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a b s t r a c t   

Modal parameters characterize how tools vibrate. Correct evaluation of modal parameters depends on how 
signals are sampled. Since tools can vibrate with frequencies of up to several kHz, respecting the Nyquist 
criterion requires sampling potentially at tens of kHz. This is easy enough with modern data acquisition 
systems. However, if/when using modal parameters to monitor condition of tools, transmitting, storing, and 
processing large data sets becomes difficult. Moreover, when extracting modal parameters using newer 
vision-based methods, it may not always be possible to acquire high resolution images at rates that avoid 
aliasing. This paper present solutions to address such cases by recovering modal parameters from signals 
sampled potentially below the Nyquist limit. No a priori knowledge of the system order is assumed, and 
folding properties of signals are leveraged to recover parameters from fractionally uncorrelated signals 
using notions of set theory. To aid recovery, we suggest formal procedures to group candidates of likely 
modes together and resolve the case of modes being potentially confounded. Special spatiotemporal de-
coupling properties inherent to modal analysis are leveraged to recover eigenvectors from potentially 
aliased signals. Recovery is illustrated using the eigensystem realization algorithm. Numerical experiments 
with systems of different orders, of signals with noise, and of systems in which likely modes can be con-
founded with other likely candidates are designed to test robustness of the method. Those findings guide 
experiments with measured accelerations and video of an end mill. Results confirm that parameters re-
covered using proposed methods agree with those extracted from accelerations and videos sampled 
properly. 

© 2022 CIRP.    

Introduction 

Cutting tools vibrate when excited by the cutting process. These 
vibrations sometimes grow to result in instabilities. Such untoward 
vibrations must be avoided. For which they must be characterized. 
Modal parameters characterize cutting tool vibration behavior [1]. 
Correct evaluation of modal parameters depends on how signals are 
sampled. Since tools can vibrate with frequencies of up to several 
kHz, respecting the Nyquist criterion requires sampling potentially 
at tens of kHz. This is easy enough with modern data acquisition 
systems. However, if/when using modal parameters to monitor 
condition of tools, transmitting, storing, and processing large data 
sets becomes difficult [2–4]. To facilitate using modal parameters to 
monitor tool condition while using less and manageable amounts of 

data, this paper proposes methods to recover modal parameters 
from signals sampled potentially below the Nyquist limit. 

Another important engineering domain of interest that could 
benefit from recovery of modal parameters from potentially aliased 
signals is the emerging field of vision-based modal analysis methods  
[5–10]. These methods are non-contact and hence avoid pitfalls of 
mass loading that are associated with use of contact type transdu-
cers in more traditional experimental modal analysis (EMA) proce-
dures. Furthermore, since every pixel is a virtual sensor, full-field 
shape analysis is possible with a single video recording. This avoids 
the need for sophisticated data acquisition hardware that is neces-
sary for shape analysis with roving hammer/sensor(s) type EMA. As 
such, vision-based methods have already found application in ma-
chine tool systems to estimate small tool motion across a range of 
frequencies [7–10]. However, proper estimation of high-frequency 
motion requires the use of high-resolution and high-speed cameras 
that are expensive and not accessible for easy use. To leverage visual 
vibrometry’s potential for industrial use with inexpensive cameras 
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with which it is not always possible to acquire high resolution 
images at rates that avoid aliasing [5,11,12], this paper presents 
methods to recover modal parameters from possibly temporally 
aliased video recordings. 

Recovering modal parameters from signals and video sampled 
below the Nyquist rate has been shown possible for structural health 
monitoring of civil infrastructure [2–4,6,11] using compressed sen-
sing (CS) techniques [13]. CS enables non-uniform random sampling 
at rates well-below the Nyquist limit. Sparse structures of signals 
and incoherent random measurements allows for exact recovery of 
original signals. Though CS has significant potential, its use is con-
strained by the limited availability of commercial hardware CS 
samplers [2,3], and non-availability of cameras with CS-based image 
acquisition capabilities. And, as such, most prior implementations of 
CS techniques for modal parameter recovery randomly down-
sampled signals that were originally acquired at uniform rates while 
respecting the Nyquist limit. Since CS-based sampling is still nascent 
and since associated hardware is still unavailable, this paper will 
follow the well-trodden path of acquiring signals at uniform rates for 
modal parameter recovery. 

Other methods for modal parameter recovery that did not follow 
the CS-based approach, instead assumed that signals and videos are 
characterized by a single known frequency component [14–16]. 
Since cutting tools can vibrate in many modes and since we assume 
no prior knowledge of the system order and since we treat all signals 
as potentially aliased, methods proposed in [14–16] are also not 
suitable for our application of interest. 

Since most prior modal parameter recovery methods from po-
tentially aliased signals are not directly applicable to our application 
of interest in which tools can vibrate with small amplitudes over a 
wide frequency range, this paper proposes new methods. We aim to 
show that even when the system order is not known a priori, judi-
cious choice of uniformly sampled signals at fractionally un-
correlated and potentially sub-Nyquist rates can be used to recover 
modal parameters. Methods we present build on other seminal work 
that exploited the aliasing and folding properties of signals [17] to 
successfully recover modal parameters from sub-Nyquist rate signals 
and video recordings [5,12]. Though [5,12] showed recovery using 
two uncorrelated measurement sets, no formal procedures were 
suggested to group candidates of likely modes together and/or to 
find the minimum number of fractionally uncorrelated signals ne-
cessary to resolve cases in which modes are confounded with each 
other. Nor did those studies systematically characterize recovery in 
the presence of noise, or for cases with closely spaced modes. We 
present formal methods for recovery that cover such cases. We 
prefer to use the eigensystem realization algorithm (ERA) [18,19] to 
extract parameters from potentially aliased signals. Since the ERA 
has special spatiotemporal decoupling properties, we are also able to 
estimate eigenvectors from the potentially aliased signal(s). Our 
approach of using the ERA to recover natural frequencies, damping 
and eigenvectors thus differs from that reported in [5] which relied 
on a combination of different methods to aid recovery. 

Though our proposed method uses notions of set theory to find 
likely modes from fractionally uncorrelated signals, the method 
does not necessitate measurements at different rates. Instead, one 
measurement is recommended, and other sets could be down-
sampled as necessary from the available set. And, though the 
method makes no assumption about the number of modes, 
knowledge of the expected range of modal frequencies would be 
useful to select an appropriate sampling frequency that is low 
enough such as to not add to data size woes. For example, if 
cutting tools modes are expected to lie in the frequency range of 
100 Hz to 2 kHz, as a starter, response signals could be sampled at 
maximum rates of 1 kHz or thereabouts. Such rates would not 
guarantee meeting the Nyquist rate and nor would it guarantee 
the signal being aliased. 

The remainder of the paper is structured as follows. Formal 
methods for parameter recovery are detailed in the Section titled 
‘Recovering modal parameters from potentially aliased signals.’ That 
section is followed by a section on ‘Numerical experiments’ wherein 
we discuss issues related to grouping, modes being confounded, 
noise, and cases where the method falls short. Learnings from the 
numerical experiments guide recovery of modal parameters in real 
experiments. We illustrate the method with measured accelerations 
and recorded video of an end mill. To benchmark recovered para-
meters with properly sampled data, accelerations are sampled at 
51.2 kHz and video is acquired at rates of 2500 frames per second. 
For demonstration of recovery, we downsample the original data to 
rates at which signals become potentially aliased. Experiments are 
discussed in the Section titled ‘Recovery of end mill modal para-
meters.’ Finally, in the ‘Conclusions and outlook’ Section we sum-
marize the main findings of the paper and offer prescriptive 
guidelines to aid modal parameter recovery from potentially aliased 
signals. We also outline scenarios in which our findings could be 
leveraged to solve allied problems in other engineering domains. 

Recovering modal parameters from potentially aliased signals 

This section presents formal methods to recover modal para-
meters from potentially temporally aliased signals. Methods pre-
sented herein expand on our recent work [12]. To recover modal 
parameters from measured response, cutting tools are excited with a 
modal hammer such that the input is impulse-like, and the output is 
transient (impulse response-type). Then, assuming that the system 
dynamics can be described by a first order continuous time state 
space model, and if the continuous time displacement response is 

=t ty x( ) ( ), and if = { }t t tz x x( ) ( ) ( ) T is the state vector, then, it is 
easy to show that the state and output equations are: 

= +t t tz A z B u( ) ( ) ( );c c

= +t t ty C z D u( ) ( ) ( ),c c (1) 

wherein Ac is the state matrix, Bc is the input matrix, tu( ) is the 
input force, Cc is the output matrix, and Dc is the state transition 
matrix. The eigenvalues, j of Ac of an even order can be easily 
shown to be: 

= ± i 1 ,j j j j j
2

(2) 

wherein j and j is the natural frequency and damping ratio for 
mode j. 

Since it is of interest to recover modal parameters from a discrete 
time representation, k ty( ), wherein k are the number of samples, 
and t , the sampling period, and if the signal is properly sampled 
respecting the Nyquist limit, i.e., if the sampling frequency, fs is set 
to be at least f2 m, wherein fm is the frequency of interest, then it is 
not difficult to show that the discrete time state matrix becomes: 

=A ed
tAc , and that the eigenvalues of Ad are, = ed j

tj . However, 
if sampling does not necessarily respect the Nyquist limit, then the 
eigenvalues of Ad may become: 

= +e ,d j
t i n2j (3) 

wherein n2 represents possible aliasing, with n being any non- 
negative integer. Substituting for j in Eq. (3), and rearranging using 

=t f1/ s, and =f2 j j, Eq. (3) becomes: 

= ± +e .d j
t f if inf2 ( 1 )j j j j s

2
(4)  

The discrete time eigenvalues are evidently a function of the 
sampling frequency. For the sampling frequency of interest, we 
identify the eigenvalues using the ERA [18]. For which, at first a 
Hankel matrix is constructed from the estimated discrete response 

k ty( ) from video recordings of the vibrating tool. A singular value 
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decomposition of the Hankel matrix is then performed to reorder 
the system to retain only the dominant modes of the system. Based 
on the reordering, a truncated observability matrix and a shifted 
Hankel matrix is constructed, which in turn is used to construct a 
discrete system realization of the system matrix, Ad. The eigenvalues 
( d j) and the complex valued eigenvectors ( d j) are obtained from 
Ad. For details on the ERA implementation, please see [18,19]. 

The resulting observed natural frequencies are obtained from a 
discrete time to continuous time conversion: 

= +
t

i
1

(ln | | ),j d j d j (5) 

wherein is the argument of d. Eq. (5) can be re-written as: 

= ± +f if i nf2 ( 1 ).j j j j j s
2

(6)  

From Eq. (6), the observed natural frequency is =f | |/2j jobs
. 

And, as per the Nyquist theorem, f f /2j sobs . Re-writing Eq. (6), 
we get: 

= + ±f f f nf( (1 )j j j j j s
2 2 2 2 2
obs (7)  

Since damping in most machine tool systems is low, i.e., 1,  
Eq. (7) reduces to: 

= ±f f nf( )j j s
2 2
obs (8)  

Expanding Eq. (8), we get: 

± =f nf f 0,j s jobs (9a)  

± + =f nf f 0.j s jobs (9b)  

Eq. (9a) can in turn be expanded to result in = +f nf fj s jobs
and 

= +f nf fj s jobs
. Since fj cannot be <0, and for any +n Z , the 

second term will make <f 0j , we reject that case. Likewise, ex-
panding Eq. (9b) results in =f nf fj s jobs and =f nf fj s jobs. In 
this case too, we reject the second term since it will always result in 

<f 0j . Furthermore, when =n 0, the signal is not aliased. However, 
if <f fj jobs , the signal always is. Deducing then that fj will likely be 
always greater than or equal to f jobs

, Eqs. (8) and (9) can be shown to 
become: 

=
+

f
nf f

nf f n
n W

, 0
; .j

s j

s j

obs

obs (10)  

Since the likely true natural frequency is evidently a function of 
the observed frequency, which in turn is a function of the sampling 
frequency, and since there are infinite feasible solutions for fj de-
pending on the fold n, methods to recover true frequencies from 
observed ones are as follows. 

Recovering natural frequencies 

To determine a unique fj , we build and expand on the methods in  
[5,12] to find the intersection of two estimates of fj obtained from 
two fractionally uncorrelated measurements at two different sam-
pling frequencies. If, for example, the sampling frequencies are fs,1
and fs,2, then Eq. (10) becomes: 

=
+

f
nf f

nf f n
n W

, 0
; ;j

s j

s j
,1

,1 obs,1

,1 obs,1

=
+

f
nf f

nf f n
n W

, 0
;j

s j

s j
,2

,2 obs,2

,2 obs,2 (11)  

The likely feasible solution is the intersection of these two sets: 

f f f{{ } { }}j j j,1 ,2 (12)  

If a unique solution is not obtained from the above intersection, 
then an intersection of as many uncorrelated sampling frequencies 
as necessary must be evaluated until the solution converges towards 
unique frequencies. Selection of the next uncorrelated sampling 
frequency is suggested to be as follows: if, for example, f f{ , }j j

1 2 are 
the possible candidates for jth mode from two sets of uncorrelated 
sampling frequencies, with the superscript suggesting likely modes, 
then to rule out one which is least likely to be the mode, the next 
sampling fs,3 should be chosen such that the set f f{ , }j j

1 2 does not get 
identified again as possible candidates from the third sampling 
frequency, i.e., the cases where fs,3 follows Eq. (13) should be 
avoided: 

=
+

f
n f f

n f f n
n W;

, 0
;j

s j

s j

1
1 ,3 obs,3

1 ,3 obs,3 1
1

& 

=
+

f
n f f

n f f n
n W

, 0
; .j

s j

s j

2
2 ,3 obs,3

2 ,3 obs,3 2
2

(13)  

Simplifying the above results in the following constraint that fs,3
should satisfy: 

+
+nf

f f

f f
n Z

| |
; ,s

j j

j j
,3

2 1

2 1
(14) 

i.e., fs,3 should not equal 
+

and .
f f

n

f f

n

| | ( )j j j j
2 1 2 1

. 
Generalizing the above, for r possible jth modes obtained from p

sampling frequencies: 

… = … +f f f f f p r Z{{ } { }} { , } , { 2}j j j p j j
r

,1 ,
1

(15)  

Here again, any one element of …f f{ , }j j
r1 is the actual jth mode. 

Hence while choosing the next sampling frequency, we should avoid 
the cases where any of the sets f f u v r u v;{ , }; 1 , ,j

u
j
v gets 

identified again as possible candidates from the next sampling fre-
quency. Hence, the next sampling frequency, +fs p, 1, should be chosen 
such that the following condition is satisfied: 

++
+nf

f f

f f
n Z u v r u v

| |
; & 1 , , .s p

u

u, 1
j
v

j

j
v

j (16)  

Above formal procedures guide selection of uncorrelated sam-
pling frequencies to find unique sets of recovered natural fre-
quencies. These are advancements to the methods proposed in [5] 
and [12]. 

Recovering damping ratios 

Knowing fj, and since damping is independent of the sampling 
frequency (see real part of Eq. (6)), an estimate for the true damping 
ratio becomes: 

= freal( )/j j j (17)  

Recovering eigenvectors 

Since the spatial response is uncoupled from the temporal one, 
the eigenvector can directly be estimated from aliased measure-
ments, i.e., if the continuous time response is: 
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= =
=

s t s t s q ty q( , ) ( ) ( ) ( ) ( ),
j

m

j j
1 (18) 

wherein s is the spatial variable corresponding to the tool point, with 
s( )j as the jth mass-normalized mode shape and q t( )j as the jth 

modal coordinate for m modes, even when s ty( , ) is potentially 
temporally under sampled at some uniform time instants k, the 
spatial s( )j remains unaffected, i.e., Eq. (18) will become: 

= =
=

s k s k s q ky q( , ) ( ) ( ) ( ) ( ).
j

m

j j
1 (19)  

Since the ERA outputs the scaled discrete time eigenvector ( d j), 
which is different than the mass-normalized j of our interest, j is 
evaluated from Eq. (19) by assuming the modal response to be: 

=q qj j j, wherein qj is numerically estimated from: 

+ + =q k i q k q k f k( ) 2 ( ) ( ) ( ),j j j j j j l
2

(20) 

wherein f k( )l is the measured impulse input force applied at loca-
tion l, which in this case is the tool point, i.e., =l s, and j and j are 
identified from Eqs. (12) and (17), respectively. 

To estimate j from qj we first formulate a continuous-time state 
space model for our system as: 

= = = =A B C D 0
0 1

2 , [0 1], [1 0], [ ]
j j j

c 2 c c c
(21)  

We then convert Eq. (21) to its discrete form, from which we 
estimate the modal response qj, for all time instants k since the input 
impulse force signal fl is known. And, since s ky( , ) is also known, we 
can easily estimate the square of the mode shapes as: 

= q q q ym

T
m1

2
2
2 2

1 2
†

(22) 

where [.]† denotes the pseudo-inverse. We then estimate j by taking 
the square root of Eq. (22). In the above, any qj is a vector containing 
the q k( )j values, and similarly y is a vector containing the s ky( , )
values, for all time instants, i.e., all k’s, corresponding to the length of 
the measured data. Above procedures result in mass-normalized 
eigenvectors which is different than what was shown possible in [5]. 

Above procedures are used to recover modal parameters from 
potentially temporally aliased measured displacements. If accelera-
tions were measured instead, Eq. (1) and Eq. (21) would suitably be 
modified ( =C [ 2 ]j j jc

2 , =D [1]c ), and other procedures 

would remain the same. To benchmark recovered parameters with 
those estimated from signals sampled properly, fj is obtained by 
setting =n 0 in Eqs. (3–10), j is estimated from Eq. (17), and j from  
Eqs. (19-21). 

Numerical experiments 

This section discusses numerical experiments to demonstrate the 
workings of the proposed method. We discuss six cases that are 
representative of six different modal testing scenarios for evaluating 
dynamics of cutting tool systems. In the first, we discuss grouping 
modes together to aid actual parameter recovery. We present two 
solutions for this. The second case discusses sampling sets necessary 
when the system order is not easily resolvable with two sets. The 
third case discusses situations in which there are more than one set 
of candidate modes that could be the exact modes, i.e., a case with 
likely modes being confounded with each other. The fourth case 
discusses how noise influences recovery. The fifth case discusses 
how the methods fail when two modes are closely spaced. The final 
case discusses how the method also fails when sampling is a small 
fraction of the likely mode. 

Even though recovery is blind to the order of the system, a 
system order is assumed for the numerical experiments discussed 
herein. For every case discussed herein, natural frequencies and 
damping ratios for assumed modes are taken to be different to de-
monstrate the strength of the proposed methods. Since modal 
parameters are known, response is constructed from a discrete-time 
representation of a state-space model of the system using Eq. (20) 
and Eq. (21). This allows for user-defined selection of the sampling 
frequency. For all cases herein we assume that the maximum sam-
pling frequency is limited to ~1 kHz. Procedures outlined above are 
then followed to recover the exact parameters. 

Case 1. Resolving the issue of grouping likely modes together. 

Assume that there are two modes of interest with parameters as 
listed in Table 1. These modes are representative of a medium-fre-
quency combined tool, tool-holder and spindle mode, and a higher- 
frequency higher order local tool bending or torsional mode. 

Knowledge of the parameters listed in Table 1 is used to con-
struct the system’s noise-free response at uncorrelated frequencies 
of 953 Hz ( fs,1) and 1040 Hz ( fs,2) to recover original parameters. 
These sampling frequencies are selected randomly. Other choices too 
will work, and if not, then a third sample could be tried until 

Table 1 
Exact and observed modal parameters for Case 1.   
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identification converges. Though it may appear that our choice of 
sampling frequencies is sufficiently high to properly resolve the first 
mode at 418 Hz, and that only the second mode is aliased in this 
case, we would like to remind the reader that recovery is meant to 
be blind to any a priori information about the system’s modes. And, 
since recovery is also blind to the potential order of the system, we 
use the singular value decomposition (SVD) plot of the Hankel ma-
trix to select the order of the system for the aliased signals. For the 
two aliased responses for this case that are shown in Fig. 1(a), the 
SVD plot shown in Fig. 1(b) suggests that there are indeed two 
modes in both signals. 

Results from a run of the ERA for different sampling frequencies 
is tabulated in Table 1. As is evident, with fs,1, and fs,2, there is a 
mode observed at 418 Hz, whereas the other mode has a different 
frequency. It is possible that the first observed mode for fs,1 and for 
fs,2 is indeed the first mode. However, it is also possible that the first 
observed mode with fs,1 and/or fs,2 is the second mode. We must 
hence evolve a mechanism to group likely modes together before 
evaluating their intersections for different folds, n (using Eq. (12)) to 
properly recover the actual natural frequencies. We show that it is 
possible to group modes together using two approaches: the first is 
based on evaluating mode shapes, and the second method is based 
on using properties of the eigenvalues (Eq. (6)). 

In the first approach, we exploit the facet of spatial response 
being decoupled from the temporal (see Eq. (18)). To illustrate 
grouping with shapes, consider that the modes listed in Table 1 
correspond to a cantilever beam with a diameter of 25 mm and a 
length of 275 mm. This beam may be considered equivalent to a very 
slender boring bar, i.e., much like the tools of interest in this paper. 
The beam is assumed to be made of stainless steel with a density of 
8000 kg-m−3 and a modulus of elasticity of 165 GPa. It is easy to 
show that with these properties and assuming the beam to be of the 
Euler-Bernoulli type [19–21], the first two modes of the beam have 
the same natural frequencies as the exact modes listed in Table 1. 
Damping for the two modes is assumed as listed for the exact case. 
The response is then constructed at the same uncorrelated fre-
quencies as above, i.e., at 953 Hz and 1040 Hz at multiple locations 
along the length of the beam. The observed modal parameters are 
the same as those listed in Table 1. Using these modal parameters, 
the eigenvector is evaluated (from Eqs. (19-21)) considering multiple 
observed locations. The resulting mode shapes for the two modes 
are obtained and plotted in Fig. 2. 

As is evident from Fig. 1, the first mode for fs,1 has a shape like 
that of the first mode for fs,2. The same can be said about the second 
mode. Modes can hence be grouped accordingly. Once grouped, in-
tersections for different folds, n are found. These are listed in Table 2. 
Intersections are highlighted in same-colored cells in the table. As is 
evident, the first mode is found to be at 418 Hz. This suggests that 
this mode was not aliased. The second mode is found to be at 
~2279 Hz. Knowing these, damping is estimated using Eq. (17). Re-
covered parameters are listed in Table 3. As is evident, the recovered 
modal parameters agree with the exact ones. 

Though this method of grouping modes is intuitive, for practical 
implementation it will require measurement at several discrete lo-
cations on the tool of interest if using contact type transducers. If 
multiple transducers are mounted together, it may result in mass- 
loading that is not desirable. And, if measurements are to be con-
ducted using a roving sensor method, they will be time-consuming. 
Though visual vibrometry aids full-field shape estimation [7,8], since 
cameras trade resolution for frame rate, it might not be feasible to 
estimate shape from one video recording of a tool. To address these 
issues, we propose a second method to group modes together. 

In the second approach, we exploit the properties of the eigen-
values of potentially aliased signals. From Eq. (6), we can deduce that 
the real part of the eigenvalue is independent of the sampling fre-
quency, i.e., = freal( ) 2j j j. We can hence use the product of the 

observed damping ratio and the observed natural frequency to group 
modes together for different sampling frequencies. This product is 
shown in Table 1, and as is evident therein, the products are ap-
proximately the same, and can indeed be used to group modes. 
Grouping of modes is shown in the same-colored cells in Table 1. 

Fig. 1. (a) Response at two uncorrelated sampling frequencies of 953 Hz ( fs,1) and 
1040 Hz ( fs,2), (b) SVD of the response shown in (a). 

Fig. 2. Mode shapes for observed modes listed in Table 1.  
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Once grouped, the intersections proceed as described above, and the 
recovered parameters that are listed in Table 3 are the same as listed 
in Table 1. Since this method of grouping is simpler to implement 
than that which is based on mode shapes, all further analysis in this 
paper groups observed modes using their products of their damping 
ratio and the natural frequencies. 

Case 2. Sampling sets necessary for resolving cases with system 
order being confounded. 

Consider the case of there being two modes in a system with 
parameters as listed in Table 4. These modes are representative of a 
low-frequency global structural mode reflected at the tool point and 
a high-frequency local tool, tool-holder mode. Using procedures 
outlined like in Case 1, the noise-free response is initially sampled at 
two arbitrarily chosen frequencies of 770 Hz ( fs,1) and 980 Hz ( fs,2). 
The SVD plot of the response at these frequencies is used to decide 
the system order, and the resulting observed parameters from an 
ERA run are listed in Table 4. As is evident from the SVD plot shown 
in Fig. 3, two different system orders are observed with different 
sampling frequencies. This is likely due to how signals fold when 
aliased. Since it is necessary to resolve the likely order of the system 
prior to recovering the likely modal parameters, a third sampling is 
tried at a frequency of 910 Hz ( fs,3), which is uncorrelated with the 
first two sets, and that is selected as per Eq. (14). For this third case, 
the SVD plot suggests that the system order is two, and the observed 
modes for this case are evaluated and listed in Table 4. Groupings are 
highlighted in same-colored cells. Since the system order for sam-
pling at the 980 Hz ( fs,2) is different than the other two sampling 
frequencies, the likely candidate modes are evaluated for different 
folds from fs,1 and from fs,3, and not from fs,2. Those candidate modes 
are listed in Table 5. Intersections are highlighted in same-colored 
cells. Knowledge of these frequencies is used to recover the 
damping. Recovered parameters are compared with exact ones in  
Table 6 and are found to agree well. 

Though this numerical experiment showed that it is possible to 
resolve the system order by sampling at a third uncorrelated fre-
quency, that may not always work. There is the possibility of the 
sampling frequency(ies) being the same as the actual natural fre-
quency(ies). And, even if this is unlikely, in such cases, the problem 
will become ill-posed, and recovery might fail with those sampled 

sets and additional sets will be necessary to properly resolve modal 
parameters. 

Case 3. Sampling sets necessary for resolving cases with modes 
being confounded. 

Consider the case of there being three modes in a system with 
parameters as listed in Table 7. These modes are representative of 
two medium-frequency combined tool, tool-holder, and spindle 
modes, and a higher-frequency local tool bending mode. Using 
procedures outlined above, the noise-free response is initially sam-
pled at two arbitrarily chosen frequencies of 500 Hz ( fs,1) and 660 Hz 
( fs,2). The SVD plot shown in Fig. 4 suggests that there are three 
modes in each case, i.e., the system order is likely to be three. The 
resulting observed parameters from a run of the ERA are listed in  
Table 7 along with groupings of the observed modes in same-colored 
cells. 

The resulting intersections are listed in Table 8. As is evident, 
there appear two likely candidates for the first mode, i.e., there are 
two intersections, one at ~80 Hz and another at ~580 Hz. Similarly, 
there are two more likely candidates for the second mode, one at 
~170 Hz, and another at ~830 Hz. There is only one intersection for 
the third mode at ~1050 Hz, and hence this mode is thought to be 
properly recovered. However, to properly resolve the first two 
modes, there is a clear need to sample at a third frequency that is not 
correlated with the first two, and that is selected based on satisfying  
Eq. (14). Selecting the third sampling frequency to be 540 Hz ( fs,3), a 
third set of parameters are observed – as also listed in Table 7. 
Groupings are done as earlier, and with those groupings, global in-
tersections are found. Those likely frequencies are also shown in  
Table 8. As is evident, the global intersection with three uncorrelated 
sampling frequencies helps eliminate the ~80 Hz and the ~170 Hz 
modes as potential candidates, leaving the first mode to be ~580 Hz, 
and the second to be ~830 Hz. Knowledge of these frequencies is 
used to recover the damping. Recovered parameters are compared 
with exact ones in Table 9 and are found to agree well. 

Case 4. Influence of noise. 

To characterize the influence of noise, the exact system is as-
sumed to be the same as in Case 3. Two levels of white noise are 
synthesized with the exact response to make the signal-to-noise 
(SNR) ratio 100 and 10. The first case is a signal with low noise and 
the second is a case with larger than usual noise. Signals are sampled 
at 660 Hz, i.e., like the fs,2 for Case 3. A SVD plot shown in Fig. 5 for 
these signals suggests that the system order is three when the signal 
is noise-free and when the SNR is 100. However, when the SNR is 10, 
it is difficult to deduce an exact system order. The third mode ap-
pears confounded with the noise modes. 

Parameters observed from a run of the ERA on the noisy response 
are listed in Table 10. The table also lists parameters extracted from 

Table 2 
Likely modes for Case 1. Frequencies listed in [Hz].   

Table 3 
Comparison of recovered modes with exact parameters for Case 1.        

1st mode 2nd mode  

f [Hz] [%] f [Hz] [%]  

Exact  418  0.0297  2280  0.0076 
Recovered  418  0.0302  2279  0.0075    

R. Lambora, A. Nuhman P., M. Law et al. CIRP Journal of Manufacturing Science and Technology 38 (2022) 414–426 

419 



the noise-free signal sampled at the same frequency. As is evident 
from the comparisons, since the observed parameters with a SNR of 
100 are like the noise-free parameters for Case 3, sampling at other 
uncorrelated sets would result in exact parameter recovery. Even for 
the case of the SNR being 10, the first two modes might be re-
coverable. Not so for the third mode. This suggests that recovery 
with signals that have a larger than usual level of noise might be 
difficult. But this problem will remain even for properly sampled 
signals. It is also possible that if the noise in the signal has strength 
like that of a dynamically stiff mode in a multi-mode system, it 
might be difficult to converge on the order of the system from 
several uncorrelated sampling sets. However, this problem is not 
unique to signals that are potentially aliased. It will remain a pro-
blem even for properly sampled signals. 

Case 5. Closely spaced modes. 

Consider the case of three modes with exact parameters as listed 
in Table 11. These modes are representative of two medium-fre-
quency combined tool, tool-holder, and spindle modes, and a higher- 
frequency local tool bending mode, i.e., this case is like the Case 3, 

but with two modes being very closely spaced such that they have a 
modal overlap. Consider that the noise-free response for this system 
is sampled at 500 Hz ( fs,1). The SVD plot for this case is shown in  
Fig. 6. As is evident, there appear to be only two modes in the 
system. The observed parameters for this sampling frequency are 
listed in Table 11. Since recovery is meant to be blind to the order of 
the system, we might (wrongly) surmise that the system indeed has 
two modes. However, since we know in this case that there are three 
modes, and since we observe only two, we can conclude that if/ 
when modes are closely spaced, like they are in this case, proper 
recovery will fail. Even if the response was sampled appropriately by 
respecting the Nyquist limit, say at a sampling frequency of 4096 Hz, 
even in that case, only two modes would be clearly observed – as is 
evident from SVD plot in Fig. 6 and the parameters listed in Table 11. 
The third mode in both cases, i.e., with the properly sampled signal 
and with the aliased signal is close to the noise modes and hence 
cannot be resolved correctly. This confirms known perils of modal 
parameter extraction for systems with closely spaced modes, i.e., 
exact modal parameter extraction may not be possible even with 
signals sampled properly. However, recovery of two modes from 
those observed can still proceed by sampling at another un-
correlated sampling frequency and following the above outlined 
procedures. 

Case 6. Sampling being a small fraction of a high-frequency mode in 
a multi-mode system. 

Consider a case with two modes with exact parameters as listed 
in Table 12. These modes are representative of a medium-frequency 
combined tool, tool-holder and spindle mode, and a very high-fre-
quency higher order local tool torsional mode. The noise-free re-
sponse for this case is assumed to be sampled at two uncorrelated 
sets of 660 Hz ( fs,1) and 865 Hz ( fs,2). The SVD plots for this case are 
shown in Fig. 7. As is evident, there appears to be only one mode in 
the system. Since the system order is the same for both sampling 
frequencies, there is no case to be made to sample at another un-
correlated set. Since we can correctly recover only as many modes as 
are well-observed, we might in this case too (wrongly) surmise that 
there is only mode in the system. However, since we know that there 
is a second mode, our not being able to observe it is likely a function 
of it not being properly temporally resolved. This points to another 
limitation of the method, i.e., if sampling is a small fraction of the 
likely mode, then recovery might not be feasible. 

Table 4 
Exact and observed modal parameters for Case 2.   

Fig. 3. Singular values of the response for resolving cases with the system order being 
confounded (Case 2). 
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Having shown through numerical experiments that grouping and 
recovery is possible for systems with multiple modes and in the 
presence of low levels of noise and having discussed that proper 
recovery fails when noise levels are high and/or when modes are 
closely spaced and/or when sampling is a small fraction of the likely 
mode, we use these learnings to recover modal parameters from 
measurements of a real end mill – as is discussed next. 

Table 6 
Comparison of recovered modes with exact parameters for Case 2.        

1st mode 2nd mode  

f [Hz] [%] f [Hz] [%]  

Exact  165  0.03  1025  0.01 
Recovered  165  0.03  1025  0.01    

Table 5 
Likely modes for Case 2. Frequencies listed in [Hz].   

Table 7 
Exact and observed modal parameters for Case 3.   

Fig. 4. Singular values of the response for resolving cases with the modes being 
confounded (Case 3). 
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Recovery of end mill modal parameters 

A 16 mm diameter four-fluted end mill held in a hydro grip tool 
holder with stick out 126 mm was mounted on a CNC milling ma-
chine that had a HSK63 spindle interface. The free end of the tool 
was impacted with a modal hammer. The resulting vibrations were 
simultaneously recorded using an accelerometer mounted at the 
tool tip and with a Chronos 2.1 monochrome camera fitted with a 
24–70 mm focus lens. To aid vision-based measurements, we used a 
DC light and a white background. The setup is shown in Fig. 8. 
Though the accelerometer may result in mass loading, and though 
the mass loading phenomenon can be avoided with the vision-based 
method that is non-contact, we acquired video with the accel-
erometer mounted on the tool such that we can benchmark para-
meters estimated from aliased video with those obtained with 
accelerations sampled properly without confounding the mass 
loading effect as being one potential source of difference between 
the estimated and recovered parameters. For illustration purposes 
herein, only Y-directional responses were measured for excitation in 
the Y-direction. The out of plane cross-directional response was 

Table 8 
Likely modes for Case 3. Frequencies listed in [Hz].   

Table 9 
Comparison of recovered modes with exact parameters for Case 3.          

1st mode 2nd mode 3rd mode  

f [Hz] [%] f [Hz] [%] f [Hz] [%]  

Exact  580  0.018  830  0.0145  1050  0.0125 
Recovered  580  0.0177  830  0.0144  1050  0.014    

Fig. 5. SVD for signals with and without noise.  

Table 10 
Comparison of observed parameters for signals with and without noise.         

Signal sampled at 
660 Hz 

1st mode 2nd mode 3rd mode 

f [Hz] [%] f [Hz] [%] f [Hz] [%]  

Noise-free  81  0.1293  270  0.0485 170 0.0707 
SNR of 100  81  0.1293  270  0.0485 170 0.0707 
SNR of 10  82  0.1236  269  0.0456 – –    

Table 11 
Comparison of exact and observed modal parameters for a system with closely spaced 
modes.          

1st mode 2nd mode 3rd mode 

f [Hz] [%] f [Hz] [%] f [Hz] [%]  

Exact  780  0.01  788  0.0125 1090 0.016 
Observed with =fs,1

500 Hz  

88  0.2343  221  0.0592 – – 

Observed with =fs,2

4096 kHz  

783  0.0132  1090  0.0171 – –    

Fig. 6. SVD of the response with closely spaced modes.  

Table 12 
Comparison of exact and observed modal parameters for a system with sampling 
being a small fraction of the likely mode.        

1st mode 2nd mode 

f [Hz] [%] f [Hz] [%]  

Exact  520  0.01 5000 0.016 
Observed with =fs,1 660 Hz  140  0.037 – – 

Observed with =fs,2 865 kHz  345  0.015 – – 
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ignored. For measurements in the orthogonal direction, the accel-
erometer mounting, and the camera setup would have to be oriented 
appropriately. 

Accelerations were sampled at 51.2 kHz using a NI9234 DAQ with 
a NI9171 chassis using CutPRO®’s data acquisition module. Video was 
acquired at 2500 frames per second [Hz]. The resolution at this 
frame rate was 1280 × 512 pixels. Since we use the tool’s own fea-
tures to track motion across frames, image acquisition settings were 
adjusted to provide appropriate gradients across the tool’s edge. The 
aperture was kept wide open. The shutter speed was set to be 230 
µs, and the ISO was set to be 2000. These settings resulted in ~35 µm 
pixels. 

Though the recovery process is blind to the order of the system, 
and as such, though these sampling rates, i.e., 51.2 kHz for the ac-
celeration data and 2500 Hz for the video, could be aliased, they are 
not. Prior knowledge of the system was used to sample acceleration 
and video at rates that respect the Nyquist limit. Aliased signals were 
produced by uniformly downsampling the original, non-aliased, 
signals. This was done deliberately to ensure a fair comparison be-
tween the recovered parameters from the aliased signals and those 
estimated from non-aliased ones. Downsampling in this manner also 
ensures that aliased and non-aliased measurements were taken 
under the same excitation conditions, same noise levels, and the 

Fig. 7. SVD of the response with sampling being a small fraction of the likely mode.  

Fig. 8. Experimental setup to record video and measure accelerations simultaneously.  

Fig. 9. (a) Original acceleration data together with downsampled aliased signals. (b) 
SVD of downsampled aliased acceleration signals. (c) Original displacements together 
with downsampled aliased signals. (d) SVD of downsampled aliased displacement 
signals. 
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same illumination for the case of the video recording. In practice, 
signals should be sampled at uncorrelated frequencies as was done 
in [5,12]. Alternatively, signals could be sampled at the rate feasible, 
and uncorrelated sets could be obtained from downsampling the 
original potentially aliased signal. 

In the present case, to demonstrate recovery, we downsample 
original signals at 700 Hz ( fs,1) and 750 Hz ( fs,2), respectively. Original 
and downsampled signals are shown in Fig. 9(a, c). A SVD plot of the 
downsampled acceleration signals suggests that there are two 

modes – see Fig. 9(b). To obtain displacements from the recorded 
video, MP4 video recordings of video sampled at 2500 Hz were 
imported into MATLAB® wherein each individual frame was cropped 
around the edge of interest to extract tool point displacements. The 
edge was then detected in every frame using procedures outlined in  
[7,8], and its spatial location was estimated by averaging the pixels of 
interest in the region of interest. The procedure was repeated for 
every subsequent frame to finally result in the averaged pixel-dis-
placement time series data. This signal was downsampled and the 

Table 13 
Observed parameters from aliased acceleration data.   

Table 14 
Observed parameters from aliased displacement data.   

Table 15 
Likely modes evaluated from the aliased acceleration data.   
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resulting response is shown in Fig. 9(c). A SVD plot of the dis-
placement also suggests that there are two modes in the down-
sampled signals – see Fig. 9(d). 

Since the order of system for the chosen uncorrelated set of 
sampling frequencies is consistently the same, a third sampling set 
in this case was not necessary. However, if, for other choices of 
sampling frequencies, the system order was found to be different for 
every fs, another set could have been chosen using prescribed 

guidelines as was discussed for a case in the ‘Numerical experiments’ 
section. Since this was a controlled experiment, the SNR was ex-
pected to be high, and noise was not expected to affect modes being 
ill-resolved. 

A run of the ERA on the downsampled signals results in the 
observed modes as listed in Table 13 for the acceleration data, and in  
Table 14 for the displacement data. As is evident from Tables 13 and  
14, there are slight differences in the observed parameters for the 
case of the acceleration data and the displacement data. These dif-
ferences are thought to occur due to the approximate nature of es-
timating motion from video. For both cases it is also evident that the 
observed frequencies are different for both sampling frequencies. 
This suggests that both modes are aliased. To aid recovery, modes are 
grouped and highlighted in same-colored cells in Tables 13 and 14. 
Likely modes are then evaluated and are listed in Table 15 and  
Table 16 for the acceleration and displacement data, respectively. 
And, finally, recovered frequencies are used to estimate damping (Eq. 
(17)) and the tool point eigenvector, φ (Eqs. (18–20)), and those are 
listed in Table 17. Results therein include parameters estimated from 
accelerations sampled properly, and those are taken to be ‘exact’. 

As is evident from the comparisons in Table 17, recovered para-
meters are in good agreement with ‘exact’ ones. Differences in 
natural frequencies are <  1.5%. Though recovery from aliased dis-
placements results in an overestimation of damping for both modes, 
recovery from aliased accelerations is in better agreement with 
‘exact’ parameters, with damping estimated for the first mode being 
exact, and differing slightly for the second mode. Eigenvector esti-
mates differ by ~12% at most for the case of aliased accelerations and 
are in better agreement with the ‘exact’ estimates for the case of 
aliased displacements. Since the second mode is dynamically stiffer 
than the first, properly recovering it is more difficult than more 
flexible modes, as has also been observed in [5,12]. 

To get a sense of how the frequency response functions (FRFs) 
compare when constructed with the parameters listed in Table 17, 
see Fig. 10. The FRFs in Fig. 10 are constructed using: 
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+ +=
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b
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a
2

2
a a a

2 (23) 

wherein , ,a a and a are the natural frequencies (rad/sec), 
damping ratios, and mass-normalized eigenvector for up to b modes 
of interest. 

As is evident from Fig. 10, FRFs compare well despite the slight 
differences in modal parameters between the ‘exact’ ones and those 
recovered from aliased signals. Knowledge of these dynamics that 
are recovered from aliased signals could be used as inputs to model 
machining stability, or for condition monitoring, and/or for struc-
tural control of machine tools. 

Table 16 
Likely modes evaluated from the aliased displacement data.   

Table 17 
Comparison of ‘exact’ and recovered modal parameters from aliased signals.          

1st mode 2nd mode  

f [Hz] [%] φ f [Hz] [%] φ  

‘Exact’  520  0.017  1.35  803  0.026  0.75 
Recovered from aliased 

accelerations  
524  0.017  1.30  799  0.030  0.84 

Recovered from aliased 
displacements  

522  0.022  1.23  791  0.043  0.78    

Fig. 10. Comparison of FRFs evaluated from modal parameters estimated from 
properly sampled accelerations and from aliased accelerations and displacements. 
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Conclusions and outlook 

Methods to recover modal parameters from potentially aliased 
signals were presented in this paper. Methods leveraged the folding 
properties of signals to find intersections of modes observed from 
two or more fractionally uncorrelated sets of sampling frequencies. 
No a priori knowledge of the system was assumed, and a singular 
value decomposition of the potentially aliased response was used to 
decode the order of the system. Robustness of the method was 
tested with several numerical case studies to understand the influ-
ence of recovery when observed modes are confounded, when there 
is noise in the signal, when modes are closely spaced, and when the 
sampling frequency was a small fraction of the likely modal fre-
quency. Though proposed methods work well, they suffer from the 
same problems that even estimation from properly sampled signals 
face, i.e., it is difficult to resolve modes when the signal to noise ratio 
is low, or when modes are closely spaced, or when sampling is a 
small fraction of a likely high-frequency mode. 

Learnings from numerical experiments were leveraged to demon-
strate recovery of modal parameters for an end mill mounted in a CNC 
machine. Parameters recovered from aliased accelerations and dis-
placements estimated from video recordings of the vibrating tool were 
found to agree with ‘exact’ parameters from accelerations sampled 
properly. However, there were issues with properly recovering para-
meters for weakly excited modes. Those can be addressed in future 
follow-on research. Furthermore, though the focus herein was to re-
cover only tool point modal parameters, the methods are generalized 
for recovery of full shapes of vibrations as desired. 

Since we showed it is possible to recover parameters from aliased 
video, methods will further facilitate the use of low-speed high-re-
solution cameras, and even cell phone cameras for their use in vi-
sion-based modal analysis. Methods herein will also be useful for 
estimation of modal parameters for micro tools which usually have 
very high-frequency modes, and as such would require sampling at 
100 + kHz. Furthermore, since methods presented herein are gen-
eralized for use with any sensor, the method will extend itself nicely 
to tool condition monitoring using vibrational data that will now be 
possible with low sampling rates, which in turn will mean less data 
to transmit, store and process to make decisions. Methods could also 
be used across other engineering domains for similar purposes. 
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