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A B S T R A C T   

Machining of parts with deep pockets necessitates the use of long slender milling tooling systems 
with absorbers integrated within them to make the milling process chatter vibration resistant. As 
milling tools rotate, their dynamics change with speed. Hence, the use of classical analytical 
methods of tuning absorbers that presume the primary system to have fixed parameters may 
result in suboptimal designs. To address this, we present methods to tune an absorber integrated 
within a rotating milling tool holder while accounting for its speed-dependent characteristics. The 
milling tool holder is modelled as a rotating cantilevered Euler-Bernoulli beam with small 
distributed viscous damping and a secondary absorber system attached at a point along its length. 
The governing equations of motion account for all the artifacts associated with rotation viz. 
gyroscopic, Coriolis, and the centrifugal effects. Rotational effects couple vibrations in orthogonal 
planes and make the cross frequency response functions as flexible as the direct ones. Since these 
speed-dependent dynamic characteristics govern the chatter-free machining stability limits, 
maximization of this limit is treated as the objective function to find the optimal mass, stiffness, 
and damping of the absorber. We find that an optimally tuned absorber using the proposed 
approach results in a~16.5 fold improvement in the chatter-free machining capability as 
compared to a~11.5 fold improvement using other classical methods of tuning the absorber.   

1. Introduction 

Milling of parts with deep pockets necessitates the use of long slender milling tooling systems. These slender tools tend to vibrate 
under the action of cutting forces. These process-induced excitations may result in large amplitude unstable regenerative chatter 
vibrations that may damage the part quality, the tool, and the machine tool system. Often, the only feasible solutions to mitigate such 
unwanted vibrations of slender tooling systems are to improve their dynamic stiffness and/or their vibration absorption capacity. 

Solutions for milling tooling systems to improve their vibration characteristics have involved the use of holders made of high 
strength composites [1–3], the use of constrained layer damping in tool holders [4], the use of damped collets inside milling tool 
holders [5], and the use of damping cores integrated within the tool holders [6,7]. Other solutions have focused on frictional damping 
within the tool [8,9], and on integrating tuned mass dampers (absorbers) [10–13] with the tool holders. Of these different methods, the 
methods of integrating absorbers within tooling systems are preferred due to their simple designs and ease of implementation. Further, 
it has also been established that the tuned absorber is practically viable in industrial settings [14]. Hence, this paper focuses its 
attention on integrating an optimally tuned absorber within milling tool holders to make them more chatter-resistant. 
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The design of absorbers for tooling systems involves selecting the mass, stiffness, and damping of a secondary oscillator attached to 
the primary tooling system such that some vibratory energy from the latter is transferred to the former and hence, dissipated from the 
primary system. While there exist many methods to guide the analytical tuning of absorbers for tooling systems [15–17], all methods of 
tuning assume the dynamics of the primary system to be constant. While this may hold true for tuning of absorbers for stationary 
boring tools [18–21], methods of tuning for rotating milling tooling systems in which the dynamics of the primary system change with 
rotational speed remains largely unexplored. 

In recent work, Ma et al. [22] discussed the tuning of an absorber integrated within a milling holder by accounting for the change in 
the dynamics because of the gyroscopic effects due to rotation. They however ignored potential infleunces of the Coriolis and cen-
trifugal effects. Their work was also limited to tuning the absorber for operation only at a fixed speed. Other recent work discussed the 
tuning of multiple absorbers to damp a machine tool structural component whose dynamics varied with changing position of the 
structural component during the cutting process [23]. However, since that work focused on tuning multiple absorbers to damp a 
structure with varying dynamics during cutting, the method of tuning presented in [23] is not directly relevant to the present case of 
tuning a single absorber to account for how dynamics changes with speed. 

Though examples from other domains exemplify tuning of absorbers while accounting for rotational motion, such as in paper roller 
machines [24], compressors [25], washing machines [26], as well as in other rotating systems [27], there appears to be no reported 
work addressing the tuning of absorbers for rotating milling tool holding systems that account for gyroscopic, Coriolis, and centrifugal 
effects. Since the source of vibrations in milling tool systems is self-excitation primarily due to the regenerative chatter instability 
arising out of the interactions between the cutting process and the dynamics of the tool which is different from the rotating unbalance 
in [24–27], the absorber tuning methods reported in [24–27] cannot be directly applied to the problem being studied in the current 
paper. 

The dynamics of rotating milling systems are more complicated than the case when the effects of rotation are ignored [28–34]. The 
gyroscopic, Coriolis, rotational inertia, and centrifugal effects of the system render the dynamics to be speed-dependent. Due to 
rotation, each zero-speed vibration mode splits into two for all non-zero speeds. The natural frequency of one mode increases with 
speed and this is known as the forward wave, and the other backward wave is characterized by natural frequencies that reduce with 
increasing speeds. Mode splitting also becomes a feature of the dynamics characterized by frequency response functions (FRFs). These 
FRFs exhibit two peaks for every mode at every non-zero speed as opposed to only a single peak for every mode at zero-speeds. 
Furthermore, gyroscopic and Coriolis effects couple vibrations in orthogonal planes [29], and this makes the cross FRFs (between 
directions) as dominant as the direct FRFs [33]. The change of dynamics with speed, combined with the relative magnitudes of both 
direct and cross FRFs becoming comparable, makes the tuning of an absorber to be integrated somewhere within the tool holder 
non-trivial. To fill this important technological gap in the existing literature, it is the explicit aim of this paper to present model-based 
methodologies to help guide the development of chatter-resistant damped milling tool holding systems in which the absorber is tuned 
accounting for the speed-dependent characteristics of the holder. 

The milling holder in this paper is modelled as a cantilevered Euler-Bernoulli beam with small distributed viscous damping as 
detailed in Section 2. Since the holder is slender, the Euler-Bernoulli beam is thought to be sufficient to capture its deformation 
behavior [35]. The beam is made locally hollow for a portion along its length to accommodate the absorber within it which is modelled 
as a lumped mass connected to the beam using a spring and a damper at a single point. This overcomes the shortcomings of other 
analytical methods that model the primary system as a simple single degree of freedom system and hence presume placement of the 
absorber at the free end of the beam. Since the free end is also the cutting end, those analytical solutions for tuning of the absorber may 
result in infeasible design solutions. Our formulation of a continuous beam with a locally hollow section facilitates placement of the 
absorber anywhere along the length of the holder. The analytical model for the beam presented herein accounts for gyroscopic, Co-
riolis, rotational inertia, and centrifugal effects. For the absorber, only the Coriolis and centrifugal effects are considered while deriving 
its governing equations of motion since the gyroscopic and rotational inertia effect drop off due to the assumption of the absorber as a 
lumped point mass. The governing equations of motion for the beam and the absorber are derived using the extended Hamilton’s 
principle [36]. 

Section 3 of this paper discusses how the dynamics of the holder without the absorber change with speed. Section 4 motivates the 
tuning of the absorber while accounting for the speed-dependent dynamic characteristics of the primary system. The maximization of 
the chatter-free milling stability limit is treated as the objective function to tune the absorber parameters. For characterizing the 
chatter-free milling stability limits, we use the well-established frequency-domain stability models reported in [37,38]. And, the 
numerical optimization scheme is based on the minimax method [39]. Section 5 of the paper presents the results of the optimization 
investigations, and contrasts those results with other methods of tuning that do not account for the speed-dependent dynamics. The 
main conclusions follow these discussions in Section 6. 

2. Analytical model of the rotating milling tool holder integrated with an absorber 

This section first discusses the constructional details of a possible design of a milling tool holding system with an absorber inte-
grated within it. This is followed by deriving the governing equations of motion for this system using the extended Hamilton’s 
principle. 

2.1. Possible design of a milling tool holding system integrated with an absorber 

A possible design of a damped slender milling tool holding system with a tunable absorber integrated within it is shown sche-
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matically in Fig. 1(a). The design shown in Fig. 1(a) builds on the successfully prototyped tuned mass damped stationary boring bar 
reported in [21]. The holder is shown to have a HSK63A type interface, though any other interface is also possible. The holder supports 
a face mill at its free end. The length from the gage plane is L, and the diameter of the holder is D. The diameter of the face mill may be 
the same as, or different than, D. The holder body is locally hollow to accommodate the absorber of mass md. The absorber is shown 
supported in two O-rings assumed to be made of linear viscoelastic materials. One O-ring is supported in an adaptor towards the free 
end of the holder, and the other O-ring is supported in a slider towards the fixed end of the holder. The slider translates inside the cavity 
using a grub screw type arrangement. The translation of the slider may compress or expand the O-rings, thus changing its stiffness and 
damping characteristics, and making this a tunable absorber. The absorber mass may also be changed for tuning as necessary. The 
adaptor is rigidly secured to the tool holder body using screws, and the face mill in turn, is rigidly secured to the adaptor. Torque 
transmission between the adaptor and the face mill is through the usual driving key type arrangement. The holder body is assumed to 
be made of steel with density ρ, and an elastic modulus E. Axes nomenclature in Fig. 1 is consistent with convention, in which the tool 
axis is always taken as Z. Though only a single grub screw is necessary for tuning, to ensure a symmetric design with no imbalances, 
another grub screw is mounted in a blind threaded hole diametrically opposite to the threaded hole for the tuning arrangement. The 
blind threaded hole with a grub screw is not shown in Fig. 1(a). 

Fig. 1(b) shows an equivalent schematic of the tool holder system to be modelled as a cantilevered Euler-Bernoulli beam with the 
absorber assumed to be lumped inside the beam at a distance zd from the fixed end. The actual contact interface between the holder and 
the machine’s spindle is more complex than the clamped boundary condition. The dynamics of the slender cantilevered tool can 
significantly be influenced by the actual contact conditions, by the tightening torque applied to the holder, and potentially also by the 
level of cutting force excitations the holder experiences [40]. However, since identifying those contact characteristics requires 
controlled experimentation [41], and since identification of joint characteristics is a separate research subject by itself, for in-
vestigations herein, the tool holder modelled as a clamped-free Euler-Bernoulli beam is thought be adequate. This approximation is 
consistent with other similar modeling approaches for slender damped tool holding systems [10–11,20–22]. Moreover, if the actual 
contact characteristics can be identified, incorporating the appropriate boundary conditions in the model is not difficult. And, though 
the dynamics of the primary system will undoubtedly change, the proposed procedures to tune the absorber will remain the same. 

The equivalent beam model assumes the holder can be modelled in three sections. Sections 1 and 3 are solid, and Section 2 is locally 

Fig. 1. (a) Possible design of a damped milling tool holding system, (b) Schematic of the equivalent cantilevered beam model with an absorber 
integrated within, (c) Deflected cross-section of the beam (section A-A) at location z from the fixed end, and (d) Transformation of coordinates from 
the fixed frame to the rotational frame. 
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hollow to accommodate the absorber. The hollow cavity starts at a distance a, and ends at a distance b from the fixed end, and has an 
inner diameter of d. Although the absorber is supported in two O-rings, the model assumes that these two O-rings can be approximated 
with an equivalent linear stiffness and damping of kd and cd, respectively. Since it is difficult to characterize the coupling of the 
absorber to the beam along its central axis in a 2D representation, Fig. 1(b) instead shows the absorber to be connected to the beam at 
its inner diameter. The face mill with a diameter of D and length Lr is assumed to be an integral part of tool holder. The milling tool 
holding system and its equivalent model is assumed to be symmetric about its central axis. 

2.2. Derivations of the governing equations of motion 

We discuss the energies of the beam and the work done on it, followed by a discussion about the absorber. We then apply the 
Hamilton’s principle to obtain the equation of motion, and then discuss methods of solution for free and forced vibrations. 

2.2.1. The beam 
The holder and its equivalent uniform beam model are assumed to be spinning about the Z-axis at an angular velocity of Ω rad/s. 

Since torsional modes are usually dynamically stiffer than the bending ones [35], in the present analysis, only bending flexibilities of 
the tool holder are considered, and the torsional flexibilities are ignored. Components of the displacement of an arbitrary point P 
belonging to the beam in the fixed frame (X − Y − Z), are u1, u2, and u3, respectively. At a cross-section z from the fixed end, U1, U2, 
and U3, are the components of displacement of a general point as measured in the rotating frame (x − y − z), The displacement of the 
central axis of the beam is assumed to be u and v along the x and y directions of the rotating frame (x − y − z), respectively and θx and 
θy are angular deflections in the x and y directions of the rotating frame (x − y − z), respectively. For simplicity, we have assumed that 
the central axis has no displacement along the z− direction, i.e., w = 0. Since the cross-section is allowed to rotate or twist about the 
Z-axis by ϕ (ϕ̇ = Ω), components of the displaced position vector of a general point P originally at a radius r from the central axis as 
shown in Fig. 1(c), in the fixed frame of reference can be shown to be: 

⎧
⎨

⎩

x1
x2
x3

⎫
⎬

⎭
=

⎡

⎣
cosϕ sinϕ 0
− sinϕ cosϕ 0

0 0 1

⎤

⎦

⎧
⎨

⎩

rsinθysinθxcosθ + rcosθysinθ + u
rcosθxcosθ + v

rcosθysinθxcosθ − rsinθysinθ

⎫
⎬

⎭
. (1)  

From the known position vector, the velocity of the point P can be found, and from that, the kinetic energy of the beam can be defined 
as: 

T =
1
2

∫ L

0

∫ R

0

∫ 2π

0
ρr
(

ẋ1
2 + ẋ2

2 + ẋ3
2
)

drdθdz. (2)  

Note that the expression for the kinetic energy above is independent of ϕ as it drops out using trigonometric simplifications. We assume 
the angular deflections in the x and y directions to be small. As such, sinθy ≈ θy, sinθx ≈ θx, cosθy ≈ 1 and cosθx ≈ 1. The angular 
deflections of the cross-section of the beam in the y − z plane and in the x − z plane in the rotational frame can be expressed as θx(z, t)
= − ∂v/∂z and θy(z,t) = ∂u/∂z, respectively. By ignoring the cubic and higher orders as well as products of θx and θy, and by integrating 
Eq. (2) with respect to θ (from 0 to 2π), and r (from 0 to R, wherein R is the radius of the beam), the kinetic energy of the beam can be 
shown to be: 

T =
1
2

∫ L

0

{[

ρA
((

∂u
∂t

)2

+

(
∂v
∂t

)2

+ 2Ω
(

v
∂u
∂t

− u
∂v
∂t

)

+ Ω2( u2 + v2)
)

+ ρIpΩ2
]

+ρI

[(
∂2u
∂t∂z

)2

+

(
∂2v
∂t∂z

)2]

+ 2ρIpΩ
[(

∂v
∂z

∂2u
∂t∂z

−
∂u
∂z

∂2v
∂t∂z

)]}

dz,

(3)  

wherein A is the area of cross-section of the beam, I is the diametrical area moment of inertia, and Ip is the polar moment of inertia. 
Note that A, I and Ip are all possible functions of z to account for the variation of the cross-sectional properties of the beam along its 
length. The kinetic energy expression above incorporates the influence of the Coriolis, centrifugal, rotational kinetic energy, rotational 
inertia, and gyroscopic terms. Only centrifugal effects resulting from the deflection of the central axis of the rotating beam about the 
axis of rotation were considered. Influence of runout on the centrifugal forces are presently ignored. 

For obtaining the potential energy, we assume that the beam cross-section remains plane after deformation and all the other ki-
nematic relations assumed for the Euler-Bernoulli beam are valid [35,36]. As such, the displacements of a generic point P (from [35, 
36]) in the rotational frame (x − y − z) can be written as: 

U1(x, y, z, t) = rsinθysinθxcosθ + rcosθysinθ + u(z, t) − rsinθ;

U2(x, y, z, t) = rcosθxcosθ + v(z, t) − rcosθ;

U3(x, y, z, t) = rcosθysinθxcosθ − rsinθysinθ. (4)  

Using the notions of linear strains and stresses, and since the beam is assumed symmetric about its central axis, strains of point P can be 
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expressed as: 

εxx =
∂U1

∂x
;

εyy =
∂U2

∂y
;

εzz =
∂U3

∂z
;

εxy =
∂U2

∂x
+

∂U1

∂y
;

εyz =
∂U3

∂y
+

∂U2

∂z
;

εzx =
∂U1

∂z
+

∂U3

∂x
. (5)  

In Eq. (5), strains are written in Cartesian coordinates while displacements of P are in polar coordinates therefore a proper conversion 
has been made as rsinθ = x and rcosθ = y in Eq. (4) before taking the derivatives. Under the assumptions of small angular deflections in 
the x and y directions, we have sinθy ≈ θy, sinθx ≈ θx,cosθy ≈ 1 and cosθx ≈ 1. This makes the shear strain εxy = 0, while the shear 
strains εyz and εzx are quadratic in θy and θx, and, as such can be dropped in a linear formulation as ours. Accordingly, the only non-zero 
strain to be considered for our problem is εzz for which the potential energy U of the beam can be written as [36]: 

U =
1
2

∫ L

0

∫

A
E ε2

zzdAdz, (6)  

wherein E is the modulus of elasticity. Substituting Eqs. (4) and (5) in (6) and integrating over the cross-sectional area, we get: 

U =
1
2

∫ L

0

[

EI
(

∂2u
∂z2

)2

+EI
(

∂2v
∂z2

)2]

dz, (7)  

wherein EI is the bending rigidity in both planes. 
Assuming there to be internal damping within the beam, the work done on the beam by those damping forces can be written as: 

Wf 1 =

∫ L

0
(fu1u+ fv1v)dz, (8)  

wherein fu1 and fv1 are the damping forces on the beam in the x and the y directions in the rotational frame, respectively. Also, the work 
done by the damping forces of the absorber on the beam can be written as: 

Wf 2 =

∫ L

0
(fu2u+ fv2v)δ(z − zd)dz, (9)  

wherein fu2 and fv2 are the damping forces on the absorber in the x and in the y directions in the rotational frame, respectively, and δ is 
the Dirac delta function, used because of our assumption of the absorber being lumped at a single location at a distance zd from the 
clamped end. 

Furthermore, since forces generated during the cutting process act on the tool, the work done on the beam by these external forces 
can be written as: 

Wf 3 =

∫ L

0
(fu3u+ fv3v)δ

(
z − zf

)
dz, (10)  

wherein fu3 and fv3 are the external forces acting on the beam in the x and the y directions in the rotational frame, respectively and the 
Dirac delta function accounts for the fact that the cutting forces are acting at a single point located at a distance zf from the clamped 
end. 

2.2.2. The absorber 
Since the absorber is assumed attached along the central axis of the beam, it rotates with the same angular velocity as that of the 

beam. The absorber’s deflections may hence similarly be defined as ud1 and ud2 in the fixed frame, and as ud and vd in the rotational 
frame, respectively. The transformations between these frames will remain similar to the ones shown in Fig. 1(d). And, since the 
absorber is modelled as a lumped mass fixed to be beam at zd, its kinetic energy Td can be shown to be: 
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Td =
1
2

∫ L

0

⎧
⎪⎨

⎪⎩
md

⎡

⎢
⎣

(
∂ud

∂t

)2

+

(
∂vd

∂t

)2

+ 2Ω
(

ud
∂vd

∂t
− vd

∂ud

∂t

)

+ Ω2( ud
2 + vd

2)

⎤

⎥
⎦+ JdΩ2

⎫
⎪⎬

⎪⎭
δ(z − zd)dz, (11)  

wherein Jd is the polar moment of inertia of the absorber. 
The potential energy of the absorber can be written as: 

Ud =
1
2

∫ L

0
kd
[
(ud − u)2

+(vd − v)2] δ(z − zd)dz, (12)  

and, the work done on the absorber by the damping forces of the absorber can be written as: 

Wf 4 =

∫ L

0
(fu4ud + fv4vd)δ(z − zd)dz. (13)  

wherein fu4 and fv4 are the damping forces of the absorber in the x and the y directions in the rotational frame, respectively. 

2.2.3. The extended Hamilton’s principle 
Having defined the energies of the beam and of the absorber, and having defined the work done on the system, application of the 

generalized extended Hamilton’s principle states that: 

δv

∫ t2

t1

(
T + Wf 1 + Wf 2 + Wf 3 + Wf 4 + Td − U − Ud

)
dt = 0, (14)  

wherein t1 and t2 are the time intervals in the dynamic trajectory, and δv is the variational operator. Substituting Eq. (4 – 14) and using 
the variational operator, and integrating each term by parts, the governing differential equations of motion of the rotating beam and of 
the absorber can be shown to be: 

ρA
(

∂2u
∂t2

)

+ 2ρAΩ
(

∂v
∂t

)

− ρAΩ2u − ρI
(

∂4u
∂t2∂z2

)

− 2ρIpΩ
(

∂3v
∂t∂z2

)

+ EI
(

∂4u
∂z4

)

+ kd(u − ud)δ(z − zd)

= fu1 + fu2δ(z − zd) + fu3δ
(
z − zf

)
;

ρA
(

∂2v
∂t2

)

− 2ρAΩ
(

∂u
∂t

)

− ρAΩ2v − ρI
(

∂4v
∂t2∂z2

)

+ 2ρIpΩ
(

∂3u
∂t∂z2

)

+ EI
(

∂4v
∂z4

)

+ kd(v − vd)δ(z − zd) = fv1 + fv2δ(z − zd) + fv3δ
(
z − zf

)
;

md

(
∂2ud

∂t2

)

+ 2mdΩ
(

∂vd

∂t

)

− mdΩ2ud + kd(ud − u)δ(z − zd) = fu4;

md

(
∂2vd

∂t2

)

− 2mdΩ
(

∂ud

∂t

)

− mdΩ2vd + kd(vd − v)δ(z − zd) = fv4. (15)  

wherein the first two equations represent the equations of motion of the beam in the x and the y directions, respectively, and the other 
two represent the equations of motion of the absorber, also in the x and the y directions, respectively. Note that the first two equations 
are partial differential equations and require appropriate boundary conditions for complete description of the problem. We have 
assumed an idealized cantilevered boundary condition, i.e., the beam is fixed at one end while it is free at the other end, for simplicity. 
The second, third, fourth, and fifth terms of the first two equations represent the Coriolis, centrifugal, rotational inertia, and gyroscopic 
effects of the beam. And, similarly, the second and the third terms in the absorber’s equations represent the Coriolis and centrifugal 
effects of the absorber. 

Assuming that the beam’s damping can be represented with a coefficient C, and that the absorber’s is cd, Eq. (15) can be updated to 

account for the influence of damping by assuming the damping forces to take the form of fu1 = − C
L

(
∂u
∂t

)

; fv1 = − C
L

(
∂v
∂t

)

; fu2 = − fu4 =

− cd

(
∂u
∂t −

∂ud
∂t

)

; fv2 = − fv4 = − cd

(
∂v
∂t −

∂vd
∂t

)

. Substituting these forces in Eq. (15), makes the equations of motion: 

ρA
(

∂2u
∂t2

)

+
C
L

(
∂u
∂t

)

+ 2ρAΩ
(

∂v
∂t

)

− ρAΩ2u − ρI
(

∂4u
∂t2∂z2

)

− 2ρIpΩ
(

∂3v
∂t∂z2

)

+EI
(

∂4u
∂z4

)

+

[

kd(u − ud)+ cd

(
∂u
∂t

−
∂ud

∂t

)]

δ(z − zd) = fu3
(
zf , t
)
;
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ρA
(

∂2v
∂t2

)

+
C
L

(
∂v
∂t

)

− 2ρAΩ
(

∂u
∂t

)

− ρAΩ2v − ρI
(

∂4v
∂t2∂z2

)

+ 2ρIpΩ
(

∂3u
∂t∂z2

)

+ EI
(

∂4v
∂z4

)

+

[

kd(v − vd)+ cd

(
∂v
∂t

−
∂vd

∂t

)]

δ(z − zd) = fv3
(
zf , t
)
;

md

(
∂2ud

∂t2

)

+ 2mdΩ
(

∂vd

∂t

)

− mdΩ2ud +

[

kd(ud − u)+ cd

(
∂ud

∂t
−

∂u
∂t

)]

δ(z − zd) = 0;

md

(
∂2vd

∂t2

)

− 2mdΩ
(

∂ud

∂t

)

− mdΩ2vd +

[

kd(vd − v)+ cd

(
∂vd

∂t
−

∂v
∂t

)]

δ(z − zd) = 0. (16)  

2.2.4. Modal analysis to obtain the reduced equations of motion 
We first obtain the mode-shapes associated with the various natural vibration modes of the continuous beam so that we can project 

the equations of motion for the transverse displacement of the beam’s central axis to the modal space. These mode shapes are defined 
for the zero rotational speed case with no damping and are assumed to be valid for every non-zero speed too. Since the beam is 
symmetric about its central axis, assuming solutions for the beam deflection in both directions as: 

u =
∑

j
quj(t)ψsj(z), (17)  

wherein u ≡ v, and wherein ψsj are the mode shapes of the beam, and the value of ‘s’ depends on the part/section of the beam 
considered, i.e., 1, 2, or 3 (see Fig. 1(b) for section numbering). quj(t) within Eq. (17) represents the time component of the dis-
placements, and ‘j’ within Eq. (17) represents the mode number. 

For each mode shape, the functional description of the displacements for all three parts of the beam are different, and can be 
represented as [36]: 

ψs = C1scos(βsz) + C2scosh(βsz) + C3ssin(βsz) + C4ssinh(βsz)

s =

⎧
⎨

⎩

1, 0 ≤ z ≤ a
2, a < z ≤ b
3, b < z ≤ L.

(18)  

The natural frequency of the beam for each mode is defined as [36]: 

ω = β2
1

̅̅̅̅̅̅̅̅
EI1

ρA1

√

= β2
2

̅̅̅̅̅̅̅̅
EI2

ρA2

√

= β2
3

̅̅̅̅̅̅̅̅
EI3

ρA3

√

, (19)  

and because of I1 = I3 and A1 = A3, the relationships between β1, β2 and β3 for each mode are: 

β2 = β1

[
I1A2

I2A1

]1
4

, β1 = β3. (20)  

Solutions for the unknown coefficients Cis, i = 1,2, 3,4 and s = 1, 2,3 can be obtained by applying the appropriate boundary con-
ditions at the fixed and free ends and the continuity conditions at the two interfaces between the different sections. At the fixed end, the 
slope and deflection are zero, i.e., 

ψ1(0) = 0; ψ ′

1(0) = 0, (21)  

and, the bending moment and shear forces are zero at the free end, i.e., 

EI3ψ ′′
3(L) = 0; EI3ψ

′′ ′

3 (L) = 0, (22)  

wherein‘′’, ‘′′’, and ‘
′′′

’ denote the derivatives with respect to ‘z’. 
Since the beam has three sections, compatibility conditions at the interfaces of z = a and z = b distances from the fixed end for 

ensuring continuity of displacements, slopes, shear forces and bending moments around the interfaces are: 

ψ1(a
− ) = ψ2(a

+); ψ2(b
− ) = ψ3(b

+);

ψ ′

1(a
− ) = ψ ′

2(a
+); ψ ′

2(b
− ) = ψ ′

3(b
+);

EI1ψ ′′
1(a

− ) = EI2ψ ′′
2(a

+);EI2ψ ′′
2(b

− ) = EI3ψ ′′
3(b

+);
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EI1ψ ′′′

1 (a
− ) = EI2ψ ′′′

2 (a
+); EI2ψ ′′′

2 (b
− ) = EI3ψ ′′′

3 (b
+); (23)  

wherein the superscripts ‘-’ and ‘+’ denote the positions slightly before and slightly after the interfacial point(s). 
The relationship between the twelve unknowns in the mode shape expression in Eq. (18) are obtained by using the eight 

compatibility conditions of Eq. (23) along with the four boundary conditions as listed in Eqs. (21) and (22). The solvability condition 
for the resulting set of 12 equations for the twelve unknowns gives us transcendental equations in β whose solutions are then used to 
determine the natural frequencies and mode shapes of this cantilevered beam with an intermediate hollow section. For each β, the non- 
trivial solution for the twelve unknowns gives us the scalable desired mode-shape. Substitution of the resulting mode shapes in Eq. (17) 
which is then substituted in Eq. (16) followed by multiplication of the first two equations in Eq. (16) by ψsi, and then integrating them 
from 0 to L, (while using the orthogonality property of the mode shapes), results in the following equations of motion: 

(
∑

i

∫ L

0
ρAsψsiψsidz

)

q̈ui +
∑

i

Ci

L

(∫ L

0
ψsiψsidz

)

q̇ui +
∑

i
2Ω
(∫ L

0
ρAsψsiψsidz

)

q̇vi−

∑

i
Ω2
(∫ L

0
ρAsψsiψsidz

)

qui −
∑

i

(∫ L

0
ρIsψsiψsidz

)

βsi
2q̈ui−

∑

i
2
(∫ L

0
ρIpsψsiψsidz

)

Ωβsi
2q̇vi +

∑

i

(∫ L

0
EIsψsiψsidx

)

βsi
4qui+

[

kd

(
∑

j
qujψsj − ud

)

ψsi + cd

(
∑

j
q̇ujψsj −

∂ud

∂t

)

ψsi

]

z=zd

= fu3
(
zf , t
)
ψsi; i, j = 1, 2, ⋯⋯

(24)  

∑

i

(∫ L

0
ρAsψsiψsidz

)

q̈vi +
∑

i

Ci

L

(∫ L

0
ψsiψsidz

)

q̇vi +
∑

i
2Ω
(∫ L

0
ρAsψsiψsidz

)

q̇ui−

∑

i
Ω2
(∫ L

0
ρAsψsiψsidz

)

qvi −
∑

i

(∫ L

0
ρIsψsiψsidz

)

βsi
2q̈vi+

∑

i
2
(∫ L

0
ρIpsψsiψsidz

)

Ωβsi
2q̇ui +

∑

i

(∫ L

0
EIsψsiψsidx

)

βsi
4qvi+

[

kd

(
∑

j
qvjψsj − vd

)

ψsi + cd

(
∑

j
q̇vjψsj −

∂vd

∂t

)

ψsi

]

z=zd

= fv3
(
zf , t
)
ψsi; i, j = 1, 2,⋯⋯

(25)  

md

(
∂2ud

∂t2

)

+ 2mdΩ
(

∂vd

∂t

)

− mdΩ2ud

+

[

kd

(

ud −
∑

j
qujψsj

)

+ cd

(
∂ud

∂t
−
∑

j
q̇ujψsj

)]

δ(z − zd) = 0;

(26)  

md

(
∂2vd

∂t2

)

− 2mdΩ
(

∂ud

∂t

)

− mdΩ2vd

+

[

kd

(

vd −
∑

j
qvjψsj

)

+ cd

(
∂vd

∂t
−
∑

j
q̇vjψsj

)]

δ(z − zd) = 0.

(27) 

For a single mode approximation, these four equations can be rewritten in a compact matrix form as: 

([M] + [M]R){q̈} + ([C] + [C]Co + [C]G){q̇} + ([K] + [K]Ce){q} = {f} (28)  

wherein {q} = {qui, ud, qvi, vd}
T , {f} = {fu3ψ si(zf ), 0, fv3ψsi(zf ), 0}T , (wherein ‘i’ in turn represents the mode number), [M] is the mass 

matrix, [M]R is the rotational inertia matrix, [C] is the damping matrix, [C]Co and [C]G are the damping matrices to compute the Coriolis 
and Gyroscopic effects, respectively, [K] is the stiffness matrix, and [K]Ce is the stiffness matrix to compute the centrifugal effect of the 
beam and the absorber. 

Note that the presence of the absorber causes a coupling between the various modal coordinates and hence, a systematic study of 
the higher modes will necessarily require us to consider a multi-mode approximation even though we have written a single mode 
approximation above. However, for a study involving the first mode (which is the most flexible one and hence, of interest to this study), 
a single mode approximation as written above is justified. This modal coupling between the various modal coordinates due to the 
absorber might require a multi-mode analysis for better convergence. However, in this preliminary study on including the effect of 
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rotational speed on the tuning of the absorber, we have avoided a multi-mode approximation for simplicity of understanding. This 
simplicity also facilitates comparison of the results from this study with the classical Den-Hartog approach of tuning the absorber 
which is based on a single mode approximation. 

Inclusion of the influence of the Coriolis, rotational inertia, gyroscopic and centrifugal effects of the holder and of the Coriolis and 
centrifugal effects of the absorber to develop a damped tooling system is a new and modest technical contribution to the literature in 
which prior work was limited to only considering the influence of gyroscopic effects in the design of damped milling tool holding 
systems. 

To characterize the free vibration problem and to investigate how the dynamics of the tool holder with an absorber integrated 
within it change with speed, Eq. (28) can be solved for every speed of interest for the case of {f} = {0}, and the resulting imaginary 
parts of the complex-valued eigenvalues will help obtain a sense of how the eigenvalues (natural frequencies) change with speed. 

To obtain the frequency response functions (FRFs), we assume that for a harmonic excitation, i.e., for 
fu3(t) = Fu3ejωt , fv3(t) = Fv3ejωt , the response too will be harmonic, i.e., qui(t) = Quiejωt , qvi(t) = Qviejωt ,ud(t) = Udejωt ,vd(t) = Vdejωt . 
The FRF matrix [H] hence becomes: 

[H] = [RM]

[ (
− ω2)([M] + [M]R) + (jω)([C] + [C]Co + [C]G)

+([K] + [K]Ce)

]− 1

[FM]

wherein, 

Fig. 2. Influence of the Coriolis, gyroscopic, centrifugal and combined effects on the speed-dependent tool holder dynamics characterized by natural 
frequencies. 
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[RM] =

⎡

⎢
⎣

ψs(zr) 0 0 0
0
0
0

1 0 0
0 ψs(zr) 0
0 0 1

⎤

⎥
⎦, [FM] =

⎡

⎢
⎢
⎣

ψs
(
zf
)

0 0 0
0
0
0

0 0 0
0 ψs

(
zf
)

0
0 0 0

⎤

⎥
⎥
⎦ (29)  

wherein ψs(zr) and ψ s(zf ) are the eigenvectors at the response and excitation locations, respectively. Solving Eq. (29) for a given speed 
and for the range of frequencies of interest, will result in the direct and cross speed dependent FRFs of the tool holding system with an 
absorber integrated within it. 

Forced vibration response of the tool holder and/or the absorber ({q}), is obtained by assuming the time-periodic milling cutting 
forces acting at the free end can be approximated by a single harmonic excitation of the form of fu3(t) = Fu3ejωt and/or fv3(t) = Fv3ejωt 

in the x and the y directions, respectively. Eq. (28), in a slightly modified form can then be easily solved to obtain {q} for different 
excitation frequencies (ω) of interest. 

Furthermore, if the speed-dependent behavior of only the tool holder system without the absorber is of interest, the locally hollow 
cavity within the tool holder is neglected, and the holder is considered to be a solid beam. As such, the beam will have only one section, 
and will not be partitioned into three sections as was done to accommodate the absorber. The assumed mode shape in Eq. (18) will 
hence have only four unknowns that need to be identified by using the boundary conditions at the fixed and free end listed in Eqs. (21) 
and (22). Furthermore, since there is no absorber, Eqs. (26) and (27) can be neglected, and the resulting simplified forms of Eqs. (28) 
and (29) can be similarly solved to obtain the speed-dependent dynamics and/or the speed-dependent FRFs of only the tool holder. 
This is presented in the next section to better appreciate the effect of the rotational spped on the dynamics of the tool holding system 
and motivate the optimization problem for the tuning of the absorber that will be set up in Section 4. 

3. Speed-dependent dynamics of the milling tool holding system without the absorber 

This section discusses how the dynamics characterized by natural frequencies and by the FRFs of the tool holder at the cutting point 
change with speed. All analysis herein is for the case of the tool without the absorber. The tool holder is assumed to be made of steel 
with its density being ρ = 7850 kg/m3, and its modulus of elasticity being E = 200 GPa. The tool holder is assumed to have a diameter 
D = 50 mm, and its length L from the gage plane is assumed to be 340 mm. This length includes a face mill of length Lr = 40 mm. 
Hence, the overall slenderness (L/D) ratio of the tool holding system is ~7. Damping of the holder is assumed to be of the form of Ci =

2ζ0Miω2
ni/ω, wherein Mi is the modal mass of the ith natural frequency ωni, ω is the excitation frequency, and the damping ratio, ζ0 is 

assumed to be 1%. 

3.1. Influence of the rotational speed on dynamics of the milling holder 

Dynamics characterized by natural frequencies changingwith rotational speed are shown in Fig. 2. Results in Fig. 2 are limited to 
characterizing only the dynamics of the tool represented by its first fundamental bending mode. Since the fundamental bending mode 
of the tool holding system is much more flexible than the higher frequency modes [35], all analysis herein is limited to only the first 
fundamental mode. To characterize how each of the Coriolis, gyroscopic, and centrifugal effects contribute differently to the change in 
the dynamics, Fig. 2 shows the results for when each of these effects is considered individually, and also for the case when all effects 
were considered together. Influence of select rotational effects were obtained by neglecting appropriate terms from the equations of 
motion listed in Eqs. (24) and (25). Since rotational inertia is independent of speed (see Eq. (15)), it is not shown in Fig. 2. 

In general, it is evident from Fig. 2 that the Coriolis, centrifugal, and gyroscopic effects all appear to contribute differently to the 
change in the dynamics. The gyroscopic effects have less of an influence on the speed-dependent dynamics as compared with the 
Coriolis and centrifugal effects. These observations are consistent with other related findings [30,31]. The centrifugal effect decreases 
the natural frequency, and does not split the mode into two, whereas because the Coriolis effects couple the two orthogonal directions 
in the rotational frame (see Eqs. (24) and (25)), the mode splits and there is a corresponding forward and backward mode each for any 
non-zero speed. The Gyroscopic effect also splits the mode into forward and backward modes but the change in frequency corre-
sponding to both modes is insignificant compared to the Coriolis effect. The first critical speed, i.e., the speed at which a natural 
frequency corresponding to a backward wave becomes zero, corresponding to the first mode occurs at ~18,270 RPM. 

The tool holding system of interest is designed to support medium sized face mills which can be used to cut many different ma-
terials. Since the expected cutting speeds (Vc) are not likely to exceed 1000 m/min (even for the case of cutting Aluminum), the 
maximum speed that the tool holder will rotate at will be ~6000 RPM (Vc = πDN). This speed is well below the first critical speed. 
Critical speed related instabilities are hence not of interest to us, and we are concerned only with how the dynamics change with speed. 

For the speed range of interest, i.e., up to a speed of ~6000 RPM, the natural frequency of the first mode changes from 306 Hz at the 
zero speed to 206 Hz for the backward wave, and to 406 Hz for the forward wave, i.e., a change of ~33%. These changes are not 
insignificant. Since the known methods [13,15–21] of tuning absorbers for tooling systems assume that the dynamics of the primary 
system do not change, those methods will clearly be inadequate. Moreover, most classical methods [13,15–19] of tuning assume that 
the primary system’s dynamics can be described by a single degree of freedom system. As such, tuning is then about finding the optimal 
ratios of frequencies and masses between the secondary and the primary systems. However, when every zero-speed mode splits in two 
for all non-zero speeds, there is no unique ‘optimal’ frequency and mass ratio. Hence the classical methods of tuning are clearly not 
appropriate in the case of systems with speed-dependent characteristics. Tuning an absorber for applications in tooling systems when 
there are multiple modes in the primary system and with each of those modes changing their character with speed, remains 
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unaddressed yet, and will be appropriately addressed in this paper. 
All analysis herein was limited to characterizing how the natural frequencies are speed-dependent. Though important, the change 

in natural frequencies does not directly govern the machining stability of the system, which is governed by the dynamics characterized 
by FRFs [37,38]. To get a sense of how the chatter-free stability of the milling tool holding system changes with speed, the change in 
FRFs with speed are characterized next. 

3.2. Influence of the rotational speed on the FRFs of the milling holder 

Dynamics characterized by FRFs changing with speed are shown in Fig. 3. As representative examples of how the FRFs change with 
speed, results in Fig. 3 are shown for the zero speed case along with FRFs evaluated at speed intervals of 1000 RPM, and up to a speed of 
6000 RPM – which is the maximum speed of interest. And, even though the FRFs are complex valued, Fig. 3 only shows their mag-
nitudes changing with speed. FRFs shown in Fig. 3 include the direct and cross FRFs evaluated at the cutting end. Since we assume the 
beam to be symmetric about its central axis, the direct x and y directional FRFs are the same, and the cross xy and yx directional FRFs 
are also the same. 

Changes in frequencies of the split modes observed in Fig. 3 are like those observed in Fig. 2. Also evident from Fig. 3 is that at zero 
speeds the cross FRFs are zero, and at any non-zero speed, the magnitude of the cross FRFs are almost the same as the direct FRFs at that 
speed. The cross FRFs becoming dominant at non-zero speeds are due to the Coriolis and the gyroscopic effects coupling the vibrations 
in orthogonal planes. Since cross FRFs also govern the chatter-free milling stability limits [37,38], factoring their speed-dependent 
characteristics in the design of damped tooling systems is important. Though important, this aspect remains unaddressed yet, and 
will be discussed in Section 4. 

4. The optimization problem 

Since the damped milling tool holding system is being designed to make possible chatter-free machining, the maximization of the 
chatter-free stability limit is treated as the objective function. The stability model used to estimate the chatter-free stability limit is first 
discussed herein, followed by describing the optimization problem that accounts for the speed-dependent dynamics of the tool holding 
system. 

4.1. Milling stability model 

Though there exist very many high-fidelity milling stability models, since the frequency domain model [37] is fairly accurate and 
computationally inexpensive, it facilitates the optimization investigations, and is hence preferred herein. As per the model, the stability 
of a milling system is determined using a modal model of the machine/tool and the following characteristic equation: 

det([I] +Λ[Hor]) = 0, (30)  

wherein, Λ = − Nt
4π aKtc(1 − e− jωcτ), and wherein Λ is the eigenvalue of the characteristic equation, Nt are the number of teeth on the 

Fig. 3. Influence of the rotational speed on the FRFs of the milling holder. (a) Direct FRFs, (b) Cross FRFs.  
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cutter, Ktc is the cutting force coefficient of the material being cut, a is the axial depth of cut, ωc is the chatter frequency, and, τ is the 
tooth passing period. The oriented directional matrix [Hor] within Eq. (30) is expressed as: 

[Hor] =

[
αxx αxy
αyx αyy

][
hxx(ωc) hxy(ωc)

hyx(ωc) hyy(ωc)

]

, (31)  

wherein αxx, αxy, αyx, and αyy are the averaged directional coefficients which depend on the radial engagement conditions of the tool 
with the workpiece, and on the cutting coefficients of the material being cut, and these can be determined as described in [38]. The 
FRFs hxx, hxy, hyx, and hyy are obtained by solving Eq. (29). 

Since maximizing the absolute chatter-free depth of cut is of interest to us, that critical limit, which is governed by the parameters in 
Eq. (30) and Eq. (31), can be analytically shown to be [38]: 

alim = −
2πRe(Λ)

NtKtc

(

1+
(

Im(Λ)

Re(Λ)

)2)

, (32)  

wherein Re(Λ) and Im(Λ) are the real and imaginary parts of the eigenvalue of the characteristic equation. 

4.2. Maximizing chatter-free stability limit by tuning the absorber 

The optimization problem is setup to find the equivalent stiffness (kd) and damping (cd) of the absorber for a given absorber mass 
(md) that maximizes the chatter-free stability limit over the range of speeds of interest. The objective function is hence defined as: 

maximize fobj(kd, cd) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅∑r=n

r=1
alim(Ωr,md)

n

√

subject to : 5 × 104 < kd < 5 × 107; 10 < cd < 1200.

(33)  

wherein n is the total number of rotational speeds Ωr that the absorber must be tuned for, and kd and cd are the stiffness and damping 
coefficients of the absorber, and bounds on it are taken from results in [21]. To maximize the objective function in Eq. (33) we prefer to 
use the Nedler-Mead algorithm [39]. For investigations herein, the initial guess for the absorber’s stiffness and damping coefficient is 
taken to be 5 × 105 N/m and 100 N-s/m, respectively. 

Since the damped tooling system of interest may be used to cut at any speed up to 6000 rpm, no weights are assigned for speeds 
during optimization. However, since the methodology is generalized, and if the damped tooling system is to be designed for specific 
cutting speed regimes, weights can easily be added to those speeds during the optimization procedure. 

For the absorber to be effective, it is expected to typically vibrate with amplitudes larger than the holder (at the absorber mounting 
location) such as to dissipate energy. Since the gap between the absorber and the holder is assumed to be fixed, for every combination 
of the optimized parameters, we check if there is any likelihood of the absorber impacting the holder. Since impacts may potentially 
destabilize the system, if the relative amplitudes of vibrations of the absorber and of the tool holder, i.e., u|zd

− ud, and/or v|zd 
− vd 

equals the gap, or is greater than the gap, those absorber parameters are suitably rejected from being potential ‘optimal’ candidates, 
and the search procedure is continued. 

5. Results and discussion 

For analysis herein, the tool holder is assumed to have the same specifications as described in Section 3, i.e., the holder has a 
diameter of 50 mm, and its slenderness ratio is ~7, which includes a face mill of 50 mm diameter and length of 40 mm. The face mill is 
assumed to have five teeth, i.e., Nt = 5, and it is assumed to be cutting Aluminium. Two cutting conditions are considered. In one case, 
cutting takes place in an up-milling mode with 50% radial engagement, and in the other case, slot milling is taking place with a 100% 
engagement of the tool with the workpiece. For all investigations herein, the radial and tangential cutting coefficients for Aluminium 
are assumed to be 200 and 800 MPa, respectively. 

The absorber integrated within the holder is assumed to be fixed at a distance of 227 mm from the fixed end. Moving the absorber 
any closer to the free end is constrained by the practical considerations of the holder supporting a face mill mounted on an adaptor (see 
Fig. 1). The local cavity within the holder to house the absorber is assumed to be of a diameter of 25 mm and of a length of 110 mm (i.e., 
a = 172 mm and b = 282 mm – see Fig. 1). And, even though the absorber is modelled as a lumped mass, it is assumed to have a 
diameter of 23 mm and a length of 100 mm. This makes for a 1 mm radial gap between the absorber and the hollow cavity in the holder. 
Since the size of the absorber is fixed, its mass may be varied by choosing materials of different densities. 

With the specifications described above, we first characterize how the optimized stiffness and damping vary with changing mass of 
the absorber. We also discuss how the maximized chatter-free stability changes with these parameters. This is followed by evaluating 
the speed-dependent dynamics of the tool holder integrated with a tuned absorber with fixed parameters. Finally, we present the 
stability characteristics of the optimally tuned and damped rotating milling tool holding system. We also present representative checks 
ensuring that the relative forced vibration response of the tool holder and the absorber combine is always less than the gap between the 
absorber and the holder. To contextualize our findings, where possible, we also contrast results obtained with procedures outlined 
herein with those obtained using the classical methods of tuning absorbers that do not account for the speed-varying characteristics of 
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the primary system. 

5.1. Dependence of the maximized chatter-free stability limit on the absorber’s parameters 

The maximized chatter-free depths of cut for different combinations of mass, stiffness, and damping of the absorber for the two 
different cutting conditions are summarized in Fig. 4. The figure also characterizes how the optimized stiffness and damping of the 
absorber change for different assumed values of its mass.The optimization problem evaluates the limiting depth of cut at discrete 
speeds, which in turn are based on evaluation of the dynamics of the tool holding system at those same discrete speeds. We hence 
assume that the speed range from 0 – 6000 RPM can be sufficiently described by 12 steps (i.e., n = 12) with step sizes of 500 RPM. 

To contextualize our findings, Fig. 4 also shows the results obtained from Den Hartog’s [15] classical method of tuning absorbers 
that suggests the optimal frequency and mass ratios as the ratios of the natural frequencies and the masses of the secondary and 
primary systems, respectively. As per [15], the optimal frequency ratio is given by: 1

1+μ , and the optimal damping ratio is given by: 
̅̅̅̅̅̅̅̅̅̅̅̅̅

3μ
8(1+μ )

√
, wherein μ is the mass ratio. Seeing how the optimal frequency and damping ratios are mass ratio dependent, evaluation of the 

Fig. 4. Optimized results for cutting of Aluminium in the 50% up-milling (left column) and in the slot-milling mode (right column), (a) Optimized 
stiffness of the absorber changing with the absorber’s mass, (b) Optimized damping of the absorber changing with the absorber’s mass, (c) 
Maximized chatter-free depths of cut changing with the absorber’s mass, stiffness, and damping. 
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modal mass of the primary system is essential. However, since the dynamics of the tool holding system are speed-dependent, and since 
each mode splits into two at every non-zero speed, the modal mass of each mode becomes speed-dependent. Furthermore, since there 
are two modes in the direct FRF and two also in cross FRF, and each of these changes their characteristics with speed, selection of the 
modal mass from FRFs is non-trivial. Hence, the modal mass for use in the Den Hartog’s method is instead taken to be the modal mass at 
the zero-speed. Since the zero-speed direct FRF has only one mode, and since the cross FRF is zero at the zero-speed, the modal mass of 
the primary system is determined from the direct FRF. The modal mass can be evaluated using any one of the standard modal 
identification techniques [42], and it is found to be 1.4146 kg. 

As is evident from Fig. 4 (a-b), the optimum stiffness and damping characteristics of the absorber increase with an increase in the 
mass of the absorber for the proposed method as well as for the Den Hartog’s method, and that the relationships are weakly nonlinear. 
Also evident from Fig. 4(a-b) is that the increase in the stiffness and damping characteristics obtained with the proposed approach do 
not appear to be strongly dependent on the engagement conditions. Furthermore, and interestingly, for a given absorber mass, the 
optimized stiffness found using the proposed approach is always higher than that predicted using Den Hartog’s method. And, though 
optimized damping obtained using Hartog’s method is always more than the proposed method, the differences are not as stark as in the 
case of stiffness. 

The difference in the maximized chatter-free depths of cut for the two different methods to optimize the absorber’s parameters is 
shown in Fig. 4(c), wherein the size of the circles correspond to the possible chatter-free depths of cut. Since stable depths of cuts are 

Fig. 5. (a) Influence of the Coriolis, gyroscopic, centrifugal and combined effects on the speed-dependent tool holder with absorber dynamics 
characterized by natural frequencies, (b) Influence of speed on the direct and cross FRFs of the milling tool holder with the absorber along with the 
speed-independent FRF of the holder without the absorber. 
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inversely proportional to the engagement conditions, the chatter-free axial depths for the 50% up-milling engagement conditions are 
higher than the case of slot milling. Also evident from Fig. 4(c) is that the possible depths of cuts obtained with the proposed method 
are always higher than the results obtained using Den Hartog’s method. This suggests that if absorbers are tuned to respect the speed- 
dependent dynamics of the primary system, then a better design for chatter-resistant milling tooling systems is possible. Moreover, 
since the proposed method does not result in analytical relationships between frequency, damping and mass ratios as with Den 
Hartog’s method, those relationships are deducible from results shown in Fig. 4, i.e., the results in the figure suggest what the absorber 
stiffness and damping should be for a given mass of the absorber. 

Based on the results in Fig. 4, it can be concluded that the chatter-free depth of cut increases with an increase in the absorber’s mass, 
stiffness, and in its damping. Since the stiffness and damping characteristics of the absorber are not known a priori, and largely depend 
on the elastomeric properties of the O-rings supporting the absorber, it is clear that a stiffer O-ring with higher damping will be 
favourable. Since O-rings are complex elastomers that may have different stiffness and damping characteristics in tension/compres-
sion, in torsion, and in shear, and since these materials exhibit frequency-dependent nonlinearities, selecting/designing/identifying 
materials with appropriate stiffness and damping characteristics is not trivial. And, since the damping performance of tooling systems 
is governed by stiffness and damping characteristics of O-rings, selecting/designing/identifying the appropriate material is paramount. 

If O-rings are to be selected from those that are available commercially and whose stiffness and damping characteristics are not 
known a priori, O-rings with different materials may be tried to investigate their influence on the damped response of the tooling 
system before deciding on the appropriate material, as was done in [13]. However, such a try-and-see approach could become 
cumbersome, since every time the O-rings are tuned, experiments may need to be repeated to get a sense of the comparative behavior 
of different materials. Alternatively, it is possible to identify its stiffness and damping characteristics using the ‘inverse receptance 
procedure’ in which parameters are identified from the measured receptance of the assembled damped tool and from the measur-
ed/modelled rigid body receptance of the absorber mass, as was done in [21]. This method can also be used to compare behavior of 
O-rings made of different materials. However, the approach too has limitations due to point coupling approximations. The method is 
also sensitive to measurement noise. Moreover, for every tuning setting, stiffness and damping characteristics will need to be identified 
afresh. It is also possible to design O-ring materials with desired, model-predicted optimal stiffness and damping characteristics. Design 
performance can be evaluated using ‘dynamic mechanical analyzers’, and if found appropriate those values can be used in models to 
predict the expected assembled damped system response. 

Since in the investigations herein, the size of the absorber and of the cavity it is housed in is fixed, to select an absorber with a higher 
mass, materials with higher density can be chosen. If on the other hand, the size of the hollow cavity within the holder and that of the 
absorber can also be changed, a change in absorber size along with a change in material can both bring about a change in the mass of 
the absorber, as desired. These results are hence useful to guide the design and development of damped tooling systems. 

5.2. Speed-varying characteristics of an optimally tuned and damped milling tool holding system 

Since our results suggest selecting an absorber with a higher mass, results herein are presented for an absorber having a mass of 
0.62 kg. Since the size of the absorber is assumed fixed, this mass corresponds to an absorber made of tungsten carbide that has density 
of ~15,000 kg/m3. We choose tungsten carbide since it is the preferred material for tuned mass dampers integrated within tooling 
systems [18,21]. The optimized stiffness and damping of the absorber for this mass was selected from the results in Fig. 4, and are kd 

= 2.1 × 106 N/m and cd = 444 N-s/m, respectively. The speed-varying characteristics of the tool holder integrated with this absorber 
are shown in Fig. 5, which also includes the speed-varying characteristics of only the tool holder (same as in Section 3). 

Natural frequencies changing with speeds are shown in Fig. 5(a), and the FRFs changing over the range of speeds of interest are 
shown in Fig. 5(b). Fig. 5(b) also shows the zero-speed FRFs for the damped tool as well as for the tool without the absorber, and the 
FRF obtained using the Den Hartog’s method of tuning the absorber. Since Den Hartog’s method is not suitable to investigate the speed- 
dependent dynamics, FRFs with it are limited to only the zero-speed case. Results in Fig. 5 are obtained by solving Eqs. (28 and 29), and 
hence they are independent of the cutting conditions. 

As is evident from Fig. 5(a), the absorber has the additional effect of the splitting the modes, i.e., in addition to the splitting due to 
the rotational effects such that for every speed there are now two modes, with their separate forward and backward components. This 
is evident from the speed-dependnet natural frequencies in Fig. 5(a), and the from the FRFs in Fig. 5(b). Also evident from Fig. 5(a) is 
that the zero-speed natural frequency of the first mode of the holder with an optimally tuned absorber is lower than the zero-speed 
natural frequency of the tool holder without the absorber. Also evident is that for the holder with the absorber, there are two crit-
ical speeds. The first of which occurs at ~8400 RPM. This has reduced from it being ~18,270 RPM for the tool holder without an 
absorber. And, even though the critical speed reduces, it is still higher than our speed range of interest. The reduction in the natural 
frequency and critical speed of the fundamental mode for the holder with the absorber is likely due to the added mass of the absorber. 

Interestingly, even for the case of the tool holder with an optimally tuned absorber, the centrifugal effects have more of an influence 
on the speed-dependent dynamic behavior than the Coriolis and/or the gyroscopic effects. Though the gyroscopic effect splits the 
beam’s mode, for the case of the absorber’s mode, since only Coriolis and centrifugal effects were considered in the model, no splitting 
is observed. 

Moreover, as is evident from the direct FRFs in Fig. 5(b), at zero-speeds, the peak magnitude of the flexible mode of the damped tool 
holder is reduced by ~92% in comparison to the tool holder without the absorber. This level of reduction is like that achieved by tuning 
the absorber using Den Hartog’s method – for which case, the optimal frequency and damping ratios are found from the known mass 
ratio. Also evident from the direct FRFs in Fig. 5(b) is how the magnitude of each of the non-zero speed mode(s) is lesser than the peak 
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magnitudes of the zero-speed mode(s). Also evident is how for the case of the cross FRFs, the magnitude of the most flexible peak tends 
to increase with speed. 

5.3. Chatter-free speed-dependent characteristics 

Stability behavior changing with speed is described herein. Since Eq. (32) only accounts for limiting depth of cut, influence of speed 
is accounted for as described in [38]. Predictions for the proposed approach are made with the same optimally tuned absorber pa-
rameters as those listed in Section 5.2. The resulting stability behavior for the case of up-milling with 50% engagement, and for the case 
of slot milling is shown in Fig. 6. To contextualize our results, Fig. 6 also includes stability behavior obtained with the dynamics of the 
tool holder without the absorber – for which case, only its zero-speed behavior is considered. Additionally, Fig. 6 also includes stability 
behavior obtained with the zero-speed dynamics of the tool holder integrated with the optimally tuned absorber using the proposed 
approach. To make comparisons furthermore meaningful, Fig. 6 also includes results obtained with Den Hartog’s method of tuning the 
absorber integrated within the tool holder. Results in Fig. 6 are limited to the speed range of interest. 

For the case of the holder integrated with an optimally tuned absorber, for every non-zero speed, the direct and cross FRFs are 
characterized by multiple modes, as shown in Fig. 5. With these speed-dependent dynamics, if, for example, the stability lobes were to 
be obtained using the speed-dependent behavior evaluated at a given speed, then, there would be multiple lobes corresponding to each 
mode in the FRF for that speed. The resulting continuous speed-dependent boundary between stable/unstable depths would be ob-
tained from a convolution of these multiple lobes. Since dynamics change with speed, constructing such stability lobes for the case of 

Fig. 6. Stability characteristics for the case of cutting with 50% engagement in the up-milling mode (left column) and in the slot milling mode 
(right column). 
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FRFs changing for every speed result in altogether different boundaries. And a global convolution of these multiple boundaries results 
in the speed-dependent stability behavior shown in Fig. 6. 

As is evident from Fig. 6, for the case of up-milling with 50% radial immersion, the minimum chatter free-stability limit for cutting 
with a holder without an absorber is 0.12 mm. Whereas for the case of the holder with an optimally tuned absorber, the chatter limit 
evaluated using the zero-speed dynamics of the system is 2.1 mm, a significant ~1650% improvement, even when speed-dependent 
dynamics are not accounted for. For the case of the tuning using Den Hartog’s methods, the improvement in the critical stable depth of 
cut over the case of a holder without the absorber is ~1150%. Though this is also a significant improvement, it is still less than the case 
of the holder tuned using the proposed approach. For stability evaluated with the tuned and damped holder’s dynamics changing with 
speed, the gains over the case of cutting with a holder without a damper are evidently speed-dependent, yet significant, and almost 
always greater than the case of using Den Hartog’s method of tuning. 

Improvements in stability behavior for cutting in the slot milling mode are like those observed for up-milling with 50% engage-
ment. In the slot milling mode, the minimum stable depth of cut for the holder without an absorber improves from 0.047 mm to ~0.78 
mm for the holder with an optimally tuned absorber using the proposed approach. 

The shift in the stability pockets observed in Fig. 6 are due to the dynamics being different with each method of tuning. As is also 
evident from Fig. 6, chatter frequencies for tuning the absorber using the proposed method that accounts for the speed-dependent 
dynamics are consistently higher than the chatter frequencies of the absorber tuned using the zero-speed dynamics. These observa-
tions are consistent with how the dynamics were observed to be speed-dependent in Fig. 3 and in Fig. 5. 

5.4. Check for relative forced vibrations levels being less than the gap 

Results herein discuss representative checks to ensure that the relative forced vibration response of the tool holder and the absorber 
combined is always less than the 1 mm gap between the absorber and the holder. Results herein are obtained with the same optimized 
absorber parameters that were used to generate results in Sections 5.2 and 5.3. To check the relative forced vibration levels, harmonic 
forces of the form of 200cosωt were applied at the free end of the tool, wherein ω, the excitation frequency was varied such that the 
tooth passing frequencies, ft (= Ω⋅Nt

60 Hz) ranged from 50 to 500 Hz. Since the maximum speed of interest is 6000 RPM, and since there 
are five teeth on the cutter, the highest tooth passing frequency corresponds to 500 Hz. The force magnitude of 200 N corresponds to 
the maximum in-plane peak force for cutting with a feed/tooth of 0.1 with an axial depth of cut of 2 mm for the case of cutting in the 
50% up-milling mode. This axial depth of cut lies just below the stability boundary shown in Fig. 6. 

Since forces act on the cutting end, and since we are only concerned with the response of the holder at the absorber mounting 

Fig. 7. (a) Maximum of the relative forced vibration levels between the holder and the absorber changing with tooth passing frequencies, (b) 
Representative cross FRFs between excitation at the free end of the tool holder and response at the absorber mounting location and at the absorber, 
(c) Representative examples of forced vibration response of the tool holder and of the absorber at different tooth passing frequencies (rota-
tional speeds). 
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location (u|zd
, v|zd

), at first, the cross FRFs between these locations are obtained from Eq. (29). Since the response of the absorber in 
both orthogonal directions (ud, vd) is also of interest, the cross FRFs between the free end of the holder and the absorber are also 
obtained solving the same set of equations. Furthermore, since the rotational effects couple vibrations in orthogonal planes, we also 
evaluate those speed-dependent cross-directional FRFs, i.e., between excitation in the x direction, and response in the y direction. All 
these FRFs are used to then estimate the relative forced vibration response, i.e., to estimate u|zd

− ud, and v|zd
− vd. 

The relative forced vibration response levels changing with tooth passing frequencies thus obtained are summarized in Fig. 7. These 
results were obtained by solving a slightly modified form of Eq. (28) by assuming an initial displacement and velocity are zero. Fig. 7(a) 
shows the maximum of the relative vibrations in either of the directions, i.e., max(u|zd

− ud) and max(v|zd
− vd). And, as is evident, the 

maximum of the relative vibrations in the x direction occur at the tooth passing frequency of 216.4 Hz. This corresponds to a spindle 
speed of ~2596 RPM. And, the maximum of the relative vibrations in the y direction occur at the tooth passing frequency of 309.7 Hz, 
which corresponds to a spindle speed of ~3716 RPM. Even at their maximum levels, the relative forced vibration response of the tool 
holder and the absorber combine are always less than the 1 mm gap between the absorber and the hollow cavity within the holder. 

The cross FRFs at the tooth passing frequencies that result in the maximum forced vibration levels are shown in Fig. 7(b), and the 
corresponding response of the tool holder at the absorber mounting location and that of the absorber are shown in Fig. 7(c). In Fig. 7 
(b), hu|zd

fu|zf
and hv|zd

fu |zf
corresponds to the cross FRF between excitation at the free end of the tool in the x direction and response 

evaluated at the absorber mounting location within the holder in the x and in the y directions, respectively. The other cross FRFs in 
Fig. 7(b), i.e., hudfu |zf 

and hvdfu |zf
corresponds to the cross FRF between excitation at the free end of the tool in the x direction and response 

of the absorber in the x and in the y directions, respectively. 
From Fig. 7(b) it is evident that the flexibility of the response of the absorber in the y direction increases with speeds due to the 

rotational effects coupling vibrations in orthogonal directions. Also evident from Fig. 7(b), is that the response of the absorber, is in 
general, more flexible than the response of the tool holder at the location where the absorber is attached with the tool holder in each 
direction. This suggests that vibrations are indeed transferred from the tool holder to the absorber, and the absorber dissipates that 
energy. This is also confirmed from the forced vibration response comparisons in Fig. 7(c). Also evident from Fig. 7(c) is that the 
amplitude of the response of the tool holder at the absorber mounting location is less than that of the absorber’s in both directions of 
interest. This confirms that for an absorber with these optimized parameters, there will be no collision between it and the tool holder 
that could potentially destabilize the system. 

6. Conclusion 

This paper addressed tuning of absorbers integrated within rotating milling tool holding systems while accounting for their dy-
namics changing with speed – something that was unaddressed previously. The milling tool holder was modelled as a damped and 
cantilevered Euler-Bernoulli beam, and the absorber was integrated within the beam. The governing equations of motion of the beam 
and the absorber were derived by accounting for the gyroscopic, Coriolis, rotational inertia, and the centrifugal effects. 

Model-based investigations of the tool holding system showed every zero-speed mode to split into two for every non-zero speed. 
The natural frequencies of the dominant fundamental mode of the tool holder without the absorber were observed to change by up to 
~33% over the speed range of interest. And the dynamics characterized by frequency response functions (FRFs) were also observed to 
exhibit strong speed-dependent behavior. And due to the rotational effects coupling vibrations in orthogonal planes, the cross re-
sponses were observed to be as flexible as the direct ones. Since these responses govern the chatter-free machining stability limits, 
maximization of this limit was treated as the objective function to find the optimal mass, stiffness and damping of the absorber while 
accounting for the speed-dependent characteristics of the tool holding system. 

Optimization investigations suggested that, in general, the chatter-free machining stability limits increase with an increase in the 
mass, stiffness, and damping of the absorber. Every combination of optimized mass, stiffness and damping of the absorber was checked 
to ensure that the relative forced vibration response was less than the gap between the absorber and the holder. For an optimally sized 
absorber, i.e., for an optimized mass, stiffness, and damping combination, peak magnitude of the most flexible mode in the direct FRF 
of the damped tool reduced by ~92%. For simulated cutting of Aluminium in the 50% up-milling mode and in the slot-milling mode, 
the optimally tuned absorber using the proposed approach was shown to result in a ~16.5 fold improvement in the chatter-free 
machining capability as compared to a ~11.5 fold improvement that might be possible using the classical method of tuning the 
absorber. 

The present study ignored any potential influence of runout. Runout, if/when present, will cause centrifugal forces, and that in turn 
will influence the steady state response of the system and change the speed-dependent dynamic behavior of the system characterized 
by FRFs. That may in turn influence how the absorber might need to be tuned differently. Moreover, runout will also change the 
regenerative delay in the system, with one tooth potentially cutting more than others and resulting in missed cut effects. The stability 
model to incorporate varying multiple delays due to runout will also change. Since modeling the effects of runout will require recasting 
the analytical and the stability model, those investigations could be pursued in future follow-on research. 

Methods herein can instruct the design and selection of elastomeric materials with higher stiffness and damping to support the 
absorber within the tool holder. Moreover, methods proposed are generalized enough to instruct the design and development of other 
chatter-resistant damped rotating slender tooling systems. 
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