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A B S T R A C T

This paper discusses the evaluation of tool point dynamics using output-only modal analysis methods.
As compared to the traditional experimental modal analysis procedures that rely on the input and the
output, both being known, output-only methods discussed herein can evaluate modal parameters
using only the measured response of the tool subjected to unknown impact-based excitations. Since
the input is not known, the estimated shapes are unscaled. To correctly scale shapes, we use the mass-
change method. We present analytical models to guide the optimal selection of the mass to be added as
well as to guide its placement on the tool. Analytical models systematically characterize errors in
scaling the eigenvector and errors due to uncertainties in the estimation of the natural frequencies. The
model suggests placement of the mass to be added at the anti-node(s) for the mode(s) of interest. These
models guide experiments on two tools – a slender boring bar, and an end mill. Tool point frequency
response functions (FRFs) reconstructed with the natural frequencies, damping ratios, and scaled mode
shapes evaluated with the output-only mass-change method are compared with and found to be in
good agreement with FRFs obtained from the traditional experimental modal analysis procedures.
Since output-only methods require one less transducer, and since these methods are robust to
uncertainties and inconsistencies in the input, output-only methods promise advantages from the
industrial point of view.
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Introduction

High-performance machining capabilities are governed by tool
point dynamics. These dynamics are generally characterized by
measured frequency response functions (FRFs). Measured dynam-
ics serve as inputs to machining stability models that guide the
selection of cutting parameters to ensure high-productivity
chatter-free machining [1,2]. Uncertainties in the measured
dynamics are one of the main sources of errors in the predicted
stability [3]. There is hence a great deal of emphasis on correctly
measuring the FRFs.

Tool point FRFs are generally measured by exciting the tool tip
using an impact hammer instrumented with a load cell. Response
to this excitation is usually measured using accelerometers
mounted on the tool tip or by using other non-contact sensors
such as laser vibrometers. The spectra of the output response
divided by the input force results in the FRF. These FRFs can directly
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be used in frequency-domain stability models, or modal param-
eters can be extracted from the measured FRFs using one of the
many modal parameter estimation algorithms [4] for use in time-
domain stability models. Though these impact-based experimen-
tal modal analysis (EMA) procedures have become routine to
estimate tool point dynamics, EMA sometimes poses difficulties.

Because impacts are applied manually, it is challenging to
apply the same input force consistently. This can make the
measurement non-repeatable. Furthermore, since machines are
weakly nonlinear, a higher/lower force input may result in slight
variations in the measured FRFs. The bandwidth of excitation also
depends on the choice of the hammer's tip. Using harder tips for
higher frequency excitation many-a-times results in multiple hits.
Using softer tips does not excite the tool and results in bad data
quality. This makes the measurement to be dependent on the
operator's skill and experience – especially so for measuring very
flexible tooling systems. Some of the above issues can be
addressed by using an instrumented modal shaker to excite the
tool. However, stinger-shaker-tool interaction poses its own set of
challenges [4], and it is difficult to decouple the response of
stinger and the shaker from the tool.
amics using output-only modal analysis with mass-change methods,
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This paper addresses some of the above articulated challenges
by using an output-only modal analysis method to estimate tool
point dynamics. Output-only modal analysis is part of the family of
the operational modal analysis (OMA) procedures. OMA is
routinely used in civil structural engineering applications [5],
wherein it is not always possible to measure random excitation
that those structures are subjected to, but it is still of interest to
estimate the structure's modal parameters during operating
conditions using output-only response data. In a similar vein, this
paper discusses the estimation of tool point dynamics using
output-only data without having to measure the input force
signals. Output-only methods discussed in this paper rely less on
the operator's skill of measurement and are more robust to non-
repeatability issues during measurements as well as being more
robust to multiple hits during excitation. Since the proposed
methods require one less transducer, they promise advantages
from the industrial point of view.

Operational modal analysis procedures have already gained
traction in the evaluation of the dynamics of machine tool systems
[6–32]. Since traditional EMA procedures obtain tool point FRFs at
zero speeds and for when the tool is not contacting the workpiece,
the main motivation for using OMA in the context of machine tools
has been to evaluate how the dynamics of machines change with
speed and, a change in contact conditions between the tool and the
workpiece during cutting.

Evaluation of the machine's dynamics in the operational state
has been shown possible by measuring the response of non-
rotating components during cutting process-based excitation.
Some of the OMA implementations measured cutting forces using
a dynamometer and used those in reconstructing the FRFs [6–12].
However, since dynamometers generally have limited bandwidths,
higher frequency tool point FRFs are difficult to estimate using
these methods. Other OMA approaches in machine tools relied on
simulated forces in conjunction with response measured under
cutting force-based excitation [13], or on hybrid methods in which
forces were measured from EMA and response was measured
during OMA [14]. Another method to estimate the speed
dependent operational dynamics involved performing impact
tests on a rotating tool and using non-contact measurements
followed by EMA [15]. Such methods are however fraught with
risks. All these [6–15] methods use input forces in estimating
dynamics in the operational state, and hence are not strictly based
on the output-only analysis.

Some other implementations of OMA in machines do not
measure the input forces during cutting-process based excita-
tion [16–22], nor do they measure input forces based on exciting
the machine by rapid and sudden changes in the table motion
[23,24]. Since the input is not measured in these approaches
[16–24], the eigenvectors that are estimated are unscaled, and
cannot be used to reconstruct tool point FRFs – which are
required for stability predictions. Other operational procedures
based on the ‘inverse stability analysis’ methods [15,25–27] that
also do not measure the input force have been reported as
capable of identifying the modal parameters using optimization
and regression models. However, these methods require
extensive experimentation at unstable conditions, and hence
are prohibitive. Recent findings concerned with estimating
stability margins in turning reported in [28] discussed the
identification of modal frequencies and damping using classical
OMA procedures without however discussing the estimation of
the eigenvectors. Yet other implementations of OMA procedures
in the machine tool domain were concerned with the
identification of process damping coefficients in orthogonal
cutting [29] and in milling [30], without being concerned with
estimating modal parameters to reconstruct tool point FRFs,
which forms the focus of this paper.
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Of all the OMA implementations in machine tools, except for
the interesting method proposed in [31] that relies on scaling the
eigenvectors using a change in dynamics due to position, or the
output-only modal analysis method proposed in [32] that uses the
method of mass-change to scale the eigenvectors for micromilling
tooling systems, no other OMA based approach that does not
measure forces has suggested ways of scaling the FRFs. However,
since stability predictions necessitate the use of mass-normalized
eigenvectors to reconstruct the tool point FRFs, the output-only
methods that do not offer ways of scaling the FRFs are of little use
in machining stability predictions. Since this paper is concerned
with evaluating tool point FRFs using output-only modal analysis
methods which result in unscaled eigenvectors, we also address
estimating scaling factors for the eigenvectors to estimate tool
point FRFs correctly.

Scaling is a classical problem in OMA and has hence received
much attention [33–38]. It has been shown that by making local
changes in the mass distribution of the structure such that there is
a discernible change in the natural frequencies and no perceptible
change in the shapes, scaling factors can be obtained from the
measured shift in natural frequencies between the original and the
modified condition [33,34]. This paper also adopts such a mass-
change method to estimate the scaled eigenvector.

Determining the proper amount of mass(es) to be added and
figuring where to place the mass(es) such as to guarantee a
perceptible shift in natural frequencies while not changing the
shape is non-trivial – and has been limitedly addressed by some
researchers [37–40]. However, earlier efforts at determining the
correct scaling factors were more focused on placing multiple
masses on the structure, such as to obtain the complete mode
shape – as was required for those applications. However, in the
context of determining only the tool point FRFs – as are targeted in
this contribution, we only require the scaled eigenvector at the tool
point. We hence reformulate the mass-change method to obtain
the scaling factor by placing only a single locally distributed mass
at an optimal location on the tool. We present an analytical-based
approach to determine what amount of mass is to be placed where
to minimize the error in the scaled eigenvector. This is indeed the
key technical contribution of this paper.

This paper demonstrates the reconstruction of tool point FRFs
by using output-only response analysis with the mass-change
method for two representative tools. One tool is a slender boring
bar mounted in a compression holder on a CNC lathe, and another
is an end mill mounted in a regular holder on a medium-sized
three-axis CNC milling machine. All analysis presented in this
paper is for non-rotating tools, i.e., for the case of zero speeds and
for the case of the tool not in contact with the workpiece.
Furthermore, all analysis presented herein is limited to the case of
all modes identified being very well separated.

To extract the modal parameters of interest from the measured
output-only time-series data, of the many available identification
methods [4], we prefer to use the classical and robust time-domain
Eigensystem Realization Algorithm [41]. We hence obtain the
natural frequencies, damping ratios, and unscaled mode shapes.
An overview of this method is presented in the section on output-
only modal analysis using the Eigensystem Realization Algorithm.
This is followed by the section on the scaling of shapes using mass-
change methods. Since cutting tools are essentially cantilevered,
we model the tools as Euler–Bernoulli cantilevered beams, and use
these analytical models to find the optimal size and placement
location of the mass to be added. Since the added mass is
distributed and not a point or a two-point mass, as has been
customarily assumed [37–40], we present systematic error
analysis of the scaled shape to the method of lumping and/or
distributing the mass which is more representative of the real case.
We also address the sensitivity of the scaling factors to errors in the
amics using output-only modal analysis with mass-change methods,
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estimation of the natural frequencies. This is followed by a section
presenting the experimental validation of these proposed methods
by discussing four ways to add mass on a cantilevered rod.
Learnings guide the output-only experimental analysis for tool
point FRF reconstruction. An overview of the procedures adopted
in this paper is outlined in Fig. 1.

The final main section on the evaluation of tool point dynamics
demonstrates the efficacy of the proposed methods on the two
tools. Reconstructed FRFs using the proposed output-only mass-
change methods are contrasted in that section with FRFs obtained
using the classical experimental modal analysis procedures in
which the input is known. This is followed by the main conclusions
of the paper, which includes discussions on the limitations of the
proposed approach.

Output-only modal analysis using the Eigensystem Realization
Algorithm

This section outlines the procedure to estimate the natural
frequencies, the damping ratios, and the unscaled mode shapes
from the measured time response of the system using the
Eigensystem Realization Algorithm (ERA). We prefer ERA over
other output-only modal analysis methods due to its robustness,
and since ERA works well with free decay responses – which is
what we have for tools subjected to impulse type excitations, even
when the inputs remain unmeasured. Though ERA procedures
usually identify a minimum order state space model of a system
from the unit impulse response (Markov parameters) of the
system, since inputs in the present case remain unmeasured, the
measured output will be a scaled version of the system Markov
parameters (with unknown scaling), similar to the auto-correla-
tion function of the output for random and white input [5]. Hence,
the measured output in the present case can be directly used in
ERA to get the unscaled system modes. Key steps of the ERA are
Fig. 1. Overview of the key procedures to obtain tool poin

Please cite this article in press as: P. Gupta, et al., Evaluating tool point dyn
NULL (2020), https://doi.org/10.1016/j.cirpj.2020.06.001
presented below, and for additional details, the reader is directed
to [41].

Let the discrete time response to an impulse input measured
with an accelerometer be written as given in Eq. (1):

y ¼ fy½0�; . . . ; y½n � 1�g; ð1Þ
wherein n are the number of data points. This response is used to
construct a Hankel matrix, H0 of size, p � p as given in Eq. (2):

H0 ¼
y 0½ � y 1½ � � � �
y 1½ �
..
.

y 2½ � � � �
..
.

}

264
375
p�p

: ð2Þ

A singular value decomposition (svd) of H0 is then carried out
as:

svd H0ð Þ ¼ USVT: ð3Þ
This results in two unitary matrices, U and V, and a non-

negative diagonal matrix, S consisting of singular values of H0 as
shown in Eq. (3). The resulting U, S and V matrices are
subsequently reordered and truncated based on the number of
non-zero singular values in S. The reordered and truncated
matrices, U1, S1 and V1 are used to construct a truncated
observability matrix given by:

Q ¼ U1S
1=2
1 ; ð4Þ

where from the first row of Q gives the output matrix:

~cd ¼ Q 1; :ð Þ: ð5Þ
The observability matrix and a shifted Hankel matrix, H1:

H1 ¼
y 1½ � y 2½ � � � �
y 2½ � y 3½ � � � �
..
. ..

.
}

264
375
p�p

; ð6Þ
t dynamics using output-only mass-change methods.

amics using output-only modal analysis with mass-change methods,
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are then together used to obtain a discrete-time state transition

matrix, ~Ad as given by Eq. (7):

~Ad ¼ QþH1Q ¼ S�1=2
1 UT

1H1V1S
�1=2
1 ; ð7Þ

where ‘+’ denotes pseudo inverse of the observability matrix.
Eigenvalue analysis of this discrete-time system matrix results

in discrete-time complex eigenvalues (Ld) and eigenvectors (Cd)
which can, in turn, be converted to continuous-time eigenvalues
and eigenvectors as given by Eq. (8):

lj ¼
1
Dt

ln Ldj

�� ��þ iuj
� �

; cc ¼ ~cdCd; ð8Þ

wherein, ~cd is evaluated from Eq. (5), Ldj ¼ jth Ld and uj =
argument of jthLd, and cc is the complex valued unscaled
eigenvector. The real valued unscaled eigenvector, c is obtained
from cc by minimizing the imaginary part of the corresponding
identified complex cc [42]. From lj, the jth natural frequency can
be evaluated as: vj ¼ jljj; and the jth modal damping ratio, in turn,
can be evaluated to be: zj ¼ �ReðljÞ=vj.

An overview of the ERA to obtain the modal parameters of
interest from the measured response is summarized in Fig. 2. Since
the eigenvectors remain unscaled, the methods to scale these
correctly such as to obtain the tool point FRFs are discussed next.

Scaling using the mass-change method

In general, the mass-change method involves adding a known
mass to the system such that the mode shape of the system
remains relatively unaffected even with a notable frequency shift
[33,37]. To demonstrate the central idea of the mass-change
method, consider the eigenvalue problem associated with a
spring-mass system, as shown in Eq. (9):

Mcv2 ¼ Kc; ð9Þ
wherein, M and K are mass and stiffness matrices, respectively, c is
the unscaled mode shape, and v represents the natural frequency
of the original system, i.e., before the addition of any mass. On
adding a mass of DM, the eigenvalue problem for the modified
system becomes:

M þ DMð Þĉv̂2 ¼ Kĉ; ð10Þ
wherein, ^ represents modal parameters of the new system after
adding the mass. This mass addition to the system can be thought
to be a form of a structural dynamic modification strategy.

If the mode shapes before and after the mass addition remain

the same, i.e., c ffi ĉ, Eqs. (9) and (10) can be combined to result in:

Mc v2 � v̂2
� �

¼ DMcv̂2
: ð11Þ
Fig. 2. Overview of the Eigensystem Realization Algorithm to obtain the modal
parameters of interest.
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For mass normalizing shapes, it is of our interest to obtain a
scaling factor, α, such that the mass normalized mode shape, f ¼
ac satisfy the orthogonality condition fTMf ¼ I. Rewriting
Eq. (11) after pre-multiplying it by cT results in:

a2 ¼ v2 � v̂2

v̂2 cTDMc
� �

: ð12Þ

Though Eq. (12) is straightforward, determining how much
mass to add where on the system remains elusive. These questions
will be addressed in the subsequent section through an analytical
treatment of a beam model that will guide the sizing and
placement of the mass to be added on the tool to scale the shape
correctly.

Optimizing size and location of the mass-change using
analytical beam formulations

Since this paper is only concerned with evaluating cutting tool
point dynamics, and cutting tools are all cantilevered, we propose
an analytical model based on the Euler Bernoulli beam theory to
optimally size and locate a mass on the tool. Moreover, since we are
interested only in the tool point dynamics, and not the entire mode
shape of the tool, we limit ourselves to determining where the
optimally sized single mass must be placed on the tool so as to
reconstruct the scaled eigenvector only at the tool point. The
analysis presented below is hence tailored to the application of
interest and does not address the generalized question of placing
multiple masses at multiple locations so as to obtain the complete
shape of the structure of interest – as has been limitedly addressed
by others before [34–38].

Euler Bernoulli beam formulation

The three beams for which analytical models are presented
herein are shown schematically in Fig. 3. The cases include a simple
beam without a mass, a beam with a point mass added at some
location, ‘a’ from the clamped end, and a beam with a distributed
mass added over some width, ‘d’ at some location ‘a’, measured
from the clamped end to the centre of distributed mass.

Since tools are usually slender, the Euler Bernoulli beam model
for the tool is thought to be more appropriate than the Timoshenko
beam model. The governing equation of motion of an undamped
Euler Bernoulli cantilevered beam without any additional mass on
it can be shown to be [43]:

rA
d2w
dt2

þ EI
d4w
dx4

¼ 0;

wð0Þ ¼ 0
w0ð0Þ ¼ 0
w00ðLÞ ¼ 0
w000ðLÞ ¼ 0

8>><>>: ; ð13Þ

wherein, w is the deflection of the beam, r is the density of the
material,A is the cross-sectional area, E is the elastic modulus, I is the
area moment of inertia of the cantilever beam, and “0” denotes
derivative with respect to “x”. Eq. (13) also lists the boundary
conditions, i.e., the deflection and slope are zero at the clamped
end, whereas bending moment and shear force are zero at the
free end.
Fig. 3. Schematic representation of a cantilevered beam in three different
configurations.

amics using output-only modal analysis with mass-change methods,
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Eq. (13) can be modified for the case of the beam with a point mass,
Dm, added at some distance ‘a’ from the clamped end, to become:

rA
d2w
dt2

þ EI
d4w
dx4

¼ �Dm
d2w
dt2

dðx � aÞ; ð14Þ

wherein d :ð Þ is the Dirac-delta function. The clamped and free
boundary conditions are the same as listed in Eq. (13). Due to the
addition of the point mass, the compatibility equations ensuring
continuity in the beam around the interface where the mass is
added are:

wðaÞ� ¼ wðaÞ þ;
w0ðaÞ� ¼ w0ðaÞþ;
w00ðaÞ� ¼ w00ðaÞþ;
EIw000ðaÞþ � EIw000ðaÞ� ¼ �Dm €wðaÞ;

ð15Þ

wherein, the superscripts, ‘�’ and ‘+’ denote the position slightly
before and slightly after the interfacial point, respectively, and “..”
in Eq. (15) denotes the double derivative with respect to time, t.

For the case of the beam with a distributed mass, we assume
that the contact between the beam and the added mass is rigid. To
simplify the analysis, we also assume that the mass addition poses
no change in the area moment of inertia, I, and contributes only
towards the total mass of the beam at the location of mass addition.
The governing equation of motion for the beam with this
distributed mass is:

rA
d2w
dt2

þ EI
d4w
dx4

¼ �Dm
d2w
dt2

H x � a � d
2

� �
� H x � a þ d

2

� �	 

; ð16Þ

wherein H :ð Þ is a Heaviside-step function. The clamped and free
boundary conditions remain the same as in Eq. (13). Due to the
addition of the distributed mass, the compatibility conditions
ensuring continuity between the added mass and the beam for the
region just before and after the region of the added mass are:

w a � d=2ð Þ� ¼ w a � d=2ð Þþ; w a þ d=2ð Þ� ¼ w a þ d=2ð Þþ;
w0 a � d=2ð Þ� ¼ w0 a � d=2ð Þþ; w0 a þ d=2ð Þ� ¼ w0 a þ d=2ð Þþ;
w00 a � d=2ð Þ� ¼ w00 a � d=2ð Þþ; w00 a þ d=2ð Þ� ¼ w00 a þ d=2ð Þþ;
w000 a � d=2ð Þ� ¼ w000 a � d=2ð Þþ; w000 a þ d=2ð Þ� ¼ w000 a þ d=2ð Þþ;

ð17Þ
wherein, as before, the superscripts, ‘�’ and ‘+’ denote the positions
slightly before and slightly after interfacial points. Unlike the point
mass case, in which, there was only one interface, and hence only
four compatibility conditions, for this distributed mass case, there
are two interfaces (before and after the mass), and hence there are
eight conditions as listed in Eq. (17).

The modal solution to all three equations of motion, i.e., for Eqs.
(13), (14), and (16), can be shown to be [43]:

wðx; tÞ ¼ fðxÞhðtÞ;
fkðxÞ ¼ Akcosbkx þ Bkcoshbkx þ Cksinbkx þ Dksinhbkx;
v ¼ b2

k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EkIk=rkAk

p
where k ¼ 1 to N;

ð18Þ

wherein fðxÞ and v represents the mode shape, and natural
frequency of the system, respectively, h(t) represents the time
component of the displacement and N represents the total number
of segments in which the beam was divided into. Ak, Bk, Ck, and Dk

in Eq. (18) can be found from the substitution of the appropriate
compatibility criteria and boundary conditions. For example, for
the case of the simple cantilevered beam, there is only one segment
i.e. N = 1 in Eq. (18). The four boundary conditions listed in Eq. (13)
when substituted in the mode shape expression in Eq. (18) results
in a transcendental equation in β with infinite solutions. In the
domain of Rþ, the first solution corresponds to the first mode; the
second solution corresponds to the second mode, and so on.

The solution to the cantilevered beam with a point mass was
obtained by modelling the segments before and after the point
Please cite this article in press as: P. Gupta, et al., Evaluating tool point dyn
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mass separately, i.e. N = 2 in Eq. (18). Hence the eight unknowns that
need to be found (four unknowns for the segment to the left of the
point mass, and four more unknowns for the segment to the right of
the point mass), are obtained simultaneously by satisfying the four
boundary conditions listed in Eq. (13) along with satisfying the four
compatibility conditions in Eq. (15). As was done for the case of the
simple cantilevered beam, solution to the resultant transcendental
equation in β for this case too results in different modes.

Similar solution procedures are followed for the case of the
beam with the distributed mass. In the distributed mass case, the
beam is modelled in three segments (N = 3), i.e., a segment just to
the left of the added distributed mass, the segment with
the distributed mass, and another segment just to the right of
the added distributed mass. The twelve unknowns in the mode
shape expression in Eq. (18) are obtained by using the eight
compatibility conditions of Eq. (17) along with the four boundary
conditions as listed in Eq. (13). The resulting transcendental
equation in β was then used to determine the natural frequencies
and mode shapes.

To demonstrate how the scaled (mass-normalized) and
unscaled shapes are obtained from Eq. (18), consider the case of
the cantilevered beam without any added mass. For this case, the
mode shape from Eq. (18) will reduce to:

f1ðxÞ ¼ A1cosb1x þ B1coshb1x þ C1sinb1x þ D1sinhb1x: ð19Þ
Eq. (19) has five unknowns – A1, B1, C1, D1, and β1. Applying the

boundary conditions given in Eq. (13), results in a transcendental
equation in β1 to determine the natural frequency:

1 þ cosbLcoshbL ¼ 0; ð20Þ
and, solving B1, C1, and D1 in terms of A1 results in:

f xð Þ ¼ A1ðcosbx þ g1coshbx þ g2sinbx þ g3sinhbxÞ; ð21Þ
wherein g1, g2, g3 relate A1 to B1, C1, and D1, and A1 in turn is
obtained from the mass-normalization condition of [43]:Z L

0
mmf

2 xð Þdx ¼ 1; ð22Þ

wherein mm is the mass per unit length. Above analysis
demonstrates the procedure to obtain the mass-normalized mode
shapes. If, instead, the unscaled mode shapes are desired to be
found (these are necessary for computing the necessary scaling
factor), instead of obtaining A1 from the mass-normalizing
condition of Eq. (22), Eq. (21) can be left unscaled as:

c xð Þ ¼ cosbx þ g1coshbx þ g2sinbx þ g3sinhbx; ð23Þ
wherein c(x) represents the unscaled shape. Similar procedures as
outlined above were adopted to find the (un)scaled mode shapes
for the cantilevered beams with a point mass and with a
distributed mass.

Having described the analytical cantilever beam model with the
added point mass and the distributed mass and having discussed
methods of solution for these models, the models are used to guide
the selection of the size of the mass to be added and also to decide
wheretheaddedmassistobelocatedsuchastominimizetheerror in
the scaled eigenvector – as discussed next.Erroranalysis for different
scaling methods is also presented next. The sensitivity of scaling to
errors in estimations of natural frequencies is also discussed.
However, before proceeding with the error analysis, change in modal
parameters due to the added mass is analyzed and discussed.

Change in modal parameters due to mass additions

The underlying assumption in mass-change methods is that
with an additional mass added to the system of interest, there is an
amics using output-only modal analysis with mass-change methods,
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Fig. 4. Change in the eigenvector and the natural frequency with an increase in the
added mass.

Table 1
Material parameters of the cantilever beam with distributed mass.

Radius, r 12.5 mm
Young's modulus, E 200 GPa
Length, L 250 mm
Density, r 7800 kg/m3

Mass length, d 20 mm
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insignificant change in the mode shape and that there is a
noticeable shift in the natural frequency between the original and
mass-modified system. The analytical model presented above is
used to investigate the validity of this assumption. For the case of
the cantilever beam with a distributed mass, the amount of mass is
varied, and the absolute change (D) in the eigenvector at the tool
point and the natural frequency between the original and mass-
modified system is evaluated and is shown in Fig. 4. Results in Fig. 4
are obtained with beam parameters as listed in Table 1, and
assuming that the added mass is kept at ‘a = 230 mm’. Results in
Fig. 4 are reported only for the first mode, and the added mass is
reported as a function of the modal mass of the first mode of the
cantilever beam.

It is evident from Fig. 4 that an increase in the added mass
causes a larger change in the natural frequency between the
original and the mass-modified system than the change in the
eigenvector between the two systems. It is also clear that the
change in the eigenvectors is not insignificant – a 20% mass
addition results in a �17% change in the eigenvector. Hence, even
though the mass-change methods presuppose that the change in
the eigenvector between the original and mass-modified systems
must remain negligible, and since the change is not negligible, it
becomes crucial to systematically characterize the error in the
estimation of the scaled eigenvectors with a change in the added
mass. This error analysis is discussed next.

Error in the estimation of the mass-normalized eigenvectors

At first, for a fixed added mass, error in the estimation of the
mass-normalized eigenvector at the free end for the two different
methods to add the mass, i.e., a point mass, and a distributed mass,
is characterized. We define the absolute error in the estimation of
the mass-normalized eigenvector as:

ef ¼ f � ac
f

���� ����; ð24Þ

wherein f is the true mass-normalized eigenvector at the free end,
c is the unscaled eigenvector also at the free end, and α, the scaling
factor is estimated from Eq. (12). Since only a single mass is added

to the system, Eq. (12) reduces to: a2 ¼ v2�v̂2

v̂2 cTDmc
� �

, wherein

Dm is the scalar mass addition. Since the scaling factor can be
evaluated from eigenvectors estimated at the location of mass
addition and also from the eigenvectors estimated at the free end,
even when the mass is added elsewhere, sensitivity of ef to the two
methods of scaling is also investigated herein.

For an added mass of 10% of the modal mass of the first mode of
the cantilever, the error estimated with α obtained at the location
of mass addition and at the free end is shown in Fig. 5 for both
methods of adding the mass, i.e., the point mass, and the
distributed mass. Fig. 5 reports errors as they change with the
location of the added mass, and hence the abscissa represents a
normalized length.

As is evident from Fig. 5, the errors change with the location,
and the type of the added mass. For the case of the scaling factor
obtained by using the eigenvectors obtained at the location of the
added mass, the error profile for the estimation of the mass-
normalized eigenvector at the free end is different for the case of
the point and distributed mass – see Fig. 5(a) and (c). However, for
the case of the scaling factor obtained by using the eigenvectors at
the free end, the error profile for both methods of adding the mass
are the same – see Fig. 5(b) and (d).

From Fig. 5(a), i.e., for the point mass case, with α obtained from
using the eigenvectors evaluated at the location of the added mass,
it appears that the error increases as the mass is placed towards the
free end and that the error is minimum when the point mass is
Please cite this article in press as: P. Gupta, et al., Evaluating tool point dyn
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placed at ‘a/L = 0.8’. The error for this case also appears to reduce as
the mass is moved towards the clamped end. Nevertheless, the
error in the estimate of the mass-normalized eigenvector remains
less than 0.5% irrespective of where the point mass is placed. Since
in practice, it is not possible to place a point mass on the tool, the
error profile for the distributed mass case is thought to be more
useful to guide where the mass should be placed. As is evident from
Fig. 5(c), for the distributed mass case with the scaling factor
evaluated using the eigenvectors at the location of the added mass,
ef reduces in an exponential manner as the mass is moved to the
free end. And, as is evident from Fig. 5(d) for the distributed mass
case with α obtained from using the eigenvectors at the free end, ef
appears to reduce quadratically as the mass is moved from the
clamped end to the free end. Even though this trend is similar for
the case of adding a point mass (see Fig. 5(b)), since the distributed
method of adding mass is more realistic, all subsequent inves-
tigations in this paper assume the added mass to be distributed in
nature.

Since the analysis in Fig. 5 is limited to only one mode, and to
the case of adding only a fixed added mass, expanded analysis for
two modes and with changing the amount of the added mass is
shown in Fig. 6, in which the error, ef is represented by the colour-
bar. Fig. 6 also schematically shows the mode shapes for the first
two bending modes of the cantilever beam. The results observed
for the error estimated with α obtained from using eigenvectors
evaluated at the location of mass addition, and for α obtained from
using eigenvectors evaluated at the free end are different but the
trend is similar. As is evident from Fig. 6, for the first mode, the
error is lowest around the free end whereas, in the case of the
second mode, the lowest error is around the point of maximum
deflection corresponding to the mode shape of the second modal
frequency. It is also evident that the error increases around the
location where the mode shape experiences zero deflection. This
suggests that for a low ef, the mass to be added should be placed
around the region of maximum deflection for that mode, and not
near or at any nodal points. This observation is in line with the
claim made in [37], for which we present reasoned confirmation.

Observations in Fig. 6 can be explained by substituting Eq. (12)
in Eq. (24), which results in:

ef ¼ 1 � cT

fTca

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � v̂2

v̂2 Dm

s������
������; ð25Þ
amics using output-only modal analysis with mass-change methods,
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Fig. 5. Error in estimating mass-normalized eigenvector for two different methods to add the mass, i.e., for a point mass and a distributed mass being influenced by the
location of the added mass, and method of scaling. (a) ef for the point mass case with α obtained from using the eigenvectors evaluated at the location of the added mass, (b) ef
for the point mass case with α obtained from using the eigenvectors evaluated at the free end, (c) ef for the distributed mass case with α obtained from using the eigenvectors
evaluated at the location of the added mass, (d) ef for the distributed mass case with α obtained from using the eigenvectors evaluated at the free end.

Fig. 6. Error in estimating mass-normalized eigenvectors for the first and second
mode being influenced by the location of the added mass, and method of scaling. (a)
ef for the first mode with α obtained from using the eigenvectors evaluated at the
location of the added mass, (b) ef for the first mode with α obtained from using the
eigenvectors evaluated at the free end, (c) ef for the second mode with α obtained
from using the eigenvectors evaluated at the location of the added mass, (d) ef for
the second mode with α obtained from using the eigenvectors evaluated at the free
end.
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wherein, cT and fT are evaluated at the tool tip which are constant
for a particular beam whereas ca is the unscaled eigenvector as a
function of distance ‘a’ from the clamped end. Clearly, Eq. (25)
suggests that ef is a function of the mode shape estimate and that
the error ef increases at the nodal point of the mode. It is also
evident that ef is minimum for the eigenvector ca estimated at the
point of its maximum deflection, i.e., at the anti-node. Further-
more, Eq. (25) also suggests that the error ef becomes independent
Please cite this article in press as: P. Gupta, et al., Evaluating tool point dyn
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of the initial scaling in the unscaled eigenvector as the arbitrary
scalar scaling factor multiplying cT and ca will cancel out. This
property is useful in the sense that during experimentation, even if
changing levels of input excitation will proportionally scale the
eigenvector, the mass-normalized mode shape estimate, f,
remains independent of how c might scale.

From Figs. 5 and 6 we hence conclude that ef increases with
increase in mass addition. To correctly estimate the mass-
normalized eigenvector corresponding to a particular mode,
Fig. 6 suggests that the mass to be added should be placed as
close as possible to an anti-node and far from a nodal point for that
mode of interest. Moreover, since Eq. (12) assumes the mode shape
does not change with added mass, if Eq. (12) is ‘strictly’ valid, then,
the error in the scaling factor simply scales by cT/ca if the mass
was placed at distance ‘a’ from the clamped end instead of placing
at the free end. However, since the mode shape does change with
the amount and location of the added mass (see Figs. 4–6), Eq. (12)
is an approximation, and given the influence of several intrinsically
coupled factors on the error in the scaled mode shape, viz. the
unscaled mode shape value at the location of the added mass, the
shift in the frequency (which in turn depends on the location of the
added mass), and the validity of Eq. (12) vis-a-vis the assumption
of “negligible change in mode shape” (which again depends on the
location of the added mass), the only tangible way of finding the
optimal location of the added mass is through the numerical
simulations presented above. These simulation results are
supported by experimental validations discussed subsequently,
after also discussing errors due to uncertainties in estimations of
the natural frequencies.

Error due to uncertainty in the estimation of natural frequency

Another potential source of error is the error in the estimation
of the scaling factor, α due to uncertainty in the measurement of
natural frequency, v. Uncertainties in estimation of natural
frequencies are usual in experimental procedures [4], and hence
to evaluate this error, Eq. (12) can be rewritten as:

a2 ¼ h2 � 1

cTDMc
; ð26Þ

wherein h ¼ v=v̂. Furthermore, the error in the scaling factor due
to error in the estimation of the natural frequency, v can be
amics using output-only modal analysis with mass-change methods,
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Fig. 7. Error due to uncertainty in the estimation of natural frequency, changing
with added mass.

Table 2
Different formulations for scaling factor, α.

a1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 v�v̂ð Þ

v̂cT DM½ �c

r
[33]

a2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�v̂2

v̂2 cT DM½ �ĉ
q [37]

a3¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�v̂2

v̂2 cT DM½ �c
q

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�v̂2

v̂2 ĉ
T

q
DM½ �ĉ

2

[37]

a4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�v̂2

v̂2 cT DM½ �c
q [37]

Fig. 8. Error in eigenvector estimate corresponding to different formulations of α.
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represented as [40]:

ev ¼ da
a

¼ h2

h2 � 1
dh
h
: ð27Þ

Assuming the error in h to be 0.1% [40], the error in the
estimation of the scaling factor, α for different levels of the added
distributed mass is evaluated and is shown in Fig. 7. The analysis
herein is limited to the first mode.

As is evident from Fig. 7, the error in the estimation of the
scaling factor, α due to uncertainty in the measurement of natural
frequency, v reduces with an increase in the amount of mass added
to the system. Since uncertainties in correctly estimating the
natural frequencies from experiments will remain present, this
analysis shows that an increase in the added mass will reduce the
potential error in the estimation of the scaling factor in the
presence of uncertainties in v. However, since an increase in the
distributed mass causes a perceptible shift in the eigenvector – see
Figs. 4 and 6, which in turn may result in other errors, increasing
the mass to be added simply to account for errors in the estimates
of the scaling factor due to natural frequency is not recommended.

Having systematically characterized the errors in the estima-
tion of the mass-normalized eigenvector as well as the errors due
to potential uncertainties in the estimates of the natural frequency,
we also discuss below how the error in the eigenvector estimate is
also governed by the choice of the formulation for the scaling
factor.

Error in the estimate of the mass-normalized eigenvector being
influenced by choice of the scaling factor

Though the scaling factor used in the above analysis was
derived and presented in Eq. (12), other studies have made
approximations [33], and yet others have presented alternate
formulations for the scaling factor, and also expanded the scaling
factors for more complex systems [37]. Since the choice of the
scaling factor has bearing over the error in the estimate of the
mass-normalized eigenvector, we present a comparative error
analysis using different scaling factors that have been reported in
the literature. The commonly used scaling factors are listed in
Table 2, and the error in the estimation of the mass-normalized
eigenvector, ef using the different scaling factors are evaluated for
the first mode only and shown in Fig. 8. For this analysis, the
distributed mass is assumed to be placed at a distance of 20 mm
from the free end.

The first expression listed in Table 2, i.e., α1 was given in [33]
and involved an approximation of v þ v̂ � 2v̂. The remaining
three were deduced in [37]. The second and fourth expressions, i.e.,
α2 and α4 differ only in terms of choice of unscaled eigenvector
considered to evaluate the scaling factor, whereas the third
expression, i.e., α3 involves an expression evaluated from the mean
of both the eigenvectors taken one at a time. The fourth expression
is the same as derived in Eq. (12).

As is evident from Fig. 8, the choice of scaling factor significantly
influences the error in the estimation of the mass-normalized
eigenvector. The error in the estimation of the mass-normalized
eigenvector increases for all the scaling factors with an increase in

the added mass. Even though α2 differs from α4 only in its use of ĉ
in the denominator instead of c, its (α2) use results in far greater
errors than the use of α4. Errors with α2 are greater than those with
α4 mainly because of the mode shapes before and after the mass
addition not remaining the same – see Fig. 4. From Fig. 4, it is

evident that the difference between c and ĉ is not negligible, and

this difference between c and ĉ translates to the difference
observed between α2 and α4. Seeing that the formulation for α4
reported in [37] is the same as that derived herein, for all further
Please cite this article in press as: P. Gupta, et al., Evaluating tool point dyn
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analysis we use the formulation for the scaling factor that is
derived herein, i.e., the formulation described in Eq. (12).

Having presented an analytical model to guide the selection of
the size of the mass to be added along with determining where to
add that mass based on systematic error analysis, we first present
experimental validation of the proposed mass-change methods on
a simple cantilevered beam. Subsequently, we present the use of
output-only mass-change methods to evaluate cutting tool point
dynamics.

Preliminary experimental validation of the proposed mass-
change method

This section presents experiments to validate the proposed
mass-change method. Since a mass can be added to the test object
in several ways, we investigate four different methods to add
mass to a cantilevered beam – that is the test object in this
preliminary experimental validation. The primary requirement
for adding a mass to the test object is that the added mass must
not have any relative motion to the test object, and hence it must
be secured rigidly.
amics using output-only modal analysis with mass-change methods,
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Fig. 10. Experimental setups with four different methods to add the mass on the
cantilever beam, (a) stud mounted, (b) magnet, (c) clay, (d) side clamps.
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The four different types of masses added are shown in Fig. 9 and
include the use of molybdenum piece that was stud mounted on to
the beam, a magnet, a piece of clay, and a pair of aluminium strap
clamps. All four types of the mass to be added weighed 42.5 	1 g.
This weight was selected such that the added mass is 15% of the
modal mass corresponding to the fundamental mode. This level of
a mass addition of 15% was also done in order to observe a notable
frequency shift between the original system and the mass-
modified system. Moreover, pilot experiments with this weight
of the mass showed frequency shifts greater than 1% for the mass
placed and roved over 60% of the length of the cantilever beam.
This was necessary to evaluate the errors in the estimation of the
mass-normalized eigenvectors by varying the position of the mass
to be added on the beam.

The cantilever beam selected as the test object was made of
mild steel. The beam had a diameter of 25 mm and an overhang of
240 mm, and it was clamped in a compression holder – as shown in
Fig. 10. Fig. 10 also shows the four different mass types mounted on
the free end of the beam. In order to investigate experimentally
how the dynamics change with a change in the position of the
added mass, the mass was roved from a distance of 7.5 mm and up
to a distance of 140 mm from the free end. Placing the mass beyond
140 mm was observed to result in a frequency shift of less than 1% –

which was thought to be inadequate for correctly estimating the
scaling factor.

Output-only analysis was carried out for experiments that were
performed without the mass and with different types of masses
placed at different locations along the beam. Since these
preliminary experiments are to guide the evaluation of tool point
dynamics, all experiments herein involved impacting near the free
end and measuring the response at the free end. Though a modal
hammer was used to excite the beam, the input remained
unmeasured for the output-only analysis. The response was
measured using a single axis accelerometer. All data was sampled
at 25.6 kHz and the data was acquired using CutPro1’s data
acquisition module [44]. The ERA was used to estimate the natural
frequencies and unscaled mode shapes for experiments with and
without the added mass. The scaling factor in Eq. (12) was then
used to estimate the mass-normalized mode shape.
Fig. 9. Four different types of masses added to the primary test object, (a)
molybdenum piece that is stud mounted, (b) magnet, (c) clay, (d) aluminium side
clamps.
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The fundamental mode of the cantilever beam without any
added mass was estimated to be 263.2 Hz, and the unscaled
eigenvector at the free end of the beam was estimated to be 7.91
from the ERA analysis. Separate experimental modal analysis was
also carried out for the beam without any added mass, in which the
input and output were both measured using CutPro1’s data
acquisition module and the modal parameters were extracted
using CutPro1’s modal analysis module [44], from which the mass-
normalized eigenvector was found to be 2.05. The error in the
estimate of the mass-normalized eigenvector using the output-
only mass-change method is benchmarked against this value. The
results obtained with the four different ways to add the mass along
different sections of the beam are summarized in Table 3 and
Fig. 11.

As is evident from Table 3, as the mass is moved away from the
free end, the natural frequency of the beam increases and tends
towards the natural frequency estimate of the original beam
without any additional mass placed on it. This is true for all four
methods to add the mass. Also evident from Table 3 is that as all
four types of the added mass are moved away from the free end,
the scaling factor reduces, and the estimated mass-normalized
eigenvector (estimated based on the output-only mass-change
method) starts to deviate considerably from the mass-normalized
eigenvector obtained from the experimental modal analysis
procedure. These trends are plotted in Fig. 11, which confirms
that as the added mass is moved towards the free end, i.e., towards
the anti-node for the fundamental mode, the error in the estimate
of the mass-normalized eigenvector reduces. This is consistent
with the analytical model-based observations reported in Figs. 5(b)
and 6(b) – thus validating the proposed output-only mass-change
method. Though experimental validation of the proposed mass
change method was presented herein only for the case of the
scaling factor evaluated from eigenvectors estimated at the free
end, even when the mass is added elsewhere, similar validation
Table 3
Parameters obtained for a cantilever beam for different mass addition techniques.

Distance from the free end [mm]

7.5 20 40 60 80 100 120 140

Screw bf n [Hz] 244.5 246.7 250.3 252.7 255.3 257.4 259.5 260.9

α 0.24 0.23 0.20 0.18 0.15 0.13 0.10 0.08
fest 1.93 1.81 1.58 1.41 1.22 1.04 0.83 0.66

Magnet bf n [Hz] 244.1 245.7 250.1 252.7 255.2 257.5 259.5 261.0

α 0.25 0.24 0.20 0.18 0.16 0.13 0.11 0.08
fest 1.96 1.87 1.59 1.41 1.23 1.03 0.83 0.64

Clay bf n [Hz] 245.1 246.6 250.3 252.4 254.8 256.9 258.7 260.5

α 0.24 0.23 0.20 0.18 0.16 0.14 0.12 0.09
fest 1.90 1.81 1.58 1.44 1.26 1.08 0.91 0.71

Clamp bf n [Hz] 245.0 247.2 250.6 253.4 255.5 257.7 259.6 260.9

α 0.24 0.22 0.20 0.17 0.15 0.13 0.10 0.08
fest 1.91 1.78 1.56 1.37 1.20 1.01 0.81 0.66

amics using output-only modal analysis with mass-change methods,
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Fig. 11. Error in the estimation of mass-normalized eigenvectors for four different
ways to add mass on a cantilever beam.

Fig. 12. Experimental setups to evaluate dynamics of a boring bar, (a) without any
mass added, (b) mass added to evaluate the first mode, (c) mass added to evaluate
the second mode.
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could also be shown for the scaling factor evaluated from
eigenvectors estimated at the location of mass addition.

Seeing that the proposed output-only mass-change method
holds promise, these methods are now used to guide the
evaluation of tool point dynamics as is discussed next. Further-
more, Fig. 11 shows that there is no difference in the results
obtained with the four different methods to add the mass. Even
though the size of the four masses are different (see Fig. 9), because
of their weight being similar, their different sizes do not appear to
significantly influence the error in the estimation of mass-
normalized eigenvectors – as is observable in Fig. 11. Since tools
are generally made of carbide it is not possible to add a magnet to
the tool, nor is it possible to stud mount anything on the tool, we
hence prefer to use the aluminium strap clamps as a means to add a
mass on the tool of interest. Moreover, the trend in the
experimental results in Fig. 11 match the trend obtained with
the analytical model for which results were shown in Fig. 5(d) –

suggesting that the proposed analytical model can indeed be used
to guide placement of the optimally sized mass on the tool to
correctly estimate the tool point FRFs – as is discussed next.

Evaluating tool point dynamics using output-only mass-change
methods

This section discusses the use of output-only mass-change
methods to evaluate the tool point dynamics for two representa-
tive tools – a slender boring bar mounted on CNC lathe, and an end
mill in a tool holder mounted on a CNC milling machine. For both
tools, the output response for impact-based excitation was
acquired using a single axis accelerometer mounted at the tool
tip. For the output-only analysis, measurements were made with
and without the added mass. Size and placement of the added
mass were guided by the analytical models discussed above. All
data was sampled at 25.6 kHz and acquired using CutPro1’s data
acquisition module. Natural frequencies and unscaled mode
shapes for the case of the tools with and without the added mass
were evaluated using the ERA, and the scaling factor was then used
to estimate the mass-normalized eigenvector correctly. Scaled
shapes were contrasted with those obtained using traditional
experimental modal analysis procedures in which the input and
output were both measured and from which the modal parameters
were evaluated using CutPro1’s modal analysis module.

The tool point frequency response functions for both tools were
reconstructed from the extracted modal parameters for m modes
of interest using:

h vð Þ ¼
Xm
j¼1

f2
j

�v2 þ 2izjvvj þ v2
j

; ð28Þ
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wherein vj, zj and fj are the natural frequencies, damping ratios,
and mass-normalized eigenvectors, respectively.

Results for the slender boring bar

A slender boring bar of 25 mm diameter and with a length-to-
diameter ratio of 9 was mounted in a compression holder which in
turn was mounted on a CNC machine. The experimental setup is
shown in Fig. 12, which shows the accelerometer placed near the
free end, and also shows the two different locations of the added
mass to identify the dynamics of the first two bending modes.
Placement of the added mass using aluminium strap clamps is
guided by the analytical model that suggested adding the mass
near the anti-node(s) for the mode(s) of interest. A mass of 42.5 g
was added in both cases, and the analysis herein is limited to the Y
direction only.

Following the procedure outlined above, the modal parameters
obtained from the output-only mass-change analysis using the
ERA are listed in Table 4. The added mass of 42.5 g corresponds to
15% of the modal mass of the fundamental mode and �4% of the
modal mass of the second mode. As is evident from Table 4, this
mass-change resulted in a frequency shift of 8% for the
fundamental mode and a 2% frequency shift for the second mode.
There is also a perceptible change in the unscaled eigenvectors for
the boring bar with and without the added mass. These frequency
shifts and the unscaled eigenvector for the boring bar without the
added mass were used to estimate the scaling factor and the mass-
normalized eigenvector – that are also listed in Table 4.

To get a sense of the response signals with and without the
added mass that were passed through the ERA to obtain the modal
parameters of interest, Fig. 13 shows representative time and
frequency plots of the response signals that were used to estimate
the modal parameters of the first mode of the boring bar. Though
the inputs were not used in the output-only mass-change method
proposed herein, Fig. 13 includes a record of the measured input
impulse force signals to demonstrate that the bandwidth excited
spans the frequency range of interest. As is evident from Fig.13, the
bandwidth for both cases, i.e., for the case without the added mass,
and for the case with the added mass, is the almost the same, being
�1.2 kHz – suggesting that all modes within this bandwidth should
be identifiable. Furthermore, as is also evident from Fig. 13, even
though the input force levels and the bandwidths for measure-
ments with and without the mass are alike, the response for both
cases is different. The maximum acceleration levels for the
amics using output-only modal analysis with mass-change methods,
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Table 4
Modal parameters for the boring bar obtained from the output-only ERA and mass-
change method.

fn [Hz] c; ĉ α f

1st mode Without mass 361.3 17.17 0.11 1.98
With mass 334.5 14.00

2nd mode Without mass 1920 12.45 0.078 0.97
With mass 1882.4 7.304

Fig. 13. Time and frequency plots of the signals that were used to estimate the
modal parameters of the first mode of the boring bar. Left column corresponds to
the case without the added mass, and the right column corresponds to the case with
the added mass. (a) Impulse input force and its frequency spectra, and (b)
Acceleration response and its frequency spectra. Table 5

Modal parameters for the boring bar obtained using the proposed output-only
mass-method and the traditional EMA method.

Proposed output-only mass-change
method

EMA

fn [Hz] z [%] f fn [rad/s] z [%] f

1st mode 361.3 0.46 1.98 362 0.42 1.93
2nd mode 1920 0.58 0.97 1918 0.50 0.88
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response without the added mass reach 	�1000 m/s2, whereas for
the case with the added mass, the maximum acceleration levels
observed are 	�500 m/s2. Furthermore, the frequency spectra of
the response signals further confirm that the strength of the output
response with the added mass is slightly lesser than the case
without the mass. Also evident from the frequency spectra is the
reduction in the frequency of the dominant mode for the case of
Please cite this article in press as: P. Gupta, et al., Evaluating tool point dyn
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the added mass. The differences in the response and in their
spectra shown in Fig. 13 are essential for estimating the scaling
factor (see Eq. (12)) necessary to scale the eigenvector. Since the
frequencies in the response spectra in Fig. 13 are evaluated from
the Fourier transform, these are slightly different than those
reported in Table 4 – which are output directly from the ERA.

The natural frequencies and damping ratio for the boring bar
without the added mass and the mass-normalized eigenvectors
obtained using the output-only mass-change method is compared
in Table 5 with the modal parameters obtained using the
traditional experimental modal analysis procedures. Furthermore,
as is evident in Table 5, the damping and mass-normalized
eigenvector obtained using the proposed output-only mass-
change method are only slightly overestimated in contrast to
the results from the traditional EMA procedures. These parameters
are used to reconstruct the FRFs at the free end and those results
are compared in Fig. 14, which also includes the measured FRF
before modal curve-fitting. As is evident from Fig. 14, all three FRFs
compare very well – further validating the proposed method and
demonstrating how the method can be used to estimate the
dynamics of tools with multiple modes.

Results for an end mill cutting tool

The proposed methods were also demonstrated on an end mill
of 20 mm diameter mounted in a tool holder with an overhang of
85 mm – as shown in Fig. 15. The experimental setup in Fig. 15
shows the end mill with and without the added mass. Unlike for
the case of the slender boring bar discussed above, the analysis
herein is only limited to that for a single mode, since preliminary
investigations showed the end mill's dynamics to be dominated by
a single mode in the frequency range between 100 and 2000 Hz.
The added mass of 42.5 g was placed at the anti-node which
happens to be the tool tip. The accelerometer too, was mounted on
the tool tip. Though the setup shown in Fig. 15 is for measuring the
dynamics in the X direction, a similar setup (not shown) was also
used to measure the end mill's dynamics in the Y direction.

Similar procedures as were followed for the boring bar were
also followed herein, and the modal parameters obtained from the
output-only mass-change analysis using the ERA are listed in
Table 6.

The added mass of 42.5 g corresponds to 4–5% of the modal
mass of the fundamental modes in the X and Y directions,
respectively. As is evident from Table 6, this mass-change resulted
in a frequency shift of �2% for the fundamental modes in the X and
Y directions. However, unlike the case for the boring bar, in the
present case, there is a negligible change in the unscaled
eigenvectors for the end mill with and without the added mass
in either of the principal directions. As before, the frequency shifts,
and the unscaled eigenvectors for the end mill without the added
mass were used to estimate the scaling factor and the mass-
normalized eigenvector – that are also listed in Table 6.

The mass-normalized eigenvector, damping ratio and the
natural frequencies for the end mill without the added mass
obtained with the output-only analysis are compared in Table 7
with modal parameters obtained using the traditional EMA
amics using output-only modal analysis with mass-change methods,
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Fig. 14. Comparison of the measured FRF before modal curve-fitting with FRFs
reconstructed with modal parameters extracted using the traditional EMA
approach and with parameters obtained using the proposed output-only mass
change method.

Fig. 15. Experimental setup to evaluate dynamics of an end mill, (a) without any
mass added, (b) mass added to evaluate dynamics in the X direction.

Table 6
Modal parameters for the end mill obtained from the output-only ERA and mass-
change method.

fn [Hz] c; ĉ α f

X Without mass 637.2 6.89 0.14 0.94
With mass 625.6 7.22

Y Without mass 656.4 8.19 0.13 1.09
With mass 640.4 6.87

Table 7
Modal parameters for the end mill obtained using the proposed output-only mass-
method and the traditional EMA method.

Proposed output-only mass-change method EMA

vn [rad/s] z [%] f vn [rad/s] z [%] f

X 2p�637.2 2.48 0.94 2p�641 2.47 1.00
Y 2p�656.4 1.95 1.09 2p�655 2.00 0.99

Fig. 16. Comparison of the measured FRFs before modal curve-fitting with FRFs
reconstructed with modal parameters extracted using the traditional EMA
approach and with parameters obtained using the proposed output-only mass
change method. X-directional FRFs are shown on the left, and the Y-directional FRFs
are shown on the right.
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procedures, and as is evident, the modal parameters are in
excellent agreement with each other. Since the modal parameters
are in such close agreement, the FRFs reconstructed with these
parameters that are contrasted in Fig. 16 are also naturally in good
agreement. Fig. 16 also shows the measured FRFs before curve
fitting, and the close agreement of the dominant mode in the
measured FRF before curve fitting, and the FRFs reconstructed with
modal parameters listed in Table 7 further confirms the ability of
the proposed output-only mass-change methods to estimate tool
point dynamics correctly.

Since methods presented herein were limited to evaluating the
modal parameters of only the dominant mode(s), the other higher-
frequency modes appearing in the measured FRFs were not paid
heed to, nor were the lower-frequency structural modes, and as
Please cite this article in press as: P. Gupta, et al., Evaluating tool point dyn
NULL (2020), https://doi.org/10.1016/j.cirpj.2020.06.001
such, even if the dominant mode is captured well, modal
truncation introduced errors are evident. These could be addressed
by including low-and-high-frequency residuals, or the output only
mass-change method could also be used to place potentially
different masses at the anti-nodes of these low-and-high
frequency modes to also extract their modal parameters. This
would be like what was demonstrated for identifying the second
bending mode of the slender boring bar. Since the modes of the end
mill are reasonably well separated in the present analysis, different
mass additions to extract the different modal parameters may
prove feasible. However, for the more general case of extending the
proposed output-only mass-change methods to evaluating the
dynamics of machines with potentially closely spaced spindle and
tool holder modes, if measurements were to be undertaken using
only a single sensor, mode switching might go undetected, and the
scaled mode shapes might be erroneous. Addressing these issues is
difficult and remains largely unexplored. Though this is not part of
the present scope of this paper, such questions can be explored in
future studies.

Conclusions

This paper presented a new output-only mass-change method
to estimate cutting tool point dynamics. Since output-only modal
analysis methods result in the eigenvector estimates to be
unscaled, we presented analytical models to guide the sizing
and placement of the mass to be added on the tool such as to
correctly estimate mass-normalized eigenvectors to be used in
constructing tool point frequency response functions.

Analytical models include systematic characterization of errors
in scaling the eigenvector and of errors due to uncertainties in the
estimation of the natural frequencies. Analytical models also guide
the appropriate use of scaling formulations. Analytical models
suggest the mass to be added for scaling to be placed at/near the
anti-node(s) for the mode(s) of interest. Since the analytical
models include modelling the mass to be added in a distributed
sense as opposed to considering the added mass to be a point mass
– as was done by others before, the proposed model is thought to
be more representative of the real case – in which any added mass
will always be distributed. These analytical models were validated
experimentally, and those results were used to guide the
evaluation of cutting tool point dynamics using output-only
mass-change methods.
amics using output-only modal analysis with mass-change methods,
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Methods were demonstrated on two representative cutting
tools – a slender boring bar mounted in a CNC lathe, and on an end
mill mounted in a holder on a CNC milling machine. Modal
parameters estimated with the proposed output-only mass-
change methods were shown to compare well with modal
parameters estimated using the traditional experimental modal
analysis procedures. Since modal parameters compared well,
tool point frequency response functions reconstructed using
modal parameters that were estimated using the proposed
methods were also found to be in good agreement with FRFs
reconstructed using modal parameters obtained from traditional
EMA procedures.

The main advantage of the proposed methods is thought to be
the requirement of one less force transducer, and hence the
proposed methods promise advantages from the industrial point-
of-view. Moreover, the demonstrated success of using mass-
change methods for evaluating tool point dynamics may pave the
way for using mass-change methods in conjunction with
operational modal analysis to identify the in-process dynamics
of machine tools.

The proposed output-only mass-change methods need experi-
ments to be conducted on tools with and without adding an
additional mass, and as such the proposed methods need more
experiments than the traditional experimental modal analysis
procedures, and this is thought to be the main drawback of the
proposed method. Furthermore, the proposed methods are more
suitable for cantilevered tooling systems and remain untested for
evaluating the dynamics of larger machine tool structural
elements. Moreover, though the analysis presented herein was
limited to the case of the modes identified being very well
separated, how output-only mass-change methods might work for
the case of the dynamics being dominated by closely spaced
modes, such as for the case in milling machines with the spindle
and tool holder modes being closely spaced, is largely unexplored,
and can form part of future studies.
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