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The usual method to avoid chatter is to select cutting 
parameters, namely the depth or width of cut together with 
the spindle speed that will result in stable cutting conditions. 
Selections are guided by analytically predicted stability dia-
grams. These diagrams have proven very useful for mitigat-
ing chatter in turning [1] and milling [2]. However, since 
grooving is a fixed width of cut operation, stability diagrams 
are of little use. Furthermore, stability diagrams can only 
characterize chatter of the regenerative type, i.e., chatter that 
occurs due to modulation of the chip thickness. However, 
as recent research has revealed [3], chatter in grooving can 
be of two types: diametrical chatter that is of the regenera-
tive kind and snaking chatter on the side walls that is of 
the mode-coupling type. Since mode-coupling chatter is not 
completely understood yet [4, 5], models for it still cannot 
still prescribe stable grooving operations. Hence, the only 
feasible strategy for stable grooving operations is to damp 
the vibration mode(s) responsible for contributing to chatter.

Introduction

Machining of deep grooves requires the use of slender 
cantilevered blades. Since the blades are thin, they tend to 
vibrate when excited by cutting process forces. These pro-
cess-induced excitations sometimes result in large ampli-
tude unstable chatter vibrations that damage the blade and 
the surface of the grooves being machined. Since grooves 
are usually made to house seals and O-rings, no vibration 
marks are acceptable on the machined surfaces. Chatter 
must hence be avoided.

	
 Mohit Law
mlaw@iitk.ac.in

1	 Machine Tool Dynamics Laboratory, Department of 
Mechanical Engineering, Indian Institute of Technology 
Kanpur, Kanpur 208016, India

Abstract
Purpose  Experimental analysis of grooving with slender blades reveals two chatter types: regenerative diametrical chatter 
and mode-coupling snaking chatter on the side walls, linked to two distinct vibration modes. Since grooving is a fixed width 
of cut operation, traditional stability diagrams offer little guidance for selecting chatter-free cutting parameters. Hence, the 
only feasible strategy is to damp the two modes responsible for contributing to chatter. Though blades exist to damp dia-
metrical chatter, but no solution yet addresses the mode responsible for snaking chatter. This paper discusses a remedy for 
that problem by showing how two absorbers can be integrated within the blade.
Methods  Classical analytical methods to tune absorbers assume that there is just one mode and one absorber that requires 
tuning. Since we require two to be tuned in different directions, we propose a new solution using multi-component recep-
tance coupling. We treat the blade and absorbers as separate subsystems, then combine receptances to find absorber param-
eters that minimize the assembled system’s response.
Results and. conclusions  Model predictions show that the newly conceptualized blade can damp the peak amplitude of the 
in-plane bending mode by 53% and of the out-of-plane bending mode by 67%. The absorber parameters we identified are 
realistic, and the simulation-based results are promising. Together, these support the design, development, and prototyping 
of new damped blades with two integrated absorbers. Our methods are also easily extendable to other systems requiring the 
integration and tuning of multiple absorbers.
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Grooving involves feeding the blade into the workpiece 
to make grooves. Blades are stiffer along their length ( l) 
than their height ( h) and/or width ( w). As such, the vibra-
tions of the blade along its length are negligible and do not 
result in significant undulations on the diameter as the blade 
feeds into the workpiece. Instead, undulations on the diam-
eter resulting in diametrical chatter are thought to occur 
due to the tangential and feed forces causing in-plane bend-
ing of the blade [6]. This mode, showing schematically in 
Fig. 1(a), is one of the two modes to be damped. The other 
mode to be damped is that along the blade’s width. Though 

the blade is guided in the groove it is making, since the 
blade is significantly more flexible in its thickness direc-
tion, any perturbation during the process causes the blade 
to undergo bending vibrations in its thickness direction that 
result in undulations on the side walls of the groove being 
machined. These undulations are also shown schemati-
cally in Fig. 1(b). Since the blade cuts a new surface on the 
side walls as it advances in the feed direction, there is no 
regeneration action on the side walls, and the undulations 
resulting in snaking chatter are thought to be of the mode-
coupling type, i.e., when the cutting forces simultaneously 

Fig. 1  Schematic of deep grooving with a slender cantilevered blade resulting in (a) diametrical chatter, and (b) snaking chatter
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cause in-plane and out-of-plane bending of the blade [3]. 
Hence, the two modes to be damped are the modes causing 
in-plane and out-of-plane bending of the grooving blade.

Damping of tool vibration modes is most easily done by 
integrating tuned mass absorbers within tools. The idea is 
to place an absorber within the tool such that when the tool 
vibrates, it transfers those vibrations to the absorber [7–10]. 
The absorber is usually supported in O-rings and tuning it 
includes selecting an appropriate mass of the absorber and 
adjusting the stiffness and damping properties of the elasto-
meric O-rings that support it.

Classical analytical methods to tune absorbers assume 
that there is just one mode and one absorber that requires 
tuning [11, 12]. These classical methods were indeed used to 
integrate a tuned absorber within a grooving blade to damp 
the mode responsible for diametrical chatter [6], and for 
tuning single absorbers to damp the mode responsible for 
chatter in turning and boring applications [8–10]. To further 
improve damping performance, researchers also reported on 
the success of tuning multiple tuned mass dampers to damp 
the same target mode. For example, in [13], three tuned 
mass dampers were integrated to damp one target mode 
responsible for chatter, and in [14, 15], two tuned mass 
dampers were integrated to damp the mode of interest. In all 
these cases only one mode was sought to be damped, and in 
every case, the tuned mass damper(s) were oriented along 
the same direction as the mode which was to be damped.

Since deep grooving has two distinct vibration modes 
in two different directions that are responsible for the two 
types of chatter that is observed [3], the standard methods of 
tuning absorbers are not applicable, and there is a need for a 
different method to integrate, design, and tune two absorb-
ers. Developing and demonstrating the workings of such a 
framework is the main aim and new scientific and technical 
contribution of the research reported in this paper.

To integrate two tuned absorbers within the blade, we 
leverage the strengths of the receptance coupling approach. 
Receptances are frequency response functions (FRFs) that 
represent the system’s dynamics by characterizing the rela-
tionship between output displacements and input forces as 
a function of frequency. The receptance coupling approach 
is a structural modification tool used to couple two separate 
subsystems in the frequency domain using their individual 
component level receptances. The approach has found 
much use in machine tool applications to predict tool point 
dynamics [16–18], as well as in some automotive applica-
tions [19]. Recent work has also shown how the method can 
be used to design absorbers to damp machine tool structural 
vibrations [20] and to tune a tune a single absorber inte-
grated within a boring bar [21]. Relevant recent research has 
also shown how two tuned mass dampers can be designed 
using the receptance coupling approach to suppress two 

orthogonal vibration modes of a micro-end mill [22]. This 
paper will build on such previous successes.

The remainder of this paper is organized as follows: at 
first, we present conclusive experimental evidence of the 
two types of chatter observed in grooving being caused by 
two distinct vibration modes. In the next section, we dis-
cuss a potential design of a damped grooving blade with 
two absorbers integrated within it. In the section after, we 
present the receptance coupling framework to integrate two 
absorbers within the blade. Numerical investigations that 
follow show how both modes contributing to chatter can 
indeed be damped successfully. In the discussions section, 
we discuss the sensitivity of the results to key parameters 
and discuss design aspects that can guide prototyping. The 
paper is finally concluded with an outlook.

Experiments Showing Diametrical and Snaking 
Chatter

This section discusses experimental results to offer con-
clusive proof of two distinct grooving blade modes being 
responsible for the two different types of chatter that is 
observed. Experiments were conducted on a CNC turn-
ing machine with three blades. Two blades were thick, 
and one was thin. Results presented herein expand on our 
preliminary reports in [3] which were limited to only the 
thick blades. Of the two thick blades, one was a regular 
blade and the other had an absorber integrated within it 
that was designed to mitigate diametrical chatter. The two 
thick blades were manufactured by ISCAR and were of the 
CGHN53-P8 types [23, 24]. GIMY808 inserts with a 0.8 
mm radius, and widths of 8 mm were used with both thick 
blades. The thin blade was manufactured by Ceratizit and 
was of the XLCFN 3204 M41 FX type [25]. A HW-K15 
type insert was used with this blade that had a radius of 0.2 
mm and a width of 4.1 mm. Both blades were mounted in 
their special holders that were procured from their respec-
tive manufacturers. The overhang for the thick blades was 
130 mm, and for the thin blade, the overhang was 60 mm. 
We cut Aluminium with all three blades. Feed rate was set to 
be 0.2 mm/rev for the thick blades, and 0.05 mm/rev for the 
thin blade. Cutting speeds were varied between 50 m/min 
and 300 m/min. The experimental setups for cutting with all 
three blades are shown in Fig. 2(a). A microphone was used 
to monitor the cutting process signals and data was sampled 
at a sampling frequency of 51.2 kHz. Data was acquired 
with CutPro’s MALDAQ module [26] using a National 
Instrument’s NI9234 data acquisition device housed in a 
NI9171 chassis.

Since chatter occurs at frequencies just higher than 
the natural frequencies of the most flexible elements in a 
machine tool system [2], natural frequencies of all three 
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other higher-frequency mode hence becomes the in-plane 
bending mode. However, since the input bandwidth was not 
sufficient, the natural frequency and the peak amplitude of 
this mode is not correctly estimated.

Representative photographs of cut grooves that show 
chatter along with the measured sound and its frequency 
spectra are shown in Fig. 2(d) for all three blades. Since our 
prior preliminary work already discussed what stable cases 
look like [3], analysis herein is limited to only the chatter 
cases. For the thick regular blade, results are shown for cut-
ting with a speed of 175 m/min. For the damped thick blade, 
results are shown for a speed of 300 m/min. And, for the thin 
blade, results are shown for cutting at speeds of 150 m/min, 
and at 175 m/min, respectively.

The diametrical surface cut with the regular blade clearly 
shows chatter and the spectrum of the sound shows a peak 
around ~ 1150 Hz which corresponds to the in-plane bend-
ing mode of the blade. Since the damped blade was designed 
to damp diametrical chatter, no regenerative chatter was 
observed on the diameter for cutting with the damped blade. 
However, large undulations on the side walls were observed 
when cutting with the damped blade. Though the spectrum 
of the measured (normalized) sound in this case has a cluster 
of peaks in between 1 and 1.5 kHz, since the damped blade 
has no modes in this frequency range, attributing chatter to 
a mode from the spectrum is not possible. Hence, we instead 
measured the wavelength, λ  of the vibration marks left on 
the side walls of the machined surface and infer the snaking 
chatter frequency, fCS from the wavelength and the cutting 
speed, v. Since v = 2π fCS • λ , for cutting at 300 m/min, 
and λ  measuring 17.5 mm, fCS is ~ 286 Hz. This is just 
higher than the z directional mode at ~ 280 Hz, confirming 
that this is indeed a case of snaking chatter.

For cutting with the thin blade, two separate representative 
cut surfaces clearly show chatter on the diameter and on the 
side walls. For the experiment that resulted in chatter on the 
diameter, the measured (normalized) sound clearly shows a 
growing tendency suggesting chatter. Though the spectrum 
is not clean, and even though there are several peaks in the 
spectrum, there appears a dominant peak around ~ 4500 Hz 
that could correspond to the to the in-plane bending mode 
of this blade. The spectrum for the case of snaking chatter is 
however inconclusive. Hence, like we did for the thick blade, 
for this thin blade too we measured the wavelength of the 
undulations on the side walls of the machined surface to be 
λ = ~4 mm. For cutting as a speed of 175 m/min, this made 
the chatter frequency fCS = ~729 Hz, which is higher than 
the z directional mode at ~ 700 Hz, confirming that cutting 
with the thin blade too results in snaking chatter.

Since cutting with the thick and the thin blades were 
observed to result in two different types of chatter which 
in turn were caused by two distinct modes of the blade, 

blades in the directions of interest were estimated from mea-
surements using setups as shown in Fig. 2(b). Dynamics of 
the blades were measured by exciting the blade with a modal 
hammer (make: Dytran, model: 5800B4) and by measur-
ing the response using a single-axis accelerometer (make: 
Dytran, model: 322F1). Dynamic measurements were 
done using CutPro’s MALTF module [26]. Measurements 
were carried out to measure the in-plane bending mode by 
exciting the blades in the y direction and by measuring the 
response in the x direction. This resulted in the hxy FRFs. 
Representative setups to measure the hxy FRFs for the thin 
and thick damped blade are shown in Fig. 2(b). Measure-
ments were also separately conducted to measure the out-
of-plane bending modes by exciting and measuring in the z 
direction. This resulted in the hzz  FRFs. A representative 
setup for measuring the thick regular blade’s setup is shown 
in the Fig. 2(b). For these dynamic measurements too, data 
was sampled at 51.2 kHz. The same hardware as that used to 
monitor sound was also used for these measurements.

The measured hxy and hzz  FRFs for the three blades 
are shown in Fig. 2(c). As is evident from the cross hxy 
FRF of the regular thick blade, there is a low-frequency 
mode at ~ 340 Hz and a higher frequency mode at ~ 1140 
Hz. The direct hzz  FRF on the other hand has just one low-
frequency mode at ~ 340 Hz. Since the low-frequency mode 
is common to both measurements and since it is three orders 
of magnitude more flexible in the z direction than it is in 
the xy direction, the low-frequency mode is predominantly 
a bending mode in the z direction with some cross-coupling 
with the xy direction, whereas the higher frequency mode 
in the xy direction is simply an in-plane bending mode.

Unlike the regular thick blade, the damped thick blade 
has just one low-frequency mode at ~ 280 Hz that is com-
mon in the hxy and hzz  FRFs. In this case too, since the 
z directional response is two orders of magnitude higher 
than the xy direction, the mode is predominantly a bending 
mode. And, since the damped blade was designed to damp 
the in-plane xy directional bending mode, there appears to 
no significant peak at higher frequencies in the xy direction 
for this blade.

The thin blade too has two modes. One at ~ 700 Hz in 
both the hxy and hzz  FRFs, and the other between ~ 4400 
Hz and ~ 4700 Hz only in the xy direction. The mode at 
~ 700 Hz is four orders of magnitude more flexible in the z 
direction than it is in the xy direction, suggesting that this 
is indeed the out-of-plane bending mode of the blade. The 

Fig. 2  (a) Pictures of setups for cutting with the three different blades, 
(b) Representative pictures of setups for measuring the in- and out-of-
plane dynamics of the three different blades. (c) Measured hxy  and 
hzz  FRFs of the three blades. (d) Representative pictures of machined 
grooves to show diametrical and snaking chatter supported by the mea-
sured sound and its frequency spectrum
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Receptance Coupling Framework To Integrate Two 
Tuned Absorbers

This section has three sub-sections. In the first sub-section 
we present a general framework that shows how the blade’s 
response can be made to be a function of the two absorb-
ers integrated within it. The second sub-section discusses 
the formulation of an optimization problem that seeks to 
identify the parameters of the two absorbers that will result 
in damped response of the blade. And the final sub-section 
discusses how we obtain the receptances of the blades and 
of the different absorbers.

Receptance Coupling Framework

Receptance coupling combines the FRFs of subsystems and 
predicts the assembled system’s response. The assembled 
system in our case is the grooving blade that is subsystem 
I and that is integrated with two absorbers, that are sub-
systems II and III, respectively. Assembly of subsystems 
is shown schematically in Fig. 4. Though the absorbers are 
attached over a finite area in the design concept shown in 
Fig. 3, in the model, both absorbers are assumed attached 
at a point on the blade as shown in the schematic in Fig. 4.

Subsystem II is the absorber to be integrated within the 
blade to damp regenerative chatter, and subsystem III is 
the absorber for mitigating snaking chatter. Subsystems II 
and III each include a mass ( m1 and m2) connected to 

the next section discusses the integration of two absorbers 
within the blade to damp the two different modes respon-
sible for the two types of chatter.

Potential Design of a Damped Grooving Blade with 
Two Absorbers

A schematic of a potential design of a grooving blade inte-
grated with two absorbers is shown in Fig. 3. As an illustra-
tive example, the two absorbers are to be integrated in the 
ISCAR-made thick regular blade [23] that is already avail-
able with us. Absorber I is placed below the cutting edge 
following the commercially available damped blade design 
concept, and absorber II is placed as near the front as pos-
sible. Absorber I is to damp the in-plane xy bending mode. 
It consists of a mass supported in an O-ring. Absorber II is 
to damp the z directional out-of-plane bending mode. Since 
the second absorber must move out-of-plane, and since 
O-rings cannot allow this out-of-plane motion, the second 
absorber’s mass is to be supported in flexure bearings that 
allow lateral motion only [27]. The design task reduces to 
sizing the mass of both absorbers along with finding the 
right stiffness and damping properties of the O-ring for 
absorber I and of the flexure bearing for absorber II.

Our concept design is informed by the standard way to 
model absorbers for tooling systems in which the absorber 
is generally modelled as a rigid body supported in a spring-
damper [6–10, 12–14].

Fig. 3  Schematic of a poten-
tial design of two absorbers 
integrated within a regular thick 
grooving blade
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displacements ( u) and forces ( q) is defined as the recep-
tance, h (ω ) = u

q , wherein ω  is the frequency vector.

When the force applied and resulting response is con-
sidered at the same location, then, the direct FRFs of sub-
system I, II and III are designated as h11, h2a2a, h2b2b, 
h3a3a, and h3b3b, respectively. Likewise, if the point of 
application of force and measurement location is different, 
then the cross FRFs for subsystem I are designated as h12a, 
h13a and h2a3a. Since each location can respond to forces 
in all three directions, i.e., the x, y, and z directions, the 
generalized response matrix for the direct and cross FRFs 
including responses between different directions becomes:

Rst =

[
hsxtx hsxty hsxtz

hsytx hsyty hsytz

hsztx hszty hsztz

]
� (1)

subsystem I with a spring ( k1 and k2) and damper ( c1 and 
c2). The central idea is to impose compatibility and equilib-
rium conditions at the connections, i.e., at locations 2 and 3, 
respectively such as to predict the assembled system response 
at location 1 as a function of individual subsystems response.

A schematic showing free body diagrams of the different 
subsystems is in Fig. 5. In it, points 2a and 3a correspond 
to points on the blade, and points 2b and 3b correspond to 
points on subsystem II and III, respectively. If we assume 
the displacements of subsystem I at location 1, 2a, 3a 
are u1, u2a, u3a, respectively, and forces at those loca-
tions are q1, q2a, q3a  respectively, then likewise, for 
subsystems II and III, the displacements and forces are 
u2b, u3b, and q2b, q3b, respectively. The displacement 
and force vectors are bold faced because they contain ele-
ments corresponding to all directions, i.e., the x, y, and z 
directions. The frequency-dependent relationship between 

Fig. 5  Schematic showing 
free-body diagrams of the three 
subsystems

 

Fig. 4  Schematic of a three sub-
systems connected to each other
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and, at the free end the force equilibrium condition is 
q1 = Q1, wherein the uppercase corresponds to the force 
on the assembled system. Since we couple substructures 
that are linear, the interactions during coupling are also gov-
erned by the same linearity and reciprocity.

The assembled system response at location 1 can hence 
be written as the relationship between the force acting at 
location 1, i.e., q1 = Q1 and the response at the same loca-
tion, i.e., u1 = U1. Equation (2) can be used to describe 
u1 to show that the assembly receptance becomes:

G = U1

Q1
= u1

Q1
= R11

(
q1
Q1

)
+ R12a

(
q2a

Q1

)
+ R13a

(
q3a

Q1

)
.� (7)

The above equation shows the response to be a function of 
direct and cross receptances of only subsystem I. However, 
since we desire to develop an expression in which the response 
at the free end of the blade is a function of the absorber param-
eters, we develop an alternate form for G as follows.

For absorber I, i.e., for subsystem II, we use the compat-
ibility condition in Eq. (5), the force equilibrium in Eq. (6), 
and the response from Eq. (3) and Eq. (4), to obtain:

R2a1q1 +
(

R2a2a + R2b2b + 1
K ′

1

)
q2a + R2a3aq3a = 0,� (8)

wherein R2a1 is the same R12a in Eq. (7). Likewise, for 
absorber II, i.e., for subsystem III, we can show that:

R3a1q1 +
(

R3a3a + R3b3b + 1
K ′

2

)
q3a + R3a2aq2a = 0,� (9)

wherein R3a1 is the same R13a in Eq. (7). Grouping like 
terms common to Eq. (7), Eq. (8), and Eq. (9), it is easy to 
show that, the assembled system response becomes:

G = R11 − [R12a R13a][
R2a2a + R2b2b + 1

K
′
1

R2a3a

R3a2a R3a3a + R3b3b + 1
K

′
1

]−1 [
R2a1
R3a1

]
,

� (10)

which shows the assembled systems response to be a func-
tion of the blade’s response in terms of the direct and cross 
receptances of the blade, i.e., of R11, R2a2a, R3a3a, R12a, 
R13a, and R2a3a, respectively and of both the absorber’s 
system responses, i.e., of R2b2b and K ′

1 for absorber I and 
of R3b3b and K ′

2 for absorber II.
Structure of G is:

G =

[
hxx hxy hxz
hyx hyy hyz
hzx hzy hzz

]
� (11)

wherein s, t are indices that can take on any of the val-
ues of 1, 2a, 3a, 2b, and/or 3b. Each of the elements in 
the matrix in Eq. (1) is a frequency dependent quantity. 
However, for the sake of brevity, ω  - the frequency vec-
tor, is not shown. Also important to note is that since the 
receptance coupling approach assumes linearity and reci-
procity, the generalized response matrix is symmetric, i.e., 
hsxty

= hsytx
, hsxtz

= hsztx
, and hsytz

= hszty
..

Since most machine tool systems (including one in which 
a grooving operation will be performed) operate in a small-
amplitude elastic regime in which damping is generally low 
and can be approximated to be proportional to the mass and/
or the stiffness, the equations of motion are linear. As such, 
the system can be modelled with second order ordinary dif-
ferential equations that form the mathematical basis for the 
dynamic stiffness matrices. And, since the dynamic stiffness 
matrices are real, symmetric, and positive definite (for pro-
portionally damped system), their inverse, which are used 
to obtain receptance matrices, are also real and symmetric 
– forming the basis for reciprocity holding true.

The form of the response at location u1 due to forces at 
the same and different locations is:

u1 = R11q1 + R12aq2a + R13aq3a.� (2)

Likewise, for locations 2a and 3a, the responses are:

u2a = R2a1q1 + R2a2aq2a + R2a3aq3a and
u3a = R3a1q1 + R3a2aq2a + R3a3aq3a, � (3)

And for locations 2b and 3b, the responses are:

u2b = R2b2bq2b and u3b = R3b3bq3b.� (4)

Above responses are obtained at the subsystem level. To 
obtain the assembled system response, we must satisfy the 
following compatibility and equilibrium conditions at the 
connections, i.e., in between 2a and 2b, and in between 
3a and 3b. Since the connections between the mass of both 
absorbers and the blade is through springs and dampers, the 
compatibility conditions can be expressed though a com-
plex stiffness function k′ = k + icω , such that:

K ′
1 (u2a − u2b) = −q2a and K ′

2 (u3a − u3b) = −q3a.� (5)

wherein K ′
1 and K ′

2 are matrices whose elements include 
complex stiffnesses in the different x, y, and z directions, 
respectively.

The equilibrium force conditions at the connections are:

q2a + q2b = 0, and q3a + q3b = 0,� (6)
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the absorber’s mass. For the blade, we build a finite element 
model. And, for the absorber masses, we use a rigid body 
approximation of the mass.

A 3D CAD model of the blade as shown in Fig. 3 was 
imported into the finite element environment for model-
ling it and obtaining its response. The blade is modelled in 
the ANSYS environment using 10-noded tetrahedral ele-
ments that have three degrees of freedom at each node. The 
blade is assumed made of alloyed steel with a modulus of 
200,000 N/mm2, a density of 7850 kg/m3, and with a Pois-
son’s ratio of 0.3. The blade’s thickness is 7.4 mm, height 
is 50 mm, and its overhang is 120 mm. Since the blade is 
usually rigidly clamped in special holders, the top and bot-
tom clamping surfaces of the blade are assumed fixed in 
the model, i.e., displacements on those nodes are set to be 
zero. This is shown in in Fig. 6. Two holes are made in the 
blade to house the two absorbers. Different diameters were 
tried, but since larger holes weakened the blade, and since 
holes with a diameter of 20 mm only reduced the static 
stiffness of the blade by ~ 15%, the hole diameters were 
fixed to be 20 mm.

Since the receptance coupling approach assumed that 
the absorbers are to be connected to the blade at single 
attachment points, we introduce a node in the centre of 
both holes in the blade and connect those nodes to the 
inner surface of the holes in the blades using rigid link 
elements [29]. This allows us to extract the receptances 
at the two coupling points, i.e., at locations 2a and 3a, 
respectively, and at the free end, i.e., at location 1. To 
obtain the receptances at these three locations, we solve 
the eigenvalue problem and extract the eigenvalues (natu-
ral frequencies) and the eigenvectors (mode shapes). With 
these, we obtain the in-plane ( hsxty ) and out-of-plane 
( hsztz ) receptances using:

hsxty
(ω ) =

∑
ω

∑
n
r=1

φ sx r
φ ty r

−ω 2+ω 2
nr

+2jζ rω ω nr
,

hsztz (ω ) =
∑

ω

∑
n
r=1

φ sz r
φ tz r

−ω 2+ω 2
nr

+2jζ rω ω nr

� (13)

wherein the only responses of interest are the cross recep-
tance hxy that corresponds to the in-plane bending mode of 
the plate responsible for diametrical chatter and the direct 
receptance hzz  that corresponds to the out-of-plane bend-
ing mode of the plate that is responsible for snaking chatter.

Setting Up the Optimization Problem

Since the aim is to develop a damped blade that has two 
absorbers that can damp the two separate modes responsible 
for the two types of chatter that is observed, and since the 
likelihood of the occurrence of chatter is inversely propor-
tional to how flexible the blade is [2, 12, 20], we setup an 
optimization problem that aims to minimize the peak ampli-
tude of the dominant modes in the |hxy| and the |hzz| 
FRFs. Since the blade with two absorbers must damp both 
modes, the logical choice for an objective function is to 
minimize the sum of the square root of hxy and hzz:

min(Gobjs =
√

(h2
xy + h2

zz)) such that

{ 0 ≤ ζ ≤ 1
0 ≤ k ≤ ∞

lb ≤ mII, III ≤ ub
� (12)

wherein k is the stiffness, m1, 2  is the mass of tuned mass 
dampers of subsystem II or III and for which lb and ub are 
the lower and upper bounds, respectively, and ζ  is damp-
ing ratio that is related to the damping coefficient, the stiff-
ness, and the mass, such that: ζ = c

2
√

km
. Given the blade’s 

receptances, the optimum parameters of the absorbers can 
be found using one of the many optimization routines. In 
this work, we prefer the simplex-based direct search method 
of Lagarias et al. [28] which we implement using the fmin-
search function in MATLAB.

Obtaining the Subsystem Level Receptances

Since the aim of this work is to demonstrate the method 
of integrating two absorbers within a blade, we rely on 
numerical methods to obtain receptances for the blade and 

Fig. 6  Finite element model representation of the blade with two holes to accommodate two absorbers
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corresponding to the in-plane xy being mode. This mode 
has a natural frequency of 1261 Hz. Since the absorber’s 
mass is modelled as a rigid body, its response, i.e., h2b2b is 
like that of a rigid body, i.e., with a negative slope.

Assembling the receptances shown in Fig. 7(a) using 
Eq. (10) and solving the optimization problem defined in 
Eq. (12), we find that a stiffness of 0.13 × 106 N/m and a 
damping ratio of 0.27 for absorber I minimizes the assem-
bled system response. These stiffness and damping values 
are typical of soft elastomers that are used to support damp-
ers in tooling systems [30].

The peak magnitude of the assembled system response 
with these parameters that is shown in Fig. 7(b) is ~ 53% 
less than the peak magnitude of the response of the blade 
without a damper – suggesting that the absorber we have 
integrated and tuned indeed has the potential to damp the in-
plane xy bending mode that is responsible for diametrical 
chatter. The natural frequency for the damped blade is 1219 
Hz, which is 42 Hz lower than the blade without dampers. 
This too is consistent with what damping does to natural 
frequencies.

Like Fig. 7 shows the response for the in-plane xy mode, 
Fig. 8 shows the response for the out-of-plane z-directional 
mode. As is evident from Fig. 8(a), all receptances in the z

-direction have multiple modes. The first mode at 376 Hz 
has the highest magnitude and is two orders of magnitude 
more flexible than the in-plane xy mode shown in Fig. 7. 
Since this behavior is like what we measured for the original 
thick blade (see Fig. 2), it is safe to assume that this low-fre-
quency mode is indeed the out-of-plane z-directional mode. 
The second mode seen in Fig. 8(a) has a natural frequency 
close to the xy mode, suggesting that there is cross-coupling 
between directions. The third mode at ~ 2375 Hz is dynami-
cally stiffer than the first mode by two orders of magnitude 
and is hence thought to be of little consequence in govern-
ing the out-of-plane response of the blade. In this case too, 
the subsystem level direct FRF at location 1, i.e., h1z1z  
is significantly more flexible than the cross FRFs between 
locations 1 and 2a, i.e., h1z2az , and between locations 1 
and 3a, i.e., h1z3az . The h1z1z  FRF is also more flexible 
than the direct FRF at location 3a, i.e., h3az3az . The sub-
system level response of absorber II is like absorber I.

When the subsystem level receptances shown in Fig. 8(a) 
are assembled and the optimization problem is solved, the 
stiffness and damping ratio of absorber II that minimizes 
the response are found to be of 3.79 × 106 N/m and 0.38, 
respectively. Since our design for absorber II assumes it 
to be supported in flexure bearings that are usually made 
of spring steel [27], it is interesting that the tuned stiffness 
value for absorber II is an order higher than the stiffness of 
the absorber I which we assume will be supported in elas-
tomeric O-rings. With these tuned absorber II parameters, 

wherein s is the response location that can be any of the 
locations 1, 2a, or 3a, and the excitation location t can 
also be any of the locations 1, 2a, or 3a. φ sx r

, φ ty r
, 

φ sz r
, and φ tz r

 are the mass normalized eigenvectors for 
mode r, and ζ r and ω nr are the damping ratios and natu-
ral frequencies for mode of interest r. For the blade’s recep-
tances, we assume the damping ratio for all modes to be 1%, 
i.e., ζ r = 0.01. Since experimental analysis of the modes 
contributing to chatter suggest that modes of interest lie 
below 1500 Hz, in our simulations, we hence include all 
modes up to 3000 Hz.

For the mass of both absorbers that we approximate as a 
rigid body, the receptance is more straightforward:

hsxty
(ω ) =

∑
ω

−1
mω 2 � (14)

wherein s and t both correspond to locations 2b or 3b, 
and m1, 2  is mass of tuned mass dampers of subsystem II 
or III. These subsystem level receptances are combined to 
find the damped response of the blade integrated with two 
absorbers using the optimization procedure above. Results 
are discussed in the next section.

Damped Response of the Blade with Two Absorbers

The assembled system response is predicted herein by com-
bining subsystem level receptances. Since it has previously 
been established that the absorber’s mass should be as high 
as possible to improve the absorber’s vibration absorption 
capacity [11, 12, 20], we assume that the absorber is made 
of a heavy material such as tungsten carbide that has a den-
sity of 15,630 kg/m3. Since the width of the blade is fixed, 
and since the two holes to locate absorbers also have a fixed 
size, the mass of both absorbers is evaluated to be 0.04 kg 
each. The optimization problem hence reduces to finding 
the stiffness and damping of the two connection elements of 

the two absorbers that minimizes: 
√

(h2
xy + h2

zz). Results 
obtained are summarized in Fig. 7 for the in-plane xy mode, 
and in Fig. 8 for the out-of-plane z-directional mode.

Both figures show subsystem level receptances as well 
as the assembled system response with two tuned absorbers 
and compare that with the response without dampers. The 
assembled system response is shown only at the free end, 
i.e., at location 1 which is also the cutting end.

As is evident from Fig. 7(a), the subsystem level 
response at the free end, i.e., h1x1y  is the most flexible, and 
the cross FRFs between locations 1 and 2a, i.e., h1x2ay , 
and between locations 1 and 3a, i.e., h1x3ay  are dynami-
cally stiffer. The direct FRF at location 2a, i.e., h2ax2ay  
is most stiff. All these responses have just a single mode 
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Fig. 7  (a) Subsystem level receptances for 
the in-plane xy mode, and (b) tool point 
assembled in-plane xy FRF with and without 
integrating two tuned absorbers
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Fig. 8  (a) Subsystem level receptances for the 
out-of-plane z-directional mode, and (b) tool 
point assembled out-of-plane z-directional 
FRF with and without integrating two tuned 
absorbers
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material, their size and geometry, operational temperature, 
and by cutting fluid potentially hastening rusting and mate-
rial behavior. Moreover since such bearings work by elastic 
deformation, the stress concentration due to the slots will 
undoubtedly influence their fatigue life. Optimal design of 
such bearings is usually informed by parametric investi-
gations guided by finite element analysis [27]. Moreover, 
experimental validation of the stiffness and fatigue behavior 
of such systems requires dedicated setups. Such character-
ization is beyond the scope of this paper.

On the role of the mass of the absorber: In general, 
tuned-mass dampers perform better when the mass of the 
absorber is higher [Ref. 11], and this is also what we had 
observed in our investigations. Since we have limited space 
in which to integrate the two absorbers, for the size allowed, 
we selected a material with higher density. The mass was 
hence taken to be fixed at 0.04 kg, and with this, the reduc-
tion in peak magnitudes of the two modes of interest were 
evaluated to be ~ 53% and ~ 67% respectively, for the in-
plane and out-of-plane modes. However, if the two absorb-
ers were assumed to be made of steel instead of Tungsten 
carbide, the mass of each would become ~ 0.02 kg each. For 
the lower absorber mass of 0.02 kg, the ‘optimal’ stiffness 
and damping values for the two absorbers were found to be 
different than the case of 0.04 kg. And the maximum reduc-
tion in the peak magnitudes of the FRFs were evaluated 
to be ~ 42% and ~ 55% for the in-plane and out-of-plane 
modes, respectively, i.e., lesser than the case of the absorber 
mass being 0.04 kg.

On the role of different objective functions influencing 
results: Instead of minimizing the sum of the square root 
of the two FRFs of interest representing the in-plane and 
out-of-plane modes – as we have done and reported on, 
we also explored alternative formulations for the objec-
tive function in which we tried minimizing individual 
mode amplitudes separately, i.e., ( min(Gobjs = hxy) or 
min(Gobjs = hzz)). Our analysis suggested that the best 
choice for damping a particular mode in a particular direc-
tion is to use the objective function formulated to minimize 
the FRF only in that direction. However, the other mode 
in the other direction does not get optimally damped while 
doing this. We hence think it best to use an objective func-
tion that minimizes the sum of the square root of the two 
FRFs even though it results in a slight trade-off over the case 
of minimizing individual modes.

Conclusions and Outlook

A new multi-absorber tuning framework based on the recep-
tance coupling approach was proposed to damp the two 
different modes responsible for the two different types of 

we find that the peak amplitude of the out-of-plane low-fre-
quency z-directional mode shown in Fig. 8(b) reduces by ~ 
67% in comparison to the blade without dampers. Interest-
ingly, the ~ 1262 Hz mode that corresponds to the in-plane 
xy mode is also damped by 15%. This confirms that the 
absorber integrated to damp the out-of-plane mode does not 
inadvertently exacerbate coupling with the in-plane mode 
but helps damp that mode too. The higher frequency mode 
at ~ 2370 Hz is damped significantly too. This suggests that 
the higher frequency mode too is an out-of-plane z-direc-
tional mode. These results suggest that the out-of-plane z

-directional mode(s) that are responsible for snaking chatter 
can be damped with the second tuned absorber that we have 
integrated into the blade.

Discussions

This section discusses aspects of the design and methodol-
ogy that could affect performance of the proposed solution. 
We first discuss the role of holes made within the blade, 
followed by design aspects of the absorbers. That in turn 
in followed by the role of changing absorber mass on the 
damping performance. We finally discuss how solutions are 
influenced by changing the objective function.

On the role of holes in the blade to integrate the absorb-
ers: Though holes weaken the blade, they are necessary to 
integrate the absorbers within the blade. Such cavities are 
common in all tools with absorbers integrated within them 
[6–10]. Moreover, since the chatter-vibration-free process 
stability is governed more by the dynamic stiffness than by 
the static stiffness [6–10], and since we demonstrate that 
the dynamic stiffness can indeed be improved by integrat-
ing absorbers, the potential weakening of the blades due to 
holes is not expected to adversely affect blade performance. 
Nevertheless, alternate design concepts that do not stati-
cally weaken the blade could be explored in future follow-
on research. And, once design guides prototyping, it would 
be prudent to also test for changes in static stiffness, if any.

On the design and selection aspects of the O-rings and 
flexure bearings: For the absorber integrated to damp the 
in-plane mode, model suggested stiffness and damping of 
the elastomer supporting the absorber’s mass could be used 
to guide selection of O-rings from catalogues. Additionally, 
it should be noted that our design includes an adjustment 
arrangement that could be used to tune the stiffness of the 
O-rings as necessary. And, for the absorber for the out-
of-plane mode, it should be noted that though our model 
predictions recommend the optimal stiffness and damping 
properties for the flexural bearing system, the design and 
experimental characterization of flexure bearings is non-
trivial. Performance of such bearings is governed by their 
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chatter observed in grooving with slender blades. Our pro-
posed approach was shown capable of tuning absorbers to 
damp different modes in different directions. Thus, over-
coming limitations of other methods in the literature that 
were limited to tuning absorbers to damp different modes in 
a single direction.

The blade and the two absorbers were treated as three 
separate subsystems that were assembled using spring and 
damper connections, parameters of which were found by 
minimizing the assembled system’s response. Simulation-
based analysis with these parameters showed that the peak 
magnitude of the in-plane bending mode can be damped by 
53%, and that the peak magnitude of the out-of-plane bend-
ing mode can be damped by 67%.

Our design concept and tuning methodology are novel. 
The absorber parameters we identified are realistic, and 
the simulation-based results are promising. Together, these 
support the design, development, and prototyping of new 
damped blades integrated with two absorbers. We clarify 
that the present work is intended as a methodological con-
tribution, establishing a new multi-absorber tuning frame-
work and demonstrating its potential through simulations. 
Experimental prototyping and testing, including optimal 
design and testing of flexure bearings, are planned for future 
studies. We further take this opportunity to clarify that the 
method we propose is not restricted to tooling systems. The 
method is easily extendable to other systems requiring the 
integration of multiple absorbers.
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