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Abstract. This paper reports on new research that: characterizes the influence of regenerative lateral forces on

the stability of metal circular sawing; describes the role of process damping in potentially stabilizing the sawing

process; and investigates the role that distributed and lubricated guides play in a sawing process prone to

regenerative instabilities. We model the saw as a rotating disc using the Von Kármán plate theory. Equations of

motion are derived using the Hamilton’s principle. Guides are modelled as being distributed and properties of

the fluid are modelled to be a function of the guide size and its placement relative to the saw. The regenerative

and process damping effects are incorporated based on other similar models for milling processes. Our model-

based analysis suggests that: regenerative instabilities are characterized by a growth in the real part of the

eigenvalue of the system; clearance between the guide and the rotating saw and the guide’s circumferential

placement with respect to the cutting zone both influence the severity and speed regions of instabilities; material

being cut and changing cutting engagements do not significantly influence the region of instabilities; and that

process damping can help stabilize an otherwise unstable process. Though models need to be validated, our

observations can still instruct the design of stable guided metal sawing processes in industries.
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1. Introduction

Metal cutting circular saws that rotate at low speeds are fed

into bars and tubes to part them to length. To minimize

work material losses, saws are made thin. Their thinness

makes them vibrate when excited by the cutting process.

Every vibrating tooth on the saw leaves its imprint on the

side walls of the workpiece due to flank cutting. When there

is a phase difference between such waves left by successive

teeth in cut, vibration amplitudes can modulate and grow to

result in self-excited type regenerative chatter vibration

instabilities. Chatter, if not avoided, will damage workpiece

machined surface quality. Chatter may also result in tool

breakage and may damage elements of the sawing machine.

It is hence important to characterize chatter in metal cir-

cular sawing. Doing so forms the focus of this paper.

The focus of this paper is primarily on regenerative

chatter, and not so much on critical speed related, buckling,

and/or flutter instabilities that are also reported to occur in

sawing processes, especially in the sawing of wood. Metal

sawing, as opposed to sawing of wood, is a low-speed

process [1, 2]. Buckling related instabilities and flutter

instabilities occur at speeds higher than critical, and critical

speeds occur at speeds higher than the low-speed regime of

interest herein. Hence the focus herein remains on regen-

erative instabilities that may occur at low cutting speeds.

Unlike other machining processes such as turning and

milling wherein the main tangential and/or feed forces are

responsible for chatter, circular sawing is characterized by

significant flank cutting that is responsible for chatter. And,

unlike turning and milling processes that have been studied

in some detail [3–5], there is no significant literature

characterizing regenerative instabilities in metal circular

sawing. Though there is some relevant research reported in

[6, 7], those reports were concerned with sawing of wood

that occurs at much higher speeds than the metal sawing of

interest herein. Some limited experimental investigations

on metal circular sawing were reported in [8], and some

preliminary model-based investigations limited to approx-

imating a distributed guide as a point guide were reported

in our own prior work [9, 10]. It is hence the main aim of

this paper to contribute to a nuanced understanding of the

main factors influencing chatter due to flank cutting in

circular sawing.

Moreover, because of interference between the saw

tooth’s flank face and the wall of the machined surface
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during relative transverse vibrations between the saw and

the workpiece there is a dissipation of energy caused by the

machining process itself that is referred to as process

damping. This energy dissipation is known to be a low-

speed phenomena, i.e., the speed regime of interest in metal

circular sawing. Though extensive research has been con-

ducted in this direction for turning and milling [11–16],

since process damping in sawing is unlike that in milling

and/or turning, those studies and their inferences are not of

direct relevance to sawing. In turning and milling, the

interaction of the cut surface with the tool’s flank face is

usually in the feed direction. Whereas in sawing, the

interaction is along the lateral direction, i.e., in the direction

normal to the feed direction. Since there exists no research

characterising the role of process damping in potentially

stabilizing the sawing process in the presence of regener-

ative instabilities, doing so forms another aim of this paper.

Furthermore, because saws are thin and prone to vibra-

tions in their lateral direction, saws are usually guided by

multiple pairs of stationary and distributed guides placed on

either side of the rotating saw. Guides placed at some

distance away from the saw provide bearing surfaces to

arrest large out-of-plane vibrations. Usually, there is a fluid

in between the guide and the saw that can be air, oil, an oil

emulsion, or grease. The fluid helps reduce friction between

the swarf and the saw tooth, cool the saw and the cutting

region, and sometimes flush away the swarf from the cut-

ting region. Depending on the fluid in use, lubricated guides

can provide varying levels of additional stiffness, mass,

damping, and affect the viscous shear on the saw. Though

there has been extensive research to characterize the role of

guides on the critical speed related instabilities of circular

saws [2, 17–19], what role, if any, do distributed and

lubricated guides play if/when the sawing process is prone

to regenerative instabilities is not known, and this forms yet

another major focus of this paper.

Since the saw’s geometry, its boundary conditions, its

initial stress-state, its speed of rotation, the size and the

number of guide pads being used, their location relative to

the cutting region, the properties of fluid media between the

saw and the guide, the distance of guides from the saw, the

engagement conditions, the properties of workpiece mate-

rial being cut, the process damping effect, and the number

of teeth in cut—may each govern the dynamics and stress-

stability relationship of the system, and since such analysis

for metal circular sawing remains unexplored in previous

research, this paper summarizes original research aimed at

filling those research gaps. And, since the experimental try-

and-see approach is prohibitive and expensive since

experiments to test for regenerative instability mechanisms

can be destructive and damage parts of the equipment, this

paper adopts model-based investigations that incorporates

all major influences on the saw vibrational response.

The three main aims of this paper are to report on

research that: (i) characterizes the influence of regenerative

lateral forces on the stability of metal circular sawing,

(ii) describes the role of process damping in potentially

stabilizing the sawing process, and (iii) investigates the role

that distributed and lubricated guides play in a sawing

process prone to regenerative instabilities. Such analysis as

is presented in this paper is new and is our modest contri-

bution to the state-of-the-art in understanding instabilities

in metal circular sawing processes.

The remainder of the paper is structured as follows. We

first present a model for the sawing process. The saw is

modelled as a rotating disc using the Von Kármán plate

theory. The governing equations of motion are derived

using the extended Hamilton’s principle. Guides are mod-

elled as being distributed. The properties of the fluid are

modelled to be a function of the guide size and its place-

ment relative to the saw. The model includes damping

internal to the saw and due to the process. The model builds

on well-established models for circular sawing

[2, 6–10, 17–19]. The regenerative effect is incorporated

based on other similar models for milling processes

[6, 7, 20]. And the process damping effect is incorporated

based on models reported in [13, 14]. To solve for the

regenerative forced vibration response that involves a sys-

tem of delay differential equations, we use a Fourier series

expansion [20] and employ the Muller method with defla-

tion [21] to find the roots of the resulting characteristic

equation. These aspects are discussed in the modelling

section of the paper. The section after presents parametric

model-based numerical analysis to characterize the regen-

erative instabilities being influenced by of the size of the

guides, their location with respect to the cutting region and

the saw, changing engagement conditions and workpiece

material, and process damping. Discussions and prescrip-

tions for avoiding instabilities follow with the main

conclusions.

2. Model for a guided circular saw subjected
to regenerative and process damping forces

This section presents the governing equations of motion for

a lubricated guided saw subjected to multiple moving lat-

eral regenerative cutting forces caused by flank cutting. A

model for process damping due to flank rubbing is also

presented. The saw is modelled as an annular circular disk

of clamped inner radius b, free outer radius a, and thickness
h, rotating at a constant angular velocity X in the counter-

clockwise direction. The saw is cutting a solid bar with an

instantaneous entry angle, cst and the corresponding exit

angle, cex as shown in figure 1. The circular saw is laterally

constrained by a lubricated guide pad pair on both sides

placed at some distance from the surface of saw. The guides

are assumed to be fixed independently on the machine

frame. These guides are placed circumferentially between

c1 and c2 with their inner and outer radii being r1 and r2,
respectively. The schematic in figure 1(a) shows two guides
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placed symmetrically with respect to cutting zone. How-

ever, the model is generalized to account for more guide

pad pairs. And since prior work has shown that the fluid’s

mass and damping play a negligible role [2], the fluid

interaction between the guide pad and the saw is modelled

as distributed fluid stiffness.

The regenerative forces that act on the saw are shown

schematically in figure 1(b). These forces are superposed

with the forces due to the fluid’s interaction with the saw,

and due to flank rubbing resulting in process damping.

While considering regeneration, we neglect the in-plane

radial and tangential forces and assume that only the lateral

regenerative cutting force, f cðtÞ, makes the saw vibrate in

the transverse direction. This force is assumed to be a linear

function of relative tooth displacement. This is evident

from the section BB’ in figure 1(b), wherein the regenera-

tive effect is associated with an extra lateral cutting area

between two successive teeth associated with the transverse

response w ro; ci; tð Þ of the current tooth (the ith tooth) and

the transverse response w ro; ci; t � Tð Þ of the previous tooth
(the (i-1)th tooth) at a given location (ro; ci) of the work-

piece [20]. T ¼ 2p=ðXNtÞ is the tooth passing period, i.e.,

the period between two successive teeth coming into cut—

also called the delay. Nt are the number of teeth.

For the process damping force, f cðtÞ, we postulate that

the lateral force on the saw’s flank face acts against the

saw-workpiece relative vibration velocity. This interaction

is thought to result in friction between the saw’s flank face

and the previously cut surface, which in turn may con-

tribute to process damping in the system. The rubbing

action between the saw tooth’s flank face and the vibration

marks left by the previous tooth is shown schematically in

figure 1c, wherein S is the length of contact of the flank face
of the tooth with the machined surface.

Since the saw is thin and vibrations are expected to be of

less than the saw’s thickness, we use the Von Kármán plate

theory and Kirchhoff’s plate theory hypothesis to develop

an analytical model. Alongside the usual assumptions that

go with these theories, we also assume that the saw is made

of a viscoelastic material with an internal damping force

proportional to the strain rate, and that the saw’s expected

vibration is smaller than the thickness of the fluid film, and

hence the pressure variations across the fluid film thickness

are negligible. We further assume that the stiffness of the

Figure 1. (a) 3D CAD schematic of the circular saw constrained by guides and cutting a bar. (b) Schematic showing a circular saw

subjected to lateral regenerative cutting forces constrained with distributed and lubricating guide, (c) process damping force acting on a

saw tooth.
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fluid is a function of the fluid properties and of the size of

the guide. Additionally, we assume that the clearances

between the guides and the saw do not change with speed

and are uniform across the guide. We ignore the initial

stress state of the saw and neglect stresses that could result

from thermal effects.

With the above assumptions, it is not difficult to

show that the governing equation of the rotating saw in

terms of its transverse displacement, ew r; c; tð Þ becomes

[2, 22]:

Dr4 ~wþ D�r4 ~w;t þ X ~w;c

� �

þ qh ~w;tt þ 2X ~w;tc þ X2 ~w;cc

� �

� h

r
rrrl ~w;r

� �

;r
þ rcl

r
~w;c

� �

;c

� 	

¼ fr r; c; tð Þ ð1Þ

wherein the comma-subscript notation signifies partial

differentiation, q is the mass density, D ¼ Eh3

12 1�m2ð Þ is the

flexural rigidity, wherein E is the Young’s modulus and m is
the Poisson’s ratio, D� ¼ gD is the internal damping in the

saw, wherein g is the Kelvin-Voigt damping parameter, r4

is the bi-harmonic operator, and rrl, rcl are the in-plane

stresses due to rotation and that take the form detailed in

[22]. f r r; c; tð Þ in Eq. (1) is the uniformly distributed force

on the saw that is comprised of forces due to the distributed

and lubricated guides, f gr r; c; tð Þ, the lateral regenerative

forces due to cutting, f lr r; c; tð Þ, and the process damping

force due to workpiece interaction along the lateral direc-

tion, f p r; c; tð Þ.
Since the fluid between the saw and the guide is only

modelled as a distributed stiffness, its interaction force can

be written as:

f gr r; c; tð Þ ¼
X

J

j¼1

�kf j ew r; c; tð Þ
n oh

H c� c1j

� �

� H c� c2j

� �n o

H r � r1j
� �

� H r � r2j
� �� �


ð2Þ

wherein kf j is the uniformly distributed stiffness between

the jth guide pad pair and the saw, respectively, which can

be written in simplified way as: kf j ¼
Ef j

hf j
; wherein Ef j and

hf j are the stiffness constant and the clearance between the

jth guide pad pair and the saw, respectively. Also, J in

Eq. (2) is the total number of guide pad pairs and H :ð Þ is the
Heaviside function to account for the guides distributed

nature.

The lateral regenerative cutting force due that is pro-

portional to relative tooth displacements can be expressed

in stationary coordinates as [7, 20]:

f lr r; c; tð Þ ¼ �
X

Nt

i¼1

1

r

� �

Kr ew r; c; tð Þ � ew r; c; t � Tð Þ½ �

d r � r0ð Þd c� cið ÞgðciÞ
ð3Þ

wherein Kr is an empirically determined cutting force

coefficient, dð:Þ is the dirac delta function, ci is the

instantaneous tooth position which is given by: ci ¼ cst þ
Xt þ i� 1ð Þcp; ðc1 ¼ cst when t ¼ 0; cp is the angular

pitch), and gðciÞ is a screening function to check the

engagement of tooth with a mathematical form as:

g cið Þ ¼ 1; when cst\ci\cex; and g cið Þ ¼ 0 otherwise. The

form of the regenerative force shown in Eq. (3) assumes

that the regeneration mechanism is governed only by the

present and previous vibrations, i.e., the delay between two

vibrations imprinted by successive teeth in cut, and not due

to multiple delays.

The other forces are those due to the process damping

effect caused by the interference between the saw tooth

flank face and the waves left on the machined surface by

the previous tooth’s vibrations. Process damping is thought

to be influenced by the behavior of the workpiece material

being cut, by the saw tooth’s geometry, the vibration

amplitude and wavelength, and their relationship with the

vibration frequencies, cutting speeds, tool geometry and

tool wear. Modelling these effects is not trivial. We hence

follow the usual approach in metal cutting [11–15], wherein

the complex interactions are described by an empirically

determined process damping force coefficient, C. The

process damping force with this coefficient takes the form

of:

f p r; c; tð Þ ¼ �
X

Nt

i¼1

1

r

� �

C
S

Xr

� �

ew;t r; c; tð Þ
� 	

d r � r0ð Þd c� cið Þg cið Þ:
ð4Þ

Since the process damping force is active only for when

the tooth is in cut, the d function and the screening function,
g in Eq. (4) ensure this. Moreover, since process damping is

hypothesized to be more pronounced at low speeds, the

form of the model in Eq. (4) captures this behavior.

Given that Eq. (1) is a fourth-order partial differential

equation solution, the Galerkin’s projection method is

employed to approximate the solution. The response at the

location ðr0; ciÞ for a guided saw subjected to lateral

regenerative cutting forces and with process damping for-

ces is assumed to be of the same form as it was without

these forces, i.e., the response using the modal expansion

theorem can be shown to be [2, 22]:

ew r0; ci; tð Þ ¼
X

M

m¼0

X

N

n¼0

Cmn tð Þcos ncið Þ þ Smn tð Þsin ncið Þf g

Rmnðr0Þ: ð5Þ
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Equation (5) accounts for only the present response.

However, since the solution also requires information about

the response at the previous tooth period, that can be

written as:

ew r0; ci; t � Tð Þ ¼
X

M

m¼0

X

N

n¼0

Cmn t � Tð Þcos ncið Þf

þSmn t � Tð Þsin ncið ÞgRmnðr0Þ
ð6Þ

M and N within Eqs. (5) and (6) represent the number of

nodal circles and nodal diameters, respectively, r0 is the

radial location of clamped saw’s outer free edge and,

CmnðtÞ and SmnðtÞ are the coefficients to be determined by

substituting the assumed response in the governing equa-

tion and applying the Galerkin’s procedure. Rmn rð Þ is a

radial shape function and is taken to be in the form of a

polynomial in r as:

Rmn rð Þ ¼ E0
mnr

m þ E1
mnr

mþ1 þ E2
mnr

mþ2 þ E3
mnr

mþ3

þ E4
mnr

mþ4 ð7Þ

wherein Ep
mn with p ¼ 0; 1; . . .; 4 are unknowns to be

determined from the boundary conditions and displacement

normalization condition. The boundary conditions for the

saw being clamped at its center and free at its periphery are:

~w b; c; tð Þ ¼ ~w;r b; c; tð Þ ¼ 0;

Mrr a; c; tð Þ ¼ Qr a; c; tð Þ � 1

a

� �

o

oc
Mrc a; c; tð Þ
� �

¼ 0
ð8Þ

wherein, Mrr;Mrc are bending moments and Qr is shear

force, respectively.

Substituting the assumed solution i.e., Eqs. (5–8) in the

governing equation expression and calling the residue as

L r; c; tð Þ, the Galerkin’s projection is applied as given

below:

Z

2p

0

Z

a

b

L r; c; tð Þ Rql rð Þcos lcð Þ
 


rdrdc ¼ 0 ð9Þ

Z

2p

0

Z

a

b

L r; c; tð Þ Rql rð Þsin lcð Þ
 


rdrdc ¼ 0 ð10Þ

wherein q ¼ 0; 1; 2; . . .;M; l ¼ 0; 1; 2; . . .;N:
Equations (9) and (10) result into a set of coupled dif-

ferential equations, which when simplified and rewritten in

matrix form, become:

A½ � €xðtÞf g þ B½ � _xðtÞf g þ C½ � xðtÞf g ¼ Flr tð Þf g ð11Þ

wherein ½A�, ½B�,and ½C�, represent the mass, gyro-

scopic/damping, and stiffness matrices, respectively, and

include the effect of the fluid force and of the process

damping force, and fFlrðtÞg represents the regenerative

forces.

The regenerative cutting force component within

Flr tð Þf g can be estimated by substituting Eqs. (5) and (6)

into Eq. (3) and then again applying the Galerkin’s proce-

dure and after rearranging terms, the forcing term i.e.,

Flr tð Þf g in Eq. (11) can be shown to become:

Flr tð Þf g ¼ � 1� e�TD
� �

½R tð Þ� xðtÞf g ð12Þ

wherein e�TD x tð Þf g ¼ x t � Tð Þf g and R tð Þ½ � is a time

dependent matrix related to the cutting forces. Note that

R tð Þ½ � is periodic with period T , as it is a function of ci
which is periodic with period T . Therefore, by substituting

Flr tð Þf g from Eq. (12) into Eq. (11), the final system of

governing equations for the guided circular saw coupled

with process damping and under the influence of multiple

moving regenerative flanks cutting forces can be shown to

become:

A½ � €xðtÞf g þ B½ � _xðtÞf g þ C½ � xðtÞf g
þ 1� e�TD
� �

R tð Þ½ � xðtÞf g
¼ 0f g: ð13Þ

As R tð Þ½ � is periodic, it can be written in terms of a

Fourier series expansion as:

R tð Þ½ � ¼ 1

2
R0½ � þ

X

1

k¼1

f½Rck �cos kxtð Þ þ ½Rsk �sin kxtð Þg

ð14Þ

wherein, R0½ � ¼ 2
T

R

T

0

R tð Þ½ �dt, Rck½ � ¼ 2
T

R

T

0

R tð Þ½ �cos kxtð Þdt;

and Rsk½ � ¼ 2
T

R

T

0

R tð Þ½ �sin kxtð Þdt:

The solution to Eq. (13) with periodic coefficients can be

written in Fourier series form with frequency component:

kþ ikx as [20]:

xðtÞf g ¼ 1

2
x0f g þ

X

1

k¼1

xckf gcosðkxtÞ þ xskf gsinðkxtÞð Þ
" #

ekt

ð15Þ

wherein x0f g, xckf g, and xskf g are time independent coef-

ficient vectors, and k is the characteristic variable of the

system. Since other prior research has shown that solutions

that consider only the average component of the Fourier

series are comparable to those solutions that consider

higher order terms [20], especially when there are multiple

teeth in cut as there are in circular sawing, solutions herein

too only retain the average component of the Fourier series

in what is otherwise called the zero-order solution. Sub-

stituting R tð Þ½ � and xðtÞf g from Eqs. (14–15) into Eq. (13)

and taking only the zero order term results in:
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k2 A½ � þ k B½ � þ C½ � þ 1

2
1� e�Tk
� �

R0½ �
� 	

x0f g ¼ 0f g:

ð16Þ

Equation (16) is a characteristic equation, and

because it is nonlinear on account of the exponent that

contains the delay term, solving it by reducing it to the

standard eigenvalue problem form is not feasible. As

such, we instead solve Eq. (16) using the Muller’s

optimization technique with deflation to obtain the

system’s eigenvalues, i.e., k. The Muller algorithm is a

numerical technique for finding complex roots. It is a

variation of the secant method, except that instead of

using two points to interpolate the curve, it uses three

points to construct an interpolating quadratic polyno-

mial. Deflation is a root finding procedure that is used

to locate many roots [21]. For details on procedures to

solve the characteristic equation using Muller’s tech-

nique, please refer to the study conducted by Singhania

[22]. The resulting eigenvalues are complex valued,

wherein the imaginary part corresponds to the natural

frequency of the system, and the real part represents the

growth or decay. To get a sense of the stability of the

guided rotating saw, Eq. (16) is solved for every speed

of interest for different workpiece materials, different

engagement conditions, different clearances between the

guide and the rotating saw, different guide locations,

and for characterizing the influence of process damping

on regeneration. Results for each of these cases is dis-

cussed next.

3. Numerical results for the regenerative
instability of guided saws

This section presents model-based investigations on

regenerative instabilities of a guided saw. To begin with,

the model with regenerative instabilities is verified by

benchmarking with already published results from the

literature [7]. However, since reports in the literature

were limited to regenerative instabilities of an unguided

saw for a wood cutting application in which there was no

process damping, benchmarking is limited to that case.

Following verification of the model, for the saw param-

eters of interest in this work, the verified model is used to

characterize critical speed and regenerative instabilities

for guided and unguided saws. That characterization is

followed by discussions on regenerative instabilities

being influenced by different workpiece materials, dif-

ferent engagement conditions, and by different clear-

ances between the guide and the rotating saw. The

guide’s location influencing regeneration is also dis-

cussed. And, finally, the influence of process damping on

regeneration is discussed.

3.1 Model verification

We benchmark our predictions with results from [7]. For

parameters given therein, the equations are solved at every

speed of interest, and the resulting frequency-speed char-

acteristics are shown in figure 2.

As is evident from comparisons in figure 2, since model-

predicted results agree with data extracted from [7], the

model is deemed verified. Since circular sawing process is

excited by cutting forces at the tooth passing frequency and

its higher harmonics, hence, figure 2 shows the natural

frequency and real part of eigen values changing as a

function of tooth passing frequency, instead of rotational

speed. Further, interestingly, as is evident from figure 2,

there are multiple regions of tooth passing frequencies at

which the real part of the eigenvalue is positive. For the

configuration investigated, it is evident that the largest

or/primary instability region occurs at speeds where the

tooth passing frequency is greater than but less than twice

the natural frequency of the mode being excited. Further-

more, because the backward (0,5B) and the forward (0,5F)

mode have larger instabilities, their contribution to saw

displacement is higher than that of higher frequency

backward (0,7B) and/or forward (0,7F) mode. Additionally,

as is observed from figure 2b, the primary instability region

of higher modes spans a wider speed range than that of

lower modes.

The real part becoming positive in this case is unlike the

cases discussed in the literature [2] in which the fluid media

in between the guide and the rotating saw induces shear

stresses on the saw and destabilizes it. The real part

becoming positive in this case is due regenerative insta-

bilities. And, since the real part of eigenvalues becomes

positive before the onset of the first critical speed, it sug-

gests that stability of metal cutting saws subjected to

regenerative forces is limited by regenerative instabilities

and not by critical speed related instabilities. This obser-

vation is consistent with our preliminary observations

reported in [9]. Since the model is deemed verified, and

since it suggests that regenerative instabilities are more of a

concern than critical speed related ones, and that regener-

ative instabilities occur at lower speeds than critical, and

since metal sawing is a low-speed operation, it is impera-

tive to characterize the role of guides and process damping

in potentially stabilizing the process. These investigations

are hence presented next.

3.2 Regenerative and critical-speed related
instabilities

This section presents model-based investigations charac-

terizing the critical-speed related and regenerative insta-

bilities for a saw guided with two pairs of guide pads. The

saw is assumed to be made of steel with a density of

7850 kg/m3, a modulus of 210 GPa, and a Poisson ratio of
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0.3. The saw’s outer and inner diameters are taken to be

285 mm and 85 mm, respectively, and its thickness is taken

to be 2 mm. The internal damping of the saw is set to be

10�6 sec. The number of teeth is taken as 60. The saw is

assumed to be cutting a steel bar of diameter 76 mm at an

instantaneous engagement with an entry angle of cst ¼ 343�

and an exit angle of cex ¼ 17� measured along the coun-

terclockwise direction as shown in figure 1. We assume the

material being cut to be characterized by a cutting force

coefficient of Kr ¼ 1000 N/m. The influence of process

damping on the stability of saw has been separately dis-

cussed in the subsequent sections.

For the guides, the first pair is assumed to be positioned

between c1 ¼ 25� and c2 ¼ 55�, while the second is posi-

tioned between c3 ¼ 305� and c4 ¼ 335�, resulting in a

guide pad pair size of 30� for each. The guides are placed

symmetrically on either side of the cutting zone. This

configuration is typical of multiple guides used in industrial

metal cutting circular sawing processes. The clearance

between the saw and the guides was set to 0.15 mm for this

analysis. Only the representative case of oil-lubricated

guides is considered herein with the fluid is modelled as

being a distributed stiffness with a stiffness constant of

45� 103N=m2.

With the above parameters, predicted dynamics are

shown in figure 3. And like in figure 2, figure 3 also shows

the imaginary and real parts of the eigenvalues of the

system changing with tooth passing frequency instead of

rotational speed. The tooth passing frequency is a function

of speed and number of teeth, i.e., X� ðNt=60Þ and is equal
to saw’s rotational speed in the present case since the

number of teeth for the saw under consideration is 60. To

differentiate the role of guides, results shown in figure 3

also include those with a saw that is not guided.

As is evident from figure 3, the natural frequencies of a

guided saw are higher than that of an unguided saw. The

critical speed in the presence of regenerative cutting forces

for the guided saw system is 8860 Hz (rpm). This corre-

sponds to a marginal increase (� 4%) over the unguided

case. Interestingly, lateral regenerative forces appear to

have no influence on the critical speed for either the

unguided case or the guided case. However, as is evident

from the real part of the eigenvalues, regenerative insta-

bilities are influenced by the saw being guided or not. In

either case, these instabilities occur at speeds (tooth passing

frequencies) lesser than critical speed related ones. For both

cases, the first mode to become unstable is the (0,1) back-

ward wave. For a saw that is not guided, the first region of

instability occurs in the 200–630 Hz (rpm) range. Within

this tooth passing frequency range, the guided saw appears

to stabilize cutting at speeds between 225 and 335 Hz

(rpm). However, there are several different frequency

Figure 2. Comparisons of model-predicted results with those from the published literature as a way of verifying the proposed model.

(a) Natural frequencies changing with speed/tooth passing frequency, (b) Real part of saw’s eigenvalues changing with speed/tooth

passing frequency.
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(speed) regions for which the real part is positive even for

the saw being guided. Curiously, the regenerative insta-

bilities for a guided saw appear to be more severe than

those for a saw that is not guided as is evident from the

magnitude of the real part that becomes positive. Above

observations suggest that there exist local speed pockets of

stability. Such information would be useful to guide

selection of cutting parameters to operate within these

pockets to ensure stable cutting.

The behavior seen in figure 3 is a function of the saw

geometry, its material, fluid stiffness properties, workpiece

material being cut, and engagement conditions. Parametric

analysis to separately characterize the role of the main

influencing parameters is discussed next. And, since the

real part characterizes system instabilities, discussions in

the subsequent sections is limited to showing only how the

real part changes for different system parameters.

3.3 Regenerative instabilities being influenced
by material being cut

This section discusses the influence of the material

dependent cutting force coefficient, Kr on the regenerative

instabilities of the guided saw. To do so, only Kr is varied

at two levels, and all the other parameters are kept the same

as listed in the previous subsection. A low level of

Kr= 1000 N/m corresponds to cutting a soft material such

as Aluminium, while a high level of Kr= 1500 N/m

Figure 3. Frequency-speed characteristics for a guided and unguided saw subjected to regenerative forces. (a) Natural frequency

changing with tooth passing frequency, (b) Real part of the eigenvalue changing with tooth passing frequency.

Figure 4. Comparative speed-dependent behaviour of the real

part of the eigenvalue for different workpiece materials.
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corresponds to cutting a relatively difficult-to-cut material

such as steel. Results are shown in figure 4.

As is evident from the figure 4, the rate of growth of

instability is higher for larger values of cutting force

coefficients. The width of the unstable regions remains the

same. The mode that becomes unstable for both the cases

remains the same (0,1) backward wave. The growth rate of

instabilities increasing with Kr is consistent with the earlier

reported work on regenerative instabilities in circular

sawing [7, 9], even though that analysis was for the case of

an unguided and/or a point-guided saw. However, the width

of the unstable region remaining unchanged is unlike what

is typically observed in other metal cutting processes such

as in end milling [20] in which case the widths of insta-

bilities change with changing material-dependent cutting

force coefficients. The differences are likely due to the

radial and tangential force components contributing to

regeneration in end milling processes, whereas in circular

sawing, only the lateral component of the force component

is important.

3.4 Regenerative instabilities being influenced
by engagement conditions

As the saw progresses through the cut, the engagement

conditions and number of active teeth in cut continuously

change. The process starts with small engagements. These

increase monotonically till a maximum condition that cor-

responds to the saw being mid-way through the cut, and,

then engagement conditions decrease till the end of the cut

is reached. To characterize the influence of changing

engagement conditions on the regenerative instability of a

guided saw, two representative cases are investigated

herein. The first is a low engagement condition with a 20�
engagement with the bar with the active number of teeth

being four. The second condition is with a higher engage-

ment of 34� with a bar with the corresponding active

number of teeth being six. Results with these are shown in

figure 5. For results shown, all other parameters were kept

the same as discussed in the section titled ‘Regenerative

and critical-speed related instabilities’.

Figure 5 shows that changes in engagement conditions

or the number of active teeth in cut have no effect on the

regions of instabilities. However, the rate of growth of

the instability increases with larger engagements and

with higher number of active teeth in cut. These results

are also consistent with those reported in [7, 9], even

though those observations were obtained without the use

of guides or for the case of a point-guide. Widths of

instabilities remaining unchanged for changing engage-

ments is unlike what has been reported for end milling

processes [20]. Differences in this case too, like in the

case of changing cutting coefficients, are thought to be

due to regeneration in sawing being influenced only by

the lateral force component, and not by tangential and

radial components.

3.5 Regenerative instabilities being influenced
by clearances

This subsection discusses how the stability of a guided saw

changes with changing the clearance in between the rotat-

ing saw and the pairs of distributed guides in the presence

of regenerative forces. Results shown in figure 6 are for

three representative clearances. Since the fluid’s stiffness is

modelled to be a function of the clearance, a change in

clearance changes the fluid’s stiffness, with lesser clear-

ances translating to higher fluid stiffnesses. All other

parameters are kept the same as discussed in the section

titled ‘Regenerative and critical-speed related instabilities’.

Figure 5. Comparative speed-dependent behaviour of the real

part of the eigenvalue for different engagements.

Figure 6. Comparative speed-dependent behaviour of the real

part of the eigenvalue for different clearances.
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As is evident from results in figure 6, a change in the

clearance changes the regions of instabilities—as is evident

from the real parts of the eigenvalues changing the fre-

quencies and envelopes at which they become positive.

There is also a slight change in the width of the unsta-

ble envelope for different clearances. Also evident is that

for smaller clearances, since the fluid offers more stiffness,

there is right shift of the envelope of instabilities to higher

frequencies (speeds). The shift in the envelope of instabil-

ities with changing clearances is unlike what was observed

for changing cutting force coefficients and/or changing

engagement conditions.

These results suggest that is possible to make an other-

wise unstable region stable by simply changing the clear-

ance in between the rotating saw and the guides. For

example, if cutting must be performed in the speed range of

*220–300 rpm, the clearance should be minimum.

Whereas, if cutting must be performed at relatively higher

speeds of 500–700 rpm, then the clearances should be

relatively larger. This analysis suggests that it would be

useful to design a guided arrangement in which clearances

can be adjusted.

3.6 Regenerative instabilities being influenced
by the guide’s locations

This section discusses how regenerative stability is influ-

enced by changing the angular location of the pair of guides

with respect to the cutting location. For the two guide pad

pairs under consideration, the first of which is placed

between c1 ¼ 25� and c2 ¼ 55�, and the second of which is

placed between c3 ¼ 305� and c4 ¼ 335�, the angular

location with respect to cutting zone is 8�. This is for the

case of the engagement condition being fixed with entry

and exit angles of cst ¼ 343� and cex ¼ 17� respectively as

shown in figure 1b. For this engagement condition, the

location of the guide pads is changed to result in two other

angular locations of 13� and 23�, respectively with respect

to the cutting zone. Results for these three angular locations

are shown in figure 7. The only change herein is the guide

pad’s location. All other parameters for analysis herein

were kept the same as discussed in the section titled

‘Regenerative and critical-speed related instabilities’.

As is evident from figure 7, a change in the angular

location of the guides with respect to the cutting zone

changes the width and location of the unstable envelopes.

For the case of the guides being close to the cutting zone,

the unstable envelope occurs at higher tooth passing fre-

quencies (speeds) than when the guides are farther away

from the cutting zone. This is thought to be due to the

guides being closer to the cutting zone providing more

stiffness nearer to the location of the excitation forces.

These results suggest that if cutting must be done at specific

speeds, and if the cut must be stable, tuning of the guides’

angular location with respect to the cutting zone can help

stabilize the cutting process. Analysis such as is presented

herein is hence useful from the perspective of instructing

designing guiding arrangements for stable circular sawing

processes—something that was the stated aim of this

research.

3.7 Regenerative instabilities being influenced
by process damping

This section discusses the influence of process damping on

the dynamics and stability of a guided saw subjected to

lateral regenerative cutting forces. Process damping occurs

due to interference of the saw’s flank face with the previ-

ously machined surface that has undulations due to trans-

verse vibrations of saw tooth as it cuts the bar. This is

schematically shown in figure 1c. We assume these

Figure 7. Stability being influenced by the guides’ angular

location with respect to the bar for fixed engagement conditions.

Figure 8. Influence of process damping on a guided saw’s

stability characteristics.
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phenomena can be characterized by a process damping

coefficient, C ¼ 10000 N/m. Though this coefficient must

be empirically determined, for cutting of metals such as

those of interest herein, such values are typical. We

assume the width of cut at the minor cutting edge to be

S ¼ 0:15 mm, which is typical for worn tools. All other

parameters are the same as discussed in the section titled

‘Regenerative and critical-speed related instabilities’. With

these, the results thus obtained are shown in figure 8. The

figure contrasts results for a system with and without pro-

cess damping.

As is evident from figure 8, process damping plays a role

in reducing both the width and the severity of the growth of

the instabilities. It also plays a role in stabilizing the pro-

cess. For example, for a system without process damping,

the cut was unstable in the frequency (speed) range of 200

to *220 Hz, *300 to *330 Hz, and *600 to *650 Hz.

However, for a system with process damping, these speed

regions become stable. Since process damping is a naturally

occurring phenomena when the tool gets worn, and when

there is more contact between the flank face of the saw

tooth and the undulations on the machined surface, it is not

inherently inimical to the system. This is consistent with

reports on the role of process damping in other machining

processes.

4. Conclusions

The stability characteristics of a guided rotating circular

saw under the influence of multiple moving regenerative

cutting forces were presented in this paper. Systematic

model-based analysis facilitated understanding the role of

material being cut, changing engagements, guide placement

relative to the saw and the cutting zone, and process

damping. The following general conclusions may be drawn

from the analysis: (i) Regenerative instabilities are char-

acterized by a growth in the real part of the eigenvalue of

the system and that these occur before the onset of critical

speeds; (ii) Clearance between the guide and the rotating

saw and the guide’s circumferential placement with respect

to the cutting zone both influence the severity and speed

regions of instabilities; (iii) Material being cut and chang-

ing cutting engagements do not significantly influence the

region of instabilities; (iv) Process damping can help sta-

bilize an otherwise unstable process.

Though there is a need for experimental validation of the

model-based observations presented in this work, and

though that can form part of future studies, our observations

can still instruct the design of stable guided metal sawing

processes in industries. For instance, those desiring to cut

metal at low speeds, since critical speeds would not limit

cutting as much as regenerative instabilities would, practi-

tioners and users of sawing equipment could tune the

placement of guides to create pockets of stability to reduce

the forced vibration response characteristics.
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