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Abstract

Purpose In an impact-damped boring bar, the momentum transfer from the vibrating bar to a free mass colliding with it
damps the bar’s response. For effective momentum transfer, the free mass within the bar must slide/roll from one side to the
other by overcoming frictional resistance. Despite its importance, the role of friction remains insufficiently unexplored. This
paper hence presents research that examines the role of friction on the nature of vibro-impacts influencing instabilities in the
boring process.

Methods We present model-based parametric analysis in which the bar is modelled as a cantilevered beam and the free mass
is taken as a ball that slides/rolls over the contacting surface. Frictional interactions are considered. The governing nonlinear
equations are solved numerically to evaluate performance under harmonic and regenerative cutting forces.

Results We observe the nature of vibro-impacts to be strongly dependent on friction, on the excitation level, the excitation
frequency, the gap between the free mass and the walls of the bar, on ratio of the free mass to the modal mass of the bor-
ing bar, and on the initial conditions. Families of solutions for vibro-impacts include multiple symmetric and asymmetric
impact cases, no impact cases, as well as cases with ball sticking to a wall and cases with the ball exhibiting non-uniform
modulated response. Sensitivity analyses indicate that the vibro-impact responses are largely robust to variations in initial
conditions, except for the no impact motion under harmonic forcing. When friction is considered, multiple attractors with
different vibration amplitudes may coexist depending on the harmonic forcing amplitude. While changes in mass ratio and
friction coefficient significantly influence system stability, variations in the coefficient of restitution have negligible effects
on the response characteristics.

Conclusions Our analysis reveals that friction changes the nature of vibro-impacts resulting in a transition of response from
one solution type to others. We also in general observe that friction retards motion of the free mass and hence inhibits its
ability for effective momentum transfer. Future work should extend these insights experimentally to validate transition phe-
nomena and quantify frictional effects under realistic surface conditions.

Keywords Impact damper - Friction - Boring bar - Vibro-impacts - Machining instability - Chatter

Introduction

Machining deep bores requires the use of slender, high-
aspect ratio cantilevered boring bars. These tools tend to
vibrate when excited by the cutting process. Since vibrations
deteriorate machined surface quality, they must be damped.
Damping is usually achieved by integrating a tuned mass
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damper within the boring bar, or by active vibration control
that requires a sensor and actuator to be integrated within
the boring bar [1]. As an alternative to these solutions, this
paper focuses on characterizing the dynamics of an impact-
damped boring bar to evaluate its damping potential.
Impact dampers include a free mass that collides with
the vibrating tool. The ensuing momentum exchange trans-
fers energy from the primary system to the free mass,
thus minimizing the primary system’s vibratory response.
Impact dampers are purported to be simpler and robust to
changes in operating conditions, and as such the dynam-
ics of impact-damped boring bars have been investigated
by others [2—7]. Seminal amongst those is the report by
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Thomas et al. [2]. Though they showed the impact damper
to be effective, their design and analysis were for an
impacting mass that was not free but was supported in soft
springs. Their system was hence one in which the impact-
ing mass could also behave as a potentially (de)tuned vibra-
tion absorber, making it difficult to isolate the influence
of the impact damper from that of an absorber. A similar
hybrid concept was also investigated in a more recent study
[5]. Another significant experimental report on an impact
damper was by Ema and Marui [3], in which the impacting
mass was placed outside of the boring bar. Recent related
investigations reported in [4] and by the author’s research
group also explored a similar concept using an external/
ring damper [6]. Since placing the damper outside reduces
the effective working length of the boring bar, such [3, 4, 6]
solutions are not practical.

In contrast to earlier approaches to impact-damped tools,
which were either hybrid or externally configured and hence
impractical, this work focuses on the only viable solution:
embedding the free mass within an internal cavity of the
boring bar. Since the free mass is to be placed within the
bar, for effective momentum transfer, it must slide/roll from
one side to the other to impact the side walls on either side.
When sliding/rolling, it must overcome frictional resistance
at the contacting surface. Since friction is likely to govern
the performance of an impact-damped tool, the main aim
and new contribution of this paper is to examine the role of
friction on the nature of vibro-impacts. Beyond friction, the
study also characterizes performance as influenced by the
clearance between the free mass and the cavity walls, the
excitation amplitude and frequency, and the ratio of the free
mass to the modal mass of the boring bar. These parameters
have been consistently identified as critical determinants in
impact-damped systems [8—12], and yet, their role has not
been examined in impact damped boring bars. This is some-
thing we will address and remedy.

The boring bar with an impact damper integrated within
it and subject to cutting process-based excitations is akin
to a periodically forced system with a constraint that leads
to motions with impacts between the free mass and the
tool. Such systems are known to behave like nonlinear and
chaotic devices [4, 13]. Hence, to fully understand response,
we investigate the system being separately subjected to
harmonic and regenerative cutting force-based excitations.
Our investigations about the potential of impact-damped
tools to mitigate machining instabilities due to regenerative
effects are the first such report and may be considered to be
the second novel contribution of this research.

To demonstrate the workings of the system, we present
model-based parametric analysis in this paper. In our
model, the bar is modelled as a cantilevered beam, and
the free mass is taken as a ball that slides/rolls over the
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contacting surface. Using a beam model allows us to
integrate the cavity (inside of which the free mass is to
be placed) within the bar to be anywhere within the bar.
Moreover, the beam model also allows us to apply forces
at the free end of the bar, which is also the cutting end
and track interactions between the free mass and the bar
at locations where those interactions take place. This
approach overcomes the limitations of other classical
modeling approaches that approximate the primary system
as a single degree of freedom model — in which the forced
excitation and interactions between the free mass and the
primary system were constrained to the same location,
something that is not physically correct. We approximate
the interactions between the free mass and the bar as
partially elastic collisions using an appropriate coefficient
of restitution (COR). Since the COR approach requires its
selection from a database, it makes modelling simpler than
approximating the interaction interface with spring and
damper connections, parameters of which must be tuned
appropriately [7, 10]. The resulting governing nonlinear
equations are solved numerically to evaluate performance
under harmonic and regenerative cutting forces. To
benchmark the damping potential of the impact-damped
boring bar, we also compare its performance with that of
a boring bar integrated with a tuned mass damper tuned
using the classical Den-Hartog method [14, 15]. However,
if other optimization criteria, such as the Sims [16] equal-
real-trough method, are used for tuning, the damping
performance of the TMD can improve further, enabling it
to outperform both the Den Hartog-tuned absorber and the
impact damper.

Note that our investigations are limited to one free rigid
spherical mass impacting a boring bar. There are also reports
on the use of particle dampers in boring bars. Since particle
dampers work very differently from impact dampers, they
do not form the focus of this study. Moreover, though cut-
ting process-based excitation acts in all three directions—
along the cutting velocity, feed, and radial directions, since
the force along the cutting velocity direction does not
contribute to the regeneration of chip thickness [17], and
since the bar is stiff along its feed direction, for the analysis
herein, we only consider impacts, flexibility and regenera-
tion in the radial direction.

The remainder of the paper is organized as follows. The
section titled “Modelling vibro-impacts’ presents the model.
Numerical results for harmonic excitation are reported in
the section titled ‘Vibro-impacts under harmonic excita-
tions’. Machining instabilities are examined in the ‘Stability
analysis’ section. In the ‘Discussions’ section, we discuss
the role of changing mass ratio, changing initial conditions,
and changes due to other important parameters. That analy-
sis is followed by the main conclusions.
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Modelling Vibro-Impacts in an Impact
Damped Boring Bar

A design concept of a cantilevered boring bar with an
impacting free mass is illustrated in Fig. 1(a). The bar is
assumed to have a diameter D of 25 mm and length L of
200 mm, i.e.,a L/D of 8. The bar has a cavity drilled across
its diameter at a distance a; of 122 mm from the free end to
accommodate a free mass. The free mass is a spherical ball
of mass m and diameter d of 15 mm positioned within the
cavity as near the cutting end as possible. The side plugs
shown retain the free mass within the cavity and their thick-
ness can be adjusted such as to adjust the gap, ¢ . The bar
has a cartridge at the free end for holding the cutting insert,
which is attached to the main body through an end plug,
while the opposite end is fixed in the clamping holder.

Due to geometric non-uniformities along its length on
account of the cavity and the cartridge, the bar is divided
into four distinct sections for modelling purposes, as illus-
trated in Fig. 1(b). Section 1 of the beam that extends from
the fixed end to a distance a; is assumed to be solid with
a constant diameter. Section 2 that spans from a; to ao is
15.1 mm wide, i.e., just wider than the diameter of the ball.
And since this section has a cross-drilled hole, its diameter
varies along the length of this section. Hence, for the pur-
pose of modelling, we assume a diameter of 17 mm. The
remainder is made up by the side plugs, which for modelling
purposes, are assumed massless. The side plugs allow for a
maximum gap of 1 mm on either side of the ball when the
ball is in the middle of the cavity. Section 3 that represents
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Fig. 1 (a) Design concept of an impact-damped boring bar, (b) sche-
matic for modelling the system shown in (a)

the end plug has a uniform diameter of 22 mm and extends
from asy to as and has a width of 32.9 mm. Section 4 rep-
resents the cartridge, whose geometry is nonuniform; there-
fore, an equivalent diameter of 19 mm is adopted to account
for its mass and stiffness contributions in the beam model.
The bar is assumed to be made of steel, with material proper-
ties defined as: Young’s Modulus (E) of 200 GPa, and mass
density (p) of 7850 kg/m>. Cutting forces are assumed to
act at the free (cutting) end and only in the X — direction,
i.e., the radial direction. Accordingly, only radial vibratory
motion is considered in the analysis. The weight of the ball
is neglected since gravity acts in the positive Y — direction.

The motion of the bar at the free end is W (z,t).
Motion of the ball is uq (¢). And motion of the bar at the
impacting location is W (zq,t). When the relative dis-
placement between the ball and the bar exceeds the avail-
able clearance, the ball impacts the inner walls (side
plugs) of the cavity. Mathematically, impacts occur when

uqg (t) — W (zq,t) = £ 9 /2, wherein § is the total gap
between the side plugs and the ball.

Modelling the bar using the Euler-Bernoulli beam theory,
the governing equations of motion describing the boring bar
and the damper can be shown to be:

W (2,t)  COW (z,1)

4
oA + WY

T, S N pwn - B (1)

milyg (t) = Fi, 2)

wherein the three terms on the left hand side in Eq. (1)
denote the forces derived from the kinetic, damping, and
potential energy of the beam and wherein p, A, C, F, and
I represent the mass density, cross-sectional area, damping
coefficient, Young’s modulus, and area moment of inertia of
the beam, respectively. All these parameters are functions of
z to account for variations in geometrical properties along
the beam. The term F}¢ denotes the friction force acting
between the impacting ball and the bottom surface of the
cavity along which it rolls. Equation (2) is a force balance
between the acceleration force of the impacting mass and
the frictional force resisting its motion.

The term f (L,t) denotes the external force acting at
the free end of the beam. If harmonic, the forcing function
becomes: f (L,t) = Fysin (Q t), wherein Fj is the magni-
tude of external forcing and (2 is the excitation frequency.
Whereas, if forces are of the regenerative type then, in that
case the forcing function becomes [18]:

f (L,t) = K,bh, wherein K is the radial cutting force
coefficient, b is the depth of cut, A is the instantaneous chip
thickness. The instantaneous chip thickness considering the
regenerative effect can be expressed as:

h=hy+W(L,t—7)—W(L,t), wherein hy, is the
mean chip thickness, 7 is the time period corresponding to

@ Springer



230 Page 4 of 17

Journal of Vibration Engineering & Technologies

(2026) 14:230

one spindle revolution, W (L, t) is the bar’s tip displacement
attime ¢, and W (L,¢ — 7)) is the bar’s tip displacement in
the previous revolution. During machining, h can depend
not only on the current tool vibration and the vibration from
the previous revolution, but also on vibrations from two
or more earlier revolutions. Therefore, to account for the
net effect of vibration on the chip thickness, the minimum
of {h,+W(L,t—71), 2hy + W (L, t —271),
3hm + W (L, t —37),..., Nhyw+W (L,t — N7)}
is considered, wherein N is the total number of spindle
revolutions assumed in the analysis. Dependence of h on
multiple previous revolutions can result in a negative value
during analysis, indicating that the tool is not engaged in
cutting, and that it is out of the cut due to the large amplitude
of ensuing vibrations. At such time instances, h is to be set
to zero in the simulation. The chip thickness and the force
going instantaneously to zero are also the conditions to
classify that case as a case of unstable chatter vibrations.

The frictional force term in Egs. (1)—(2), can be expressed
with a dry (Coulomb) friction model [19]:

NSNS

Fiy=—v,mg(sgn(y));sgn(y) = 0, y= 0; 3)
m _17 y < 07

wherein 7, is the radius of the ball, v ¢ is the coefficient of
dynamic friction, and ¢ is the acceleration constant due to
gravity. Although the frictional force is modeled here using
Coulomb’s friction law, the coefficient v ¢ is treated as a
dimensional parameter that depends on the ball radius 7y,.
And, in that sense, sticking is not considered and a pure slid-
ing (Coulomb) friction formulation is adopted; accordingly,
the friction force is expressed using the sign of the relative
velocity in Eq. (3), which is akin to a sliding friction force.

The relative displacement y(¢) is defined as the
displacement of the damper mass relative to the boring
bar at the damper location along the transverse vibration
direction, i.e., y(t) =uq(t) — W(za,t). Here, uq (t)
denotes the displacement of the damper mass and W (zq, t)
represents the displacement of the boring bar at the damper
location z4. ¥ is the relative velocity between the ball and
bar, which is obtained from solving for displacement. To
determine the displacement of the bar, the response W (z, t)
is expressed as the superposition of all modeshapes of the
beam: W (z,t) =) ju; (). ; (), wherein w;(t) is
the temporal component of beam displacement, wherein
Y., ; (2) denotes the modeshapes or eigenvectors of the
beam, vy designates the section of the beam assumed, i.e.,
1,2, 3, and 4, and ¢ denotes the number of modes.

By applying the orthogonality property of the modes,
and limiting analysis to only the first and dominant mode of
the beam, the reduced and modified governing equation of
motion for the bar can be shown to become:
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Mii+ Cri+ Ku=f (L)Y, (L) = Fp 1 (2a),  (4)
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given as p., Ay w 2/E, IL,, wherein w, is the natural

wherein

frequency of the beam. C, denotes the damping coefficient
per unit length representing distributed viscous damping
proportional to the local transverse velocity, and its value in
Eq. (4) is evaluated by assuming a damping ratio of 0.01. M
and K represent the generalized modal mass and stiffness
of the first mode obtained from the distributed beam model
based on the known geometry and material properties, while
the corresponding mode shapes are determined by solving
the eigenvalue problem of the discretized Euler—Bernoulli
cantilever beam model.

The vibrating boring bar, when subjected to external
excitation, induces oscillatory motion of the ball and
repeated collisions. These impacts introduce discontinuities
in the relative velocity of the system and, together with
the effects of friction, render the governing equations
nonlinear. Therefore, to account for the influence of the ball
on the bar’s dynamics, Eq. (2) and Eq. (4) are numerically
integrated using the fourth-order Runge-Kutta method. At
each time step, the impact condition is tested. Whenever an
impact occurs, the velocities of both the bar and the ball are
updated. The post-impact velocities are determined using
the principles of linear momentum conservation and the
COR. The linear momentum balance between the bar and
the ball, applied immediately before and after the impact,
is expressed as:

Mu—w'yl(zd)—’—m(y.— +u—¢71(2d)) = (5)
Miy ),y (za) +m (G4 + 049 4 (2a))

wherein subscripts * —’ and ‘ +’ are the instants just before
and after the impacts. The COR, denoted as e is defined as:

ity (2a) = (94 + a4 0 (20) = —e (@t (2a) = (9 + it 41 (20))) - (6)

On solving Egs. (5-6), The velocity of the bar and the rela-
tive velocity after the impact yield:

. . w(l+e . .
Ug = U — ( ) Yo = e (7

(I +p)t o (24

wherein g is the mass ratio defined as the ratio of the mass
of the ball to the modal mass of the boring bar.

After each impact, the bar velocity and relative velocity
are updated using Eq. (7), and numerical integration pro-
ceeds in the next time step with these updated values. In
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this manner, the complete displacement and velocity pro-
files of both the bar and the ball are computed throughout
the simulation with the help of Egs. (2), (4) and (7). For
the numerical integration, we use a time step of 10™° sec-
onds and let the solution run for a total duration of 2 s. This
time step is several orders of magnitude smaller than the
period of vibration and as such the solutions obtained are
numerically stable. Note that the motion is not divided into
separate regimes such as free flight, sticking, or sliding.
Instead, the dynamics are computed continuously, and the
transitions between contact and separation arise naturally
from the impact constraints without introducing additional
switching rules or special termination criteria for Zeno-type
impact sequences.

Having presented the model for an impact-damped bor-
ing bar, we evaluate its damping and stabilizing potential
by assessing its performance separately under harmonic and
regenerative excitations as discussed in the next sections.
For all analyses, we assume the free mass to be made of car-
bide. For a 15 mm diameter, its mass is evaluated to be 26
g. The friction coefficient between the ball and steel bar is
taken to be 0.6 mm [19]. And, the COR for carbide impact-
ing the steel bar is taken to 0.7 [20]. We present analysis
for two representative gap values — 0.1 mm and 0.5 mm.
To benchmark performance of the impact-damper with a
tuned mass damper, we base the tuned-mass damper design
on [15, 21]. For which the bar is assumed to have a cavity
that is 80 mm in length and 21 mm in diameter. This will
accommodate a carbide absorber of 80 mm length and 20
mm diameter. The absorber mass is assumed to be supported
in a spring-damper combination, parameters of which are
estimated using the classical Den Hartog’s method [14].

Vibro-Impacts under Harmonic Excitation

We analyze response of the bar under two levels of excitation
forces — 10 N and 20 N. These values correspond to the
typically expected oscillatory component of cutting forces
for assumed cutting of Aluminium ( K, = 850 MPa) with
a feed of 0.1 mm/rev, and a depth of cut ranging from 0.1
to 0.2 mm. Note that we ignore the DC component of the
force. For the given size, material and geometry of the bar,
the first natural frequency of the solid bar was evaluated
to be 456 Hz. For the bar with a cavity that houses a free
mass, the natural frequency was 461 Hz. We evaluate
vibro-impacts for forcing frequencies in this neighborhood,
i.e., when the ratio of the forcing frequency to the natural
frequency of the respective bars varied from 0.95 to 1.05
in increments of 0.01. The performance of the boring bar is
assessed by computing the root mean square (RMS) value of
the displacement at the cutting end. For analysis herein, we
take the bar and the ball to be stationary at time, ¢ = 0 and

also assume the ball is centered in the cavity at the start of
simulations. The influence of changing initial conditions and
a change in the free mass is presented in the ‘Discussions’
section. To eliminate the effect of initial transients, the RMS
displacement is calculated after discarding the first 20% of
the time-history data for each case. The expression used for
the RMS calculation is given as follows:

RMS = \/]1[ Z (w4 (L))2§ ®)

wherein u (t) denotes the generalized displacement of the
boring bar, 1 ,; (L) represents the value of corresponding
eigenfunction at the tool tip, wherein L is the length of bar
measured from the clamped end, and N is the number of
data samples.

Figure 2 shows the RMS displacements for the force being
low at 10 N, and Fig. 3 shows response for the high force
level of 20 N. In both figures, we show subplots for different
levels of gaps. For each force and gap level, we also show
separate subplots for how the response changes with and
without friction in the model. In each figure, we also show
representative cases of the relative displacements between
the bar and ball to reveal the nature of vibro-impacts being
governed by the excitation frequency, as well as the gap
and friction. The figures also show the response obtained
with the tuned mass damper, for which the absorber mass,
stiffness, and damping were evaluated to be 0.39 kg, 1.05
MN/m, and 505 N-s/m, respectively.

As is evident from Fig. 2, when the excitation frequency
equals the natural frequency, i.e., at resonance, the response
of the solid bar without the damper is highest. The behavior
below and above resonance for this case is consistent with
response expected of single degree of freedom systems.
Expectedly, this response is not governed by a change in
gap or by friction. Likewise, the response of the tuned
mass damped system is also independent of friction and
gaps. The RMS displacement of the tuned mass system,
when compared to a boring bar without damper shows a
reduction of approximately 88% at resonance. Although
the RMS response of the TMD varies slightly, the variation
between its maximum and minimum values is very small.
When plotted together with the solid bar response, whose
maximum RMS value is approximately 8.7 times larger, the
RMS response of the TMD appears nearly flat.

For the case of the impact damper, Fig. 2 reveals that the
ball can exhibit a variety of impact patterns and that there is
a strong dependence of the nature of vibro-impacts on the
forcing frequencies. For example, for the gap being 0.5 mm
and when friction is ignored, Fig. 2(a) reveals that there
can be two types of solutions: no impacts and non-uniform
impacts. The relative displacement for the no-impacts case
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Fig. 2 RMS displacement at the cutting end of the bar under a 10 N
harmonic force for a solid bar, a bar with a tuned mass damper (TMD),
and a bar with an impact damper having gaps of (a) 0.5 mm without
friction, (b) 0.5 mm with friction, (¢) 0.1 mm without friction, and (d)
0.1 mm with friction (left column). The right column shows the rela-
tive displacement response corresponding to various impact patterns:
A1— No impact, As— Nonuniform impact, A3— No impact (with
sticking), As4— 2-asymmetric impact, As— 4-symmetric impact,
Ag— Sticking, and A7— 2-symmetric impact (with sticking)

is shown as case A;.And as evident therein, y < § /2, and
hence there are no impacts. Since there are no impacts, there
is no improvement in the impact-damped bar’s response in
comparison to the response of the solid bar. This holds true
for all other such cases of no impacts. For the other case of
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Fig. 3 RMS displacement at the cutting end of the bar under a 20 N
harmonic force for a solid bar, a bar with a tuned mass damper (TMD),
and a bar with an impact damper having gaps of (a) 0.5 mm without
friction, (b) 0.5 mm with friction, (¢) 0.1 mm without friction, and (d)
0.1 mm with friction (left column). The right column shows the rela-
tive displacement response corresponding to various impact patterns:
B1— 2-symmetric impact, Bo— 3-asymmetric impact, B3— 6-sym-
metric impact, B4— 7-asymmetric impact, Bs— 8-symmetric impact,
and Be— 10-symmetric impact

non-uniform impacts, shown as Ao, the relative displace-
ment appears to transition from uniform impacts on either
side (y > § /2) to no impacts and then back to the case of
uniform impacts. The impacts, even if non-uniform, clearly
transfer momentum from the bar to the ball. The RMS
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displacement for this case is 0.057 mm, which is approxi-
mately 80% lower than the response of the solid bar, and
almost the same level as that of the improvement with the
tuned mass system.

When friction is included in the model for the same gap
of 0.5 mm, though the response appears to right-shift — as
is evident in Fig. 2(b), the vibro-impacts are of the same
two types as the case without friction, i.e., no impacts and
non-uniform impacts. The non-uniform case of impacts is
like the response shown in As. The case of no impacts is
however different. The response for one representative case
As shows the relative displacement to be approximately
zero, i.e., y = 0. This suggests that the ball and bar are
moving out of phase, such that their relative motion cancels
each other out. Interestingly, for cases of no impact at
several frequency ratios, the RMS values for the impact-
damped bar’s response are lower than the response of the
solid bar, and as damped as the response is for the case of
the tuned mass system, especially at lower frequency ratios.
One possible explanation for this is that friction results
in the ball sticking to the bottom surface with potential
microslip motion, which continuously dissipates the bar’s
vibrational energy by converting mechanical energy into
heat [22—24]. Furthermore, when the damper mass sticks to
the bar, the effective modal mass of the system increases
due to the inclusion of the 26 g damper mass, leading to
a slight reduction in the natural frequency from about 461
Hz to approximately 452 Hz. However, since the effect of
this change in natural frequency on the system response
has not been separately isolated, it cannot be concluded
with certainty whether it influences the observed frequency
response characteristics. Moreover, because sticking can be
a transient phenomenon and its influence may depend on
parameters such as gap and coefficient of friction, a detailed
investigation is left for future work. All cases of non-uniform
vibro-impacts result in the impact-damped boring bar
performing worse than the solid boring bar. This suggests
that vibration reduction with impact-damped systems is
not guaranteed, and that impact-dampers may amplify
response instead of damping it if operating parameters are
not chosen correctly. These observations agree with reports
in the literature [2, 8], despite those reports not factoring
the influence of friction in their analysis. Moreover, the
right-shift observed in RMS response characteristics also
agrees with base-excitation impact-damped experiments
reported in [25]. In those experiments motion of the ball was
tracked using vision-based methods, and the ball was indeed
observed to roll from one side to the other. This suggests
that ball rolling and friction could indeed cause a right-shift
in response as is predicted by our model-based analysis.

For the case of the gap being 0.5 mm gap and friction
being ignored, the ball exhibits impacts only at the resonant

frequency. The behaviour changes significantly when the
gap is reduced to 0.1 mm — see Fig. 2(c). There are five
types of vibro-impacts in this case. These range from non-
uniform impacts to two and three asymmetric impacts
per cycle of motion of the bar, and cases of four and six
symmetric impacts. Nature of the vibro-impacts changes
with changing frequency ratios. The RMS trend in Fig. 2(c)
shows a noticeable leftward shift relative to the solid bar,
indicating a change in resonance behavior when friction
is not included in the model. A similar observation was
reported by Masri [8] where an impact damper undergoing
two symmetric impacts exhibited a leftward shift in the
peak of the damped response in one case, while in another,
the response was found to be independent of the forcing
frequency. In contrast, Fig. 2 highlights a strong dependence
on the forcing frequency and a lack of consistency in the
observed impact patterns. Furthermore, although the RMS
frequency response appears symmetric about frequency
ratio (r) of 0.98, the corresponding time-series responses
of the bar and the ball are not exactly identical.

As representative examples of the impact damped
response for the gap being 0.1 mm and friction being
ignored, we show the relative displacements for two cases:
the two-asymmetric impacts case ( A4) and the four-sym-
metric impacts case ( As). Unlike the two-symmetric impact
case, where impacts occur exactly half a cycle apart, in the
two-asymmetric impact case, the second impact may occur
slightly before or after 7 /Q if the first occurs at time zero.
The damping performance of the A4 case demonstrates an
effectiveness comparable to that of a tuned mass system.
This result is consistent with findings in prior studies where
properly phased asymmetric impacts were shown to achieve
significant vibration attenuation [8]. At resonance, the ball
experiences four impacts per cycle, two impacts on either
side wall — as is evident from the relative displacements
shown in As. The RMS displacement of the bar reaches
0.11 mm, i.e., a reduction of approximately 63% in compar-
ison to the response of the solid boring bar. This reduction is
less than the case of the gap being 0.5 mm. This result indi-
cates that even in cases where the bar’s response exhibits
strong modulation with non-uniform impacts and no steady
state (as it was for the higher gap of 0.5 mm), the perfor-
mance surpasses that of symmetric steady-state responses.

The inclusion of friction with a 0.1 mm gap suggests
vibro-impacts of three types: no-impacts, two-symmet-
ric impacts, and ball sticking. The right-shift in the RMS
response is like that was observed for the case of the gap
being 0.5 mm. The shift can hence be attributed to the same
rolling and friction phenomenon. Likewise, the impact-
damped response with a lower gap at lower frequency ratios
being compared to the tuned mass system’s response is
consistent with the impact-damped response observed for
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the gap being 0.5 mm. Of the three types of vibro-impacts
observed, the no-impacts case is like the Ag case. Hence,
we show the relative displacements for the two other cases,
namely sticking and two-symmetric cases, denoted as Ag
and A7..

As seen in the relative displacement plot of Ag, the ball
impacts one side of the cavity wall and separates immedi-
ately after impact; however, it sticks slightly away from the
sidewall, as indicated by the constant relative displacement
shown in the inset. The relative displacement plot of Ag
shows a flat line twice per cycle, near zero, and once near
half of the total gap, slightly offset in both cases, suggesting
that sticking occurs twice in each cycle of the bar’s motion.
This sticking behavior resembles that of the case As, where
sticking persists throughout the simulation without any
impacts, leading to its classification as a no-impact case.
In contrast, the sticking in Ag is of shorter duration and is
classified as a sticking case, since the ball also impacts one
side of the cavity wall. Since the ball is initially placed at
the center of the cavity in the simulation, the relative dis-
placement reaches a constant value approximately equal to
half the gap during sticking near the sidewalls, whereas it
approaches zero when the ball is stuck near the center. The
occurrence of two sticking events per cycle leads to stick—
slip behavior, contributing to energy dissipation. However,
this case performs worse than the solid bar and no-impact
cases, suggesting that energy dissipation through dry fric-
tion is less effective than continuous sticking throughout the
motion.

The relative displacement plot of A7 shows two sym-
metric impacts per cycle; however, sticking also persists,
similar to that observed in the inset of Ag. Although prior
research has reported that two-symmetric impacts per cycle
result in the most effective damping, our analysis reveals
that in the presence of friction, these impacts are accom-
panied by partial sticking in each cycle. In this case, the
damper mass may temporarily transfer its stored kinetic
energy back to the structure, resulting in a local increase in
vibration amplitude, and as such, the response with vibro-
impacts is larger than even the solid bar.

We next discuss the nature of vibro-impacts when the
force level is increased to 20 N. Response for this case is
shown in Fig. 3. As expected, the response of the solid bar
increases in proportion to the increase in force levels. The
response of the tuned mass system also scales proportion-
ally as the excitation force magnitude is doubled, which
is expected. In contrast to the solid bar’s response and the
tuned mass system’s response, since vibro-impacts are non-
linear they do not follow response characteristics as were
seen in Fig. 2 for the lower force level of 10 N. Interestingly
however, for the higher force level, the leftward shift in the
RMS trends for without friction and the rightward shift with
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friction is consistent with observations for the lower force
level. In this case too, the nature of vibro-impacts is found
to be strongly dependent on the frequency ratio, on gaps,
and on friction.

For the higher gap of 0.5 mm, when friction is ignored,
the response is shown in Fig. 3(a). Unlike the case for the
lower force level (see Fig. 2(a)), where impacts occurred
only at resonance, a different behavior is observed. In this
case, four types of vibro-impacts appear: two symmetric
impacts, two and three asymmetric impacts, and non-
uniform impacts. Since we have already discussed what
non-uniform impacts and two asymmetric impacts look like
in Fig. 2, we show herein representative cases of what the
other two impacts are like. At resonance, we observe there to
be two symmetric impacts — see the relative displacements
shown in Bj, wherein y > § /2 is clearly evident. The
reduction in the RMS level at resonance is approximately
85% compared to that of the solid bar. Though this is
significant, it is still less than the reduction possible with
the tuned mass system. However, at higher excitation
frequencies, the impact damper performs comparably to,
and in some instances better than, the tuned mass damper.
These observations are consistent with previous reports,
which suggest that the two symmetric impacts per cycle is
the preferred vibro-impacting nature for energy absorption
from the primary system [9, 11, 26]. The other case for
which we show representative three-asymmetric impacts per
cycle corresponds to the response at a frequency ratio below
resonance. The relative displacement of By shows that it
reaches half the gap twice on one side of the cavity, resulting
in two impacts with that wall, and once on the opposite side,
resulting in a single impact there during each cycle. In this
case as well, the damper mass may temporarily transfer its
stored kinetic energy back to the structure, resulting in a
local increase in vibration amplitude. Three asymmetric
impacts faring worse than two symmetric impacts was also
observed in base excitation impact-damped experiments
reported in [11]. However, our analysis also suggests that,
depending on the excitation and gap size, even three-
asymmetric impacts can perform comparably to a tuned
mass damper, as seen in Fig. 2(c).

When friction is included in the model, for when the
gap and force levels are high, the nature of vibro-impacts
changes as shown in Fig. 3(b) in comparison to friction
being ignored. There are now two types of behavior: no
impacts and non-uniform impacts. And, like for the lower
force level, in this case too, the case of no-impacts results in
reduction in RMS levels in comparison to the solid boring
bar. A possible reason for this reduction is friction result-
ing in the ball sticking to the bottom surface with potential
microslip motion, which continuously dissipates the bar’s
vibrational energy. The cases of non-uniform vibro-impacts
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result in mixed behavior. At resonance, nonuniform impacts
lead to a reduction in the RMS levels of the bar compared to
the solid bar. However, at higher frequency ratios, the RMS
levels become amplified compared to the solid bar due to the
combined effects of friction and nonuniform impacts. Since
the relative displacements for these two cases (no impacts
and non-uniform impacts) are already shown in Fig. 2, they
are not shown again in Fig. 3.

The RMS response for the 0.1 mm gap without friction
and force being high is shown in Fig. 3(c). And, as is evi-
dent, there are six different types of vibro-impacts observed.
These include cases of non-uniform impacts and cases of
multiple symmetric and asymmetric impacts. In general,
there appears to be a higher number of impacts per cycle
compared to the case with a lower force level that was
shown in Fig. 2(c). The higher number of impacts can be
explained by the increase in the bar response due to the
higher force level, while the gap remains small [22]. The
relative displacements of four different impact patterns are
presented in the right column of Fig. 3. Cases Bs, Bs, Bg
and By correspond to six, eight, and ten-symmetric impacts
per cycle, and seven-asymmetric impacts per cycle, respec-
tively. Their relative displacement plots illustrate distinct
impact patterns. Figure 3(c) shows that these increased
numbers of impacts result in RMS amplitudes that are either
similar to or worse than those of the solid bar. However,
at higher excitation frequencies, the non-uniform impacts
damped the bar’s response to a level comparable to that of
the tuned mass damper.

The nature of vibro-impacts changes significantly when
friction is included, for when the gap is low and the force
is high — see Fig. 3(d). From there being six types of vibro-
impacts without friction, there are now four different types
of solutions. These include cases with no impacts, a case
of sticking behavior, and cases of two and more symmetric
impacts. In general, the response characteristics for the low
gap level are like those observed for the higher gap (see
Fig. 3(b)). The only major notable difference is that for
higher frequency ratios, despite the vibro-impacts being
of the two symmetric impacts per cycle type, there is no
reduction in the RMS levels in comparison to the solid bar’s
response. Since response characteristics for cases with no
impacts, sticking, and two and more symmetric impacts
were already shown, those are not shown again.

Our model-based parametric analysis of vibro-impacts
under harmonic excitations concludes here. In general,
we observed the nature of vibro-impacts to be strongly
dependent on friction, the excitation level, the excitation
frequency, and on the gap between the free mass and the
walls of the bar. Families of solutions for vibro-impacts
include multiple symmetric and asymmetric impact cases,
no impact cases, as well as cases with ball sticking to a wall

and cases with the ball exhibiting non-uniform modulated
response. Our analysis also reveals that friction changes the
nature of vibro-impacts resulting in a transition of response
from one solution type to others. We next turn our atten-
tion to the boring process being influenced by friction in the
impact damper.

Machining Stability Analysis

This section discusses the response of the impact-damped
bar to regenerative cutting forces. In general, regenera-
tive chatter is characterized by large amplitude limit cycle
oscillations of the bar, which, in a way, is that the free-mass
experiences when it repeatedly impacts the two side walls.
To evaluate the role of the vibro-impacts of the free mass
on the vibration behaviour of the bar, we solve Eq. (4) by
setting the forcing function equal to the regenerative cutting
force. The force hence becomes a function of the material
being cut, the depth of cut, and the instantaneous chip thick-
ness, which in turn is a function of mean chip thickness and
the spindle period(s). For assumed cutting of Aluminium
with a mean chip thickness (feed) of 0.1 mm/rev, we char-
acterize how the response changes for changing depths of
cuts and spindle periods (speeds).

We establish a simulation grid in which we discretize
the speed from 900 to 1600 RPM in increments of 50.
Likewise, for the depth of cut, we initialize it at a minimum
value of 0.01 mm and increase it in steps of 0.01 mm until
the system consistently exhibits chatter across multiple
successive increments. The first instance of instability is
classified as the limiting boundary of stable depth of cut
at the speed being investigated. We classify chatter as the
case in which the cutting force instantaneously goes to zero.
This condition is met when the response of the bar is large
enough such that the instantaneous chip thickness becomes
negative, i.e., a condition in which the tool leaves the cut
that results in the forces becoming zero. This condition
corresponds to cutting-edge contact loss and is adopted
here as the instability indicator since it represents a clear
physical threshold leading to intermittent tool-workpiece
engagement and unacceptable machining conditions.

As for the case of harmonic excitation, with regenerative
excitations too, we characterize how the machining stabil-
ity is influenced by changing gaps and by the inclusion of
friction. Results with a gap of 0.5 mm are shown in Fig. 4
and results with a gap of 0.1 mm are shown in Fig. 5. In
each figure, we show the stability boundary as well as what
the response and cutting forces look like for representative
stable and unstable cuts with and without friction. We also
benchmark stability with that of a solid boring bar and a
tuned mass damped boring bar — parameters of which were
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stable and unstable cutting conditions, respectively. The correspond-
ing time histories of bar displacement and cutting force on the right
illustrate the system response under these conditions
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Fig.5 Stability lobe diagrams for (a) impact-damped bar without fric-
tion, and (b) with friction for the gap of 0.1 mm. Points C5 — Cg and
Ds — Dg indicate stable and unstable cutting conditions, respectively.

the same as those listed above. For all analyses herein too,
we take the bar and the ball to be stationary at time, t = 0
and also assume the ball is centered in the cavity at the start
of simulations. Stability being influenced by a change of ini-
tial conditions and by a change in the free mass is presented
in the ‘Discussions’ section.

The stability boundary of the solid bar is shown in
Fig. 4(a). The solid black line represents the limiting depth
of cut, separating stable cutting conditions from unstable
(chatter) regions. The response for two representative cut-
ting conditions, one stable ( C7) and one unstable ( D1), is
presented. In the stable case, the response decays follow-
ing an initial transient and subsequently attains a steady
state characterized by small cutting forces. In contrast, the
unstable case exhibits large-amplitude vibrations typical of
chatter. These vibrations result in the cutting force periodi-
cally reducing to zero when the tool leaves the workpiece.

For the impact-damped bar without friction being con-
sidered in the model, the stability boundary is shown in
Fig. 4(b). And, as is evident, the minimum chatter-free depth
of cut, increases from 0.021 mm for the solid bar to 0.13 mm,
a significant 519% improvement. A representative example
of an unstable ( Ds) cutting condition shows the response to
exhibit modulations as well as limit cycle oscillations. The
cutting forces too are large. In part due to the depth of cut

The corresponding time histories of bar displacement and cutting force
on the right illustrate the system response under these conditions

being high, and also because of the vibratory response caus-
ing the forces to grow. The tool-out-of-cut effect is evident
from the forces becoming zero at several time instants. In
contrast to this, forces for the stable ( C'3) cut do not fall to
zero at any time instant. Interestingly, the response, in the
stable case does not exhibit the periodic steady state behav-
ior like was observed for a stable cut with the solid boring
bar. The response with the impact damper instead is strongly
modulated on account of the vibro-impacts between the ball
and the bar, with the ball undergoing nonuniform impacts
at several instants in time. Despite not exhibiting periodic-
ity, we still classify such cases as stable because the force
does not ever fall to zero — the criterion we use to classify
an unstable cut. Moreover, the tool-tip vibration amplitude
is about 0.03 mm, which is well below the depth of cut of
0.1 mm; therefore, the resulting chip thickness modula-
tion is limited, and the surface quality is not expected to be
adversely affected.

The inclusion of friction in the impact-damped bar sig-
nificantly reduces the stability boundary- see Fig. 4(c). The
minimum chatter-free depth of cut with friction included
increases slightly to about 0.03 mm compared to the solid
bar. The response with friction remains strongly modulated
for the stable ( C's) and unstable ( D3) cases, and addition-
ally exhibits limit cycle oscillations with the tool jumping
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out of cut effect for the unstable case. Furthermore, both
the depth of cut and tool-tip displacement for Cj are large,
which may consequently lead to substantial chip thickness
modulation and poorer surface finish.

To benchmark the performance of the impact-damped
bar, Fig. 4(d) shows the stability boundary achievable with
a tuned mass damped boring bar. The minimum chatter-
free depth of cut for the tuned mass system is 0.26 mm.
This is 1138% higher than the stability limit for the solid
boring bar, and approximately 100% higher than the fric-
tionless impact-damped boring bar. Representative stable
(Cy) and unstable ( Dy4) response characteristics for this
case are like the behaviour observed for the solid boring
bar. The tuned mass system is linear, unlike the impact-
damped system which is nonlinear. Hence, in the stable
case, the response settles to a steady-state behavior. In
the unstable case, limit cycle oscillations occur, with time
instants at which the forces become zero.

Since the tuned mass system outperforms the impact-
damped system when the gap was 0.5 mm, we also present
analysis with the gap between the ball and bar being reduced
to 0.1 mm. Those results are shown in Fig. 5(a) for the case
of friction being ignored, and in Fig. 5(b) for the case of fric-
tion being included in the analysis. Since the response of the
solid bar and that of the tuned mass system are independent
of changing gap, the results from Fig. 4(a) and (d) are not
repeated in Fig. 5.

As is evident from the results in Fig. 5(a) that ignores
the role of friction, a reduction in the gap from 0.5 mm
to 0.1 mm increases the minimum chatter-free depth of
cut from 0.13 mm to 0.29 mm. The improvement in the
chatter-free depth of cut to 0.29 mm is slightly higher than
that possible with a tuned mass system. The lower gap
facilitates better exchange of momentum between the bar
and the ball and hence results in better damping. How-
ever, even in this case, the stable ( C5) response remains
strongly modulated. The unstable case ( D5) is also char-
acterized by modulated limit cycle oscillations associated
with the tool jumping out of the cut effect.

When friction is included, the minimum chatter-free depth
of cut reduces to 0.11 mm from it being 0.29 mm without fric-
tion. The 0.11 mm depth of cut is approximately 423% higher
than the case of the solid boring bar, but still significantly less
than the case of the tuned mass damped system. The response
characteristics for both the stable (Cg) and unstable ( Dg)
cases remain strongly modulated, with the force also going to
zero at several time instants in the unstable case.

Our analysis indicates that friction in the impact-damped
boring bar has a destabilizing effect on the machining pro-
cess. For higher gaps between the ball and the bar, we found
that the impact-damped bar offers negligible improvement
in the cutting stability in comparison to the solid boring
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bar. And, though for lower gaps, there was an approximate
423% increase in the minimum chatter-free depth of cut, this
improvement is nowhere near what is possible with the tuned
mass damped system.

Discussions

Since the impact-damped system is nonlinear, we herein
discuss the sensitivity of the nature of vibro-impacts to
changes in initial conditions, to changes in harmonic forcing
excitation amplitude, to changes in mass ratios, to changes
in the friction coefficient, and to change in the restitution
coefficient. These effects are examined for both harmonic as
well as regenerative forcing.

On the role of a change in initial conditions: Sensitiv-
ity to changes in initial conditions is analyzed by con-
structing basins of attraction through systematic variation
of initial conditions in the initial-condition space. For the
cases shown in Figs. 2 and 3, the basins were generated by
varying the initial tool displacement zy from —1.5 mm to
1.5 mm using 30 equally spaced values. Similarly, the ini-
tial tool velocity vy was varied from —1.5 m/s to 1.5 m/s
with 30 discrete values, resulting in a total of 900 initial
conditions for each operating case. For each initial condi-
tion, time-domain simulations were performed for a dura-
tion of 2 s. The initial 20% of the response was discarded to
remove transient effects, and the steady-state behavior was
examined to identify the number and nature of attractors. In
addition, a representative initial condition near the attrac-
tor was selected to construct the corresponding Poincaré
map by sampling the response once every forcing period.
The resulting basins of attraction and the associated Poin-
caré maps are shown in Fig. 6 for three representative cases:
without friction when no impact occurs for a harmonic forc-
ing of 10 N, a frequency ratio of 1.01, and a gap of 0.5 mm,
shown in Fig. 6(a); with friction when no impact occurs
for the same harmonic forcing and frequency ratio, with a
gap of 0.5 mm and a friction coefficient of 0.6, shown in
Fig. 6(b); and a case with two symmetric impacts for a har-
monic forcing of 20 N, a frequency ratio of 1, and a gap of
0.5 mm, shown in Fig. 6(c).

As evident from Fig. 6(a), the basin of attraction does not
converge to a fixed point or a periodic orbit such as a limit
cycle. Instead, the trajectories evolve toward an irregular
attractor, indicating the presence of chaotic dynamics.
Furthermore, when the bar is initiated from rest, an attractor
corresponding to a no-impact orbit with displacement in
the range of 0.3 mm appears; however, it vanishes and
transitions to a non-uniform impact orbit as the displacement
is slightly increased. Since, in Fig. 6(a), the amplitudes of
both attractors overlap, the attractor corresponding to the
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no-impact orbit is not clearly visible. To further examine
the nature of the response, a representative initial condition
was selected for the chaotic attractor and the corresponding
Poincaré map is constructed, as shown in Fig. 6(d). The
sampled points are scattered over a region of the phase
space rather than lying on a finite set of discrete points
or on a smooth closed curve because the ball experiences
nonuniform impacts, which is characteristic of chaotic
motion.

Similarly, the case shown in Fig. 6(a) was examined
with friction, and the corresponding basin of attraction is
shown in Fig. 6(b). Two attractors are observed: a closed
orbit corresponding to no-impact motion when the initial
bar displacement is small, typically below 1 mm, and a
thick annular region in phase space where the trajectories
appear irregular. When the initial displacement exceeds
1 mm, the response transitions to this annular attractor. The
corresponding Poincaré map, shown in Fig. 6(e), exhibits

densely scattered sampled points in phase space due to the
nonuniform impact motion of the ball, indicating chaotic
dynamics.

Next, the case corresponding to two symmetric impacts
per cycle of the bar motion, shown earlier in Fig. 3(a), was
considered. In this case, the response forms a closed orbit
in phase space, as shown in Fig. 6(c). The corresponding
Poincaré map shown in Fig. 6(f) consists of a single point,
highlighted by a circle, indicating a periodic response. The
basin of attraction further reveals multiple closely spaced
closed orbits, and depending on the initial conditions, the
solution converges to one of these nearby periodic orbits.
For the non-uniform impact motion, basing of attraction is
characterized by chaotic attractor only.

All other types of vibro-impacts such as non-uniform
impacts, sticking, and multiple symmetric and asymmet-
ric impact types were observed not to change their vibro-
impacting character if/when the initial conditions changed.
In all such cases, even though the vibro-impacting character
remains unchanged, we observed small changes in the RMS
levels of vibrations of the bar. However, these small changes
were insignificant. For the case of regenerative excitations,
since the response with the original initial conditions was
already strongly modulated and non-uniform, changes in
initial conditions were not observed to have any significant
change in the response characteristics. Moreover, cases that
were stable or unstable with the original initial conditions
remained so even with a change in initial conditions. These
observations indicate that the vibro-impact behavior and
response characteristics of impact-damped boring bars are
generally robust to changes in initial conditions. The only
exception was observed for harmonic forcing when the ball
undergoes a no-impact motion, with or without friction,
when both the bar and the ball are initially at rest. In this
case, a change in the initial conditions introduces non-uni-
form impacts in ball’s motion, leading to a corresponding
change in the bar’s response characteristics.

On the role of a change in harmonic forcing amplitude:
A change in the harmonic forcing amplitude is also investi-
gated through a bifurcation analysis by varying the excita-
tion force from 5 N to 50 N in increments of 1 N, where the
upper limit of 50 N was chosen since larger force levels are
impractical under stable cutting conditions in boring opera-
tions. For each force level, the steady-state behavior was
characterized using stroboscopic Poincaré sampling at the
forcing period. To capture possible multistability, the excita-
tion force was varied gradually in both forward and back-
ward directions, with the final state of each simulation used
as the initial condition for the next step. This continuation
procedure enables the identification of different attractors
that may coexist at the same forcing level and reveals the
dependence of the steady-state response on the parameter
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variation path. The resulting bifurcation diagrams are shown
in Fig. 7 for four representative cases corresponding to gaps
of 0.1 mm and 0.5 mm when the bar is excited at its natural
frequency, without and with friction for a carbide damper
ball.

In the first case shown in Fig. 7(a), a single point appears
in the Poincaré section for each forcing level, indicating a
periodic response whose displacement amplitude increases
steadily with increasing forcing amplitude. In contrast, in
the second case, where the gap is increased from 0.1 mm to
0.5 mm as shown in Fig. 7(b), multiple points appear in the
bifurcation plot at a forcing level of 10 N, indicating that the
response is no longer periodic and may be chaotic. This case
corresponds to the non-uniform impacting motion observed
in Fig. 2(a). However, for forcing levels greater than 10 N,
periodic solutions reappear.

When friction is included, a markedly different behavior
is observed. In particular, a sudden jump in the displacement
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amplitude occurs near a forcing level of approximately 19 N,
as shown in Fig. 7(c). At this forcing level, two different
attractors coexist: the forward-sampled displacement is
approximately—0.077 mm, whereas the backward-sampled
displacement is approximately—0.42 mm, indicating the
presence of a large-amplitude attractor at 19 N. However,
at 20 N, the response settles again to a smaller-amplitude
attractor, where a single point is observed corresponding to the
onset of sticking, as also seen in Fig. 3(d). As the forcing level
increases beyond 20 N, the response consistently settles onto
the larger-amplitude attractor. In the case shown in Fig. 7(d),
the response exhibits chaotic behavior in the forcing range
of approximately 17-28 N, and beyond this range another
chaotic attractor with significantly larger amplitude emerges
for forcing levels above approximately 33 N. Overall, the
analysis reveals that the response can transition between
chaotic and periodic attractors, and vice versa, as the forcing
amplitude is varied.
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Fig. 7 Bifurcation diagram for impact-damped bar at the resonance for: (a) 6 = 0.1 mm, v s = 0,and (b) § =0.5mm, v+ =0,(¢) 6 =0.1

mm, v+ = 0.6 mm, (d) § = 0.5 mm, and v ;s = 0.6 mm
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Now we discuss how the gap influences the bifurcation
behavior. For the case without friction, comparison
of Fig. 7(a) and (b) shows that for a gap of 0.1 mm in
Fig. 7(a), the sampled displacements for forcing levels
of 10 N, 20 N, and 30 N are approximately —0.08 mm,
—0.18 mm, and —0.28 mm, respectively, indicating
periodic responses. When the gap is increased to 0.5 mm
as shown in Fig. 7(b), the response for 10 N changes
to non-uniform impacts, producing multiple sampled
displacements between —0.024 mm and —0.1 mm,
indicating chaotic behavior. For 20 N and 30 N, the
sampled displacements are approximately—0.11 mm and
—0.21 mm, respectively, again corresponding to periodic
responses. These results indicate that increasing the gap
slightly reduces the vibration amplitude at higher forcing
levels while promoting non-uniform impacts and chaotic
responses at lower forcing levels.

For the case with friction, comparison of Fig. 7(c)
and (d) shows that for a gap of 0.1 mm in Fig. 7(c), the
sampled displacements for 10 N, 20 N, and 30 N are
approximately—0.04 mm, —0.098 mm, and —0.6 mm,
respectively, all corresponding to periodic responses.
When the gap is increased to 0.5 mm as shown in Fig. 7(d),
the response for 10 N remains periodic with a sampled
displacement of approximately—0.04 mm. For 20 N, the
ball undergoes non-uniform impacts, producing sampled
displacements between —0.2 mm and —0.3 mm, indicating
chaotic behavior. For 30 N, the sampled displacement is
approximately—0.28 mm, corresponding to a periodic
response. These observations further indicate that in the
presence of friction, increasing the gap can reduce the
vibration amplitude of the boring bar at larger excitation
forces and also promotes change in response from periodic
to chaotic.

On the role of a change in mass ratio: A change in mass
ratio, arising from replacing the free mass material from
carbide to steel, was observed to alter the RMS levels during
forced excitation. It also affected the minimum chatter-free
depths of cut in the case of regenerative excitations. The RMS
trends remained consistent for both mass ratios, namely a
leftward shift in the absence of friction and a rightward shift
when friction was included. However, replacing the carbide
ball with a steel one generally led to a slight increase in
the RMS levels. Thus, the overall performance was inferior
when a steel ball was used. We also observed the nature
and type of vibro-impacts to change with a change in mass
ratios. For example, in some cases, we observed cases with
non-uniform impacts to transition to cases of no-impacts.
And, in other cases, we observed symmetric vibro-impacts
to transition to asymmetric impacts when the ball changed
from being carbide to steel. Furthermore, under different
initial conditions, the change in the nature of the response

and the impact patterns remains consistent with that of the
carbide ball; specifically, no-impact cases exhibit impacts,
while other response types remain largely unchanged. For
the case of regenerative excitations, a change to the steel
ball was observed to lower the minimum chatter-free depth
of cut by as much as 15%. Since the response characteristics
were already strongly modulated for all stable and unstable
cases, a change to the steel ball did not change that behavior.
The increase in the RMS levels and the reduction in the
minimum chatter-free depths of cut with the steel ball
can be explained by the steel ball being lighter and hence
resulting in smaller momentum exchanges during impacts.
It may also be noted that carbide is already a dense (heavy)
material, and therefore impact dampers with masses larger
than that of the carbide were not considered in the present
analysis.

On the role of a change in friction coefficient: Sensitivity
to change in friction coefficient is also examined, as it was
found to destabilize the cutting process and significantly
reduce the machining stability boundaries. To investigate
this further, we considered the case shown in Fig. 4(c),
where stable and unstable responses at 1200 RPM are
presented for depths of cut of 0.05 mm and 0.10 mm with a
friction coefficient of 0.6 mm. Additional simulations were
performed by varying the friction coefficient from 0.2 to
0.8 mm while considering depths of cut between 0.05 and
0.10 mm at the same spindle speed. The results show that for
lower friction coefficients such as 0.2 and 0.4 mm, cutting
becomes unstable even for cases that are stable at 0.6 mm,
while stability is recovered when the friction coefficient
exceeds approximately 0.5 mm. This trend is also reflected
in the total mechanical energy, computed as the sum of
kinetic and potential energies using the tool-tip displacement
and velocity, which decreases significantly as the response
approaches stability with increasing friction coefficient. For
larger depths of cut above 0.06 mm, for example at 0.08 mm,
the response remains unstable when the friction coefficient
is below or equal to 0.6 mm but can regain stability at
higher friction levels such as 0.8 mm, whereas depths of
cut of 0.10 mm and above remain unstable regardless of the
friction coefficient. A similar trend is observed for the case
shown in Fig. 5(b), where lower friction coefficients lead to
instability in cases which are stable for friction coefficient
of 0.6 mm and stability is achieved only when the friction
coefficient exceeds approximately 0.5.

For harmonic forcing, the analysis shows that the
inclusion of friction may lead to no-impact motion when the
bar is excited at or below its natural frequency, as shown in
Figs. 2 and 3. However, smaller friction coefficients in the
range of 0.2-0.4 are found to induce nonuniform impacts
even under these conditions, whereas no-impact behavior
is observed for a friction coefficient of 0.6. For the other
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cases in Figs. 2 and 3, where inclusion of friction leads
to symmetric impacts and/or asymmetric and/or sticking
motion, variations in the friction coefficient do not produce
significant changes in the response.

On the role of a change in coefficient of restitution: The
influence of changing the coefficient of restitution e was
also investigated by considering e = 0.6 and e = 0.8, i.e.,
values lower and higher than that reported in the original
manuscript. Values lower than 0.6 were not considered
because the bar and impacting mass are typically made
of hard materials, while values higher than 0.8 were not
explored since real systems do not exhibit perfectly elastic
collisions. It was observed that when the nature of impacts
were symmetric, and/or asymmetric, and/or there were no-
impact, a change in e does not alter the nature of impacts,
whereas for nonuniform impact motion, a slight change in
the RMS displacement was observed.

The present analysis is based on time-domain simula-
tions with event detection. A more rigorous analysis of
impacting periodic solutions could be achieved by formu-
lating the problem as a multi-point boundary value problem
and employing numerical continuation techniques to sys-
tematically track periodic impacting orbits and their bifur-
cations, as demonstrated in Iklddi et al. [5]. Although such
an approach is important for a mathematically systematic
analysis of vibro-impact systems, it is beyond the scope of
the present study.

Conclusion

This study examined the influence of friction on vibro-
impact dynamics in an impact-damped boring bar and its
consequences for machining stability. Through a detailed
nonlinear, model-based parametric analysis, we demon-
strated that friction plays a decisive role in shaping the
families of vibro-impact solutions, including symmetric
and asymmetric impacts, sticking, non-uniform modu-
lated responses, and no-impact cases. Friction was shown
to retard the motion of the free mass in case of regenera-
tive forcing, inhibiting momentum transfer and, in turn,
reducing damping effectiveness, and thereby reducing the
chatter-free limiting stable depth of cut during boring pro-
cesses. Through our analysis, we observed that smaller gap
values, together with a relatively large impact mass tend
to enhance the damping performance of the vibro-impact
system.

Sensitivity studies revealed that, despite the inherent
nonlinearity and non-smooth nature of the system, the
vibro-impact responses are generally robust to changes
in initial conditions, except for the no-impact motion
observed under harmonic forcing. Variations in harmonic

@ Springer

forcing showed that, when friction is considered, two dif-
ferent attractors can exist, one with smaller amplitude
and the other with larger amplitude. Changes in the mass
ratio produced more pronounced effects on the system
response. Furthermore, changes in the friction coefficient
indicated that smaller values of the coefficient can desta-
bilize machining operations that remain stable for larger
coefficient values. In contrast, changes in the coefficient
of restitution were found to have no significant effect on
the response or impact characteristics. Future work should
extend these insights experimentally to validate transition
phenomena and quantify frictional effects under realistic
surface conditions.
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