas et al.1 which is shown in Figure 3. In Altintas
et al.1 the milling tool was investigated under the condi-
tions listed in Tables 1 to 3. Predictions were benchmarked
against the established semi-discretization method (SDM).

Table 2. The corresponding conditions from the literature.1,7,9,11

Cutter type, References; Workpiece material; Cutting force coefficients Cutting conditions

End mill with variable pitch and helix11; Al6061-T651 alloy;
Kc

t = 835:4 MPa, Kc
r = 244:5 MPa.

25% down-milling,
0.05 mm/rev/tooth feed rate

End mill with variable pitch1; A1356 alloy; Kc
t = 697 MPa,

Kc
r = 255:8 MPa.

50% down-milling,
0.0508 mm/rev/tooth feed rate

End mill with variable helix7; Al7075; Kc
t = 824 MPa,

Kc
r = 225 MPa.

25% down-milling,
0.05 mm/rev/tooth feed rate

End mill with variable pitch9; Al6061-T6; Kc
t = 550 MPa

and Kc
r = 200 MPa.

5.25% down milling,
0.05 mm/rev/tooth feed rate

Table 3. System dynamics parameters in the x and y directions from the literature.1,7,9,11

Cutter type, References; Dynamics parameters

fx, m (Hz) zx, m (%) kx, m (N/m) fy, m (Hz) zy, m (%) ky, m (N/m)

End mill with variable pitch and helix11; 1010 5.95 4.13e6 712 4 9.44e6
1019 5.63 3.92e6

End mill with variable pitch1; 442 2.87 8.57e7 516 2.5 1.26e7
564 5.58 1.88e7
779 5.89 3.12e8

End mill with variable helix7; 3374 1.19 1.37e7 3360 1.1 1.35e7
End mill with variable pitch9; 169 0.56 7.4e6

Table 1. The geometry of the non-uniform end mills from the literature.1,7,9,11

Cutter type, References; Helix angles (h); Pitch angles (up, i 0ð Þ); No. of teeth (N); Tool diameter (D);

End mill with variable pitch and helix11; h = [30 35 30 35]8; up, i 0ð Þ= [70 110 70 110]8; N = 4; D = 24 mm.

End mill with variable pitch1; h = [30 30 30 30]8; up, i 0ð Þ= [70 110 70 110]8; N = 4; D = 19.05 mm.

End mill with variable helix7; h = [30 33 30 33]8; up, i 0ð Þ= [90 90 90 90]8; N = 4; D = 12 mm.

End mill with variable pitch9; h = [30 30 30]8; up, i 0ð Þ= [120 100 140]8; N = 3; D = 19:05 mm.
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As is evident from Figure 3, the prediction accuracy
of MFS may be deemed acceptable, even though it may
need improvement around 8000 rpm, where it differs
from the SDM predicted boundary. In this case, only
one experimental data point was reported in Altintas
et al.1 and our predictions can correctly classify that
data point. Interestingly, the MFS predicted boundary
is not very different than that obtained from the ZOA
method. The ZOA method gives a single solution at the
chatter frequency, whereas, MFS scans the neighboring
harmonics. Since the Nyquist stability criterion does
not know whether the eigenvalue is physically sensible,
the solution may converge to ZOA as observed in
Figure 3. Getting the MFS prediction to better agree
with the SDM at all spindle speeds can be addressed in
a future study by optimizing the simulation parameters.

To further verify and validate the proposed models,
the last case of experimental validation of chatter stabi-
lity is presented for a four-fluted end mill with a vari-
able helix using the experimental data from Comak
and Budak.7 The cutting conditions and tool geome-
tries as considered in Comak and Budak7 are provided
in Tables 1 to 3. Experimental observations are over-
laid over model predictions in Figure 4. As is evident,
model predictions using MFS and SDM, in general,
agree with each other, and with experimental observa-
tions. The small prediction errors that show similar
patterns in every stability pocket could indicate a simu-
lation artifact that needs further investigation due to
the natural frequency of the tool being very high when
compared to the spindle rotation frequency.

To furthermore verify the efficacy of our proposed
stability model to capture the so-called ‘‘islands of
instability’’ arising due to period-doubling bifurcations,
one additional case is illustrated in Figure 5 for a three-
fluted variable pitch cutter.9 The cutting simulation
data and tool geometries as considered in Sims et al.9

are given in Tables 1 to 3. It can be seen that the stabi-
lity island is captured correctly by our proposed MFS.

Having benchmarked the results obtained using our
proposed multi-frequency solution (MFS) method with
published experimental results, we further validate our
proposed stability model with our own experiments.
We present here the experimental validation of pre-
dicted stability behavior for a four-fluted end mill with
16mm diameter, and with variable pitch and helix
(up, i 0ð Þ=[94 94 87 85]8; h= [35 38 35 38]8). The
experimental setup is shown in Figure 6. The experi-
ments were conducted on a three-axis AMS-make
CNC vertical milling machine. The workpiece material
is Aluminum (Al7075), and the cutting force coeffi-
cients were mechanistically identified as: Kc

t =824N/
mm2, Kc

r =225N/mm2. The workpiece was mounted
on a specially designed web-shaped flexure using two
M5 screws housed in a counterbore. The workpiece-
flexure system was designed in such a way that it
behaves like a single-degree-of-freedom system with its
main flexibility along the feed direction (x-direction).
For validating the stability, the usage of such web-

shaped flexures is not unusual in literature.22 The tool
was mounted in a power chuck type tool holder keep-
ing the overhang of the tool short to make the tool
dynamically stiffer than the flexure. A modal hammer
(Dytran 5800B4) and a single-axis accelerometer
(Dytran 3225F1) were used to measure the dynamics.
Data acquisition and modal curve fitting were done
using CutPro�.31 The modal parameters of the
workpiece-flexure system were identified as follows:
fx = 216.5Hz, zx =0:4%, kx =1:323 106 N/m.

As shown in Figure 7, the stability lobes using pre-
dicted by the proposed MFS method are compared with
SDM and experimental results. In the MFS method, four
harmonics (r, l=4) were considered and the frequency
step was set at 0.5Hz in the frequency range from 216.5
to 236.5Hz. In the SDM, six points were selected per
period of the highest natural frequency oscillation wave
(i.e. 216.5Hz), and each spindle period was discretized in
20 steps calculated at the lowest spindle speed (i.e.
2000 rpm). A simulation grid of 503 100 points was cho-
sen along depths of cut and spindle speed.

As seen in Figure 7, the proposed MFS method
compares very well with SDM results and also gives
very good agreement with experimental results. To vali-
date the predicted stability, slot milling experiments
were conducted with a feed rate of 0.15mm/tooth/rev.
A uniaxial accelerometer was used to measure the
response of the flexure during cutting. The cut was
categorized as stable when the FFT of the response sig-
nal was dominated by the spindle frequency or tooth
passing frequency and/or its harmonics. The chatter
condition was detected when the FFT of the response

Figure 6. Experimental setup for chatter test of a variable pitch
and helix cutter using Aluminum workpiece mounted over web-
shaped flexure.
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signal was dominated by a peak close to the natural
frequency of the system and one that is not a harmonic
of the spindle frequency and/or the tooth passing
frequency. Additionally, the chatter case was also
confirmed by sampling the signals at once-per-spindle-
revolution. If the milling response was synchronous
with the spindle rotation, the cut was identified as
stable, and if not, it was labeled as an unstable cut.22

The validation experiments were conducted at four
different spindle speeds, as shown in Figure 7.
Representative measured responses and their frequency
spectra (FFT) are shown at points A (depth of cut of
0.5mm, spindle speed of 3000 rpm), B (depth of cut
of 0.03mm, spindle speed of 5000 rpm), and C (depth
of cut of 0.3mm, spindle speed of 5000 rpm). For
milling at stable zones, that is, below the predicted
boundary (at points A and B), the FFT is dominated
by a peak at ;200 and ;334Hz respectively which are
the corresponding tooth passing frequencies. For cut-
ting at unstable zones that lie above the predicted

boundary (at point C), the FFT is dominated by a peak
at ;236Hz which is above the natural frequency of the
flexure. Moreover, the once-per-revolution sampled
data at point C shows a non-synchronous response and
quasiperiodic Hopf instability,17 which confirms the
chatter condition. On the other hand, the once-per-
revolution sampled data for cutting at points A and B
approximates a straight line behavior suggesting that
the cut is stable, which is also confirmed by the fre-
quency spectra. Hence, the predicted stability is deemed
valid.

From Figures 2 to 5 and 7, it is observed that the
proposed MFS method is almost as accurate as the
state-of-art semi-discretization method to capture the
stability lobes. The accuracy, evaluated based on the
absolute lowest stable depth of cut, of the proposed
MFS method varies between ;1%212% when com-
pared to SDM. Simulation grid refinement can further
improve prediction accuracies, albeit at the cost of
computation. Minor discrepancies can be resolved in
future simulation parameter optimization studies.
From the point of computational efficiency, the pro-
posed MFS method outperforms SDM. For the cutter
with variable pitch and helix,11 the MFS method takes
;13min to generate stability boundaries in contrast to
the SDM method which takes ;2.2 h, reducing simula-
tion times by up to ;90%. Similarly, for the variable
pitch cutter,1 the variable helix cutter,7 the other vari-
able pitch cutter,9 and our variable pitch and helix cut-
ter ;94%, ;42%, ;77%, and 80% of computational
improvements are achieved respectively using the pro-
posed MFS method. A summary of the computational
efforts to generate stability boundaries is presented for
all five cutters in Table 4. All computer programs
(Supplemental Material) were executed in MATLAB�

2018a and implemented on a computer with specifica-
tions of: Intel Core (TM) i7 Processor, 3.6GHz, 16GB
RAM.

Conclusions

This paper presented a fast and accurate method to
evaluate the stability behavior of variable helix and
pitch end mills. The method uses the multi-frequency
solution (MFS) approach in conjunction with the
Nyquist criterion to check for the stability of systems
with multiple delays. This is the first time that the MFS

Figure 7. Stability behavior for a four-fluted variable pitch and
helix cutter for slot cutting with 0.15 mm/tooth/rev feed rate.

Table 4. Summary of computational efforts to generate
stability boundaries using different methods.

Stability models MFS SDM

End mill with variable pitch and helix11 13 min 2.2 h
End mill with variable pitch1 24 min 6.5 h
End mill with variable helix7 2.8 h 4.8 h
End mill with variable pitch9 1.1 h 4.7 h
End mill with variable pitch and helix 6 min 30 min
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method was formulated and used in a general and non-
iterative manner to solve for the stability of variable
helix and pitch tools. Predictions with the proposed
method were found to agree with data from already
published experimental findings for three four-fluted
cutters and one three-fluted cutter having different
combinations of variable pitch and/or helix geometries.
The proposed model was further validated with our
own experimental results. Predictions were also bench-
marked with stability evaluated using the established
semi-discretization method (SDM). Computational
improvements of up to 94% were achieved.

Multi-frequency solution methods of simulating sta-
bility are as accurate as time-domain methods but the
former has not received as much research attention as
time-domain methods have to improve their computa-
tional efficiency. Furthermore, frequency-domain
methods can also address some of the shortcomings
associated with time-domain methods that make time-
domain simulations computationally inefficient. Such
as those that require simulation of vibrations that
involve a wide range of natural frequencies, or that
require simulating in very small spindle speed steps
such as is required in the process damping zone. As
such, our contribution of making the multi-frequency
domain method non-iterative and fast can open up new
possibilities for simulating more complex machining
stability cases than the variable pitch and helix cases
discussed herein.

Though we have addressed one aspect of making the
MFS method fast, further research is still necessary to
resolve issues with the MFS method for when vibration
modes are closely spaced, or for when there could be
multiple vibration modes in multiple directions.
Further research could also explore making the MFS
method more efficient with the use of adaptive fre-
quency stepping as necessary. Moreover, since the pro-
posed MFS method is frequency-based, interactions of
spindle/cutting harmonics with one of the many modes
of a multi-mode system are inevitable. These interac-
tions may result in differences in stability lobe diagrams
evaluated by the proposed method and by those evalu-
ated with the gold-standard semi-discretization method.
Besides, the effects of including more harmonics of the
spindle rotation frequency, and ways to avoid false
solutions and simulation artifacts need further investi-
gation in future studies. However, despite the potential
interactions and minor differences, the global results
and trends of the stability diagrams predicted by the
proposed method were found to agree very well with
the semi-discretization method (SDM), and with the
experimental data.

Since explorations of alternate and better designs
were potentially precluded by the computational ineffi-
ciency of previous methods, and since the method pro-
posed herein is fast and accurate, it can help to
accelerate the design of improved variable helix and
pitch end mills in industrial settings.
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