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Abstract
Purpose Slender boring bars vibrate when excited by cutting forces to result in chatter. These chatter vibrations damage 
the part and the tool and hence must be avoided and/or suppressed. Usually, tuned absorbers integrated within the boring 
bar dissipate the motion of the boring bar and make stable cutting possible. However, since the boring bar’s dynamics 
change with loading and boundary conditions, optimally tuning the absorber becomes difficult. This prevents stable high-
performance cutting. To improve the cutting performance of a potentially detuned absorber within a boring bar, this paper 
presents a novel hybrid damping solution. The hybrid damper is composed of an absorber working in conjunction with an 
eddy current damper.
Methods To demonstrate the working of this hybrid damper, we model the boring bar as an Euler–Bernoulli beam. A per-
manent magnet is supported by a spring and damper within a copper section of a boring bar. The supported magnet acts as 
an absorber and the relative motion between the conductive copper bar and the magnetic field induces eddy currents that 
hinder the motion of the boring bar. Governing equations for the beam with an integrated damper are obtained by applying the 
extended Hamilton’s principle. Eddy current damping is evaluated by applying the Lorentz force law and the Biot–Savart law.
Results Our analysis suggests that the improvement in the chatter-free depth of cut with a hybrid damper over the case 
with a detuned absorber is as much as ~ 500%. And, when the absorber is optimally tuned and the hybrid damper takes its 
maximum possible value, the chatter-free depth of cut for both cases was found to be the same, suggesting that if/when the 
absorber can be optimally tuned, the eddy current damper offers no additional benefit.
Conclusion Since optimally tuning an absorber is difficult, our proposed hybrid damper offers a feasible solution to improve 
cutting performance with slender boring bars. Moreover, since our models are generalized, the approach may also be used 
to explore the integration of such hybrid dampers within other tooling systems such as milling tool holders.
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Introduction

Slender boring bars are flexible and hence susceptible 
to unstable chatter vibrations. These vibrations degrade 
machined surface quality, accelerate tool wear, and dam-
age the tool. Since deep hole boring using slender tools has 
many important technological applications, suppressing 

chatter vibrations in boring has received sustained research 
attention. Efforts have centered on developing boring tools 
with materials having high stiffness and/or damping, on the 
use of passive dynamic vibration absorbers of the tuned 
mass kind, the use of particle and impact dampers, and the 
use of active vibration damping techniques. A nice over-
view of these is summarized in the seminal review paper on 
methods of chatter suppression [1]. Of these varied methods 
for improving damping, vibration absorbers are usually pre-
ferred due to their simple working principle, their relative 
ease of implementation, their not requiring external energy 
sources, and their low costs.

Vibration absorbers are typically characterized as a mass-
spring-damper system attached to a primary system that they 
are to dissipate energy from. Their performance is governed 
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by the ability to optimally tune the ratios of mass, frequency, 
and damping between the absorber and the primary system. 
Though there exist many methods to guide optimal tuning 
of the absorber [2–8] all methods presume the dynamics of 
the primary system to be fixed and unchanging. However, as 
research has shown, the dynamics of cantilevered tools such 
as boring bars change with loading, speed, and with bound-
ary conditions [9–13]. Furthermore, the elastomeric mounts 
that support the absorber mass and provide the necessary 
stiffness and damping usually exhibit nonlinear character-
istics and make optimal tuning difficult [9, 14]. Changing 
dynamics of the primary system and difficulties in optimally 
tuning the absorber may result in a detuned system, i.e., a 
system in which the absorber is not optimally tuned. This 
may in turn degrade the performance of the absorber and 
compromise its ability to suppress chatter vibrations.

To address the need to suppress chatter vibrations with 
a boring bar integrated with a potentially detuned vibration 
absorber, this paper proposes the use of an eddy current 
damper to work in conjunction with the absorber. Eddy cur-
rent dampers are contactless and do not modify the primary 
system and can be easily integrated within a boring bar by 
simply replacing the absorber mass with a permanent mag-
net. The eddy current thus induced due to the relative motion 
between the conducting boring bar and the magnetic field 
will produce resistive viscous forces that will help dissipate 
energy. Characterizing the workings of such a novel hybrid 
damper is the focus and main contribution of this paper.

Though the use of eddy currents in our proposed manner is 
new, because of the advantages they offer, eddy currents have 
found use in several other dynamical systems such as in brakes, 
for suppression of rotor vibrations, and in isolation of struc-
tural vibrations [15, 16]. Eddy current damping has also been 
used to successfully suppress beam vibrations [17–20]. In the 
context of machine tool systems, eddy current dampers have 
been used to suppress chatter vibrations in the milling of thin-
walled parts [21], to suppress spindle vibrations in a robotic 
milling process [22], to develop non-contacting fixtures for 
chatter-free machining of cantilevered workpieces [23], and to 
design a tunable clamping table to avoid chatter in milling [24].

Though absorbers and eddy current dampers have 
proved effective when used in their individual capacities, 
there are studies reporting the advantage of using both 
together [25–31]. In some exemplary work, improve-
ments in damping of cantilevered systems were reported 
with a permanent magnet as the concentrated mass of 
the absorber [25–27]. Separately, the performance of an 
eddy current–tuned mass damper combined for differ-
ent permanent magnet topologies was reported in [28]. 
Other work also demonstrated an adaptive tuned mass 
damper based on shape memory alloys and eddy currents 
[29]. And, yet other work demonstrated the effective-
ness of an eddy current tuned mass damper to damp 

vibrations of an offshore wind turbine [30] and a long 
gun barrel [31].

Though previous studies on eddy current dampers and 
absorbers combined with eddy current damping have guiding 
significance for the present work, in all previous work, the mag-
net was placed outside the artefact to be damped, and hence 
those findings are not directly relevant to our application of inter-
est in which any magnet must be integrated within the boring 
bar, and not outside of it such as to not reduce the boring bar’s 
effective working length. Since the magnet must be placed inside 
of the boring bar, it must be supported in mounts. And since 
it must be supported in mounts that have a finite stiffness and 
damping, and since the magnet has mass, it also acts as a vibra-
tion absorber. And, since the magnet moves relative to the boring 
bar, it also induces eddy currents that resist the motion of the 
boring bar. This combination of the magnet as an absorber and 
one that induces eddy current damping is a new concept and is 
the main novelty of the paper. Model-based analysis of this new 
concept is the main new technical contribution of this paper.

Moreover, in most previous research on damped tool-
ing systems, the primary system to be damped was almost 
always modelled as a single degree of freedom system. 
While that approximation may have been reasonable for 
those systems of interest, modelling the boring bar as a 
single degree of freedom system presumes attachment of 
the damper at the free end of the cantilevered tool, which 
is also the cutting end, and hence any design solution may 
not necessarily be feasible and/or practically realizable.

To realize a design of a boring bar integrated with 
a hybrid damper, i.e., an absorber working in conjunc-
tion with an eddy current damper, we present systematic 
model-based parametric investigations. A schematic of a 
possible design is shown in Fig. 1.

The boring bar is cantilevered. The free end supports 
the cutting cartridge. The cartridge is mounted on an end-
plug which is solid and made of copper. That section is 
connected to another copper section that is partly hollow. 
The cavity within that section accommodates the damp-
ing artifacts. If the boring bar is to be used with only an 
absorber, the damping artefact will consist of the absorber 
mass supported in two O-rings that provide the necessary 
stiffness and damping. There is a slider and a tuner to 
tune the absorber as necessary. If the bar is to be used 
with a hybrid damper, a permanent magnet can replace the 
absorber mass, as necessary. The partly hollow section is 
screw mounted on another section that is solid and made 
of steel. Copper is preferred due to its conductivity being 
high. And, to ensure that eddy currents that are generated 
due to the relative motion of the magnet do not leak across 
the interfaces, the end plug is also made of copper.

Since the absorber/magnet is placed away from the cut-
ting end and since it is of interest to damp the response 
at the free end to enable chatter-free machining, classical 
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model-based methods [2–4] to tune the absorber that pre-
sumes it is located at the free end are not suitable. This 
aspect is addressed herein by modelling the boring bar as 
a damped cantilevered Euler–Bernoulli beam, which, as 
has been reported elsewhere too, is the appropriate method 
to model slender tooling systems [6–10]. The absorber is 
modelled as a point mass-spring-damper system placed any-
where along the beam. This model and the model for eddy 
current damping effects are detailed in the ‘Modeling’ sec-
tion of the paper. All analysis presented herein is for the case 
of a stationary boring bar with a rotating workpiece.

Since the magnet must be incorporated inside of the bor-
ing bar, there is hence a complex interaction between the 
dynamics of the primary boring bar system, the eddy current 
damping effect, and the magnet as an absorber. The para-
metric analysis presented in this paper characterizes these 
complex interactions. Such analysis is new and has not been 
reported on in the published literature. Since an experimen-
tal route to characterize these complex interactions would 
require many prototypes to be built, with which we would 
have to adopt a try-and-see approach, and since such a strat-
egy would be time-consuming and cost-prohibitive, we 
prefer the model-based approach in this paper. The model-
based analysis is expected to instruct prototype development, 
which can be tested in future works.

Model-based parametric investigations are presented in the 
section titled ‘Evaluating eddy current damping and tuning 
the absorber’. We characterize the role of the eddy current 
damper and the absorber. To tune the absorber/magnet placed 
away from the cutting end, we maximize the chatter-free 
stability limit, which we treat as the objective function in a 
numerical scheme based on the minimax method [8]. We also 
present a comparative analysis of the proposed hybrid damper 
with that of a solid boring bar and with that of a boring bar 
integrated with a (sub)optimally tuned absorber. That analysis 

is presented in a section titled ‘Comparative analysis with 
the hybrid damper’. That analysis is followed by conclusions.

Dynamical Model of the Boring Bar Integrated 
with a Hybrid Damper

The governing equations of motion of the boring bar inte-
grated with a hybrid damper are derived herein using the 
extended Hamilton’s principle, followed by a discussion on 
methods to solve for the free and forced vibration response. 
The slender boring bar of length L and diameter D is mod-
elled as a clamped-free damped Euler–Bernoulli beam. 
Since the bar is stiff along its axis, and since only the flex-
ibility in the radial direction influences its machining stabil-
ity [32], only the radial direction (X direction) flexibility is 
considered.

A schematic of the model of the boring bar is shown in 
Fig. 2. The model follows the design shown in Fig. 1. The four 
sections of interest are highlighted in Fig. 2. The first section 
extends up until a distance a from the fixed end. In this section, 
the bar is solid, and the material is steel. The second section 
is hollow and made of copper. It starts at a , and extends up to 
b from the clamped end. The magnet/absorber of mass Md is 
assumed lumped and attached at a distance zd from the fixed 
end within this section. Though the mass is supported in two 
O-rings, the model approximates them with an equivalent stiff-
ness Kd and damping Cd , respectively. And, though the mass 
is attached along the beam’s axis in the model, the schematic 
shows it attached to the inner diameter of the beam. The third 
section is solid and made of copper and the fourth section is 
also solid but made of steel.

The eddy current damping force acting on the beam is also 
assumed to be acting at a distance zd from the clamped end. 
Since the eddy current damping effect is modelled to be super-
posed with the absorber, both damping effects are shown to be 
in parallel in the schematic in Fig. 2.

Fig. 1  Schematic of a damped boring bar integrated with a hybrid 
passive damper

Fig. 2  Schematic of a boring bar modelled as an equivalent cantilever 
beam integrated with a hybrid passive damper
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Assuming the deflection of the beam as ‘ u ’ along the radial 
direction, the kinetic and the potential energy of the beam can 
be defined as [33]:

where in � is the density of the beam, A is the cross-sectional 
area, u is the displacement of the beam, E is the modulus of 
elasticity, I is the area moment of inertia, and EI represents 
the bending rigidity. E, I,A, � are function of the section of 
interest, i.e., of z.

Since the beam is damped, the work done by the internal 
damping (ID) force, fID on the beam can be written as:

Since the absorber will also damp beam motion, the damp-
ing forces of the absorber, fD on the beam can be written as:

where in � is the Dirac delta function.
Moreover, since the magnet moving inside a copper cyl-

inder will generate an eddy current damping force, the work 
done by the force, We,beam on the beam can be written as:

where in fe is the eddy current damping force on the beam 
and is obtained as described in the next subsection.

Furthermore, since the force generated during the machin-
ing process will also act on the tool, the external work done by 
this cutting force, fc on the beam can be written as:

where in zf  represents the location of the cutting insert from 
the clamped end.

As above, the kinetic and potential energies of the 
dynamic vibration absorber (DVA) can be similarly defined 
as:

(1)Tbeam =
1

2
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(
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)2

dz,
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where in ud is the displacement of the absorber in the radial 
direction.

Work done on the absorber by the damping force, fD,DVA 
of the absorber can be written as:

and, the work done by the eddy current damping force, fe,DVA 
on the absorber can be written as:

Using definitions of energies of the beam and the absorber, 
and considering the work done in the system, the generalized 
extended Hamilton’s principle can be applied as [33]:

where in �v is the variational operator, and t1 and t2 are the 
time intervals in the dynamic trajectory.

Substituting the energies of the beam and the absorber 
and the work done on each from Eqs. (1–10) into Eq. (11), 
and assuming that the beam’s damping can be represented 
with a coefficient Cb , and that the absorber’s is Cd , and that 
Ceddy is the eddy current damping coefficient, and further 
assuming that the damping forces can take the form of 
f
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 , the resulting governing 

differential equation of motion of the beam and the absorber 
can be simplified and shown to be:
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If the response of the beam with only an absorber was of 
interest, Ceddy could be neglected in the above equations. If, 
however, the influence of eddy current damping was also of 
interest, Ceddy should be evaluated as described next.

Evaluating the Eddy Current Damping

We evaluate the eddy current damping for a magnet that has 
a length Lm and radius Rm and that is placed inside the hol-
low cavity within Sect. 2 of the boring bar–see Figs. 1 and 
2. The copper cavity has an inner radius of rc and an outer 
radius of Rc . Its length Lc is assumed the same as the magnet 
for purposes of evaluation of the eddy current damping.

When the boring bar vibrates, the relative motion between 
the magnet and the conductor will induce a time-varying 
magnetic field that will generate eddy currents in the cop-
per conductor. The magnetic field induced by these eddy 
currents generated in the conductor will be such that it will 
oppose the initial magnetic field induced due to the relative 
motion between the magnet and the conductor. Due to the 
generation of eddy currents and the resistance of the con-
ductor, the mechanical energy due to vibration will likely 
dissipate through Joule heating in the conductor. Since the 
boring bar will vibrate when excited with cutting forces, the 
magnetic flux will keep changing and eddy currents will 
keep regenerating, thereby dissipating energy continuously.

The force generated due to eddy currents can be obtained 
from the Lorentz force law, and can be shown to be [18]:

where in J is the induced total eddy current density, B is the 
magnetic flux density, and V  is the volume of the conduc-
tor. The eddy currents induced in the conducting material 
depend on the cross product of the magnetic flux and the 
velocity, i.e., J = �(v × B) , wherein � is the conductivity of 
the conductor.

Since the radial component of the magnetic field density 
is parallel to the velocity of the beam, it does not contribute 
to the generation of eddy currents, and only the axial compo-
nent does. And, though eddy current generation is a complex 
multi-physics phenomenon, the magnetic flux density at any 
point in space due to the permanent magnet can be obtained 
analytically using the Biot-Savart law, and then this elemental 
analysis can be integrated for the whole length of the conduc-
tor. For the configuration shown in Fig. 3, the axial magnetic 
flux density at any point ( r, z ) can be shown to be [34]:
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where in �o is the permeability of the free space, z1 is the 
distance from the center of the magnet in the Z-direction, 
and Mo is the magnetization constant, and C(k) and D(k) are 
the elliptical integrals of the first and second kind, respec-
tively [34]:

where in k is [34]:

From Eqs. (14)–(18), the damping force on the beam 
can be shown to become:

The eddy current damping force is evaluated by using the 
Gauss-Quadrature method to numerically solve the elliptical 
integrals. The direction of the force opposes the direction of the 
velocity of the beam and can be explained from Eq. (14) and 
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Fig. 3  Schematic representation of the permanent magnet within a 
copper tube
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from Fig. 3–in which the direction of the velocity of the beam 
is considered along the X-direction (magnet’s radial direction), 
and the axial component of the magnetic flux density is along 
the Z-direction. Considering î  , ĵ  , and k̂ to be the unit vectors 
along the X, Y, and Z directions, respectively, the direction of 
the damping force would be 

(̂
i × k̂

)
× k̂ = −̂i  , i.e., it would be 

opposite to the direction of the velocity of the beam.
Equation (19) can be re-written as:

where in Ceddy is the eddy current damping coefficient to 
be used in Eqs. (12)–(13). From Eq. (15) it is evident that 
Ceddy is a function of the magnet’s geometry ( Lm , Rm ) and its 
grade ( Mo ), and of the gap in between the magnet and the 
conductor ( rc − Rm ), as well as of the thickness ( Rc − rc ) and 
material of the conductor ( �).

Solving the Governing Equations of Motion

To solve the governing differential equations of motion for a 
beam integrated with a hybrid damper, we assume the modal 
solution of the beam can be written as:

where in qr represents the time component of the displace-
ment of the beam at any location ‘ z ’, ��r are the mode shapes 
of the beam, ‘ � ’ depends on the section of the beam consid-
ered i.e., 1, 2, 3, or 4 , and ‘ r ’ represents the mode number. 
The mode shapes that depend on the section of the beam in 
consideration can be written as [33]:

The natural frequency of the beam, irrespective of the 
sections will remain ‘ω’ and can be expressed in terms of β 
and the geometrical parameters of each section as:

Sections 1 and 4 are made of steel and have different 
cross-sectional geometries. Likewise, Sects. 2 and 3 are 
made of copper and have different cross-sectional geom-
etries. Hence, the relationship between �1, �2, �3 and �4 can 
be re-written as:
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The appropriate boundary conditions at the clamped end 
are:

i.e., the slope and deflection are zero, and, at the free end, 
the shear force and the bending moment are zero:

Since the model of the boring bar assumes four sections, 
to ensure continuity, the compatibility conditions such as the 
deflection, slope, shear force, and the bending moment at the 
interface z = a from the fixed end are:

Similarly, the compatibility conditions at the interface 
z = b from the fixed end are:

and the compatibility conditions at the interface z = c from 
the fixed end are:

where in the superscripts ‘−’ and ‘ + ’ denote the positions 
slightly before and slightly after the interfacial point(s), 
respectively, and ‘ʹ’, ‘ʺ’, and ‘ʺʹ’ denote the first, second, 
and third derivatives with respect to z.

The four boundary conditions in Eq. (25) and in Eq. (26) 
and the twelve compatibility conditions in Eqs. (27, 28, 29) 
are used to solve the sixteen unknowns in the mode shape 
expression in Eq. (22). The solution to these will result in 
equations in � , which then can be solved to find the natural 
frequency of the beam, and in turn the mode shapes. The 
obtained mode shapes are substituted in the assumed solu-
tion in Eq. (21), and the assumed solution is in turn substi-
tuted in the governing equations of motion of the beam and 
absorber in Eq. (12) and Eq. (13).

Multiplying the updated Eq. (12) and Eq. (13) with mode 
shape ��s , where s is mode number and integrating from 
zero to the length of the beam, and by using the property of 
orthogonality of the mode shapes, Eq. (12) and Eq. (13) are 
transformed as:
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These equations, i.e., Eq. (30) and Eq. (31) represent the 
equations of motion of the beam and the absorber in the X 
direction, respectively, and ‘ r ’, ‘ s ’ represents any two differ-
ent modes of the beam. These equations can be written in a 
compact matrix form as:

where in {q} =

{
qs, ud

}T  , {f } =

{
fc��s

(
zf
)
, 0
}T  , and [M] 

represents the mass matrix, [C] represents the damping 
matrix, and [K] represents the stiffness matrix.

Since the free and forced vibration response are both 
of interest, and since forced vibration response is best 
characterized using frequency response functions (FRF), 
to obtain the FRFs, the excitation and the response is 
assumed to be harmonic, i.e., fc(t) = Fce

i�t , q(t) = Qei�t , 
and ud(t) = Ude

i�t . Thus, the frequency response function 
matrix [H] becomes:

where in [R] =
[
�� (zr)0;01

]
 is the response matrix, and 

[F] =
[
�� (zf )0;00

]
 represents the forcing matrix, wherein 

��

(
zf
)
 and �� (zr) are the eigenvectors at the excitation and 

response location, respectively.
Having detailed the analytical model for evaluating the 

dynamics of a boring bar integrated with a hybrid damper, 
parametric analysis for the eddy current damper and meth-
ods to tune the absorber are discussed next.

Evaluating Eddy Current Damping and Tuning 
the Absorber

Since the eddy current damping effect is a function of the 
geometry of the magnet and of the size of hollow copper 

(30)

q̈s

⎛⎜⎜⎝

L

∫
0

𝜌𝛾A𝛾𝜙𝛾sdz

⎞⎟⎟⎠
+ q̇s

⎛⎜⎜⎝
Cb

L

L

∫
0

𝜙𝛾s𝜙𝛾sdz

⎞⎟⎟⎠
+ qs

⎛⎜⎜⎝
E𝛾 I𝛾 𝛽

4

𝛾

L

∫
0

𝜙𝛾s𝜙𝛾sdz

⎞⎟⎟⎠

+

�
Cd

��
r

q̇r𝜙𝛾r − u̇d

�
𝜙𝛾s + Kd

��
r

qr𝜙𝛾r − ud

�
𝜙𝛾s

+Ceddy

��
r

q̇r𝜙𝛾r − u̇d

�
𝜙𝛾s

�
𝛿
�
z − zd

�
= fc

�
zf , t

�
𝜙𝛾s,

(31)

Mdüd+

[

Kd

(

ud −
∑

r
��rqr

)

+
(

Cd + Ceddy
)

(

u̇d −
∑

r
��rq̇r

)]

�
(

z − zd
)

= 0.

(32)[M]{q̈} + [C]{q̇} + [K]{q} = {f },

(33)[H] = [R]

[
1(

−�2
)
[M] + (i�)[C] + [K]

]
[F]

cavity, and since the magnet is also an absorber, and since 
any change in its size and/or a change in the size of the 
hollow copper cavity will change the way in which the 
absorber must be tuned, both mechanisms of damping 
are linked. An optimal solution to the problem will likely 
require setting up a multi-variable optimization problem 
seeking to find a balance between the damping offered by 
the eddy current damper and by the absorber. However, 
since setting up such a multi-variable optimization prob-
lem is difficult, we instead size the eddy current damper 
based on model-based parametric investigations. Those 
discussions are first presented herein. We follow those 
discussions with separate discussions on the model-based 
tuning of an absorber.

All model-based analysis is presented for a representa-
tive case of the boring bar with a diameter of 25 mm and a 
length of 200 mm, i.e., for the case of the length to diameter 
ratio being 8. The bar has the same constructional features 
as shown in Fig. 1 to accommodate the hybrid damper. The 
solid section at the fixed end is assumed made of steel with 
a density of �1 = 7850kg∕m3 and a modulus of elasticity of 
E1 = 200GPa . The hollow section is made of copper with 
a density of �2 = 8960kg∕m3 and a modulus of elasticity of 
E2 = 120GPa. The end plug of length 28 mm is also made 
of copper with the same properties. The cartridge at the free 
end of length 30 mm that is made of steel is not prismatic, 
and is hence modelled to have an equivalent diameter of 
~ 19 mm. The length and cross-sectional features of the sec-
ond section are determined based on parametric analysis 
(discussed next) of the influence of the size of the absorber 
and the eddy current damper. The length of the solid section 
at the fixed end depends on the length of the hollow section 
and is adjusted accordingly such that the total length remains 
200 mm.

The mode-dependent structural damping of the boring bar 
is assumed to be of the form Cbs

=
2�bMs�

2
ns

�
 , wherein Ms is the 

modal mass of the sth natural frequency, � is the excitation 
frequency, and �b is assumed to be0.3%.

Eddy Current Damping

It is evident from Eq. (15) and Eq. (20) that the eddy cur-
rent damping scales with the magnet’s grade and with the 
material of the conductor—parameters that are constrained 
by the grade of the magnet that is commercially available 
and by the choice of the conductive material. On the other 
hand, dependence of Ceddy of the conductor’s thickness, on 
the magnet’s size, and on the gap in between the magnet 
and the conductor is less intuitive. Since the outer diameter 
of the boring bar is fixed to be 25 mm, and since a wall 
thickness of 2 mm is thought necessary for the boring bar 
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to have sufficient strength against bending, we investigate 
herein only how Ceddy changes with the magnet’s length and 
with the gap in between the magnet and the conductor.

These characteristics are shown in Fig. 4. A change in 
the length of the magnet is associated with a correspond-
ing change in the length of the conductor (see Fig. 3), and 
a change in gap can be thought to be brought about by a 
change in the diameter of the magnet. Results in Fig. 4 
assume the use of a neodymium magnet of the N52 grade 
that has a magnetization constant of 5.45 × 10

5A∕m [35] 
placed inside a copper conductor with a conductivity of 
5.8 × 10

7S∕m.
Analysis in Fig. 4 is limited to the range of 0.5 mm to 

2.5 mm for the gap and to the range of 60 mm to 100 mm 
for the length. Since the magnet will also work as an 
absorber, and since absorbers vibrate with amplitudes 
larger than the primary system to dissipate energy, and 
since potential vibrations of the boring bar can be of the 
order of several hundred micrometers [5], gaps (between 
the magnet and the conductor) lower than 0.5 mm may 
result in infeasible design solutions. Similarly, since the 
overall length of the boring bar is 200 mm, of which some 
is taken up by the cutting cartridge at the free end and 
some by the solid section towards its fixed end, and since 
the magnet is housed in the hollow middle section, lengths 
of the magnet greater than 100 mm might also not result 
in feasible designs.

As is evident from Fig. 4, Ceddy , in general, reduces 
with an increase in the gap between the magnet and the 

conductor and increases with an increase in the length of 
the magnet. Though the dependence is nonlinear, results 
suggest that the gap should be as low as possible and the 
magnet should be also long as possible, i.e., if the size 
of interest is commercially available. Since magnets of 
20 mm diameter and 80 mm lengths are available, the 
magnet’s size is fixed as such. Fixing the size of the mag-
net also fixes its mass for its use as an absorber.

Tuning the Absorber

The absorber’s performance is governed by its mass, stiff-
ness, and damping, and the relationship of these param-
eters with those of the system being damped. Usually, 
these parameters are tuned using Den Hartog’s [2] clas-
sical method that approximates the primary system as an 
undamped single degree of freedom system. This approxi-
mation presumes absorber placement at the free end. Since 
the absorber is placed away from the free end, we instead 
suggest tuning the absorber by maximizing the boring bar’s 
chatter-free absolute minimum stable depth of cut.

To maximize the chatter-free depth of cut, we use the 
classical model that suggests that the limiting speed-inde-
pendent depth of cut, blim is a function of the real part of the 
boring bar’s FRF in the radial direction and of the radial 
cutting force coefficient [5]:

Since blim is governed by the dynamics characterized 
by the FRF, we set up an optimization problem to find the 
absorber’s parameters ( Kd,Cd ) for a given mass ( Md ) of the 
absorber that is fixed based on the already selected size of 
the magnet. The objective function to maximize the chatter-
free depth of cut is:

We maximize Eq. (35) using the Nelder–Mead optimi-
zation algorithm [36]. The search space for stiffness and 
damping is informed by reports in [8], and the initial guess 
for the stiffness and damping of the absorber are taken as 
1 × 10

3 N/m and 100 N-s/m, respectively.
Having discussed the evaluation of eddy current damp-

ing, and the method of tuning the absorber, we next present 
a comparative analysis of the dynamics and chatter-free 
cutting capability of the proposed hybrid damper and com-
pare its behavior with that of a solid boring bar without an 
absorber, and with that of a boring bar integrated with a 
(sub)optimally tuned absorber.

(34)blim = −
1

2KrRe[H]

(35)
maximize fobj

(
Kd,Cd

)
=

(
blim

)

subject to ∶ 1 × 102 < Kd < 1 × 107;10 < Cd < 500

Fig. 4  Eddy current damping changes with the length of the magnet 
and with the gap in between the magnet and the conductor
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Comparative Analysis with the Hybrid Damper

Dynamics and chatter-free cutting capability of a boring bar 
with a hybrid damper, i.e., one in which an eddy current 
damper works in conjunction with an absorber is discussed 
herein. The performance of the hybrid damper is also con-
trasted herein with the case of the boring bar integrated with 
an absorber that may or not be optimally tuned by maximiz-
ing the chatter-free depth of cut. For maximizing the chatter-
free depth of cut, we assume cutting of aluminum with a 
radial cutting force coefficient of 580 N/mm2. These results 
are also contrasted with the dynamics and cutting capability 
of a solid boring bar without a damper integrated within it. 
All analysis herein is limited to discussing only the first fun-
damental bending and most flexible mode of the boring bar.

Analysis herein limits the comparisons to the case of an 
absorber placed at a length of 102 mm from the fixed end. 
The eddy current damping effect also acts at the same loca-
tion. Constructional restrictions prohibit the placement of 
the absorber any closer to the free end. Since the absorber 
mass is to be subsequently replaced by a permanent magnet 
for the case of the hybrid damper, and since steel and the 
magnet made of neodymium have similar densities, we limit 
analysis herein only for the case of using an absorber made 
of steel, even though an absorber made of tungsten carbide 
might fare better [8]. The steel absorber/magnet is assumed 
to be cylindrical with a diameter of 20 mm and a length of 
80 mm, with an equivalent density of 7850kg∕m3 and a mod-
ulus of elasticity of 200GPa . The mass, Md hence becomes 
0.190 kg. To house this absorber/magnet, the hollow cavity 
within the copper section of the boring bar is assumed to be 
of a length of 100 mm.

For the case of a boring bar integrated with only a steel 
absorber with a mass of 0.190 kg, Kd and Cd were identified 
by solving Eq. (35) to be 1.485 × 10

6 N/m and 211.5 N-s/m, 
respectively. These parameters may be treated as optimally 
tuned. The dynamics characterized by the real part of the 
frequency response function at the free cutting end for such 
a boring bar with an optimally tuned absorber is shown in 
Fig. 5. To contextualize the improvement in the dynamics 
with dampers, Fig. 5 also shows the response of a solid bor-
ing bar made of steel. And as is evident, the minimum of 
the real part of the FRF for the optimally tuned absorber is 
~ 76.6 times dynamically stiffer. And, since the chatter-free 
depth of cut is inversely proportional to the minimum of the 
real part of the FRF, a corresponding improvement in the 
cutting performance is expected.

However, since it may not be always possible to opti-
mally tune absorber parameters due to changing loading and 
boundary conditions, the absorber’s stiffness and damping 
may take on values other than optimal, i.e., it will become 
detuned. It is also possible that the absorber’s support 

stiffness and damping parameters remain the same, i.e., at 
their originally set parameters, and the primary system’s 
dynamics change. In this case, also the absorber will become 
detuned, since, if it was tuned correctly, it would likely have 
been tuned to match the original dynamics of the primary 
system. In either case, the system is detuned. And since the 
aim of this paper is to investigate the influence of an eddy 
current damper working in conjunction with such a poten-
tially detuned absorber, instead of assuming that the primary 
system’s dynamics change to make the absorber detuned, we 
instead assume that the primary system’s dynamics remain 
unchanged and that the absorber’s support stiffness and 
damping change.

If, for example, the absorber’s mass remained 0.190 kg, 
and its support stiffness and damping were taken to be 
1.478 × 10

6 N/m and 62 N-s/m, respectively, i.e., parameters 
other than optimal, then the response of the boring bar with 
such a detuned absorber would become as shown in Fig. 5. 
And as is evident, the boring bar with a detuned absorber 
does not fare as well as the boring bar with an optimally 
tuned absorber.

Now, if the hybrid damper was to work in conjunction 
with such a detuned absorber since the overall damping 
is a superposition of that from the eddy current damper 
(149.14 N-s/m) and that from the absorber’s support, the 
total damping would become 211 N-s/m, i.e., the total damp-
ing can at most take on a value that is optimal for a properly 
(optimally) tuned absorber. And, for such a case, i.e., the 
case of a hybrid damper, the response shown in Fig. 5 is 
significantly stiffer than the response of a boring bar with a 

Fig. 5  Real part of the FRF for different configurations of the boring 
bar
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detuned absorber, and as dynamically stiff as the response 
of a separate system with only an optimally tuned absorber. 
This suggests that the eddy current damper does indeed play 
a compensatory role and improves the damping performance 
of a boring bar with a sub-optimally tuned absorber.

If detuned, the absorber’s/magnet’s support stiffness and 
damping could take on many other different values than 
those reported above. These values cannot be known a pri-
ori. The stiffness and damping parameters of the absorber 
are hence varied over a range to evaluate what role, if any, 
the eddy current damper plays to improve the overall vibra-
tion damping capacity. Figure 6 provides an overview of the 
performance of a hybrid damper in which the absorber is 
detuned and compares that response to only an absorber that 
is potentially detuned by taking on many different param-
eters that are other than optimal. The performance in Fig. 6 
is characterized by the minimum of the negative part of the 
real part of the FRFs.

Since the optimal damping was found to be 211.5 N-s/
m, and since the eddy current damper provides a constant 
damping of 149.14 N-s/m, damping for the absorber/mag-
net support in the case of the hybrid damper is varied only 
between 0 and 62, such as to always keep the total damping 
below the optimal level, i.e., below 211.5 N-s/m. No such 
restrictions are imposed on the support stiffness. For the case 
of the detuned absorber only, the damping can take any value 
between 0 and the optimal. Hence, Fig. 6 has two scales for 
the damping axes. The scale for damping of the absorber 
varies between 0 and 211.5 N-s/m–see Fig. 6(a), and the 

scale for the hybrid damper varies between 149.14 N-s/m 
and 211.5 N-s/m as shown in Fig. 6(b).

It is clear from Fig.  6 that for all possible stiffness 
parameters investigated, when the absorber’s damping is 
less than that of the hybrid damper and when the absorber 
is not optimally tuned, i.e., when the absorber is detuned, 
the hybrid damper fares better than the detuned absorber 
as characterized by the min(Real(FRF)). This confirms that 
the results shown in Fig. 5 are not one-off, but the hybrid 
damper can improve damping behavior consistently across 
many possible detuning scenarios for the absorber. It is fur-
ther clear from Fig. 6 that when the total damping for both 
configurations of the boring bar, i.e., for the hybrid damper 
and for a boring bar with only an absorber, is the same, the 
min(Real(FRF)) is also the same. This suggests that as the 
absorber’s parameters come closer to the optimal param-
eters, the response of a boring bar with only an absorber 
compares with the hybrid damper.

Since the purpose of the damped boring bar is to improve 
the chatter-free depth of cut, Fig. 7 characterizes how the 
absolute minimum chatter-free depth of cut ( blim ) varies for 
the same parameter sets shown in Fig. 6. Depths of cuts 
evaluated and shown in Fig. 7 are based on the minimum of 
the negative part of the real part of the FRFs shown in Fig. 6, 
and for assumed cutting of aluminum with a radial cutting 
coefficient of 580 N/mm2. Figure 7(a) shows the variation 
of the chatter-free depth of cut for different parameters of a 
potentially detuned absorber, and Fig. 7(b) shows how the 

Fig. 6  Minimum of the real part of the FRF shown changing with 
varying support parameters for: (a) a boring bar with a potentially 
detuned absorber, (b) a boring bar with a hybrid damper

Fig. 7  Minimum chatter-free depth of cut shown changing with vary-
ing support parameters for: (a) a boring bar with a potentially detuned 
absorber, (b) a boring bar with a hybrid damper
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depth of cut changes for different parameters of the hybrid 
damper.

As is evident from Fig. 7, when the damping of the 
absorber is less than the damping provided by the hybrid 
damper, i.e., for the case of a boring bar with a detuned 
absorber, blim for the hybrid damper is higher than it is for 
a boring bar with only a detuned absorber. Since blim is 
inversely proportional to the min(Real(FRF)), trends seen 
in Fig. 7 follow those in Fig. 6. Improvement in the chatter-
free depth of cut with a hybrid damper over the case with 
a detuned absorber is as much as ~ 500%. And, when the 
absorber is optimally tuned and the hybrid damper takes 
the maximum possible value of 211.5 N-s/m, the chatter-
free depth of cut for both cases is 0.46 mm. And, though 
this is a whopping 2456% improvement over the case of 
a solid boring bar without any damper, for which case the 
blim is 0.018 mm, since the chatter-free depth of cut for both 
damped cases was found to be the same, it suggests that if/
when the absorber can be optimally tuned, the eddy current 
damper offers no additional benefit.

Conclusions

This paper demonstrated the workings of a new type of 
hybrid damper to be integrated within a boring bar to facili-
tate chatter vibration-free cutting. The hybrid damper con-
sisted of an eddy current damper working in conjunction 
with a vibration absorber. Analysis for the performance of 
such a hybrid damper was supported by systematic model-
based parametric investigations. We modelled the slender 
boring bar as an Euler–Bernoulli beam. A permanent mag-
net was supported in a spring and damper within the bor-
ing bar. The supported magnet acted as an absorber and the 
relative motion between the conductive copper bar and the 
magnetic field induced eddy currents to hinder the motion of 
the boring bar. We showed that when the absorber was not 
optimally tuned, as is often the case with changing boundary 
conditions and loading scenarios, the eddy current damper 
plays a compensatory role and makes up for any potential 
loss of damping due to the absorber being detuned.

Improvement in the chatter-free depth of cut with a hybrid 
damper over the case with a detuned absorber is as much 
as ~ 500%. Since our proposed hybrid damping concept 
consistently results in better vibration damping capacity 
of the boring bar for many different detuned parameters of 
the absorber’s support stiffness and damping as opposed to 
a boring bar with just a detuned absorber, our solution is 
robust to changes. However, when the absorber is optimally 
tuned and the hybrid damper takes its maximum possible 
value, the chatter-free depth of cut for both cases was found 
to be the same, suggesting that if/when the absorber can be 

optimally tuned, the eddy current damper offers no addi-
tional benefit.

Model-based analysis presented herein can inform the 
design of a prototype for experimental validation, which is 
necessary, and can form part of future follow-up research. 
Furthermore, since our models are generalized, they can also 
be used to guide the integration of hybrid dampers in other 
tooling systems that suffer from lack of performance due to 
potentially detuned absorbers. One such case could be mill-
ing in which the dynamics of the primary system change 
with speed and that makes tuning the secondary absorber 
system difficult.
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