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Abstract
Purpose This paper characterizes the dynamics and stability of metal cutting circular saws with distributed and lubricated 
guides. Though stability of point spring-guided circular saws is well studied, how the mass, damping, and stiffness properties 
of the fluid media between the rotating saw and distributed guides influences the saw’s stress–stability relationship remains 
unexplored. Characterizing these aspects and describing how the fluid induces speed-dependent viscous shear stresses on 
the saw to potentially influence its cutting behaviour are the main new technical contributions of this paper.
Methods The governing equation of motion is solved using the Galerkin projection method, and through model-based 
investigations, we analyse the role of different lubricating fluids with differently sized guides and with changing clearances 
between the saw and the guides. We characterize the frequency–speed behaviour of the saw for its critical speeds and the 
forced vibration response of the saw using the frequency response function.
Results We note that stiffness of the fluid media plays a more significant role than its mass, damping, and/or viscosity. For 
large guides with stiff fluids and small clearances, instabilities occur at speeds lesser than the critical speed. For similar 
configurations, forced response characteristics are at least an order of magnitude dynamically stiffer than the case of the 
unguided saws. We further note that the free and forced vibration response for two smaller guides is better than one larger one.
Conclusions Our findings can instruct sizing and placing guides and in selecting appropriate fluid media for stabilizing 
metal sawing processes.

Keywords Sawing dynamics · Vibrations · Stability · Critical speed · Frequency response function

Introduction

Rotating circular saws are fed into metal bars and tubes to 
cut them to lengths of desired sections. To minimize kerf 
losses, saws are made thin. Being thin makes them flexible. 
They therefore tend to vibrate during free rotations, and even 
more so during cutting process-induced excitations. Under 
certain conditions, excitations, and speeds, these vibrations 
can grow and result in critical speed-related instabilities, 
regenerative instabilities, buckling instabilities, and/or flut-
ter instabilities. To limit these instabilities, saws are usually 
guided.

Guides placed at some distance away from the rotating 
saw provide bearing surfaces to constrain the saw’s lateral 
motion. Often, the fluid between the guide and the saw is 
air or water, or a mix of these [1–3]. Sometimes, during 
the cutting of metals, guides are lubricated with oils, or oil 
mists, and/or with grease. These lubricants also help reduce 
friction between the swarf and the saw tooth, cool the cutting 
region, and sometimes flush away the swarf from the cut-
ting region. Depending on the fluid in use, lubricated guides 
can provide varying levels of additional stiffness, mass, and 
damping, and affect the viscous shear on the saw. A precise 
understanding of the stress–stability relationship due to the 
complex interactions between the spinning saw and the dis-
tributed and lubricated guides is essential to prevent unstable 
vibrations. Since such analysis remains unaddressed in the 
literature, it is the main aim of this paper to address that 
research gap by proposing new, expanded, and realistic mod-
els to guide stable sawing processes.
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The stability problem of spinning discs constrained 
by stationary load systems is common to circular sawing 
processes, to disc drives, and to brakes and clutches. The 
problem is hence well studied and understood [4–9]. The 
allied problem of a stationary disc with concentrated rotat-
ing loads has also been studied [10–15]. In the context of 
guided circular sawing, modelling the interaction between 
the saw and lubricated guide is not trivial, and hence the 
stationary load systems, i.e. the guides are usually mod-
elled as spatially fixed linear elastic springs [2, 6, 16–18], 
and sometimes as spring–mass–damping systems [19, 20]. 
Introduction of multiple guides modelled as point springs 
has been reported to increase critical speeds more than a 
single guide. Damping is reported to play a stabilizing role 
below the critical speed, and potentially cause instabilities 
at speeds higher than the critical speeds. Mass appears to 
play no role. Though guides are recommended to be placed 
near the cutting zones, the optimum number, location, and 
relative flexibilities of such guides influencing saw stability 
is a matter ongoing study. Moreover, existing theories for 
saws with stationary loads modelled as spring–mass–damp-
ing systems requires some extension to cover the case of the 
lubricating fluid potentially influencing the state of stress in 
the saw. Characterizing this behaviour is our modest new 
technical contribution to the state of the art.

Since the fluid media can potentially affect the stress 
state in the saw, its influence can be thought akin to those 
devices and applications in which the stationary load also 
influences the saw’s stress state such as in disk drives, and in 
brakes and clutches. In those applications, since the load is 
always in contact, friction at the interface loads the spinning 
discs in circumferential shear and tends to destabilize cer-
tain vibration modes over the entire rotational speed range 
[8, 12, 21–23]. Moreover, heat generation at the interface 
due to friction may change the dynamics and stability of 
the disk [24]. In metal sawing, however, there is always a 
finite amount of clearance between the rotating saw and the 
fixed guide. Moreover, since there is a fluid in the clearance, 
heat generation at the interface may also not be as important 
as it is applications in which the load is always in contact. 
Hence, findings from allied fields of disk drives, brakes, and 
clutches are not directly relevant for our investigations.

Since circular sawing of metals is almost always con-
ducted in the presence of distributed and lubricated guides, 
and even though the fluid may influence circumferential 
shear in the saw and destabilize it like in the case of disc 
drives, and brakes and clutches, industrial praxis does not 
report saws always becoming unstable in the presence of 
lubricated guides. This discrepancy between theory and 
practice is likely due to the inadequate theoretical model 
for circular sawing with distributed and lubricated guides. 
Though there have been attempts at modelling the influ-
ence of viscous fluids between rotating discs and stationary 

constraints [25, 26], those studies did not investigate how 
the fluid influences the state of stress in the saw, and hence 
are not appropriate for our application of interest. Hence, 
an effort is made herein to make a more accurate model that 
accounts for how the viscous shear caused by the fluid is also 
a function of the saw’s rotation speed.

The intention of this paper is to describe the features of a 
saw with lubricated guides that control its cutting behaviour. 
Since metals are cut at speeds typically lower than criti-
cal, and since critical speed instability is generally reached 
before the buckling instability condition [27] and/or the 
flutter instability condition [28, 29], we limit our analysis 
in this paper to the sub-critical and critical regimes. Since 
saws experience forced excitation during cutting, we also 
analyse forced vibration response at typical cutting regimes. 
Though cutting forces can result in regenerative instabilities, 
those are presently ignored. Moreover, though the saw has 
multiple teeth, and even though their geometry may influ-
ence the forced vibration response, in this paper, attention 
will be confined to the dynamics of the saw subject to forces 
distributed over a sector that is in contact with the work-
piece, and the influence of teeth geometry will be ignored. 
We also ignore the role of the properties of the metal being 
cut and focus only on the saw’s dynamics. We also focus 
herein only on saws made of standard steels and ignore the 
role of dynamics influenced by saws made of materials with 
high specific strengths [30].

Since the saw’s geometry, its boundary conditions, its ini-
tial stress state, its speed of rotation, the size and the number 
of guide pads being used, the lubricant media between the 
saw and the guide, and the distance of guide pad(s) from 
the saw may each govern the dynamics of the system, and 
since the experimental try-and-see approach is prohibitive 
and expensive and experiments to test for critical speeds and 
other instability mechanisms can be destructive and damage 
parts of the equipment, this paper will adopt model-based 
investigations that will incorporate all major influences on 
the saw vibrational response to help instruct the design of 
stable sawing processes. Model-based investigations pre-
sented herein are expected to help inform experiments in 
future works.

Since the dynamics of spinning discs is an important 
technological problem, the literature on the subject is vast 
and varied, and it is not our aim to critically review the many 
seminal contributions made over the past century. However, 
to contextualize the main differentiating aspects of our work 
from other prior work, we draw attention to:

1. how our inclusion of the lubricating fluid affecting the 
saw’s stress state and how the stress state also depends 
on the saw’s speed is different fromn previous reports 
[8] in which the shear stress was assumed constant, and 
as such our treatment is more realistic,
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2. how our modelling of the guide(s) being distributed is 
different from other reports [2, 6, 16–20] and is also 
more realistic,

3. how our modelling of the mass, damping, and stiffness 
properties of the fluid being a function of the guide size 
and its placement relative to the saw is realistic, and is 
different from earlier reports [2, 6, 16–20],

4. how our modelling treatment facilitates easy analysis for 
changing lubricating media along with changing size of 
guide(s), multiple guides, and distance of guide(s) from 
the rotating saw, and,

5. how our analysis allows for evaluation of forced vibra-
tion response for defined engagements of the saw with a 
bar using frequency response functions to characterize 
the dynamics.

The remainder of the paper is organized as follows. 
At first, in the second section, we describe the govern-
ing equations of motion with distributed and lubricated 
guides. These equations include stresses due to rota-
tion as well as stresses generated due to viscous shear 
on account of the fluid media. The models follow prior 
reported work [6, 8]. We solve these equations to obtain 
the saw’s free and forced vibration response, and to obtain 
the frequency–speed characteristics of the guided saws. 
The third section then discusses and analyses results with 
changing fluid media, changing size of guides, different 
number of guides as well as changing distance between 
the saw and the guide(s). The fourth and final discusses 
the significance of our investigations and lists the main 
conclusions.

Model of a Rotating Saw with Distributed 
and Lubricated Guides

We consider a guided saw rotating with an angular velocity 
of Ω in the counterclockwise direction. The saw is cutting a 
bar. The instantaneous engagements with the bar are char-
acterized by an entry angle, �st, and an exit angle, �ex . See 
Fig. 1. For representation, Fig. 1 only shows a single-guide 
pair. These guides are placed circumferentially between �1 
and �2 with their inner and outer radii being r1 and r2 , respec-
tively. The guides are assumed fixed and placed some dis-
tance away from the surface of the saw. The fluid between 
the saw and the guides offers a bearing surface with distrib-
uted stiffness, mass, and damping. The fluid also influences 
the saw’s stress state.

Since the saw is thin, we use the von Kármán plate theory 
to develop an analytical model. We hence ignore the effect 
of transverse shear deformation and assume that the normal 
to the undeformed middle plane remains straight and normal 
to the deformed middle plane of the saw. We ignore any in-
plane buckling. In addition, we assume that:

1. the saw’s initial state is stress free, i.e. tensioning by 
cold rolling and/or forging is ignored, as is any potential 
thermal tensioning,

2. the saw is rigidly clamped at r = b , and free at its periph-
ery at r = a, i.e. the collar is not floating as it sometimes 
is in the wood cutting application, but fixed—since that 
is how it is in metal cutting, and thus there is no tilting 
and/or rigid body motion of the saw,

3. the saw is made of viscoelastic material with an internal 
damping force proportional to the strain rate,

4. the saw is flat and that there is no static deflection,
5. the fluid is Newtonian and incompressible,

Fig. 1  Schematic representation 
of a circular saw with distrib-
uted and lubricated guides 
cutting a bar



 Journal of Vibration Engineering & Technologies

1 3

6. the saw vibration is small and much smaller than the 
fluid film thickness, and the pressure variations across 
the fluid film thickness are negligible,

7. mass, stiffness, and damping of the fluid are a function 
of the fluid properties, the size of the guide and the dis-
tance between the guide and the saw, and that these do 
not change with speed and are uniform across the guide,

8. the viscous shear is a function of the viscosity of the 
fluid and the distance between the guide and the saw, 
and that it is proportional to the tangential speed of the 
saw, and this too is uniform across the guide,

9. the two guides on either side of the saw are identical, and 
as such, the effective distributed mass, stiffness, damp-
ing, and viscous shear intensity is twice that of a single 
guide.

Based on these assumptions, the governing differential 
equation of a rotating saw for its transverse vibration, 

∼
w, 

in the space fixed coordinate system (r, � , t) from its rotat-
ing coordinate system (r, �, t) with a transformation of 
w(r, 𝜃, t) = w(r, 𝛾 − Ωt, t) = w̃(r, 𝛾 , t) , and under a sector 
of distributed mass, stiffness, damping, and viscous shear 
intensity can be derived by use of the extended Hamilton’s 
principle, which on simplification using the variational 
method becomes [31]

wherein the comma-subscript notation signifies partial 
differentiation, � is the mass density, and h is the saw’s thick-
ness. D = Eh3

12(1−�2)
 is the flexural rigidity, wherein E is the 

Young’s modulus and � is the Poisson’s ratio. D∗ = �D is the 
internal damping in the saw, wherein � is the Kelvin–Voigt 
damping parameter, ∇4 is the bi-harmonic operator, and �r , 
�� and �r� are the in-plane stresses due to rotation and vis-
cous shear on account of the fluid media. f (r, � , t) in Eq. (1) 
is the uniformly distributed force on the saw that comprises 
forces due to the distributed and lubricated guides, fg(r, � , t), 
and the lateral forces due to cutting, fc(r, � , t) . These forces 
take the form of:

(1)

D∇4w̃ + D∗∇4(w̃,t + Ωw̃,𝛾 ) + 𝜌h{w̃,tt + 2Ωw̃,t𝛾 + Ω2w̃,𝛾𝛾}

−
h

r

{

(r𝜎rw̃,r + 𝜎r𝛾 w̃,𝛾 ),r +

(

𝜎𝛾

r
w̃,𝛾 + 𝜎r𝛾 w̃,r

)

,𝛾

}

= f (r, 𝛾 , t),

(2)
fg(r, 𝛾 , t) =

J
∑

j=1

[{

−mfj
w̃,tt − cfj w̃,t − kfj w̃(r, 𝛾 , t)

}{

H
(

𝛾 − 𝛾1j

)

− H
(

𝛾 − 𝛾2j

)}{

H
(

r − r1j

)

− H
(

r − r2j

)}

+ 𝜏fj

(

1

r
w̃,𝛾

)]

and

fc(r, 𝛾 , t) = P(r, 𝛾 , t)
[

H
(

r − r1
)

− H
(

r − r2
)][

H
(

𝛾 − 𝛾ex
)

− H
(

𝛾 − 𝛾st
)]

,

wherein mfj
, cfj , kfj , �fj are the uniformly distributed mass, 

damping, stiffness, and the viscous shear stress of the fluid 
media between the jth guide pad pair and the saw, respec-
tively. J in Eq. (2) is the total number of guide pad pairs, 
P(r, � , t) is the lateral force acting over the sector of the saw 
in contact with the bar, and H(.) is the Heaviside function.

To simplify the complex interaction at the interface 
between the saw and the guide, we model the uniformly 
distributed mass, stiffness, and damping of the fluid as: 
mf = �f hf ,kf =

Ef

hf
 , cf = 2�

√

kfmf  , respectively, wherein �f  

is the density of the fluid media, Ef  is its stiffness constant, 
� is damping ratio of the fluid, �f  is its viscosity, and hf  is 
clearance between the guide and saw. Assuming shear stress 
distributed in a sector, the viscous shear stress between the 
jth guide pad pair and the saw, �fj can be written in the Fou-
rier expansion form as:

wherein �0 =
(

�2j−�1j

2�

)

� , in which � = �f ×
Vs

hf
 with Vs 

being the average tangential speed of the saw in the guided 
region. Our choice of the form for �fj makes it depend on the 
saw’s geometry, its speed, the clearance between it and the 
guide, and the nature of the fluid between them. Conse-
quently, the dynamics and stability of the rotating saw 
change with the lubrication medium, clearance, and guide 
size.

�k in Eq.  (3) is a harmonic function, such that 

�k =
2�

(

sin
k(�2j−�1j)

2

)

k�
 , with k = 1, 2,…K being the assumed 

number of terms in the Fourier expansion. F(r) in Eq. (3) is a 
piecewise radial distribution function with ∁1 continuity that 
is chosen to work in conjunction with the Heaviside function 
to avoid discontinuities in generated stresses.

The model presented in Eqs. (1)–(3) accounts for the 
distributed guide–-fluid–saw interaction with the fluid’s 
mass, stiffness, and damping properties modelled as a func-
tion of the guide size and its placement relative to the saw. 
The model also accounts for viscous shear stress on the saw 
changing with saw speed, and as such, the model differs from 

(3)�fj =

(

�0 +

K
∑

k=1

�kcos(k�)

)

F(r),
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most earlier reports in which the guided circular saw interac-
tion was modelled only as a point spring [2, 6, 16–20].

The boundary conditions for the saw being clamped at its 
centre and free at its periphery are:

wherein Mrr,Mr� are bending moments and Qr is shear 
force. The in-plane stresses induced by rotation and the vis-
cous shear stress are superposed to obtain the total in-plane 
stresses. The stresses due to rotation �rr and �� r can be deter-
mined by solving the following equations [6]:

wherein �rr and ��r are the in-plane radial and circumfer-
ential strains. For the saw being clamped at its inner radius 
(i.e. r = b ) and free at its periphery, the solutions to Eq. (5) 
are:

w h e r e i n  A1 =

[

(1+�)(3+�)+(1−�2)(b
�
)4

]
[

(1+�)+(1−�)(b� )
2
] , A2 = 

[
(

b
� )2

(r� )
2

]

[

(1−�)(3+�)−(1−�2)(b
�
)2

]

[

(1+�)+(1−�)(b� )
2
]  ,  A3 = (3 + ν)

(

r
�)2  a n d 

A4 = (1 + 3ν)
(

r
�)2 with the ratio of radii being b�

= b

a
 , and 

the non-dimensional radial co-ordinate being r� = r

a
 . These 

in-plane stresses due to rotation are a function of the speed 
of the saw and of the saw’s geometry. Though our models 
were built on Ref. [6], it differs from it in our treatment of 
the distributed nature of lubricated guides affecting the stress 
state of the saw.

The viscous shear stress induced on the disc on account 
of the fluid is directed tangent to the saw’s lateral motion. 
For small motion, the in-plane membrane stresses and dis-
placements can be assumed to decouple from w̃ , so that the 
thin plate treatment remains valid. Our treatment for viscous 
shear follows the model in earlier reported work [8]. The 
non-dimensional force balance along the radial and tan-
gential directions with zero radial forces, and with the non-
dimensional viscous shear stress � in the angular direction 
can be shown to be:

(4)

w̃(b, 𝛾 , t) = w̃,r(b, 𝛾 , t) = 0,Mrr(a, 𝛾 , t) = Qr(a, 𝛾 , t)

−
(

1

a

)

𝜕

𝜕𝛾

(

Mr𝛾 (a, 𝛾 , t)
)

= 0,

(5)

�rr,r +
1

r

(

�rr − �� r

)

+ �rΩ2 = 0, �� r − �rr + r
d�� r

dr
= 0,

�rr =
(

1

8

)

�Ω2a2
(

A1 + A2 − A3

)

,

(6)��r =
(

1

8

)

�Ω2a2
(

A1 − A2 − A4

)

,

wherein �∗ = �f ∗
�

a3

D

�

=
�

a3

D

��

�0 +
∑K

k=1
�kcos(k�)

�

F(r�) is 

the non-dimensional viscous shear stress with r� = r

a
 , and 

�∗
rf
, �∗

�f
, �∗

r� f
 are the non-dimensional in-plane stresses gener-

ated due to viscous shear in radial, tangential, and shear 
directions, respectively. Though our model builds on prior 
work [8], it differs from that by assuming that �f  changes 
with the saw’s speed.

Using stress–strain and the strain–displacement rela-
tionships, the non-dimensional stresses can be expressed 
in terms of non-dimensional radial ( u′ ) and circumferential 
( v′ ) displacements through:

On substituting Eq. (8) in Eq. (7), we get coupled partial 
differential equations in terms of in-plane displacement and 
non-dimensional viscous shear stress that can be written as:

Solutions for displacements and stresses are obtained by 
considering the symmetry and orthogonality condition in 
� , and by assuming the displacements u′ and v′ to be repre-
sented in Fourier series as:

On substituting �∗, u� and v′ using Eqs. (3) and (10) in 
Eq.  (9), we get residue expressions in terms of Fourier 
coefficients, pk(r

�
) and qk

(

r
′)

. As the solutions to Eq. (9) 
are assumed in the form of harmonic approximations, the 
method of harmonic balance is applied to approximate the 

(

�∗
rf

)

,r�
+

1

r�

(

�∗
r�f

)

,�
+

1

r�

(

�∗
rf
− �∗

�f

)

,= 0

(7)
1

r�

(

�∗
�f

)

,�
+
(

�∗
r�f

)

,r�
+

2

r�
�∗
r�f

+ �∗ = 0,

(8)

�∗
rf
= 12

(

a

h

)2(

u�
,r�
+ �

u�

r�
+ �

v�
,�

r�

)

�∗
�f
= 12

(

a

h

)2(

�u�,r� +
u�

r�
+

v�
,�

r�

)

�∗
r�f

= 6(1 − �)
(

a

h

)2(
1

r�
u�
,�
+ v�

,r�
− v�

r�

)

.

2u�,r�r� +
2

r�
u�,r� −

2u�

(r�)2
+

1 − �

(r�)2
v�,r�� −

3 − �

(r�)2
v�,� = 0,

(9)

3 − �

(r�)2
u�,� +

1 + �

r�
u�,r�� + (1 − �)v�,r�r� +

1 − �

r
v�,r�

+
2

(r�)2
v�,�� −

1 − �

(r�)2
v� +

1

6

(

h

a

)2

�∗ = 0.

u� =

K
∑

k=1

pk
(

r�
)

sin(k�),

(10)v� = q0
(

r�
)

+

K
∑

k=1

qk
(

r�
)

cos (k�).
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periodic solutions [32]. Suitable choice of expansion terms 
and the use of the harmonic balance method results in cou-
pled differential equations in terms of the Fourier coeffi-
cients. These coefficients are obtained from the solutions 
to the differential equations by using the state space and the 
integration factor methods. These non-dimensional mem-
brane stresses are converted to the dimensional form by 
multiplying with D

ha2
.

The in-plane stresses due to viscous shear together with 
the in-plane stresses due to rotation are used in solving the 
governing equation of motion. An approximate solution of 
the governing equation is obtained using an assumed solu-
tion of the form of [6]:

wherein M and N represent the number of nodal circles 
and nodal diameters, respectively, and {x(t)} is an array of 
{

Cmn(t)Smn(t)
}T , wherein Cmn(t) and Smn(t) are the coeffi-

cients to be determined by substituting w̃(r, 𝛾 , t) in the gov-
erning equation and applying the Galerkin procedure. Rmn(r) 
is a radial shape function and is taken to be in the form of a 
polynomial in r as:

wherein Ep
mn with p = 0, 1,… , 4 are unknowns to be 

determined from the boundary conditions and displacement 
normalization condition.

Substituting the assumed solution in the governing equa-
tion of motion and naming the residue as L(w̃) and applying 
the Galerkin’s procedure, we get:

wherein l = 0, 1, 2,… ,M , and q = 0, 1, 2,… ,N.
Equation (13) results in a set of coupled differential equa-

tions, which on simplification and re-arranging in a matrix 
form become:

wherein [A], [B], and [C] represent the mass, gyroscopic, 
and stiffness matrices, respectively, and {F(t)} is the external 
forcing vector. We solve this equation for the free and forced 
vibration response of the guided saw.

For the case of the free vibration response, we assume a 
solution of the form of {x(t)} = {X}e�t , wherein � is a com-
plex number whose imaginary part corresponds to the natural 

(11)w̃(r, 𝛾 , t) =

M
∑

m=0

N
∑

n=0

[cos (n𝛾) sin(n𝛾)]{x(t)}Rmn(r),

(12)
Rmn(r) = E0

mn
rm + E1

mn
rm+1 + E2

mn
rm+2 + E3

mn
rm+3 + E4

mn
rm+4,

2𝜋

∫
0

a

∫
b

L(w̃)
[

Rql(r) cos (l𝛾)
]

rdrd𝛾 = 0,

(13)
2𝜋

∫
0

a

∫
b

L(w̃)
[

Rql(r) sin (l𝛾)
]

rdrd𝛾 = 0,

(14)[A]{ẍ(t)} + [B]{ẍ(t)} + [C]{x(t)} = {F(t)},

frequency of the system and the real part corresponds to the 
growth and/or decay. The response of the system is obtained 
on substituting {x(t)} in the assumed form of solution, i.e. in 
Eq. (11). To get a sense of the frequency–speed characteristics 
of the guided rotating saw, Eq. (14) is solved for every speed 
of interest for the different configurations of fluid media, and 
different number, location(s), and size of guide pad(s).

For the case of the forced vibration response, we assume 
that the lateral component of the periodic cutting force ( Fc ) 
that excites the saw is harmonic with an excitation frequency 
of �f  . The complex coefficient array to such excitations is also 
harmonic, and becomes:

The real part of the complex coefficient array when sub-
stituted in Eq. (11) results in the transverse displacement of 
the saw for defined excitation. As with the case of the free 
vibration response, the forced vibration response can be evalu-
ated for different configurations of fluid media, and different 
number, location(s), and size of the guide pad(s) under defined 
loading scenarios. Since the steady state forced vibration 
response is independent of any initial conditions, such analy-
sis is useful. However, a comprehensive overview for how the 
saw might respond to different excitations is provided through 
evaluation of frequency response functions (FRFs) which char-
acterize the response of the saw for defined inputs as a function 
of excitation frequency. For the range of excitation frequencies 
of interest, the FRF is obtained by substituting the real part of 
the complex coefficient array obtained from Eq. (15) in the 
assumed form of the solution, i.e. in Eq. (11), for assumed unit 
forcing. As in the case of the free and forced response analysis, 
the FRF is also evaluated for different configurations of fluid 
media, and number, location, and size of guide pads.

The proposed model, albeit in simpler forms, has already 
been verified [20, 33, 34] by benchmarking frequency–speed 
characteristics and critical speed results with earlier work [6, 
35] for the case of a guide modelled only as a point spring, and 
by separately benchmarking stress fields with other reported 
work [8] for the for the case of a guide (brake) always in con-
tact with a rotating disc. Since the model is deemed verified, 
and since the dynamics and stability of circular sawing of met-
als with distributed and lubricated guides is more nuanced than 
previous models can characterize, systematic model-based 
investigations are presented next.

Numerical Analysis of Circular Saw 
with Distributed and Lubricated Guides

All analysis presented herein is for a representative saw 
made of steel with a density of 7850 kg/m3, a modulus 
of 210 GPa, and with a Poisson ratio of 0.3. The saw’s 

(15){x(t)} =
[(

[C] − [A]�f
2
)

+ i[B]�f

]−1{
Fc

}

ei�f t.
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clamped diameter is 85 mm. Its outer diameter is 285 mm, 
and its thickness is 2 mm. The saw’s internal damping 
characterized by the Kelvin–Voigt damping parameter � 
is taken to be 10−6 s. The saw is assumed to be cutting a 
bar with a diameter of 76 mm. For the case of the forced 
response analysis, the saw is assumed to have 60 teeth, 
and its instantaneous engagement with the bar is assumed 
to have an entry angle of �st = 344

0 , and an exit angle of 
�ex = 16

0 , measured counterclockwise.
Since saw vibration modes that dominate transverse 

motion consist of one to four nodal diameters and zero 
nodal circles [16], all analysis herein will be limited to this 
multi-mode configuration. Furthermore, for all analysis 
herein, the guide, when present, is assumed to be placed 
between a radial location of r1 = 0.7a and r2 = 0.9a . This 
location is chosen such that the saw may be able to com-
pletely part the bar being cut. The circumferential location 
of the single and/or multiple guides is varied to under-
stand its influence on the saw’s dynamics and stability. The 
clearance between the guide(s) and the saw is similarly 
varied to understand its role. Together with changing the 
size of the guide and the clearance between the saw and 
the guide, the role of three different lubricating media, 
namely, air, oil, and grease is also investigated. The mass 
density �f  , stiffness constant Ef  , and the viscosity �f  of the 
fluid media are taken as listed in Table 1. The damping 
ratio for all fluids is assumed to be � = 0.001 , and because 
of the stiffness and mass of the fluids being different, the 
damping coefficient for different fluids is also different, 
with oil offering more damping than air, and grease more 
than oil.

In the following sub-sections we present the free and 
forced response of the guided saw with different configu-
rations of fluid media, and number, location, and size of 
guide pads.

Lubricated Single Guide

At first, we present the response of an oil-lubricated 
guided saw and contrast its response with a saw that is not 
guided. We follow that analysis with the response of the 
saw with differently lubricated guides. Those discussions 

are followed by how for an oil-lubricated guide, the size of 
the guide and the clearance between the saw and the guide 
influences response.

Oil‑Lubricated Guide

The guide is placed between �1 = 22
0 and �2 = 52

0 , 
i.e. close to the cutting zone as recommended [2]. The 
clearance between the saw and the guide is taken to be 
0.15 mm, which is typical of metal cutting operations. To 
get a sense of how the fluid’s mass, stiffness, damping, and 
viscous shear, each influence the dynamics and stability of 
the saw, response for each case was obtained separately. 
For the free vibration case, the real and imaginary parts 
of the eigenvalues were evaluated to characterize the fre-
quency–speed characteristics for each configuration. These 
are shown in Fig. 2.

As is evident from Fig. 2, the response of a guided saw 
is significantly different from a saw without one. From 
Fig. 2a, which shows the imaginary part of the eigenvalue 
changing with speed, it is evident that the frequency of the 
so-called backward travelling wave is decreased by rota-
tion, while that of the forward travelling wave is increased. 
The real parts of the eigenvalues at these critical speeds 
are positive—as is evident from Fig. 2b, suggesting that 
the response will grow with the slightest perturbations at 
these speeds. At all speeds below critical, the real parts of 
the eigenvalues are zero and/or negative.

The frequency–speed characteristics for a guided saw 
being different from one that is not guided is also evident 
from Fig. 2a. The first mode to become critical in the guided 
case is the 0.1 mode, whereas for the case without a guide 
it is the 0.3 mode. These differences are consistent with 
other reported behaviour [6]. Figure 2a also suggests that 
even with the fluid modelled as only a spring, the critical 
speed increases marginally in comparison to a saw that is not 
guided. This increase, even if slight, is likely due to the guide 
being modelled as distributed, and hence is different fromn 
the case of the guide being modelled as a point spring—in 
which the critical speed is reported to not increase [2, 6, 20].

The influence of mass, damping, and viscous shear due 
to the oil-lubricated guides is also evident from response 
comparisons in Fig. 2. The mass and damping of the fluid 
appear to play no role in the frequency–speed character-
istics in the sub-critical speed regions. However, damping 
increases the rate of growth of response at super-critical 
speeds —see Fig. 2b. These observations are consistent 
with other earlier reported findings [4, 11]. For this oil-
lubricated guide, even though the fluid changes the stress 
state of the saw, the fluid’s viscosity does not change the 
critical speed, and/or the sub- and super-critical regimes. 
This observation is consistent with industrial praxis for 

Table 1  Properties of the lubricant fluid medium [3, 36]

Lubricant Stiffness constant 
Ef  ( Nm−2)

Viscosity �f  (Pa s) Mass 
density �f  
( kgm−3)

Air 45 1.8 × 10
−5 1.12

Oil 45 × 10
3

17.6 × 10
−3 800

Grease 65×103 0.1 900
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metal sawing processes and is different fromn other reports 
in which frictional constraints in contact with rotating 
discs always destabilize systems.

Since steels are cut at speeds typically significantly lower 
than the critical, and within the cutting speed range of 
100–250 m/min [37], the forced response is also of interest. 
This forced response, evaluated at the outer edge of the mid-
dle of the sector in contact with the workpiece, i.e. at � = 0o , 
is characterized through the FRFs shown in Fig. 3. For the 
cutting speed range of interest, the corresponding rotational 
speed range of interest becomes ~ 90 to ~ 225 rotations per 
minute (cutting speed = �aN  , wherein N  is the rotational 
speed in rpm and a is the diameter of the saw). Since the saw 
has 60 teeth ( Nt ), this would correspond to a tooth passing 
frequency ( NNt∕60 ) of ~ 90 to ~ 225 Hz, i.e. the excitation 
frequencies would generally be limited to this range. The 
magnitude of the FRFs thus shown in Fig. 3 are plotted with 
respect to the excitation frequencies.

It is amply evident from the FRFs that the response of 
the guided saw is dynamically stiffer than the saw that 
is not. Like the case of the free vibration response, the 
dynamic stiffening is likely due to the stiffness of the fluid, 
with the damping, mass, and viscous shear of the fluid not 
playing a very significant role. Though the response of the 
guided saw is dynamically stiffer with smaller peak mag-
nitudes than the one that is not guided, there are regimes 
of excitation frequencies for which the guided saw is more 
flexible than the unguided one. FRF characteristics in 

Fig. 3 provide a global picture and help instruct selection 
of cutting speeds (rotational speeds) at which the response 
is low. Such analysis is new and useful.

Stability Characteristics for Differently Sized 
and Lubricated Guides

Stability of differently lubricated guided saws being influ-
enced by a change in the size of a single-guide pad pair is 

Fig. 2  Comparison of speed 
characteristics for an oil-
lubricated guided saw with and 
without a guide. a Frequency–
speed characteristics, b real part 
of the eigenvalue changing with 
speed

Fig. 3  Comparison of FRF characteristics for an oil-lubricated guided 
saw with a saw without a guide
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characterized in Fig. 4. The guide pad pair is assumed to 
start at �1 = 22

0 , and its size is ranged from 300 up to 3100 
in increments of 100 in the counterclockwise direction. The 
limits on the size of the guide are chosen such that the guide 
does not interfere with the bar being cut. Since the indi-
vidual influence of stiffness, damping, mass, and viscous 
shear was already characterized in the earlier sub-section, 
analysis herein is presented for fluids with all their mass, 
stiffness, damping, and shear stress influencing properties. 
Frequency–speed characteristics for differently lubricated 
guides follow the same trend as shown in Fig. 2 for the case 
of the oil-lubricated guides. As such, results shown in Fig. 4 
are limited to the speed instants at which the system first 
becomes critical and at speed instants at which the real part 
of the eigenvalue becomes positive—suggesting growth in 
the free-vibration response that will also destabilize the sys-
tem. These results are for the case of the gap between the 
saw and guide being 0.15 mm for all configurations.

As is evident from Fig. 4, for the case of the air-lubricated 
guide pads, since the stiffness of air is relatively low, critical 
speeds do not change with increasing guide sizes. However, 
since stiffness increases with the size of the guide, and since 
critical speeds increase with an in increase in stiffness, criti-
cal speeds for oil-lubricated and grease-lubricated guides are 
observed to increase. Since the real part for air-lubricated 
guides are always negative owing to internal damping in 
the system, it is not shown in Fig. 4. For the case of oil-
lubricated guides, the critical speed and the speed at which 
the real part becomes positive appear to increase monotoni-
cally for guide sizes up to 2500 , beyond which the stability is 
limited by the real part of the eigenvalue and not the critical 
speed. For grease-lubricated guides larger than 300 , the real 
part of the eigenvalue becomes positive before the critical 
speed is reached. The real part limiting stability is due to the 
viscous shear induced on the saw on account of the fluid’s 

viscosity. Since the shear stress induced in the saw is pro-
portional to the size of the guide pad, larger grease- and 
oil-lubricated guides tend to destabilize the saw before the 
onset of critical speeds.

Since the stability of air-lubricated guides does not 
change with guide size, and even though larger oil- and 
grease-lubricated guides destabilize the saw before onset 
of critical speeds, since the cutting speed regime of inter-
est is significantly low, small and/or large oil-and grease-
lubricated guides may indeed offer viable modes to stabi-
lize circular sawing processes. As such, forced response is 
characterized for the representative case of grease-lubricated 
guides of different sizes in Fig. 5. The FRFs in Fig. 5 are 
shown for three representative guide sizes: one small and 
two larger ones.

As is evident from Fig. 5, for larger guide sizes, since 
the stiffness increases with the size of the guide, there is 
significant dynamic stiffening and correspondingly a sig-
nificant shift in the natural frequencies. In the rotational 
speed/excitation frequency range of interest, an increase in 
the size of the guide pair from 30° to 150° results in the first 
mode shifting in frequency by ~ 16%. A further increase in 
the size of the guide to 230° shifts the first natural frequency 
by ~ 80%. Large guide sizes also result in the magnitude of 
the response reducing by an order and more. Similar behav-
iour is observed for the case of oil-lubricated guides.

Interestingly, the results in Fig. 5 suggest that cutting at 
the speed regimes of interest with large grease-lubricated 
guides results in low levels of forced vibration response 
when compared to cutting with unguided saws. On the other 
hand, results in Fig. 4 suggest that large grease-lubricated 
guides, due to the additional viscous shear stresses they 
induce in the saw, reduce the speed at which instability 
occurs first when compared to cutting with unguided or even 
air-lubricated and guided saws. Such analysis (as shown in 

Fig. 4  Influence of changing the size of a single-guide pad pair on the 
stability of the saw

Fig. 5  Influence of changing size of the guide on the forced response 
characteristics for grease-lubricated guides
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Figs. 4 and 5) is new and useful, since it can instruct on the 
appropriate selection of fluid media and the size of the guide 
that improve the critical speed and reduce the forced vibra-
tion response at cutting speed regimes of interest.

Stability Characteristics with Different Clearances 
Between the Saw and Differently Lubricated Guides

Stability for a single lubricated guide pair placed between 
�1 = 22

0 and �2 = 52
0 and with changing clearances between 

the saw and the guide is characterized in Fig. 6. For the gap 
ranging from 0.15 mm and up to 1 mm, with increments of 
10 µm, the figure shows speed instants at which the system 
first becomes critical as well as speed instants at which the 
real part of the eigenvalue becomes positive. Results are 
shown for air-, oil-, and grease-lubricated guides, and in all 
cases, the fluid is modelled as a distributed mass, stiffness, 
and damping system with viscous shear.

As is evident from Fig. 6, stability of air-lubricated guides 
is unaffected by the clearances between the saw and the 
guide. As in the case of changing size of the guide, in this 
case too, internal damping in the saw keeps the real part 
of the eigenvalue always negative for air-lubricated guides, 
and hence that is not shown in Fig. 6. For the case of oil- 
and grease-lubricated guides, an increase in the clearance 
marginally reduces the first critical speed of the saw. This 
reduction is due to the stiffness of the fluid reducing with 
an increase in the clearance. Interestingly, for the oil- and 
the grease-lubricated guides, there are clearances at which 
there is a step change in the speed instants at which the real 
part of the eigenvalue becomes positive. Beyond the clear-
ances at which these step changes occur, the speed instants 
at which the real part of the eigenvalue become positive 

are observed to reduce with increasing clearances. These 
changes are thought to occur due to the complex interac-
tions between the shear intensity and the stiffness of the fluid 
changing with clearances. Unlike the influence of changing 
guide size for a fixed clearance, in the present case, stability 
is limited by the onset of the first critical speed, and not by 
the real part of the eigenvalues becoming positive at speed 
instances before critical.

Results in Fig. 6 suggest that for the size of the guide 
under consideration, since the critical speed reduces by < 1% 
for the clearance changing between 0.15 mm and up to 
1 mm, larger clearances may not be disadvantageous. How-
ever, since our cutting speeds of interest are lower than the 
critical speed, guide placement relative to the saw must be 
done with due consideration to the forced vibration response 
changing with clearances. That analysis is shown in Fig. 7 
for the representative case of grease-lubricated guides. Since 
the dynamics for air-lubricated guides remain relatively 
unaffected by changing clearances, and since the dynamics 
of oil-lubricated guides are like those of grease-lubricated 
guides, those results are not shown in Fig. 7. FRFs are shown 
for three representative levels of clearances.

As is evident from Fig. 7, the response with smaller clear-
ances is dynamically stiffer than when the clearances are 
larger, and this is also due to stiffness being inversely pro-
portional to the clearances. Importantly, even with larger 
clearances, the response is still dynamically stiffer than a 
saw that is not guided. However, there remain regimes of 
excitation frequencies for which the guided saw is more flex-
ible than the unguided one. Since the results in Figs. 6 and 7 
are only for a small size of the guide, and though for this size 
the results suggest that any clearance is acceptable, results 
in Fig. 5 already show that larger guides are better from 

Fig. 6  Influence of changing 
clearances between the saw and 
differently lubricated guides
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the forced response perspective, as such, while deciding on 
how near the saw to place the guides, it is also important to 
factor the guide size as well as the fluid media to be used. 
Such analysis is facilitated by our models making them fur-
thermore useful.

Multiple Oil‑Lubricated Guides

This section discusses the stability and the forced response 
characteristics of a saw constrained laterally by two guide 
pad pairs placed symmetrically across the cutting region. A 
schematic of this configuration is shown within the inset in 
Fig. 8. The first guide pad pair is placed between �1 = 22

0 
and �2 = 52

0 , and the second is placed between �1 = 308
0 

and �2 = 338
0—making the size of each guide pad pair fixed 

to be 300 . For analysis herein, the clearance between the saw 
and the guides was fixed to be 0.15 mm. Only the representa-
tive case of oil-lubricated guides is considered herein with 
the fluid modelled as being a distributed mass, stiffness, and 
damping system with viscous shear. As for the single-guide 
case, herein too, for the forced excitation case, the response 
was evaluated at the outer edge of the middle of the sector 
in contact with the workpiece, i.e. at � = 0o . The resulting 
frequency–speed characteristics are shown in Fig. 8, and 
the forced vibration characteristics of this configuration 
are shown in Fig. 9. Results for the two-guide pad pairs are 
contrasted with a single-guide pad pair with the same size 
and clearance, and for the same oil (fluid) properties as dis-
cussed in the earlier sub-section. In both cases, response is 
contrasted with a saw that is not guided.

As is evident from Fig. 8, the first critical speed for the 
two-guide case is higher than the single-guide case. Also 
noteworthy is that this improvement in the critical speed for 
two guides that effectively spans 60° is almost the same as 

that of a single guide that spans 100° (see Fig. 4)—suggest-
ing that the use of distributed multiple guides may prove 
more useful to stabilize circular sawing processes than the 
use of large single guides. Interestingly, even with the two-
guide case, the mode to first become critical is the 0.1 mode, 
i.e. the same mode as in the single-guide case. Though the 
two-guide case results in an improved critical speed, and 
even though the frequency–speed characteristics for this case 
are different from the single-guide and the unguided case, 
in the super-critical regimes, the two-guide case results in 

Fig. 7  Forced response characteristics changing with clearances ( hf  ) 
between the saw and grease-lubricated guides

Fig. 8  Comparison of speed characteristics for a saw with two oil-
lubricated guides with that of a single oil-lubricated guided saw and 
a saw without a guide. a Frequency–speed characteristics. b Real part 
of the eigenvalue changing with speed

Fig. 9  Comparative analysis for forced response characteristics for a 
two-guide case with that of a single-guide case and for a saw that is 
not guided
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wider regions of instabilities, with higher rates of growth—
see Fig. 8b. However, since the metal cutting speed regimes 
of interest are significantly lower than the critical, and since 
the critical speeds improve with two oil-lubricated guides, 
behaviour in the super-critical regimes are not very conse-
quential from the use case scenario of interest herein.

As is evident from the forced response characteristics 
shown in Fig. 9, the FRF for the two-guide case is signifi-
cantly dynamically stiffer than the single-guide case. The 
first natural frequency increases by ~ 10% over the unguided 
case as compared to an increase by ~ 4% for the single-guide 
case. The magnitude of the response is also more than an 
order of magnitude lesser for the two-guide case as com-
pared to the unguided and/or the single-guide case. This 
dynamic stiffening for two guides effectively spanning 600 
is almost the same as that of a single guide that spans 1500 
(see Fig. 5). This confirms that two oil-lubricated guides 
outperform large single guides in terms of improving the 
critical speed and dynamically stiffening the system.

Though Figs. 8 and 9 present results for only oil-lubri-
cated multiple guides for a fixed size of the guides and for 
a fixed clearance between the saw and the guides, and even 
though analysis with different lubricating fluids, changing 
size of multiple guides, and with changing clearances was 
carried out, since those findings follow the general trends 
reported already for the single-guide pad pair case, those 
results are not presented here for the sake of brevity. Since 
the proposed model is generalized enough to facilitate analy-
sis with even more number of guide pad pairs as necessitated 
by the application of interest, the models are furthermore 
useful.

Conclusions

Metal cutting circular saws are guided and lubricated. 
Since the lubricating fluid has mass, damping, and stiff-
ness properties, and since the fluid induces viscous shear 
stresses on the saw, it contributes to the in-plane stress 
of the saw. Since guides are distributed and can number 
more than one, the fluid can be anything, and the clearance 
between the saw and the guide can be variable, character-
izing the role of lubricated and distributed guides on the 
dynamics and stability of metal cutting circular saws was 
the main aim of this paper. Models proposed to facilitate 
such analysis are our new and modest contribution to the 
state of the art.

From our systematic model-based investigations, we 
conclude that:

1. the stiffness of the fluid media plays a more significant 
role than its mass, damping, and/or viscosity.

2. the grease- and oil-lubricated guides improve critical 
speeds more than air-lubricated guides.

3. there is no significant difference in the dynamics and 
stability of saws with guides that are air lubricated and 
saws that are not guided.

4. for larger oil- and grease-lubricated guides, the stability 
of the saw is governed by growth in the response and not 
by critical speeds, and the forced response of the oil- and 
grease-lubricated and guided saws is at least an order of 
magnitude dynamically stiffer than air-lubricated and 
guided saws.

5. smaller clearances between the saw and the guide are 
better from the stability and dynamic stiffening perspec-
tive.

6. two lubricated guides are dynamically stiffer than one 
and they result in improved critical speeds when com-
pared to a single guide and an unguided saw.

Though there is a need for experimental validation 
of our model-based observations, and though that can 
form part of future studies, since our treatment of lubri-
cated guides is realistic, our findings can still instruct the 
design of stable guided metal sawing processes in indus-
tries. For example, for those wanting to cut metal at low 
speeds, since critical speeds would not limit cutting, the 
focus could instead be to add two or more small grease-
lubricated guides that would reduce the forced vibration 
response characteristics, and hence improve the cutting 
behaviour as well as the life of the saw. For those wanting 
to cut at higher speeds, to improve productivity and yet 
avoid critical speeds, the focus could be instead on using 
larger oil-lubricated guides. In all cases, guides should be 
placed circumferentially near the cutting zone and with 
small clearances between the saw and the guide.
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