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Abstract
Serrated end mills reduce process forces and improve chatter-free material removal rates. Improvements in cutting performance
are governedmainly by the serration profile on these cutters. The geometric models of serration profiles are necessary to guide the
design of improved cutters. Since these geometric models are usually not available a priori, this paper presents two methods to
reconstruct geometric models from scanned measurements of eight different serrated cutter types available commercially. One
representation is parametric-based, and another is NURBS-based. Reconstructed serration profiles are classified as the standard
sinusoidal, circular, and trapezoidal profile types; and the non-standard semi-circular, circular-elliptical, semi-elliptical, inclined
semi-circular; and the inclined circular types. For all eight profiles, the variation in local radius and irregular chip thickness
distribution that are a characteristic of serrated cutters are captured by both approaches to approximate the geometry. Force
models with the proposed geometric models as inputs are used to predict forces and those forces were experimentally validated.
Validated forces confirm that the proposed geometric models are indeed correct. Comparing the cutting performance of all eight
serrated cutters suggests that the circular and non-standard serrated end mills can preferentially reduce cutting forces as compared
to the standard sinusoidal and/or trapezoidal profiles. However, in terms of the ratios of maximum to minimum peak resultant
cutting force, we find that the standard sinusoidal profiled cutter outperforms the other four-fluted cutters, whereas the non-
standard inclined circular profiled cutter retains its advantages over other three-fluted cutters.
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Nomenclature
ap Axial depth of cut
A Amplitude of the serration profile
c Total number of input cloud data

points in the optimization problem
C(u) NURBS curve having parameter u
Cb Coordinates of the bth output NURBS point
d Total number of output NURBS

points in the optimization problem
dFrta, i(z, t) Differential cutting forces in the rta

frame for the ith flute at the height
z at time t

dFxyz, i(z, t) Transformed differential forces in
the xyz frame for the ith flute at the
height z at time t

D Shank diameter of the serrated cutter
e Index for knot values for NURBS
E Objective function
f Feed rate per minute
fi, l(z, t) Feed per revolution between ith

and (i + l)th flute at height z at time t
ft Feed per tooth per revolution
Fxyz (t) Total lumped cutting force vector in

the x, y and z directions at time t
gi(z, t) Screening function for the ith flute

at the height z at time t
hstg;i z; tð Þ Elemental geometric static chip thickness

for the ith flute at the height z at time t
hsti z; tð Þ Actual elemental physical static chip

thickness for the ith flute at the
height z at time t

i General notation for any flute of
the N- fluted cutter

Ia Coordinates of the ath cloud point data
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j Index for control points, and weights
for NURBS

k Order of the NURBS profile
Kc,Ke Primary and edge cutting force

coefficient vectors
l Dummy index
m + 1 Number of control points in NURBS curve
ni(z) The normal vector for the ith flute

at the height z
N Number of flutes (teeth) of the serrated cutter
Ne, k (u) NURBS basis function of the order k

calculated at u in the eth knot
span [ue, [ue + 1)

Pj Coordinates of the jth control point
Ps Array of horizontal coordinates

of all control points along s direction
Pn Array of vertical coordinates of all

control points along normal to s direction
Qe eth segment of NURBS curve
Ri(z) Local radius of the serrated cutter

for the ith flute at the height z
Rs
i sð Þ Equivalent term to local radius Rs

i sð Þ≔Ri zð Þ� �
Ri z; tð Þ Position vector of an element P

located in the ith cutting edge at
the height z at time t

s Equivalent serration height along
the tangent of the cutting edge flute

t Time
Txr, i (z, t) Force transformation matrix from

rta to xyz coordinate for the ith

flute at height z at time t
u NURBS parameter in the eth knot span
ue eth knot in the NURBS profile
U Knot vector for the NURBS profile
wj Weight corresponding to jth control point
W Weight vector for the NURBS profile
z Serration height along tool rotation

axis (z-axis)
NURBS Non-uniform rational basis spline
rta Rotating radial-tangential-and-axial frame
xyz Non-rotating body-fixed coordinate system
δi(z) Variation in the lag angle for

the ith flute at the height z
ΔRi(z) Variation in local radius for

the ith flute at the height z
ηi(z) Local helix angle for the ith flute

at height z for variable pitch
and helix cutter

ηi Mean helix angle for the ith flute
θD Slope angle at the endpoints of the NURBS
κi (z) Axial immersion angle for the ith

flute at height z
λ Wavelength of the serration profile

φen Entry radial immersion angle
φex Exit radial immersion angle
φi(z, t) Instantaneous radial immersion

angle for the ith flute at the height
z at time t

φp, i(z) Local pitch angle between ith

and (i + 1)th flute at height z for
variable pitch and helix cutter

φη, i(z) Local lag angle for the ith flute
at height z for variable pitch and helix cutter

φη;i zð Þ Mean lag angle for the ith flute
at the height z

χ Distance along the s-direction
ψi Initial phase shift for the ith flute

at the starting of the serration profile
Ω Clockwise spindle speed

1 Introduction

Serrated cutters are preferred in applications that demand low
cutting forces and higher chatter-free material removal rates.
Serrations along the cutting edges that are phase-shifted from
one flute to the next result in a local change of the cutter radius
along with the helical flute. These changes result in an irreg-
ular distribution of chip thickness, which in turn reduces the
apparent depth of cut that results in lower process forces, and
disturbs regenerative effects responsible for chatter, thereby
allowing chatter-free high-performance machining.

Because of the usefulness of serrated cutters, there has been
substantial interest in understanding and modelling the mech-
anisms responsible for the reduction in process forces and
improvement in chatter stability. Building on the early semi-
nal investigations by Stone [1] and Tlusty et al. [2], there have
been several advances in modelling the geometry, the cutting
mechanics, and the dynamics and stability of serrated end
mills [3–34].

On the geometric modelling front, efforts have been fo-
cused on representing the serrated waveform geometry using
a set of parametric equations [3–14], splines [15–17], and/or
using non-uniform rational basis splines, i.e. NURBS
[18–20]. Recent work has also directly used scanned 3D point
cloud data to find the change in local radius on account of
serrations [21]. On the chip thickness and force modelling
front, efforts have included models for cylindrical serrated
end mills [3–5, 15, 16, 22], tapered serrated end mills [15],
bull-nosed serrated end mills [17, 23], special cutting inserts
with wavy profiles [24, 25], as well as for other complex
profiled milling cutters [26]. Some recent work on chip thick-
ness and force models for serrated cutters have also factored
the influence of variable pitch and helix [11, 27], as well as
addressing the influence of run-out and the actual trochoidal
path traced by the tooth on the serrated cutter [13, 14]. On the
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chatter stability front, efforts have been focused on modelling
the multiple delays due to serrations either by approximate
methods in the frequency domain [3, 28], or by using higher
fidelity time-domain stability models [6–9, 15–17, 21, 29].
There have also been focused investigations on optimizing
the geometry of serrated end mills to reduce forces and/or
improve the chatter-free cutting conditions [6, 9, 10].

Despite the significant strides made in understanding and
modelling the cutting mechanics and stability of serrated cut-
ters, the reported work has been mainly limited to discussing
only serrations of the sinusoidal kind [3–5, 7, 11, 15–21, 23,
31, 32]. Notable exceptions that also discussed models for
serrations of the circular, interrupted circular, and trapezoidal
kinds can be found in [1, 6, 8–10, 14, 33, 34]. The perfor-
mance of serrated cutters is governed mainly by their geome-
try. The geometric models serve as inputs to the chip thick-
ness, force, and stability models. Since the geometry can be
different from the simple sinusoidal, circular, and/or trapezoi-
dal kinds, there is a need to accurately describe the geometry
of the available serrated cutters. This geometric model can
instruct the design of better ones.

The primary challenge associated with constructing geo-
metric models for serrated cutters is that the design details
are generally not provided by the cutting tool manufacturers.
This paper bridges that gap by presenting geometric models
for eight different serrated cutters. Of these eight, the standard
sinusoidal, circular, and trapezoidal types have been described
by others before us. However, we are the first to describe the
geometry of the other five non-standard types which we clas-
sify as the semi-circular, circular-elliptical, semi-elliptical, in-
clined semi-circular, and inclined circular types.

The geometric models presented in this paper are based on
surveying serrated end mills available from four different cut-
ting tool manufacturers. Since the serrated geometries are not
known a priori, we reverse engineer the geometry by leveraging
the capabilities of scanning metrology. Detailed procedure to
measure and reconstruct these geometries is described in
Section 2. This is followed by introducing Section 3 which
discusses how the serration geometries are defined mathemati-
cally. At first, the local radius and angles of the cutter are de-
fined in Section 3.1. This is followed by presenting two
methods to describe the cutting-edge geometry from scanned
data. As a first approach discussed in Section 3.2, we describe
the serration profiles using a parametric representation. As a
second approach detailed in Section 3.3, we present a
NURBS-based method that is more generalized than the para-
metric representation. Such parametric and NURBS-based geo-
metric representations of serration profiles for their use in force
prediction and to instruct the design of optimal serrated cutter
geometries are the key technical contributions of this work.

Having detailed geometric models for serrated cutters, we
use this information to contrast the chip thickness distributions
for these cutters in Section 4. Following this, we present

expanded force models for these cutters in Section 5.
Predicted forces are validated experimentally in Section 6.
Finally, we square-off the cutting performance of all cutters
in Section 7. This is followed by the main conclusions and
discussions on how the geometric models thus presented can
be used to instruct the design of next-generation high-perfor-
mance serrated end mills in Section 8.

2 Measuring serration geometry

Since geometric details of serrated cutters are not usually
available in tool catalogues, we instead reverse engineer the
geometry based on scanning tools on an Alicona make 3D
optical surface profilometer which gives surface data of the
cutter geometry represented by a triangular mesh instead of
3D cloud point data. Hence, unlike methods reported in
[19–21], in which the 3D cloud point data was used directly
to obtain a sense of the serration parameters, we could not
extract the serration profile directly from GOM software dur-
ing post-processing. We instead manually curve fit the
scanned serration profiles by describing a set of lines, circles,
and ellipses to obtain a best-fit approximation of the actual
profile from the scanned data as shown in Fig. 1. These
curve-fitted data serve as inputs to the parametric representa-
tions which are further used to generate NURBS-based repre-
sentations of the serrated profiles.

The three main steps in measuring and extracting the ser-
ration geometry are:

& Step 1—3D Scanning: The tool is slowly and automati-
cally rotated a full 360° while being scanned. Due to the
surface geometry, reflected light is distorted which causes
an optical path difference in the reflected beams, and
hence light and dark bands known as interference fringes
are formed. From the interference fringes, we obtain sur-
face data of the cutter geometry.

& Step 2—Reconstructing a 3D model from the scan: A 3D
scanned topology of the cutter is reconstructed using the
principle of focus variation by relative positions of the pro-
jector and one camera together with the interference fringes
[35–37]. An example of a reconstructed 3D model proc-
essed in the GOM ATOS software is also shown in Fig. 1.

& Step 3—Extracting the geometry: At first, the helix angle for
each tooth, and the pitch angles between two consecutive
teeth are estimated. Some of the tools under consideration
are observed to have a variable pitch and/or a variable helix.
Screenshots from the GOM ATOS software showing how
this is done are included in Fig. 1. This step also involves
estimating the initial phase shift of the serration profile be-
tween different teeth. The second crucial step involves man-
ually curve fitting the serration profile by describing a set of
lines, circles, and ellipses to obtain a best-fit approximation
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of the actual profile from the scanned data. Screenshots from
the GOMATOS software showing an outline of a serration
profile along with the circles used for fitting the profile are
also shown in Fig. 1. Since measured geometries might not
be smooth, we ensure displacement and tangent continuity
between different parts of the same serration profile to guar-
antee a smooth reconstructed profile.

Following the above-outlined procedure, all eight tools un-
der consideration are scanned, and their geometries are recon-
structed. An overview of the scanned profiles for all tools mea-
sured is listed in Table 1. In Table 1, all tools have a diameter of
16 mm. The pitch angle, φp,i (0) in Table 1 is listed at the
bottom of the cutter, i.e. at z = 0. All tools with four teeth (tools
1–4 in Table 1) are meant to be used to cut steel, and all tools
with three teeth (tools 5–8 in Table 1) are meant to be used for

cutting of aluminium. A generalized geometric model for all
these cutters is presented in the next section.

3 Generalized geometric model for serrated
cutters

We describe the geometry of serrated cutters using the
classical circular chip thickness approximation and by
ignoring the influence of run-out. Models described in
Section 3.1 are based on the classic work done by
Merdol and Altintas [15] and Dombovari et al. [16]
and on our own earlier reported work [12–14]. This is
followed by detailed discussions on the parametric and
NURBS-based representation of all eight cutters under
consideration in Sections 3.2 and 3.3.

Fig. 1 Overview of steps involved in measuring and extracting serration geometry
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3.1 Defining local radius and geometry

A schematic and a cross-sectional view of a representative
serrated cutter is shown in Fig. 2. A xyz coordinate frame is
attached to the tool at O as shown in Fig. 2a. xyz is a non-

rotating body-fixed coordinate system moving along with the
tool in the x-direction at a feed of f mm/min. The cutter has N
number of flutes (teeth), but as an example, only three (ith, (i +
1)th and (i + l)th) flutes are shown in Fig. 2, wherein ′i′ is a
general notation for any flute of the N- fluted cutter. The

Table 1 Classification of eight measured serrated end mills
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dummy index l (1 ≤ l ≤N) is used to denote any subsequent
flute, whose flute number is mod(i + l,N). This is used in the
chip thickness equation to incorporate the missed-cut effect in
Section 4.

Serrations change the local radius along with flute and
height. The local radius Ri(z), measured in the xy plane for
the ith flute at the height z, is defined as:

Ri zð Þ ¼ D
2
−ΔRi zð Þ; ð1Þ

whereinD is shank diameter of the cutter, andΔRi(z) is the
variation in local radius.

When the tool rotates at a speed Ω then the position vector
(measured from the originO) of an element P located in the ith

cutting edge at the height z is defined as:

Ri z; tð Þ ¼ Ri zð Þsinφi z; tð Þi þ Ri zð Þcosφi z; tð Þ j þ zk; ð2Þ

wherein Ri(z) is the local radius in the xy plane and
φi(z, t) is the angular position of the point P. The an-
gular position for the ith flute at height z (i.e. at point
P), measured from the y axis in a clockwise direction
called the instantaneous radial immersion angle is cal-
culated as:

φi z; tð Þ ¼ Ωt þ ∑
i−1

k¼1
φp;k zð Þ ¼ φη;1 zð Þ; ð3Þ

wherein Ω is the clockwise spindle speed (rad/sec), φp, i(z)
is the pitch angle between ith and (i + 1)th flute at height z and
φη, 1(z) is the local lag angle for the first flute at height z.

If the tool has a variable pitch, the pitch angle between two
consecutive flutes changes along with the height, and the gen-
eral expression of the pitch angle for the ith flute at height z can
be given by:

φp;i zð Þ ¼ φp;i 0ð Þ þ ∫z0
2 tanηi ζð Þ−tanηiþ1 ζð Þ� �

D
dζ; ð4Þ

wherein ηi(z) is local helix angle for the ith flute at height z,
expressed as:

ηi zð Þ ¼ arctan tan ηi−
D
2

dδi zð Þ
dz

� �
; ð5Þ

wherein ηi is mean helix angle of the ith flute and δi(z) is
the variation in the lag angle in the xy plane, which occurs due
to variable helix. Again, due to variable helix, the local lag
angle for the ith flute at height z is defined as:

φη;i zð Þ ¼ φ
η;i

zð Þ−δi zð Þ; ð6Þ

wherein the mean lag angle, φηi;i
zð Þ is given by:

φ
η;i

zð Þ ¼ 2z tan η; i
D

: ð7Þ

Due to the changing local radius, an axial immersion angle
(lead angle) κi(z), which is the angle between the z axis of the
cutter and the normal vector ni(z) to the local flute tangent at
the point P, as shown in Fig. 2a, also forms part of the force
computations and is expressed by:

cot κi zð Þ ¼ dRi zð Þ
dz

ð8Þ

Fig. 3 Serration profile along s-direction (along the edge of inclined
flute)

Fig. 2 aGeometry of the serrated cutter. b Cross-sectional view at height
z
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Having introduced the generalized geometry for all cutters,
we next detail each serration profile using parametric and
NURBS-based representations.

3.2 Parametric representation of serration profiles

The variation in local radius ΔRi(z) defined in Eq. (1) is eval-
uated from an imagined extended outer surface of a cylinder
over the flute portion shown in Fig. 3. ΔRi(z) depends on the
type of the serration profile and is different for all eight profiles.
Two important parameters describing any serration profile are
amplitude (A) and wavelength (λ), with the profile repeating
with λ. There is also a phase shift (ψi) between the starting of
the serration profile on each flute normally expressed as:

ψi ¼ ∑
i−1

q¼1
φp;q 0ð Þ; ð9Þ

wherein q is a dummy index and φp, i(0) is the pitch angle
between the ith and (i + 1)th flute at the bottom of tool axis, i.e.
at z = 0, and ψ1 = 0.

As the flutes are inclined to the z axis by the helix angle, we
define a direction along the tangent of the cutting edge flute
called the s-direction as shown in Fig. 3. The parameter s for
each flute (i) is evaluated as follows:

s ¼ rem
χ
λ

� �
; ð10Þ

wherein χ represents the distance along the s direction, and
accordingly, 2πχ/λ will denote the equivalent serration angle.

When χ ≥ 0, it becomes, χ ¼ z
cosηi zð Þ −

λψi
2π , and when χ <

0, χ = χ + λ. As the serration profile is along the s direction,
the variation of local radius ΔRi(z) defined in Eq. (1) is re-
placed by an equivalent term Rs

i sð Þ, where the value of s is
calculated corresponding to z values using Eq. (10). The ex-
pressions of Rs

i sð Þ for a total of eight serration profiles are
discussed next. Although parametric representations of sinu-
soidal, trapezoidal, and circular profiles have already been
presented in [1, 6, 8–10, 12–14], those are again discussed
here for completeness.

3.2.1 Sinusoidal serration profile

The sinusoidal profile shown in Fig. 4 corresponds to the
profile measured on the tool made by Totemwith part number
FBK 0504092 (Table 1, tool 1). The serration profile has an
amplitude A and a wavelength λ.

The variation in local radius Rs
i sð Þ for the sinusoidal ser-

ration profile is given by:

Rs
i sð Þ ¼ A

2
−
A
2
sin

2πs
λ

þ π
2

� �
; ; ð11Þ

wherein 0 ≤ s < λ.

3.2.2 Circular serration profile

The circular serration profile defined as shown in Fig. 5, cor-
responds to the profile measured on the tool made by Totem
with part number F192CB (Table 1, tool 2). There are two arcs
of circles of radii R1 and R2 centred at O1 and O2 with arc
heights A1 (<R1) and A2 (<R2). Amplitude and wavelength are
defined as A (=A1 + A2) and λ.

The variation in local radius Rs
i sð Þ for circular serration is

given by:

Fig. 4 Schematic of sinusoidal serration profile

Fig. 5 Schematic of circular serration profile Fig. 6 Schematic of semi-circular serration profile
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if 0≤s≤s1

Rs
i sð Þ ¼ R1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1− s−

s1
2

� �2
r

if
Rs
i sð Þ

s1≤s≤s2

¼ A1 þ A2−R2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2−

s1 þ s2
2

−s
� �2

r

9>>>>>>=
>>>>>>;
; ð12Þ

wherein

s1 ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A1 2R1−A1ð Þ

p
s2 ¼ s1 þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A1 2R2−A2ð Þ

p 	
: ð13Þ

We ensure displacement and tangent continuity at the junc-
tion of two consecutive segments of the serration profile
through the following constraint equations:

A1R2−R1A2 ¼ 0
A1 þ A2−A ¼ 0
λ−s2 ¼ 0

9=
;: ð14Þ

Using Eq. (14), A1 and A2 are updated to ensure a smooth
profile.

3.2.3 Semi-circular serration profile

The semi-circular serration profile defined as shown in Fig. 6,
corresponds to the profile measured on the tool made by
Guhring with part number 3507 (Table 1, tool 3). There is
one upper land of length L1. The serration profile consists of
three arcs of circles of radii R1, R2 and R3 centred atO1,O2 and
O3 with arc heights A1 (<R1), A2 (<R2) and A3 (<R3).
Amplitude and wavelength are defined as A (=A1 + A2) and λ.

The variation in local radius Rs
i sð Þ for semi-circular serra-

tion is given by:

if 0≤s < s1

Rs
i sð Þ ¼ 0

if s1≤s≤s2
Rs
i sð Þ ¼ R1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1− s−s1ð Þ2

q
if s2≤s≤s3

Rs
i sð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2− s2 þ x1−sð Þ2− R2−A2−A1ð Þ

q
if s3≤s≤s4

Rs
i sð Þ ¼ R3−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
3− s4−sð Þ2

q

9>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>;

; ð15Þ

wherein

s1 ¼ L1

s2 ¼ s1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1− R1−A1ð Þ2

q

x1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2− R2−A2ð Þ2

q
x2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2− R2−A2−A1 þ A3ð Þ2

q

s3 ¼ s2 þ x1 þ x2

s4 ¼ s3 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
3− R3−A3ð Þ2

q

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

: ð16Þ

Displacement and tangent continuity at the intersection of
two consecutive segments of this serration profile is ensured

Fig. 7 Schematic of circular-
elliptical serration profile
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through the following constraint equations:

A3R2−R3 A1 þ A2−A3ð Þ ¼ 0
A1R2−R1A2 ¼ 0
A1 þ A2−A
λ−s4

¼ 0
¼ 0

9>=
>;: ð17Þ

Using Eq. (17), A1, A2 and A3 are updated to obtain a
smooth profile.

3.2.4 Circular-elliptical serration profile

The circular-elliptical serration profile defined as shown in
Fig. 7, corresponds to the profile measured on the tool made
by Guhring with part number 3723 (Table 1, tool 4). This
profile consists of an arc of a circle (radius r1) centred at O1,
an ellipse (major and minor radius ro, ri) centred atO2, a small
circle (radius r3) centred atO3, a straight line (inclination angle
θ3 and length L3), and a circle (radius r4) centred atO4 respec-
tively. hi, ki are the position coordinates ofOi (i = 1 to 4). θ1 is
the exit angle of the arc of circle (radius r1) at the junction
point p1 between circle and ellipse. θs, θe are the start and exit
angle of the arc of circle (radius r3) at the corresponding junc-
tion points. θ4 is the start angle of the arc of circle (radius r4) at
the corresponding junction point. Here, the major axis of the
ellipse is inclined to vertical direction by the angle θ2. Hence
we represent the parametric equation of the ellipse with pa-
rameter t. The values of t corresponding to points p1 and p2 are
defined as t1 and t2. Amplitude and wavelength are defined as
A and λ.

The variation in local radius Rs
i sð Þ for circular-elliptical

serration is given by:

if 0≤s < s1

Rs
i sð Þ ¼ k1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r21− s−h1ð Þ2

q
if s1≤s≤s2

Rs
i sð Þ ¼ ricos tð Þsin θ2ð Þ þ r0sin tð Þcos θ2ð Þ þ k2

s ¼ ricos tð Þsin θ2ð Þ þ r0sin tð Þcos θ2ð Þ þ h2
if s2≤s≤s3

Rs
i sð Þ ¼ k3−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r23− s−h3ð Þ2

q
if s3≤s≤s4

Rs
i sð Þ ¼ k4−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r24− s4−h4ð Þ2

q
þ tan θ3ð Þ s−s4ð Þ

if s4≤s≤s5

Rs
i sð Þ ¼ k4−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r24− s−h4ð Þ2

q

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

; ð18Þ

wherein

s1 ¼ r1sin θ1ð Þ
s2 ¼ s1 þ L2
s3
s4
s5

¼ s2 þ r3 sin θeð Þ−sin θsð Þð Þ
¼ s3 þ L3cos θ3ð Þ
¼ s3 þ r4sin θ4ð Þ

9>>>=
>>>;
: ð19Þ

The constraint equations ensuring displacement and tan-
gent continuity at the intersection of two consecutive seg-
ments of this serration profile are:

h1 ¼ 0
A−r1−k1 ¼ 0
h4−λ ¼ 0
A−r4−k4 ¼ 0
−rsin t1ð Þsin θ2ð Þ þ rocos t1ð Þcos θ2ð Þ
−rsin t1ð Þcos θ2ð Þ−rocos t1ð Þsin θ2ð Þ þ tan θ1ð Þ ¼ 0

h2 þ ricos tð Þcosθ2−rosin t2ð Þsin θ2ð Þ−s2 ¼ 0

k2 þ r1cos t1ð Þsin θ2ð Þ þ rosin t2ð Þcos θ2ð Þð Þ− k1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r21− s1−h1ð Þ2

q� �
¼ 0

−rsin t1ð Þsin θ2ð Þ þ rocos t1ð Þcos θ2ð Þ
−rsin t1ð Þcos θ2ð Þ−rocos t1ð Þsin θ2ð Þ þ tan θ1ð Þ ¼ 0

h2 þ ricos t2ð Þcosθ2−rosin t2ð Þsin θ2ð Þ−s2 ¼ 0

k2 þ r1cos t2ð Þsin θ2ð Þ þ rosin t2ð Þcos θ2ð Þð Þ− k3 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r23− s2−h3ð Þ2

q� �
¼ 0

tan θ3ð Þ−tan θeð Þ ¼ 0

k4 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r24− s4−h4ð Þ2

q
þ tan θ3ð Þ s3−s4ð Þ

� �
− k3 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r23− s3−h3ð Þ2

q� �
¼ 0

tan θ3ð Þ−tan θ4ð Þ ¼ 0
λ−s5 ¼ 0

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

:

ð20Þ

Using Eq. (20), θ4, θs, θe, t1, t2, h2, k2, h3, k3, and r3 are
updated to obtain a smooth profile.

3.2.5 Trapezoidal serration profile

The trapezoidal profile defined, as shown in Fig. 8, corre-
sponds to the profile measured on the tool made by Totem
with part number CBCH (Table 1, tool 5). There is one upperFig. 8 Schematic of trapezoidal serration profile
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land of length L1, one lower land of length L2, and two in-
clined lands with inclination angles αserr and βserr. The serra-
tion profile also consists of four small arcs of circles of radii
R1, R2, R3 and R4. Amplitude and wavelength are defined as A
and λ.

The variation in local radius Rs
i sð Þ for the trapezoidal ser-

ration profile is given by:

if 0≤s < s1;

Rs
i sð Þ ¼ 0

if s1≤s < s2;

Rs
i sð Þ R1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R− s−s1ð Þ2

q

if s2≤s < s3;

Rs
i sð Þ ¼ R1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R− s1−s2ð Þ2 þ tanαserr s−s2ð Þ

q

if s3≤s < s4;

Rs
i sð Þ ¼ A−R2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R− s−s4ð Þ2

q
if s4≤s < s5;

Rs
i sð Þ ¼ A

if s5≤s < s6;

Rs
i sð Þ ¼ A−R3 þ

ffiffiffi
R

p
− s−s5ð Þ2

if s6≤s < s7;

Rs
i sð Þ ¼ R4−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
4− s7−s8ð Þ2−tanβserrj s−s7ð Þ

q
if s7≤s < s8;

Rs
i sð Þ ¼ R4−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
4− s−s8ð Þ2

q

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

; ð21Þ

wherein

s1 ¼ L1
s2 ¼ s1 þ R1sinαserr

s3 ¼ s2 þ
�
A− R2 þ R1ð Þ 1−cosαserrð Þ

s4 ¼ s3 þ R2sinαserr

s5 ¼ s4 þ L2
s6 ¼ s5 þ R3sinβserr
s7 ¼ s6 þ A− R3 þ R4ð Þ 1−cosβserrð Þð Þcotβserr
s8 ¼ s7 þ R4sinβserr
λ ¼ s8

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

: ð22Þ

3.2.6 Semi-elliptical serration profile

The semi-elliptical serration profile defined, as shown in Fig.
9, corresponds to the profile measured on the tool made by
Guhring with part number 3468 (Table 1, tool 6). This profile
consists of one upper land of length L1,an arc of small circle
(radius r2) centred at O2, a circle (radius r3) centred at O3,an
ellipse (major and minor radius ro, ri) centred at O4, a circle
(radius r5) centred at O5,and a small circle (radius r6) centred
at O6 respectively. Here, the minor axis of the ellipse is par-
allel to s direction. hi, ki are the position coordinates ofOi (i =
2 to 6). θ2 is the exit angle of the arc of circle (radius r2) at the
junction point between circles of radius r2 and r3. θ3 is the
start angle of the arc of circle (radius r3) at the junction point
between circles of radius r2 and r3. θ5 is the exit angle of the
arc of circle (radius r5) at the junction point between circles of
radius r5 and r6. θ6 is the start angle of the arc of circle (radius
r6) at the junction point between circles of radius r5 and r6.
Amplitude and wavelength are defined as A and λ.

Fig. 9 Schematic of semi-elliptical serration profile
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The variation in local radius Rs
i sð Þ for semi-elliptical ser-

ration is given by:

if 0≤s < s1

Rs
i sð Þ ¼ 0

if s1≤s < s2

Rs
i sð Þ k2−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r22− s−h2ð Þ2

q
if s2≤s < s3

Rs
i sð Þ ¼ k3−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r23− s−h3ð Þ2

q
if s3≤s < s4

Rs
i sð Þ ¼ k4 þ ri

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

s−h4ð Þ2
r20

s

if s4≤s < s5

Rs
i sð Þ ¼ k5−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r25− s−h5ð Þ2

q
if s5≤s < s6

Rs
i sð Þ ¼ k6−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r26− s−h6ð Þ2

q

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

; ð23Þ

wherein

s1 ¼ L1
s2 ¼ s1 þ r2sin θ2ð Þ
s3 ¼ h3 þ r3sin θ3ð Þ
s6 ¼ λ
s5 ¼ s6−r6sin θ6ð Þ
s4 ¼ h5−r5sin θ5ð Þ

9>>>>>>=
>>>>>>;
: ð24Þ

The constraint equations ensuring displacement and tan-
gent continuity at the intersection of two consecutive seg-
ments of this serration profile are:

h2−s1 ¼ 0
k2−r2 ¼ 0

k2−r2cos θ2ð Þð Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r23− s2−h3ð Þ2−k3

q
¼ 0

h6−s6 ¼ 0

k6−r6cos θ6ð Þð Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r25− h5−s5ð Þ2−k5

q
¼ 0

A−ri−k4 ¼ 0

k2−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r22− s1−h2ð Þ2

q
¼ 0

k2−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r22− s2−h2ð Þ2

q� �
− k3−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r23− s2−h3ð Þ2

q� �
¼ 0

s2−h2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r22− s2−h2ð Þ2

q −
s2−h3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r23− s2−h3ð Þ2
q ¼ 0

k3−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r23− s3−h3ð Þ2

q� �
−
�
k4 þ ri

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− s3−h4ð Þ2=r20

�r
¼ 0

ri 2h4−2s4ð Þ
2r20

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− h4−s4ð Þ2=r20

q þ tan θ5ð Þ ¼ 0

k5−
ffiffiffiffi
r2

p
− s5−h5ð Þ2

� �
− k6−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r26− s5−h6ð Þ2

q� �
¼ 0

s5−h5ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r25− s5−h5ð Þ2

q −
s5−h6ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r26− s5−h6ð Þ2
q ¼ 0

k6−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r26 s6−h6ð Þ2

q
¼ 0

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

: ð25Þ

Using equation (25), θ2, θ3, θ5, θ6, r2, r6, h3, h4, h5, and L1
are updated to obtain a smooth profile.

3.2.7 Inclined circular serration profile

The inclined circular serration profile defined as shown in Fig.
10, corresponds to the profile measured on the tool made by
Iscar with part number ERC160E32-3W16 (Table 1, tool 7).
There are two arcs of circles of radii R1 and R2 centred at O1

and O2. Those two circles are connected by straight lines
(inclined lands) of the inclination angle θ1 and θ2 and length
2L1 and 2L2 respectively. Amplitude and wavelength are de-
fined as A (=A1+A2) and λ.

The variation in local radius Rs
i sð Þ for circular serration

profile with inclined land is given by:

if 0≤s < s1
Rs
i sð Þ ¼ A1−stan θ1ð Þ

if s1≤s≤s2
Rs
i sð Þ ¼ A1 þ R1−A1ð Þ−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1− s−s1−R1sin θ1ð Þð Þ2

q
if s2≤s≤s3
Rs
i sð Þ ¼ A1 þ s−s2ð Þtan θ2ð Þ þ R1−A1ð Þ−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1− s2−s1−R1sin θ1ð Þð Þ2

q
if s3≤s≤s4
Rs
i sð Þ ¼ A1− s−s5ð Þtan θ1ð Þ

9>>>>>>>>>>>=
>>>>>>>>>>>;

;

ð26Þ
wherein

Fig. 10 Schematic of inclined circular serration profile
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s1 ¼ L1cos θ1ð Þ
s2 ¼ s1 þ R1 sin θ1ð Þ þ sinθ2ð Þ

�
s3 ¼ s2 þ L2cos θ2ð Þ
s4 ¼ s3 þ R2 sin θ1ð Þ þ sin θ2ð Þð Þ
s5 ¼ s4 þ L1cos θ1ð Þ

9>>>>>=
>>>>>;
: ð27Þ

The constraint equations ensuring displacement and tan-
gent continuity at the intersection of two consecutive seg-
ments of this serration profile are:

L1sin θ1ð Þ þ R1−R1cos θ1ð Þ−A1 ¼ 0
L1sin θ1ð Þ þ R2−R2cos θ1ð Þ−A2 ¼ 0
L2sin θ2ð Þ þ R1 þ R2ð Þ 1−cos θ2ð Þð Þ−A ¼ 0
A1 þ A2−A ¼ 0
λ−s5 ¼ 0

9>>>>=
>>>>;
: ð28Þ

Using equation (28), L1 and L2 are updated to obtain a
smooth profile.

3.2.8 Inclined semi-circular serration profile

The inclined semi-circular serration profile defined as
shown in Fig. 11, corresponds to the profile measured
on the tool made by Kennametal with part number
F3BA1600BWL40 (Table 1, tool 8). There is one upper
land of length L1. The serration profile consists of three
arcs of circles of radii R1, R2 and R3 centred at O1, O2

and O3. Circles of radii R1, R2 are connected by a
straight line (inclined land) of the inclination angle θ
and length L2. Amplitude and wavelength are defined
as A and λ.

The variation in local radius Rs
i sð Þ for semi-circular serra-

tion profile with inclined land is given by:

if 0≤s < s1
Rs
i sð Þ ¼ 0

if s1≤s≤s2
Rs
i sð Þ ¼ R1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1 ¼ − s−s1ð Þ2

q
if s2≤s≤s3
Rs
i sð Þ ¼ A1 þ s−s2ð Þtan θð Þ

if s3≤s≤s4
Rs
i sð Þ ¼ A−R2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2− s−s3−R2sin θð Þð Þ2

q
if s4≤s < s5

Rs
i sð Þ ¼ R3−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2− s−s5ð Þ2

q

9>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>;

; ð29Þ

wherein

s1 ¼ L1
s2 ¼ s1 þ R1sin θð Þ
s3 ¼ s2 þ L2cos θð Þ
s4 ¼ s3 þ R2sin θð Þ þ R2 cos−1 1−

A3

R3

� �� �

s5 ¼ s4 þ R3sin cos−1 1−
A3

R3

� �� �

9>>>>>>>>=
>>>>>>>>;
: ð30Þ

Displacement and tangent continuity at the intersection of
two consecutive segments of this serration profile is ensured
by satisfying the following constraint equations:

R1 1−cos θð Þð Þ−A1 ¼ 0
A1 þ L2sin θð Þ−A2 ¼ 0
A− R1 þ R2ð Þ 1−cos θð Þð Þ−L2sin θð Þ ¼ 0
AR3−A3 R2 þ R3ð Þ ¼ 0
λ−s5 ¼ 0

9>>>>=
>>>>;
: ð31Þ

Using Eq. (31), A1, A2, A3 and L2 are updated to obtain a
smooth profile.

We have, thus, parametrically defined the geometry of
eight different types of serrated cutters, of which five non-
standard geometries are new and have not been described by
others before. These models can now be used to understand
the variation of chip thickness, and can be subsequently used
in predictive force models—as will indeed be discussed in

Fig. 11 Schematic of inclined semi-circular serration profile

Fig. 12 Schematic of the NURBS serration profile
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subsequent sections. First, however, we turn our attention to
an alternative and generalized way of defining different serra-
tion geometries using a NURBS-based approach.

3.3 NURBS-based representation of serration profiles

Unlike other spline-based [15–17] and NURBS-based
[18–20] representations made by others before us that were
only limited to serrations of the sinusoidal kind, we present a
generalized representation for other standard as well as non-
standard profiled serrated end mills. We first outline the gen-
eral NURBS formulations, and then detail the procedure to
describe serrations using NURBS.

3.3.1 NURBS formulation

In a generalized sense, the serration profile can be represented
using NURBS as shown in Fig. 12, wherein each control point
Pj has a weight wj associated with it.

NURBS are expressed in a parametric form of C uð Þ ¼
Cs uð ÞCn uð Þ½ � T ¼ s Rs

i sð Þ
 �
T , where Rs

i sð Þ is the variation
in local radius of serration profile and s is the distance along
the cutting edge of the serrated cutter. C(u) is expressed as
follows [38, 39]:

C uð Þ ¼ ∑m
j¼0wuN j;k uð ÞPj

∑m
j¼0wjN j;k uð Þ ; 0≤u≤m−k þ 2½ � ð32Þ

wherein Pj = [Pjs Pjn ]
T is the chosen control point, wj ∈W

the weight function and Ne, k (u) a recursive piecewise basis
function of the order k and degree k − 1. The NURBS profile
has a total m + 1 control points, m − k + 2 segments (including
zero-length segments) and has Ck − 2 continuity. Segments

(Qe) lie in between the knot points ue and ue + 1, and whenever
there is knot multiplicity, the segment degenerates to a point.
Since we have knot multiplicity only at the ends, the begin-
ning and the end segments (of zero lengths) are equivalent to
points that lie on the NURBS itself. Representative start
(C(ue)) and endpoints (C(ue + 1)) of the segments (Qe) are de-
noted by triangular markers in Fig. 12, wherein the control
points (Pj) are also shown by circular markers. The curve does
not pass through Pj except for the first and the last control
points.

The basis function Ne, k (u) calculated at u in the eth knot
span [ue, ue + 1) is expressed as [38]:

Ne;k uð Þ ¼ u‐ueð ÞNe;k−1 uð Þ
ue þ k−1−ue

þ ue þ k‐uð ÞNeþ1;k−1 uð Þ
ueþk‐ueþ1

; ð33Þ

wherein ue ∈U(0 ≤ e ≤m + k) are the knot values that deter-
mine the NURBS profile, and are expressed by:

ue ¼ 0; if e < k
ue ¼ e‐k þ 1; if k≤e≤m
ue ¼ m‐k þ 2; if e > m

9=
; ð34Þ

and

Ne;o uð Þ ¼ 1; if ue≤u≤ueþ1

0; otherwise

�
: ð35Þ

After constructing each segment of the piecewise polyno-
mial C(u), a complete NURBS serration profile is obtained.
To calculate the tangent vector, the axial immersion angle
κi (z) and the normal vector ni (z) of the serration profile, the
derivative of the NURBS [39] with respect to u is determined
as:

C0 uð Þ ¼
∑m

j¼0 wjN j;k uð ÞPj

 �0hh i

∑m
j¼0wjN j;k uð Þ

i
− ∑m

j¼0wjN j;k uð Þ
i
0

h i
∑m

j¼0

h
wjN j;k uð ÞPj

�hh i
∑m

j¼0wjN j;k uð Þ
h i2 ; ð36Þ

wherein

wjN j;k uð ÞP j

 �0 ¼ kN jþ1;k‐1 uð Þ wjþ1P jþ1‐wjP j

� �
ujþkþ1‐ujþ1

ð37Þ

and

wjN j;k uð Þ
 �0 ¼ kN jþ1;k−1 uð Þ wjþ1‐wj
� �

ujþkþ1‐ujþ1
ð38Þ

Equations (37–38) are obtained from the derivative of the
basis function Ne, k(u) as follows [39]:

N 0
e;k uð Þ ¼ kNe;k−1 uð Þ

ueþk−1‐ue−1
−
kNeþ1;k−1 uð Þ
ueþk−ue

ð39Þ

Having described the generalized NURBS formulations,
we now detail the procedure to generate serration profiles.

3.3.2 Method to generate the NURBS serration profiles

We define NURBS-based serrations profiles for each cutter
type based on finding the control points (Pj ≔ [Pjs Pjn ]

T) and
their weight functions (wj) for m control points. We determine
these variables (totaling 3m (2m control points, and m
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weights)) by setting up a nonlinear least-square optimization
problem, with the objective function being to minimize the
error function (E) which is the root mean square distance
between cloud point data (Ia) and the generated NURBS curve
points (Cb (Pj,wj)). Mathematically, this is represented as:

E ¼ min
P j;w j

∑
c

a¼1
mindb¼1 norm Ia−Cb P j;wj

� �� ���

 2 ð40Þ

wherein Ia ≔ [Ias Ian]
T; Cb (Pj, wj) ≔Cb (u) = [Cbs (u)

Cbn (u) ]
T =C(u), and c and d are the total number of input

cloud data points and output NURBS points, respectively. The
value of c is chosen such that the ratio of λ and c is constant (~
100) for each profile. The value of d is chosen such that it is
greater than c for each serration profile and the optimized
function E has a value less than 1e-3. The value of c and d
are listed in Table 2. The cloud point data is usually obtained
directly from the optical scan [19–21]. However, in the pres-
ent case, we generate cloud point data by solving the paramet-
ric equations (described in the previous sections) using the
measured serration parameters as listed in Table 2.

The solution to the above-posed optimization problem re-
sults in the determination of the location of control points and
their appropriate weights to describe the profile with NURBS.
As all serrated cutters are smooth, continuous, and periodic,
wemaintain theC0 (displacement) andC1 (tangent) continuity
of the serration profile using clamped NURBS [38, 39]. To
satisfy the continuity conditions, first and last control points
are made to coincide with endpoints of the NURBS, and the
tangents at start and end of the NURBS are made to be col-
linear to the first and last legs of the control polyline using
knot multiplicity at ends. To ensure C0 continuity and period-
icity, n-coordinates (vertical) of the first and the last control
points are made to be the same, and s-coordinates (horizontal)
are separated by the wavelength λ as follows:
P0n ¼ Pmn ¼ Rs

i 0ð Þ mm ¼ Ri-
s λð Þ mm and P0s ¼ 0 mm;Pms ¼ λ mm. Furthermore, to
ensure C1 continuity we force the line joining the first and
second control points to be parallel to the line joining to the
second last and last control points, which leads to the follow-
ing slope constraint equations at both ends:

P1n−P0n

P1s−P0s
¼ Pmn−P m−nð Þn

Pms−P m−1ð Þs
¼ tanθD; ð41Þ

wherein the slope angle θD at the endpoints of the periodic
NURBS curve could be calculated from the input cloud point
data (Ia). For some profiles (like the sinusoidal, semi-circular,
circular-elliptical, trapezoidal, semi-elliptical, and inclined
semi-circular) there are zero slopes at the ends. However, the
direction of the tangents (directional derivative) remains un-
changed because of the periodicity of the serration profile.
Because of this slope continuity, we never struggle with
cusps.

The NURBS curve is governed by the shape modification
parameter-weight (wj). However, clamped NURBS is inde-
pendent of the weights at the endpoints. The weights at the
endpoints in conjunction with the weights to the other points
decide the nature of the curve only in the interior of the control
polygon. Weight at the endpoints simply set a scale for the
weight at the other points. Hence we have considered the
weight w0 = wm = 1 at the endpoints. Using displacement,
slope, and weight constraints at both ends, the total number
of independent variables to be determined from the optimiza-
tion is reduced to 3m − 8.

Based on a sensitivity analysis, we uniformly choose the
number of control points,m + 1 = 9, and the order of the curve,
k = 3 for all serration profiles. Accordingly, the knot vector
becomes (from Eq. (34)):

U ¼ 0; 0; 0; 1; 2; 3; 4; 5; 6; 7; 7; 7½ �T : ð42Þ

This knot vector is used to generate NURBS-based serra-
tion profiles and to calculate their derivatives. We see knot
multiplicity (k) of three at the start and end of the knot vector
U. As the curve has an order of three, it satisfies displacement
(C0) and tangent (C1) continuity of the NURBS.We have also
checked that nine control points are sufficient to design com-
plex profiles (like the circular-elliptical, semi-elliptical, semi-
circular, trapezoidal, inclined circular, and inclined semi-cir-
cular) because the number of junction points between the seg-
ments in the parametric curves is equal to or less than the
number of control points in NURBS. For simple profiles (like
the sinusoidal and circular) we can consider a lower number of
control points as there are fewer junctions. However, for con-
sistency, we have considered the same number of control
points for all profiles considered herein.

Optimization is done using a bounded simplex search in
MATLAB. In the optimization problem given by Eq. (40), the
search space of each variable is deliberately chosen as follows:

Pjn |lower = 0 mm, Pjn |upper = 1.5A mm, Pjs
��
lower ¼

λ j−1ð Þ
m mm,

Pjs
��
upper ¼

λ jþ1ð Þ
m mm, wj |lower = 0, and wj |upper = 10, where

j = 1, 2, …, m − 1 and A, λ are the amplitude and the wave-
length of the serration profile as obtained from the parametric
representation. The upper values of the variables in the opti-
mization scheme have been chosen such that there is conver-
gence within a reasonable time and such that the optimum
solution lies within the interior of the domain. We check to
ensure that these bounds are sufficient to get the NURBS
profiles close to the parametric curves. We put initial condi-

tions (ic) as follows: Pjs
��
ic ¼ λj

m


 �
mm, Pjn

��
ic ¼ A

2 mm and

wj |ic = 1, where j = 1, 2,…, m − 1. Using these in the optimi-
zation routine we get NURBS-based serration parameters for
each of the eight serration profiles under consideration. These
NURBS parameters, along with the parametric-based serra-
tion parameters are listed in Table 2.
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Table 2 List of measured serration parameters for all eight cutters (listed in Table 1) using parametric and NURBS-based approaches

Int J Adv Manuf Technol



Having described the geometry of all eight serrated end
mills under consideration, we now contrast the variation in
local radius and chip thickness using both methods, i.e. the
parametric representation, and the NURBS-based
representation.

4 Variation of local radius and chip thickness

The geometry of the serrated cutter causes a change in the
local radius which in turn results in a non-uniform chip thick-
ness and missed-cut effects [12–16]. Due to the complex

Fig. 13 Comparison of a local radius and b chip thickness using the
parametric and the NURBS-based approach for the four fluted serrated
cutters to be used to cut steel. Flpi corresponds to the chip thickness

predicted using the parametric approach, and Flni corresponds to the chip
thickness predicted using the NURBS based approach. i is the flute
number
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geometries, the cutter body is discretized into axial
slices, which are in turn further discretized into angular
elements. The elemental geometric static chip thickness
for the ith flute is evaluated in the direction of the nor-
mal vector ni (z) as [14]:

hstg;i z; tð Þ ¼ min
N

inew¼1
Ri zð Þ−Riþl zð Þð Þ þ f i;l z; tð Þsinϕi z; tð Þ
 �

sinki zð Þ

ð43Þ
wherein l ¼ inew−N if inew þ i > Nf inewotherwise :

Fig. 14. Comparison of a local radius and b chip thickness using the
parametric and the NURBS based approach for the three-fluted serrated
cutters to be used to cut aluminium. Fl _ pi corresponds to the chip

thickness predicted using the parametric approach, and Flni corresponds
to the chip thickness predicted using the NURBS-based approach. i is the
flute number
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In Eq. (43) fi, l (z, t) is the feed per revolution between ith

and (i + l)th flute at height z. Considering variable pitch and
helix, the fi, l (z, t) is calculated as follows

f i;l z; tð Þ ¼
ϕiþl z; tð Þ−ϕi z; tð Þ þ 2π

2π
� f tN if ϕiþl z; tð Þ−ϕi z; tð Þ≤0

ϕiþl z;tð Þ−ϕi z;tð Þ
2π

� f tN otherwise
;

8><
>: ð44Þ

wherein f t ¼ 2πf
NΩ is the feed per revolution per tooth. For

constant pitch and helix cutters fi, l (z, t) is simplified as fi, l (z,
t) = inew ft.

This hstg;i z; tð Þ, however, does not signify the actual phys-

ical chip thickness. Actual elemental physical static chip
thickness is evaluated by multiplying a screening function

gi (z, t) as follows: h
st
i z; tð Þ ¼ gi z; tð Þ hstg;i z; tð Þ; where gi (z,-

t) accounts for the radial immersion and the missed-cut effect.
g

i
(z, t) = 1 for when φen ≤ (φi (z, t) mod 2π) ≤ φex and

hstg;i z; tð Þ≥0, wherein the angles φen_ and φex are the entry

and exit angles [12]; and otherwise gi (z, t) = 0.
We use Eqs. (43-44) to evaluate the chip thickness varia-

tion. The change in local radius within Eq. (43) is obtained
using the parametric equations and the NURBS-based ap-
proach as described previously. We numerically simulate the
chip thickness at the tool tip, i.e. at z = 0.

Of the eight types of serrated cutters under consideration,
four that have four teeth each are used to cut steel, and four
that have three teeth each are used to cut aluminium. The
cutting parameters for which we simulate and compare results
using bothmethods are listed in Table 3. The radial immersion
and the feed are kept consistent, and only the speeds are varied
for cutting steel and aluminium. Furthermore, the depth of cut
for all results discussed herein is taken to be the wavelength of
the serration profile under consideration.

Using the serration parameters listed in Table 2, and for the
operating conditions in Table 3, the variation in local radius
for any one representative tooth and the change in chip thick-
ness across all teeth is simulated for all eight serration types
using the parametric and the NURBS-based representation of
the serration profiles. Results for the four-fluted cutters and for
the three-fluted cutters are shown in Figs. 13 and 14
respectively.

Serrations along the cutting edges that are phase-shifted
from one flute to the next result in a local change of the cutter
radius along the helical flute. Hence the chip thickness be-
comes a function of the feed (mm/tooth/rev) as well as the
variation of local radius for serrated cutters. As the local radius
varies with the flute and with the height, we see an irregular
distribution of chip thickness. For the example of the tool tip
in contact with the workpiece, i.e. when z = 0 mm, for which
results are shown in Figs. 13b and 14b, we see that some flutes
are cutting while others are not, i.e. chip thicknesses for those
teeth at specific time instants are zero. This chip thickness
pattern will change with changing axial engagement condi-
tions. The irregular chip thickness distribution between differ-
ent flutes observed in Figs. 13 and 14 is characteristic of ser-
rated cutters. The distribution depends on the serration profile,
the phase shift of the profile between subsequent teeth, and the
section along the tool axis being evaluated. Since each of the
serration profiles is distinct, the chip thickness distribution too
is distinct. From Figs. 13 and 14, it is also evident that there is
a negligible difference in the distribution of local radius and/or
the chip thickness profile between the two approaches to ap-
proximate the serration geometry for all eight cutters of inter-
est. Since the NURBS-based representation is based on the
cloud point data derived from parametric representation, this
is likely the reason for results with both approaches agreeing

Fig. 15 a Differential forces acting on an infinitesimal dz axial segment
on the ith edge. b Variation of cutting force along flute and height

Fig. 16 Experimental setup for cutting force measurements
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with any other. This suggests that either of the parametric-
based approach or the NURBS-based approach may be used
in the force models discussed next.

5 Force model for serrated cutters

All differential elemental forces are calculated in each element
of the discretized serrated tool. The cutting forces for the ith

flute at a height z are found in the radial-tangential-and-axial,
i.e. rta directions as shown in Fig. 15.

Due to variation of the local tool geometry along with
serrations, and along the axis of the tool, this rta frame chang-
es its orientation—see Fig. 15b. Differential forces are evalu-
ated in the rta frame as follow:

dFrta;i z; tð Þ ¼ Kchsti z; tð Þ þKe
 � dz
sin ki zð Þ gi z; tð Þ; ð45Þ

wherein the primary cutting force coefficient vector is:

Kc ¼ Kc
r Kc

t Kc
a½ �T ; ð46Þ

and the edge cutting force coefficient vector is:

Ke ¼ Ke
r Ke

t Ke
a½ �T : ð47Þ

These coefficients can either be identified mechanistically
(as is done herein) for a given tool geometry and workpiece
material combination, and for a given range of cutting condi-
tions [40], or the coefficients can be obtained using an orthog-
onal to oblique transformation from a given orthogonal data-
base [41], as was done elsewhere in [15, 16].

Differential forces evaluated in the rta frame are trans-
formed into the fixed machine coordinate frame (xyz) using
the orthogonal to oblique transformation method [15, 16].
Transformed differential forces in the xyz frame are given by:

dFxyz;i z; tð Þ ¼ Txr;i z; tð ÞdFrta;i z; tð Þ; ð48Þ

wherein Txr, i (z, t) is the force transformation matrix as
given in [12, 14].

The total lumped cutting force vector acting on the cutting
tool in the x, y, and z directions is calculated by integrating the
transformed differential force vector along with flute and sum-
ming the contribution of all flutes:

Fig. 17 Comparison of measured and predicted forces using two
methods: parametric-based approach (theoretical1), and the NURBS-
based approach (theoretical2) for semi-circular serrated end mill (top)

and, the circular-elliptical serrated end mill (bottom). Both cutters are
four-fluted, and results are for cutting steel with parameters listed as in
Table 3
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Fxyz tð Þ ¼ Fx Fy Fz½ �T ¼ ∑N
i¼1∫

ap
0 dFxyz;i z; tð Þ: ð49Þ

Forces hence predicted using the geometric models discussed
earlier are contrasted with measured forces as discussed next.

6 Experimental validation of cutting forces

This section discusses the experimental validation of force
models based on the proposed geometric models. The

experimental setup is shown in Fig. 16. Experiments were
done on a three-axis AMSL make CNC vertical milling ma-
chine. The workpiece was directly mounted over a three-
component table-top dynamometer. All experiments were per-
formed for cutting without any coolant. Experiments were first
undertaken to mechanistically identify cutting force
coefficients—since these serve as an input to the force models.
Mechanistically identified coefficients using a regular four-
fluted end mill cutting steel and a regular three-fluted end mill
cutting aluminium are listed in Table 4.

Fig. 18 Comparison of measured and predicted forces using two
methods: parametric-based approach (theoretical1), and the NURBS-
based approach (theoretical2) for the semi-elliptical serrated end mill

(top), the inclined circular serrated end mill (middle), and the inclined
semi-circular serrated end mill (bottom). All three cutters are three-fluted,
and results are for cutting Aluminiumwith parameters listed as in Table 3
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Model predicted cutting forces in the x and y directions
are compared with measured forces in Figs. 17 and 18.
Predictions are made using both methods, i.e. using the
parametric-based approach, and the NURBS-based ap-
proach to geometrically define the serration profiles.
Figure 17 shows force comparisons for cutting steel with
the four-fluted serrated end mills. Cutting conditions for
cutting steel are listed in Table 3, with a feed rate of 0.05
mm/tooth/rev, at a speed of 1800 rpm for a 50% up-
milling tool engagement. Similarly, Fig. 18 shows force
comparisons for cutting aluminium with the three-fluted
serrated end mills. Cutting conditions for cutting alumin-
ium are also listed in Table 3, with a feed rate of 0.05
mm/tooth/rev, at a speed of 3000 rpm for a 50% up-
milling tool engagement. The depth of cut in all cases
was taken to be the wavelength of the serration profile,
and since this parameter is different for all serration pro-
files under consideration, the depth of cut for all cases is
different.

Since experimental validation of forces with the standard
sinusoidal and circular serration profiles for cutting of steel
has been reported by others [3–16], Fig. 17 shows force com-
parisons only for the non-standard semi-circular and circular-
elliptical serrated end mills. Similarly, since experimental val-
idation of forces with the standard trapezoidal serration profile
for cutting of aluminium has been reported before [6, 9, 10,
14], Fig. 18 shows force comparisons only for the non-
standard semi-elliptical, inclined circular and inclined semi-
circular serrated end mills.

As is evident from Figs. 17 and 18, there is a negligible
difference between the cutting forces predicted using the
parametric-based representation and the NURBS-based
representation of the serrated end mill geometries. This
suggests that both methods to reconstruct and define ser-
ration geometries are correct. NURBS representation is
based on the cloud point data (Ia) derived from parametric
representation which might be the reason for these very
close performances between the parametric and NURBS
based approaches. As is also further evident from Figs. 17
and 18, the trend and profile of model predicted forces
match the trend and profile of measured forces for all of
the five non-standard serrated end mills—for cutting of
steel (Fig. 17), and for cutting of aluminium (Fig. 18).
There are however some differences (errors) between
model predictions and measurements.

For cutting steel with four-fluted cutters shown in Fig.
17, for the case of cutting with the semi-circular cutter,
the difference between the maximum peak force between
model predictions and measurements in Fx and Fy is up to
0.47% and 14.42%, respectively. And, for the case of the
circular-elliptical cutter also shown in Fig. 17, the differ-
ence between the maximum peak force in Fx and Fy is up
to 12.17% and 7.61%, respectively. Similarly, for cutting

aluminium with three-fluted cutters shown in Fig. 18, for
the case of cutting with the semi-elliptical cutter, we ob-
serve a difference between predictions and measurements
in peak forces in Fx and Fy of up to 6.51% and 5.56%,
respectively. For the case of the inclined circular cutter,
the difference between the maximum peak force in Fx and
Fy is up to 1.53% and 12.34%, respectively, and, for the
case of the inclined semi-circular cutter, the difference
between the maximum peak force in Fx and Fy is up to
15% and 3.7%, respectively.

The differences between measurements and predictions are
found to range from ~ 0.5% up to a maximum of ~ 15%.
These differences are deemed acceptable and could be attrib-
uted to geometric approximations of the serration profile,
some to approximations in the chip thickness and force
models, and to some extent to the use of mechanistically iden-
tified coefficients. Seeing how both methods to define geom-
etries of the non-standard serrated end mills are correct, these
could be used in further investigations for optimizing serration
geometries to minimize cutting forces and/or increase chatter-
free material removal rates.

Fig. 19 Comparison of resultant cutting forces (Fxy) for a four four-fluted
cutters cutting steel and b four three-fluted cutters cutting aluminium.
Tool nomenclature in the legends is as per the serration profile listed in
Table 1: T1—sinusoidal; T2—circular; T3—semi-circular; T4—circular-
elliptical; T5—trapezoidal; T6—semi-elliptical; T7—inclined circular;
and, T8—inclined semi-circular. Cutting parameters as listed in Table 3

Int J Adv Manuf Technol



7 Comparing cutting performance of all eight
cutters

All results in Figs. 17 and 18 are for depths of cut equalling the
serration wavelengths. Since all wavelengths are different,
these results, even though validated, are for different cutting
conditions. Therefore, a direct comparison about which of the
profiles listed in Table 1 might lead to a preferential reduction
in cutting forces is not possible. Hence, in this section, we
separately contrast cutting performance of the four cutters
for cutting steel and four for cutting aluminium by maintain-
ing the same 1 mm depth of cut for all cutters. Feed, speed,
and radial engagement for cutting steel and aluminium are the
same as listed in Table 3. We use the parametric-based ap-
proach to represent the geometry of all cutters, and compare
only the resultant cutting force for every cutter, i.e.

Fxy ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2
x þ F2

y

q
. Forces with the four four-fluted serrated

end mills meant for cutting steel are shown in Fig. 19a, and
forces with the four three-fluted serrated end mills meant for
cutting aluminium are shown in Fig. 19b. Tool nomenclature
in Fig. 19 is kept consistent with the numbering of tools in
Table 1.

From Fig. 19a, for the case of cutting steel with the four
differently profiled serrated end mills, we see that the maxi-
mum resultant cutting force levels are ~ 130 N, ~ 127 N, ~ 187
N, and ~ 145 N for the sinusoidal, circular, semi-circular and
circular-elliptical cutters, respectively. Hence the peak resul-
tant force is maximum for the case of the serrated cutter with
the semi-circular profile of serrations, i.e. for tool T3, whereas
the force is minimum for the serrated cutter with the circular
kind of serrations, i.e. for tool T2. The peak resultant force
values for the sinusoidal serration profile (T1), semi-circular
profile (T3) and the circular-elliptical serration profile (T4) are
~ 2%, ~ 47%, and ~ 14% higher than the peak resultant cutting
force for the case of cutting with a cutter with circular

serrations (T2). We also notice that there is no significant
advantage of the serrated cutter with variable pitch and helix
(T3) with respect to other normal serrated cutters. These re-
sults suggest that the serrated cutter with a circular serration
profile will make a good first candidate for which the serration
geometry can be further optimized to reduce process forces
during steel milling.

Similarly, from Fig. 19b for the case of cutting aluminium
with the four differently profiled serrated end mills, we ob-
serve that the maximum resultant cutting force levels are ~
116 N, ~ 142 N, ~ 95 N, and ~ 113 N for the trapezoidal,
semi-elliptical, inclined circular and inclined semi-circular
serrated cutters, respectively. Hence we see that the peak re-
sultant force is maximum for the case of the serrated cutter
with the semi-elliptical profile of serrations, i.e. for tool T6,
whereas the force is minimum for the serrated cutter with the
inclined circular kind of serrations, i.e. for tool T7. The peak
resultant force values for the trapezoidal serration profile (T5),
semi-elliptical serrations (T6), and the inclined semi-circular
serration profile (T8) are ~ 22%, ~ 49%, and ~ 19% higher
than the peak resultant cutting force for the case of cutting
with a cutter with inclined circular serrations (T7). In this case,
too, we notice that there is no significant advantage of the
serrated cutter with variable pitch and helix (T6) with respect
to other normal serrated cutters. These results suggest that the
serrated cutter with an inclined circular serration profile will
make a good first candidate for which the serration geometry
can be further optimized to reduce process forces during rough
milling of aluminium.

In addition to characterizing the performance of cutters
with respect to their peak resultant cutting forces, cutters are
also characterized and compared in terms of the ratios of their
maximum to minimum peak resultant cutting forces in one
complete rotation. This force ratio, if less, will suggest that
forces are more uniformly distributed across teeth in one ro-
tation, i.e. there might be more uniform cutting taking place—

Table 3 Operating conditions

Type Depth of cut Spindle speed Feed rate Radial immersion Workpiece

1 λ 1800 rpm 0.05 mm/rev/tooth 50% up milling AISI 1045 Steel

2 λ 3000 rpm 0.05 mm/rev/tooth 50% up milling Al7075

Table 4 Mechanistically identified coefficients

Material
cut

Identified coefficients

Kc
t N=mm2ð Þ Kc

r N=mm2ð Þ Kc
a N=mm2ð Þ Ke

t N=mmð Þ Ke
r N=mmð Þ Ke

a N=mmð Þ

Steel 1925 437 − 216 24 20 − 9

Al7075 824 225 15 24 28 2
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which is desirable. For the case of cutting steel with the four-
fluted cutters shown in Fig. 19a, we see that the force ratios are
~ 1.39, ~ 2.31, ~ 5.41, and ~ 2.71 for the sinusoidal, circular,
semi-circular, and circular-elliptical cutters, respectively.
Hence, in terms of only the force ratio, the standard sinusoidal
profiled cutter might make a better choice. Similarly, as is
evident from Fig. 19b for the case of cutting aluminium with
three-fluted cutters, the force ratios are ~ 19.33, ~ 18.68, ~
13.97, and ~ 62.78 for the trapezoidal, semi-elliptical, inclined
circular, and inclined semi-circular serrated cutters, respec-
tively. From only the perspective of cutting ratios, the inclined
circular cutter might make a better choice. The cutting force
ratios for cutting with the three-fluted cutters is significantly
higher than cutting with the four-fluted cutters, and this is due
to the pitch (120°) for the three-fluted cutter being greater than
the engagement angle (90°) for the 50% radial up-milling
engagement condition considered herein.

Comparative analysis for forces presented in Fig. 19 clearly
points to the potential of serrated cutters with circular and non-
standard serration profiles to reduce forces as compared to the
standard sinusoidal and trapezoidal profiles. However, the
comparative analysis for cutting ratios may present an alto-
gether different picture. Given that this paper has presented
two systematic methods to describe the serrated geometries,
there is much scope to further improve and optimize the ge-
ometries of non-standard serrated end mills.

8 Conclusions

Cutting performance with serrated cutters is governed mainly
by their serration profile. Serration profiles can be different
than the simple and standard sinusoidal, circular, and/or trap-
ezoidal kinds, as has been customarily assumed. By scanning
the serration profiles of several different cutters available from
several different cutting tool manufacturers, we indeed show
that the geometry of serrations is nuanced and non-standard.
In addition to the standard profiles, we report on five addition-
al non-standard serration geometries which we classify as the
semi-circular, circular-elliptical, semi-elliptical, inclined semi-
circular, and the inclined circular types.

Since geometric models are necessary to evaluate cutting
performance of the non-standard serrated end mills, we pres-
ent two approaches to describe the geometry of the scanned
cutters. One method is a parametric-based approach, and an-
other is based on describing the serration profiles using a
NURBS-based approach. We show that the variation in local
radius and the irregular chip thickness distribution that is a
characteristic of serrated cutters is captured by both ap-
proaches to approximate the geometry of the serrated end
mills.

Force models that use the proposed geometric models as
inputs are used to predict cutting forces and those forces were

experimentally validated for all the five non-standard serrated
end mills under consideration. Validated forces suggest that
the geometric models are indeed correct. We also compared
the cutting performance of all eight serrated cutters and found
that the circular and non-standard serrated end mills can pref-
erentially reduce cutting forces as compared to the standard
sinusoidal and/or trapezoidal profiles. Furthermore, using the
ratios of their maximum to minimum peak resultant cutting
forces (the cutting force ratio) as a metric, a comparison shows
that for cutting steel with four-fluted cutters, the standard si-
nusoidal profiled cutter outperforms the other four-fluted cut-
ters. Similarly, for cutting Aluminium with the three-fluted
cutters, the non-standard inclined circular profiled cutter re-
tains its advantages over other three-fluted cutters.

The performance of serrated cutters is governed by their
geometry. Since the proposed parametric-based and the
NURBS-based methods to define geometries are correct,
these models can guide the design of optimized geometries
to further reduce cutting forces and improve chatter-free ma-
chining performance. And even though the parametric-based
and the NURBS-based modelling approaches are both veri-
fied, the generalized nature of the NURBS-based approach
may make it more suitable for implementation in optimization
studies. Furthermore, the NURBS-based approach to define
geometry does not restrict the design space to modifying/
optimizing only the existing geometries but can also be used
to find what the optimal serration geometry should be. This
forms part of our ongoing and planned future work.
Furthermore, design of optimal geometries can be carried
out for user-specific cutting conditions, and/or for cutting dif-
ferent materials over a range of operating cutting conditions.
Moreover, it may be the case that designs that result in reduced
forces do not guarantee uniform cutting force ratios, and/or do
not guarantee a simultaneous increase in the chatter-free ma-
chining performance. Hence, there is also a case to be made to
conduct a multi-objective optimization study—which can be
facilitated by the geometric models presented herein.

Acknowledgements We acknowledge Forbes & Company Limited,
India, for helping us with geometric measurements on their profilometer
and for providing us their serrated cutters. We also acknowledge
Kennametal India Limited for providing us their serrated cutters. We
further acknowledge support from the Government of India’s Impacting
Research Innovation and Technology (IMPRINT) initiative through pro-
ject number IMPRINT 5509.

References

1. Brian Stone. Chatter and Machine Tools (2014) Springer Cham
Heidelberg New York Dordrecht London.

2. Tlusty J, Ismail F, Zaton W (1983) Use of Special milling cutters
against chatter. In: Proceedings of the NAMRC11 (University of
Wisconsin, SME), pp 408–415

Int J Adv Manuf Technol



3. Campomanes ML (2002) Kinematics and dynamics of milling with
roughing tools. Metal cutting and high speed machining. Kluwer
Academic Publishers, Plenum Press, Dordrecht, New York, pp
129–140

4. Wang JJ, Yang CS (2003) Angle and frequency domain force
models for a roughing end mill with a sinusoidal edge profile. Int
J Mach Tool Manu 43:1509–1520

5. Zhang Z, Zheng L, Li Z, Liu D, Zhang L, Zhang B (2003) A cutting
force model for a waved-edge end milling cutter. Int J Adv Manuf
Technol 21:403–410

6. Koca R, Budak E (2013) Optimization of serrated end mills for
reduced cutting energy and higher stability. Procedia CIRP 8:
570–575

7. Grabowski R, Denkena B, Köhler J (2014) Prediction of process
forces and stability of end mills with complex geometries. Procedia
CIRP 14:119–124

8. Ozkirimli O, Tunc LT, Budak E (2016) Generalized model for
dynamics and stability of multi-axis milling with complex tool ge-
ometries. J Mater Process Technol 238:446–458

9. Tehranizadeh F, Budak E (2017) Design of serrated end mills for
improved productivity. Procedia CIRP 58:493–498

10. Tehranizadeh F, Koca R, Budak E (2019) Investigating effects of
serration geometry on milling forces and chatter stability for their
optimal selection. Int J Mach Tools Manuf 144

11. Yu Guo, Bin Lin, andWeiqiangWang (2019) Modeling of Cutting
forces with a serrated end mill. Math Probl Eng 2019.

12. Bari P, Wahi P, Law M (2019) Investigations on the influence of
serration parameters on cutting forces. In: Lecture Notes on
Multidisciplinary Industrial Engineering, Advances in Forming,
Machining and Automation, Proceedings of AIMTDR, vol 2018,
p 15

13. Bari P, Law M, Wahi P (2019) Investigations on the influence of
radial run-out on cutting forces for serrated cutters. In: Lecture
Notes on Multidisciplinary Industrial Engineering, Advances in
Computational Methods in Manufacturing, Select Papers from
ICCMM, vol 2019, p 46

14. Bari P, Law M, Wahi P (2019) Improved chip thickness model for
serrated end milling. CIRP J Manuf Sci Technol 25:36–49

15. Merdol SD, Altintas Y (2004) Mechanics and dynamics of serrated
cylindrical and tapered end mills. J Manuf Sci Eng 126(2):317–326

16. Dombovari Z, Altintas Y, Stepan G (2010) The effect of serration
on mechanics and stability of milling cutters. Int J Mach Tools
Manuf 50(6):511–520

17. Okafor AC, Sultan AA (2016) Development of a mechanistic cut-
ting force model for wavy-edge bull-nose helical end-milling of
Inconel 718 under emulsion cooling strategy. Appl Math Model
40:2637–2660

18. Moetakef Imani B, El-Mounayri H, Hosseini SA (2007) Analytical
chip load prediction for rough end mills. Tehran International
Congress on Manufacturing Engineering.

19. Hosseini B, Moetakef-Imani A, Kishawy HA (2010) Mechanistic
modelling for cutting with serrated end mills – a parametric repre-
sentation approach. Proc Inst Mech Eng Part B J Eng Manuf 225:
1019–1032

20. Hosseini A, Moetakef-Imani B, Kishawy HA, El-Mounayri H
(2011) Simulation of serrated end milling using solid modeling
techniques. Adv Mater Res 223:900–910

21. No T, Gomez M, Copenhaver R, Perez JU, Tyler C, Schmitz TL
(2019) Force and stability modeling for non-standard edge geome-
try end mills. J Manuf Sci Eng 141:121002–121001

22. Kumar A, Law M (2017) Experimental identification of cutting
force coefficients for serrated end mills. In: Proceedings of the
COPEN10, India

23. Sultan AA, Chukwujekwu Okafor A (2016) Effects of geometric
parameters of wavy-edge bull-nose helical end-mill on cutting force
prediction in end-milling of Inconel 718 under MQL cooling strat-
egy. J Manuf Process 23:102–114

24. Tan G, Liu G, Li G (2009) Experimental study on adhesive wear of
milling insert with complex groove. Int J Adv Manuf Technol 44:
631–637

25. Cheng Y, Liu L, Wang H, Wu M, Liu Y (2014) Investigations on
the dust distribution characteristics of dry milling using inserts with
various groove profiles. Int J Adv Manuf Technol

26. Xiang S, Wang G, Yu J, Jiang F, Li J, Rong Y (2016) Predictive
model of milling force for complex profile milling. Int J AdvManuf
Technol

27. PlodzienM, Burek J, Zylka L, Sulkowicz P (2020) The influence of
end mill helix angle on high performance milling process. J Mech
Sci Technol 34(2):817–827

28. Stepan G, Munoa J, Insperger T, Surico M, Bachrathy D,
Dombovari Z (2014) Cylindrical milling tools: comparative real
case study for process stability. CIRP Ann Manuf Technol 63:
385–388

29. Dombovari Z, Munoa J, Stepan G (2012) General milling stability
model for cylindrical tools. Procedia CIRP 4:90–97

30. Pelayo GU, De La Calle LL (2017) Stability charts with large
curve-flute end-mills for thin-walled workpieces. Mach Sci
Technol 0:1–19

31. Rekers S, Auerbach T, Veselovac D, Klocke F (2015) Cutting force
reduction in the milling of aluminum alloys with serrated cutting
tool edges. J Mach Eng 15:4

32. Korovin GI, Petrushin SI, Gubaidulina RH (2018) Machining of
titanium alloys with wavemilling cutters.Mater Sci Forum 927:79–
85

33. Burek J, Zylka L, Plodzien M, Gdula M, Sulkowicz P (2018) The
influence of the cutting edge shape on high performance cutting.
Aircr Eng Aerosp Technol 90(1):134–145

34. Burek J, Plodzien M, Zylka L, Sulkowicz P (2019) High-
performance end milling of aluminum alloy: Influence of different
serrated cutting edge tool shapes on the cutting force. Adv Prod
Eng Manag 14(4):494–506

35. Vorburger TV, Raja J (1990) Surface finish metrology tutorial.
NISTIR:89–4088

36. Whitefield RJ (1975) Non-contact optical profilometer. Appl Opt
14:10

37. Li Q, Gao H, Xue S, Li Y (2001) Optical profilometer based on the
principle of differential interference. Opt Eng 5:40

38. de Boor C (1972) On calculating with B-splines. J Approx Theory
6:50–62

39. Piegl LA, Tiller W (1995) The NURBS Book. Springer
40. Altintas Y (2001) Manufacturing automation: metal cutting me-

chanics, machine tool vibrations, and CNC Design. Cambridge
University Press, p 54

41. Budak E, Altintas Y, Armarego EJA (1996) Prediction of ball-end
milling forces from orthogonal cutting data. Int J Mach Tools
Manuf 36(9):1059–1072

Publisher’s note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

Int J Adv Manuf Technol


	Geometric models of non-standard serrated end mills
	Abstract
	Introduction
	Measuring serration geometry
	Generalized geometric model for serrated cutters
	Defining local radius and geometry
	Parametric representation of serration profiles
	Sinusoidal serration profile
	Circular serration profile
	Semi-circular serration profile
	Circular-elliptical serration profile
	Trapezoidal serration profile
	Semi-elliptical serration profile
	Inclined circular serration profile
	Inclined semi-circular serration profile

	NURBS-based representation of serration profiles
	NURBS formulation
	Method to generate the NURBS serration profiles


	Variation of local radius and chip thickness
	Force model for serrated cutters
	Experimental validation of cutting forces
	Comparing cutting performance of all eight cutters
	Conclusions
	References


