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. sār Ālō-Āñdhāri, Nandimukh Samsad, Kolkata, India, 2010, p. 111112.

tar Uper ge : Mihir Chakraborty, Gan
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. itēr Dhārāpāt Ō Galpasalpa, Nandimukh Samsad, Kolkata, 2005, p. 33.
Sketch on the right by Mihir Kr. Chakraborty (courtesy: Soma Dutta)

KEEP THE FLAG FLYING
(To Professor Mihir K. Chakraborty:
An Appreciation)
Haragauri N. Gupta

I was very pleased to receive an invitation to write for a volume of essays in honour
of Professor Mihir K. Chakraborty. I have had the privilege of knowing Professor
Chakraborty for over thirty five years and take this opportunity to send an
appreciation of his work in Logic and his service in the area of Logical research.
Mihir K. Chakraborty’s contributions in Logic are considerable. His dedication to
Logic is an abiding source of inspiration for his students and has resulted in the
creation of the Calcutta Logic Circle (CLC) some twenty five years ago. Members of
the circle belong to diverse disciplines. Under Professor Chakraborty’s leadership
they gather together to discuss problems arising in their fields, specifically problems
of a logical nature. “Logic has been esteemed as the lamp of all studies, the source of
all actions and the shelter of all virtues” to quote the ancient Indian savant Kautilya of
the third century BC. Modern Logic provides a space where Arts (Humanities),
Sciences and Technology interplay to the mutual benefit of them all. It also gives
valuable insights for Philosophy, Mathematics, Computer Science, Engineering, and
Linguistics, to name only a few. The growth of Logic in recent times is astounding.
For about two thousand years since Aristotle (384-324 BC) Logic remained in the
shape which Aristotle gave to it. Then, about the middle of the 19th century some
mathematicians (Boole, De Morgan, Peirce, and Schroeder et al) began to investigate
the logical processes as they existed at the time. They brought to the open the
mathematical nature of much that went in the name of Logic. For example, the
propositional core of logic was seen to constitute a mathematical system, ushering in
the Boolean Algebra. The Aristotelian System of syllogisms was extended to become
the Predicate Calculus of today (Frege, Russell, Hilbert). (Why did this much needed
generalization have to wait for so long?) Fundamental questions on the newly
emerging logical systems were raised and answered using mathematical methods.
This was possible because of a parallel event in Mathematics itself, namely, the
emergence of Set Theory (Cantor, Dedekind, Zermelo). The concept of truth (at least
in formalized languages) was cleared up by Alfred Tarski (1901-1983) putting Logic
of derived knowledge on reliable semantic foundations. Model Theory emerged.
Notions of completeness, decidability and axiomatizability of theories (mathematical)
began to engage the attention of mathematicians. Kurt Godel (1906-1978) made
groundbreaking discoveries in Logic and Set Theory. His arithmetization of logical
syntax can be perceived as fulfilment of the Leibnizian dream. Way back in the
seventeenth century G.W. Leibniz (1646-1716) had advanced the idea that Logic
ought to be seen as a variety of Mathematics both in content and in form
(calculemos). All this happened in a brief span of time (1840-1930) blurring the

distinction between Mathematics and Logic. Logic is no longer in the exclusive care
of philosophers. Doors of cross-fertilization with other disciplines have been flung
open. Alternative, non-standard logics have emerged (many-valued logics, modal
logics, Logic of fuzzy sets, Logic of rough sets). Computer Science appeared and is
growing in rapid strides. We are witness to a magnificent era of cooperation,
wondering at the power that interplay of disciplines can generate.
Members of the Calcutta Logic Circle are held together by this shared sense of
wonder. They welcome everything that can be seen as the logical heart of their
concerns. They meet regularly to discuss logical matters. Under Mihir K.
Chakraborty’s leadership, the Calcutta Logic Circle has brought about a renaissance
of logical studies in Calcutta and beyond. The present volume of essays is a fitting
testimonial to the measure of respect and gratefulness which his students, colleagues
and members of the Calcutta Logic Circle feel toward him. It is a lovely way indeed
to felicitate a loving and caring teacher.
From overseas, I send Mihir Chakraborty warmest good wishes on his sixty fifth
birthday and wish him many more years of service to Logic and Learning. To the
Calcutta Logic Circle I say:
Keep the Flag Flying

Haragauri N. Gupta
Emeritus Professor,
Department of Mathematics & Statistics,
University of Regina,
Canada.
guptahn2000@yahoo.ca
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Preface
It was in 1985 when a mathematician in love with logic invited one of his teachers
Haragauri Narayan Gupta, a prominent student of Alfred Tarski, to deliver a
course of lectures designed for charting a roadmap for serious studies in logic at
his workplace, the University of Calcutta, Kolkata. A motley collection of people
also interested in logic, but from various disciplines, gathered to go through the
course. The course ended, but the craving for more and more of what was served
was felt by the mathematician, and, encouraged by the mood of the others
around him, he took up the challenging task of forming a community of logic
lovers single handedly, providing the infrastructure, the planning and also the
resources in terms of materials and seminars, all by himself. The community,
although informal, bonded slowly into a close knit group, the cementing factor
being the gentle yet irresistible personality of Mihir Kumar Chakraborty, the
mathematician we have been talking about.
The community, called Calcutta Logic Circle, is still alive, informally. From
initially being a study group, it has now become a research group gaining the
affection, attention and support of many around the country and abroad. In its
journey many have joined, and some have drifted away, but a core group – not all
of them residing in Kolkata – remains, keeping in touch with all those who care
for it. The central figure, around whom all in the group assembled sometime or
other, called variously as MKC, Mihirda, Mihirbabu, Mihir, Sir, etc. (depending
on the context and relationship), turns sixty five this year. It is not only in a
show of respect for this person – an extra-ordinary teacher – but also in a show
of solidarity with the ideas, vision and efforts of his in letting this community
live, that Calcutta Logic Circle presents a collection of essays on the occasion
(prepared as a surprise for him).
A variety of articles, touching various aspects of his life and philosophy,
and ranging from technical articles on different areas of logic and mathematics
that he has worked on, to very personal ones, written by his students, friends,
colleagues and members of Calcutta Logic Circle, give this volume a unique
look. We hope that, through these articles, the readers would get a glimpse of
his vision and ideas, as well as of him as a person. A few of his graduate students
have presented outlines of their ongoing doctoral work, thus giving an idea of
his current research projects as well.
We are indebted to Haragauri Narayan Gupta for supporting our effort wholeheartedly and contributing to this volume. Our sincere thanks go to all the other
authors, who have unhesitatingly given their consent to contribute, and then
valuable time and effort in preparing the articles. The members of Calcutta
Logic Circle also thank their family, friends and colleagues for providing the
much needed support in making this volume a reality.
Calcutta Logic Circle, 2011
http://home.iitk.ac.in/∼mohua/CLC.html
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Algebraic Studies in Pawlak’s Rough Set Theory
Mohua Banerjee

1

Introduction

Indiscernibility has been at the focus of debates, for ages. I ventured to make
it the focus of my Ph.D. thesis [1] as well, spurred on by my supervisor’s very
infectious enthusiasm1 about the notion. We explored it from different points of
view, which led to the consideration of different approximate identities. In particular, we considered the situation when there was lack of complete information
on the objects of the domain involved – which is just what Pawlak’s rough set
theory [31] deals with. The theory hinges on the notion of an approximation
space (U, R), where R is an indiscernibility relation on the domain of discourse
U , represented by a partition.
Since the interest in the thesis was on foundational issues, we naturally took
a close look at operations on rough sets. Pawlak had, of course, meticulously
listed some immediate properties, in his first paper itself, and later in his book
[32]. However, that was clearly only a starting point, and not surprisingly, soon
after, questions on algebras that could be formed with rough sets as basic entities
surfaced, and started being addressed by many. We joined the bandwagon, so
to speak, but soon realized that we must put the study in perspective. The
result turned out to be a list of algebras, both new and well-known, the common
feature being that each has a ‘rough set’ as an instance. In this article, we
present an account of the developments in the study of algebraic structures that
result only from ‘classical’ rough set theory, i.e. ones using notions defined by
Pawlak. There have also been algebraic investigations in various generalizations
of rough set theory, but covering those is beyond the scope of this article. A brief
presentation of these studies is made at the end in [6]. The account presented
here is a re-organized and updated version of that in [6]. We also refer to [23].
In order to develop an algebra an instance (or model) of which would be rough
sets, it is clearly necessary to specify the definition of a rough set. Interestingly,
we find that there are four set-based definitions of a (Pawlak) rough set itself,
viz. Definitions 3, 4, 5, 6 below. Apart from these, we also have the ‘operatororiented’ view [37] reflected by Definitions 1, 2.
First, a brief on the preliminaries [32]. Consider an approximation space
(U, R). Let [x] denote the equivalence class of the element x of U under the
equivalence relation R. For any subset A of U , the lower approximation A of
A in the approximation space (U, R) is the set {x ∈ U : [x] ⊆ U }, i.e. the
union of equivalence classes contained in A. The upper approximation A of A in
1

This is only one amongst various other subjects, mostly non-standard, many “nonacademic”, that Prof. Mihir Chakraborty continues to inspire me about, in quite a
similar manner.
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(U, R) is the set {x ∈ U : [x] ∩ A 6= ∅}: the union of equivalence classes properly
intersecting A. The boundary BnA of A is the set A \ A – it consists of elements
possibly, but not definitely, in A. A definable set in (U, R) is one whose boundary
is empty.
Two sets A, B in (U, R) are said to be roughly equal, denoted A ≈ B, provided
A = B, as well as A = B. ≈, clearly is an equivalence relation on P(U ), the
power set of U .
Definition 1. [32] A ⊆ U is a rough set in (U, R), provided Bn(A) 6= ∅.
For generality’s sake however, we could remove the restriction in the definition
above, and term any subset A of U rough. A definable set then becomes a special
case of a rough set. Moreover, to keep the context clear, we could have
Definition 2. The triple (U, R, A) is called a rough set [3].
Definition 3. (cf. [23]) The pair (A, A), for each A ⊆ U , is called a rough set
in (U, R).
c

Definition 4. [29] The pair (A, A ), for each A ⊆ U , is called a rough set in
(U, R), where c denotes complementation in P(U ).
Definition 5. [27] Given an approximation space (U, R), a rough set is an ordered quadruple (U, R, L, B), where (i) L, B are disjoint subsets of U , (ii) both
L and B are definable sets in (U, R), and (iii) for each x ∈ B there exists y ∈ B
such that x 6= y and xRy (i.e. no equivalence class contained in B is a singleton).
Definition 6. [31] A rough set in (U, R) is an equivalence class of P(U )/ ≈.
Let us fix an approximation space (U, R). We denote by Fi , i = 1, . . . , 5, the
collection of all rough sets corresponding to (U, R), given by Definition 1, 3, 4,
5, 6 respectively, only the version of Definition 5 where (U, R) is fixed in all the
quadruples, is considered to get F4 . We observe that Definitions 3, 4, 5 and 6 are
equivalent to each other for any given (U, R), in the sense that there is a one-one
correspondence between families F2 , F3 , F4 and F5 . Indeed, for any A ⊆ U ,
c
the entities (A, A), (A, A ) and the equivalence class [A] of A in P(U )/ ≈ are
identifiable. Again, for a fixed (U, R), a quadruple (U, R, L, B) is essentially the
pair (L, B), and due to condition (iii) of Definition 5, one can always find a
subset A of U such that A = L and Bn(A) = B. Hence Definition 5 may be
reformulated as follows: the pair (A, Bn(A)) for each A ⊆ U is a rough set so
long as (U, R) remains unchanged. So, via this interpretation, Definition 5 also
becomes equivalent to 3, 4 and 6. These definitions have been said to represent
the ‘set-oriented’ view of rough sets, viz. when rough sets are defined through
pairs of definable sets. In contrast, Definitions 1 and 2 are said to represent the
‘operator-oriented’ view, where the term ‘rough’ is used as an adjective for the
subset A of U , and operators of lower and upper approximations are defined on
U , in order to approximately describe A.
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However, as we shall see in this article, these equivalent definitions yield
different (though related) algebras, by taking different definitions of union, intersection, complementation and other algebraic operations.
Apart from the above families F1 , . . . , F5 , another collection that makes an
appearance in the algebraic studies is R := {(D1 , D2 ), D1 ⊆ D2 , D1 , D2 ∈ D},
where D denotes the collection of all definable sets of a fixed approximation space
(U, R).
Notice that R is a generalization of F2 : F2 ⊆ R. Further, since D2 \ D1 may
include singleton equivalence classes, F2 may be a proper subset of R.
A summary of the structures obtained by considering the families above
are presented in Section 2. Section 3 presents the algebras obtained from the
operator-based definitions, that include ones coming from information systems,
another basic notion in rough set theory. Both Sections 2 and 3 give the main
results proved about the algebras as well. In Section 4, we outline the various
relationships that are obtained among these algebras. Section 5 concludes the
article.

2

Algebras from set-based definitions

One finds that the different algebras emerging from the set-based definitions of
rough sets are instances of :
1. quasi-Boolean algebras [19, 33];
2. (a) topological quasi-Boolean algebras [4, 36];
(b) pre-rough algebras [5];
(c) rough algebras [5];
3. regular double Stone algebras [15, 29];
4. complete atomic Stone algebras [12];
5. semi-simple Nelson algebras [29];
6. 3-valued Lukasiewicz algebras [29, 18].
In the sequel, we sketch how exactly these algebras come about, starting
from the definitions of rough sets. Broadly, the scheme is of the following nature.
As remarked in the Introduction, the primary task is to fix the definition of a
rough set and therefore the corresponding family. The next step is to take an
appropriate operation of union / intersection / complementation / interior etc.
on the family, to give rise to a class of algebraic structures, say RS. This leads, on
abstraction (according to the properties of the operations in RS), to one of the
classes of algebras in the preceding list. In many cases, the connection between
RS and the corresponding class (say A) of abstract algebras, is formalized by
establishing a representation result. One demonstrates a correspondence c : A →
RS such that any element A ∈ A is isomorphic to a subalgebra of c(A). In some
cases, a reverse representation is proved.
We note that when the family F2 , or the more general R is considered, a
natural definition for the operations of union and intersection of the members
would be the following.
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Definition 7.
– (D1 , D2 ) t (D10 , D20 ) := (D1 ∪ D10 , D2 ∪ D20 ),
– (D1 , D2 ) u (D10 , D20 ) := (D1 ∩ D10 , D2 ∩ D20 ).

A restriction of these operations to the subclass F2 would give:

Definition 8.

– (A, A) t (B, B) := (A ∪ B, A ∪ B),
– (A, A) u (B, B) := (A ∩ B, A ∩ B).

One needs to ensure closure here, i.e. to check whether the right-hand entities
in the above do belong to F2 . This issue has been addressed by authors in [12, 6,
24]. For the sake of completeness, let us present a summary of the results here.
The question is, given an approximation space (U, R), whether there are subsets
C, D of U such that
A ∪ B = C, A ∪ B (= A ∪ B) = C, and
A ∩ B (= A ∩ B) = D, A ∩ B = D.
We give three pairs (Ci , Di ), i = 1, 2, 3, of such sets, which then clearly must be
coordinate-wise roughly equal.
(C1 , D1 ) [6] Include in C1 , one of the sets, say A, the lower approximation of
the other (B), and add all the elements of A ∪ B that are in Bn(A ∪ B). In other
words,
C1 := A ∪ B ∪ ((A ∪ B) ∩ Bn(A ∪ B)).
To obtain D1 , we add to A∩B, all elements of A (or B) that lie in the equivalence
classes [x] which are within A ∩ B, but outside A ∩ B. So
D1 := (A ∩ B) ∪ (A ∩ ((A ∩ B) \ (A ∩ B))).
(C2 , D2 ) Another way to come up with the sets C and D is as follows [12].
Definition 9. An upper sample P of A in (U, R) is a subset of U such that
P ⊆ A and P = A. An upper sample P is minimal, if there is no upper sample
Z of A with Z ⊆ P .

Let P be a minimal upper sample of A ∪ B. We take
C2 := A ∪ B ∪ P , and
D2 := (A ∩ B) ∪ P .

(C3 , D3 ) Yet another approach [24] is to consider a set B0 roughly equal to B:
c

B0 := B ∪ (B ∩ A ) ∪ (B ∩ A \ A) ∪ (B ∩ A).
The idea behind the construction of B0 is to take any equivalence class in B and
account for all its possible relationships with the set A. Define
C3 := A ∪ B0 , and
D3 := A ∩ B0 .
One can then show that A ∪ B = A ∪ B0 and A ∩ B = A ∩ B0 .
16

2.1

Quasi-Boolean algebras

Definition 10. [35] A quasi-Boolean algebra (or a De Morgan lattice) is a
bounded distributive lattice (A, ≤, ∨, ∧, 0, 1) with a unary operation ¬ that satisfies involution (¬¬a = a, for each a ∈ A), and makes the De Morgan identities
hold.
Iwiński [19] and Pomykala [33] show that rough sets form structures that
are quasi-Boolean algebras. Iwiński, presenting a ‘rough algebra’ for the first
time, follows Definition 3. The general collection R instead of F2 is considered.
Operations of join (t) and meet (u) on R are given by Definition 7. It may be
noted that any definable set A of (U, R) is identifiable with the pair (A, A) of
R. Further,
Definition 11. ¬(D1 , D2 ) := (D2 c , D1 c ), where c denotes ordinary set-theoretic
complementation.
¬ satisfies the De Morgan identities, and when restricted to definable sets, is the
usual complement. But it does not satisfy the laws of Boolean complementation
in general.
Proposition 1. [19] (R, t, u, ¬, 0, 1) is a complete atomic quasi-Boolean algebra, where 0 := (∅, ∅) and 1 := (U, U ). Atoms are of the form (∅, A), A being an
elementary set of (U, R). The definable sets form a maximal Boolean subalgebra
of (R, t, u, ¬, 0, 1).
Does the converse of this proposition hold? Let us see.
A basic finite quasi-Boolean algebra is U0 := ({0, a, b, 1}, ∨, ∧, ¬, 1). It is a
diamond as a lattice, viz.
1
%a
b
-%
0
and ¬ is given by the equations :
¬0 := 1, ¬1 := 0, ¬a := a, ¬b := b.
It is known [35]
Q that any quasi-Boolean algebra is isomorphic to a subalgebra of
the product i∈I Ui , where I is a set of indices, and Ui = U0 .
Hence, to address the converse of proposition 1, it seems natural to ask
if U0 is isomorphic to some R. The answer is in the negative, since for any
member (D1 , D2 ) of R other than (∅, X), ¬(D1 , D2 ) 6= (D1 , D2 ), whereas in U0 ,
¬a = a, ¬b = b and a 6= b. So the class R is a proper subclass of the class of
quasi-Boolean algebras.
No representation result is proved in [19]. However, if one considers the family
F2 , such a result is obtained in [33].
Clearly, (F2 , t, u, ¬, 0, 1) is also a quasi-Boolean algebra, the operations being
restrictions of those in R. But [33] says more. An important notion involved here
17

is that of an ‘individual atom’ – a singleton elementary class. Let us denote by
S, the collection of all individual atoms in the approximation space < X, R >.
Two simple examples of quasi-Boolean algebras are the two and three element
chains B0 := ({0, 1}, ∨, ∧, ¬, 1) and C0 := ({0, a, 1}, ∨, ∧, ¬, 1) respectively.
¬ is defined as: ¬0 := 1, ¬1 := 0, ¬a := a.
Theorem
1. (F2 , t, u, ¬, 0, 1) is isomorphic to a subalgebra of the product
Q
U
,
where
I is a set of indices, and Ui = B0 or Ui = C0 , for each i ∈ I.
i∈I i

It should be mentioned that Pomykala came up with a number of algebraic
structures that have F2 as domain. These differ from each other with respect to
the complementation and implication operations chosen.
2.2

Topological quasi-Boolean algebras

Definition 12. [4, 36] A topological quasi-Boolean algebra (tqBa) is a quasiBoolean algebra (A, ≤, ∨, ∧, ¬, 0, 1) with an interior (unary) operation L that
satisfies
L1
L2
L3
L4
L5

La ≤ a,
L(a ∧ b) = La ∧ Lb,
LLa = La,
L1 = 1 and
M La = La,

where M is the closure operation, viz. M a := ¬L¬a, a, b ∈ A.

Proceeding from Section 2.1, one may define an interior operation L on
(R, t, u, ¬, 0, 1):

Definition 13. L(D1 , D2 ) := (D1 , D1 ), D1 , D2 ∈ D.
Thus, the closure M on R is given by M (D1 , D2 ) = (D2 , D2 ).

On the other hand, one may start from Definition 6, and define, for [A], [B] ∈
P(U )/ ≈,
– [A] u [B] := [A u B],
– ¬[A] := [Ac ],
– L[A] := [A],

where A u B is the set D1 given in the beginning of this section.
One then obtains
Proposition 2. L as in Definition 13 gives the tqBa (R, t, u, ¬, L, 0, 1). Restricting L to F2 makes (F2 , t, u, ¬, 0, 1) form a tqBa. The quotient set P(U )/ ≈
yields a tqBa structure as well, with the preceding definitions of u, ¬ and L.

The tqBa on P(U )/ ≈ is isomorphic to that on F2 . It is also isomorphic to
that on R, provided of course, no definable set in (U, R) is a singleton.
No representation result of rough structures with respect to tqBa’s has been
proved. As a matter of fact, the class of tqBa’s itself is open to investigation.
Algebraically, the following is the only known result so far.
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Proposition 3. [8] TqBa’s form a variety that is not a discriminator variety.
The tqBas on P(U )/ ≈ and F2 satisfy more properties, as we shall see in
Sections 2.3 and 2.4.
2.3

Pre-rough algebras

The following are added to the definition of a tqBa to get a pre-rough algebra.
Definition 14. [5] A pre-rough algebra is a tqBa (A, ≤, ∨, ∧, ¬, L, 0, 1) in which
– ¬La ∨ La = 1,
– L(a ∨ b) = La ∨ Lb,
– La ≤ Lb, M a ≤ M b imply a ≤ b.

One may define an ‘implication’ operation in this structure as
a ⇒ b := (¬La t Lb) u (¬M a t M b).
Observation 1 In a pre-rough algebra P := (A, ≤, ∨, ∧, ¬, L, 0, 1), L(A) :=
(L(A), ≤, ∨, ∧, ¬, 0, 1), where L(A) := {La : a ∈ A}, is a Boolean algebra (using
the first axiom in Definition 14). It may also be noticed that L(A) = M (A).
Example 1. Let T := (A, ≤, ∨, ∧, ¬, L, 0, 1), where A := {0, a, 1},
1
↑
a
↑
0
with ¬0 := 1, ¬a := a, ¬1 := 0, L0 := 0, La := 0, L1 := 1. T is the smallest nontrivial pre-rough algebra.
The tqBa’s on P(U )/ ≈ and F2 (and also on R) are pre-rough algebras.

A representation result [5] shows that any pre-rough algebra is, in fact, an
algebra of pairs of Boolean elements.
Theorem 2. Any pre-rough algebra (A, ≤, u, t, ¬, L, 0, 1) is isomorphic to the
pre-rough algebra formed by the set B := {(La, M a) : a ∈ A}. The operations
on B are defined just by abstracting those on F2 .
2.4

Rough algebras

Definition 15. [5] A rough algebra P := (A, ≤, u, t, ¬, L, ⇒, 0, 1) is a prerough algebra such that the subalgebra (L(A), ≤, u, t, ¬, 0, 1) of P is
– complete and
– completely distributive, i.e. t i∈I u j∈J ai,j = u f ∈J I t i∈I ai,f (i) , for any
index sets I, J and elements ai,j , i ∈ I, j ∈ J, of L(A), J I being the set of
maps of I into J.
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The pre-rough algebras on each of P(U )/ ≈, F2 and R, are rough algebras
as well. The following representation result is then obtained.
Theorem 3. Any rough algebra is isomorphic to a subalgebra of
(R, t, u, ¬, L, 0, 1) corresponding to some approximation space (U, R).
In fact, one can show [6] that
Corollary 1. Any rough algebra is isomorphic to a subalgebra of P(U 0 )/ ≈ for
some approximation space (U 0 , R0 ).
2.5

Complete atomic Stone algebras

Definition 16. A Stone algebra is a bounded distributive lattice (A, ≤, ∨, ∧, 0, 1)
which has a pseudo-complement ∗ on A, i.e. y ≤ x∗ if and only if y ∧ x = 0,
and which satisfies the Stone identity, viz. x∗ ∨ x∗∗ = 1.
In [34], Pomykala defines

∗

on F2 as:
c

c

Definition 17. (A, A)∗ := (A , A ), (A, A) ∈ F2 .
Then one obtains (with t, u as in Definition 8, and 0, 1 as in Proposition 1)
Proposition 4. (F2 , t, u,∗ , 0, 1) is a Stone algebra.
However, no representation is obtained.
Starting from Definition 6, [12] arrives at an enhanced rough structure.
(P(U )/ ≈, ≤) is clearly a partially ordered set, ≤ being defined in terms of rough
inclusion, i.e. [A] ≤ [B], if and only if A is roughly included in B, [A], [B] ∈
P(U )/ ≈. Now operations of join (∪≈ ), meet (∩≈ ) on P(U )/ ≈ and (‘exterior’)
complementation (ex ) are defined.
For a subset A of U , an upper sample P is such that P ⊆ A and P = A. An
upper sample P of A is minimal, if there is no upper sample Z of A with Z ⊆ P .
Then
Definition 18. – [A] ∪≈ [B] := [A ∪ B ∪ P ], where P is a minimal upper
sample of A ∪ B, and
– [A] ∩≈ [B] := [(A ∩ B) ∪ P ], where P is a minimal upper sample of A ∩ B.
– [A]ex := [(A)c ].
One may note that ∅ is included among elementary sets. For a finite domain U ,
Proposition 5. (P(U )/ ≈, ∪≈ , ∩≈ ,ex , [∅], [U ]) is a complete atomic Stone algebra, where the atoms are determined by proper subsets of the elementary sets or
by singleton elementary sets in (U, R).
Again, no representation is obtained. Such a result is found though, on introducing a further operation on the family of rough sets F2 .
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2.6

Regular double Stone algebras

Definition 19. A double Stone algebra (dSa) is a Stone algebra (A, ∨, ∧,∗ , 0, 1)
which has a dual pseudo-complement + , i.e.
– y ≥ x+ if and only if y ∨ x = 1,
and which satisfies
– x+ ∧ x++ = 0.
The dSa is regular if, for all x, y ∈ A,
– x ∧ x+ ≤ y ∨ y ∗ holds.
(This is equivalent to requiring that
– x∗ = y ∗ , x+ = y + imply x = y, for all x, y ∈ A.)
[15] introduces a dual pseudo-complementation
Proposition 4,

+

on F2 and gets, further to

Proposition 6. (F2 , t, u,∗ ,+ , 0, 1), for a given approximation space (U, R), is
a regular dSa, where (A, A)+ := (Ac , Ac ).
As a representation result, Comer obtains
Theorem 4. Any regular dSa is isomorphic to a subalgebra of
(F2 , t, u,∗ ,+ , 0, 1) for some approximation space (U, R).
2.7

Semi-simple Nelson algebras

Definition 20. [35] A Nelson algebra is a quasi-Boolean algebra (A, ∧, ∨, ¬, 0, 1)
equipped with a unary operation ∼ and a binary operation → such that, for any
a, b, x ∈ A,
–
–
–
–

a ∧ ¬a ≤ b ∨ ¬b,
a ∧ x ≤ ¬a ∨ b if and only if x ≤ a → b,
a → (b → c) = (a ∧ b) → c,
∼ a = a → ¬a = a → 0.

A Nelson algebra A is semi-simple, if a ∨ ∼ a = 1, for all a ∈ A.
¬ and ∼ are the ‘strong’ and ‘weak’ negations on A respectively.

These algebras are discussed in the context of rough sets in [29], which considers finite domains, and adopts Definition 4. It is observed that
Proposition 7. (F3 , u, t, ¬, ∼, →, 0, 1) is a semi-simple Nelson algebra, the operations being defined as:
c

c

c

c

– (A1 , A1 ) u (A2 , A2 ) := (A1 ∩ A2 , A1 ∪ A2 ),
21

–
–
–
–

c

c

c

c

(A1 , A1 ) t (A2 , A2 ) := (A1 ∪ A2 , A1 ∩ A2 ),
c
c
c
(A1 , A1 ) → (A2 , A2 ) := (A1 c ∪ A2 , A1 ∩ A2 ),
c
c
¬(A1 , A1 ) := (A1 , A1 ), and
c
∼ (A1 , A1 ) := (A1 c , A1 ).
The representation theorem is as follows.

Theorem 5. Any finite semi-simple Nelson algebra is isomorphic to (F3 , u, t, ¬,
∼, →, 0, 1) for some approximation space (U, R).
F3 also forms a Stone as well as a regular double Stone algebra with suitable
operations. The operations are derived from those which make F3 a Nelson algebra (cf. proposition 7). u, t remain the same, while the pseudo-complementation
∗
is taken as ¬ ∼ ¬, and the dual pseudo-complementation + as ∼.
2.8

3-valued Lukasiewicz algebras

Definition 21. (cf. [11]) A 3-valued Lukasiewicz (Moisil) algebra (A, ≤, ∧, ∨, ¬,
M, 0, 1) is such that (A, ≤, ∧, ∨, ¬, 0, 1) is a quasi-Boolean algebra and M is a
unary operator on A satisfying, for all a, b ∈ A
–
–
–
–
–
–
–

M (a ∧ b) = M a ∧ M b,
M (a ∨ b) = M a ∨ M b,
M a ∧ ¬M a = 0,
M M a = M a,
M ¬M a = ¬M a,
¬M ¬a ≤ M a, and
M a = M b, M ¬a = M ¬b imply a = b.

A direct representation result concerning this class of algebras has been obtained in [18]. However, the same has been concluded through relationships of
3-valued Lukasiewicz algebras with other algebras, in both [29] and [2]. We shall
elaborate on this in Section 4.
[18] considers Definition 3, i.e. the family F2 , and also finite domains.
With the operator M as in Definition 13 (restricted to F2 ), t, u as in Definition 8, ¬ as in Definition 11, 0 := (∅, ∅), 1 := (U, U ) (cf. Proposition 1), one
finds that
Proposition 8. (F2 , t, u, ¬, M, 0, 1) is a 3-valued Lukasiewicz algebra.
The representation theorem is as follows.
Theorem 6. Every 3-valued Lukasiewicz algebra is isomorphic to a subalgebra
of (F2 , t, u, ¬, M, 0, 1) corresponding to some approximation space (U, R).
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2.9

Other algebras

In the special situation when the approximation space has no singleton elementary sets in it, [29] observes that F2 with its pairs in reverse order, viz. the
collection of pairs (A, A), A ⊆ U , turns out to be a Post algebra of order three
[35]. Therefore [13], it is a 3-valued Lukasiewicz algebra with a centre (i.e. an
element c such that ¬c = c).
In the general situation (with no restriction on the approximation space), the
same structure can be made into an algebra that is a generalization of a Post
algebra, viz. a certain chain-based lattice of order three [16].

3

Algebras from operator-based definitions

As mentioned in the Introduction, in the operator-oriented approach, the lower
and upper approximations are viewed as unary operators on the domain. In the
simplest manifestation here, we see that rough set structures form instances of
Boolean algebras with operators.
3.1

Boolean algebras with operators

Definition 22. (cf. [10]) A Boolean algebra with operators is a Boolean algebra
(A, ∨, ∧, ∼, 0, 1, ) along with a collection {fi }i∈I of operators on A, where I is
an index set. Each n-ary operator fi , i ∈ I, satisfies the two following properties:
O1. fi (a1 , ..., 0, ..., an ) = 0 (normality) and
O2. fi (a1 , ..., ai ∨ ai0 , ..., an ) = fi (a1 , ..., ai , ..., an ) ∨ fi (a1 , ..., ai0 , ..., an ) (additivity).
An instance of a Boolean algebra with operators, is a topological Boolean
algebra:
Definition 23. [35] A topological Boolean algebra (tBa) is a Boolean algebra
(A, ∨, ∧, ∼, 0, 1), that has a unary operation L satisfying the properties L1-L4 of
an interior given in Definition 12.
If (U, R) is an approximation space, the set P(U ) of all subsets of U forms
a topological Boolean algebra. The interior operation on P(U ) is nothing but
the lower approximation with respect to the approximation space (U, R), regarded as a unary operator on U , i.e. L(X) := X, for any X ⊆ U . L, in fact,
satisfies all the properties L1-L5 of Definition 12. The upper approximation
operator, denoted by − say, would then satisfy the properties of a closure operator, which include O1, O2 of Definition 22. In other words, as observed in [18],
(P(U ), ∪, ∩,c ,− , ∅, U ) forms a monadic Boolean algebra [25], that is an instance
of a Boolean algebra with the single binary operator − . In [38], the lower approximation operator , dual to − , is also brought into the picture. Yao studies an
abstraction of (P(U ), ∪, ∩,c , ,− ), and considers a structure (P(U ), ∪, ∩,c , L, H),
called a rough set algebra. (P(U ), ∪, ∩,c , H) is first taken to be simply a Boolean
algebra with the operator H, and L as an operation on P(U ) dual to H. The
result of imposing further conditions on the two operators are then investigated.
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3.2

Algebras from complete information systems

A basic notion in rough set theory is that of an information system [31]: a table
providing information about the values that objects of a domain are assigned
under a given set of attributes.
S
Definition 24. A complete information system (CIS) S := (U, A, a∈A Va , f ),
comprises a non-empty set U of objects, A of attributes, Va S
of attribute-values
for each a ∈ A, and information function f : U × A → a∈A Va such that
f (x, a) ∈ Va .
Any subset B of the attribute set A induces an indiscernibility relation IndSB
(an equivalence relation on U ):
(x, y) ∈ IndSB , if and only if f (x, a) = f (y, a) for all a ∈ B.
Each relation IndSB induces an upper approximation operator IndSB on P(U ),
mapping a set X(⊆ U ) to X IndSB . Similarly, we have a lower approximation
operator IndSB , for each B ⊆ A.
3.2.1

Cylindric algebras

The structure BS := (P(U ), ∪, ∩,c , {IndSB }B⊆A , ∅, U ), is called a knowledge approximation algebra of type A derived from the CIS S in [14]. For each B ⊆ A,
the structure (P(U ), ∪, ∩,c , IndSB , ∅, U ) is called the (upper) approximation closure algebra of B. It may be noted that this is an instance of a monadic Boolean
algebra.
Now (P(U ), ∪, ∩,c , ∅, U ) is not only a Boolean algebra, as mentioned in Section 3.1, it is also complete, and atomic. In fact, Comer observes that a knowledge
approximation algebra of type A is an instance of a general algebraic structure,
an abstract knowledge approximation algebra of type A.
Definition 25. An abstract knowledge approximation algebra of type A consists of a complete atomic Boolean algebra (S, ∨, ∧, ∼, 0, 1), and a family of functions KB : S → S, B ⊆ A, A being a finite set. Moreover, the functions satisfy
the following, for x, y ∈ S and B, C ⊆ A.
–
–
–
–
–

KB (0) = 0.
KB (x) ≥ x.
KB (x ∧ KB (y)) = KB (x) ∧ KB (y).
If x 6= 0 then K∅ (x) = 1.
KB∪C (x) = KB (x) ∧ KC (x), if x is an atom of S.

Comer then indicates the relation of approximation closure algebras with
cylindric algebras.
Definition 26. A cylindric algebra of dimension |A| [17] is a structure A :=
(U, ∧, ¬, 0, {Λa }a∈A , {µ(a,b) }(a,b)∈A×A ), where (U, ∧, ¬, 0) is a Boolean algebra,
and Λa , µ(a,b) are respectively unary and nullary operations on U , such that
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(L1 )
(L2 )
(L3 )
(L4 )
(L5 )
(L6 )
(L7 )

Λa (0) = 0,
x ≤ Λa (x),
Λa (x ∧ Λa (y)) = Λa (x) ∧ Λa (y),
Λa (Λb (x)) = Λb (Λa (x)),
µ(a,a) = 1,
If a 6= b, c, then µ(b,c) = Λa (µ(b,a) ∧ µ(a,c) ),
If a 6= b, then Λa (µ(a,b) ∧ x) ∧ Λa (µ(a,b) ∧ ¬x) = 0.

We then see that
Proposition 9. Approximation closure algebras are complete atomic cylindric
algebras of dimension one.
A representation theorem is subsequently obtained.
Theorem 7. Every complete atomic cylindric algebra of dimension one is isomorphic to an approximation closure algebra. In fact, every cylindric algebra of
dimension one is embeddable in an approximation closure algebra.

3.2.2

CIS-algebras

The knowledge approximation algebra derived from a CIS does not give a complete description of an information system: attribute and attribute-value pairs,
which are the salient features of an information system, do not appear in this description. Thus these algebras are unable to capture the fact that approximations
are induced in information systems by attributes and their values. In a recent
work [22], a class of algebras that takes care of this aspect, has been studied in
detail. We give the basic definitions and summary of the results obtained.
S
In a CIS S := (U, A, a∈A Va , f ), we observe that each descriptor [32] (a, v),
where a is an attribute, and v an attribute-value, also determines a nullary
operation (constant) cS(a,v) on P(U ):
cS(a,v) := {x ∈ U : f (x, a) = v}.
S
Let Ω be the tuple (A, V), for a fixed A and V := a∈A Va , and let D denote
the set of all descriptors obtained from Ω.
Definition 27. A complete information system algebra (in brief, CIS-algebra)
of type Ω generated by a complete information system S := (U, A, V, f ) is the
structure
S ∗ := (P(U ), ∩,c , {IndSB }B⊆A , {cSγ }γ∈D , ∅).
So a CIS-algebra generated by a CIS S is an extension of the knowledge approximation algebra derived from S with a collection of nullary operations.
Making use of some properties that actually turn out to be characterizing
properties of CIS-algebras, a notion of an abstract CIS-algebra is defined.
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Definition 28. An abstract CIS-algebra of type Ω is a tuple
A := (U, ∧, ¬, {LB }B⊆A , {dγ }γ∈D , 0),

where (U, ∧, ¬, 0) is a Boolean algebra and LB and dγ are respectively unary and
nullary (constant) operations on U satisfying the following:
(C1 )
(C2 )
(C3 )
(C4 )
(C5 )
(C6 )

W

v∈Va d(a,v) = 1;
d(a,v) ∧ d(a,u) = 0 when v 6= u;
LC (x) ≤ LB (x) for C ⊆ B ⊆ A;
d(a,v) ≤ L{a} (d(a,v) );
d(b,v) ∧ LB∪{b} (x) ≤ LB (¬d(b,v) ∨ x);
L∅ (x) 6= 0 implies x = 1.

The CIS-algebra S ∗ generated by a CIS S is an abstract CIS-algebra. On the
other hand, an abstract CIS-algebra A determines a unique CIS A∗ := (P F (A), A,
V, fA ), where fA : P F (A) × A → V is the map defined as
fA (Γ, a) := v if and only if d(a,v) ∈ Γ.
We also note that the reduct (U, ∧, ¬, {LB }B⊆A , 0) of A determines a complex
algebra [10] as follows. Let P F (A) denote the set of all prime filters of A.
For each B ⊆ A, let us consider the binary relation QA
B ⊆ P F (A) × P F (A):
(Γ, ∆) ∈ QA
B if and only if LB (x) ∈ Γ implies x ∈ ∆.
A
The relations QA
B are used to define the operators mB : P(P F (A)) → P(P F (A)):
A
mA
B (X) := {Γ ∈ P F (A) : for all ∆ such that (Γ, ∆) ∈ QB , ∆ ∈ X}.

The complex algebra corresponding to the reduct (U, ∧, ¬, {LB }B⊆A , 0) of A is
obtained by extending the power set algebra over P F (A) with the operators mA
B.
∗
Now A determines the lower approximation operators IndA
B induced by the
CIS A∗ defined earlier. It also gives the complex algebra with operators mA
B , as
A∗
above. One can, in fact, show that for each B ⊆ A, the operators mA
and
Ind
B
B
are just the same. This result also leads to the representation theorem for the
class of CIS-algebras.

Theorem 8. Let A be an abstract CIS-algebra. The map Ψ : U → P(P F (A))
defined for any x ∈ U as
Ψ (x) := {Γ ∈ P F (A) : x ∈ Γ },
is an embedding of A into (A∗ )∗ .
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4

Relationships

As observed in [29, 6], one can define to and fro transformations to show that
pre-rough, regular double Stone, semi-simple Nelson and 3-valued Lukasiewicz
algebras are all equivalent to each other.
It is not difficult to see that the defining axioms of pre-rough and 3-valued
Lukasiewicz algebras (cf. Definitions 14 and 21 respectively), are deducible from
each other.
The transformations involved for a passage to and from a pre-rough algebra (A, ∧, ∨, ¬, L, ⇒, 0, 1) and a regular double Stone algebra (Definition 3)
(L, ∨, ∧,∗ ,+ , 0, 1) are:
DP1. a+ := ¬La,
DP2. a∗ := L(¬a), and
PD1. ¬a := (a ∧ a+ ) ∨ a∗ ,
PD2. La := a++ .
For a semi-simple Nelson algebra (Definition 5) N := (A, ∧, ∨, ¬, ∼, →, 0, 1)
and a pre-rough algebra (A, ∧, ∨, ¬, L, ⇒, 0, 1), the transformations are:
NP1. La = ¬ ∼ a,
NP2. a ⇒ b = ¬ ∼ (a ,→ b),
where a ,→ b := (∼ a∧ ∼ ¬b) ∨ (¬ ∼ ¬a ∨ b), and
PN1. ∼ a = ¬La,
PN2. a → b = ¬La ∨ b.

It may be noted that an equivalent axiomatization of 3-valued Lukasiewicz
algebras is given by the Wajsberg algebras.
Definition 29. [11] A Wajsberg algebra is a structure (A, →, ¬, 1) such that
1.
2.
3.
4.
5.
6.

a → (b → a) = 1,
(a → b) → ((b → c) → (a → c)) = 1,
((a → ¬a) → a) → a = 1,
(¬a → ¬b) → (b → a) = 1,
If 1 → a = 1 then a = 1,
If a → b = 1 = b → a then a = b,

where a, b, c ∈ A.
Thus Wajsberg algebras also get related to the group of algebras being considered here. The transformations involved for a 3-valued Lukasiewicz algebra
(A, ≤, u, t, ¬, M, 0, 1) and a Wajsberg algebra (A, →, ¬, 1) are:
LW.
WL1.
WL2.
WL3.
WL4.

a → b := (M ¬a t b) u (M b t ¬a), and
a t b := (a → b) → b,
a u b := ¬(¬a t ¬b),
M a := ¬a → a,
0 := ¬1.
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A 3-valued Lukasiewicz algebra is cryptoisomorphic to an M V3 -algebra [26]
in the sense of Birkhoff [9]. Thus all the preceding algebras are also cryptoisomorphic to M V3 -algebras as well.
Amongst algebras obtained from the operator-based approach, we observe
the following relationships. Let UB be the dual of the operator LB in Definition
28, i.e. UB (x) := ¬LB (¬x). UB and LB are respectively closure and interior
operators, and the reduct A := (U, ∧, ¬, {LB }B⊆A , 0) is a topological Boolean
algebra. (U, ∧, ¬, 0, {UB }B⊆A ) satisfies all the conditions of an abstract knowledge approximation algebra (cf. Definition 25) except the following. In the latter
case, the reduct (U, ∧, ¬, 0) is taken to be a complete atomic Boolean algebra,
while we do not have that requirement. An abstract knowledge approximation
algebra also needs to satisfy UB∪C (x) = UB (x) ∧ UC (x), x being an atom, and
this, in general, may not hold in an abstract CIS-algebra.
The difference between the signature of an abstract CIS-algebra of type
(A, V), and that of a cylindric algebra of dimension |A| (cf. Definition 26) is
the following. The cylindric algebra has unary and nullary operations corresponding to each element of A and A × A respectively. In the case of an abstract
CIS-algebra, unary and nullary operations are indexed respectively over the sets
P(A) and A × V. Moreover, operators UB of an abstract CIS-algebra satisfy
(L1 )–(L3 ), but may fail to satisfy (L4 ). (L5 )–(L7 ) do not make sense in the case
of abstract CIS-algebras. However, the Boolean algebra (U, ∧, ¬, 0, UB ) with the
operator UB obtained from an abstract CIS-algebra, is a cylindric algebra of
dimension 1.

5

Conclusions

We have presented algebraic structures that have been obtained so far, starting
with set-based and operator-based definitions of Pawlak’s rough sets. These have
been abstracted, yielding known and new algebras, and the article summarizes
results such as representation theorems for these algebras. The results indicate
that some algebras known for years, get a new interpretation in terms of rough
sets.
As mentioned in the Introduction, there has been work in the algebraic studies of generalized rough set theory also, and a number of interesting open questions remain. There are algebras of rough sets based on coverings, or defined
on binary relations other than equivalences on the domain. Understandably, the
picture gets more complicated there; in some cases the rough set structures do
not even form lattices (cf. e.g. [20]). Algebras induced by an arbitrary number of
approximation spaces on the same domain, called multiple-source approximation
system, have been studied in [21]. Each approximation space in such a system
represents the knowledge base of a source, hence the name. The algebraic investigation is open in case of finite dynamic spaces [30], essentially collections of a
finite number of approximation spaces on the same domain. The interpretation
in the case of these collections is that the knowledge base of a source is evolving
over time [7].
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Another direction of study is for classes of algebras induced by information
systems that are not complete. Comer’s work in [14] and the work in [22] are confined to complete information systems (CIS) only. But there are generalizations
of CISs as well – we have incomplete and non-deterministic information systems,
where some attribute value may not be known, or there may be multiple possibilities for the assignment of a value. Non-deterministic information systems
induce a number of relations other than the standard indiscernibility relation
on the domain. Considering these and abstracting [28], one gets different information algebras. However, as is the case with Comer’s knowledge approximation
algebras, these information algebras do not involve attribute and attribute-value
pairs. So, as remarked earlier, these are unable to express the fact that approximations defined in the information systems are induced by attributes and their
values. One of our current interests is to extend the notions and results of [22]
to these generalized scenarios.
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Should Logic Be Normative?
Sanjukta Basu

1. Introduction
Should logic be normative? This question, like the question ‘is this reasoning
correct?’ or, ‘is this argument valid?’ is a question which does not call for a matter-offact answer. This, rather, is a meta-normative question. In the wake of a number of
non-classical logical systems during the past few decades, neither can we give a
straight forward answer to the question ‘is this argument valid?’ by judging the
argument’s compliance with the rules for validity, nor can we pass off the claim that
logic is normative without much ado. One reason for this is the plurality of logics in
the current logical scenario, logics which oppose some laws/principles/rules of
classical logic, and do not consider them to be valid in general. Pluralism in any field
is an anathema to absolutism, its natural ally being relativism. Unless and until any of
the proposed alternative systems of logic is capable to replace classical logic globally,
or, the case for each such logic is shown to be untenable, relativism can not be
avoided. Relativism undoubtedly would weaken the case for normativity of logic.
Quine’s effort to naturalize epistemology[Quine, W.V.(1969)], and earlier, Hume’s
and other empiricists’ naturalist explanation of morality have sought to shift the
orientation of these studies from theoretical justification to scientific explanation of
the phenomena under consideration. Likewise, for those who consider logical laws to
be a posteriori and revisable in face of some empirical evidences, the question of
normativity even in the context of logic is out of place. The above two possible cases
of opposition to the absolute and a priori nature of logical laws represent two different
aspects of non-normativity of logic. This paper aims to present these trends
challenging classical logic, and to consider whether logic can be regarded as
normative, and if so in what sense.

2. Traditional View of Logic as Normative
Traditionally it has been held that philosophy upholds three ideals – truth, beauty, and
goodness.
Logic is supposed to be concerned with the ideal of truth. According to Aristotle,
logic provides the organon for arriving at the most general truths about being-quabeing in his ‘First Philosophy’. Thus logic is the study of those principles of
reasoning/inference that would yield true conclusion from true premises; in other
words, logic consists in the enlistment of truth-preserving, i.e. valid forms of
arguments, and the fundamental laws of thought. That logic provides universal and
necessary laws of thought, and Aristotle’s syllogistics are the paradigm of correct
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reasoning was the general belief till the time of Kant. In his Critique of Pure Reason
Kant remarks that all logic is a footnote on Aristotle even though many of these
footnotes have today, in complexity, profundity, and range surpassed the whole of the
original treatise. Classicists, including Kant hold that there is a strict distinction
between the way we reason actually and the way we ought to reason as rational
agents. Any attempt to conflate the fact-value dichotomy, and derive a value judgment
from a factual statement is, it is said, to indulge in psychologism. Being a champion
of anti-psycologism, Frege also considers logic to be concerned with the most general
laws, which prescribe universally the way in which one ought to think if one is to
think at all [Frege, G. (1893)].
Whether logic is conceived to be the science of the most general forms of valid
inference, and the notion of consequence underlying those inferences or, logic is to be
considered the system of logical truths – truths of the most general nature, a peculiar
feature of logic in contrast to natural sciences like, physics is its normative character.
The forms of inference or the laws that logic enunciate are not empirical
generalizations, these are a priori. We would not enter here into a discussion of
various views regarding the nature of logical laws. However, we must note that a
Platonist like, Frege considers laws of logic e.g., the law of non-contradiction, the law
of excluded middle, and the law of identity as the laws about the universal features of
real entities, to be discovered by our logical intuition. In this sense, logic as
embodying such laws is definitely an a priori and absolute science. Further, logic can
be considered normative in the sense that it prescribes those principles of inference as
correct, which accord with the universal and a priori laws of reality. According to
Kant however, laws of logic are the a priori conditions of our understanding and
thought. But on this view it is not plausible how humans could think at all except in
accordance with the laws of logic. In that case it would be meaningless to say that we
ought to obey these laws.
Why the rules of inference that classical logic prescribes are the rules of correct
reasoning? This is because these rules preserve truth. And, though we sometimes
believe what is false, our beliefs can not be considered as knowledge unless we
believe truly. In this regard, Hartry Field [Field, H. (2009)] observes that our views
about entailment or logical consequence constrain our views about how we ought to
reason or, about the proper interrelations among our beliefs. The classical notion of
validity as preservation of truth is actually a deterrent against what one should not
believe as true; that is, it warns us, as if, against believing not-B when we know or, at
least believe that A implies B, and that A. If we do not follow this prohibition, we will
believe not only something false, but more significantly, we would end up nurturing a
system of beliefs, which may be inconsistent. The notion of validity as necessary
truth-preservation acts as a safeguard against allowing any inferential move in a
formal system that would enable one to derive contradiction (A and not-A) in that
system. However, this classical notion of validity as necessary truth-preservation,
which is captured model theoretically as preservation of truth in all models, is not an
unrestricted notion of validity as the Curry paradox shows [Field, H. (2009)].
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3. Pluralism in Logic
But, even when the classical notion of validity is restricted to the bounds of a given
theory and not allowed to step into the purview of its meta-theory, and to apply to
inferences expressible in the meta-language, some of the classical rules of inference /
laws are allegedly not validated by this notion of validity. Examples abound. Various
systems of many-valued logic, fuzzy logic, intuitionist logic, quantum logic, relevance
logic, para-consistent logic particularly, dialeathic logic, and so on – an enumeration
of all these logics that have opposed classical logic in some way or other is perplexing
enough to doubt whether logic is normative, and more importantly, to doubt the
feasibility of this very question. The main suspects among the classical laws / rules
are the law of non-contradiction (challenged by various systems of many-valued
logic, and systems of para-consistent logic), the rule for double negation (to infer A
from not not-A, denied by intuitionist logic), the law of distributivity (contested by
quantum logic), the law of excluded middle (opposed by various systems of manyvalued logic, and also, rejected by intuitionist logic), even the classical notion of
validity and consequence that permits any proposition to follow logically from a
contradiction have been decried and rejected (relevance logic, para-consistent logic).
Now, rejection of any of the classical logical laws / rules also precipitates change
of meaning of the logical constants involved essentially in those laws / rules. In this
context, Quine’s opinion regarding the predicament of the deviant logicians is to be
noted. Quine says that when a deviant logician denies, say, the law of noncontradiction by considering some conjunction of the form ‘p and not-p’ as true, and
checks derivation of any sentence in the proposed system from such a conjunction by
adjusting the existing rules of derivation, he thinks he is talking about negation, ‘not’,
but surely ‘not’ has ceased to be recognizable as negation. “When he tries to deny the
doctrine he only changes the subject” [Quine, W.V.(1970), p.81].
Even so, we must say, as Quine himself admits that the issue between classical
logic and non-classical logic is not just verbal. In repudiating the law of excluded
middle – ‘p or not-p’ – the deviant logician is indeed giving up classical negation, or
perhaps alternation, or both; and he may have his reason. The more important issue in
this context is whether this reason for change of meaning is such as would
recommend a thorough change or, would recommend restricted and localized change
in the meanings of the logical constants. In the former case there would be a genuine
rivalry between classical logic and non-classical logic. In the latter case there would
be no genuine opposition between classical logic and non-classical logic or, between
any two non-classical logics. Each logic including, classical logic having its own field
of enquiry would co-exist side by side peacefully. There would be no incompatibility
in effect between them. Change of meaning in such cases would turn out to be a case
of equivocation or relabelling. For example, the law of distributivity is no longer held
to be valid in quantum mechanics, and a quantum logician should use different
symbols for conjunction and disjunction from those that are used in classical logic.
However, outside the scope of quantum mechanics quantum logician has no qualms to
admit the law of distributivity, and there he uses ‘and’ and ‘or’ in their old classical
meanings. A thorough-going pragmatism would be a natural consequence of this kind
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of relativistic pluralism in logic. For those who subscribe to this view, the question of
normativity of logic is beside the point.
But according to Dummett, whether non-classical logic should replace classical
logic is an issue pertaining to the theory of meaning. Thus, the issue between classical
logic and intuitionist logic relates to “the correct model for the meanings which we
confer upon our mathematical statements. A model of meaning, in this sense, is a
model of understanding, that is, of what it is to know the meaning of a statement”
[Dummett, M. (1976), p.288]. This knowledge of meaning, according to Dummett,
has to relate to “the means available to us for knowing the truth of statements of the
relevant class: in the quantum- logical case, in terms of measurement of physical
qualities; in the intuitionistic case, in terms of proofs of mathematical propositions”
[Dummett, M. (1976), pp.288 – 289].Thus, on Dummett’s view, the question which
logic is the correct logic of reasoning is a meaningful question. An answer to this
question depends on a choice of the correct theory of meaning. And which theory is
the correct theory of meaning is a question which is “irreducibly philosophical in
character”.

4. Naturalizing Logic
The most prominent effort in naturalizing logic, in questioning the demarcation
between statements which are true by virtue of meanings of words alone (analytic),
and statements which are true solely by virtue of matter of fact (synthetic) is also
made by Quine [Quine, W.V. (1951), (1969)]. The scathing attack against the
fundamentality of the distinction between analytic and synthetic statements in ‘Two
Dogmas of Empiricism’ [Quine, W. V. (1951)], together with the theory of
indeterminacy of meaning and meaning holism prompted Quine to regard even logic
not to be immune to any revision in the theory in which logic lies at the core, due to
recalcitrant empirical evidence. Putnam too joined Quine in a league against a priority
of logic [Putnam, H. (1968)]. Indeed, how much this extremism in Quine is theoretical
is to be judged from his later views. Thus even conceding to the possibility of revision
of logical laws on empirical grounds, Quine [Quine, W. V. (1978), p.81] holds: “If
sheer logic is not conclusive, what is? What higher tribunal could abrogate the logic
of truth functions or of quantification?” Then, with a pragmatic note he maintains that
since a revision in physical theory, however extensive it may be, will always be less
disruptive of our total theory than a revision in classical logic, the former will always
be preferred to the latter.
In recent times, works in artificial intelligence and belief revision, results obtained
from experiments like, Wason’s card selection task have made some philosophers and
cognitive scientists to realize that everyday reasoning is much more sensitive to the
context of particular statements than formal logic is. They hold that if a content is
believable then it tends to be believed whether logic or any other normative standards
dictate us to do so or not. It can be said, however, that in such a case the statement is
believed on some ground other than logic. It is believed not as a conclusion of an
invalid argument, the premises of which have nothing to do with the truth or the
degree of belief of that statement. The fact that majority of us, while engaged in
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reasoning do not follow classical logical rules as the data collected from experiments
on Wason’s tasks seek to establish, indicate on the contrary that logical rules are
prescriptive in nature.
Logic is of course not experimental or even theoretical psychology; it approaches
human reasoning with a different purpose of its own. But a logical theory can not be
totally disjoint from actual reasoning, also. We often have to draw conclusion from
incomplete inadequate information, which calls for making provisions in the tools of
reasoning for withdrawing previous conclusions, and even making conclusions that
might contradict already existing premises. This led researchers in the area of artificial
intelligence and belief revision to abandon the condition of monotonicity of
consequence. Perhaps a redefinition of the term ‘logic’ should be on the agenda of
those who think logic should be responsive to context.

5. Conclusion
The debate concerning the role of empirical evidence in changing classical logical
rules, regarding the fact-value dichotomy, and also, regarding absolutism vs.
relativism will go on. Philosophers will continue debating whether an archipelago of
distinct purpose-oriented systems of logic is to be recognized, or logicians should
search for an all-purpose unitary logic. Meanwhile, we must admit that all rational
practices, all rational discourses, all theory building have to abide by some regulative
principles which are the common minimum desiderata of mutual understanding and
sharing of views, of the very possibility and plausibility of any debate between the
contesting parties.
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Rough Sets and Vague Concepts
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Abstract. In this paper, we summarize and extend our previous results
on relationships between rough sets and vague concepts (see, e.g., [87, 5,
104, 63, 92]). In particular, we consider imperfect speciﬁcations of vague
concepts (e.g., by examples) and changes of knowledge about vague concepts. In these cases, the rough set based methods are allowing us to
induce temporary approximations of vague concepts. These approximations may change with changes of knowledge about the approximated
concepts. Approximation spaces used for concept approximation have
been initially deﬁned on samples of objects (decision tables) representing
partial information about concepts. Such approximation spaces deﬁned
on samples are next inductively extended on the whole object universe.
This makes it possible to deﬁne the concept approximation on extensions
of samples. We discuss the role of inductive extensions of approximation
spaces in searching for concept approximation. However, searching for
relevant inductive extensions of approximation spaces deﬁned on samples
is infeasible for compound concepts. We outline an approach making this
searching feasible by using a concept ontology speciﬁed by domain knowledge and its approximation. We also extend this approach to a framework
for adaptive approximation of vague concepts by agents interacting with
environments. This paper realizes a step toward approximate reasoning
in multiagent systems (MAS), intelligent systems, and complex dynamic
systems (CAS).

1

Introduction

In this paper we discuss the rough set approach to vague concept approximation.
There is a long debate in philosophy on vague concepts [36]. Nowadays, computer scientists are also interested in vague (imprecise) concepts, e.g, many intelligent systems should satisfy some constraints speciﬁed by vague concepts.
Hence, the problem of vague concept approximation as well as preserving vague
dependencies especially in dynamically changing environments is important for
such systems. Lotﬁ Zadeh [117] introduced a very successful approach to vagueness. In this approach, sets are deﬁned by partial membership in contrast to crisp
membership used in the classical deﬁnition of a set. Rough set theory [59] expresses vagueness not by means of membership but by employing the boundary
region of a set. If the boundary region of a set is empty it means that a particular
set is crisp, otherwise the set is rough (inexact). The non-empty boundary region of the set means that our knowledge about the set is not suﬃcient to deﬁne
the set precisely. In this paper some consequences on understanding of vague
concepts caused by inductive extensions of approximation spaces and adaptive
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concept learning are presented. A discussion on vagueness in the context of fuzzy
sets and rough sets can be found in [74].
Initially, the approximation spaces were introduced for decision tables (samples of objects). The assumption was made that the partial information about
objects is given by values of attributes and on the basis of such information
about objects the approximations of subsets of objects form the universe restricted to sample have been deﬁned [59]. Starting, at least, from the early
90s, many researchers have been using the rough set approach for constructing classiﬁcation algorithms (classiﬁers) deﬁned over extensions of samples. This
is based on the assumption that available information about concepts is partial.
In recent years, there have been attempts based on approximation spaces and
operations on approximation spaces for developing an approach to approximation of concepts over the extensions of samples (see, e.g., [89, 93, 94, 104]). In this
paper, we follow this approach and we show that the basic operations related
to approximation of concepts on extension of samples are inductive extensions
of approximation spaces. For illustration of the approach we use approximation
spaces deﬁned in [88]. Among the basic components of approximation spaces
are neighborhoods of objects deﬁned by the available information about objects
and rough inclusion functions between sets of objects. Observe that searching
for relevant (for approximation of concepts) extensions of approximation spaces
requires tuning many more parameters than in the case of approximation of concepts on samples. The important conclusion from our considerations is that the
inductive extensions deﬁning classiﬁcation algorithms (classiﬁers) are deﬁned by
arguments “for” and “against” of concepts. Each argument is deﬁned by a tuple consisting of a degree of inclusion of objects into a pattern and a degree of
inclusion of the pattern into the concepts. Patterns in the case of rule-based classiﬁers can be interpreted as the left hand sides of decision rules. The arguments
are discovered from available data and can be treated as the basic information
granules used in the concept approximation process. For any new object, it is
possible to check the satisﬁability of arguments and select arguments satisﬁed
to a satisfactory degree. Such selected arguments are fused by conﬂict resolution strategies for obtaining the classiﬁcation decision. Searching for relevant
approximation spaces in the case of approximations over extensions of samples
requires discovery of many parameters and patterns including selection of relevant attributes deﬁning information about objects, discovery of relevant patterns
for approximated concepts, selection of measures (similarity or closeness) of objects into discovered patters for concepts, structure and parameters of conﬂict
resolution strategy. This causes that in the case of more compound concepts
the searching process becomes infeasible (see, e.g., [14, 113]). We propose to use
as hints in the searching for relevant approximation spaces for compound concepts an additional domain knowledge making it possible to approximate such
concepts. This additional knowledge is represented by a concept ontology [7–9,
50–52, 85, 86, 89, 90, 105] including concepts expressed in natural language and
some dependencies between them. We assume that the ontology of concept has a
hierarchical structure. Moreover, we assume that for each concept from ontology
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there is given a labelled set of examples of objects. The labels show the membership for objects relative to the approximated concepts. The aim is to discover
the relevant conditional attributes for concepts on diﬀerent levels of a hierarchy.
Such attributes can be constructed using the so-called production rules, productions, and approximate reasoning schemes (AR schemes, for short) discovered
from data (see, e.g. [7–9, 50–52, 85, 86, 89, 90, 105])). The searching for relevant
arguments “for” and “against” for more compound concepts can be simpliﬁed
because the searching can be organized along the derivations over the ontology
using the domain knowledge.
Notice, that the searching process for relevant approximation spaces is driven
by some selected quality measures. While in some learning problems such measures can be selected in a relatively easy way and remain unchanged during
learning in other learning processes they can be only approximated on the basis
of a partial information about such measures, e.g., received as the result of interaction with the environment. This case concerns, e.g., adaptive learning. We
discuss the process of searching for relevant approximation spaces in diﬀerent
tasks of adaptive learning [2, 19, 29, 32, 46, 48, 42, 106]. In particular, we present
illustrative examples of adaptation of observation to the agent’s scheme, incremental learning, reinforcement learning, and adaptive planning. Our discussion
is presented in the framework of multiagent systems (MAS). The main conclusion is that the approximation of concepts in adaptive learning requires much
more advanced methods, which, in particular, will make it possible to approximate the quality measures together with approximation of concepts. We suggest
that this approach can be also based on approximation of ontology. In adaptive learning, the approximation of concepts is constructed gradually and the
temporary approximations are changing dynamically in the learning process in
which we are trying to achieve the approximation of the relevant quality. This, in
particular, causes, e.g., boundary conditions to change dynamically during the
learning process in which we are attempting to ﬁnd the relevant approximation
of the boundary regions of approximated vague concepts. This is consistent with
the requirement of the higher order vagueness [36] stating that the borderline
cases of vague concepts are not crisp sets. In Conclusions we point out some
consequences of this fact for further research on the rough set logic.
This paper is an extension and continuation of several papers (see, e.g., [7–
9, 50–52, 87, 85, 86, 89, 90, 93, 104, 5, 96, 92]) on approximation spaces and vague
concept approximation processes. In particular, we discuss here a problem of
adaptive learning of concept approximation. In this case, we are also searching
for relevant approximation of the quality approximation measure. In a given
step of the learning process, we have only a partial information about such a
measure. On the basis of such information we construct its approximation and
we use it for inducing approximation spaces relevant for concept approximation.
However, in the next stages of the learning process, it may happen that after
receiving new information form the environment, it is necessary to reconstruct
the approximation of the quality measure and in this way we obtain a new
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“driving force” in searching for relevant approximation spaces during the learning
process.
This paper is organized as follows. Section 2 presents an introductory discussion on sets and vagueness. In Section 3, we discuss inductive extensions of
approximation spaces. We emphasize the role of discovery of special patterns
and the so called arguments in inductive extensions. In Section 4, the role of
approximation spaces in hierarchical learning is presented. Section 4, outlines
and approach based on approximation spaces during adaptive learning. In Section 6 (Conclusions), we summarize the discussion presented in the paper and
we present some further research directions based on approximation spaces to
approximate reasoning in multiagent systems and complex adaptive systems.

2

Sets and Vague Concepts

In this section, we put forward some general remarks on the concept of a set and
the place of rough sets in set theory.
The concept of a set is fundamental for the whole of mathematics. Modern
set theory was formulated by George Cantor [16]. Bertrand Russell discovered
that the intuitive notion of a set proposed by Cantor leads to antinomies [79].
Two kinds of remedy for this problem have been proposed: axiomatization of
Cantorian set theory and alternative set theories.
Another issue discussed in connection with the notion of a set or a concept is
vagueness (see, e.g., [11, 24, 36, 37, 77, 80]). Mathematics requires that all mathematical notions (including set) must be exact (Gottlob Frege [26]). However,
philosophers (see, e.g., [36, 37, 74, 77]) and recently computer scientists (see, e.g.,
[59, 117]) have become interested in vague concepts.
2.1

Sets

The notion of a set is one of, if not the most, basic concepts in mathematics. All
mathematical structures refer to it.
The deﬁnition of this notion and the creation of set theory are due to German mathematician Georg Cantor (1845-1918) [16], who laid the foundations of
contemporary set theory over 100 years ago.
The birth of set theory can be traced back to his proof in 1873 of the uncountability of real line (i.e., the set of all real numbers is not countable) [15]. It
was Bernhard Bolzano (1781-1848) who coined the term Menge (“set”), which
Cantor used to refer to objects in his theory. According to Cantor, a set is a
collection of any objects, which can be considered as a whole according to some
law. As one can see, the notion of set is very intuitive and simple.
Mathematical objects such as relations, functions, numbers, are examples of
sets. In fact, set theory is needed in mathematics to provide rigor.
The notion of a set is not only fundamental for the whole of mathematics but
it also plays an important role in natural language. We often speak about sets
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(collections) of various objects of interest such as collection of books, paintings
and people.
The intuitive meaning of a set according to some dictionaries is the following:
“A number of things of the same kind that belong or are used together.”
Webster’s Dictionary
“Number of things of the same kind, that belong together because they are
similar or complementary to each other.”
The Oxford English Dictionary
Thus a set is a collection of things which are somehow related to each other but
the nature of this relationship is not speciﬁed in these deﬁnitions.
In fact, these deﬁnitions are due to the original deﬁnition given by Cantor.
2.2

Antinomies

In 1903, the renowned English philosopher Bertrand Russell (1872-1970) observed [79] that the intuitive notion of a set given by Cantor leads to logical
antinomies (contradictions), i.e., Cantor set theory is contradictory (there are
other kinds of antinomies, which are outside the scope of this paper). A logical
antinomy (for simplicity, we refer to “antinomy” in the rest of this paper) arises
whenever correct logical reasoning leads to a contradiction, i.e., to propositions
A and non-A, which is not allowed in logic.
As an example let us discuss brieﬂy the so-called Russell’s antinomy. Consider
the set X containing all the sets Y , which are not the elements of themselves. If
we assume that X is its own element then X, by deﬁnition, cannot be its own
element; while if we assume that X is not its own element then, according to the
deﬁnition of the set X, it must be its own element. Thus while applying each
assumption we obtain contradiction.
Antinomies show that a set cannot be a collection of arbitrary elements, as
was stipulated by Cantor.
One could think that antinomies are ingenuous logical play, but it is not so.
They question the essence of logical reasoning. That is why there have been attempts to “repair” Cantor’s theory for over 100 years or to substitute another set
theory for it but the results so far are still not satisfactory. So, is all mathematics
based on doubtful foundations?
As a remedy for this defect several axiomatizations of set theory have been
proposed (e.g., Zermelo and Fraenkel, 1904 [33]).
Instead of improvements of Cantors’ set theory by its axiomatization, some
mathematicians proposed escape from classical set theory by creating a completely new idea of a set, which would free the theory from antinomies [41, 114,
1].
No doubt the most interesting proposal was given by Polish logician Stanislaw
Leśniewski, who introduced the relation of “being a part” instead of the membership relation between elements and sets employed in classical set theory. In
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his set theory called mereology, being a part is a fundamental relation [41]. Mereology is a signiﬁcant part of recent studies on the foundations of mathematics
(see, e.g., [12, 17, 25, 112, 39, 82]), artiﬁcial intelligence [98], cognitive science [97],
natural language [23], and research in rough set theory (see, e.g., [70, 71, 67]).
The problem of ﬁnding an alternative to classical set theory has failed to be
solved until now.
The deﬁciency of sets, mentioned above, has rather philosophical than practical meaning, since sets used practically in mathematics are free from the above
discussed faults. Antinomies are associated with very “peculiar” sets constructed
in logic but not found in sets used in “everyday” mathematics. That is why we
can use mathematics safely.
2.3

Vagueness

Another issue discussed in connection with the notion of a set is vagueness.
Mathematics requires that all mathematical notions (including set) must be exact, otherwise precise reasoning would be impossible. However, philosophers [36,
37, 74, 78] and recently computer scientists (see, e.g., [3, 53, 54, 45, 18, 61, 62, 87,
5, 22, 63, 101, 13, 69, 96, 92]) as well as other researchers have become interested
in vague (imprecise) concepts.
In classical set theory a set is uniquely determined by its elements. In other
words, this means that every element must be uniquely classiﬁed as belonging
to the set or not. That is to say the notion of a set is a crisp (precise) one. For
example, the set of odd numbers is crisp because every number is either odd or
even.
In contrast to odd numbers, the notion of a beautiful painting is vague,
because we are unable to classify uniquely all paintings into two classes: beautiful
and not beautiful. Some paintings cannot be decided whether they are beautiful
or not and thus they remain in the doubtful area. Thus, beauty is not a precise
but a vague concept.
Almost all concepts in natural language are vague. Therefore, common sense
reasoning based on natural language must be based on vague concepts and not
on classical logic. Interesting discussion of this issue can be found in [74].
The idea of vagueness can be traced back to the ancient Greek philosopher
Eubulides of Megara (ca. 400BC) who ﬁrst formulated so called “sorites” (heap)
and “falakros” (bald man) paradoxes (see, e.g., [36, 37]). The bald man paradox
goes as follows: suppose a man has 100,000 hairs on his head. Removing one hair
from his head surely cannot make him bald. Repeating this step we arrive at
the conclusion the a man without any hair is not bald. Similar reasoning can be
applied to a hip of stones.
Vagueness is usually associated with the boundary region approach (i.e.,
existence of objects which cannot be uniquely classiﬁed relative to a set or its
complement) which was ﬁrst formulated in 1893 by the father of modern logic,
German logician, Gottlob Frege (1848-1925) (see [26]).
According to Frege the concept must have a sharp boundary. To the concept
without a sharp boundary there would correspond an area that would not have
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any sharp boundary–line all around. It means that mathematics must use crisp,
not vague concepts, otherwise it would be impossible to reason precisely.
Summing up, vagueness is
– not allowed in mathematics;
– interesting for philosophy;
– nettlesome problem for natural language, cognitive science, artiﬁcial intelligence, machine learning, and computer science.
Discussion on vague (imprecise) concepts includes the following issues [36]:
1. The presence of borderline cases.
2. Boundary regions of vague concepts are not crisp.
3. Vague concepts are susceptible to sorites paradoxes.
The existence of boundary cases are represented in rough sets by boundary
regions which are deﬁned as crisp sets. However, boundary regions are deﬁned
relative to a given set of attributes and in a more general setting to approximation space used for approximation. Hence, one can obtain many diﬀerent
approximations of vague concepts with many boundary regions. Note that these
are not all possible boundary regions. Next, many diﬀerent methods for aggregating the boundary regions can be used. In selection of these aggregating methods
again some subjective or inductive assumptions are used. In the consequence,
due to imperfect knowledge about the approximated concept, there is no possibility to deﬁne using classical set theory the absolute boundary region consisting
all borderline cases for a given concept. In applications, the approximation of
vague concepts is induced using some optimization criteria, e.g., based on the
minimum length principle. The obtained boundary region can be treated as a
temporary approximation of the absolute boundary region. This view may be
changed, if our knowledge about the approximated concept was changed. For
example, it is usually assumed that the understanding (approximation) of vague
concepts (their semantics is determined by the satisﬁability relation) depends
on the agent’s knowledge, which is often changing. Hence, the approximation of
vague concepts by an agent should also be considered changing with time (this
is known as the concept drift). This problem is discussed in more detail in this
paper.
One can use rough sets for explanations of the existence of borderline instances discussed in the literature (see, e.g., [110, 18]). If x is and object and
C is a concept than using the rough set approach the following situations may
happen:
1. x is either C or not C but it is not known which case is true. This situation
may happen if in the decision table there is an object with unknown decision
assigned by, e.g., domain expert. Note that any further conditional attributes
can not change this situation.
2. x is actually neither C nor non − P . This may happen if one considers only
certain knowledge about C and then in may happen that the union of the
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lower approximation of C and the lower approximation of the complement
of C is not equal to the whole universe of objects. This situation may be
also happen for induced classiﬁers. For example, in the case of rule based
classiﬁers, weights of rules matched by x which are voting for C and against
C may be not discernible to a satisfactory degree [50].
3. x is partially C, and partially non − C. By introducing the rough membership function one can obtain membership degrees diﬀerent from 0 and 1 for
objects in the boundary region.
4. Depending on the context (perspective), x is sometimes C, and sometimes
non− C. This situation may happen when we deal with inconsistent decision
tables [63]. Following some context, sometimes one can add some new (conditional) attributes and with these new attributes the decision table becomes
consistent.

3

Approximation Spaces and their Inductive Extensions

In [59], any approximation space is deﬁned as a pair (U, R), where U is a universe
of objects and R ⊆ U × U is an indiscernibility relation deﬁned by an attribute
set.
The lower approximation, the upper approximation and the boundary region
are deﬁned as crisp sets. It means that the higher order vagueness condition is
not satisﬁed [36]. We will return to this issue in Section 5.
We use the deﬁnition of approximation space introduced in [88]. Any approximation space is a tuple AS = (U, I, ν), where U is the universe of objects, I
is an uncertainty function, and ν is a measure of inclusion called the inclusion
function, generalized in rough mereology to the rough inclusion [88, 94].
3.1

Uncertainty Function

In [91], the uncertainty function I deﬁnes for every object x from a given sample
U of objects, a set of objects with descriptions similar to x. The set I(x) is called
the neighborhood of x. In our next papers (see, e.g. [95, 4, 92]) more general
uncertainty functions are considered for structural objects. The structures of
objects are induced in hierarchical modeling. Let us recall some basic concepts.
Let
[
Pω (U ∗ ) =
P i (U ∗ ),
i≥1

where P (U ) = P (U ) and P (U ) = P (P i (U ∗ ))) for i ≥ 1. For example, if
card(U ∗ ) = 2 and U ∗ = {x1 , x2 }, then we obtain P 1 (U ∗ ) = {∅, {x1 }, {x2 }, {x1 ,
x2 }}, P 2 (U ∗ ) = {∅, {∅}, {{x1 }}, {{x2 }}, {{x1 , x2 }}, {∅, {x1}}, {∅, {x2 }}, {∅, {x1,
x2 }}, . . .}, . . . . If card(U ∗ ) = n, where n is a positive natural number, then
n
∗
card(P 1 (U ∗ )) = 2n and card(P n+1 (U ∗ )) = 2card(P (U )) , for n ≥ 1. For exam2n
ple, card(P 3 (U ∗ )) = 22 . Hence, we see that the levels of the powerset hierarchy
are very rich and full automatic searching for relevant sets (structures) on such
1

∗

∗

i+1

∗
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levels is not feasible. However, this approach allows us to present in a uniform
way foundations for modeling of granular computing aimed at inducing compound granules from diﬀerent levels of the powerset hierarchy relevant for solving the target task, e.g., approximation of complex concepts. For applications,
it is necessary to restrict searching for relevant granules in relevant fragments of
the powerset hierarchy. These fragments are deﬁned by some sets of formulas.
Discovery of such sets often is the big challenge for many problems.
Now, we consider uncertainty functions of the form I : U ∗ −→ Pω (U ∗ ). The
values of uncertainty functions are called granular neighborhoods. These granular neighborhoods are deﬁned by the so called granular formulas. The values
of such uncertainty functions are not necessarily from P (U ∗ ) but from Pω (U ∗ ).
Figure 1 presents an illustrative example of the uncertainty function with values
in P 2 (U ∗ ) rather than in P (U ∗ ). The generalization of neighborhoods discussed
here are also motivated by the necessity of modeling or discovery of complex
structural objects in solving problems of pattern recognition, machine learning,
or data mining. These structural objects (granules) can be deﬁned as sets on
higher levels of the powerset hierarchy. Among examples of such granules are
indiscernibility or similarity classes of patterns or relational structures discovered in images, clusters of time widows, indiscernibility or similarity classes of
sequences of time windows representing processes, behavioral graphs (for more
details see, e.g., [95, 4]).

a = 1∧ c = 2 U*
U*

X

a = 1∧ b = 0 ∧ c = 2 U*

x

a = 1∧ b = 0 U *
U

Fig. 1. Uncertainty function I : U ∗ → P 2 (U ∗ ). The neighborhood of x ∈ U ∗ \ U ,
where InfA (x) = {(a, 1), (b, 0), (c, 2)}, does not contain training cases from U . The
generalizations of this neighborhood described by formulas ka = 1 ∧ c = 2kU ∗ and
ka = 1 ∧ b = 0kU ∗ have non empty intersections with U .

If X ∈ Pω (U ∗ ) and U ⊆ U ∗ , then by X ↾ U we denote the set deﬁned
as follows (i) if X ∈ P (U ∗ ) then X ↾ U = X ∩ U and (ii) for any i ≥ 1 if
X ∈ P i+1 (U ∗ ) then X ↾ U = {Y ↾ U : Y ∈ X}. For example, if U = {x1 },
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U ∗ = {x1 , x2 } and X = {{x2 }, {x1 , x2 }} (X ∈ P 2 (U ∗ )), then X ↾ U = {Y ↾ U :
Y ∈ X} = {Y ∩ U : Y ∈ X} = {∅, {x1 }}.
In the above example, we discussed uncertainty functions assigning granules
from P 2 (U ∗ ) to objects from U ∗ . We assume that objects from U and U ∗ are of
atomic type with the type deﬁned by attributes from a given information system
IS = (U, A) over U . For example, the type of objects from U may be identiﬁed
with ×a∈A Va . In a number of papers (see, e.g., [92]), we present methods of
deﬁning information systems with objects of higher order type (structural objects). Such objects can be from diﬀerent levels of Pω (U ∗ ), i.e., they can belong
to P k (U ∗ ), for k > 2. Note that neighborhoods (e.g., indiscernibility classes)
over such objects are sets of objects of higher order type from Pω (U ∗ ).
3.2

Rough Inclusion Function

The second component of any approximation space is the rough inclusion function [91].
One can consider general constraints which the rough inclusion functions
should satisfy. In this section, we present only some examples of rough inclusion
functions.
The rough inclusion function ν : P (U ) × P (U ) → [0, 1] deﬁnes the degree of
inclusion of X in Y , where X, Y ⊆ U and U is a ﬁnite sample of objects.
In the simplest case the standard rough inclusion function νSRI can be deﬁned
by (see, e.g., [91], [63]):
(
card(X∩Y )
card(X) , if X 6= ∅
νSRI (X, Y ) =
(1)
1,
if X = ∅.
Some illustrative examples are given in Table 1.
Table 1. Illustration of Standard Rough Inclusion Function
X
Y
νSRI (X, Y )
{x1 , x3 , x7 , x8 } {x2 , x4 , x5 , x6 , x9 }
0
{x1 , x3 , x7 , x8 } {x1 , x2 , x4 , x5 , x6 , x9 }
0.25
{x1 , x3 , x7 , x8 } {x1 , x2 , x3 , x7 , x8 }
1

It is important to note that an inclusion measure expressed in terms of the
conﬁdence measure, widely used in data mining, was considered by Lukasiewicz
[43] a long time ago in studies on assigning fractional truth values to logical
formulas.
For a deﬁnition of the inclusion function for more general granules, e.g.,
partitions of objects, one can use a measure based on positive region [63], entropy
[27] or rough entropy [56, 44]. Inclusion measures for more general granules were
also investigated [84, 10]. However, more work in this direction should be done,
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especially on inclusion of granules with complex structures, in particular for
granular neighborhoods.
In this section, we consider the problem of approximation of concepts over
a universe U ∗ , i.e., subsets of U ∗ . We assume that the concepts are perceived
only through some subsets of U ∗ , called samples. This is a typical situation in
machine learning, pattern recognition, or data mining [27]. In this section we
explain the rough set approach to induction of concept approximations. The
approach is based on inductive extension of approximation spaces.
Now we will discuss in more detail the approach presented in [93, 94]. Let
U ⊆ U ∗ be a ﬁnite sample and let CU = C ∩U for any concept C ⊆ U ∗ . Let AS =
(U, I, ν) be an approximation space over the sample U . The problem we consider
is how to extend the approximations of CU deﬁned by AS to approximation of
C over U ∗ .
In Figure 2, formula α is representing the description of the induced classiﬁcation algorithm (classiﬁer) for the concept C and its semantics of kαkU on
sample U and semantics kαkU ∗ on U ∗ . The aim is to induce a formula α with
semantics consistent not only with given examples on sample U (positive from
C ∩ U and negative from (U ∗ \ C) ∩ U ) but also such that its extension kαkU ∗
on U ∗ is as close as possible to the concept C on U ∗ .

U*

α

U

*

U

α

U

Fig. 2. Two semantics of formula α: kαkU and α: kαkU ∗ on the sample U and its
extension, respectively U ∗

We show that the problem can be described as searching for an extension
AS ∗ = (U ∗ , I ∗ , ν ∗ ) of the approximation space AS relevant for approximation of
C. This requires showing how to induce values of the extended inclusion function
to relevant subsets of U ∗ that are suitable for the approximation of C. Observe
that for the approximation of C, it is enough to induce the necessary values of
the inclusion function ν ∗ without knowing the exact value of I ∗ (x) ⊆ U ∗ for
x ∈ U ∗.
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We consider an example for rule-based classiﬁers1. However, the analogous
considerations for k-NN classiﬁers, feed-forward neural networks, and hierarchical classiﬁers [27] show that their construction is based on the inductive inclusion
extension [87, 94].
Usually, neighborhoods of objects in approximation spaces are deﬁned by
some formulas called patterns. Let us consider an example. Let AS ∗ be a given
approximation space over U ∗ and let us consider a language L of patterns, where
x denotes an object from U ∗ . In the case of rule-based classiﬁers, patterns are
deﬁned by feature value V
vectors. More precisely, in this case any pattern pat(x)
is deﬁned by a formula {(a, a(x)) : a ∈ A and va ∈ Va }, where
V A is a given
set of condition attributes [59]. An object u ∈ U ∗ is satisfying {(a, a(x)) : a ∈
A and v ∈ Va } if a(u) = a(x) for any a ∈ A, i.e., if and only if x, u are Aindiscernible [59]. The set of objects satisfying pat(x) in U ∗ , i.e., the semantics
of pat(x) in U ∗ , is denoted by kpat(x)kU ∗ . Hence, kpat(x)kU ∗ = [x]A where
[x]A is the A-indiscernibility class of x ∈ U ∗ [59]. By kpat(x)kU we denote the
restriction of kpat(x)k to U ⊆ U ∗ , i.e., the set kpat(x)k ∩ U . In the considered
case, we assume that any neighborhood I(x) ⊆ U in AS is is expressible by a
pattern pat(x). It means that I(x) = kpat(x)kU ⊆ U , where kpat(x)kU denotes
the meaning of pat(x) restricted to the sample U .
We assume that for any object x ∈ U ∗ , only partial information about x
resulting, e.g., from a sensor measurement represented by a pattern pat(x) ∈
L with semantics kpat(x)kU ∗ ⊆ U ∗ deﬁning the neighborhood of x in U ∗ is
available. Moreover, only partial information such as kpat(x)kU is available about
this set. In particular, relationships between information granules over U ∗ , e.g.,
kpat(x)kU ∗ and kpat(y)kU ∗ , for diﬀerent x, y ∈ U ∗ , are known only to a degree
estimated by using relationships between the restrictions of these sets to the
sample U , i.e., between sets kpat(x)kU ∗ ∩ U and kpat(y)kU ∗ ∩ U .
The set {pat(x) : x ∈ U } of patterns (deﬁned by the whole set of attributes
A from an approximation space AS) is usually not relevant for approximation of
the concept C ⊆ U ∗ . Such patterns can be too speciﬁc or not general enough, and
can directly be applied only to a very limited number of new sample elements.
For example, if for a new object x ∈ U ∗ \ U the set kpat(x)kU can be disjoint
with all sets kpat(y)kU for y ∈ U .
However, by using some generalization strategies, one can induce from patterns belonging to {pat(x) : x ∈ U } some new patterns that are relevant for
approximation of concepts over U ∗ .
Usually, ﬁrst we deﬁne a new set P AT of patterns, which are candidates
for relevant approximation of a given concept C. A typical example of the set of
such patterns used in the case of rule based classiﬁers can be deﬁned by dropping
some
V descriptors from patterns constructed over the whole set of attributes, i.e.,
{ {(a, a(x)) : a ∈ B and va ∈ Va } : B ⊆ A and x ∈ U }. Among such patterns
we search for the left hand sides of decision rules.
1

For simplicity of reasoning we consider only binary classiﬁers, i.e. classiﬁers with two
decision classes. One can easily extend the approach to the case of classiﬁers with
more decision classes.
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The set P AT T ERN S(AS, L, C) can be selected from P AT using some quality measures evaluated on meanings (semantics) of patterns from this set restricted to the sample U . Often such measures are based on the numbers of
examples from the concept CU and its complement that support (satisfy) a
given pattern. For example, if the conﬁdence coeﬃcient
card(kpatkU ∩ CU )
,
card(kpat(x)kU )

(2)

where pat ∈ P AT , is at least equal to a given threshold and the support
card(kpatkU ∩ CU )
,
card(U

(3)

is also at least equal to a given threshold than we select pat as a member of
P AT T ERN S(AS, L, C).
Next, on the basis of some properties of sets deﬁnable by patterns from
P AT T ERN S(AS, L, C) over U , we induce approximate values of the inclusion
function ν ∗ (X, C) on subsets of X ⊆ U ∗ deﬁnable by any such pattern and the
concept C. For example, we assume that the value of the conﬁdence coeﬃcient
is not changing signiﬁcantly if we move from U to U ∗ , i.e.,
card(kpatkU ∗ ∩ C)
card(kpatkU ∩ CU )
,
≈
card(kpat(x)kU )
card(kpat(x)kU ∗ )

(4)

Next, we induce the value of ν ∗ on pairs (X, Y ) where X ⊆ U ∗ is deﬁnable by a pattern from {pat(x) : x ∈ U ∗ } and Y ⊆ U ∗ is deﬁnable
by a patV
tern from P AT T ERN S(AS, L, C). For example, if pat(x) = {(a, a(x)) : a ∈
A and va ∈ Va } and pat is obtained from pat(x) by dropping some conjuncts then
ν ∗ (kpat(x)kU ∗ , kpatk)U ∗ ) = 1 because kpatkU ∗ ⊆ kpat(x)kU ∗ . In a more general
case, one can estimate the degree of inclusion of kpat(x)kU ∗ into kpatkU ∗ using
some similarity degrees deﬁned between formulas from P AT T ERN S(AS, L, C)
and P AT . For example, one can assume that the values of attributes on x which
occur in pat are not necessarily the same but similar. Certainly, such a similarity
should be also deﬁned or learned from data.
Finally, for any object x ∈ U ∗ \ U we induce the degree ν ∗ (kpat(x)kU ∗ , C)
applying a conﬂict resolution strategy Conf lict res (e.g, a voting strategy) to
two families of tuples:
{(ν ∗ (kpat(x)kU ∗ , kpatkU ∗ ), pat, ν ∗ (kpatkU ∗ , C)) : pat ∈ P AT T ERN S(AS, L, C)}.
(5)
Let us observe that conﬂicts can occur due to inductive reasoning in estimation
of values of ν ∗ . For some x ∈ U ∗ and pat, pat′ ∈ P AT T ERN S(AS, L, C) the
values ν ∗ (kpat(x)kU ∗ , kpatkU ∗ ), ν ∗ (kpat(x)kU ∗ , kpat′ kU ∗ ) can be both large (i.e.,
close to 1) and at the same time the value ν ∗ (kpatkU ∗ , C) can be small (i.e., close
to 0) and the value of ν ∗ (kpat′ kU ∗ , C) can be large.
Values of the inclusion function for the remaining subsets of U ∗ can be chosen
in any way – they do not have any impact on the approximations of C. Moreover,
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observe that for the approximation of C we do not need to know the exact values
of uncertainty function I ∗ – it is enough to induce the values of the inclusion
function ν ∗ . The deﬁned extension ν ∗ of ν to some subsets of U ∗ makes it possible
to deﬁne an approximation of the concept C in a new approximation space AS ∗ .
To reduce the number of conditions from (5) one can use the so called arguments “for” and “against” discussed, e.g., in [90].
Any C-argument, where C ⊆ U ∗ is a concept is a triple
(ǫ, pat, ǫ′ )

(6)

where ǫ, ǫ′ ∈ [0, 1] are degrees and pat is a pattern from P AT T ERN S(AS, L, C).
The argument arg = (ε, pat, ε′ ) is satisﬁed by a given object x ∈ U ∗ , in
symbols x |=C arg, if and only if the following conditions are satisﬁed:
ν ∗ (kpat(x)kU ∗ , kpatkU ∗ ) ≥ ε;
ν ∗ (kpatkU ∗ , C) ≥ ε′ .

(7)

The idea of C-arguments is illustrated in Figure 3.

ε'

ε
pat (x)

pat

C

Fig. 3. C-argument

Instead of all conditions from (5) only some arguments “for” and “against”
C are selected and the conﬂict resolution strategy is based on them. For any
new object the strategy resolves conﬂicts between selected arguments “for” and
“against” C which are satisﬁed by the object.
The very simple strategy for selection of arguments is the following one.
The C-argument arg = (ε, pat, ε′ ) is called the argument “for” C if ε ≥ t and
ε′ ≥ t′ , where t, t′ > 0.5 are given thresholds. The argument arg is “against”
C, if this argument is the argument for the complement of C, i.e., for U ∗ \ C.
However, in general this may be not relevant method and the relevant arguments
should be selected on the basis of more advanced quality measures. They can
take into account , e.g., the support of patterns in arguments (see Section 5.1),
their coverage, independence from other arguments, or relevance in searching for
arguments used for approximation of more compound concepts in hierarchical
learning.
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One can deﬁne the lower approximation and upper approximation of the
concept C ⊆ U ∗ in the approximation space AS ∗ by
LOW (AS ∗ , C) = {x ∈ U ∗ : ν ∗ (I ∗ (x), C) = 1},

(8)

U P P (AS , C) = {x ∈ U : ν (I (x), C) > 0}.
∗

∗

∗

∗

From the deﬁnition we have:
LOW (AS ∗ , C) ∩ U ⊆ C ∩ U ⊆ U P P (AS ∗ , C) ∩ U.

(9)

However, in general the following equalities do not hold:
LOW (AS, C ∩ U ) = LOW (AS ∗ , C) ∩ U,
U P P (AS, C ∩ U ) = U P P (AS ∗ , C) ∩ U.

(10)

One can check that in the case of standard rough inclusion [89] we have:
LOW (AS, C ∩ U ) ⊇ LOW (AS ∗ , C) ∩ U,

(11)

U P P (AS, C ∩ U ) ⊆ U P P (AS ∗ , C) ∩ U.

Following the minimal length principle [75, 76, 100] some parameters of the induced approximation spaces are tuned to obtain a proper balance between the
description length of the classiﬁer and its consistency degree. The consistency
degree on a given sample U of data can be represented by degrees to which the
sets deﬁned in equalities (10) are close. The description length is measured by
description complexity of the classiﬁer representation. Among parameters which
are tuned are attribute sets used in the classiﬁer construction, degrees of inclusion of patterns deﬁned by objects to the left hand sides of decision rules, degrees
of inclusion of patterns representing the left hand sides of decision rules in the
decision classes, the speciﬁcity or support of these patterns, parameters of the
conﬂict resolution strategy (e.g., set of arguments and parameters of arguments).
We can summarize our considerations in this section as follows. The inductive extensions of approximation spaces are basic operations on approximation
spaces in searching for relevant approximation spaces for concept approximation. The approximation of concepts over U ∗ is based on searching for relevant
approximation spaces AS ∗ in the set of approximation spaces deﬁned by inductive extensions of a given approximation space AS. For any object x ∈ U ∗ \ U ,
the value ν ∗ (I ∗ (x), C) of the induced inclusion function ν ∗ is deﬁned by conﬂict
resolution strategy from collected arguments for classifying x to C and from
collected arguments against classifying x to C.

4

Approximation Spaces in Hierarchical Learning

The methodology for approximation spaces extension presented in Section 3 is
widely used for construction of rule based classiﬁers. However, this methodology
cannot be directly used for concepts that are compound because of problems
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with inducing of the relevant set P AT T ERN S(AS, L, C) of patterns. For such
compound concepts, hierarchical learning methods have been developed (see,
e.g., [6–9, 50–52, 85, 86, 89, 90, 105]).
We assume that domain knowledge is available about concepts. There is given
a hierarchy of concepts and dependencies between them creating the so-called
concept ontology. Only partial information is available about concepts in the
hierarchy. For concepts from the lowest level of hierarchy, decision tables with
condition attributes representing sensory measurements are given. Classiﬁers for
these concepts are induced (constructed) from such decision tables. Assuming
that classiﬁers have been induced for concepts from some level l of the hierarchy,
we are aiming at inducing classiﬁers for concepts on the next l + 1 level of the
hierarchy. It is assumed that for concepts on higher levels there are given samples
of objects with information about their membership values relative to the concepts. The relevant patterns for approximation of concepts from the l+1 level are
discovered using (i) these decision tables, (ii) information about dependencies
linking concepts from the level l + 1 with concepts from the level l, and (iii) patterns discovered for approximation of concepts from the level l of the hierarchy.
Such patterns deﬁne condition attributes (e.g., by the characteristic functions
of patterns) in decision tables. Next, from such approximation of concepts are
induced. In this way, also, the neighborhoods for objects on the level l + 1 are
deﬁned. Observe also that the structure of objects on the higher level l + 1 is
deﬁned by means of their parts from the level l. In this section, for simplicity of
reasoning, we assume that on each level the same objects are considered. To this
end, we also assume that rough inclusion functions from approximation spaces
are standard rough inclusion functions [89].
Now we outline a method of construction of patterns used for approximation of concepts from a given level of concept hierarchy by patterns used for
approximation of concepts belonging to the lower level of the hierarchy. This
approach has been elaborated in a number of papers cited above, in particular
in [90]. Assume that a concept C belongs to a level l + 1 of the hierarchy. We
outline the idea of searching for sets P AT T ERN S(AS, L, C) of patterns for a
concept C, where AS is an approximation space discovered for approximation of
the concept C and L is a language in which discovered patterns are expressed.
To illustrate this idea, let us consider and example of a dependency for a
concept C from domain knwoledge:
if C1 and C2 then C,

(12)

where C1 , C2 , C are vague concepts. Analogously, let us consider a dependency
for the complement of C:
if C1′ and C2′ then ¬C.

(13)

In general, we should consider a set with many dependencies with diﬀerent
concepts on the right hand sides of dependencies (creating, e.g., a partition of
the universe) and in the process of generating arguments “for” and “against” a
selected concept C are involved other vague dependencies from the given set. Let
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us recall that such a set of concepts and dependencies between them is speciﬁed
in a given domain knowledge.
To approximate the target concept C, relevant patterns for C and ¬C should
be derived. The main idea is presented in Figure 4 and Figure 5. We assume that
for any considered concept and for each pattern selected for this concept a degree
of its inclusion into the concept can be estimated.

ε
pat

C

ε1

ε2

C1

pat1

pat 2

C2

Fig. 4. An illustration of pattern construction

ε

ε'
pat

ε1

ε2

C

ε1'
pat1

C1

ε 2'
pat 2

C2

Fig. 5. An illustration of production rule

In Figure 4 it is shown that for patterns pat1 , pat2 (e.g., left hand sides of
decision rules in case of a rule based classiﬁers) for (or against) C1 and C2 and
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their inclusion degrees ǫ1 and ǫ2 into C1 and C2 , respectively, it is constructed
a pattern pat for (or against) C together with estimation of its inclusion degree
ǫ to the concept C.
Figure 5 represents a construction of the target argument (ǫ, pat, ǫ′ ) for C
from arguments (ǫ1 , pat1 , ǫ′1 ) and (ǫ2 , pat2 , ǫ′2 ) for C1 and C2 , respectively. Such
a construction
if (ǫ1 , pat1 , ǫ′1 ) and (ǫ2 , pat2 , ǫ′2 ) then (ǫ, pat, ǫ′ )

(14)

is called a production rule for the dependency (12). Such a production rule is
true at a given object x if and only if the following implication holds:
if x |=C1 (ǫ1 , pat1 , ǫ′1 ) and x |=C2 (ǫ2 , pat2 , ǫ′2 ) then x |=C (ǫ, pat, ǫ′ ).

(15)

Certainly, it is necessary to search for production rules of the high quality
(with respect to some measures) making possible to construct “strong” arguments in the conclusion of the production from “strong” arguments in the premisses of the production rule. The quality of arguments is deﬁned by means of
relevant degrees of inclusion in these arguments and properties of patterns (such
as support or description length).
The quality of arguments for concepts from the level l + 1 can be estimated
on the basis properties of arguments for the concepts from the level l from which
these arguments have been constructed. In this estimation are used decision tables delivered by domain experts. Such decision tables consist of objects with
decision values equal to the membership degrees of objects relative to the concept or to its complement. In searching for productions of high quality, we use
operations called constrained sums (see, e.g., [99]). Using these operations there
are performed joins of information systems representing patterns appearing in
arguments from the premise of production. The join is parameterized by constraints helping by tuning these parameters to ﬁlter the relevant objects from
composition of patterns used for constructing a pattern for the concept C on
the level l + 1 for the argument in the conclusion of the production rule. Moreover, the production rules may be composed into the so called approximation
reasoning schemes (AR schemes, for short). This makes it possible to generate
patterns for approximation of concepts on the higher level of the hierarchy (see,
e.g., [6–9, 50–52, 86, 90]). In this way one can induce gradually for any concept C
in the hierarchy a relevant set of arguments (based on the relevant set of patterns
P AT T ERN S(AS, L, C) of patterns; see Section 4) for approximation of C.
We have recognized that for a given concept C ⊆ U ∗ and any object x ∈ U ∗ ,
instead of crisp decision about the relationship of I ∗ (x) and C, we can gather
some arguments for and against it only. Next, it is necessary to induce from such
arguments the value ν ∗ (I(x), C) using some strategies making it possible to resolve conﬂicts between those arguments [27, 89]. Usually some general principles
are used such as the minimal length principle [27] in searching for algorithms
computing an extension ν ∗ (I(x), C). However, often the approximated concept
over U ∗ \ U is too compound to be induced directly from ν(I(x), C). This is
the reason that the existing learning methods are not satisfactory for inducing
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high quality concept approximations in case of complex concepts [113]. There
have been several attempts trying to omit this drawback. In this section we have
discussed the approach based on hierarchical (layered) learning [105].
There are some other issues which should be discussed in approximation of
compound vague concepts. Among them are issues related to adaptive learning
and construction or reconstruction of approximation spaces in interaction with
environments. In the following section, we consider an agent learning some concepts. This agent is learning the concepts in interaction with the environments.
Diﬀerent types of interaction are deﬁning diﬀerent types of adaptive learning processes. In particular one can distinguish incremental learning [30, 47, 109, 116],
reinforcement learning [21, 31, 35, 64, 73, 108], competitive or cooperative learning [32]. There are several issues, important for adaptive learning that should
be mentioned. For example, the compound target concept which we attempt to
learn can gradually change over time and this concept drift is a natural extension
for incremental learning systems toward adaptive systems. In adaptive learning
it is important not only what we learn but also how we learn, how we measure
changes in a distributed environment and induce from them adaptive changes
of constructed concept approximations. The adaptive learning for autonomous
systems became a challenge for machine learning, robotics, complex systems,
and multiagent systems. It is becoming also a very attractive research area for
the rough set approach. Some of these issues will be discussed in the following
section.

5

Approximation Spaces in Adaptive Learning

There are diﬀerent interpretations of the terms adaptive learning and adaptive
systems (see, e.g., [2, 19, 29, 32, 46, 48, 42, 106]). We mean by adaptive a system
that learns to change with its environment. Our understanding is closest to the
spirit of what appears in [19, 29]. In complex adaptive systems (CAS), agents
scan their environment and develop a schema for action. Such a schema deﬁnes
interactions with agents surrounding it together with information and resources
ﬂow externally [19]. In this section, we concentrate only on some aspects of
adaptive learning. The other issues of adaptive learning in MAS and CAS will
be discussed elsewhere.
In particular, we would like to discuss the role of approximation spaces in
adaptive learning.
In this paper, we consider the following exemplary situation. There is an
agent ag interacting with another agent called the environment (ENV). Interactions are represented by actions [28, 111] performed by agents. These actions are
changing values of some sensory attributes of agents. The agent ag is equipped
with ontology of vague concepts consisting of vague concepts and dependencies
between them.
There are three main tasks of the agent ag: (i) adaptation of observation to
the agent’s scheme, (ii) adaptive learning of the approximations of vague con-
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cepts, and (iii) preserving constraints (e.g., expressed by dependencies between
concepts).
Through adaptation of observation to the agent’s scheme agent becomes more
robust and can handle more variability [19].
Approximation of vague concepts by the agent ag requires development of
searching methods for relevant approximation spaces which create the basis for
approximation of concepts. Observe that the approximations of vague concepts
are dynamically changing in adaptive learning when new knowledge about approximated concept is obtained by the agent ag. In particular, from this it follows
that the boundary regions of approximated concepts are dynamically changing
in adaptive learning. For each approximated concept we obtain a sequence of
boundary regions rather than a single crisp boundary region. By generating this
sequence we are attempting to approximate the set of borderline cases of a given
vague concept. Hence, if the concept approximation problem is considered in
adaptive framework the higher order postulate for vague concepts is satisﬁed
(i.e., the set of borderline cases of any vague concept can not be crisp) [36, 87,
93].
The third task of the agent ag requires learning of a planning strategy. This
is a strategy for predicting plans (i.e., sequences of actions) on the basis of observed changes in the satisﬁability of the observed concepts from ontology. By
executing plans the actual state of the system is transformed to a state satisfying the constraints. Changes in the environments can cause that the executed
plans should be reconstructed dynamically by relevant adaptive strategies. In
our example actions performed by the agent ag are adjusting values of sensory
attributes which are controllable by ag.
Before we will discuss the mentioned above tasks in more detail we would
like to add some comments on interaction between agents.
The interactions among agents belong to the most important ingredients of
computations realized by multiagent systems [42]. In particular, adaptive learning agents are interact, in particular, with their environments. In this section,
we will continue our discussion on adaptive learning by agents interacting with
environment. Some illustrative examples of interactions which have inﬂuence on
the learning process are presented.
Let us consider two agents ag and EN V representing the agent learning
some concepts and the environment, respectively. By ag s(t) and EN V s(t)
we denote (information about) the state of agents ag and EN V at the time
t, respectively. Such an information can be represented, e.g., by a vector of
attribute values Aag and AEN V , respectively [94]. The agent ag is computing
the next state ags (t + 1) using his own transition relation −→ag applied to the
result of interaction of ags (t) and EN Vs (t). The result of such an interaction we
denote by ags (t) ⊕EN V EN Vs (t) where ⊕EN V is an operation of interaction of
EN V on the state of ag. Hence, the following condition holds:
ags (t) ⊕EN V EN Vs (t) −→ag ags (t + 1).
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(16)

Analogously, we obtain the following transition for environment states:
ags (t) ⊕ag EN Vs (t) −→EN V EN Vs (t + 1).

(17)

In our examples, we will concentrate on two examples of interactions. In
the ﬁrst example related to incremental learning (see, e.g., [47, 109, 30, 116]),
we assume that ags (t) ⊕EN V EN Vs (t) is obtained by extending of ags (t) by a
new information about some new sample of objects labelled by decisions. The
structure of ags (t) is much more compound than in non-incremental learning.
This will be discussed in one of the following section together with some aspects
of adaptation in incremental learning. These aspects are related to searching
for relevant approximation spaces. In the discussed case, we also assume that
ags (t) ⊕ag EN Vs (t), i.e., there is no interaction of the agentag on the environment. In our second example, the agent ag can change the state of EN V by
performing some actions or plans which change the state of the environment.
5.1

Adaptation of observation to the agent’s scheme

In this section, we present two illustrative examples of adaptation of observation
to the agent’s scheme. In the consequence of such an adaptation, the agent’s
scheme becomes more robust relative to observations.
In the ﬁrst example, we consider instead of patterns pat(x) (see Section 3)
mode general patterns which are obtained by granulation of such patterns using
aVsimilarity relation τ . Assuming that the object description pat(x) is deﬁned by
{(a, a(x)) : a ∈ A and va ∈ Va } one can deﬁne such a similarity τ on description of objects, e.g., by a composition of similarity relations on attribute value
sets (see, e.g., [40, 49, 88])2 . Then instead of patterns pat(x) we obtain patterns
patτ (x) with the semantics deﬁned by kpatτ (x)kU ∗ = {y ∈ U ∗ : pat(x)τ pat(y)}.
The deﬁnition of satisﬁability of arguments (7) changes as follows
ν ∗ (kpatτ (x)kU ∗ , kpatkU ∗ ) ≥ ε;
ν ∗ (kpatkU ∗ , C) ≥ ε′ .

(18)

Observe, that kpatτ (x)kU ∗ is usually supported by many more objects than
kpat(x)kU ∗ . Hence, if it is possible to tune the parameters of τ in such a way that
the ﬁrst condition in (18) is satisﬁed for suﬃciently large ε than the obtained
argument is much more robust than the previous one, i.e., it is satisﬁed by much
more objects than the previous one pat(x) and at the same time the requirement
related to the degrees of inclusion is preserved.
Our second example concerns construction of more robust production rules
and productions (sets of production rules corresponding to the same dependency
between vague concepts) (see Figure 6). Patterns in such productions represent
diﬀerent layers of vague concepts and are determined by the linguistic values
of membership such as small, medium, high (see, e.g., [9]). These more general
patterns are constructed using information granulation [94]. Let us consider a
2

Note, that the similarity relation τ has usually many parameters which should be
tuned in searching for relevant similarity relations.
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Fig. 6. An illustration of production and AR scheme

simple example of information granulation. Observe that the deﬁnition of the
satisﬁability of arguments given by (7) is not unique. One can consider the
decision table (U, A, d), where A is a given set of condition attributes [59] and
the decision d is the characteristic function of the set Yε (pat) = {y ∈ U :
ν(kpat(y)kU , kpatkU )) ≥ ε}. From this decision table can be induced the classiﬁer
Class(pat) for the concept Yε∗ (pat) = {y ∈ U ∗ : ν ∗ (kpat(y)kU ∗ , kpatkU ∗ )) ≥ ε}.
Any object x ∈ U ∗ is satisfying the C-argument (6) if and only if the following
condition is satisﬁed:
ν ∗ (Yε∗ (pat), C) ≥ ε′ .
(19)
The satisﬁability of (19) is estimated by checking if the following condition holds
on the sample U :
ν(Yε (pat), C ∩ U ) ≥ ε′ .
(20)

We select only the arguments (ε, pat, ε′ ) with the maximal ε′ satisfying (20) for
given ε and pat.
Assume that 0 = ε0 < . . . < εi−1 < εi < . . . < εn = 1. For any i = 1, . . . , n
we granulate a family of sets
{Yε∗ (pat) : pat ∈ P AT T ERN S(AS, L, C) and ν ∗ (Yε∗ (pat), C) ∈ [εi−1 , εi )}
(21)
into one set Yε∗ (εi−1 , εi ). Each set Yε∗ (εi−1 , εi ) is deﬁned by an induced classiﬁer
Classε (εi−1 , εi ). The classiﬁers are induced, in an analogous way as before, by
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constructing a decision table over a sample U ⊆ U ∗ . In this way we obtain a
family of classiﬁers {Classε (εi−1 , εi )}i=1,...,n .
The sequence 0 = ε0 < . . . < εi−1 < εi < . . . < εn = 1 should be discovered in such a way that the classiﬁers Classε (εi−1 , εi ) correspond to different layers of the concept C with linguistic values of membership. One of
the method in searching for such sequence can be based on analysis of a histogram. This histogram represents a function f (I) where I ∈ J , J is a given
uniform partition of the interval [0, 1], and f (I) is the number of patterns from
{Yε∗ (pat) : pat ∈ P AT T ERN S(AS, L, C)} with the inclusion degree into C from
I ⊆ [0, 1].
5.2

Adaptation and incremental learning

In this section, we outline a searching process for relevant approximation spaces
in incremental learning. Let us consider an example of incremental concept approximation scheme Sch (see Figure 7). By Inf (C) and Inf ′ (C) we denote
Sch

STR

Q(AS*,Inf'(C))
Inf'(C)

Q

Q

IN

DS AS* ASInf(C)

AS*

ENV

IN
ASInf(C)
Inf(C)

DS

Fig. 7. An example of incremental concept approximation scheme

a partial information about the approximated concept (e.g., decision table for
C or training sample) in diﬀerent moments t and t + 1 of time, respectively3 .
EN V denotes an environment, DS is an operation constructing an approximation space ASInf (C) from a given sample Inf (C), i.e., a decision table. IN is an
inductive extension operation (see Section 3) transforming the approximation
space ASInf (C) into an approximation space AS ∗ used for approximation of the
concept C; Q denotes an operation returning the quality of the induced approximation space AS ∗ on a new sample Inf ′ (C), i.e., an extension of the decision
table Inf (C). For example, the value Q(AS ∗ , Inf ′ (C)) can be taken as a ratio
3

For simplicity, in Figure 7 we do not present time constraints.
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of the number of objects from Inf ′ (C) that are classiﬁed correctly (relative to
the decision values from Inf ′ (C)) by the classiﬁcation algorithm (classiﬁer) for
C deﬁned by AS ∗ (see Section 3) to the number of all objects in Inf ′ (C).
The double-ended arrows leading into and out of EN V illustrate an interaction between agent ag and the environment EN V . In the case of a simple
incremental learning strategy only samples of C are communicated by EN V
to ag. More compound interactions between ag and EN V will be discuss later.
They can be related to reaction from EN V on predicted by ag decisions (actions,
plans) (see, e.g., award and penalty policies in reinforcement strategies [21, 31,
35, 64, 73, 108]).
ST R is a strategy that adaptively changes the approximation of C by modifying the quality measure Q, the operation of inductive extension IN , and the
operation DS of constructing the approximation space ASInf (C) from the sample Inf (C). Dotted lines outgoing from the box labelled by ST R in Figure 7
are illustrating that the strategy ST R after receiving the actual values of input
its parameters is changing them (e.g., in the next moment of time). To make
Figure 7 more readable the dotted lines are pointing to only one occurrence of
each parameter of ST R but we assume that its occurrences on the input for
ST R are modiﬁed too.
In the simple incremental learning strategy, the quality measure is ﬁxed.
The aim of the strategy ST R is to optimize the value of Q in the learning
process. This means that in the learning process we would like to reach as soon as
possible an approximation space which will guarantee the quality of classiﬁcation
measured by Q to be almost optimal. Still, we do not know how to control
by ST R this optimization. For example, should this strategy be more like the
annealing strategy [38], then it is possible to perform more random choices at
the beginning of the learning process and next be more “frozen” to guarantee the
high convergence speed of the learning process to (semi-)optimal approximation
space. In the case of more compound interactions between ag and EN V , e.g.,
in reinforcement learning, the quality measure Q should be learned using, e.g.,
awards or penalties received as the results of such interactions. This means that
together with searching for an approximation space for the concept it is necessary
to search for an approximation space over which the relevant quality measure
can be approximated with high quality.
The scheme Sch describes an adaptive strategy ST modifying the induced
approximation space AS ∗ with respect to the changing information about the
concept C. To explain this in more detail, let us ﬁrst assume that a procedure newC (EN V, u) is given returning from the environment EN V and current information u about the concept C a new piece of information about this
concept (e.g., an extension of a sample u of C). In particular, Inf (0) (C) =
newC (EN V, ∅) and Inf (k+1) (C) = newC (EN V, Inf (k) (C)) for k = 0, . . .. In
Figure 7 Inf ′ (C) = Inf (1) (C). Next, assuming that operations Q(0) = Q,
DS (0) = DS, IN (0) = IN are given, we deﬁne Q(k+1) , DS (k+1) , IN (k+1) ,
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DS (k+1) (Inf (k+1) (C)), and AS ∗(k+1) for k = 0, . . . , by
(Q(k+1) , DS (k+1) , IN (k+1) ) =
= ST R(Q

(k)

(AS

∗(k)

, Inf

(k+1)

(22)
(C)), Q

(k)

, IN

(k)

, DS

(k)

, AS

∗(k)

(k)
, ASInf (k) (C) )
(k+1)

(k+1)

ASInf (k+1) (C) = DS (k+1) (Inf (k+1) (C)); AS ∗(k+1) = IN (k+1) (ASInf (k+1) (C) ).
One can see that the concept of approximation space considered so far should
be substituted by a more complex one represented by the scheme Sch making
it possible to generate a sequence of approximation spaces AS ∗(k) for k = 1, . . .
derived in an adaptive process of approximation of the concept C. One can also
treat the scheme Sch as a complex information granule [89].
One can easily derive more complex adaptive schemes with metastrategies
that make it possible to modify also strategies. In Figure 8 there is presented an
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Fig. 8. An example of metastrategy in adaptive concept approximation

idea of a scheme where a metastrategy M S can change adaptively also strategies
ST Ri in schemes Schi for i = 1, . . . , n where n is the number of schemes. The
metastrategy M S can be, e.g., a fusion strategy for classiﬁers corresponding to
diﬀerent regions of the concept C.
5.3

Adaptation in incremental learning

In incremental learning [21, 31, 35, 64, 73, 104, 108], the main task is to learn the
approximation of the function Q(s, a) where s, a denotes a global state of the
system and an action performed by an agent ag, respectively, and the real value
of Q(s, a) describes the reward for executing the action a in the state s. In
approximation of the function Q(s, a), probabilistic models are used. However,
for compound real-life problems it may be hard to build such models for such
a compound concept as Q(s, a) [113]. In this section, we would like to suggest
another approach to approximation of Q(s, a) based on ontology approximation.
The approach is based on the assumption that in a dialog with experts an additional knowledge can be acquired making it possible to create a ranking of
values Q(s, a) for diﬀerent actions a in a given state s. We expect that in the
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explanation given by expert about possible values of Q(s, a) are used concepts
from a special ontology of concepts. Next, using this ontology one can follow
hierarchical learning methods (see Section 4 and [6–9, 50–52, 85, 86, 89, 90, 105]))
to learn approximations of concepts from ontology. Such concepts can have temporal character too. This means that the ranking of actions may depend not only
on the actual action and the state but also on actions performed in the past and
changes caused by these actions.
Observe that the approximation of domain ontology can be also used in
planning (Section 5.4).
5.4

Adaptation and planning

A more compound scheme than what was considered in the previous section can
be obtained by considering strategies based on cooperation among the schemes
for obtaining concept approximations of high quality. In Figure 9 an adaptive
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Fig. 9. An example of adaptive plan scheme

scheme for plan modiﬁcation is presented. P LAN is modiﬁed by a metastrategy
M S that adaptively changes strategies in schemes Schi where i = 1, . . . , n. This
is performed on the basis of the derived approximation spaces ASi∗ induced for
concepts that are guards (preconditions) of actions in plans and on the basis of
information Inf (x) about the state x of the environment EN V . The generated
approximation spaces together with the plan structure are adaptively adjusted
to make it possible to achieve plan goals.
The discussed example is showing that the context in which sequences of
approximation spaces are generated can have complex structure represented by
relevant adaptive schemes. The main goal of the agent ag in adaptive planning is
to search for approximation of the optimal trajectory of states making it possible
for the agent ag to achieve the goal, e.g., to keep as invariants some dependencies
between vague concepts. Observe, that searching in adaptive learning for such a
trajectory approximation should be performed together with adaptive learning
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of many other vague concepts which should be approximated, e.g., preconditions
for actions, meta actions or plans.
One of the very important issue in adaptive learning is approximation of
compound concepts used in reasoning about changes observed in the environment. The agent ag interacting with the environment EN V is recording changes
in the satisﬁability of concepts from her/his ontology. These changes should be
expressed by relevant concepts (features) which are next used for construction
of preconditions of actions (or plans) performed by the agent ag. In real-life
problems these preconditions are compound concepts. Hence, to approximate
such concepts we suggest to use an additional ontology of changes which can be
acquired in a dialog with experts. All concepts from the ontology create a hierarchical structure. In this ontology relevant concepts characterizing changes in the
satisﬁability of concepts from the original ontology are included together with
other simpler concepts from which they can be derived. We assume that such an
ontology can be acquired in a dialog with experts. Concepts from this ontology
are included in the expert explanations consisting of justiﬁcations why in some
exemplary situations it is necessary to perform some particular actions in a particular order. Next, by approximation of the new ontology (see Section 4 and
[6–9, 50–52, 85, 86, 89, 90, 105]) we obtain the approximation of the mentioned
above compound concepts relevant for describing changes. This methodology
can be used not only for predicting the relevant actions, meta actions or plans
but also for the plan reconstruction. In our current projects we are developing
the methodology for adaptive planning based on ontology approximation.

6

Conclusions

In the paper we have discussed some problems of adaptive approximation of
concepts by agents interacting with environments. These are the fundamental
problems in synthesis of intelligent systems. Along this line important research
directions perspective arise.
In particular, this paper realizes a step toward developing methods for adaptive maintenance of constraints speciﬁed by vague dependencies. Notice that
there is a very important problem related to such a maintenance which should
be investigated further, i.e., approximation of vague dependencies. The approach
to this problem based on construction of arguments “for” and “against” for concepts from conclusions of dependencies on the basis of such arguments from
premisses of dependencies will be presented in one of our next paper.
Among interesting topics for further research are also strategies for modeling
of networks supporting approximate reasoning in adaptive learning. For example,
AR schemes and AR networks (see, e.g., [89]) can be considered as a step toward
developing such strategies. Strategies for adaptive revision of such networks and
foundations for autonomous systems based on vague concepts are other examples
of important issues.
In this paper also some consequences on understanding of vague concepts
caused by inductive extensions of approximation spaces and adaptive concept
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learning are presented. They are showing that in the learning process each temporary approximations, in particular boundary regions are crisp but they are only
temporary approximations of the set of borderline cases of the vague concept.
Hence, the approach we propose is consistent with the higher order vagueness
principle [36].
There are some important consequences of our considerations for research
on approximate reasoning about vague concepts. It is not possible to base such
reasoning only on static models of vague concepts (i.e., approximations of given
concepts [59] or membership functions [117] induced from a sample available at a
given moment) and on multi-valued logics widely used for reasoning about rough
sets or fuzzy sets (see, e.g., [58, 70, 117, 120]). Instead of this there is a need for
developing evolving systems of logics which in open and changing environments
will make it possible to gradually acquire knowledge about approximated concepts and reason about them. This is related to the view presented by Professor
Leslie Valiant (http://people.seas.harvard.edu/ valiant/researchinterests.htm)
A specific challenge is to build on the success of machine learning so
as to cover broader issues in intelligence. This requires, in particular a
reconciliation between two contradictory characteristics – the apparent
logical nature of reasoning and the statistical nature of learning.
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100. D. Ślȩzak (2002). Approximate entropy reducts. Fundamenta Informaticae 53,
365–387.
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Enigma of Contradiction
Lopamudra Choudhury

Abstract. The Law of Non-Contradiction has played a very crucial role in the
history of reasoning. Irrespective of Indian, Chinese, Greek or Western culture,
beginning from Sanjaya (pre Buddhist philosopher) to the contemporary
logicians the law of non-contradiction has preoccupied thinkers over the ages.
Philosophers, mathematicians, information scientists, logicians, and poets alike
have been baffled by the enigmatic principle and tried to reconcile it within
their own enterprise. This paper attempts to provide a broad overview of some
interpretations of principle and tries to link its significance with the stand point
of cognitive science.

1.1

Aristotle’s view of non-contradiction

Aristotle considers the principle of non-contradiction as the firmest of his first
principle or basics of his theoretical standpoint which holds an important place in his
first philosophy i.e metaphysics. This principle is prior to any theoretical construct
irrespective of the subject matter of any science. Aristotle considers the principle of
non-contradiction to be the principle of scientific enquiry, reasoning and
communication. Communication and for that matter in any informal content the law
of non-contradiction is presupposed. It a presupposition of human reasoning. Unlike
modus ponens it is not a rule of inference. To Aristotle it is the principle which “is
necessary for anyone to have who knows any of the things that are”1. It is also not a
hypothesis.
Aristotle says that it cannot be demonstrated. Although it is not susceptible to
demonstration, it is subject to “elenctic refutation” where by he means the Socratic
method of argument. By the use of “elenchus” Socrates gets his opponent to refute
himself out of his own mouth. In such a situation the opponent gives up one of his
claims to be consistent. This is as a matter of fact the reduction ad absurdum method
of argumentation.
Aristotle discusses three versions of the principle of non-contradiction.
The first is an ontological version, which reads as “It is impossible for the same
thing to belong and not to belong at the same time to the same thing and in the same
respect.”2

1

Metephysics IV3 1005b15
IV 3 1005b19-20.

2Metaphysics
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The second version, a doxastic one is as follows: “It is impossible to hold
(suppose) the same thing to be and not to be”3. This can be understood as the claim
that it is impossible to hold the same thing to be F and not to be F. Taking recourse to
psychology where one can claim that it is possible to hold contradictory belief, the
formulation may be revised as, one cannot believe that x is F and x is not F.
The third is semantic version which says “opposite assertions cannot be true at the
same time”4.this version is neutral about the internal structure of the assertion.
However, Aristotle assumes that any assertion involves predicating one thing of the
other.
If we accept Aristotelian essentialism then we have to accept the view that
individuals belonging to natural kinds have essential natures that are definable. There
cannot be any change in the essence of the individual but change in their accidental
property is accepted. A human being in essence is a human being and he cannot
undergo change to become an animal, on the other hand, a human being can undergo
change by changing his fashion. This may tell on the identity of the human being but
not on its specieshood. One cannot be both human and non- human but there is no
absurdity or contradiction in being both traditional and modern at the same time. At
this juncture, it would be interesting to bring in the views of Anaxagorous and
Democritus who hold that contradictions are true at the same time; they see contraries
come into existence out of the same thing. Aristotle distinguishes between the actual
and the potential to resolve this issue. An object can be potentially P and potentially
not P, but it cannot actually be P and not P at the same time. In response to
Heraclitean doctrine of flux, that one cannot step into the same river twice, Aristotle
maintains that there is no radical flux. Though the water is flowing constantly, the
river is still identifiable.
1.2 Contradiction in logic
In Western logic, encountering a contradiction in a proof empowers one to jump into
any conclusion in a two valued logic. This is why the law is popularly known as the
Law of Explosive Premises. However, the explosion is essentially aided by the Law of
Addition (unrestricted). It is unrestricted liberality of the law of addition that can be
traced as the cause of the trouble. It is raining and it is sunny are not contradictory.
They are the phenomena that are seldom found to go together. It is raining and it is
not raining are contradictory to each other. Contradictory situations are not
instantiated. No two facts are contradictory but the corresponding statements are.
The addition of any q given p needs to be constrained. If reasoning is rooted in
commonsensical argumentation, then the inference from the law of absurdity seems to
be counter - intuitive. Whereas the law of addition is not counter-intuitive.

33
4

Ibid, IV 3 1005b24 cf. 1005b 29-30
Ibid, IV6 1011b13-20.
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1.3 Paraconsistent logics
It is important to mention that negation is a syntactic concept whereas contradiction is
a semantic concept. It is the interpretation of negation in various contexts that either
give rise to contradiction (as in the classical case) or does not give rise to
contradiction (as in case of many valued logics). Change in the concept of negation
may help in doing away with contradiction. Syntactically it would mean these are
different negations expressed through different symbols.
Many valued and
paraconsistent logics are some examples to cite in this regard. It is the demand of
consistent theories that they cannot hold contradictory propositions as thesis. Many
valued logics and paraconsistent logics take different paths to solve the problem. The
paraconsistent logicians primarily take into consideration the concept of contradiction
understood as pairs of propositions which cannot be true together. To them one
contradiction need not lead to an explosion where anything goes. In many valued
systems there are no contradictions as there are values more than two. There are
values beyond truth and falsity.
1.4 Open universe
In place of the classical set theory where the universe is closed by definition, if we
bring in the notion of an open universe5, we cannot say that either x belongs to P or x
does not belong to P. For example, in classical set theoretic assertion, we say for any
individual x, x belongs to some predicate P or x does belong to the complement of P.
However, in a system with open universe, from x does not belong to P we cannot say
x belongs to the complement of P but we say, know not where x is. The system is so
formulated that expressions of the form x is in P and x is not in P will not be
accommodated.
2.1 Jaina logical system
In the Jaina logical system p.~ p is interpreted like that of the many valued systems.
Here, discontent with the two- valued situation, a modified notion of negation is
brought in. The emphasis now shifts to the meaning of negation. The Jainas are of the
opinion that there can be reasons for affirming or denying propositions; thus its theory
of relativity of truth was formulated. The doctrine of standpoints (nayavāda) and the
doctrine of conditioned predication ( syādavāda) were formulated to justify every
statement is true from one standpoint and false from another; thus both S is P and S is
not P can be true from different standpoints. This formulation bypasses the law of
noncontradiction in its own way. Because of this no statement can be absolutely true,
it has only relative truth.
The sevenfold conditional predication of the Jainas are the following:
1. It is possible “S is P”
2. It is possible “S is not-P”
5 Choudhury L and Chakraborty M, On Representing Open Universe, Studies in logic,
China, forthcoming issue, 2012.
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3. It is possible “S is both P and not-P”
4. It is possible “S is indescribable”
5. It is possible “S is both P and indescribable”
6. It is possible “S is not-P and indescribable”
7. It is possible “S is both P and not-P and also indescribable”
The meaning of indescribability is that S is neither P nor not-P. P and not P are
opposites and therefore cannot be applied to the same subject. In this situation, we
can say about S that no predicate can be referred to it; i.e. S is neither P nor not-P. If
there is a contradiction at all, then there will not be any predication.
2.2 Buddhist logic
It will be relevant to bring in the four-fold negation of the Indian logicians and
metaphysicians. The principle of four cornered negation of the Indian logicians, P.T
Raju6 holds, is proposed by Sanjaya, a predecessor of Buddha, may be of relevance
here:
“S is neither P nor not-P, nor both P and not-P, nor neither P nor not-P”; clearly in
this metaphysics one withholds ones position. It was not possible to fix position either
for approval or for rejection of a particular standpoint. The proponents of four
cornered negation would criticize any view positive or negative but would themselves
not hold any. Even Buddha at times refused to answer questions about what he called
the imponderables, such as “Is there an eternal entity like the self?” Though some of
his followers interpreted his silence as denial and developed their own theory, some
considered his silence to be refusal to say “yes” or “no”. The reason for Buddha’s
silence lay in the indefiniteness of the nature of the concept of the self or atman.
Nagarjuna, one of the renowned Buddhist philosophers, adopted the same principle to
prove his doctrine of sunya or void. To him the reality is neither being, nor nonbeing, nor both nor neither. It is interesting to note that what was for Sanjaya a
principle or method of doubt or skepticism, became a metaphysical principle in the
hands of Nagarjuna to express the ultimate reality. It is interesting to note that the
supporters of the four cornered negation transcend the principle of non contradiction.
P and not-P situation do not arise here.
2.3 Navya-nyāya view
According to Sibajiban Bhattacharyya7 as far as the relation between cognition of
contradictory proposition is concerned, the problem reduces to the fact as to whether
it is logically possible for one and the same person to believe that p and believe that
not-p. Navya-nyāya solves this problem by distinguishing between actual state of
believing and the disposition to believe. We may recall the Aristotelian distinction
between the actual and the potential here. In case of the cognition of two contradictory
propositions the presence of one act prevents the origination of the other act, which
6

P.T.Raju, The Principle of four cornered negation in Indian Philosophy, The review of
Metaphysica, Vol 7, No.4, ( 1954), pp 694-713.
7 Sibajiban Bhattacharyya, Some features of Navya nyaya logic, Philosophy East and West, Vol
24, No 3 (1974) pp 329-342.
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stops them from being present at the same moment. There is a fundamental distinction
between disposition and an act. So long as part of conscious act one believes that p, it
will prevent a person from believing that not-p; however as dispositions the belief that
p and the belief that not-p both can be believed provided the beliefs are not recalled.
“A person cannot consciously, knowingly, hold self-contradictory beliefs”8. As
unconscious dispositions one can hold contradictory beliefs.
The law of non-contradiction can be stated in the following way: S cannot be both
P and not-P. S is both P and not-P is self-contradictory. The Navya-nyāya replaces the
‘is’ by the expression ‘related to’. The law of non-contradiction can then be
reformulated as ‘S cannot be related to t and absence of t by the same occurrence
exacting relation’.
Bhattacharyya further explains by arguing that we can say that the pen is on the table
which means it is in contact with the surface of the table; but it will not make any
sense to say that the negation of the above proposition, absence - of - the – pen, is in
contact with the surface of the table; if we say that absence of pen on the table, it
would mean absence of pen is in contact with the surface of the table, which is
meaningless for this violates the definition of ‘contact’. If the pen cannot both be and
not be on the table, then we shall have to say that ‘the surface of the table is in contact
with the pen’ will be self contradictory with ‘the surface of the table is in some other
specific relation with the absence -of - the - pen’. There is no other way of specifying
the nature of the ‘some other relation’.
3.1 Chinese philosophy
Dialectical thinking is a form of folk wisdom in Chinese culture. The Chinese have a
preference for proverbs containing seeming contradiction. It is interesting to note that
in the version of Peng and Nisbett when two contradictory propositions are presented,
the Americans polarized their views and the Chinese moderately accept both the
propositions.
Depending on the nature of reality the metaphysical conjectures are formed. The
Chinese philosophy hold reality as a process-- life is constantly changing from one
state of being to another. It reminds us of the Heraclitean view that one cannot step
into the same river twice.
The principle of contradiction (Mao Dun Lu) states that the reality is full of
contradictions. Just as there is constant change, there is constant contradiction: old
and new, strong and weak, day and night, etc. The world is a single entity integrated
over opposites. According to Lao-zi, the founder of Daoist school, “when the people
of the world all know beauty as beauty, there arises the recognition of ugliness; when
all know the good as good, there arises recognition of evil. And so being and
nonbeing produce each other..”9 . The Daoist hold that the two sides of any
contradiction exist in harmony, opposed but connected and more importantly mutually
connecting.

8Ibid,
9

p.332
Lao-Zi ( 570-490BC/1993) The Book of Lao Zi Beijing, Foreign Language Press. P.16
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3.2 Chakraborty’s incorporation of freedom
Nothing is isolated, neither are the polar concepts. The concepts belong to the extreme
ends of an imaginary line which are placed at the ends of the spectrum. I would like to
have both the spectrum in my world; I would like to have light and darkness, good
and bad, flower and weed in my world. Without the polar concepts the reality would
be incomplete. Chakraborty10 elegantly brings in the notion of freedom to construct
ones own world by whatever concepts one wishes. There is individual choice to built
and rebuilt one’s conceptual world just as the painter or the poet does engage in
creation by deconstructing and reconstructing forms or thought at his own whim. The
contradiction in the conceptual world is different from the contradiction of
propositions.
3.3 Contradiction and cognitive science
Categorization is an essential prerequisite to perception and knowledge. Our
knowledge formation would be impossible if we do not categorize to identify entities.
Our categorization as part of cognition and Aristotle’s talk about essence are
somewhat related. A child looks confused if he is asked to bring a flower and not to
bring a flower at the same time or taught someone to be a teacher and not a teacher at
the same time. No knowledge of the principle is needed to restrain the child from the
execution of an act. That some animal is a cow is taught by contrasting it with noncows. Inconsistency in the request or teaching, in the above example, withdraws the
child from engaging in any action. Towards the extreme ends of the spectrum, the
polar concepts belong to two different categories which are contradictory to each
other; we cite different examples to understand different polar concepts and at times
we take the help of contrasting concepts to understand one concept. A child is taught
the concept of good by contrasting it with the concept of bad by taking appropriate
examples. Thus at the cognitive level contradiction is welcome as an aid to concept
forming operations.
3.4 Conclusion
It is usually accepted that contradiction leads to inconsistency. However, even
consistency is questioned by Chakraborty in some practical or theoretical enterprise.
Here too individual choice plays important role in preserving or not preserving
consistency of the domain of discourse. However, consistency and its elegant
properties cannot be outright rejected. Some situations may embrace paraconsistency
but paraconsistency cannot penetrate into every mode of reasoning. We have seen
through the itinerary of our exploration of contradiction, how varied and versatile role
it plays in the human conceptual framework.

10

Mihir Chakraborty(2011), Achin pakhir ghar in Ganiter Dharapat o Gappasappa, ,
Nandimukh Sansad, pp152-156.
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Some technical features of the graded
consequence
Cristina Coppola and Giangiacomo Gerla

1

Introduction

This paper is devoted to examine some mathematical features of Chakraborty’s
theory of graded consequence (see [3],[4],[5],[6]). Namely we emphasize the suitability of analyzing the connections of such a fundamental approach to fuzzy
logic with the notions of canonical extension of a deduction apparatus, closure
operator, compactness, recursive enumerability (see [1],[2],[8],[9],[10]).

2

Preliminaries on fuzzy logic

We denote by U the interval [0, 1] and we look this interval as a complete lattice
in which λ ∧ µ = inf{λ, µ} and λ ∨ µ = sup{λ, µ}. Given a nonempty set S we
call fuzzy subset of S any map s : S → U . The class U S of all fuzzy subsets
of S defines a complete lattice whose join and meet operations we call union
and intersection, respectively. We define the complement −s of s by setting
−s(x) = 1 − s(x) for every x ∈ S. Let’s call continuous chain an order-reversing
family (Sλ )λ∈U of subsets of S such that Sµ = ∩λ<µ Sλ . Then we can identify
the fuzzy subsets of S with the continuous chains of subsets of S. Indeed, every
fuzzy subset s is associated with the continuous chain C(s, λ))λ∈U of its cuts,
where C(s, λ) = {x ∈ S : s(x) ≥ λ}. Since for every x ∈ S
s(x) = sup{λ ∈ U : x ∈ C(s, λ)},
such a correspondence is injective. Conversely, given any continuous chain (Sλ )λ∈U
of subsets of S, define s by setting
s(x) = sup{λ ∈ U : x ∈ Sλ }.
Then s is a fuzzy subset whose family of cuts coincides with (Sλ )λ∈U . This proves
that the correspondence is one-to-one.
Let F be a set whose elements we call formulas, then an Hilbert deduction
system, in brief an H-system, is a pair Σ = (LA, IR) such that LA is a subset of
F , the set of logical axioms, and IR a set of inference rules. In turn, an inference
rule is a partially defined n-ary map r : F n → F . We denote by Dom(r) the
domain of r. Given X ⊆ F , a proof π of a formula α under the hypotheses X is
any sequence α1 , ..., αm of formulas such that αm = α and, for any i = 1, ..., m,
- either αi ∈ X (α is a hypothesis)
- or αi ∈ LA (α is an axiom)
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- or αi = r(αs(1) , ..., αs(n) ), where r ∈ IR and s(1) < i, ..., s(n) < i (α is
obtained by an inference rule).
Given a set X of formulas, we write X ` α to denote that a proof of α exists
whose hypotheses are contained in X. The deduction operator D : P (F ) → P (F )
associated with Σ is defined by setting, for any set X of formulas,
D(X) = {α ∈ F : X ` α}.

(1)

A theory is a set T of formulas such that D(T ) = T . This is equivalent to say
that T contains the set LA of logical axioms and that T is closed with respect
to the inference rules, i.e., for every n-ary inference rule r,
α1 , ..., αn ∈ T and (α1 , ..., αn ) ∈ Dom(r) ⇒ r(α1 , ..., αn ) ∈ T.

By extending the above definitions, we define a fuzzy Hilbert system, in brief
fuzzy H-system, a pair Σ = (la, IR) where la is a fuzzy subset of F , the fuzzy
subset of logical axioms, and IR is a set of fuzzy inference rules. In turn, a fuzzy
inference rule is a pair r = (r0 , r00 ), where
- r0 is a partial n-ary operation on F whose domain we denote by Dom(r);
- r00 is a join-preserving n-ary operation on U , i.e.
In other words, an inference rule r consists
- of a syntactical component r0 that operates on formulas (in fact, it is an
inference rule in the usual sense);
- of a valuation component r00 which operates on truth values to calculate how
the truth value of the conclusion depends on the truth values of the premises.
We indicate an application of an inference rule r by
α1 , ...αn
r0 (α1 , ...αn )

;

λ1 , ..., λn
.
r00 (λ1 , ..., λn )

A proof π of a formula α is a sequence α1 , ..., αm of formulas such that αm = α,
together with a sequence of related ‘justifications’. This means that, given any
formula αi , we must specify whether
(i) αi is assumed as a logical axiom; or
(ii) αi is assumed as a proper axiom; or
(iii) αi is obtained by a rule (in this case we must indicate also the rule and the
formulas from α1 , ..., αi−1 used to obtain αi ).
The valuation V al(π, v) of π with respect to v is defined by induction on the
length m of π as follows. If αm is assumed as a logical axiom, we set V al(π, v) =
la(αm ) if αm is assumed as a hypothesis, we set V al(π, v) = v(αm ). Finally, if
0
00
αm is obtained by the inference rule (r , r ), i.e. αm = r0 (αs(1) , ..., αs(n) ), where
s(1) < m, ..., s(n) < m, then we set
00

V al(π, v) = r (V al(πs(1) , v), ..., V al(πs(n) , v)).
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If α is the formula proven by π, the meaning we assign to V al(π, v) is that: given
the information v, π assures that α holds at least with degree V al(π, v).
Finally, we define the deduction operator D : [0, 1]F → [0, 1]F by setting
D(v)(α) = sup{V al(π, v) : π is a proof of α}.

(2)

A fuzzy theory is a fuzzy subset τ of formulas such that D(τ ) = τ . Equivalently,
τ is a fuzzy theory provided that it contains the fuzzy subset la of logical axioms
and it is closed with respect to the fuzzy inference rules, i.e. for every n-ary
inference rule r = (r0 , r00 ),
τ (r0 (α1 , ..., αn )) ≥ r00 (τ (α1 ), ..., τ (αn )).
It is immediate to prove that, given any fuzzy subset of hypothesis v, D(v) is a
fuzzy theory, the least fuzzy theory containing v.
There is no difficulty to extend these definitions in such a way that infinitary
inference rules are admitted.

3

Graded consequence relations as theories of a fuzzy
deduction apparatus

We recall the main definitions in Chakraborty’s theory. If F is the set of formulas
of a logical language, we set SEQ = P (F ) × F and we call sequents the elements
in SEQ. Then a sequent is a pair (X, α) where X is a set of formulas and
α a formula. The intended meaning of (X, α) is the metalogical claim “α is a
consequence of X”. We call sets-formulas relation, in brief sf-relation, a relation
from P (F ) to F , i.e. a subset of SEQ. Also, we denote by ` such a kind of
relation, we write X ` α instead of (X, α) ∈ ` and, given Z ∈ P (F ), we write
X ` Z to denote that X ` α for every α ∈ Z. A sf -relation ` is a consequence
relation if
(j) X ` α whenever α ∈ X,
(jj) X ` α ⇒ X ∪ Y ` α,
(jjj) X ` Z and X ∪ Z ` α ⇒ X ` α.
If ` is a consequence relation and X ` α, then α is a consequence of X.
By extending such a definition, we interpret any fuzzy subset of sequents,
as a fuzzy relation g : SEQ → [0, 1] from P (F ) to F and we call it graded sfrelation. If X is a set of formulas and α is a formula, we write g(X ` α) instead
of g((X, α)). Also, we set, for every X and Z in P (F ),
g(X ` Z) = inf{g(X ` z) : z ∈ Z}.

(3)

Definition 3.1. We say that g is a graded consequence if, for every X, Y ,
Z ∈ P (F ) and α ∈ F ,
(i ) g(X ` α) = 1 for every α ∈ X,
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(ii ) g(X ∪ Y ` α) ≥ g(X ` α),
(iii ) g(X ` α) ≥ g(X ` Z) ∧ g(X ∪ Z ` α).
If λ = g(X ` α) we say that α is a consequence of X with degree λ. Given a
graded sf -relation g : SEQ → U , we denote by `λ its λ-cut C(g, λ) = {(X, α) ∈
SEQ : g(X, α) ≥ λ}.
Theorem 3.1. The following are equivalent:
(a) g : SEQ → U is a graded consequence.
(b) every cut `λ is a consequence relation.
Proof. (a) ⇒ (b). It is self-evident that `λ satisfies (j) and (jj). To prove (jjj),
suppose X ∪ Z `λ α and that X `λ z for every z ∈ Z. Then g(X ∪ Z ` α) ≥ λ
and g(X ` z) ≥ λ for every z ∈ Z. Consequently, g(X ` Z) ≥ λ and, by (iii) of
Definition 3.1, g(X ` α) ≥ λ. Hence, X `λ α.
(b) ⇒ (a). Let X be a set of formulas and α ∈ X. Then, since `1 is a consequence
relation, X `1 α, i.e., g(X ` α) = 1. Let Y be a set of formulas and λ = g(X `
α). Then, since X `λ α, we have X ∪ Y `λ α, and therefore, g(X ∪ Y ` α) ≥ λ =
g(X ` α). Finally, given any set Z of formulas, set λ = g(X ` Z) ∧ g(X ∪ Z ` α).
Then, since `λ is a consequence relation, X `λ z and for every z ∈ Z, X ∪Z `λ α,
we may conclude that X `λ α. Thus g(X ` α) ≥ g(X ` Z) ∧ g(X ∪ Z ` α). The
remaining part of the theorem is evident.
t
u
Such a theorem enables us to prove the following way to represent the graded
consequences.
Corollary 3.1. A graded sf-relation g is a graded consequence iff a continuous
family (`λ )λ∈U of consequence relations exists such that
g(X ` α) = sup{λ ∈ U : X `λ α}.

(4)

Now, consider the Hilbert deduction system Σ = (LA, IR), which we call minimal sequent calculus, such that
- the set of formulas is SEQ,
- the set LA of logical axioms is {(X, x) : x ∈ X},
- there is a finitary rule:
(X, α)
(X ∪ Y, α)
and an infinitary rule:

{(X, β) : β ∈ Z}, (X ∪ Z, α)
.
(X, α)
A theory of such a system is a class ` of sequents such that
- ` ⊇ LA
- (X, α) ∈ ` ⇒ (X ∪ Y, α) ∈ `
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- {(X, β) : β ∈ Z} ⊆ ` and (X ∪ Z, α) ∈ ` ⇒ (X, α) ∈ `.
The proof of the following proposition is evident.
Proposition 3.1. The class of theories of the minimal sequent calculus coincides with the class of consequence relations.
In [1] and [9], one proposes the notion of canonical extension of an inferential
apparatus into a fuzzy deduction apparatus. The idea is that in the canonical
extension the set of axioms remains the same while every n-ary inference rule
r0 : F n → F is extended into a fuzzy inference rule by adding the function r00 :
U n → U defined by setting r00 (λ1 , ..., λn ) = λ1 ∧...∧λn . The interpretation is that
if α1 , ..., αn were proved with degree λ1 , ..., λn then the conclusion r0 (α1 , ..., αn )
is proved with degree λ1 ∧ ... ∧ λn . Such a definition is extended to the case a
rule admits infinitely many premises in an obvious way.
Now, the ‘canonical extension’ of the minimal sequent calculus, we denote
by Σ ∗ , is defined by assuming that:
- la(X, x) = 1 if x ∈ X, and la(X, x) = 0, otherwise
- there is a finitary rule
λ
(X, α)
;
(X ∪ Y, α)
λ
- there is an infinitary rule

{(X, β) : β ∈ Z}, (X ∪ Z, α)
S, λ
;
.
(X, α)
inf(s) ∧ λ
The proof of the following theorem is trivial.
Theorem 3.2. The class of graded consequence relations coincides with the
class of theories of the canonical extension Σ ∗ of the minimal sequent calculus Σ.
As an immediate consequence, we obtain the following corollary.
Corollary 3.2. Given any graded sf-relation g, we can consider the graded consequence D(g) generated by g, i.e. the least graded consequence extending g.

4

Finite sequent calculus and compact graded
consequences

The notion of compactness is a basic one in any logic. Indeed such a notion
emphasizes that the inferential process is finite in nature. In connection with the
graded consequence theory, we propose the following definition where, given a
set X, we indicate by Pf (X) the class of finite subsets of X.
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Definition 4.1. We say that a sf-relation ` is compact if
X ` α ⇐⇒ there exists Xf ∈ Pf (X) such that Xf ` α.
We say that a graded sf-relation g is compact if
g(X ` α) = sup{g(Xf ` α) : Xf ∈ Pf (X)}.

(5)

We can characterize the compact graded consequences as follows.
Proposition 4.1. Let g be a graded sf-relation, then g is a compact graded
consequence if and only if g is compact and
(i) g(X ` α) = 1 for every α ∈ X,
(ii) g(X ∪ Y ` α) ≥ g(X ` α),
(iii) g(X ` α) ≥ g(X ` z) ∧ g(X ∪ {z} ` α).
Proof. It is evident that if g is a compact graded consequence, then (i), (ii) and
(iii) are satisfied. Conversely, assume that g is compact and that (i), (ii) and
(iii) are satisfied. Then, first we demonstrate that, for every finite set Zf ,
g(X ` α) ≥ (inf{g(X ` z) : z ∈ Zf }) ∧ g(X ∪ Zf ` α).
We put Zf = {z1 , ..., zn } and we prove this by induction on n. Indeed, in the
case n = 1 such an inequality coincides with (iii). Assume that n 6= 1, then, by
induction hypothesis and by (iii),
g(X ` α) ≥ (inf{g(X ` z) : z ∈ {z1 , ..., zn−1 }}) ∧ g(X ∪ {z1 , ..., zn−1 } ` α)

≥ (inf{g(X ` z) : z ∈ {z1 , ..., zn−1 }}) ∧ g(X ∪ {z1 , ..., zn−1 } ` zn )
∧ g(X ∪ {z1 , ..., zn−1 , zn } ` α)

≥ (inf{g(X ` z) : z ∈ {z1 , ..., zn−1 }}) ∧ g(X ` zn ) ∧ g(X ∪ Zf ` α)
= (inf{g(X ` z) : z ∈ Zf }) ∧ g(X ∪ Zf ` α).

Let Z be any set of formulas, and consider the supremum with respect to the
finite subsets of Z. Then,
g(X ` α) ≥ sup{inf({g(X ` z) : z ∈ Zf }) ∧ g(X ∪ Zf ` α) : Zf ∈ Pf (Z)}
≥ sup{(inf{g(X ` z) : z ∈ Z}) ∧ g(X ∪ Zf ` α) : Zf ∈ Pf (Z)}

= (inf{g(X ` z) : z ∈ Z}) ∧ (sup{g(X ∪ Zf ` α) : Zf ∈ Pf (Z)}
= (inf{g(X ` z) : z ∈ Z}) ∧ g(X ∪ Z ` α)

where the last equality is justified by the compactness of g

t
u

We call finite sequent any sequent (X, α) in which X is finite and we denote by
SEQf the set of finite sequents. If ` is compact, then ` is completely determined
by its intersection with SEQf . If ` is a subset of SEQf , we define ` by setting
` = {(X, α) ∈ SEQ : there is a finite subsetXf ⊆ X, Xf ` α}.
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In such a case we say that ` is the compact extension of `.
Likewise, a compact graded sf -relation g is completely defined by its restriction to SEQf . Let h be a fuzzy subset of SEQf and set
h(X, α) = sup{h(Xf , α) : Xf is a finite subset of X}.
Then h is a compact graded sf -relation we call the compact extension of h.
Proposition 4.2. g is a compact graded consequence iff g is the compact extension of a graded sf-relation h : SEQf → U satisfying
(j) h(X, α) = 1 for every α ∈ X,
(jj) h(X ∪ Y, α) ≥ h(X, α),
(jjj) h(X, α) ≥ h(X, β) ∧ h(X ∪ {β}, α).

Proof. If g is a compact graded sf -relation, then it is obvious that its restriction h
to SEQf satisfies (j), (jj) and (jjj). Conversely, let g be the compact extension
of a graded sf -relation h satisfying (j), (jj) and (jjj). Then, by Proposition 4.1,
to prove g is a graded consequence it is sufficient to prove that g satisfies (i) and
(ii) and
g(X, α) ≥ g(X, β) ∧ g(X ∪ {β}, α).
(6)
Now, (i) and (ii) are trivial. In order to prove (6) observe that g(X, α) =
sup{h(Xf , α) : Xf ∈ Pf (X)} ≥ sup{h(Xf , β) ∧ h(Xf ∪ {β}, α) : Xf ∈ Pf (X)}.
On the other hand,
g(X, β) ∧ g(X ∪ {β}, α)

= (sup{h(X1 , β)) : X1 ∈ Pf (X)}) ∧ (sup{h(X2 ∪ {β}, α) : X2 ∈ Pf (X)})
= sup{h(X1 , β) ∧ h(X2 ∪ β}, α) : X1 , X2 ∈ Pf (X)}.

Now, observe that, if Xf = X1 ∪ X2 , then h(Xf , β) ∧ h(Xf ∪ β, α) ≥ h(X1 , β) ∧
h(X2 ∪ {β}, α) and therefore
g(X, α) ≥ sup{h(Xf , β) ∧ h(Xf ∪ {β}, α) : Xf ∈ Pf (X)}

≥ sup{h(X1 , β) ∧ h(X2 ∪ β}, α) : X1 , X2 ∈ Pf (X)}
= g(X, β) ∧ g(X ∪ {β}, α).

Then, we can conclude that (6) holds true.

t
u

Such a proposition enables us to eliminate the infinitary inference rule in
defining the canonical extension of the minimal sequent calculus. In fact, let
Σf = (LA, IR) be the H-system such that
- SEQf is the set of formulas,
- the set LA of logical axioms is {(X, x) ∈ SEQf : x ∈ X},
- there are the following rules:
(X, β), (X ∪ {β}, α)
(Y, α)
;
.
(X ∪ Y, α)
(X, α)
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We call minimal finite-sequent calculus such a system. Then, we have the
following theorem whose proof is immediate.
Theorem 4.1. Let Σf∗ be the canonical extension of Σf . Then, g is a compact
graded consequence iff g is the compact extension of a theory of Σf∗ .

5

A connection with the stratified closure operators

Let L be a complete lattice. Then a closure operator in L is an operator J : L →
L satisfying:
(i) x ≤ y ⇒ J(x) ≤ J(y) (order-preserving),
(ii) x ≤ J(x) (inclusion),
(iii) J(J(x)) = J(x) (idempotence).
An order-preserving operator J is called continuous provided that, for every
directed class C of elements of L
J(lim C) = lim J(C).
Given a set S, we are interested to the case in which L is the lattice of all the
subsets of a given set S. In such a case the continuity of an operator coincides
with the compactness of such an operator. As it is well known, the deduction
operator of a crisp logic is a compact closure operator in the lattice P (F ). Also,
we are interested to the case L is the lattice of all the fuzzy subset of S. We call
fuzzy operator on S an operator in such a lattice. In this case the continuity is
again a kind of compactness. Indeed, denote by UfS the class of the finite fuzzy
subsets of S with rational values and write s1  s2 provided that s1 (x) < s2 (x)
for every x in Supp(s1 ). Then J is continuous if and only if
J(v) =

[
{J(sf ) : sf  s}.

It is easy to prove that the deduction operator in a fuzzy logic is a continuous
closure operator in the lattice U F . This suggests to propose an abstract approach
to fuzzy logic intended as a theory of continuous closure operators in U F .
This section is devoted to compare the notion of fuzzy closure operator with
the one of graded consequence. At first we observe that every operator J in P (F )
is associated with a sf -relation ` by setting
X ` α ⇔ α ∈ J(X).
Moreover, every sf -relation ` is associated with an operator J defined by setting
J(X) = {α ∈ F : X ` α}.
The proof of the following proposition is matter of routine.
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Proposition 5.1. Given a closure operator J, its associated sf-relation is a consequence relation `. If J is compact, then ` is compact. Conversely, given a
consequence relation `, its associated operator J is a closure operator. If ` is
compact, then J is compact.
The question arises whether we can extend such a connection to the graded
consequence relations and the fuzzy closure operators in F . Notice that while
the graded consequences operate on sets of formulas, the fuzzy operators operate
on fuzzy subsets of formulas. Now, if J : U F → U F is a fuzzy closure operator,
then we can define a graded sf -relation g by setting
g(X ` α) = J(X)(α)

(7)

Also, if g is a graded consequence and `λ denotes its λ−cut, then we can define
a fuzzy operator D by setting
D(s)(α) = sup{λ : C(s, λ) `λ α}

(8)

Regarding Definition (7), we have the following proposition.
Proposition 5.2. Let J : U F → U F be a fuzzy closure operator and define the
graded sf-relation g by (6). Then, by referring to Definition 3.1, g satisfies (i)
and (ii) but not (iii) in general. Therefore g is not a graded consequence.
Proof. A straightforward verification proves the first part of the proposition. In
the following example (iii) is not satisfied (M. K. Chakraborty, personal communication). Let F = {α1 , α2 , α3 , α4 } and let s1 and s2 be the two fuzzy subsets
of F defined by setting s1 (α1 ) = s1 (α3 ) = 1, s1 (α2 ) = 0.7, s1 (α4 ) = 0.8 and
s2 (α1 ) = s2 (α3 ) = s2 (α4 ) = 1, s2 (α2 ) = 0.9.
Define J by setting, for every fuzzy subset s and α ∈ F ,
J(s)(α) = inf{si (α) : si ⊇ s}.

Take X = {α1 , α3 } and Z = {α4 }. Then, a simple calculation gives J(X)(α2 ) =
0.7, J(X ∪ Z)(α2 ) = 0.9, J(X)(α4 ) = 0.8. So, if g is the graded sf -relation
associated with J, g(X ` α2 ) = 0.7, inf{g(X ` z) : z ∈ Z} = 0.8, and g(X ∪ Z `
α2 ) = 0.9. Hence, g(X ` α2 ) < (inf{g(X ` z) : z ∈ Z}) ∧ g(X ∪ Z ` α2 ). This
demonstrates that (iii) is not satisfied.
t
u
To obtain that g is a graded consequence we have to refer to a particular
class of closure operators: the well stratified closure operators. To introduce
such a notion, imagine a class of different deduction tools each with a related
degree of validity. We can represent such a state of affairs assuming that, for
every λ ∈ U , a crisp deduction operator Dλ is defined. This means that, for
every set X, we interpret Dλ (X) as the set of formulas that we can derive
from X by argumentations which are ‘reliable’ with degree λ. So, the deduction
apparatus is ‘stratified’, in a sense. More generally, it is possible that both the
available information and the deduction apparatus are stratified. In this case,
if we represent the stratified information by a fuzzy set v : F → [0, 1] and
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α ∈ Dλ (C(v, λ)), we say that α is a consequence of v at least with degree λ. This
means that λ is a lower bound constraint on the truth value of α. Obviously,
given a formula α, we have to search for the best lower-constraint we are able
to get. This leads to the following definition.
Definition 5.1. We say that a family (Dλ )λ∈U of closure operators is a continuous chain provided that (Dλ (X))λ∈U is a continuous chain for every subset
X. In such a case we associate (Dλ )λ∈U with the fuzzy operator D defined by
setting, for every s ∈ U F and α ∈ F ,
D(s)(α) = sup{λ ∈ U : α ∈ Dλ (C(s, λ))}.

(9)

The proof of the following theorem is in [9].
Theorem 5.1. Let (Dλ )λ∈U be a continuous family of closure operators and
let D be the associated operator. Then D is a fuzzy closure operator (we call
well-stratified).
Theorem 5.2. A graded sf-relation g : P (F ) × F → U is a graded consequence
iff a well-stratified closure operator D exists such that
g(X ` α) = D(X)(α)

(10)

for every X subset of F and α ∈ F .
Proof. Let g be a graded consequence and, for every λ ∈ U , let Dλ be the closure
operator associated with the consequence relation `λ = C(g, λ), i.e.
Dλ (X) = {α ∈ F : X `λ α}.
Moreover, denote by D the closure operator associated with (Dλ )λ∈U . Then
g(X ` α) = sup{λ ∈ U : g(X ` α) ≥ λ} = sup{λ ∈ U : α ∈ Dλ (X)} =
D(X)(α). So, we must prove only that (Dλ )λ∈U is a continuous chain. Let X be
a set of formulas. Then, trivially, D0 (X) = F . Furthermore, if µ ∈ U , then α ∈
Dµ (X) ⇔ g(X ` α) ≥ µ ⇔ g(X ` α) ≥ λ for every λ < µ ⇔ α ∈ ∪λ<µ Dλ (X).
Conversely, let (F, D) be the fuzzy deduction system associated with a given
continuous chain (Dλ )λ∈U of deduction systems and, for every λ ∈ U , denote
by `λ the consequence relation associated with Dλ , that is `λ = {(X, x) : x ∈
Dλ (X)}. We claim that (`λ )λ∈U is a continuous family. Indeed, `0 = SEQ and
X `µ α ⇔ α ∈ Dµ (X) ⇔ α ∈ Dλ (X) for every λ < µ ⇔ X `λ α for every λ <
µ. Thus, by Theorem 3.1 the graded sf -relation g defined by (10) is a graded
consequence.
t
u
We observe in an explicit way that this theorem entails that any graded
consequence g can be represented as follows
g(X ` α) = sup{λ ∈ U : α ∈ Dλ (X)}
where (Dλ )λ∈U is a continuous family of closure operators.
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Another question is to associate any graded consequence g with a suitable
fuzzy closure operator D. To this purpose we can set Now, it is possible to so
this purpose, lso, such a theorem suggests a natural way to extend a graded
consequence relation g : P (F ) × F → U in a fuzzy relation g̃ : U F × F → U .
Indeed, it is sufficient to consider the stratified deduction operator D associated
with g and to set
g̃(s ` α) = D(s)(α).
(11)
Equivalently, we can set

g̃(s ` α) = sup{λ ∈ U : C(s, λ) `λ α}

(12)

for every s ∈ U F and α ∈ F . This suggests to examine the possibility of extending the theory of the graded consequence by calling fuzzy sequent any pair (s, α)
and by defining the graded consequence relations as suitable fuzzy relations between fuzzy subsets and formulas.

6

Introducing effectiveness

The effectiveness of the deduction operator is an essential feature for any logic.
In particular, in classical logic this effectiveness is expressed by the fact that if X
is a decidable set of axioms then the related set D(X) of theorems is effectively
enumerable. In addition, the passage from an algorithm for (the characteristic
function of) X to an algorithm for (the effective enumeration of) D(X) is obtained in an ”uniform way”. Now the better way to represent this is by the
notion of “enumeration operator” or “computable operator” we express in terms
of sequents (see Roger’s book [15])).
Definition 6.1. An operator H : P (F ) → P (F ) is computable if a recursively
enumerable subset W of SEQf exists such that
H(X) = {α ∈ F : there is (Xf , α) ∈ W, Xf ⊆ X}.

(13)

Then H is computable provided that a computable map h : N → SEQf exists
such that, for any X ∈ P (F ),
H(X) = {α ∈ F : there is n ∈ N such that h(n) = (Xf , α), Xf ⊆ X}.

(14)

It is easy to verify that if X is effectively enumerable, in particular if X
is decidable, then H(X) is effectively enumerable. The following proposition,
whose proof is matter of routine, gives an alternative definition.
Proposition 6.1. An operator H : P (F ) → P (F ) is computable if and only if
it is compact and the relation
WH = {(Xf , α) ∈ SEQf : α ∈ H(Xf )}

is a recursively enumerable sf-relation.
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To extend such a notion to the sf-relations we can use the connection between
sf -relations and operators established in Section 5.
Definition 6.2. A sf-relation ` is computable if its associated operator is computable.
Then ` is computable if a computable map h : N → SEQf exists such that, for
any X ∈ P (F ),
X ` α ⇔ there is n ∈ N such that h(n) = (Xf , α) and Xf ⊆ X.

(15)

We can interpret this by assuming that there is an effective coding of the set of
the proofs in a logic and that for every proof n, h(n) = (Xf , α) means that n
proves α and that its set of hypotheses is Xf . Then (15) says that X ` α holds
true if and only if a proof of α exists whose set of hypotheses are in X.
Proposition 6.2. A sf-relation ` is computable if and only if ` is the compact
extension of an effectively enumerable sf-relation W ⊆ SEQf if and only if ` is
compact and its restriction to the finite sets of formulas is effectively enumerable.
Proof. Assume that ` is computable and let h be as in (15). Then, since the
subset {(n, X) : ”h(n) = (Xf , α) and Xf ⊆ X”} of N × Pf (F ) is decidable, the
restriction of ` to finite sets of formulas is recursivery enumerable. The converse
implication is trivial. In a similar way one proves the remaining part of the
proposition.
t
u
To extend Definitions 6.1 and 6.2 to the fuzzy framework, at first we give
the definition of effectively enumerable fuzzy subset of a set S (see [2], [9], [10]).
Obviously, we refer to a set S for which there is a coding in N . By UQ we denote
the set of rational numbers in U .
Definition 6.3. A fuzzy subset s : S → U of a set S is effectively enumerable
if an effectively computable function h : S × N → UQ exists which is increasing
with respect to the second variable and such that, for every x ∈ S,
s(x) = lim h(x, n).
n→∞

Then a fuzzy subset s is effectively enumerable provided that, for every x ∈ S,
we can calculate s(x) by an effective approximation process “from below”.
Definition 6.4. A fuzzy subset s : S → U of a set S is decidable provided that
both s and its complement −s are effectively enumerable.
Equivalently, s is decidable provided that there are two computable maps h :
S × N → UQ and k : S × N → UQ , order-preserving and order-reversing with
respect to the second variable, respectively, and such that for every x ∈ S,
limn→∞ h(x, n) = s(x) = limn→∞ k(x, n). In other words, we can calculate s(x)
by an effective approximation process “from below” and an effective approximation process “from above”. It is easy to see that by substituting U with the
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Boolean algebra {0, 1} we obtain the usual definitions of effectively enumerable
and decidable subset.
Set SEQf = UfS × F . Then, since an element of such a set is defined by
a finite set of formulas and rational numbers, there is no difficulty to define a
coding for SEQf and therefore the notion of effectively enumerable fuzzy subset
of SEQf .
Definition 6.5. We say that a fuzzy operator H : U F → U F is computable if
an effectively enumerable fuzzy subset w : SEQf → U of SEQf exists such that,
for every α ∈ F ,
H(s)(α) = sup{w(sf ` α) : sf  s}.
(16)
Then H is computable if a recursive map k : SEQf × N → UQ exists such that,
for any α ∈ F and s ∈ U F ,

H(s)(α) = sup{k(sf , α, n) : n ∈ N and sf  s}.

(17)

The following theorem gives some support to the just given definition.
Theorem 6.1. Let H : U F → U F be computable. Then H is continuous. Moreover, if s is effectively enumerable, then H(s) is effectively enumerable. In particular
s decidable ⇒ H(s) effectively enumerable .

Proof. Let (si )i∈I be a directed family of fuzzy subsets and observe that if s ∈ UfS
and s  ∪i∈I si , then there is i ∈ I such that s ⊆ si . Then
H(∪i∈I si )(α) = sup{w(sf ` α) : sf  ∪i∈I si } = sup{w(sf ` α) : sf 
si , i ∈ I} = supi∈I H(si )(α).
Assume that s is recursively enumerable and let h be as in Definition 6.3.
Moreover, let k : SEQf × N → UQ be as in (17) and, for every n ∈ N , let
sn be the fuzzy subset of formulas defined by setting sn (α) = h(α, n) for any
α ∈ F . Then, since H is continuous and (sn )n∈N is a directed family, we have
H(s)(α) = H(∪n∈N sn )(α) = supn∈N H(sn )(α). By observing that H(sn )(α) =
sup{w(sf ` α) : sf  sn }, we get H(s)(α) = sup{k(sf , α, m) : sf  sn , n, m ∈
N }. Define r by setting r(α, i, n, m) = k(sf , α, m) if i is the code number of sf
and sf  sn and otherwise, r(α, i, n, m) = 0. Then r is a recursive map and
H(s)(α) = sup sup sup r(α, i, n, m).
i∈N n∈N m∈N

It is easy to see that this entails that H(s) is recursively enumerable.

t
u

Theorem 6.2. Given H : U F → U F , define wH : SEQf → U by setting, for

any α ∈ F and sf ∈ UfS ,

wH (sf ` α) = H(sf )(α).

(18)

Then H is computable if and only if H is continuous and wH is a recursively
enumerable fuzzy relation.
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Proof. Let H be computable and let k be as in (17). Then wH (sf ` α) =
H(sf )(α) = sup{k(s0f , α, m) : s0f  sf , m ∈ N }. Define the function h by setting
h(s0f , α, sf , m) = k(s0f , α, m) if s0f  sf and otherwise, h(s0f , α, sf , m) = 0. Then
wH (sf ` α) = sup{h(s0f , α, sf , m) : s0f ∈ UfS and m ∈ N }, and this proves that
wH is recursively enumerable.
Conversely, if wH is recursively enumerable and H is continuous, then H(s)(α) =
sup{H(sf )(α) : sf  s} = sup{w(sf ` α) : sf  s}. This proves that H is computable.
t
u
To attempt for a definition of computable graded sf -relation a first idea is to
use the connection between these relations and the computable fuzzy operators
established in Section 5.
Definition 6.6. Let g be a graded sf-relation, then we say that g is computable
if g is the graded sf-relation associated with a computable operator.
Then g is computable if there is a computable map k : SEQf × N → UQ
increasing with respect to n such that
g(X ` α) = sup{k(sf , α, n) : n ∈ N, sf  X}.

Such a definition is rather obscure since it involves the finite fuzzy subsets sf to
define a relation on classical subsets. Perhaps we can propose the following one
arising from the definition of the compactness of a graded sf -relations.
Definition 6.7. Let g be a graded sf-relation, then we say that g is computable
if g is compact and its restriction to SEQf is effectively enumerable.

7

Conclusions

We conclude this paper by emphasizing that all the questions on graded consequences sketched in this paper requires further investigations. As an example,
the connection with the canonical extension has to be extended in order to admit
any triangular norm. Regarding the connections between graded consequences
and fuzzy operators, it would be interesting to prove that such a connection preserves the compactness. Also, should be useful to prove the equivalence between
Definition 9 and Definition 10.
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Three-valued logics and Knowledge
Representation: Pragmatic Issues
Didier Dubois

1

Introduction

There has been in the last thirty years or so a considerable surge of interest in the
issue of uncertainty handling in information processing, decision theory and artificial
intelligence. However, the tradition of logic did not so much focus on this issue in
the first half of XXth century. Indeed, it is well-known that since the divorce between
probability and logic more than 100 years ago, the latter has been considered more
in the scope of the foundations of mathematics and more recently computer sciences,
while probability theory became the major tool for representing belief and uncertainty
after the pioneering works of De Finetti and Ramsey ( see [34] for a collection of
seminal papers). In the 1960’s the raise of modal logics gave an opportunity to develop
logics of knowledge and belief [30], as initiated by Hintikka [31], originally without clear
connections with probability. Since then, artificial intelligence and decision theory have
motivated the need for moving away from the strict Bayesian probability tradition,
by introducing explicit representations of incomplete information. Various kinds of
concerns led to this trend
– On the one hand, there was the necessity of distinguishing between not believing and believing that not in expert systems with certainty factors (something
modal logic easily grasps, albeit in a symbolic approach): it ended up with the
development of evidence theory [38].
– The representation of gradual linguistic information supplied by humans. Initiated
by Zadeh, this topic led to possibility theory [41].
– The limited expressiveness of relational tables for representing sets of objects in
databases, due to indiscernibility phenomenon: this is the theory of rough sets [36].
Another logic trend, initiated by Lukasiewicz in the 1920’s, is multiple logics [35].
However, while the algebraic setting developed in connection with the multiple-valued
logic trend turned out to be very fruitful, the meaning of truth-degrees seemed to be
problematic from the start. In particular, a number of authors have tried to attach
an epistemic flavor to such degrees, starting with Lukasiewicz himself, for whom the
third truth-value different from true or false, explicitly referred to the idea of possible
(in connection with future contingents), which is a modality. And indeed there have
been attempts to capture three-valued logics by modal logics, as well as attempts at
modeling incomplete information problems by three-valued logics. This situation has
led to some confusion between degrees of truth and degrees of belief in many-valued
logical formalisms. However, the situation starts to be clarified, due to a number of
works due to Hájek [28], Dubois and Prade [18, 15], and others, trying to disentangle
the two issues of gradual truth and gradual belief in the logical setting.
Interestingly, the works of Chakraborty also deal with interactions between manyvalued logics and incomplete information. On the one hand, he made efforts at capturing degrees of entailment [10, 11], and it is clear that viewing a set of propositions as a
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set of beliefs, there is a close connection between entailment and belief, since believed
propositions are those that can be entailed by the set of propositions. On the other
hand, Chakraborty and his students investigated logical foundations of rough sets, and
retrieve the three-valued logic originally proposed by Lukasiewicz [4, 3, 37].
This short note discusses the issue of semantics of three-valued logics in relation
to the handling of incomplete, conditional or gradual information, relying on personal
discussions with Chakraborty. A central thesis is that rather than trying to preserve a
simple syntax (like the one of propositional logics) and overloading the semantics by
epistemic notions, it is better to use two levels of syntax, one that speaks of properties of
the real world, and another that handles epistemic notions, in the tradition of epistemic
modal logics, but without resorting to relational semantics à la Kripke, whose target is
to handle nested modalities, which is of no concern in this paper. The paper also relies
on some recent works by the author, and insists on lines for future research.

2

Semantic issues on three-valued logics

The role of Boolean logic in the philosophical and mathematical tradition has been
overwhelming, and for many, the notion of truth cannot be gradual. This state of
facts is particularly patent in studies about vagueness, where the use of truth-degrees,
taken for granted in fuzzy logic, is severely criticized by philosophers like Fine [23] or
Williamson [40]. There is a dispute between tenants of gradual truth approaches to
vagueness, and those who interpret this phenomenon in terms of epistemic uncertainty,
truth-value gaps, or the possibility of several models. We have argued elsewhere that
the latter views can be reconciled with gradual truth [16].
In fact, while Boolean truth is hard to dispute in a purely philosophical perspective, taking the point of view of computer and information sciences opens the door
to natural interpretations of more than two truth-values. And first of all, the role of
logic is then to represent information. This means a language is needed. If we assume
simplicity, objects are then described by means of properties, which can be modelled by
atomic propositions. If an object possesses such a property, the corresponding atomic
proposition is true. If the property is Boolean, it can be attached to a variable taking
values on the set {T, F }, where T stand for true and F for false. In this situation it is
clear that
– true is just a value in the domain of the attribute describing the property, not the
absolute metaphysical notion traditional philosophy speaks about.
– The traditional notion of truth comes down to evaluating the conformity of a statement with respect to the real state of facts. But, in the information representation
perspective, only pieces of information can be compared. The real state of facts
is not accessible, only its description can be and the latter requires a language
whose precision is limited. The set of interpretations of a language only describes
equivalence classes of states of facts (and this is precisely the point made by rough
sets).
– As a consequence, the choice of a truth-set, viewed as an attribute domain is a
matter of convention, since the choice of the language is ours, as argued by De
Finetti [14]. One may decide whether a property like tall will be modelled by a
Boolean predicate, or if we need a more refined truth-scale that mirrors the age
scale in a more faithful way.
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Of course we can always describe a gradual property with a finite number n of truthvalues by a set of k Boolean variables with 2k−1 ≤ n ≤ 2k , plus axioms expressing
exhaustiveness and mutual exclusions of gradual values in the scale, but this approach
looks tedious.
If we consider the choice of using three truth-values instead of two, it means we
would work with a three-valued chain ({F, M, T }, ≥) where F < M < T . While this
setting is slightly more elaborated that the usual Boolean setting, one may admit that
it sounds almost as basic as the latter, even if it allows for more connectives (especially
binary) than Boolean logics. Prior to defining a three-valued algebraic framework,
the question is then to find natural understandings of the third truth value M (for
“middle”) in such a way that propositions in the given language could be declared to
be M in some state of affairs.
In the literature one can find several possible understandings of the third truthvalue M . Here are four examples:
– undefined : this view was put forward by Kleene [32], viewing logical formulas as
recursively defined functions, and moving to partial recursive functions. The idea is
that if one component of the recursive function is undefined in some interpretation
the whole function is undefined. This interpretation of M seems to be akin to the
motivation of Bochvar logic, where M refers to meaninglessness.
– unknown : this view is perhaps the most usual proposal and was put forward by
Kleene [32] in his book, namely (p. 64):
We further conclude [...] that, for the definitions of partial recursive operations, T, F, U must be susceptible of another meaning besides (i) ’true’,
’false’, ’undefined’, namely (ii) ’true’, ’false’, ’unknown’ (or value immaterial). Here, ’unknown’ is a category into which we regard any proposition
as falling, whose value we either do not know or choose for the moment
to disregard; and it does not exclude the two other possibilities ’true’ and
’false’.
This approach has been considered as a natural way of handling incomplete information in logic and has been developed further in partial logic [8], for instance.
More recently it has been found natural to apply it to formal concept analysis to
handle contexts with missing information [24]. The intuition of Lukasiewicz that
M means possible can be thought of as akin to the idea of not knowing, as it makes
reference to future contingent (the idea of not known yet), even though Lukasiewicz
logic differs from Kleene’s.
– irrelevant: in this case, if a proposition takes this truth-value, it should not affect
the truth-value of formulas containing this proposition as a component. The reason
is that this proposition becomes irrelevant in the evaluation process of the whole
formula. This idea was put forward by De Finetti [14], and the basic example of
such an irrelevant state of truth is an if-then rule whose antecedent is false.
– half-true: This understanding of the third truth-value as to do with the modeling
of natural language and the idea of fuzziness. Namely, not all concepts of natural
language are Boolean, namely some concepts admit of borderline cases to which
such concepts only apply partially. In other words, concepts have examples that are
typical and other that are peripheral. For instance a sparrow is a typical bird while
a penguin is an exceptional one. This view of concepts as inducing a 3-partition of
the set of interpretations is due to Gentilhomme [25].
The extension of Boolean truth-tables to three-valued connectives should be driven by
the meaning of the third truth-value, under the constraint of coinciding with Boolean
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tables on {T, F }. For instance, the undefined state will infect any proposition, a component of which has the corresponding truth-value (because the resulting function will
take no value on such an undefined argument). In particular, for any Boolean connective f, f (M, t) = f (t, M ) = M , i.e., M acts as an absorbing element of the truth-value
algebra. It yields the weak truth-tables of Kleene.
In the case of the understanding of M as unknown, Kleene’s rationale makes it clear
that it stands for the set {T, F } of truth-values, representing hesitancy between T and
F . The natural way of extending Boolean truth-tables to account for this rationale is
to apply the canonical extension f˜ of functions f : U → V to set-valued arguments,
namely, f˜ : 2U → 2V is such that f˜(A) = {f (u)|u ∈ A} ⊆ V . This process is an elementary form of uncertainty propagation. Applying this calculus to the 16 connectives of
Boolean logic, in particular, negation, conjunction, disjunction and implication, yields
Kleene strong truth tables.
If M is understood as irrelevant, it will serve as a semi-group identity for binary
connectives, in particular for conjunction and disjunction. The conjunction and disjunction defined by the two properties that, (i) they coincide with Boolean truth-tables and
that (ii) M is an identity, are unique. They are associative and differ only for arguments (T, F ). The three-valued truth-table of quasi-conjunction is given in Table 1.
Mathematically, operation & is known as a conjunctive idempotent uninorm [13]. It is
a monotonically increasing semigroup operation on the ordered set {T > M > F } with
identity M , that coincides with conjunction on {T, F }. It is the most elementary example of such an operation. This quasi-conjunction is actually the one of Sobocinski’s
three-valued logic [39], that pioneered relevance logic [2].

& F M T
F F F F
M F M T
T F T T
Table 1. Conjunctive uninorm

In the fourth view of the third truth-value, there seems to be much more freedom in
the choice of three-valued connectives, but for the requirement of their coinciding with
Boolean connectives on {T, F }. Consider for instance the conjunction of two concepts
like cheap and small for a car, that clearly admit of peripheral elements. Consider a
not fully cheap car that is not fully small, to what extent should it be considered as
cheap and small ? One may for instance admit that for a conjunction the degree of
truth v(cheap and small) ≤ min(v(cheap), v(small)):1 . It stills leaves it open whether
t(M, M ) should be F or M . This choice depends on how demanding we are regarding
the conjunction. If we decide that the corresponding car should be deleted as possessing
two defects, then M ⊗ M = F and we get Lukasiewicz conjunction (that he does not
seem to have used explicitly, even though it can be derived from his implication).
Being tolerant leads to using min, as a conjunction. These considerations lead to using
Lukasiewicz 3-valued logic as a formal setting for the most elementary kind of gradual
concepts. Indeed, both conjunctions can be retrieved from the Lukasiewicz implication.
1

Although even this assumption can be questionable in practice
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F M T
F F F F
M F F M
T F M T
Table 2. Lukasiewicz conjunction

Note that in all the above understandings of the third truth-value M , the intuitively
satisfactory negation connective is an involutive function ν on {T, M, F }, such that
ν(M ) = M . Moreover, conjunctions and disjunctions will be related via ν by a De
Morgan equality. This setting is clearly due to our emphasis on connectives, as opposed
to using the notion of semantic deduction as a starting point (for instance, extending
φ |= ψ as v(φ) ≤ v(φ) in terms of valuations).

3

Model-theoretic views of three-valued valuations

Many-valued logics traditionally use a standard propositional language that does not
much differ from the one of Boolean logic. The difference lies in the choice of axioms
and inference rules. Assume a propositional language L is used, with a set A of atomic
propositions, with connectives of negation and conjunction, and let Ω be the set of
classical interpretations ω : A → {T, F }. Let S be a set of states in which each proposition φ of the language can be evaluated on {T, M, F }. It leads us to attach to any
proposition φ of the language a partition of S into three subsets ST (φ), SM (φ), SF (φ)
: St (φ) contain those states in which φ has truth-value t ∈ {T, M, F }. The four views
of the third truth-value M outlined above lead to different ways of interpreting states
and of envisaging this three-partition of S.
– If M related to the idea of being undefined, one can choose S = Ω and one may
consider for each atomic proposition a the subset SM (a) of interpretations, where
a is undefined. Let A(φ) be the set of atoms appearing in φ. Then SM (φ) =
∪a∈A(φ) SM (a). Then any formula φ is a partially defined Boolean function: it is
evaluated classically on each interpretation or state where it is defined. The set of
models of φ is a subset of states in S \ SM (φ).
– If M means unknown, the set SM (φ) of states where the truth-value of φ is equal
to unknown is then interpreted as the set of states where the (classical) truth-value
of the classical proposition encoded by φ is unknown. Then the proposition φ has
a set [φ] of classical models that is ill-known : ST (φ) ⊆ [φ] ⊆ ST (φ) ∪ SM (φ). There
may be several causes to such an incompleteness:
1. The set S represents a set of states of incomplete knowledge. The actual state of
the world is ill-known, and is only known to lie in a subset E ⊂ Ω. In the line of
Kleene’s view, the epistemic set E is described by means of a partial valuation
v consisting to declaring each atom a ∈ A as being true, false or unknown.
Then Ev = ∩a:v(a)=T [a] \ ∪a:v(a)=F [a]. In this setting, S = {E ⊆ Ω|E = Ev
for some v} and ST (φ) = {Ev |v |=T φ}, and SF (φ) = {Ev |v |=F φ} where |=T
and |=F are the satisfiability and falsification relation in partial logic [8]:
• v |=T a if and only if a is true for v; v |=F a if and only if a is false for v;
• v |=T ¬p if and only if v |=F p; v |=F ¬p if and only if v |=T p;
• v |=T p ∧ q if and only if v |=T p and v |=T q;
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• v |=F p ∧ q if and only if v |=F p or v |=F q
• v |=T p ∨ q if and only if v |=T p or v |=T q;
• v |=F p ∨ q if and only if s |=F p and v |=F q.
2. Another incomplete information scenario is that of rough sets. S = Ω, but
each formula φ refers to an ill-known subset of interpretations, with lower
approximation ST (φ) and upper approximation ST (φ) ∪ SM (φ). This situation
is caused by the the existence of an equivalence R relation on Ω that prevents
the accurate perception of interpretations, so that ST (φ) = ∪R(ω)⊆[φ] R(ω),
and SF (φ) = ∪R(ω)⊆[¬φ] R(ω), where R(ω) is the equivalence class containing
ω. Banerjee and Chakraborty [4, 3] have tried to capture this situation using
Lukasiewicz three-valued logic. The idea is to build a logic whose formulas φ are
viewed as pairs (S(φ), S(φ)) of subsets of Ω under the following understanding
of logical operations
• ` φ → ψ means S(φ) ⊆ S(ψ) and S(φ) ⊆ S(ψ) (rough implication);
• φ ∧ ψ stands for the pair (S(φ) ∩ S(ψ), S(φ) ∩ S(ψ));
• φ ∨ ψ stands for the pair S(φ) ∪ S(ψ), S(φ) ∪ S(ψ));
• ¬φ stands for the pair (S(φ)c , S(φ)c ).
Banerjee [3] shows that the corresponding calculus is isomorphic to Lukasiewicz
three-valued logic using his implication and negation connectives as primitives,
letting φ ∧ ψ ≡ (φ → ψ) → ψ and φ ∨ ψ ≡ ¬(¬φ ∧ ¬ψ). Lukasiewicz’s
implication connective is such that t(x → y) = 1 if x ≤ y, t(M → F ) = M
and t(T → y) = y, ∀y ∈ {T, M, F }, which accounts for rough implication. The
lower approximation of φ is then syntactically expressed as ¬(φ → ¬φ).
– If the third truth value refers to the idea of half-true designating peripheral interpretations of a gradual proposition, then we can define S = Ω, but, contrary to the
previous case, the set of models of any formula φ is a fuzzy set with membership
set {T, M, F }, that can be directly described as the pair (ST (φ), SM (φ)) made of
central and peripheral interpretations. Lukasiewicz three-valued logic again looks
like the most suitable setting for this view. Indeed, idempotent conjunctions ∧ and
disjunctions ∨ can be expressed as explained above, as well as non idempotent
ones φ ⊕ ψ = ¬φ → ψ and φ ⊗ ψ = ¬(φ → ¬ψ).

4

Encapsulated logics

Three-valued logics mentioned previously share the use of a standard propositional
language L, but the semantic part of these logics appear not always so easy to grasp.
While some views of M are purely a matter of defining what a proposition is (like
in the fourth situation), other views involve epistemic aspects. While the syntactic
part of the construction (the language) is very simple, the semantics is then quite
complex. In this section we suggest that it is better to use a more expressive language
where the epistemic and ontic aspects of the semantics are disentangled, what we call
encapsulated logics. If there are several levels of semantics, there should be several levels
of syntax, where degrees of truth in the higher-level language model some epistemic
notion concerning the lower-level language. After pointing out some difficulties linked
to a poor syntax, we briefly give a few examples of encapsulated logics.
For instance, in the case of the understanding of the third truth-value as unknown,
there is a mix-up between epistemic and ontic notions: If we interpret M as {0, 1} to
justify the Kleene logic strong truth-tables, it means that we use Boolean truth-values
T, F that can be called ontic and that define the essence of propositions that can be
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expressed in L, and epistemic truth-values (as Belnap [7] calls them), M = {T, F } and
singletons {T }, {F }, that together form a Kleene algebra. It is well-known that Kleene
logic has no tautologies. It has been argued elsewhere that this situation is anomalous
[15]. If we assume a rational agent using a Boolean language (T, F as ontic truthvalues), in the absence of specific knowledge, this agent should know the tautologies of
the propositional calculus. Then, for instance, if φ and ψ are unknown, this agent should
consider φ ∧ ¬ψ as unknown if φ and ψ are logically independent, but false if ψ ≡ ¬φ.
This conflicts with the use of truth-tables when computing the epistemic truth-value of
a formulas in terms of the epistemic truth-values of its atoms. Worse, the use of truth
tables enforces the use of partial valuations for representing incomplete knowledge
(assigning epistemic truth-values to all atoms of the language). But only special kind
of epistemic states, viewed as non-empty sets of mutually exclusive interpretations of
the language, can be captured by partial valuations, i.e. those that can be described by
consistent conjunctions of literals, not any disjunctions of interpretations. These two
limitations imply that Kleene logic is a very approximate approach to the handling of
epistemic uncertainty in propositional logic. The lack of tautologies indicates that in
many cases a proposition that is arguably known as true or as false using constraint
propagation techniques will be considered unknown via truth-tables.
In the case of the use of Lukasiewicz logics of rough sets, the difficulty posed by the
approach has been studied in [12]. Namely, in order to properly justify the intersection
of pairs of upper and lower approximations (S(φ) ∩ S(ψ), S(φ) ∩ S(ψ)) accounting for
the conjunction connective, one must find a set of interpretations expressible in terms
of the actual [φ] and [ψ] the upper and lower approximations of which form the pair
(S(φ) ∩ S(ψ), S(φ) ∩ S(ψ)). Banerjee and Chakraborty found such a set, of the form
([φ] ∩ [ψ]) ∪ ([φ] ∩ S(ψ) ∩ S(χ)c ), where [χ] = [φ] ∩ [ψ]. It is clear that the latter
set depends on the equivalence relation R, which is the epistemic ingredient of the
construction. Hence, the epistemic and ontic components are again entangled in this
approach.
One way out of this kind of difficulty is to resort to encapsulated logics. The idea is
as follows. Consider a language L1 as above. This is the ontic language. Define another
language L2 whose atoms are built from formulas of L1 . Namely, L2 is a first order
language that uses one or several predicates Pi , referring to some epistemic notion of
concern, and L1 is the set of constants that will be used for the arguments of these
predicates. For instance, if the predicate is of arity 2, and φ, ψ ∈ L1 , then Pi (φ, ψ)
is an atom of L1 . L2 does not include formulas of L1 . This why we can say that
L1 is encapsulated into L2 . On top of axioms of first order logic one, must add the
encapsulation axiom ensuring that at the higher level, the lower language is properly
used:
∀j, if φi ≡ ψi , i = 1, . . . , n then Pj (φ1 , . . . , φn ) ≡ Pj (ψ1 , . . . , ψn ).
At the semantic level, this trick enables degrees of truth pertaining to φ to be
distinct from degrees of truth of formulas of L2 , for instance of P (φ) that may capture
epistemic issues dealing with φ. This idea goes back to attempts by Hájek et al. [29] who
capture probability theory inside a many-valued logic. In this case, L1 is propositional
logic, while L2 contains only one unary predicate P (for probable) that is many-valued,
and the degree of truth of P (φ) is interpreted as the degree of probability of the event
encoded by the Boolean formula φ.
In the following, we give two examples of encapsulated logics disentangling ontic and
epistemic truth-values of three-valued logic, one dealing with the truth-value unknown,
one dealing with the truth-value irrelevant. In both cases, L1 is propositional logic.
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4.1

The logic of unknown

The language L2 uses a unary predicate T and T(φ) means that φ is known to be true
(or believed: we do not deal here with the distinction between belief and knowledge). A
formula Φ ∈ L2 is either of the form T(φ), or ¬Φ or Φ ∧ Ψ .The following abbreviations
are used:
– F(φ) stands for T(¬φ) and means that φ is known to be false;
– U(φ) is short for ¬T(φ) ∧ ¬F(φ) and means that φ is unknown.
We thus clearly distinguish between the claim that φ is true from the claim that φ
is known to be true. Moreover, the epistemic valuation unknown is explicitly modelled as ignorance about truth or falsity of φ by means of a derived predicate. Axioms
should be added to those of first-order calculus (where → denotes material implication):
(A1) : T(φ) → T(ψ), whenever ` p → q.
(A2) : T(φ ∧ ψ) ≡ T(φ) ∧ T(ψ).
(A3) : T(>).
(A4) : T(φ) → ¬F(φ).
(A1) enforces coherence of the epistemic valuation T with respect to the logical inference of proposition in the lower language. Axiom (A2) means that, for the source,
asserting the truth of a conjunction of propositions in L is the same as asserting the
truth of the conjuncts. Axiom (A3) assumes the source considers all classical tautologies as true. Axiom (A4) forbids the source from claiming simultaneously the truth of
φ and its falsity. It means the knowledge is consistent.
It is not hard to be convinced that this logic is the same as a fragment of the KD
system of modal logic, if we use p instead of T(φ), as studied by Banerjee and Dubois
[5].
Now, satisfiability in L2 is defined in a standard way, but the set of valuations of
L2 is isomorphic to {E ⊆ Ω, E 6= ∅} (recall that due to axiom (A4), the knowledge
is consistent). Indeed, suppose a valuation v2 : {T(φ), φ ∈ L1 } → {T, F } Due to
axioms A1-A4, the set K(v2 ) = {φ, v2 (T(φ)) = T } is clearly a consistent deductively
closed set of L1 formulas. Then there exists a non-empty subset E(v2 ) = [φ] ∈ Ω of
interpretations of L1 such that K(v2 ) = {ψ|φ |= ψ. Then the semantics of L2 can be
expressed as follows: v2 (T(φ)) = T if and only if ∀ω ∈ E(v2 ), ω(φ) = T .
The reader can check the soundness and completeness of this logic with respect to
this semantics. All axioms are obviously in agreement with it.
Compared to Kleene logic, one may notice that :
1. the semantics involves all possible incomplete information states, not just those
that can be captured by partial models.
2. The encapsulated approach preserves all classical tautologies. In particular, the law
of excluded middle and the law of non-contradiction in the lower level language
can be expressed in the higher-level language: ` T(φ ∨ ¬φ) and ` T(φ ∧ ¬φ) hold.
3. The excluded fourth law holds in L2 that is, ` T(φ) ∨ U(φ) ∨ F(φ) and its components are mutually exclusive.
4. If φ, ψ are logically independent propositions, F, F0 ∈ {T, U, F} and function f∧
interprets conjunction according to Kleene logic truth-table, then {F(φ), F0 (ψ)} `
f∧ (F, F0 )(φ ∧ ψ). except if F = F0 = U. So Kleene truth-tables are recovered when
possible under the constraints induced by Boolean propositional logic L1 .
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While the interpretation of the truth-tables in terms of set-valued extensions of Boolean
connectives indicates that Kleene logic is sound and will not produce wrong results
(false propositions, where classical logic would predict tautologies), it is clearly insufficient to propagate incomplete knowledge and reason about ignorance in an optimal
way.
Other encapsulated logics akin to the above are possibilistic logic [17] (where L2 is
Gödel many-valued logic and only conjunction is used), and its multi-agent extensions
[20], but also belief function logic [26].

4.2

The logic of irrelevance

Another example of encapsulated logic captures the case when a proposition can be
irrelevant and as a consequence will not affect the truth-value of other propositions of
which it is a component. This is the logic of exception-tolerant rules. The language L2
is then defined by means of a unique binary predicate Imp(x, y). Terms x and y can
be assigned formulas in L1 , and Imp(φ, ψ) expresses the idea that in general φ implies
ψ, up to exceptions. Imp(φ, ψ) encodes a rule if φ then ψ, and is a conditional. Only
one connective is used : the conjunction denoted by &.
At the semantic level L2 is a three-valued logic and conjunction obeys the truthtable 1 of Sobocinski’s logic [39]. Indeed, a rule if φ then ψ shares the set of interpretations Ω in 3 parts:
– Examples of the rule: interpretations where φ ∧ ψ is true.
– Counterexamples of the rule: interpretations where φ ∧ ¬ψ is true;
– Irrelevant cases: interpretations where φ is false.
This approach was originally proposed by De Finetti [14] who tried to model conditional
events involved in conditional probabilities. It has been rediscovered several times in
the literature (see bibliographies in the references [27, 19]), especially by [1], and [9].
Hence we define interpretations of L2 as:
– v2 (Imp(φ, ψ)) = T if and only if ω(φ ∧ ψ) = T ,
– v2 (Imp(φ, ψ)) = F if and only if ω(φ ∧ ¬ψ) = T
– v2 (Imp(φ, ψ)) = I otherwise (we denote the third truth-value by I for irrelevant.
A conditional Imp(φ, ψ) can be viewed as a set of propositions in L1 rather than
a single one, namely {χ : φ ∧ ψ ⊆ χ ⊆ ¬φ ∨ ψ}. It forms an interval in the Boolean
algebra of propositions, lower bounded by the conjunction B ∧ A and upper bounded
by material implication ¬A ∨ B. This is the set of Boolean solutions χ to the equation
ψ ∧ φ = χ ∧ φ, i.e., a Boolean form of Bayes rule holds (just write Imp(φ, ψ) as “ψ|φ”
in the style of probability theory).
A rule Imp(φ, ψ) semantically implies another rule Imp(ζ, χ), if the latter has more
examples and less exceptions than the former:
Imp(φ, ψ) |= Imp(ζ, χ) if and only if φ ∧ ψ |= ζ ∧ χ and ζ ∧ ¬χ |= φ ∧ ¬ψ.
This intuition is in agreement with the inequality of truth-values on L2 : equipping
the truth-set {T, F, I} with the intuitive logical ordering T > I > F , the entailment
between rules also reads:
Imp(φ, ψ) |= Imp(ζ, χ) if and only if v2 (Imp(φ, ψ)) ≤ v2 (Imp(ζ, χ)).
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Noticing that ζ ∧ ¬χ |= φ ∧ ¬ψ equivalently writes φ → ψ |= ζ → χ, this is also
the same as rough entailment discussed above between pairs of nested propositions
(φ ∧ ψ, φ → ψ) and (ζ ∧ χ, ζ → χ).
Now, consider a set ∆ made of two rules Imp(φi , ψi ), i = 1, 2. We can extend ideas
of example and counterexample to more then one rule.
– ∆ is said to be verified by an L1 -interpretation ω if ω is an example of at least one
rule and is no counterexample of the other; this is naturally an example of ∆.
– The rule base ∆ is falsified by an interpretation ω if ω is a counterexample of at
least one rule in it; this is naturally a counterexample of ∆.
– An interpretation ω is irrelevant for the rule base ∆ if it is irrelevant to both rules.
These requirements completely determine the conjunction Imp(φ1 , ψ1 )&Imp(φ2 , ψ2 )
of the two rules:
– v2 (Imp(φ1 , ψ1 )&Imp(φ2 , ψ2 )) = F ,
if v2 (Imp(φ1 , ψ1 )) = F or v2 (Imp(φ2 , ψ2 )) = F ;
– v2 (Imp(φ1 , ψ1 )&Imp(φ2 , ψ2 )) = I,
if v2 (Imp(φ1 , ψ1 )) = I and v2 (Imp(φ2 , ψ2 )) = I;
– v2 (Imp(φ1 , ψ1 )&Imp(φ2 , ψ2 )) = T otherwise.
This is the uninorm (hence associative) of Table 1 precisely coinciding with the truthtable for conjunction of Sobocinski’s logic and the following semantic equivalence can
be checked :
Imp(φ1 , ψ1 )&Imp(φ2 , ψ2 ) ≡ Imp(φ1 ∧ φ2 , (φ1 → ψ1 ) ∧ (φ2 → ψ2 ))
(where → is material implication). This is also the definition of quasi-conjunction QC
in Adams [1] probabilistic conditional logic.
At this point we can define the semantic inference of rules from rules in L2 based
on this three-valued semantics: A consistent set of rules ∆ is said to semantically imply
another rule Imp(φ, ψ), denoted by ∆ |= Imp(φ, ψ) if and only if
∃Σ ⊆ ∆, QC(Σ) |= Imp(φ, ψ).
Note that this is not equivalent to QC(∆) |= Imp(φ, ψ) due to interference between
rules.
It is possible to show that this three-valued semantic inference validates all postulates of system P of the non-monotonic logic of conditional assertions of Kraus et
al. [33]. In fact, rewriting system P in L2 leads to the following additional axiom and
inference rules:
– Left Logical Equivalence: if φ ≡ ψ then ` Imp(φ, χ) if and only if ` Imp(ψ, χ)
(LLE)
– Right Weakening: if ψ |= χ then Imp(φ, ψ) ` Imp(φ, χ) (RW)
– Reflexivity Axiom: ` Imp(φ, φ)
– Left OR: from Imp(φ, χ) and Imp(ψ, χ) deduce Imp(φ ∨ ψ, χ) (LOR)
– Cumulativity: if ` Imp(φ, ψ) then ` Imp(φ, χ) if and only Imp(φ ∧ ψ, χ)
However, it is easy to see that some usual deduction patterns fail in the three-valued
logic L2 :
– Monotony: Imp(φ, ψ) 6|= Imp(φ ∧ χ, ψ): indeed the latter rule has less examples
than the first one.
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– Transitivity: {Imp(φ, ψ), Imp(ψ, χ)} 6|= Imp(φ, χ); indeed, an example to Imp(ψ, χ)
that falsifies φ verifies {Imp(φ, ψ), Imp(ψ, χ)} but it is not an example of the conclusion.
– half deduction theorem: Imp(φ, ¬ψ ∨ χ) 6|= Imp(φ ∧ ψ, χ); indeed models of φ ∧ ¬ψ
verify the premise, not the conclusion.
It was proved [19] that system P, handling conditional statements of the form
Imp(φ, ψ) (understood as reifications of non monotonic inference rules) is a syntactic
counterpart of the three-valued logic of conditional events. From available results in the
literature it follows that ∆ `P Imp(φ, ψ) if and only if ∆ |= Imp(φ, ψ). This logic is
also closely related to Adams [1] probabilistic conditional logic, based on infinitesimal
probabilities. More details on these connections can be found in Dubois and Prade [19,
21]. This logic actually provide symbolic underpinnings for reasoning with conditional
probabilities as well, since if P is a positive probability distribution, then Imp(φ, ψ) |=
Imp(ζ, χ) implies P (ψ|φ) ≤ P (ζ|χ).
Other formalisms that use the notion of rule are logic programming formalisms
that are often connected with three-valued logics. Casting them in the framework of
encapsulated logics may shed light on their significance and their meaning (see [22]).

5

Conclusion

This short paper suggests that three-valued logics should be studied from the point of
view of their pragmatics, not just from a syntactic and formal semantic point of view.
Indeed, one may argue that in some sense three-valued logics are almost as basic as
Boolean logic. A number of existing three-valued logic exists, that have been extensively
studied in the past century, but there has been some confusion about what they can
actually be useful for. Some bridges have been laid bare to uncertainty handling, rough
sets, logic programming, reasoning with exceptions etc. However, as discussed here,
these attempts, as interesting as they may be, are not perfect. One reason is that the
mere use of a single propositional language with truth-functional semantics may be
unable to capture all subtleties of a pragmatic notion, and to go beyond ontic truthvalues. Here we have suggested the notion of encapsulated logics as a tool to separate
epistemic notions from ontic ones at the semantic level. We show that the handling
of ignorance with Kleene logic can be enhanced using an encapsulated approach akin
to the modal logic. We also take the example of exception tolerant-rules where the
three-valued calculus of Sobocinski looks instrumental.
There is a need to explore three-valued logics in a more systematic way using the
approach outlined here, so as to establish each of them as a basic tool for exploring
suitable pragmatic notions. The same methodology looks reasonable for other multiple
-valued that aim at expressing more that ontic truth notions, like Belnap’s four-valued
logic for inconsistency handling [6, 7], and paraconsistent logics as well.
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A fragment of Mathematics from graded
context: a proposal
Soma Dutta

1

Introduction

“You will never reach point B from point A as you must always get half-way
there and half of the half, and half of that half and so on” – Zeno’s Paradox
This is the intriguing nature of real numbers where we are dragged into. An
infinite line holding all the real numbers along its length is lying on the ground.
I thought from A I can reach to you at B. But each time I only could get close to
you and more close to you and more more close to you. I even could not locate
the point next to which you are standing.
While getting introduced to real numbers, we are taught – Real numbers are
dense; between any two real numbers you can find infinitely many real numbers;
howevermuch close you can imagine a real number to a particular real number
x, there always exists a real number more close to x, etcetera. Almost all books
of real numbers do use the phrases like, ‘x tends to y’, ‘x is close to infinity
(∞)’, ‘given any large positive number’ etcetera, in their formal presentation
for real numbers. Nevertheless, incorporating vagueness in its texture, standard
presentation of real numbers makes us perceive it as a crisp theory.
Theoretically, real numbers are axiomatized as an ordered, algebraic structure
(R, ≤, +, ·) where ≤ is a crisp relation detrmining whether y lies right to x (or
y is greater than x) or not, for any two real number x and y. So, according to
the relation ≤, given any two numbers we can say which is right to which; but
cannot locate an element lying just right to a particular number. This intrinsic
continuous nature of real numbers opens a door to vagueness. In this article,
one of the targets is to generate a language for real numbers where the basic
predication is ‘a number is close to another number’.
This enterprise of fuzzifying the language of reals prepares the ground for
graded Mathematics.
There are already a number of approaches towards constructing an alternative Mathematics; one such found in ‘Alternative Mathematics: the vague way’
[1] by Jean Paul Van Bendegem. The paper talks about a Mathematics where
a theorem like, ‘small numbers has few prime factors’ can be dealt with. So,
numbers now have a fuzzy description and fuzzy quantification within its formal
theory presentation. But graded Mathematics looks for something else. As in
the existing approaches to fuzzy logic [5, 7, 8], in this approach too, to fuzzify
Mathematics, researchers do not bother to address whether, if S1 , S2 , . . . , Sn , S
are of matter of grade then in general ‘S can be derived from S1 , S2 , . . . , Sn ’ is
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also a matter of grade. So, from the context of graded consequence, after fuzzifying the object language for reals, an example of relevant question will be – to
what extent one can derive ‘y is large’ from the premise consisting of ‘x is large’
and ‘x is close to y’.

2

Graded consequence

We are now at the stage of revisiting the basic philosophy of the theory of
graded consequence introduced by Chakraborty [2] in 1987. The theory was
built on the idea that, if the object level formulas are many-valued, then it
cannot be generally denied that the meta-level assertions are also many-valued.
To elucidate the idea, let us observe the process of assigning grade to the notion
of semantic consequence.
Let L be a language and {Ti }i∈I be a collection of fuzzy subsets [9] assigning
grades/values from a lattice L to the formulas of L. The notion of semantic
consequence is represented by a meta-level sentence which states: ‘α is a semantic
consequence of X’ if and only if ‘for all Ti belonging to {Ti }i∈I , if all members
of X are true under Ti , then α is true under Ti ’.
. . . (Σ)
That is, in the graded context, for all Ti , having the value of ‘for all γ ∈ X, γ is
true under Ti , i.e. infγ∈X Ti (γ) and Ti (α), the value of ‘α is true under Ti ’, we
can compute the value of the ‘if-then’ statement, given in (Σ), by a many-valued
meta-linguistic implication, say →m . And thus the grade to which α is semantic
consequence of X i.e. gr(X |≈ α) becomes
infi {infγ∈X Ti (γ) →m Ti (α)}
. . . (Σ 0 ).
This clarifies that the many-valuedness of object level formulas gets carried
on to the meta-level concepts too. So, |≈ is a L-fuzzy relation [4] representing the
graded counterpart of the notion of semantic consequence relation. The operators ‘inf ’, ‘→m ’ used in (Σ 0 ) are the respective ‘infimum’ and ‘residuum of the
multiplicative conjunction’ of a complete residuated lattice L and they compute
the meta-level ‘for all’ and ‘if-then’ respectively.
Initially, the idea of the theory of graded consequence was started by introducing a notion viz., |∼, a graded consequence relation as a generalization of the
classical consequence relation in many-valued context. Given a set of formulas
X and a single formula α, gr(X |∼ α) determines the grade to which α is a
consequence of X and is axiomatized by the following axioms.
(GC1) If α ∈ X then gr(X |∼ α) = 1 (Reflexivity)
(GC2) If X ⊆ Y then gr(X |∼ α) ≤ gr(Y |∼ α) (Monotonicity)
(GC3) infβ∈Y gr(X |∼ β) ∗m gr(X ∪ Y |∼ α) ≤ gr(X |∼ α) (Cut)
Then the bridging between |∼ and |≈ was established [3] by the following theorems.
Theorem 2.1. (Representation Theorem)
(i) Given a collection of fuzzy subsets {Ti }i∈I and a complete residuated lattice
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(L, →m , ∗m ) for meta level algebra, |≈{Ti }i∈I is a graded consequence relation.
(ii) Given any graded consequence relation |∼ there exists {Ti }i∈I , a collection
of fuzzy subsets over formulas, such that the fuzzy relation |≈{Ti }i∈I coincides
with |∼.

3

A fragment of Mathematics from graded context

In this section a language involving vague predicates will be introduced in such
a way that one of its interpretations turns out to be the model of real numbers.
Let us call the language as LR .
Syntax of LR
The language of LR is given as follows.
– Propositional constants: 0, x, y, z, . . . −x, −y, −z, . . . (first kind)
X, Y , Z, . . . (second kind)
– Variables: u, v, w, w0 .
– Predicate symbols: clx , cly , clz , . . .
(+ve)clx , (+ve)cly , (+ve)clz , . . .
(−ve)clx , (−ve)cly , (−ve)clz , . . .
L, Sm, ∈, =
– Function symbol: ⊕, (each of arity 2)
Supp(+ve)cl , Supp(−ve)cl (each of arity 1)
– Connectives: &, ∨, ¬, →, →n
– Quantifiers: ∀, ∃, ∃inf
– Term: · All propositional constants and variables are terms.
· For t1 , t2 , t, the terms other than the second kind of propositional
constants, t1 ⊕ t2 , t1 t2 , Supp(+ve)cl (t), Supp(−ve)cl (t) are terms.
Following are some types of atomic well-formed formulas (wffs) involving the
basic predicates of LR .
– Atomic wffs: · clx (t11 ), . . . , (+ve)clx (t11 ), . . . , (−ve)clx (t11 ), . . . .
· L(t11 ), . . . , Sm(t11 ), . . . , t11 ∈ t21 , . . . , t11 = t12 , t21 = t22 ,
· t11 ∈ Supp(+ve)cl (t12 ), . . . , t11 ∈ Supp(−ve)cl (t12 ), . . .
1 1
where t1 , t2 are terms corresponding to first kind of propositional constants, variables or terms involving them and t21 , t22 are used for second kind of propositional
constants.
An interpretation of LR
Let T be a model of LR consisting of a domain of interpretation, an interpretation function I and a value set [0, 1]. The domain of interpretation for the propositional constants 0, x, y, z, . . . is the set of all real numbers 0, x, y, z, . . . (nonnegative real numbers) and that of −x, −y, −z, . . . are −x, −y, −z, . . . (negative
real numbers) respectively. The domain of interpretation of the propositional
constants of the second kind is the set of all sets of real numbers. The variables
v, w, w0 ranges over the propositional constants of the first kind and u ranges
over the propositional constants of the form x, y, z, . . . .
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Interpretation of the fuzzy predicates of the form clx i.e. I(clx ) is given by a
fuzzy relation, say cx : R 7→ [0, 1] such that
(i) cx (x) = 1.
(ii) cx (y) ≤ cx (z) if | y − x |≥| z − x |.
That is, for the wff clx (y), I(clx (y)) determines cx (y), the value of the wff ‘y is
close to x’.
I((+ve)clx ) is given by a fuzzy relation I((+ve)clx ): R 7→ [0, 1] such that
I((+ve)clx )(y) > 0 if y − x > 0
= 0 if y − x < 0
= 1 if y − x = 0
I((+ve)clx )(y) is actually the truth value of the sentence (+ve)clx (y).
I((−ve)clx ) is given by a fuzzy relation I((−ve)clx ): R 7→ [0, 1] such that
I((−ve)clx )(y) > 0 if y − x < 0
= 0 if y − x > 0
= 1 if y − x = 0
I((−ve)clx )(y) represents the truth value of the sentence (−ve)clx (y).
I(L) and I(Sm) are given by two fuzzy relations say I(L) : R 7→ [0, 1] and
I(Sm) : R 7→ [0, 1] respectively.
I(x ∈ X) gets the truth value 1 if I(x) i.e. x is a member of I(X) i.e. X.
I(⊕) and I( ) are the respective ‘addition’ (+) and ‘multiplication’ (·) operations of reals.
Interpretation of Supp(+ve)cl and Supp(−ve)cl are functions from R to P (R),
defined by –
I(Supp(+ve)cl (x)) = {y/I((+ve)clx (y)) > 0} and
I(Supp(−ve)cl (x)) = {y/I((−ve)clx (y)) > 0}.
Interpretation of connectives:
– Interpretation of & and ∨ are given by the lattice meet and join operators.
– Interpretation of ¬ is any standard complementation operation say, ¬a satisfying ¬a (1) = 0 and ¬a (0) = 1.
– → is interpreted by an operator ⇒, defined by a ⇒ b = 1 if a ≤ b
= 0 otherwise.
– →n is interpreted by any standard fuzzy implication operator ⇒n satisfying
a ⇒n b = 1 iff a ≤ b and 1 ⇒n a = a.
Interpretation of quantifiers for any predicate symbol P is given by:
– I(∀u(P (u))) = infI(u) I(P (u)).
– I(∃u(P (u))) = supI(u) I(P (u)).
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– I(∃inf ) is given by a [0, 1]-fuzzy subset over P (R).
Here, it should be mentioned that as in general I(P ) is a fuzzy relation, I(P (u))
actually represents the degree of belongingness of I(u) to I(P ).
Obtaining standard concepts of reals in the proposed fuzzified language LR
After introducing the language LR , the first task is to represent some basic concepts of real numbers within this fuzzified language. In order to do this, first
some compound sentences will be framed in the proposed language and then it
will be shown that their interpretation coincide with the usual understanding
of some notions viz., ‘neighbourhood’, ‘interior point’, ‘limit point’, ‘open set’,
‘closed set’, ‘bounded set’ unbounded set’, ‘upper bound’, ‘lower bound’ etcetera
of real numbers.
§ Let for each propositional constant of the type x, y, z, . . . the language contains
function symbols of the form Nx , Ny , Nz . . . . So, one can obtain terms of the
form Nx (t0 ) and hence expressions of the form t ∈ Nx (t0 ) should be considered as
a wff of the language, where t, t0 are propositional constants of the first kind or a
variable. Let us now represent a formula of the form z ∈ Ny (x) in this proposed
language. z ∈ Ny (x) stands for the formula viz.,

(clx (x − y) → clx (z)) ∨ (clx (x + y) → clx (z)) &¬(z = x − y)&¬(z = x + y).

As for each pair of real numbers x, y both x + y and x − y are real numbers,
the langugae must contain propositional constants, say x + y, x − y representing
x + y, x − y respectively. Now given the model T of LR we will show that the
wff z ∈ Ny (x) either gets the truth value 1 or 0.
T (z ∈ Ny (x)) = 1 if T (¬(z = x − y)) = 1, T (¬(z = x + y)) = 1 and
T (clx (x − y) → clx (z)) = 1 or T (clx (x + y) → clx (z)) = 1.
Otherwise, as ‘=’ represents the crisp equality relation and the interpretation of
‘→’ is given by a {0, 1}-valued function ⇒, the value of z ∈ Ny (x) will be 0.

Now T (z ∈ Ny (x)) = 1 implies T (z = x + y) = 0, T (z = x − y) = 0, and
I(clx (x − y)) ≤ I(clx (z)) or I(clx (x + y)) ≤ I(clx (z)). Here we should note that
interpretation of a closed formula/sentence gives the truth value of the formula in
the model T . So, by writing T (α) we actually mean I(α) for any closed formula
α. Now, from the first line of this paragraph we can see that T (z ∈ Ny (x)) =
1 implies z 6= x + y, z 6= x − y and | z − x |≤| y |. That is, | z − x |<| y |.
This inequality can be, in other way, written as − | y |< z − x <| y |, where y
is the positive real number interpreting the propositional constant y. Hence we
obtain the definition of ‘neighbourhood (nbd)’ viz., for any y > 0, z belongs to
the y-nbd of x if x − y < z < x + y.
So, I(Ny (x)) is a subset of R, given by I(Ny (x)) = {z ∈ R/x−y < z < x+y}.

§ Let the language contain a function symbol ‘Int’ generating terms of the
form Int(X) in the language. So, expression of the form t ∈ Int(X) (where t
represents propositional constants of the first kind or variable) is a wff of the
language. Now, in the language the wff x ∈ Int(X) is represented by the follow-
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ing formula.
x ∈ Int(X) ≡ x ∈ X & ∃u(∀v(v ∈ Nu (x) → v ∈ X).
As u runs over the propositional constants corresponding to the positive real
numbers x, y, z, . . ., Nu represents any one of Nx , Ny , Nz , . . . . Here again, the
proposed interpretation of the predicate symbol ∈, connectives &, → and that
of Nu (x) imply that in the model T , T (x ∈ Int(X)) either gets the value 1 or 0.
Now, T (x ∈ Int(X)) = 1 implies T (x ∈ X) = 1 and
T (∃u(∀v(v ∈ Nu (x) → v ∈ X)) = supI(u) (infI(v) (I(v ∈ Nu (x)) ⇒ I(v ∈ X)))
is 1. That is, there is some I(u) such that for all I(v), I(v ∈ Nu (x)) ⇒ I(v ∈ X)
gets the value 1. That is, the condition for T (x ∈ Int(X)) = 1 turns out to be ‘x
is a member of X and for some interpretation I(u) of u there exists a I(u)-nbd
of x (i.e. I(Nu (x)) such that for all interpretation of v, I(v) belongs to I(u)-nbd
of x implies I(v) belongs to X’. This coincides with the standard definition of
‘x is an interior point of X’.
So, interpretation of Int(X) becomes –
I(Int(X)) = {x ∈ X/I(u)-nbd of x ⊆ X, for some I(u)}
= {x ∈ X/Nu (x) ⊆ X, for some I(u)}.
For convenience of writing, let us call I(Nu (x)) i.e. I(u)-nbd of x as Nu (x)
and I(Int(X)) as Int(X).
§ Now we introduce the sentence describing Open(X), where ‘Open’ is assumed
to be an unary predicate giving formulas of the form Open(X) in the language.
Open(X) ≡ ∀v(v ∈ X → v ∈ Int(X))
In this case also, the proposed interpretation of ∈, → and Int(X) makes it evident that in the model T , T (Open(X)) is either 1 or 0. Now T (Open(X)) = 1
means infI(v) (I(v ∈ X) ⇒ I(v ∈ Int(X))) = 1. That is, for all interpretation
of v, I(v) is a member of X implies I(v) is a member of Int(X); or in other
words, X ⊆ Int(X). So, holding of the formula ‘Open(X)’ in LR algebraically
gives our standard definition of ‘X is open’.
§ Let us now introduce a binary predicate symbol ‘Lim’, generating formulas of
the form Lim(x, X) in the language LR . Lim(x, X) stands for a wff in LR and
it is given as follows.
Lim(x, X) ≡ ∀u(∃v(v ∈ Nu (x) → v ∈ X) &¬(v = x))
Again from the proposed interpretation of ∈, →, = and Nu (x) we can
conclude that in the model T , Lim(x, X) either gets the value 1 or 0. Now,
T (Lim(x, X)) = 1 implies
infI(u) (supI(v) (I(v ∈ Nu (x)) ⇒ I(v ∈ X)) ∧ I(¬(v = x))) = 1.
That is, Lim(x, X) gets the value 1 means that for all interpretation I(u) of
u, there is some interpretation of v distinct from x for which I(v) belongs to
I(u)-nbd of x implies I(v) belongs to X. In more concise form we can represent
the above condition as: Lim(x, X) holds if for all interpretation of u,
[Nu (x) − {x}] ∩X 6= φ. This reminds our usual definition of ‘x is a limit point
of X’.
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§ Now with the help of the predicate ‘Lim’ we shall represent a formula viz.,
Closed(X) in the language of LR . Let Closed be a predicate symbol giving rise
to formulas of the form ‘Closed(X)’. The formula representing Closed(X) is
given below.
Closed(X) ≡ ∀v(Lim(v, X) → v ∈ X).
Algebraically, in the model T , Closed(X) gets either the value 1 or 0. That
is, infI(v) (I(Lim(v, X) ⇒ I(v ∈ X)) = 1. This indicates that Closed(X) holds
if for all interpretation of v, I(v) is a limit point of X, then I(v) is a member
of X. This is nothing but our standard definition of ‘X is closed’.
§ Let LR contain a predicate symbol U bdda which generates ‘X is unbounded
above’ by the formula U bdda (X). In LR , U bdda (X) is represented as follows.
U bdda (X) ≡ ∀v(v ∈ X → ∃w(¬(w = v) & w ∈ X & w ∈ Supp(+ve)cl (v)))
From the proposed interpretation of Supp(+ve)cl , it is clear that for any interpretation of v, Supp(+ve)cl (v) generates an ordinary set of R. So, for any
interpretation of v and w, I(w ∈ Supp(+ve)cl (v)) always gets either 1 or 0. So,
like earlier cases, here also we can say that in the model T , U bdda (X) either
gets the value 1 or 0. Now T (U bdda (X)) = 1 means
infI(v) (I(v ∈ X) ⇒ supI(w) (I(¬(w = v)) ∧ I(w ∈ X) ∧ I(w ∈ Supp(+ve)cl (v))))
gets the value 1. That is, U bdda (X) holds if for all interpretation of v, I(v)
belongs to X implies that there is some I(w) distinct from I(v), for which I(w)
belongs to X as well as I(w) belongs to I(Supp(+ve)cl (v)).
Now, the definition of I(Supp(+ve)cl ) implies that for any I(v),
I(Supp(+ve)cl (v)) actually determines all those real numbers which are lying
right to the number referred to by I(v). That is, given any two x, y, if
y ∈ Supp(+ve)cl (x) holds, then y ≥ x.
So, in other words, from semantic angle ‘U bdda (X) holds’ can be stated as:
for all interpretation of v, I(v) belongs to X implies that there is some I(w)
distinct from I(v), for which I(w) belongs to X and I(w) ≥ I(v). This reflects
our standard definition of ‘X is unbounded above’.
§ Similarly, introducing a predicate ‘U bddb ’ in the language, ‘X is unbounded
below’ can be represented in LR . The formula representing U bddb (X) is given
as follows.
U bddb (X) ≡ ∀v(v ∈ X → ∃w(¬(w = v) & w ∈ X & w ∈ Supp(−ve)cl (v)))
From the interpretation of the predicate (−ve)cl and hence Supp(−ve)cl , it
is clear that, if for some interpretation of w and v, I(w ∈ Supp(−ve)cl (v)) = 1,
then I(w) lies left to I(v) i.e. I(w) ≤ I(v). So, holding U bddb (X) algebraically
represents that for all interpretation of v, I(v) belongs to X implies that there
is some interpretation of w distinct from I(v) for which I(w) belongs to X and
I(w) ≤ I(v). This coincides with the standard definition of ‘X is unbounded
below’.
§ Let us now consider Bdd to be a predicate generating formulas of the type
Bdd(X) in LR . Bdd(X) is represented in the language LR by the following for-
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mula.
∃v∃w(∀w0 (w0 ∈ X → ((v ∈ Supp(+ve)cl (w0 )) & (w ∈ Supp(−ve)cl (w0 )))))

So, with the interpretation of Supp(+ve)vl and Supp(−ve)vl , it is now clear
that Bdd(X) holds if there are some interpretation of v, w such that for all interpretation of w0 , I(w0 ) belongs to X implies I(v) ≥ I(w0 ) and I(w) ≤ I(w0 ).
This conforms with the usual definition of ‘X is bounded’.
§ Let us now introduce the binary predicate U − bd in LR . We shall now represent the formula viz., U − bd(x, X) in LR .
U − bd(x, X) ≡ ∀v(v ∈ X → x ∈ Supp(+ve)cl (v))
So, it is quite obvious from the above expression that U − bd(x, X) holds if
for all interpretation of v, I(v) belongs to X implies I(v) ≤ x. Thus holding of
U −bd(x, X) in LR gives us the standard condition for ‘x is an upper bound of X’.
§ After introducing U − bd(x, X) in LR , we now introduce Lub(x, X) in LR .
Lub(x, X) ≡ U − bd(x, X) & ∀v(U − bd(v, X) → v ∈ Supp(+ve)cl (x))

That is, Lub(x, X) holds if x is an upper bound of X and for all interpretation I(v) of v, if I(v) is an upper bound of X then I(v) ≥ x. This reminds us
the definition of ‘x is the least upper bound of X’.
§ Next, we present ‘x is a lower bound of X’ in LR . In order to do this, we
introduce a predicate L − bd in the language LR . Now the formula L − bd(x, X)
is represented by the following formula.
L − bd(x, X) ≡ ∀v(v ∈ X → x ∈ Supp(−ve)cl (v))
That is, L − bd(x, X) holds if for all interpretation I(v) of v, I(v) belongs
to X then x ≤ I(v). Thus the standard meaning of ‘x is a lower bound of X’ is
captured in the language of LR .

§ Now, with the help of the formula L − bd(x, X) we can introduce the notion Glb(x, X) representing ‘x is the greatest lower bound of X’.
Glb(x, X) ≡ L − bd(x, X) & ∀v(L − bd(v, X) → x ∈ Supp(+ve)cl (v))
Hence, Glb(x, X) holds if x is a lower bound of X and for all interpretation
I(v) of v, if I(v) is a lower bound of X, then I(v) ≤ x. Thus, the definition of
‘x is the greatest lower bound of X’ is represented in the language LR .

All these notions represented above are the standard, often-used notions of
real numbers. The difference lies in the presentation of LR , where the basic ingredient has been the idea of fuzzifying the concept viz., ‘x is close to y’. And
then the entire enterprise has been built on the basic fuzzy predicates of the type
‘clx ’. Also, it has been shown, that the crisp relation ≤ which is assumed to be
the basic relation in the classical presentation of real numbers, can be obtained
as a derived notion in LR . So, we are now at the stage of representing all the
axioms of (R, ≤, +, ·), our known complete, ordered field of real numbers.
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1. Algebraic axioms of LR
(i) x ⊕ y = x + y
(ii) x ⊕ (y ⊕ z) = (x ⊕ y) ⊕ z
(iii) x ⊕ 0 = x
(iv) x ⊕ −x = 0
(v) x ⊕ y = y ⊕ x

(vi) x y = x · y
(vii) x (y z) = (x y) z
(viii) x 1 = x
(ix) ¬(x = 0) → (x x−1 = 1)
(x) x y = y x
(xi) x (y ⊕ z) = (x y) ⊕ (x

z)

In the presentation of the language of LR , for not making the presentation
cumbersome, we have not explicitly used propositional constants of the type
x−1 . But, for the convenience of understanding, here we have used x−1 as the
propositional constant representing the real number which is the inverse of x.
From the proposed interpretation of ⊕, , → and propositional constants, it
is not difficult to check that all these formulas are true i.e. gets the value 1 in
the model T .
2. Order axioms of LR
(i) ((x ∈ Supp(+ve)cl (y)) & (y ∈ Supp(+ve)cl (z))) → (x ∈ Supp(+ve)cl (z))
(ii) (x ∈ Supp(+ve)cl (y)) ∨ (y ∈ Supp(+ve)cl (x))
(iii) (x ∈ Supp(+ve)cl (y)) → (x ⊕ z ∈ Supp(+ve)cl (y ⊕ z))
(iv) ((x ∈ Supp(+ve)cl (0)) & (y ∈ Supp(+ve)cl (z))) → (x y ∈ Supp(+ve)cl (x z))
From the proposed interpretation of Supp(+ve)cl , we know x ∈ Supp(+ve)cl (y)
algebraically represents y ≤ x. Hence we can observe that (i) represents the
transitivity condition, (ii) represents the law of trichotomy and, (iii) and (iv)
represent the law of compatibility of the ordered set (R, ≤). And that the axioms viz., 2 (i), (ii), (iii), (iv) are true in the model T is quite obvious from the
interpretation of ∈, →, &, ∨ and Supp(+ve)cl .
3. Completeness axiom of LR
(¬(X = φ) & Bdd(X)) → ∃vLub(v, X)
The validity of the completeness axiom is also reflected from the proposed interpretation of the logical symbols present in the above mentioned formula.
The meta-logic of classical Mathematics follows the laws of first order predicate logic. The opeartors computing the connectives of LR operate on manyvalued components. But restricted to the set {0, 1}, all these operators for the
connectives present in LR turn out to be exactly those of classical operators for
‘implication’, ‘conjunction’, ‘disjunction’ and ‘negation’. The concepts of real
numbers presented above viz., ‘z belongs to y-nbd of x’, ‘x belongs to interior of
X’, ‘X is open’, ‘x is a limit point of X’, ‘X is closed’, ‘X is unbounded above’,
‘X is unbounded below’, ‘X is bounded’, ‘x is an upper bound of X’, ‘x is the
least upper bound of X’, ‘x is a lower bound of X’, ‘x is the greatest lower bound
of X’ are introduced in LR as two-valued sentences. So, while dealing with these
notions, the meta-logic in this new framework also remains the same as that of
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classical one. Now as in LR all the axioms of real numbers can be presented, it
is expected, concerning the above mentioned notions, that if α can be derived
from X in the standard presentation of the formal theory of real numbers, then
α can be obtained from X in LR also.

4

Going beyond the classical theory of reals

Though the basic language of LR has been fuzzified, till now the basic notions of
real numbers have been presented crisply, as it is prevalently used in the existing
literature of real number theory. But we do feel that in the real numbers, there
are some concepts whose inherent vagueness need to be addressed distinctly and
kept intact.
Let us consider the standard definition of ‘x is close to ∞’. Existing definition
states that ‘given any large positive number G, x is always found to be greater
than G’. But do we understand the phrase ‘given any large positive number’
as we understand an ‘yes-no’ concept? Definitely, we do not. But, still, these
existing approaches make us perceive ‘x is close to ∞’ crisply. We would like to
perceive ‘x is close to ∞’ as a matter of grade and hence in LR , assuming cl∞
as a predicate symbol, the concept is presented as follows.
cl∞ (x) ≡ ∀u(L(u) →n (+ve)clu (x))
In the proposed interpretation, L and (+ve)cl have been presented as fuzzy
relations. Also →n is computed by a fuzzy implication operator viz., ⇒n which
as an output may give a non-zero, non-unit value to cl∞ (x). So, generally, in LR ,
cl∞ (x) is a graded concept. In the classical presentations, L(u) and (+ve)clu (x)
are interpreted in a crisp way. That is, one can partition the domain of u in two
halves; one consists of those interpretations of u for which I(L(u)) is 0 and the
other consists of those interpretations of u for which I(L(u)) is 1. On the other
hand, for every interpretation of u, (+ve)clu is crisply interpreted by the set of
those real numbers which lie right to the number, referred to by u. Now ‘x is
close to ∞’/‘x tends to ∞’ means, x is assumed to be right of any number. The
phrase ‘large number’ does not play any role actually. And hence for any I(u),
(+ve)clu (x) always gets the value 1. So, for such an x, whatever be the I(u),
infI(u) (I(L(u)) ⇒n I((+ve)clu (x))) always gets the value 1.
That is, to keep the concept ‘x is close to ∞’ as a two-valued notion, one
only needs to interpret ‘L’ and ‘(+ve)cl’ crisply. Now, let us explore, what kind
of Mathematics can be developed if one allows ‘x is close to ∞’ i.e. cl∞ (x) as a
many-valued notion. In the context of graded consequence, given the language
LR and its interpretation in the model T , one can now be curious to know to
what grade from the premise cl∞ (x) and clx (y), cl∞ (y) can be derived. That is,
calculating gr({cl∞ (x), clx (y)} |≈ cl∞ (y)) and/or gr({cl∞ (x), clx (y)} |≈ L(y))
and/or gr({cl∞ (x), L(y)} |≈ clx (y)) and/or finding their interrelations may add
a new dimension to the study of Mathematics.
There is one more thread in classical Mathematics, which may lead to vagueness. The thread is, how do we perceive ‘infinity’. As Aristotle remarked [6],
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“. . . generally the infinite is as follows: there is always another and another to
be taken. And the thing taken will always be finite, but always different.”
That is, ‘infinity’ means that there is always something outside of what has
been taken [6]. We do perceive ‘infinity’ something as ‘very large’ - larger than
anything one can imagine or percieve; nothing else. In [6], Jonathan Lear, described Aristotle’s position about infinite number by the following line.
“. . . on his account, the most natural conception of the infinite by addition - that
it is possible to exceed any given length - is impossible. Thus one cannot assign
a numerical unit (I) to a standard unit length and hope that an infinity of numbers will be guaranteed by the fact that this length can be repeatedly added without
end.”
According to [6], to the intuitionist, the claim that a man may actually start
by making theoretical division and given any number of divisions he has made,
he could make another, gives nothing but an idea of vaguely determined totality.
Lear thinks that it is absurd to suppose that some particular division is the last
division one could make, and hence the number of the theoretical division one
could actually carry out specifies only a vague totality.
How do we perceive 10100 ? Can we write down all the natural numbers reaching 10100 ? If not, then according to Aristotle’s terminology, one can consider
10100 as a number lying ‘outside of what has been taken’. This may appear similar to the sense of infinite. On the other hand, theoretically one can precisely
define 10100 as a number representing 100 times of 10 and hence the number
is considered as a finite number. It seems, as if there is a passage of gradually
increasing large numbers connecting ‘finte’ to ‘infinite’ and 10100 is lying in that
passage. So, for such a number having inclination towards both ‘finite’ and ‘infinite’, can we think of a notion like ‘boundary case of infinity’ ?
Let us consider the phrase that ‘there is infinite number of elements in X’
as a vague concept. We would like to introduce a quantifier viz., ∃inf , ‘there
exists infinitely many’ in the language of LR . Then a sentence of the form
‘∃inf v(v ∈ X)’ can be formed and Inf (X), (X is infinite) may stand for the
expression ∃inf v(v ∈ X). Now, interpreting ∃inf as a fuzzy subset assigning a
value from [0, 1] to each subset of R, to some extent, we can be precise about a
set’s grade of infiniteness or in other words, largeness. And then in the context of
graded consequence, we can be inquisitive about the classical theorem viz., ‘x is a
limit point of X if and only if every neighbourhood of x contains infinitely many
points of X’. From the perspective of graded consequence, now the concern may
extend to study the grade of {Lim(x, X)} |≈ ∀u[∃inf v(v ∈ Nu (x)&v ∈ X)],
where both Lim(x, X) and ∀u[∃inf v(v ∈ Nu (x)&v ∈ X)] are treated equivalently in the classical context. Naturally, some well known results like, BolzanoWeierstrass theorem which states that ‘every bounded, infinite set of real numbers has a limit point in R’ needs to be investigated in the graded context, where
the grade of {Inf (X), Bdd(X)} |≈ ∃vLim(v, X) may not be the same as the
grade of {Inf (X), Bdd(X)} |≈ ∀u[∃inf v(v ∈ Nu (x)&v ∈ X)].
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Classical theory of Mathematics is well established with its notion of infinity.
Besides, the concept of infinity also further had been classified in a hierarchical
manner. In this initial stage of graded mathematics we are introducing ‘there
exists infinitely many’ as a vague concept. Further study on graded mathematics
may throw light on the other related issues.
——————————————————————————————————In 2006, on the occasion of felicitating Prof. Mihir K. Chakraborty on his
60th birthday, an international seminar was organized by Calcutta Logic Circle.
The seminar ended with Prof. Chakraborty’s talk briefing his area of interests,
works and the areas where he desires to work. Graded Mathematics has been
one such area which he mentioned as a task to be done. Afterwards, on a few
occasions, I had some interactions with him on the idea of graded Mathematics.
Here an attempt to develop that idea of graded Mathematics has been made,
whereby I took the privilege of giving a shape to our teacher’s wish.
——————————————————————————————————-
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Belief and disbelief: a logic approach
Sujata Ghosh

Abstract. Over the years, several researchers have considered giving
negative epistemic attitudes such as disbelief a similar footing as the
usual ones such as knowledge and belief. This paper provides a survey
of such works which focus on the frameworks of belief and disbelief and
their interplay. We also provide a few pointers towards further research
regarding the dynamics of the removal of inconsistent attitudes that a
human mind might possess in certain situations.

1

Introduction

Writing an article for this volume encourages us to be as non-classical and inconsistent as possible, as the main philosophical stance that we have learnt from
Mihir Chakraborty is to be tolerant towards different styles and methodologies,
both classical and non-classical. Over the years, there has always been an inherent interest towards the so-called non-classical approaches such as fuzzy set
theory, rough set theory, vagueness, and non-monotonic logics in developing formal frameworks for reasoning in different scenarios. Akin to these approaches,
various formal frameworks have been developed to put forward the notion of
agents’ disbeliefs as a separate epistemic category, in addition to the well-studied
notion of agents’ beliefs. This paper attempts to provide a descriptive summary
of some of these developments together with a comparative study. Focussing on
the ideas developed in [1,2,3,4,5,6], we look into the interplay of agents’ beliefs
and disbeliefs.
Considering disbelief together with belief leads us to express various notions
of uncertainties as well. For example, having both belief and disbelief over a
proposition can be thought of as being uncertain about that proposition, whereas
having neither can be thought of as having no opinion. The sky may not be
dark with thunder clouds hovering, but it may not be sunny either, leading to
uncertainty in an agent’s mind regarding the possibility of rain in a few hours
time. This mental state would be quite different of having no opinion about
the performance of the home team in a cricket match, when one is simply not
interested in the game of cricket.
Before proceeding any further with these issues, we would like to take this
opportunity to make a thematic translation of an excerpt from a poem written
by Mihir Chakraborty [7] to provide an exemplar for his thoughts on the notions
of belief and disbelief and their interplay.
The twin rivulets of belief and disbelief
originating from the same bedrock,
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to the quiet deluge of which
time and again we retreat,
to descant later.
Flowing alongside,
along their paths, obeying their maxims;
the burden on belief – a wee bit high,
frown it might, under the strain.
On disbelief too, the burden enforced,
to substantiate its presence;
creating a perpetual whirl, even fine-tuned.
I care not, this ostensible difference
in my eyes, they are alike – captivating, alluring
with identical morale and candor.
But, what if they blend and cajole together,
that inconsistent look;
can this world endure?
A patient wait for the new cells to develop,
bringing in new life;
bifurcation happens, creating an ease.
The journey continues,
diverging forces moving into a confluence,
disembodies again.
Unwanted the burden is not,
revisiting the mother rock.
Let us now try to decipher these lines in our way: There is a continuous
reasoning process going on in our mind, which results in the formation of various
beliefs and/or disbeliefs. We have these beliefs/disbeliefs about the world around,
which are more often than not, distinct from each other. But sometimes, it may
so happen that our belief and disbelief coincide, giving rise to an inconsistent
attitude. What do we do, when something like that happens? If we reach at
some kind of inconsistency, our natural tendency would be to try to remove such
inconsistencies. We might try to go back in our reasoning process, find the root
cause of the problem, and revise some of our assumptions accordingly, so as to
get rid of the inconsistency.
Following the lines described above, a formal framework was developed in [4],
which we will present in the next section. In addition, we will describe various
other frameworks that consider belief and disbelief as separate epistemic attitudes and not as one attitude being the negation of the other. An obvious
question arises: Are there situations where it is meaningful to think about belief
and disbelief as separate entities? Suppose we believe that a horse will win a
race if its rating is above a certain number, and disbelieve it if it is below some
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other number. Disbelieving will not equate to not believing in this case, nor to
believing that not.
Let us consider a fair 100 ticket lottery. Though we do believe that exactly
one of the tickets will win the lottery, we have doubts regarding the possibility
of an individual ticket winning it. This is the lottery paradox, first considered
by Kyburg [8]. For some interesting philosophical treatments of this problem,
see [9,10]. Another way of resolving this paradoxical situation is by replacing
the classical negation (believing that the ticket number 99 will not win) by the
weaker notion of disbelief (disbelieving that the ticket number 99 will win). This
applies to many practical situations as well. A crime has been committed and
two of your very good friends are the prime suspects. It is really hard for you to
believe that any one of them has committed the crime, yet the circumstantial
evidence forces you to believe that either of them did it.
From the perspective of belief merging, consider k sources of information
providing their opinions regarding a certain event p. Suppose that m of them
state that p holds, and n of them state that p does not hold. Some of the sources
may not have any opinion regarding p, but none of the sources are inconsistent
in the sense that any single source does not simultaneously state that p holds
and does not hold. So we have that m + n ≤ k. The fraction m/k can be seen
as the degree of certainty of the source that p holds and n/k that ¬p holds.
Let cr(p) ∈ [0, 1] denote the degree of certainty that p holds. We can think of
threshold values t1 and t2 (0 < t1 ≤ t2 ≤ 1) for belief and disbelief, that is, p
is believed if t2 ≤ cr(p), and is disbelieved if cr(p) < t1 . In the remaining cases
p is neither believed nor disbelieved. So, from the fact the p is not believed, we
cannot say that p is disbelieved. Also, from the fact that p is disbelieved, it does
not necessarily follow that ¬p is believed.1
Considering belief and disbelief together is in some sense talking about both
positive and negative attitudes of a person. The idea of representing both positive
and negative aspects of a subject is not new. There are approaches with such
proposals in many areas, like decision theory [12], argumentation theory [13],
and many others (see [14] for an overview). The concept of bipolarity is precisely
about this: an explicit handling of the positive and negative aspects in information [15]. It is based on the fact that, when taking a decision or weighing some
possibilities, we consider not only the positive aspects of the available options,
but also the negative ones.
From this perspective, frameworks that consider only the positive aspect can
be seen as special situations in which the positive and the negative information
are mutually exclusive and mirror images of each other: I consider p as good if
and only if I consider ¬p as bad. But this does not need to be the case: we can
imagine a situation in which, though p is good, its negation ¬p is not necessarily
bad, and the notion of bipolarity allows us to deal with such cases. Considering
such dual frameworks for positive and negative information paves the way for
an in-depth study of qualitative representation of uncertainty [6].
1

These examples are taken from [3,11].
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In the remaining part of this paper, we provide a comprehensive survey of
some of the research done in this area in Section 2. A technical comparison for a
few frameworks is provided in Section 3. Section 4 suggests a dynamic framework
to model the removal of inconsistent attitudes. Pointers towards future work have
been included in Section 5.

2

A descriptive survey

We now discuss various formal frameworks that have evolved over the years
providing different ways for modeling the notion of disbelief, focussing on the
relevant aspects of such models. We start with describing Gomolinska’s work on
developing a logic of acceptance and rejection [1], followed by a short survey of
several logics of belief and disbelief proposed by Chopra et al [3]. Then we move
on to discuss a procedural framework of revising beliefs and disbeliefs [4], and
finally finishing with discussing more recent works on modeling disbelief [5,6].
The main objective of this survey is to acquaint the reader with the varied
formalisms developed to deal with the notion of disbelief of an agent explicitly.
A technical comparison of some of these works will be provided in Section 3.
2.1

A logic of acceptance and rejection

Gomolinska [1] presented a nonmonotonic formalism, AEL2, extending the framework of Moore’s autoepistemic logic [16] to deal with uncertainty of an agent.
In order to deal with uncertainty that arises in an agent’s mind, the possible
alternatives regarding a piece of information that are taken into account are
that of acceptance, rejection, and lack of decision. Even though the underlying
intuition came from a different motivation, that of modeling uncertainty, it was
felt that a more fine-grained study of what can be accepted (believed) or rejected
(disbelieved) was needed. We now give a short formal account of this study.
The underlying logical framework is that of classical propositional logic augmented with two modal operators, B and D, for acceptance and rejection, respectively, where B and D are not inter-definable in general. In AEL2, accepted and
rejected premises are separated to form a pair of sets of formulas, say (I1 , I2 ),
and AEL2 extensions (T1 , T2 ) of (I1 , I2 ) are considered, where T1 is expected
to contain all the accepted formulas with respect to I1 and T2 to contain all
the rejected formulas with respect to I2 . For (T1 , T2 ) to be considered as stable
expansions of (I1 , I2 ), T1 needs to be closed under the classical consequence operator Cn, and T2 needs to be closed under the rejection consequence operator
Cn0 . To define these operators, let us first define what we mean by a syntactic
consequence operator C [1].
Consider an inference rule r. The notation (Y, α) ∈ r is used to indicate that
Y is a finite set of premises and α is a conclusion of an inference rule r from the
premise Y . Given a set of inference rules R and a set of formulas X, C is defined
inductively as follows:
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C 0 (R, X) = X;
C n+1 (R, X) = C n (R, X) ∪ {α | ∃r∈R ∃Y ⊆C n (R,X) (Y, α) ∈ r};
S
C(R, X) = n∈N C n (R, X).

Let us consider the inference rules M P (modus ponens) and Rej, given by:
M P : α, α → β
β

Rej : β, ¬(α → β)
α

Note that ¬(α → β) is equivalent to α∧¬β. Intuitively, the Rej rule says that
if both β and α ∧ ¬β do not hold, then it follows that α cannot hold. Let LBD
denote the language of AEL2, and FORBD denote the set of all formulas in LBD .
Let Ax denote the set of all substitution instances of the classical propositional
logic axioms in the language of LBD . Then for a set of formulas X ⊆ FORBD ,
Cn(X), and Cn0 (X) are defined as follows:
Cn(X) = C({M P }, Ax ∪ X)

Cn0 (x) = C({Rej}, ¬Cn(∅) ∪ X), where ¬Y = {¬α : α ∈ Y }
We say that a set of formulas X is Cn-consistent if Cn(X) 6= FORBD , Cn0 consistent if Cn0 (X) 6= FORBD . A pair of sets of formulas in LBD , (X, Y ) is said
to be consistent if X is Cn-consistent, and Y is Cn0 -consistent. Now we are all
set to define stable expansions of a pair of accepted and rejected sets of formulas
due to [1].
Definition 2.1. (T1 , T2 ) is said to be a stable AEL2 expansion of (I1 , I2 ) if,
T1 = Cn(I1 ∪ {Bϕ : ϕ ∈ T1 } ∪ {¬Bϕ : ϕ 6∈ T1 } ∪ {Dϕ : ϕ ∈ T2 } ∪ {¬Dϕ : ϕ 6∈ T2 });
T2 = Cn0 (I2 ∪ {¬Bϕ : ϕ ∈ T1 } ∪ {Bϕ : ϕ 6∈ T1 } ∪ {¬Dϕ : ϕ ∈ T2 } ∪ {Dϕ : ϕ 6∈ T2 }).

The above definition gives a syntactic way of producing stable sets of accepted
and rejected propositions, with respect to some initial configurations. The intuitive meaning of such sets being stable is that : a) no further conclusions can
be drawn from them, and b) a set of accepted propositions should be in some
sense grounded in terms of the initially accepted propositions, and the same
for a set of rejected propositions. In terms of epistemic attitudes, these stable
expansions can be thought of as intuitively complete pairs of sets of beliefs and
disbeliefs that an agent might have, starting from her initial position. Gomolinska has provided semantic characterizations of these notions as well [1]. Based
on this logical framework, Gomolinska and Pearce [11] developed a formalism
for disbelief expansion, contraction and revision in line with the corresponding
Alchourrón-Gärdenfors-Makinson (AGM) belief operations [17].
2.2

Some logics of belief and disbelief

Intuitively, there is a lot of interaction that goes on between believing and disbelieving propositions and negations of such propositions. That is essentially
the reason to consider belief and disbelief as separate epistemic entities. In [3],

124

Chopra, Heidema and Meyer presented four logics to describe agents’ beliefs and
disbeliefs and their interplay. These formalisms differ in terms of their usage of
the negation, from classical to weaker ones, as well as in terms of the interrelationship assumed between beliefs and disbeliefs. Below we will first present
the general framework and then the four logics presented in [3], namely, i) a
weak logic of belief and disbelief, WBD, ii) a logic of belief and disbelief similar
to that developed by Gomolinska, GBD, iii) a logic describing some interactions between belief and disbelief, BD, and finally, iv) a logic where disbelief
corresponds to classical negation, BN.
The framework Given a set of atomic propositions P , let LB denote the set of
propositional formulas built from P , and let LD := {φ | φ ∈ LB }. The language
L is given by LB ∪ LD . The agent’s information set, containing her beliefs and
disbeliefs, is defined as any subset of the language. Given an information set Γ ,
– the agent is said to believe every φ such that φ ∈ Γ (forming ΓB ⊆ Γ ) , and
– the agent is said to disbelieve every φ such that φ ∈ Γ (forming ΓD ⊆ Γ ).
Based on this language and the corresponding representation of an agent’s
beliefs and disbeliefs, the authors propose four different logics by defining different closure properties an agent’s information set should have. We are only
talking about the single agent case here, but one can easily extend these logics
to describe the multi-agent systems.
The logic WBD This logic is defined by the following three properties of its
consequence relation `:
(B) If φ is a propositional consequence of what the agent believes, then the
agent believes it:
ΓB `P L φ implies Γ ` φ
(D⊥) If φ is a propositional contradiction, then the agent disbelieves it:
φ `P L ⊥ implies Γ ` φ
(WD) If the agent disbelieves ψ and φ implies ψ classically, then the agent
disbelieves φ:
ψ ∈ ΓD and φ `P L ψ imply Γ ` φ
Note that in this framework we do not find any interrelation between the
derivation processes of beliefs and disbeliefs.
Let us now have a look at the semantics. Let V denote the set of all propositional valuations for the atomic propositions in the language. A WBD model is
a tuple hM, N i where M ⊆ V is a set of propositional valuations, that is, a set of
possible worlds with valuation already provided, and N ⊆ ℘(V ) is a set of sets
of propositional valuations. Intuitively, M represents the positive information,
that is, the situations the agent considers possible, and N is a collection of an
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agent’s sources which gives the information regarding what can be disbelieved.
Each N ∈ N is a set of the situations (N ⊆ V) which are considered possible
by such a source. An agent is associated with at least one source of negative
information, that is, N 6= ∅. Given a WBD model,
hM, N i |= φ iff
hM, N i |= φ iff

φ is true under every valuation in M , and
¬φ is true under every valuation of N for some N ∈ N .

The agent believes φ (φ ∈ L) whenever hM, N i |= φ, and the agent disbelieves
φ (φ ∈ L) whenever hM, N i |= φ. The consequence relation ` characterized by
the three properties B, D⊥ and WD mentioned above corresponds exactly to
the semantic consequence relation |= just defined.
The logic GBD The logic GBD considers a consequence relation for disbeliefs
which is exactly the dual of that for beliefs (similar to the approach in [1,11]).
Let Γ D denote the set containing the negation of the propositional formulas
that correspond to formulas in ΓD , that is,
Γ D := {¬φ | φ ∈ ΓD }
In other words, Γ D contains the negations of the formulas the agent disbelieves.
Then consider the following property:
(GD) If ¬φ can be concluded from Γ D , the agent disbelieves φ:
Γ D `P L ¬φ implies Γ ` φ
This condition exemplifies the role of negation in considering disbeliefs of
an agent with belief playing an implicit role. The logic GBD is obtained from
WBD by replacing WD by GD.
The class of WBD models that corresponds to the GBD logic contains
exactly those models hM, N i in which N has exactly one element. This assumption is quite natural: the B property states that the set of an agent’s beliefs is
closed under logical consequences, but the GD property states that the set of
an agent’s disbeliefs is closed under the logical consequence modulo negation of
formulas.
Note again that the relation between beliefs and disbeliefs is still at a superficial level; the closure properties for the disbelief notion have only been
strengthened in comparison to WBD. One interesting observation about this
logic is the following: if the agent disbelieves both φ and ψ then she disbelieves
φ ∨ ψ. But then, this notion of disbelief is on similar footing as the classical
notion of negation, which is not desirable. Returning to the example from the
introduction, it may be very hard to believe that your friend Craig is the traitor
and even that another close friend Denis is the traitor, but circumstantial evidence may make it perfectly plausible that one of them is. The subsequent logic,
BD, rectifies this disadvantage.
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The logic BD The logic BD provides some interaction between beliefs and
disbeliefs, in the sense that disbelieving is considered to be a weaker notion than
believing not. Formally, BD is defined by B, D⊥, and the following property:
(D) If the agent disbelieves some ψ which is a classical consequence of the
agent’s beliefs together with φ, then the agent disbelieves φ:
Γ ` ψ and ΓB ∪ {φ} `P L ψ imply Γ ` φ

The general idea is that one should disbelieve those propositions whose consequences are disbelieved. The notion of consequence can be independent of other
factors (WD), or may be dependent or grounded in the agent’s belief set (D).
In some sense, property WD is the special case of D where ΓB = ∅.
A consequence of this property: For any φ, believing in ¬φ implies disbelieving φ. For, by property D⊥, the agent disbelieves any contradiction, that is,
ΓD ` φ ∧ ¬φ. Suppose the agent believes in ¬φ; since {¬φ, φ} implies classically
that φ ∧ ¬φ, that is, {¬φ, φ} `P L φ ∧ ¬φ, the agent disbelieves in φ, as desired.
The class of WBD models that correspond to the BD logic contains exactly
those models hM, N i in which every N ∈ N is a subset of M . This is to say that
we get the logic BD when the agent already considers possible all the situations
that each one of her sources considers possible.
The fact that the agent can disbelieve both φ and ¬φ without disbelieving
φ ∨ ¬φ, follows from the fact that now the agent can have more than one source
to acquire her disbeliefs.
The logic BN Finally, the logic BN looks at the other direction, adding a
property to BD to guarantee that if the agent disbelieves a formula, then she
believes in its negation. This is given by the following property:
(D → B) If the agent disbelieves φ, then she believes in ¬φ:
Γ ` φ implies Γ ` ¬φ

Because the logic BD already satisfies the other direction, adding this property to BD gives us: The agent disbelieves φ if and only if she believes in ¬φ.
Then, the notion of disbelief collapses to classical negation. For the semantics,
hM, N i are those models such that N is a singleton and consists of M .
Some discussions It is evident that there can be various ways of constructing
formal syntax and semantics to reason about agents’ beliefs and disbeliefs. But
the interplay between an agent’s belief and disbelief needs to be taken into account when one is modeling such notions. Otherwise, one could very well propose
certain technical results without any intuitive grounding. In this sense, the logics
BD and BN are more interesting as they talk about generating disbeliefs from
beliefs and beliefs from disbeliefs. But, as Chopra and colleagues [3] mention, we
do not really get past the expressivity of propositional logic in this whole exercise. In what follows, we introduce several other ways of describing the notion of
disbelief that do transport us beyond propositional logic, and provide pointers
to the readers regarding the usefulness of such methodologies.
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2.3

A procedural framework for revising belief and disbelief

Influenced by the work on disbelief change [11], Ghosh [4] developed a procedural
framework for revising or updating beliefs and disbeliefs in a step-by-step manner
described below. The whole framework is based on a belief-disbelief duo, a pair
of sets hB, Di representing belief and disbelief. This study proposes a general
method for deriving a pair hβ, δi of sentences from a pair of sets hB, Di. In addition, two operations, namely deletion of a formula and replacement of a formula
by another, are performed on hB, Di giving rise to a new pair, hB 0 , D0 i. These
operations correspond to AGM-contraction and AGM-revision respectively [17]
and are performed only when the need arises. The need informally means that
at least one statement has been derived as belief and disbelief both. There are
some restrictions on replacement, that is, not any sentence is allowed to replace
an existing one. This means that a sentence (belief/disbelief) may be replaced
by any of a specified collection of sentences, unlike for standard revisions.
Consider an arbitrary propositional language L and a suitable algebraic structure for its interpretation (i.e. semantics). A valuation v is a homomorphism
from L to the corresponding algebraic structure. Two (possibly different) logical
frameworks are considered together in a pair form which is termed as a bi-logic.
A bi-logic
is a consequence relation deriving a pair hβ, δi ∈ L × L from
a pair hB, Di ∈ P(L) × P(L), denoted by, hB, Di hβ, δi, and defined by two
consequence relations `1 and `2 from P(L) to L, such that B `1 β and D `2 δ,
where both of `1 and `2 may be inter-defined or independent. In any case, each
of the consequences, `1 and `2 is called the dual of the other and each of the
premise sets B, D is called the dual of the other.
Two subsets D1 and D2 (with D1 ∩ D2 = ∅) of the base set of the algebraic
structure are taken as designated sets for the two logics, given by `1 and `2
respectively. Relative to D1 and D2 , semantic consequence relations |=1 and |=2
are defined. It is assumed that X `1 α iff X |=1 α and X `2 α iff X |=2 α, i.e. the
logics are sound and complete relative to the respective semantics. For simplicity,
we assume that both the base logics have Hilbert-style axiomatization.
Let us now describe the operations in more detail. To take care of the restricted replacement operation, two binary relations R1 and R2 are defined in
the language that satisfy the following conditions:
If α R1 β and β `1 γ, then α `1 γ

If α R2 β and β `2 γ, then α `2 γ

Let X ⊆ L and α ∈ L. Let X `i α, i = 1,2 and let a particular derivation
of α be specified. Let PrXi (α) denote a minimal subset X 0 of X such that the
given derivation is still a derivation of α from X 0 .This is a finite subset of X.
We impose the additional restriction that X 0 does not include any axiom.
Now, if X |=i α, i.e. α semantically follows from X, then because of completeness, X `i α and some PrXi (α) exists. The notation X(α/β) denotes the set
of formulas obtained from X by replacing the formula α by β; the set X(α/β)
is said to be obtained from X by replacement.
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A logic for belief and disbelief L is defined as follows. Let hB, Di be a pair
such that B, D ⊆ L are consistent subsets relative to the respective logics.
Definition 2.2. The syntactic consequence relation
of the logic L shall be
defined through the following steps.
(1) A derivation of the pair hβ, δi, β, δ ∈ L in one step by rules in RS1 and
RS2 denoted by ⇒ is defined as follows:
hB, Di ⇒ hβ, δi iff either δ ∈ D and B `1 β in one step;
or, β ∈ B, and D `2 δ in one step,
where A `i α iff either α ∈ A, or α is an axiom or obtained by some rule.
Such an expression hB, Di ⇒ hβ, δi is called a sequent.
(2) hB, Di hβ, δi iff there exists a sequence of sequents,
hBi , Di i ⇒ hβi , δi i, i = 0,1, . . ., n
to some of which a ∗–mark is ascribed satisfying the following conditions :
(1a) hB0 , D0 i = hB, Di.
(1b) hβn , δn i = hβ, δi.
(2) hB0 , D0 i ⇒ hβ0 , δ0 i is ∗–marked.
(3) If hBi+1 , Di+1 i ⇒ hβi+1 , δi+1 i is ∗–marked then, (Bi ∪ {βi }) ∩ (Di ∪ {δi })
6= ∅.
(4) either, Bi+1 = Bi ∪ {βi }, Di+1 = Di ∪ {δi },
or, hBi+1 , Di+1 i is obtained by DELETION, i.e.
B
Bi+1 = Bf (i) – {β 0 } for some β 0 ∈ Pr1 f (i) (α) and Di+1 = Df (i)
or,

D

Di+1 = Df (i) – {δ 0 } for some δ 0 ∈ Pr2 f (i) (α) and Bi+1 = Bf (i) ,

or, hBi+1 , Di+1 i is obtained by REPLACEMENT, i.e.
B
Bi+1 = Bf (i) (β 00 /β 0 ) s.t. β 00 R1 β 0 for some β 0 ∈ Pr1 f (i) (α) and Di+1 = Df (i)
or,

D

Di+1 = Df (i) (δ 00 /δ 0 ) s.t. δ 00 R2 δ 0 for some δ 0 ∈ Pr2 f (i) (α) and Bi+1 = Bf (i) ,
where α ∈ (Bi ∪ {βi }) ∩ (Di ∪ {δi }), and f(i) is the largest integer ≤ i such
that the f(i)-th sequent is ∗–marked. This ∗–mark is used to denote some special
steps in the derivation, where the possibilities of deletion or replacement may
come up.
A typical derivation with n = 11, takes the form:
∗ hB0 , D0 i ⇒ hβ0 , δ0 i
hB1 , D1 i ⇒ hβ1 , δ1 i
hB2 , D2 i ⇒ hβ2 , δ2 i
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∗ hB3 , D3 i ⇒ hβ3 , δ3 i

hB4 , D4 i ⇒ hβ4 , δ4 i

∗ hB5 , D5 i ⇒ hβ5 , δ5 i

hB6 , D6 i ⇒ hβ6 , δ6 i
hB7 , D7 i ⇒ hβ7 , δ7 i

∗ hB8 , D8 i ⇒ hβ8 , δ8 i

∗ hB9 , D9 i ⇒ hβ9 , δ9 i

hB10 , D10 i ⇒ hβ10 , δ10 i

hB11 , D11 i ⇒ hβ11 , δ11 i

At the ∗ – marked steps 3, 5, 8, 9, either a deletion or a replacement is
performed. In the above derivation, f (2) = 0, f (4) = 3, f (7) = 5, f (8) = 8.
The sequence hBi , Di i denotes the successive belief-disbelief pairs of sets
(called b-d states). The pair hβi , δi i denotes the belief-disbelief pair of formulas
obtained at the i-th stage from hBi , Di i by the base logics by one-step derivation.
Any such hBi , Di i is also said to be derived from the initial b-d state hB, Di.
The semantic relation for this logic can be defined in a similar fashion as the
syntactic one [4]. The derivation process describes the step-by-step reasoning
method that an agent performs while updating her beliefs and disbeliefs about
the world around. The interesting part is when the agent has some inconsistencies
in her mind. A procedure for removing such inconsistencies has been provided
above. These notions are formalized below.
Definition 2.3. A pair hB, Di is said to be incoherent iff there exists a b-d
state hBi , Di i derived from hB, Di, by the consequence relation , such that
(Bi ∪ {βi }) ∩ (Di ∪ {δi }) 6= ∅, where hBi , Di i ⇒ hβi , δi i is a sequent in the
derivation.
Definition 2.4. A pair hB, Di is said to be coherent iff it is not incoherent.
It can be shown that a pair hB, Di is incoherent iff {β : B `1 β} ∩ {δ : D `2 δ}
6= ∅. An agent’s natural state of mind is often incoherent in the above sense, and
the target is to reach a coherent state of mind through a reasoning process. This
exercise is meant to model such a process. The step-by-step derivation method
is meant to capture the dynamics of an agent’s reasoning. We will come back to
this discussion on the dynamic removal of agents’ inconsistencies in Section 4.
2.4

Modeling disbelief in terms of belief ordering

De Jongh and Ghosh [5] used the notion of belief ordering to describe disbeliefs.
The authors gave different status to belief and disbelief, considering belief to be
a more fundamental notion in lines of the BD-logic described in [3]. Describing
belief ordering explicitly provides this path of expressing the concept of disbelief.
In this sense, disbelieving a proposition means that the inclination to believe in
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its negation is stronger than the inclination to believe it. Consequently, disbelieving is a much weaker notion than believing the negation of the proposition,
but on the other hand, it should imply that one does not believe in the proposition. In other words, Dϕ is implied by B¬ϕ and implies ¬Bϕ but not the other
way around in either case.
Consider the following exemplification of such a situation. Due to the unpredictable weather conditions, Pam’s belief that it is not a good idea for her
to bike from Amsterdam to Leiden is much stronger than her belief that it is a
good idea. When options like these are available, it is very natural to have this
sort of ordering dilemma playing around people’s mind. This can be interpreted
as that Pam disbelieves that it is a good idea to bike, which evidently implies
that she does not believe that it is a good idea to bike. But she believes that it
is not a good idea to bike is a much stronger statement, which fails to express
the finer interplay of doubts that may be prevalent in one’s mind.
Before going any further, let us first introduce the framework of belief ordering. The language is defined as follows:
Definition 2.5. Given a countable set of atomic propositions Φ, formulas ϕ are
defined by the Backus-Naur form:
ϕ := ⊥ | p | ¬ϕ | ϕ ∨ ϕ | Bϕ | ϕ <B ψ
where p ∈ Φ.

The intuitive reading of the formula Bϕ is ϕ is believed, and that of ϕ <B ψ is
belief in ϕ is at least as strong as belief in ψ. We introduce the notations ϕ B ψ
for (ϕ <B ψ) ∧ ¬(ψ <B ϕ) and ϕ ≡B ψ for (ϕ <B ψ) ∧ (ψ <B ϕ). Intuitively, they
can be read as belief in ϕ is stronger than that in ψ and belief in ϕ and ψ are of
same strength, respectively. We now move on to define a model for this logic.
Definition 2.6. A model is defined to be a structure M = (S, ≤, ≥B , V ), where
S is a non-empty finite set of states, V is a valuation assigning truth values to
atomic propositions in states, ≤ is a quasi-linear2 order relation (a plausibility
ordering) over S, and ≥B is a quasi-linear order relation over P(S), satisfying
the conditions
1. If X ⊆ Y , then Y ≥B X
2. If B is the set of all ≤-minimal worlds (the set of most-plausible worlds,
called the center), then B ⊆ X and B 6⊆ Y imply X >B Y , where X >B Y
iff X ≥B Y and not (Y ≥B X).
3. If X is non-empty, then X >B ∅.
The truth definition for formulas ϕ in a model M is as usual with the following clauses for the belief and ordering modalities.
2

A binary relation ≤ on a non-empty set S is said to be quasi-linear if it is reflexive,
transitive and linear, i.e. a total pre-order. That we do take the order to be quasilinear, but not more generally a pre-order is not a matter of principle but rather of
convenience.
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M, s |= Bϕ iff M, t |= ϕ for all ≤-minimal worlds t.
M, s |= ϕ <B ψ iff {t | M, t |= ϕ} ≥B {t | M, t |= ψ}.
From the definition of B , it follows that:

M, s |= ϕ B ψ iff {t | M, t |= ϕ} >B {t | M, t |= ψ}.

It is clear that <B is a global notion: if ϕ <B ψ is true anywhere in the
model, then it is true everywhere. So, it is either true or false throughout the
model; <B is a global notion like B. It follows that B is also a global notion.
Going back to the notion of disbelief as presented in this work, the formal way
of representing it is as follows: Dϕ corresponds to ¬ϕ B ϕ: disbelieving ϕ means
that the inclination of believing in ¬ϕ is more than that in ϕ. Thus, disbelief is
given a global stance and the representation is different from that of belief which
is apparent from their respective interpretations. This also emphasizes the fact
that disbelieving something is different from both not believing as well as from
believing the negation.
A logic of belief and disbelief was introduced, and the authors provided a
complete axiomatization, which is presented below.
Definition 2.7. Given a countable set of atomic propositions Φ, formulas ϕ are
defined by the Backus-Naur form:
ϕ := ⊥ | p | ¬ϕ | ϕ ∨ ϕ | Bϕ | Dϕ
where p ∈ Φ.

Theorem 2.1. BD-logic is complete and its validities are completely axiomatized by the following axioms and rules:
a) all substitution instances of propositional tautologies and inference rules
b) all KD45 axioms and rules
c) disbelief axioms:
Dψ ∧ Dϕ → D(ψ ∨ ¬Dϕ)
¬Dϕ → DDϕ
Dϕ → ¬D¬ϕ
D⊥
d) special axioms:
Bϕ → D¬ϕ
Dϕ → BDϕ
e) anti-monotone rule:
if ϕ → ψ then Dψ → Dϕ.
Here, the KD45 logic denotes the usual logic representing the belief modality.
For more details, see [18].
One can show that the intuitively incorrect principle discussed in Section 2.2,
Dϕ ∧ Dψ → D(ϕ ∨ ψ), can be avoided in the BD-logic.
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2.5

A modal logic of belief and disbelief

In [6], Ghosh and Veláquez-Quesada proposed a bi-modal framework that allows
to express various kinds of attitudes toward a formula ϕ. Once again, the aim was
to deal with negative attitudes of agents on a par with their positive attitudes. An
extension of the classical modal language was introduced that allows to express
both positive and negative attitudes explicitly.
Definition 2.8. Let P be a set of atomic propositions. Formulas ϕ of the language L are given by
ϕ ::= p | ¬ϕ | ϕ ∧ ϕ | [+]ϕ | [−]ϕ
with p ∈ P. Formulas of the form [+]ϕ ([−]ϕ) are read as the agent has a positive
(negative) attitude towards ϕ. The corresponding diamond modalities are defined
in the usual way.
Definition 2.9 (Dual model). Given a set of atomic propositions P, a dual
model is a tuple M = hW, R+ , R− , V i where W is a non-empty set of worlds, R+
and R− are binary relations on W and V : P → ℘(W ) is a valuation function.
We denote by M the class of all semantic models.
The difference between this system and an ordinary bi-modal framework
relies on the interpretation of negative attitude formulas [−]ϕ.
Definition 2.10. Let M = hW, R+ , R− , V i be a dual semantic model and let w
be a world in it. Atomic propositions, negation and conjunction are interpreted
as usual. For the modalities, we have
(M, w) |= [+]ϕ
(M, w) |= [−]ϕ

iff
iff

for all w0 such that R+ ww0 , (M, w0 ) |= ϕ
for all w0 such that R− ww0 , (M, w0 ) |= ¬ϕ.

We would refer to [+] and [−] as universal modalities, and the corresponding diamond modalities as the existential ones. The authors also considered a
particular interpretation of the [+] and the [−] modalities: belief and disbelief.
As mentioned earlier, some intuitive ways to relate them are: disbelieving ϕ is
a stronger notion than not believing in ϕ, whereas believing in ¬ϕ should imply
disbelieving ϕ. In what follows, the model and axiom system of the belief-disbelief
logic (LBD ) are provided.
Definition 2.11. Let MBD denote the class of models for which the positive
and negative relations, now denoted by RB and RD , are serial, reflexive and
b
Euclidean. Their respective universal modalities are given by B and D (with B
b denoting the corresponding existential ones).
and D

Theorem 2.2. The logic LBD given by the axiom system below is sound and
complete with respect to MBD .
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P

MP If ` ϕ and ` ϕ → ψ, then ` ψ

All instances of propositional tautologies

K+ ` B(ϕ → ψ) → (Bϕ → Bψ)
Gen+ If ` ϕ, then ` Bϕ

K- ` D(ϕ ∧ ψ) → (D¬ϕ → Dψ)
Gen- If ` ¬ϕ, then ` Dϕ

b
D+ ` B ϕ → Bϕ
4+ ` B ϕ → B B ϕ
5+ ` ¬ B ϕ → B ¬ B ϕ

b
D- ` D ϕ → Dϕ
4- ` D ϕ → D ¬ D ϕ
5- ` ¬ D ϕ → D D ϕ

This can be considered as a minimal logic of belief and disbelief. To make
things more interesting and useful one should have inter-relations between the
belief and disbelief modalities. The table below lists interesting axioms and the
criteria they characterize in the class of BD-frames.
C
BD
DB
Intro1
Intro2

3

` Dϕ → ¬Bϕ
` B ¬ϕ → D ϕ
` D ¬ϕ → B ϕ
` Dϕ → BDϕ
` Bϕ → D¬Bϕ

Mc
Mbd
Mdb
MI-1
MI-2

∀w ∈ W , RB [w] ∩ RD [w] 6= ∅
RD ⊆ RB
RB ⊆ RD
wRB w0 ∧ wRD w00 ⇒ w0 RD w00
wRD w0 ∧ wRB w00 ⇒ w0 RB w00

A comparative study

We have seen a plethora of frameworks that consider disbelief as a separate
epistemic attitude in addition to belief. The natural question that arises here
is: Are there any correspondences between this variety of frameworks? In this
section we give a partial answer to this question based on the various studies
that have been done over the years.
3.1

Belief-disbelief logics in a bi-logic framework

A detailed analysis of the various properties of the different logics presented
in [3] in terms of the bi-logic framework can be found in [4]. We now consider a
few of those properties to show the inter-dependence of the frameworks of [3].
1. If ΓD `2 α and ΓD `2 β then ΓD `2 α ∨ β.
2. If ΓD `2 α then ¬ΓD `1 ¬α.

(role of negation-I)

3. If ΓB `1 β for all β then ¬ΓB `2 β for all β.
4. If ΓD `2 α then ΓD ∪ {¬α} `2 β for all β.
5. If ΓD `1 ¬α then ΓD `2 α.

(disjunctiveness)
(belief-disbelief consistency)
(disbelief consistency)

(role of negation-II)
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These properties state interconnections between the dual consequence relations `1 and `2 and the negation in the bi-logic framework. The summary of
the analysis is presented in the following table.

WBD
GBD
BD

1
×
√

2
√
√

×

×

3
×
√
√

4
×
√
×

5
×
×
√

Inter-dependences:
– WBD and GBD - From column 1 it is clear that GBD is not contained in
WBD, and it can be proved that WBD is contained in GBD.
– WBD and BD - Independence follows from columns 2 and 3.
– GBD and BD - Independence follows from columns 4 and 5.
3.2

Embedding Gomolinska’s logic in a modal framework

It has been shown in [6] that the logic of acceptance and rejection [1] corresponds to the modal framework of beliefs and disbeliefs proposed in [6]. A brief
discussion is provided in the following.
It is a well-known result that Moore’s autoepistemic logic corresponds to the
nonmonotonic modal logic weak S5, in particular the K45-logic (see [19] for a
detailed discussion). A similar correspondence has been shown between AEL2 [1]
and a modal framework of belief and disbelief that is very close in spirit to what
is proposed in [6]. Consider the following axioms:
B1 B(ϕ → ψ) → (Bϕ → Bψ)
B2 Bϕ → BBϕ
B3 ¬Bϕ → B¬Bϕ

D1 D(ϕ ∧ ψ) → (D¬ϕ → Dψ)
D2 Dϕ → ¬DDϕ
D3 ¬Dϕ → ¬D¬Dϕ

Let the underlying language be that of LBD . Let L1 be the logic axiomatised by
the propositional tautologies, B1 , B2 , and B3 , M P and B- necessitation rule, and
let L2 be the logic axiomatised by the propositional contradictions, D1 , D2 , and
D3 , Rej and D-necessitation rule. The basic idea is to simulate the consequence
closure and the groundedness properties of the stable expansions in AEL2. The
notion of BD-dual extensions of a pair of accepted and rejected sets of formulas
is defined in the following.
Definition 3.1. (T1 , T2 ) is said to be a BD-dual extension of (I1 , I2 ) if,
T1 = {ψ | I1 ∪ {¬Bϕ : ϕ 6∈ T1 } ∪ {Dϕ : ϕ ∈ T2 } ∪ {¬Dϕ : ϕ 6∈ T2 } `L1 ψ};
T2 = {ψ | I2 ∪ {¬Bϕ : ϕ ∈ T1 } ∪ {Bϕ : ϕ 6∈ T1 } ∪ {¬Dϕ : ϕ ∈ T2 } `L2 ψ}.

The following proposition [6] brings out the equivalence of the frameworks.

Proposition 3.1. (T1 , T2 ) is a consistent stable AEL2 expansion of (I1 , I2 ) iff
(T1 , T2 ) is a BD-dual extension of (I1 , I2 ).
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3.3

Embedding different logics of belief and disbelief in a modal
framework

A semantic correspondence (shown in [6]) is now provided between the logics
developed in [3] and the modal frameworks developed in [6]. One should first
note that in the modal language proposed in [6], an agent can have beliefs and
disbeliefs not only about propositional ontic facts, but also about her own beliefs
and disbeliefs.
For a semantic comparison, note how in [3], the agent’s beliefs are given by M :
the set of worlds (situations) she considers possible. She believes everything that
is true in all the worlds (situations) in M , just like a standard modal operator.
This coincides with the positive attitudes of the modal approach.
On the other hand, the agent’s disbeliefs in [3] are not given by a single set
of worlds, but by several of them: N = {N1 , . . . , Nk } where k is finite. It is said
that the agent disbelieves φ when φ is true in all worlds in Ni , for some Ni ∈ N .
More precisely, the agent’s disbeliefs are not given by a single universal modality
but by a combination of an existential and then a universal one.
Evidently, one can build up a Kripke model that encodes the information of a
given WBD model. The idea behind the construction is the following. Consider
a WBD model M = hM, N i in which N is finite, and denote by k its number of
elements. An extension of the dual models (cf. Section 2.5) is built in which the
domain consists of all the possible valuations for the given atomic propositions.
Since the formulas are evaluated in pointed dual models, an evaluation world w
is needed - any world in the dual model works. For representing beliefs, it is only
needed to make RB -accessible from w exactly those situations (valuations) the
agent considers possible in M, that is, one should connect w by means of RB ,
with all valuations in M . The representation of disbeliefs is different since the
approach in [3] considers a set of sets of worlds. So first one fixes k worlds in the
dual model, w1 , . . . , wk , each one of them standing for one of the sources that
an agent has. Then, for every i ∈ {1, . . . , k}, one makes RD -accessible from wi
exactly the worlds the source i considers possible. What is left now is to indicate
that the agent indeed has these k sources from the evaluation point w, and for
this an auxiliary relation RsB is used that connects this w with every wi . Here
follows a formal definition of the model construction.
Definition 3.2. Let P be a set of atomic propositions and let M = hM, N i be
a WBD model based on them, with N = {N1 , . . . , Nk } (i.e, N is finite). Recall
that V is the set of all propositional valuations over P , and denote by Vp the
set of propositional valuations in V that make p true. The extended dual model
MM = hW, RB , RsB , RD , V i has as domain the set of all valuations for P , that
is, W := V. Now select arbitrary k + 1 worlds w, w1 , . . . , wk in W .
– Define RB wu iff u ∈ M . This way one indicates that, at w, the positive
relation can reach exactly all the situations u the agent considers possible in
the WBD model M.
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– For each i ∈ {1, . . . , k}, define RD wi 0 u iff u ∈ Ni . This way one indicates
that, at each wi , the negative relation RD can reach exactly all the situations
u the negative source i considers possible in the WBD model M.
– Define RsB wwi for every i ∈ {1, . . . , k}. This way one states that w can reach
exactly all the wi worlds (RsB is the source relation).
– For every atomic proposition p, define V (p) := Vp .
The properties of a WBD model that give rise to the logics WBD, GBD,
BD and BN are directly encoded.
– A model M = hM, N i for the logic GBD has been defined as a WBD model
in which N is a singleton. This produces a model MM in which RsB [w] is a
singleton.
– A model M = hM, N i for the logic BD has been defined as a WBD model
in which every N ∈ N is a subset of M . This produces a model MM in which
RD [wi ] is a subset of RB [w] for every i ∈ {1, . . . , k}.

– A model M = hM, N i for the logic BN has been defined as a model for
the logic BD with the additional property that M is a subset of every N ∈
N . This produces a model MM where, besides having RD [wi ] ⊆ RB [w] for
every i ∈ {1, . . . , k}, we have RB [w] ⊆ RD [wi ]. This of course implies that
RD [wi ] = RB [w], for every i ∈ {1, . . . , k}.

For this special dual model, a modality is used for each relation. The relations
RB , RsB are positive and RD is negative, that is, for every world w ∈ W ,
(MM , w) |= B ϕ iff for all w0 such that RB ww0 , (MM , w0 ) |= ϕ
(MM , w) |= Bs ϕ iff for all w0 such that RsB ww0 , (MM , w0 ) |= ϕ
(MM , w) |= D ϕ iff for all w0 such that RD ww0 , (MM , w0 ) |= ¬ϕ

The following proposition is immediate.

Proposition 3.2. Let P be a set of atomic propositions and let M = hM, N i be
a WBD model based on them, with N finite. For every propositional formula γ,
it can be shown
M |= γ
M |= γ

iff
iff

(MM , w) |= B γ
cs D γ
(MM , w) |= B

The particular semantic requirements of the logics GBD, BD and BN correspond to the same semantic requirements as for extended dual models.
We have already seen that modeling the notion of disbelief in terms of possible
worlds and accessibility relations, similar to the way one models beliefs can
provide a uniform framework of belief and disbelief [6]. The comparative study
that has been presented in this section shows that such a modal framework may
capture all the intuitive properties of an agent’s disbelief. Thus we can use the
results of modal logic to investigate the finer inter-dependences between belief
and disbelief.
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4

Believing and disbelieving: removal of uncertainties

It is very natural for an agent to have uncertainties over certain propositions,
which could be ideally represented as agents having both belief and disbelief
or neither regarding certain facts. One can even think of having both belief
and disbelief over certain facts as an inconsistent state of mind of the agent.
We have already described a framework (see Section 2.3) which provides a finetuned procedure for removal of inconsistencies/uncertainties in an agent’s mind
by some choices that the agent makes in the course of her derivation process. In
this section the preliminaries of a dynamic framework are introduced that can
deal with such removal processes, in the spirit of dynamic epistemic logics [20].
We should mention here that, in this case also, we are giving an overview of the
work done in [6].
The system proposed in Section 2.5 represents belief and disbelief by means
of two modalities to construct formulas of the form Bϕ and Dϕ. While the first
one is true at a world w iff ϕ is true in all the worlds RB – reachable from w, the
second is true at a world w iff ϕ is false in all the worlds RD – reachable from w.
When the two relations are same, one gets the validity Dϕ ↔ B¬ϕ indicating
that the agent disbelieves a proposition iff she believes in its negation. This
actually says that, when RB = RD , disbelief collapses into classical negation,
and therefore we get the classical normal modal logic system, K.
But from a more dynamic perspective, the case in which RB = RD , that is
the K case, can be thought of not as a particular case of the static system, but
as a possible result of some dynamic extension. In other words, the ideal system
K in which disbeliefs coincide with classical negation, can be seen not as the
state of an ideal static agent, but as the possible final state of a non-ideal but
dynamic one who can perform actions that make the two relations the same.
This section looks briefly at possible results of such actions.
There are various ways to generate a new relation from two others, and in this
case they represent the different policies through which the agent ‘merges’ her
beliefs and disbeliefs. For example, she can be drastic in two different ways: give
up her negative attitude (R := RB ) or give up her positive attitude (R := RD ).
More reasonable are the policies that actually combine the two relations, like
R := RB ∪ RD .
Definition 4.1 (Merging policies). Let M = hW, RB , RD , V i be a dual model.
The relation R of a dual model hW, R, V i that results from the agent’s merging
of her beliefs and disbeliefs can be defined in several forms:
R := RB (the drastic positive policy; new model denoted by MB ).
R := RD (the drastic negative policy; new model denoted by MD ).
R := RB ∪ RD (the liberal combining policy; new model denoted by M∪ ).
R := α(RB , RD ), where α(RB , RD ) is a PDL-expression [21] based on RB and
RD (the PDL policy; new model denoted by Mα ).
− R := RB ∩ RD (the skeptic combining policy; new model denoted by M∩ ).

−
−
−
−
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− R := RB \ RD (new model denoted by M± ).
− R := RD \ RB (new model denoted by M∓ ).

For each policy ◦, a modality [m◦ ] can be defined for building formulas of
the form hm◦ iϕ, read as there is a way of merging attitudes with policy ◦ after
which ϕ is the case. Their semantic interpretation is given by:
(M, w) |= hm◦ iϕ

iff

(M◦ , w) |= ϕ

Now, for an axiom system, one can provide reduction axioms for each such
policy. In each case, the relevant ones are those describing the way the new
relations are created.
b ↔ Bhm
b B iϕ
hmB iBϕ
b
b
hmB iDϕ ↔ BhmB i¬ϕ

The drastic positive policy:

b ↔ Dhm
b D i¬ϕ
hmD iBϕ
b ↔ Dhm
b D iϕ
hmD iDϕ

The drastic negative policy:

b ↔ Bhm
b ∪ iϕ ∨ Dhm
b ∪ i¬ϕ
hm∪ iBϕ
b
b
b ∪ iϕ
hm∪ iDϕ ↔ Bhm∪ i¬ϕ ∨ Dhm

The liberal combining policy:

For ∗-free PDL policies, reduction axioms for each particular α(RB , RD ) can
be obtained by following the technique introduced in [22]. To get sound and
complete reduction axioms for the policies involving ∩ and \, it may be needed
to extend the language with nominals.
But we do not only need to look at actions that create a single relation in one
shot. We can also look at procedures in which the single relation is a long-term
result of small operations that merge the two of them in a step-wise form. This
will be more in the line of the procedural framework described in Section 2.3.
Consider the following issues, i) analyzing the merging policies in more detail,
and ii) constructing a dynamic framework that can describe the smaller steps
taken in achieving the ultimate goal, that is of removing inconsistency. These
are some natural research questions that can be investigated further.

5

Concluding remarks

In this contribution to the festschrift volume for Mihir Chakraborty, we have
attempted to provide a fresh look at the different frameworks of disbelief which
has been a topic of his interest over the years. As it is evident from the discussions
above, there are various loose ends to tie up, specially with respect to the study
on the inter-dependence between belief and disbelief. Another interesting area of
future research constitutes the study of the dynamics of removing uncertainties
or inconsistencies present in an agent’s epistemic state.
Acknowledgements: We thank Rineke Verbrugge for patiently reading a preliminary version of this article. Her comments helped us to give this article its
present form.
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Topological systems, Topology and Frame:
in fuzzy context
Purbita Jana
Topology via Logic [2] is an inspiring work. This book gives some idea about
the interconnection between Topological systems, Topology and Frame. We are
investigating a similar interconnection with regard to Fuzzy Topological System,
Fuzzy Topology and Frame.
Interconnection between Boolean Systems, Topology and Boolean Algebra
was investigated in my project work at the Institute for Logic, Language and
Computation, Amsterdam. That work gave us Stone duality as a result. We now
want to see whether it can be extended to the fuzzy case as well.
The idea present in the work in “Fuzzy Topology and Lukasiewicz Logics
from the Viewpoint of Duality Theory” [1], where “fuzzy topological duality for
the algebras of Lukasiewicz n-valued truth constant” is established, is somehow
similar to ours.
We have already worked out n-Fuzzy Boolean System. Further, we have investigated interconnection between n-Fuzzy Boolean System and Lukasiewicz
n-valued logic with truth constants. Interconnection between n-Fuzzy Boolean
System and n-Fuzzy Boolean Space has also been investigated.
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Generalizations and Logics of Rough Set Theory?
Md. Aquil Khan

1

Introduction

Rough set theory, introduced by Pawlak, is based on the concept of approximation
space [35] which is defined as a tuple (W, R), where R is an equivalence relation
on the set W . Any concept represented as a subset (say) X of the partitioned
domain W , is then approximated from ‘within’ and ‘outside’, by its lower and
upper approximations given as X R := {x : [x] ⊆ X} and X R := {x : [x] ∩ X 6=
∅} respectively. Here, [x] denotes the equivalence class of x ∈ W . Given an
approximation space (W, R) with a finite W , the rough membership function
|[x] ∩ X|
f : W × 2W → [0, 1] is defined as f (x, X) =
, x ∈ W, X ⊆ W . Note
|[x]|
/ X R.
that f (x, X) = 1 if and only if x ∈ X R , and f (x, X) = 0 if and only if x ∈
A practical source of a Pawlak approximation space is an information system
[35], formally defined as a tuple S := (W, A, {V ala }a∈A , f ), consisting of a nonempty set W of objects, a non-empty set A of attributes,
a non-empty set V ala of
S
attribute values for each a ∈ A, and f : W × A → a∈A V ala such that f (x, a) ∈
V ala . Any information system S := (W, A, {V ala }a∈A , f ) and B ⊆ A would
induce an ‘indiscernibility’ relation IndS (B) on W :
x IndS (B) y if and only if f (x, a) = f (y, a) for all a ∈ B.
Thus, given an information system S, and a set B of attributes, we obtain an
approximation space (U, IndS (B)).
Note that the above notion of information system can
S be generalized by considering the function f to be a mapping from W ×A to 2 a∈A V ala . Such an information system is called non-deterministic information system. A non-deterministic
information system induces the following relations apart from the indiscernibility.
(Similarity) x SimS (B) y if and only if f (x, a) ∩ f (y, a) 6= ∅ for all a ∈ B.
(Inclusion) x InS (B) y if and only if f (x, a) ⊆ f (y, a) for all a ∈ B.
Since the inception of rough set theory, a large number of high quality papers
on various aspects of rough sets and their applications have been published. In
this article, our aim is to present a survey of the works related to two important
directions of research on rough set theory, viz. generalizations of Pawlak’s rough
set approach, and logical aspects of rough set theory.
?

I dedicate this article to our beloved teacher M. K. Chakraborty

143

2

Generalized rough set models

Over the years it has been observed that Pawlak’s simple idea of rough set
theory needs extensions to make it applicable in different practical situations.
As a consequence of it, one can find several generalizations of rough set theory
in literature. In this section, we present some of these generalizations.
2.1

Approximation space with relation other than equivalence

Most natural generalization is the one where the relation R is not necessarily
an equivalence. So different types of R gives different useful generalizations of
the Pawlak rough set model. For instance, in [41, 25], tolerance approximation
space is considered which is a tuple (U, R) with tolerance, i.e with a reflexive
and symmetric relation R. The notion of lower and upper approximations in
these generalized approximation spaces are defined in standard way as follows.
Let R(x) := {y ∈ U : (x, y) ∈ R}. Then for X ⊆ U , X R := {x ∈ U : R(x) ⊆ X}
and X R := {x ∈ U : R(x) ∩ X 6= ∅}.
2.2

Multiple relation approximation space

Another natural generalization of approximation space is one where we consider a
number of relations instead of just one. In [35], a relational system K := (U, R)
is considered, where R is a family of equivalence relations. Moreover, for any
P ⊆ R and P 6= ∅, the equivalence relation IN D(P ), which is the intersection
of all equivalence relations belonging to P , is considered. One can view R as the
collection of indiscernibility relations corresponding to individual attributes. So,
for P ⊆ R, IN D(P ) is the indiscernibility relation corresponding to the set of
attributes consisting of precisely those attributes, the corresponding indiscernibility relation of which are in P . This intuition is more explicitly represented by
information structure proposed by Orlowska [30]. It is a structure of the form
(U, {RB }B⊆A ), where A is a non-empty set of parameters or attributes and for
each B ⊆ A, RB is an equivalence relation on U satisfying,
R∅ = U × U

RB∪C = RB ∩ RC .

(1)
(2)

Condition 1 signifies that we can distinguish objects only using the information
about the objects regarding the attributes. We note that given an information
system S := (W, A, {V ala }a∈A , f ), the structure (W, {IndS (B)}B⊆A ) is an information structure. For every information structure (W, {RB }B⊆A ), can we determine an information system S := (W, A, {V ala }a∈A , f ) such that IndS (B) = RB
for all B ⊆ A? The answer is yes, provided A is finite. This is due
T to the fact that
an information structure may not have the property RB = b∈B
T R{b} , B ⊆ A
as shown in Example 1 below, but we always have IndS (B) = b∈B IndS ({b}).
144

Example 1. Consider F := (U := {x, y}, {RB }B⊆A ) where RB := U × U for any
finite subset B of A,
T while RB := IdU for infinite B. Note that for any infinite
B, we have RB 6= b∈B R{b} .

Given the collection of indiscernibility relations corresponding to different
sets of attributes, one can define different operations on this collection to obtain new properties. For instance, in [11], the intersection and transitive closure of union of indiscernibility relations is considered. A structure of the form
(U, {Ra }a∈REL ) is defined, where REL is a set of relational expressions built
inductively using a set R of relational variables and two binary operations ∩
and ] such that
– for each a ∈ REL, Ra is an equivalence relation on U ,
– for a, b ∈ REL, Ra∩b = Ra ∩ Rb and Ra]b = (Ra ∪ Rb )+ (transitive closure
of Ra ∪ Rb ).

Let us call the above structure, a data analysis logic structure, or in brief, a
DAL-structure. A variant of DAL-structure is considered in [12], where Ra]b is
taken as Ra ∪Rb , keeping all the other conditions same as in DAL-structure. Let
us call it a DALLA-structure. So every DALLA-structure is a DAL-structure,
but not conversely.
Collection of equivalence relations over the same domain is also considered
in [39], but the motivation is different from the structures discussed earlier.
Multi-agent scenario is considered where each agent has its own knowledge base
represented by an equivalence relation. Thus in [39], a structure of the form
(U, {Rt }t∈T ) is considered, where T is a set of terms built using a set T of
individual agents and two binary operations ∧ and ∨ such that
– for each a ∈ T , Ra is an equivalence relation on U ,
– for a, b ∈ T ,
U/Ra∨b := {[x]Ra ∩ [y]Rb : [x]Ra ∩ [y]Rb 6= ∅} and
U/Ra∧b := {[x]Ra ∪ [y]Rb : [x]Ra ∩ [y]Rb 6= ∅}.
If Ra and Rb represents the knowledge base of the agents a and b respectively,
then Ra∨b and Ra∧b are respectively called the strong distributed knowledge base
and weak distributed knowledge base of the group {a, b} of agents. Note that
Ra∨b = Ra ∩ Rb and hence notion of strong distributed knowledge base can be
identified with the notion of distributed knowledge in epistemic logic [8].
Multiple agent scenario is also considered in [23], although a more general
term ‘source’ is used. The notion of multiple-source approximation system with
distributed knowledge base (M SAS D ) is used to represent such a situation. It is
given by a tuple F := (U, {RP }P ⊆N ), where U is a non-empty set, N an initial
segment of the set N of positive integers and for each P ⊆ N, RP is a binary
relation on U satisfying the following:
(M1) RP is T
an equivalence relation;
(M2) RP = i∈P Ri , for each P ⊆ N .
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For i ∈ N , R{i} denotes the knowledge base of the ith source of the system.
It is observed that, either of the following approaches can be taken to obtain
notions of approximations in the multiple source situation. One may define upper and lower approximations with respect to each source, and then combine
them (via conjunction or disjunction). On the other hand, one may also define
a new relation using the (equivalence) relations attached to each source and
then construct the upper and lower approximations with respect to this new
relation. Note that the approximations with respect to strong/weak distributed
knowledge base considered in [39] are instances of this approach. Moreover, the
approximations defined in [24] are also based on this idea. We shall discuss it in
Sect. 2.5. The notions of strong/weak lower and upper approximations proposed
in [23], on the other hand, are based on the first approach. Let us consider a
M SAS D F := (U, {RP }P ⊆N ). Then, corresponding to each P (6= ∅) ⊆ N , the
notions of strong lower approximation X s(P ) , weak lower approximation X w(P ) ,
strong upper approximation X s(P ) , and weak upper approximation X w(P ) are
defined as follows.
X s(P )F :=
X s(P )F :=

T

Ti∈P

X Ri ; X w(P )F :=

i∈P X Ri ;

X w(P )F :=

S

Si∈P

X Ri .

i∈P X Ri .

Observe that in the special case when |N | = 1, the weak/strong lower and upper
approximations are just the standard Pawlak’s lower and upper approximations
respectively.
In the above considered structures, only a collection of equivalence relations
over the same domain is considered. This can be further generalized by considering a collection of relations other than equivalence, or even a collection of
different types of relations over the same domain. For instance, in [33], a structure of the form (U, {Ri }i∈I ), called dynamic space, is considered, where {Ri }i∈I
is a family of binary relations. On the other hand, in [42], N IL-structure (nondeterministic information logic structure) is defined which is a structure of the
form (U, S, R), where R and S are binary relations on U satisfying the following.
1.
2.
3.
4.

(x, x) ∈ R ∩ S.
if (x, y) ∈ R and (y, z) ∈ R then (x, z) ∈ R.
If (x, y) ∈ S, then (y, x) ∈ S.
If (x, y) ∈ S, (x, u) ∈ R, (y, v) ∈ R, then (u, v) ∈ S.

Note that given a non-deterministic information system K := (U, A, {V ala }a∈A , f ),
(U, SimK (A), InK (A)) is a N IL-structure, called standard N IL-structure. Moreover, in [42], the following proposition is proved.
Proposition 1. Every N IL-structure is standard, that is, given a N IL-structure
(U, S, R), there exists a non-deterministic information system K := (U , A,
{V ala }a∈A , f ) such that SimK (A) = S and InK (A) = R.
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2.3

Rough set models based on covering and neighborhood system

Pawlak approximation space can also be generalized by considering a covering
of the domain instead of partition. By aScovering of a domain U , we mean a
collection of subsets {Ci } of U such that Ci = U . Thus, every partition is also
a covering. Given a covering C := {Ci } of U , the followingSfour types of lower
and upper approximations are defined in [36]. Let NxC := {Ci : x ∈ Ci } and
PxC := {y ∈ U : ∀Ci (x ∈ Ci ⇔ y ∈ Ci )}.
1. C 1 (X) := {x : NxC ⊆ X}.
S
1
C (X) := S{Ci : Ci ∩ X 6= ∅}.
2. C 2 (X) := {NxC : NxC ⊆ X}.
1
C
C
C (X) := {z
S : ∀x(z ∈ Nx ⇒ Nx ∩ X 6= ∅)}.
3. C 3 (X) := {Ci : Ci ⊆ X}.
3
C (X) := {y
S : ∀Ci (y ∈ Ci ⇒ Ci ∩ X 6= ∅)}.
4. C 4 (X) := {PxC : PxC ⊆ X}.
S
4
C (X) := {PxC : PxC ∩ X 6= ∅}.

Note that all of the above four notions of lower and upper approximations coincide with the Pawlak’s standard notion of lower and upper approximations when
the covering {Ci } is actually a partition of U , i.e. when it satisfies the additional
property Ci ∩ Cj 6= ∅ ⇒ Ci = Cj .
The above notion of approximation space based on covering is further generalized in [26]. A neighborhood system is considered in [26], defined as a tuple
U
(U, N ), where N : U → 22 satisfies the following:
1. ∅ ∈
/ N (x) for all x ∈ U ,
2. for all x ∈ U and X ⊆ Y ⊆ U , if X ∈ N (x), then Y ∈ N (x).

The lower and upper approximation of a set X, denoted by N (X) and N (X), is
then defined as follows:
N (X) := {x ∈ U : ∃Y ∈ N (x), Y ⊆ X}

N (X) := {x ∈ U : ∀Y ∈ N (x), Y ∩ X 6= ∅}.

Note that given a generalized approximation space (U, R), R being any binary
relation, one can define the neighborhood system (U, N ), where N (x) := {X ⊆
U : R(x) ⊆ X}. Moreover, we obtain N (X) = X R and N (X) = X R .
Let C := {Ci } be a covering of a domain U . Let us consider the neighborhood
system (U, N C ), where N C (x) := {Ci : x ∈ Ci }. Then we have the following
proposition relating the covering and neighborhood based rough set models.
Proposition 2. 1. Neighborhood system (U, N C ) satisfies the following.
(a) x ∈ X ∈ N C (y) ⇒ X ∈ N C (x);
(b) X ∈ N C (x) ⇒ x ∈ X;
(c) N C (x) 6= ∅ for all x ∈ U .
2. N C (X) = C 3 (X) and N C (X) = C 3 (X), where C 3 (X) and C 3 (X) are defined
above.
3. Given a neighborhood system (U, N ) satisfying (1a)-(1c), there exists a covering C of U such that N C = N .
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2.4

Rough set models based on membership functions

In [45], variable precision rough set model (VPRS-model) is proposed which is
based on the Pawlak approximation space (with finite domain) together with a
generalized notion of lower and upper approximation. In fact, the notion of lower
approximation is generalized by replacing the inclusion relation with a majority
inclusion relation in the original definition of Pawlak lower approximation of a
set. For β ∈ [0, 12 ), majority inclusion relation ⊆β is defined as follows:
X ⊆β Y if and only if C(X, Y ) ≤ β,
|
where C(X, Y ) = 1 − |X∩Y
|X| , if |X| > 0; otherwise, C(X, Y ) = 0.
Note that C([x]R , X) = 1 − f ([x]R , X), f being the rough membership function.
Now, using ⊆β , the β-lower approximation Rβ X and β-upper approximation
Rβ X of a set X ⊆ U is defined as follows:

Rβ X := {x ∈ U : [x]R ⊆β X} = {x ∈ U : f ([x]R , X) ≥ 1 − β},

Rβ X := {x ∈ U : C([x]R , X) < 1 − β} = {x ∈ U : f ([x]R , X) > β}.

Observe that R0 X = X R and R0 X = X R .
Note that the definitions of the membership function, β-lower and upper approximations are well defined when the domain U is finite. But these may not
be well defined when U is infinite. This problem is dealt with by introducing
probabilistic approximation space defined as the tuple (U, R, P r), where (U, R)
is a Pawlak approximation space and P r is a probability distribution on U . In
that case, one modify the rough membership function as
P r([x]R ∩ X)
.
P r([x]R )

f (x, X) :=

When U is finite and P r is a uniform distribution, we just obtain the rough
membership function. Now, by replacing the rough membership function with
the above modified membership function in the definition of β-lower and upper approximations, we obtain the corresponding notions in the probabilistic
approximation space (U, R, P r).
The rough membership function is an absolute rough membership function
in the sense that it takes into account the objects from the set [x]R only, and not
the objects outside [x]R . The relative rough membership functions are considered
in [13] which depends on the objects from the set [x]R as well as the objects
outside it. Different types of relative rough membership functions are defined in
the following:
d(x, X) :=
r(x, X) :=

|[x]R ∩X|
− |X|
|[x]
|U |
hR |
i
R ∩X| |X|
log |[x]
/
|[x]R |
|U |

l(x, X) := log

h

|[x]R ∩X| |[x]R ∩(U \X)|
/ |U \X|
|X|

i
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f (x, X) :=
s(x, X) :=
b(x, X) :=

h

|[x]R ∩X|
\X)|
− |[x]R|U∩(U
|X|
\X|
|[x]R ∩X|
|(U \[x]R )∩X|
|[x]R | −
|U \[x]R |
|[x]R ∩X|
|[x]R | |X|
−
|U |
|U | |U | .

i h
R ∩X|
/ |[x]|X|
+

|[x]R ∩(U \X)|
|U \X|

i

Using the relative membership function C(x, X), the following parametrized
lower and upper approximations of a set X is defined. Let t, q be two real numbers
such that 0 ≤ q ≤ t ≤ 1 and α, β, α ≥ β be two real values in the range of
variation of C(x, X). Then
|[x]R ∩ X|
≥ t and C(x, X) ≥ α},
|[x]R |
|[x]R ∩ X|
Rq,β (X) = {x ∈ U :
> q and C(x, X) > β}.
|[x]R |
Rt,α (X) = {x ∈ U :

Note that Pawlak rough set model is obtained when t = 1, q = 0, α = β =
min{C(x, X) : x ∈ U and X ⊆ U }. Moreover, VPRS model is obtained when
0 ≤ q ≤ t ≤ 1, α = β = min{C(x, X) : x ∈ U and X ⊆ U }.
2.5

Fuzzy approximation space

In [7], the Pawlak approximations space is generalized by bringing the notion of
fuzzy sets. A fuzzy approximation space is defined as a tuple (U, R), where R is
now a fuzzy binary relation on U , i.e. R : U × U → [0, 1]. The fuzzy lower and
upper approximation RF, RF : U → [0, 1] of a crisp or fuzzy subset F of U is
defined as follows:
RF (u) := inf R(u, v) →∗ F (v),
v∈U

RF (u) := sup R(u, v) ∗ F (v),
v∈U

where ∗ : [0, 1] × [0, 1] → [0, 1] is a t − norm and →∗ : [0, 1] × [0, 1] → [0, 1] is
the S-implication with respect to ∗ defined by a →∗ b := 1 − (a ∗ (1 − b)). In
particular, when F is a crisp subset of U , the above two equations reduce to
RF (u) := inf 1 − R(u, v),
v ∈F
/

RF (u) := sup R(u, v).
v∈F

In order to handle multiple agent situation, [24] considered a special type of
fuzzy approximation space, called [0, 1] ∩ Q-tolerance space. It is a fuzzy approximation space G := (U, R) satisfying the following additional conditions: for all
x, y ∈ U ,
– R : U × U → [0, 1] ∩ Q.
– (reflexivity) R(x, x) = 1.
– (symmetry) R(x, y) = R(y, x).
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The following notions of apprpoximations based on [0, 1] ∩ Q-tolerance spaces
are proposed in [24]. For a [0, 1] ∩ Q-fuzzy approximation space G := (U, R),
x ∈ U and a threshold λ ∈ (0, 1] ∩ Q, we will write x ↑λ to denote the set
{y ∈ U : R(x, y) ≥ λ}. The lower approximation LG and upper approximation
UG of X of degree λ ∈ (0, 1] ∩ Q are then defined as follows:
LG (X, λ) := {x ∈ U : x ↑λ ⊆ X}, UG (X, λ) := {x ∈ U : x ↑λ ∩X 6= ∅}.
We note that in a [0, 1] ∩ Q-fuzzy approximation space G := (U, R) with finite
R[U × U ], we obtain the following relationship between the notions of approximations defined in [7] and [24]:
x ∈ UG (X, λ) if and only if RX(x) ≥ λ.

3

Logics for indiscernibility relation

In this section, we will survey some of the logics defined for rough set theory.
Some parts of this section has appeared in [4], where logics for rough set theory
were surveyed. But here we restrict our study to the logics for the indiscernibility
relations only. Moreover, it also includes some work done after the publication
of the article [4].
3.1

Normal Modal Systems

The modal nature of the lower and upper approximations of rough sets was
evident from the start. Hence, it is of no surprise that normal modal systems
were focussed upon, during investigations on logics for rough sets. In particular,
in case of Pawlak rough sets, the two approximations considered as operators
clearly obey all the S5 laws. The formal connection between the syntax of S5
and its semantics in terms of rough sets is given as follows [3].
According to the Kripke semantics for S5, a well-formed formula (wff) α
is interpreted by a function v as a subset in a non-empty domain U , the subset representing the extension of the wff – i.e. the collection of objects/worlds
where the wff holds. Moreover, in a S5-model M := (U, R, v) (say), the accessibility relation R is an equivalence on U . Further, if , ♦ denote the necessity
and possibility operators respectively then for any wff α, v(α) = v(α) and
R

v(♦α) = v(α)R .
A wff α is true in M, if v(α) = U . Now it can easily be seen that all the S5
theorems involving  and ♦ translate into valid properties of lower and upper
approximations.
Taking a cue from this connection, a multi-modal logic is defined in [31].
The language of the logic contains a set CON REL of constants representing
indiscernibility relations. Using the standard Boolean connectives, the set of all
wffs is defined following the scheme: p ∈ P V | ¬α | α ∧ β | [R]α, where P V is
the set of propositional variables and R ∈ CON REL.
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The semantics is based on a structure of the form F := (U, {Ri }i∈I ), where
{Ri }i∈I is a family of equivalence relations over U . The satisfiability relation is
defined using the meaning functions m : CON REL → {Ri }i∈I and v : P V → 2U
in a standard way. For instance, for M := (F, m, v) and w ∈ U ,
M, w |= [R]α if and only if for all w0 such that (w, w0 ) ∈ m(R), M, w0 |= α.
The collection {Ri }i∈I of equivalence relations, as mentioned in [31], is intended to represent the family of indiscernibility relations corresponding to a
family of information systems over the same domain.
A sound and complete deductive system for the logic is also presented consisting of the following axioms.
1.
2.
3.
4.

[R](α → β) → ([R]α → [R]β).
[R]α → α.
α → [R]hRiα, where hRiα := ¬[R]¬α.
[R]α → [R][R]α.

Observe that this axiomatic system is the same as the axiomatic system of
epistemic logic S5n without the common knowledge and distributed knowledge
operators [8]. However, there is a difference in the language of the two logics.
S5n has n modal operators representing the epistemic state of n agents. On
the other hand, nothing is said about the cardinality of CON REL. On the
side of semantics, in case of S5n , we have structures with exactly n equivalence
relations. But in the case of the logic defined in [31], we do not have any such
restriction.
3.2

Logic DAL and its variant

As mentioned in Sect. 2.2, one can obtain different properties by defining operations on the set of indiscernibility relations, and we obtained a structure such
as DAL-structure (cf. Sect. 2.2). A logic DAL (data analysis logic) for DALstructure is proposed in [11]. The language of DAL, as in the case of the logic
defined in [31], contains a set R of relation variables representing indiscernibility
relations. Moreover, there are binary operations ∩, ], and a collection REL of
relational expressions that are built inductively out of the members of R with
these operations. Thus the set of all DAL wffs is defined following the scheme:
p ∈ P V | ¬α | α∧β | [a]α, where a ∈ REL. For a DAL-structure (U, {Ra }a∈REL ),
the satisfiability relation is defined in a similar way as in case of the logic in [31],
using a meaning function m : REL → {Ra }a∈REL such that m(a) = Ra .
As mentioned in [6], DAL is the paradigm logic for reasoning about indiscernibility relation, but unfortunately, very few results have been obtained for
DAL. Decidability as well as a Hilbert-style axiomatization of DAL are still
open. In [12], a variant of DAL, called DALLA is proposed. The language of
DALLA is the same as that of DAL, but the semantics is based on DALLAstructures (cf. Sect. 2.2). A sound and complete deductive system consisting of
the following two axioms in addition to S5 axioms for the operators is given.
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1. [a ] b]α ↔ [a]α ∧ [b]α.
2. [a ∩ b]α ↔ [a]α ∨ [b]α.
3.3

Information Structures and the Logic by Balbiani

As pointed out by Orlowska in [30], when we say that two objects are indistinguishable in an information system, we actually mean that these are indistinguishable not absolutely, but with respect to certain properties/attributes.
Thus in the study of indiscernibility relations, it seems important to bring the
attribute set also into the picture. But the logics discussed so far lack this feature. In order to achieve this, Orlowska proposed the notion of an information
structure (cf. Sect. 2.2), but referred the axiomatization of a logic with semantics based on information structures as an open problem. Later, Balbiani gave
a complete axiomatization of the set of wffs valid in every information structure, using the technique of copying introduced by Vakarelov [43]. In fact, in
[2], complete axiomatizations of logics with semantics based on various types
of structures with relative accessibility relations is presented. One of these is a
logic for information structures (cf. [1]). This, as required, is a multi-modal logic
with a modal operator [P ] for each P ⊆ A. Apart from the S5−axioms for each
modal operator, the axiom [P ]α ∨ [Q]α → [P ∪ Q]α is considered. The canonical
model obtained for this system only satisfies the condition RB∪C ⊆ RB ∩ RC .
Such a model is called decreasing. Using the method of copying, one obtains
from a decreasing model, a model that satisfies condition RB∪C = RB ∩ RC and
preserves satisfiability as well.
3.4

Logic LM SAS D for multiple source systems

We note that the logics discussed above including epistemic logic S5n are not
strong enough to talk about the notions of strong/weak approximations considered in [23] (cf. Sect. 2.2). Thus a quantified propositional modal logic LM SAS D ,
different from modal logic with propositional quantifiers as well as modal predicate logic, is proposed in [15] with semantics based on M SAS D s. The language
has a set P V of propositional variables, and a set T of terms built with countable
sets of constants and variables and a binary function symbol ∗. Formulae are got
through the scheme: p | α | α ∧ β | Aα | [t]α | ∀xα, where p ∈ P V , t ∈ T , and
A is the global modal operator. Thus quantification ranges over modalities. The
semantics is defined with the help of a function which maps a term t to a finite
subset of the set N of sources, ∗ being translated as union of sets. The function
determines which equivalence relation is to be used to evaluate a modality involving a term t. A sound and complete axiomatization is obtained for LM SAS D
consisting of the standard S5 and first order logic axioms, in addition to the
following:
[t]α → [t0 ]α when B(t) ⊆ B(t0 ),
where B(t) denotes the set of all variables and constants used in the term t.
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3.5

Logics with Attribute Expressions

The logics discussed so far lack an important aspect related to the study of
information systems. The language of these logics cannot refer to attributes or
attribute values which are essential parts of an information systems. In this
section, we survey logics with attribute expressions.
Decision Logic: Decision logic (DL) is the simplest logic with this feature.
It is a propositional logic, the language of which contains a set A of attribute
constants and for each a ∈ A, a finite set V ala of attribute value constants.
Using these constants, atomic wffs are formed which are of the form (a, v),
a ∈ A, v ∈ V ala , and are called descriptors. The wffs of DL are formed in the
standard way using the descriptors and Boolean connectives ¬, ∧. Semantics of
DL is directly based on the information systems. The satisfiability of the wffs in
an information system S := (U, A, {V ala }a∈A , f ) at an object x ∈ U is defined
in the natural way. For instance,
S, x |= (a, v) if and only if f (x, a) = v.
A sound and complete deductive system for DL can be given consisting of the
following axioms in addition to the propositional logic axioms.
1. W
(a, v) ∧ (a, u) ↔ ⊥, for any a ∈ A, u, v ∈ V ala and v 6= u.
2. v∈V ala (a, v), for every a ∈ A.

The proof of completeness theorem is very simple. We need to show that every
consistent set is satisfiable. Consider the system (W , A, {V ala }a∈A , f ), where
W is the set all maximal consistent sets. Moreover, f (w, a) = v if and only if
(a, v) ∈ w. Axioms 1 and 2 guarantee that f is a total function. Now, one can
prove α ∈ w if and only if α is satisfiable in the above information system. This
gives us the desired result.
Dynamic Information Logic: A temporal dimension is added to the study
of information system by Orlowska. In [27], the notion of an information system is extended by adding the concept of time. A set T of ‘time points’ and a
linear order < on T are included to define dynamic information system DS :=
(U, A, {V ala }a∈A , T, <, f ), where f : U × T × A → ∪{V ala : a ∈ A} is such that
f (x, t, a) ∈ V ala , for any x ∈ U, t ∈ T, a ∈ A. A logic DIL for dynamic information systems is also proposed in [27]. In the language of DIL, atomic statements
are descriptors of decision logic, together with an object constant x – so these
are triples (x, a, v), and are intended to express: “object x assumes value v for
attribute a”. There are modal operators to reflect the relations < and <−1 . So
the set of wffs is defined following the scheme: (x, a, v) |¬α | α∧β | [<]α | [<−1 ]α.
The truth of all statements of the language is evaluated in a model based on a
dynamic information system, with respect to moments of time, i.e. members of
the set T .
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A DIL-model is a tuple M := (S, m) where S is a dynamic information
system, and m a meaning function which assigns objects, attributes and values
from U, A, V al to the respective constants. The satisfiability of a wff α in a
model M at a moment t(∈ T ) of time is defined inductively as follows:
M, t |= (x, a, v) if and only if f (m(x), t, m(a)) = m(v),

M, t |= [R]α if and only if for all t0 ∈ T, if (t, t0 ) ∈ R, then M, t |= α,

R ∈ {<, <−1 }. For the Boolean cases, we have the usual definitions. A sound
and complete deductive system of DIL can be given consisting of the axioms of
linear time temporal logic along with the axiom,
(x, a, v) ∧ (x, a, u) ∧ (x0 , a, v) → (x0 , a, u),
which says that the values of attributes are uniquely assigned to objects.
Logic N IL: The logic N IL (non-deterministic information logic) proposed by
Orlowska and Pawlak [32] is an extension of the description logic by enriching the
language with modal operators , 1 , 2 corresponding to similarity relation,
inclusion relation and converse of inclusion relation. Wffs are built, as usual,
out of the atomic wffs (descriptors) and the connectives. A N IL-model M :=
(U, S, R, m) consists of a N IL-structure (U, S, R) (cf. Sect. 2.2), along with a
meaning function m from the set of all descriptors to the set 2U . Satisfiability
relation is defined in the usual way.
A sound and complete deductive system for N IL was proposed in [32], consisting of the following three axioms in addition to the KT B axioms for  and
S4 axioms for 1 and 2 .
1. α → 1 ¬2 ¬α.
2. α → 2 ¬1 ¬α.
3. α → 2 1 α.

Note that due to Proposition 1, we also obtain completeness with respect to
class of all standard N IL-structures.
Rauszer’s Logic for Multi-agent Systems: Rauszer [39] describes a logic,
that takes into account a (finite) collection of agents and their knowledge bases.
We denote the logic as LMA . The language of LMA has ‘agent constants’ along
with two special constants 0,1. Binary operations +,. are provided to build the
set T of terms from these constants. Wffs of a kind are obtained from terms, and
are of the form s ⇒ t, s, t ∈ T , where ⇒ is a binary relational symbol. s ⇒ t is
to reflect that “the classification ability of agent t is at least as good as that of
agent s”.
Furthermore, there are attributes as well as attribute-value constants. Descriptors formed by these constants constitute atomic propositions, and using
connectives ∧, ¬ and modal operators It , t ∈ T (representing ‘partial knowledge’ of each agent), other wffs are formed.
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LMA -models are not approximation spaces, but what could be called ‘partition spaces’ on information systems. Informally put, a model consists of an information system S := (U, A, {V ala }a∈A , f ), and a family of partitions {Et }t∈T
on the domain U – each corresponding to the knowledge base of an agent. The
family is shown to have a lattice structure, and the ordering involved gives the
interpretation of the relational symbol ⇒. Wffs built out of descriptors are interpreted in the standard way, in the information system S. The partial knowledge
operator It for a term t reflects the lower approximation operator with respect to
the partition Et on U . An axiomatization of LMA is presented, to give soundness
and completeness results.
Some other Logics with Attribute Expressions: A class of logics with
attribute expressions is also defined in [29, 28]. Models are based on structures
of the form (U, A, {ind(P )}P ⊆A ), where the ‘indiscernibility’ relation ind(P ) for
each subset P of the attribute set A, has to satisfy certain conditions. For the
models of one of the logics, for example, the following conditions are stipulated
for ind(P ):
(U 1) ind(P ) is an equivalence relation on U ,
(U 2) ind(P ∪ Q) = ind(P ) ∩ ind(Q),
(U 3) if P ⊆ Q then ind(Q) ⊆ ind(P ), and
(U 4) ind(∅) = U × U .
Other logics may be obtained by changing some of (U 1)−(U 4). The language
of the logics has a set of variables each representing a set of attributes, as well as
constants to represent all one element sets of attributes. Further, the language
can express the result of (set-theoretic) operations on sets of attributes. The
logics are multimodal – there is a modal operator to reflect the indiscernibility
relation for each set of attributes as above. A usual Kripke-style semantics is
given, and a number of valid wffs presented. However, as remarked in [28], we
do not know of a complete axiomatization for such logics.
In the literature, one can find many other generalizations and extensions of
DL without any hints on axiomatization, apart from those discussed above (eg.
[10, 44, 9]). In [10], the features of arrow logic is added to define arrow decision
logic. On the other hand, in [44], a generalized DL, denoted as GDL is proposed
for interval set valued information system which itself is a generalization of
information system where corresponding to each attribute a, objects are assigned
a closed interval [f∗ (a), f ∗ (a)] := {L ⊆ V ala : f∗ (a) ⊆ L ≤ f ∗ (a)} instead of an
element of V ala . If f (x, a) = [f∗ (a), f ∗ (a)], then the interpretation is that the
object x definitely has properties in f∗ (a) and possibly has properties in f ∗ (a).
The language of GDL is same as that of DL but two types of satisfiability
relations are defined.
x |=∗ (a, v) if and only if v ∈ f∗ (a);

x |=∗ (a, v) if and only if v ∈ f ∗ (a).

Above satisfiability relations are extended to the set of all wffs in the standard
way.

155

In [9], the notion of descriptors itself is generalized. There, descriptors are of the
form (a, r, l) where,
a is an element of a finite set A of attribute symbols;
l is an element of a set La of label symbols;
r ⊆ V ala × La is an element of a finite set Ra .
The semantics is based on the structure of the form S + := (S, {La : a ∈ A}),
where S := (U, A, {V ala }a∈A , f ) is an information system. Thus we have x |=
(a, r, l) if and only if (f (x, a), l) ∈ r. It is extended to the set of all wffs in the
standard way. Note that, we obtain DL if we take Ra := {=} and La := V ala ,
for each a ∈ A.
Logic LIS for Information Systems: From the preceding discussions, one
sees that a logic for information systems with all of the following features is yet
to be obtained.
1. The language includes attribute and attribute value constants.
2. The semantics is based on a structure having relative accessibility relations
with the power set of the set A of attributes as the parameter set. These
relations in the structure are represented syntactically as modalities.
3. The relationship of the indiscernibility relation with the attributes and attribute values is reflected syntactically in the relationship between the modalities and the pairs of attribute-value constants.
4. There is a sound and complete deductive system for the logic.
In [21], a logic LIS for information systems is proposed having all the above
mentioned properties. The language of LIS contains a finite set A of attributes,
and for each a ∈ A, a finite set Va of attribute values. The wffs of the logic is
given by the scheme: (a, v) | p | ¬α | α ∧ β | [B]α, where a ∈ A, v ∈ Va , B ⊆ A,
and p ∈ P V is a propositional variable. A LIS-model is a tuple M := (S, V ),
where S := (U, A, {Va }a∈A , f ) is an information system, and V : P V → 2U .
The satisfiability of a modal formula [B]α is defined as,
M, w |= [B]α if and only if for all w0 ∈ U with (w, w0 ) ∈ IndS (B), M, w0 |= α.
For the other cases, we have the usual definitions.
A sound and complete deductive system for LIS is given consisting of the following axioms:
Ax1.
Ax2.
Ax3.
Ax4.
Ax5.
Ax6.
Ax7.
Ax8.
Ax9.

All axioms of classical propositional logic (PL).
[B](α → β) → ([B]α → [B]β).
[∅]α → α.
α → [∅]h∅iα.
h∅ih∅iα → h∅iα.
[C]α → [B]α for C ⊆ B ⊆ AC.
0
0
(a,
W v) → ¬(a, v ), for v 6= v .
v∈VC a (a, v)
(a, v) → [a](a, v).
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Ax10. ((b, v) ∧ [B ∪ b]α) → [B]((b, v) → α).

In [16], the logic LIS is extended to obtain a dynamic logic for information
systems, which can talk about flow of information and its effect on the approximations of sets. The presence of the properties 1-4 listed above in LIS plays a
crucial role there.
3.6

Temporal Logic for Rough Set Theory

The logic DIL, discussed in Sect. 3.5, is the first proposal of temporal logic for
rough set theory. Note that DIL does not have modal operators for indiscernibility relations induced by information systems. So DIL can express the changes
in attribute values of the objects with time, but the language of this logic is
not strong enough to talk about (changes in) set approximations. A temporal
logic, called temporal rough logic (T RL) is proposed in [5] which overcomes this
limitation of DIL. T RL can be viewed as a combination of temporal logic with
operators ⊕ (next), (previous), U (until) and S (since) and the logic of rough
sets handling upper and lower approximations. The wffs of T RL are generated
by the scheme: p ∈ P V | ¬α | α ∧ β | α | α | ⊕ α | αUβ | αSβ. The semantics
of T RL is based on a structure called dynamic approximation space, which is a
finite sequence F := F1 , F2 , . . . , FN , where Fi := (U, Ri ) is an approximation
space, i = 1, 2, . . . , N . The elements of TF := {1, 2, . . . , N } are the time points.
Moreover, the relation Rt , t ∈ TF represents the information about the domain
U of the objects at the time point t. A model for T RL is defined to be a tuple
(F, V ), where F is a dynamic approximation space, and V : P V → 2U . The satisfiability of a wff α in a model M at t ∈ TF and w ∈ U , denoted as M, t, w |= α,
is defined inductively:
For each propositional variable p, M, t, w |= p, if and only if w ∈ V (p);
The standard definitions for the Boolean cases;
M, t, w |= α, if and only if M, t, w0 |= α for all w0 such that (w, w0 ) ∈ Rt ;
M, t, w |= ⊕α, if and only if t > 1 and M, t − 1, w |= α;
M, t, w |= X, if and only if t > 1 and M, t − 1, w |= X;
M, t, w |= αUβ, if and only if there exists r with t ≤ r ≤ N such that
M, r, w |= β, and for all k such that t ≤ k < r, M, k, w |= α;
– M, t, w |= XSY , if and only if there exists r with 1 ≤ r ≤ t such that
M, r, w |= Y , and for all k such that r < k ≤ t, M, k, w |= X.

–
–
–
–
–
–

Axoimatization of the logic T RL is cited as an open problem in [17], but a
tableau based proof procedure for T RL is proposed in [14].

4

Conclusions

This article is an attempt to present some of the works done on the generalizations and logical aspects of rough set theory. The multiple-agent scenario is an
important issue in artificial intelligence, and one would like to extend rough theory in such a situation. Although, the articles [37–39, 34, 40] study the rough set
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theory in multiple-agent scenario, the issue of counterparts of standard rough
set concepts such as approximations of sets, definability of sets, membership
function, is not addressed. This issue is raised first time in [17], and this study
is continued in [18, 20, 19, 14, 23, 15, 24]. It is to be noted here that these studies
are based on the assumption that each agent is equally preferred. But one may
be interested in a situation where an agent is preferred over another agent of
the system in deciding membership of an object. For instance, we could make
the assumption that an agent will always prefer herself (i.e. her knowledge base)
over the other agents of the system. Thus with this assumption, if we find that
x ∈ X R1 ∩ BR2 (X) and y ∈ X R2 ∩ BR1 (X), R1 , R2 being the knowledge bases
of sources 1 and 2 respectively and BRi (X) := X Ri \ X Ri , then source 1 will
put more possibility on x to be an element of X than y. Observe that in the
above conclusion, not only the knowledge base of the sources but also the preference of source 1 is playing a role. In [22], a rough set model is proposed where
a preference order on the set of agents is also considered. Moreover, notions of
lower/upper approximations are proposed which depend on the knowledge base
of the agents as well as on the position of the agents in the hierarchy giving the
preference of agents.
Search for a suitable logic for information systems remains an issue for rough
set community working on the logical aspects of rough set theory. In Section 3.5,
we have seen that the logic LIS proposed in [21] has some nice features, which are
desirable for any logic of information systems handling approximations of sets.
In fact, presence of these features has made it possible to extend LIS to obtain a
dynamic logic for information systems. This dynamic logic can be used to reason
about the information flow and its effect on the approximations of sets. The logic
LIS and its dynamic extension is extended in [16] to obtain corresponding logics
for incomplete information systems where some of the information regarding
attributes of the objects may be missing. It remains to be seen if one could
extend these works to capture non-deterministic information systems as well
where an object-attribute pair is mapped to a set of attribute values.
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Axioms for locality as product
Kamal Lodaya and R. Ramanujam

Abstract. We consider systems of finite state agents that are sequential
in themselves and interact with each other by synchronously performing
common actions together. We study reasoning about such systems along
two lines. We consider an enrichment of Kleene’s regular expressions
with a parallel composition operator and offer a sound axiomatization
of equality on expressions. We also study a simple linear time product
temporal logic which is the standard one at a local level, and boolean
combinations of located formulas at the global level. We offer a complete
axiomatization of the valid formulas of this logic.

1

Introduction

When we study the dynamics of systems with concurrently evolving components
that interact among themselves, a natural question arises: at what level of system
description do we explicitly model concurrent dynamics? This is an old conundrum that has kept philosophers busy. One solution is to record concurrency
at the atomic level, so that the basic system events are already comprised of
several simultaneously occurring ones, and we study the temporal evolution of
such snapshots. In this view, if three events occur simultaneously at an instant,
and two in the next, there is no particular ‘actor’ that provides any continuity
from one instant to the next. This model is close to the way physical sciences
study phenomena and adopted by Petri nets [Pet].
An alternative viewpoint is to see concurrent action at a much higher level of
description: complex processes that evolve concurrently and independently, but
interact occasionally. In this view, the component processes are sequential (and
hence exhibit no concurrency), and the entire system is merely a fixed parallel
composition of these processes. Games in extensive form, especially those of
partial information, are examples of such systems: the continuity provided by
each player over time, articulated by the notion of strategy, is crucial for game
evolution [OR]. In the theory of computation, this notion of actor or agent can
be identified with a location: the concurrent components notionally describe a
distributed system. This was a view pioneered by Edsger Dikstra [Dijk] and
developed into a rich theory of Process algebra by Hoare [Hoa], Milner [Mil1]
and others [BPS]. This is the viewpoint we discuss in this article.
In particular, we consider systems of emphfinite state agents that are sequential in themselves and interact with each other by synchronously performing
common actions together. These common actions can be thought of as telephone
calls: the caller waits for the other to pick up, they exchange information, end
the call and proceed further on their own asynchronous way. This is as opposed
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to communication by mail where the sender does not wait for the recipient but
proceeds asynchronously.
The semantics of such systems can be envisioned as follows: each agent, being
sequential non-deterministic, can be seen as a tree and the parallel composition of
such trees as generating a set of trees obtained by nondeterministic interleaving
of the agent trees, subject to synchronizations. Process algebraists have studied
this operator extensively.
Considered as automata, the parallel composition operator above corresponds
to synchronized product, and on languages, the corresponding operator is that of
synchronized shuffle. It is easily seen that these operations preserve regularity, in
the sense that the product machines are again finite state and that synchronized
shuffle of regular languages is regular.
Over such systems, we focus on one particular aspect: that of axiomatizations.
A celebrated theorem of Kleene offers a syntax of rational expressions that precisely define regular languages, and a complete axiom system of equality over
these expressions was provided by Salomaa [Sal]. In this context it is natural to
look for equations over rational expressions that involve an operator for parallel composition as well. We earlier presented a complete axiomatization using a
reduction of paralellism to interleaving [Lod] (as is common in process algebra),
here we present a sound axiom system which does not adopt this reduction.
Equational reasoning of this kind can be considered global reasoning, in the
sense that it is carried out by someone who observes the behaviour of the entire
system as it evolves. An alternative is local reasoning, where we reason about
each agent separately (as far as possible) and combine the properties in some
systematic way to infer properties of the composite system. Such compositional
reasoning is naturally formalized as inference rules in logics. This is the other
approach taken in this paper: we study specifications of agent properties in propositional temporal logic of linear time PTL [MP] and their global combinations.
Once again we present a axiom system, and prove its completeness.
There is an important technical motivation for such local presentations. In
general, if we have m agents, each of which is a k-state machine, the global state
space has k m states. Such a blow-up, exponential in the number of agents, is
referred to as the state explosion problem. On the other hand, if we can reason
about each component by itself, we have only km states to navigate. Referred to
as partial order based methods, these approaches tend to utilize the idea that the
entire set of interleavings may be large, but working with representative interleavings may suffice for many interesting properties. Several tools were developed
in the 1990’s based on such intuition [GW,Val,Pel]. In recent times, with the advent of multi-core architectures and relaxed memory models, such methods are
acquiring renewed importance.
What is interesting about these axiomatizations? When we consider top level
parallelism we speak of parallel composition of sequential nondeterministic behaviours, and the central difficulty is that of determinizing the components separately, since local choices made by agents influences global choices at system
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level. This difficulty manifests in both the equational axiomatization and the
inference rules for the temporal logic studied here.
A natural but challenging question relates to how far such techniques can
be generalized when the number of interacting agents is not a fixed finite number, but unbounded, and hence potentially infinite. [RS] offers some tentative
suggestions for such reasoning.

2

Languages and automata

Fix a finite set Σ as an alphabet. We will call its elements actions. A finite
sequence of actions w : {1, . . . , n} → Σ, such as aabab, is called a word over the
alphabet. A set of words is called a language.
The syntax of rational expressions over Σ is given by:
e ::= 0 | 1 | a, a ∈ Σ | e1 e2 | e1 + e2 | e∗1
The set of all words over Σ is Σ ∗ and the empty set is 0. The null word
is written 1, we also use the same notation for the language {1}. In general,
given expressions e1 , e2 for languages L1 , L2 , the concatenation of their words
is denoted e1 e2 . The iteration e∗ stands for the language formed by repeatedly
concatenating words from e to form another word. For instance, given the language {aa, ab, b}, also written aa + ab + b, the word aabab is in {aa, ab, b}∗, but
the word ba is not. The null word 1 is always in any e∗ (by taking words from e
zero times).

a
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?

W, F

a

a X

Y

Y

b

N

b

a

b
b

c

N

a Y

c

b

?

?

^


Z

k

a, b

Fig. 1. The transition systems a(b + c), ab + ac and Buff 2

Definition 1. A labelled transition system over the alphabet Σ is a directed
graph (Q, →), with states Q and transitions →⊆ Q × Σ × Q. We will only
be interested in transition systems which are rooted with a state r ∈ Q from
which all vertices are reachable. A finite automaton is a finite rooted transition
system with a distinguished set of final states, let us say, marked by the variable
F.
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a

We usually write q → q ′ to mean (q, a, q ′ ) ∈ →, and interpret it to mean that
the system can perform an action a at a state q and the resulting state is q ′ . A
a2
a1
run of T S is a sequence q0 −→q
1 −→ . . . — a possible “execution” of the system.
Labelled transition systems provide a natural model for the study of system
behaviour. In Section 4 onwards we will only consider maximal infinite runs of
a transition system.
A run of an automaton operating on a word begins in the root state. On
each action, it takes the corresponding transition from the current state into a
(possibly) new state. At the end of the word, if the automaton is in a final state,
the run accepts the word. The language accepted by the automaton is all words
for which there is a run from the root state to a final state. Two finite automata
accepting the same language are said to be equivalent. The examples in Figure
1 show that they may be non-isomorphic as transition systems.
Suppose variables are used to denote states of a transition system. A state
can be described in terms of the transitions going out to the other states. For
example, the transition system Buff 2 , which describes a language where the
number of a’s seen at any point in an accepting run can exceed the number of
b’s by at most 2, is given by the equations
W = aX + bZ + F, X = aY + bW, Y = aZ + bX, Z = aZ + bZ
For an expression e such as aX + bZ, its initial actions Init(e) = {a, b},
and X and Z are the a- and b-derivative of e respectively. The notation goes
back to Brzozowski [Brz]. We say e has the no empty word property (NEWP) if
the empty word is not in its language. This can be syntactically checked using
derivatives.
2.1

Axiomatization

The Aanderaa-Salomaa axiomatization [And,Sal] for language equivalence of rational expressions is given below.
Axiomatization RAX for equivalence of rational expressions
(Assoc)
(e + f ) + g = e + (f + g)
(Comm) e + f = f + e
(Ident)
e+0=e
(Idemp)
e+e=e
(Assoc)
(ef )g = e(f g)
(Ident)
e1 = 1e = e
(Absorp) 0 = 0e = e0
(Distr)
(e + f )g = eg + f g
(Distr)
e(f + g) = ef + eg
(Guard)
e∗ = (1 + e)∗
(Fixpt)
e∗ = 1 + ee∗
(Fixpt)
e∗ = 1 + e∗ e
(GuardInd) Let e have the NEWP. Then:
x = ex + f x = xe + f
;
x = e∗ f
x = f e∗
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Theorem 1 (Salomaa). The proof rules above are sound and complete for
language equivalence of rational expressions.
Proof. We only sketch the completeness. An inductive construction produces for
any rational expression e a finite automaton accepting the language defined by e
(for example, see [Koz]). Suppose e and f denote equivalent systems T S(e) and
T S(f ). By applyingX
the axioms,X
each rational expression is reduced to a guarded
sum of prefix form
ai ei and
bi fi respectively. Using left-distributivity, we
need at most one derivative for each letter of the alphabet. Now equivalence
between the roots guarantees equivalence between their successors, and equality
among the derivatives of e and f guarantees derivability of e = f . So the task
is reduced to proving completeness for nodes which are a distance 1 away from
the roots. This can be repeated since all nodes of the transition systems are a
finite distance away from the roots.
⊓
⊔
2.2

Solutions in rational expressions

Consider again the equations
W = aX + bZ, X = aY + bW, Y = aZ + bX, Z = aZ + bZ.
Using right-distributivity and introducing star, we get Z = (a+b)∗ . Substituting
for Z and then for Y , we get
W = aX + b(a + b)∗ , X = bW + a(a(a + b)∗ + bX).
Now we crucially need to apply left-distributivity. Following that up with another
introduction of star, we have
X = abX + bW + aa(a + b)∗ = (ab)∗ (bW + aa(a + b)∗ ).
Applying the same medicine again,
W = a(ab)∗ bW + a(ab)∗ aa(a + b)∗ + b(a + b)∗ and
W = (a(ab)∗ b)∗ (a(ab)∗ aa(a + b)∗ + b(a + b)∗ ).
This way of finding solutions is reminiscent of performing Gaussian elimination in linear arithmetic equations and was first used for regular languages by
McNaughton and Yamada [MY].
Theorem 2 (Kleene). The regular languages, those defined by rational expressions, are exactly those accepted by finite automata.
Proof. We already referred to the forward direction in Theorem 1. Conversely,
given a finite automaton T S, we apply the McNaughton-Yamada technique outlined above to end up with a solution which gives a rational expression for the
root state.
⊓
⊔

3

Product words and product systems

Fix a nonempty finite set of locations Loc = {1, . . . , n}. We now view the system
def
e = (Σ1 , . . . , Σn ),
alphabet Σ = Σ1 ∪ ... ∪ Σn as a distributed alphabet Σ
where each Σi is a finite nonempty set of actions of agent i. When an action a

166

is in Σi ∩ Σj , i 6= j, we think of it as a synchronization action between i and j.
(There can be k-way synchronizations also.) On the other hand, a local action
is one in Σi \ (Σ \ Σi ), for some i.
We also make use of the associated implicit function loc : Σ → ℘(Loc) \ {∅}
def

which maps each action to the locations it is executed in, loc(a) = {a | a ∈ Σi }.
[
def
For a set of actions A, loc(A) =
{loc(a) | a ∈ A}.
Given a distributed alphabet (Σ, loc), a product word is an element (w1 , . . . , wn )
of (Σ ∗ )Loc such that for some w ∈ Σ ∗ , every wi is the restriction of w to actions in Σi . Thus (w1 , . . . , wn )a is defined to be (w1′ , . . . , wn′ ), where wi′ = wi a
if i ∈ loc(e) and wi′ = wi otherwise. If loc(a) = {i1 , . . . , ik }, we will call the
expression 1|| . . . ||a|| . . . ||a|| . . . ||1, where a appears in positions i1 , . . . , ik and 1
in the remaining positions, the distributed representation of a.
- atm

bank 
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Fig. 2. A product system, the transition labels are boxed

We are interested in interactions between systems. A natural way to represent
interactions among n agents is by having n transition systems, each working on
its own alphabet of actions, except that the system undergoes “joint” transitions
when common actions are encountered. Figure 2 models an ATM and a bank
as a product system. A client at an ATM can ask for the balance to be shown
and get a ticket printed. Alternately, the client asks to withdraw money and
gets cash, or gets an error message, depending on whether the bank okays the
transaction or not.
e = (Σ1 , . . . , Σn ) be a distributed alphabet. A parallel proDefinition 2. Let Σ
e is a tuple T = (T S1 , . . . , T Sn ), where T Si = (Qi , →i )is a labelled
gram over Σ
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transition system over Σi , for i ∈ Loc. When the individual transition systems are finite automata, we get a finite product automaton with final states
def
Fe = F1 × · · · × Fn .

The global run is extended by an action a if and only if for every agent i
participating in that action, a is enabled at the current local state of i. The
obvious way to define global runs is to take products of transition systems.
e The product system for T
Definition 3. Let T be a parallel program over Σ.
is the Σ-labelled transition system T S = (Q, ⇒), where

e def
– Q
= Q1 × · · · × Qn , and
– ⇒⊆ Q × Σ × Q is the global transition function defined as follows:
a
a
/ loc(a), qj = qj′ .
(q1 , . . . , qn ) ⇒ (q1′ , . . . , qn′ ) iff ∀i ∈ loc(a), qi →i qi′ , and ∀j ∈

We will use q1 , q2 , . . . to denote local states and s1 , s2 , . . . to denote global
states. s[i] will refer to the ith component of the global state s. For the purposes
e = (Σ1 , . . . , Σn )
of presentation we will assume a fixed distributed alphabet Σ
e
and the entire discussion will be relative to Σ.
A product automaton operates on a product word (w1 , . . . , wn ) distributedly.
Suppose it has inductively processed a prefix of this word reaching the global
state s = (s[1], . . . , s[n]), and (u1 , . . . , un ) is the remaining suffix. Suppose that
for all i ∈ loc(a), all the ui are of the form au′i and for the remaining i, let
u′i = ui . Then the corresponding transition is taken and the automaton moves
to the new state tuple s′ = (s′ [1], . . . , s′ [n]), where for j ∈
/ loc(a), s′ [j] = s[j].
The distributed representation of a is concatenated to the prefix and (u′1 , . . . , u′n )
is the remaining suffix. At the end of the word, if the automaton is in a final
state in each component agent, the product word is accepted.
a2
a1
Suppose δ = s0 =⇒s
1 =⇒ . . .; by δ(k), we mean the global state sk , whereas
we use δk to denote the suffix of δ starting at sk . We can meaningfully define a
map ⌈, which, given a global run δ, and i ∈ Loc, retains only the ith components
of global states and erases all actions not in Σi . Clearly, δ⌈i is a run of T Si .
.
.
Further, suppose = is a binary relation on runs of T , defined by: δ = δ ′ if
a
b
b
a
and only if δ = δ1 s⇒s1 ⇒s2 δ2 and δ ′ = δ1 s⇒s3 ⇒s2 δ2 , for some a, b such that
loc(a) ∩ loc(b) = ∅. Thus, δ and δ ′ are permutations of independent actions a
def
.
and b. Let ≈ = (=)∗ . The following assertion is easy to prove:
Proposition 1. δ ≈ δ ′ iff for every i ∈ Loc, δ⌈i = δ ′ ⌈i.
Thus, we can think of δ as a representative of the equivalence class of δ
under ≈ (denoted [δ]), a non-sequential run of T . This representation of product
words is known in the literature as Mazurkiewicz traces [Maz]. Each trace over
e can be thought of as the set of linearizations of
the distributed alphabet Σ
the product word (the possible w’s whose restrictions are wi in the explanation
above).
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3.1

Parallel products of rational expressions

e we now introduce one outermost
To model product systems over a fixed Σ,
level for parallel product of rational expressions. This is much simpler than
a language like Hoare’s CSP [Hoa] which can have nested occurrences of the
parallel operator.
ri ::= 0 | 1 | a, a ∈ Σi | r1i r2i | r1i + r2i | (r1i )∗
e ::= r1 || . . . ||rn
We generalize the Brzozowski derivative of a rational expression [Brz] to a
distributed alphabet.
e
def
Definition 4. DeraΣ (e1 || . . . ||en ) = f1 || . . . ||fn , where for 1 ≤ i ≤ n, if i in
loc(a) then fi = DeraΣi (ei ), otherwise fi = ei .
This is an “expansion law” [Mil1], a global analysis seen as a product of
actions on local components. Note that 1 appears in the derivative precisely
when the local component can terminate, so termination of a product system is
modelled by the expression 1|| . . . ||1.
In reasoning about a parallel product we may have to identify the initial
actions which will never make progress. Here is a sufficient condition.
e = (Σ1 , . . . , Σn ) and consider e = e1 +f1 || . . . ||en +fn . SupDefinition 5. Let Σ
pose that for every i we have that Init(ei + fi ) ⊆ Σj for some j 6= i and Init(fi )
and Init(fj ) are disjoint. We say that the actions in Init(f1 ), . . . , Init(fn ) (also
the expressions f1 , . . . , fn ) are useless in the sum e.
We now give a sound axiomatization for parallel products of rational expressions and an example of its use. The rules are parameterized by the arity of the
parallel product, that is, the number of agents (n below) and depend on the
e
distributed alphabet Σ.
Axioms for equivalence of products PAX=RAX+
(Absorp) 0 = 0||e = e||0
(Use)
e1 + f1 || . . . ||en + fn = e1 || . . . ||en , if f1 , . . . , fn are useless in the sum.
e
e
DeraΣ (e1 || . . . ||en ) = DeraΣ (f1 || . . . ||fn ), for all a ∈ Σ
(Deriv)
e1 || . . . ||en = f1 || . . . ||fn
(ProdInd) Let f1 , . . . , fn have the NEWP. Then:
x1 || . . . ||xn = (e1 x1 + f1 )|| . . . ||(en xn + fn )
x1 || . . . ||xn = e∗1 f1 || . . . ||e∗n fn
The (Absorp) axiom models the fact that a deadlock in some part of the
system means that the entire system is deadlocked. The (Use) axiom eliminates
a useless chain of waiting. (By adding dummy sums like · · · + ai 0 we may be
able to eliminate useless chains of waiting through a subset of the n agents.)
The (Deriv) rule was explained above. The (ProdInd) rule is a straightforward
generalization of the (GuardInd) rule of RAX to the case of product systems.
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3.2

Seeking solutions

To attempt a proof of completeness, we can apply the RAX axioms of Section
2.1 and reduce each product to guarded sum forms (from these the derivatives
can be
X
X
X
Xcomputed):
bjn ,n fjn ,n ).
bj1 ,1 fj1 ,1 )|| . . . ||(
ain ,n ein ,n ) and (
ai1 ,1 ei1 ,1 )|| . . . ||(
(
i1

j1

in

jn

We can further assume from the (Use) axiom that none of the initial actions
is useless.
If one can proceed ahead using an action, we suppose that equality at the level
of successors is derivable and use the derivative rule to conclude that e = f . Since
overall there are finitely many possible derivatives for the expressions, either this
strategy must succeed or we must come back to a situation seen earlier and the
product induction rule can be used.
Here is a worked-out example. Using RAX, we get:
X||Y = (a + ba)∗ ||(ab)∗ = 1 + a(1 + (a + ba)(a + ba)∗) + ba(a + ba)∗||1 + ab(ab)∗.
Distributing and eliminating useless actions we have that:
X||Y = 1 + aba(a + ba)∗ ||1 + ab(ab)∗ = 1 + abaX||1 + abY = (aba)∗ ||(ab)∗ by
product induction.
To prove X||Y = (aba)∗ ||(ab)∗ = 1 + aba(aba)∗ ||1 + ab(ab)∗ using derivatives,
we will need to eventually show that:
W ||Z = aba(aba)∗ ||ab(ab)∗ = ae||bf for some e, f . Eliminating useless actions,
W ||Z = 0. Hence X||Y = 1||1.
However, the weakness of the axiomatization is that it lacks a full analysis
of all the cases which arise. In the next section we will see a temporal logic that
uses another induction to solve this problem.
One can add a further axiom, Milner’s expansion law, which reduces parallel
product to interleaving (for example, a||b = ab + ba) and then directly uses the
completeness of RAX. This route to establish completeness is explored in [Lod].

4

Temporal logic

Let T = (T S1 , . . . , T Sn ) be a parallel program, and let Li denote the runs of
T Si , for i ∈ Loc, the local runs of agent i. The frames for our logic will be global
runs, which represent arbitrary interleavings of actions of different agents. In
accordance with verification literature on temporal logic (for example, [MP]) we
will henceforth be concerned with infinite runs. Let RT denote the set of all
maximal runs of the product system for T . We restrict our attention to only
those programs which have at least one infinite run.
Definition 6. A frame is a pair F = (T , δ), where δ is an infinite run in RT .
We now present the logical language which we will call P rP T L. Let AP =
{p0 , p1 , . . .} be a countable set of atomic propositions with p ranging over AP .
We use α, β, γ etc. (with or without subscripts) to denote local formulas. The
syntax of i-local formulas is given by:
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Φi ::= p | ¬α | α ∨ β | haii α | αUi β
where, a ∈ Σi . This is basically PTL, where the next state modality has been
indexed by actions.
We let φ1 , φ2 , . . . range over global formulas, whose syntax is given by:
Φ ::= α@i, α ∈ Φi | ¬φ | φ1 ∨ φ2
A model is a pair M = (F, V ), where F = (T , δ) is a frame, and V : Q →
℘(AP ) is the valuation function over Q, the set of all local states of the system.
Thus, atomic propositions are evaluated at local states.
The formula φ being satisfied in a model M at a temporal instant is defined
below. We first define the notion for i-local formulas over local runs in Li . Let
def
Mi = ((T , δ⌈i), Vi ), where Vi is the restriction of V to Qi . Let ρ = δ⌈i ∈ Li .
–
–
–
–
–

Mi , 0 |= p iff p ∈ Vi (ρ(0)).
Mi , k |= ¬α iff Mi , k 6|= α.
Mi , k |= α ∨ β iff Mi , k |= α or Mi , k |= β.
a
Mi , k |= haii α iff ρ(k + 1) exists, ρ(k) →i ρ(k + 1) and Mi , k + 1 |= α.
Mi , k |= αUi β iff ∃m ≥ k such that Mi , m |= β, and for all l : k ≤ l <
m, Mi , l |= α.

The derived connectives of propositional calculus such as ∧, =⇒ and ≡ are
defined in terms of ¬ and ∨ in the usual way. Let T rue abbreviate the Φi -formula
p0 ∨ ¬p0 and let F alse stand for ¬T ruei .
The derived modalities 3, 2,
and [a]i are given by:
_
def
def
3α = T rueUi α;
haii α.
iα =
a∈Σi

J
def
def
def
2α = ¬3¬α; [a]i α = ¬haii ¬α;
i α = ¬ i ¬α.
We now define the semantics of global formulas.
– M |= α@i iff Mi , 0 |= α.
– M |= ¬φ iff M 6|= φ.
– M |= φ1 ∨ φ2 iff M |= φ1 or M |= φ2 .

We will use the notation b
a to abbreviate the global formula

^

(haii T rue)@i.

i∈loc(a)

We can use b
a to denote enabling of action a. Note that for any model M , if
a
M |= b
a, and δ(0) = s, then there exists a global state s′ such that s⇒s′ .
The formula φ is satisfiable if M |= φ for some model M = ((T , δ), V ). φ
is valid (denoted |= φ) if φ is satisfied in every model M . On the other hand,
for a formula α ∈ Φi , we say that α is i-valid, if for every model M , we have
Mi , 0 |= α.
The following proposition is trivial to prove, and is the basis for expecting
procedures for verification of properties in PrPTL:
Proposition 2. Let M = ((T , δ), V ) be a model and let δ ≈ δ ′ . Let M ′ =
((T , δ ′ ), V ). Then for every PrPTL formula φ, M |= φ iff M ′ |= φ.
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5

The axiom system

We now present an axiomatization of the valid formulas. We have one axiom
system for each agent in the system, and in addition a global axiom system to
reason about synchronization. In some sense, this helps us isolate how much
global reasoning is required.
Axiomatization LAXi for agent i
(A0i) All the substitutional instances of the tautologies of PC
(A1i) [a]i (α =⇒ β) =⇒ ([a]i α =⇒ [a]i β)
(A2i) haii T rue =⇒ [b]i F alse, a 6= b
(A3i) haii α =⇒ [a]i α
J
(A4i) αUi β =⇒ (β ∨ (α ∧ i αUi β))
α, α =⇒ β
(MPi)
β
α
(TGi)
[a]i α
The axioms are quite standard. (A2i) expresses the fact that in any run, the
next move made by agent i is unique.
We use the notation ⊢i α to mean that the formula α ∈ Φi is a theorem of
system LAXi. We will call α i-consistent when ¬α is not a theorem of LAXi.
Proposition 3. Every theorem of LAXi is i-valid.
Some remarks are in order, before we proceed to present the global axiom
system. We haven’t included any axioms (or rules) in the local axiom systems
for eventuality. This is so because information about local reachability is quite
useless in PrPTL. Even an apparently local specification as haii α is in reality a
global eventuality specification when there are other agents j 6= i, j ∈ loc(a).
This suggests that we need some reasoning about eventuality at the global
level. In temporal logic, this is typically achieved by an induction axiom or rule.
Unfortunately since we have only boolean formulas at the global level, we cannot
expect an axiom. The standard form of temporal induction for reachability looks
like this:
J
Global Invariant =⇒ α ∧ (Global Invariant)
Global Invariant =⇒ 2α
Since no global next state modality is available, we can only hope for something
like
^ this in PrPTL:
J
Local Invariant@k =⇒ α@i ∧ j Local Invariant@j
k
^
Local Invariant@k =⇒ (2i α)@i
k

We can in fact write sound rules in this form, but they are too weak to express
global reachability. Note that the global invariant is to specify “being one of
several reachable global states”. Now consider two global states characterized
by
they are of the form
^formulas α and
^ β respectively. We can assume that^
αi @i and
βi @i. Now notice that the formula
(αi ∨ βi )@i is only

i∈Loc

i∈Loc

i∈Loc
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implied by α ∨ β, but does not imply it. Thus, combination of local invariants
can in general specify global states which are not reachable, and we need to
somehow specify the following:
^
bb ∧
Pre-move@k =⇒ ([b]j Post-move)@j, for j ∈ loc(b),
k

^

k6∈loc(b)

Pre-move@k ∧

^

Post-move@j =⇒ Global Invariant

j∈loc(b)

and relate the global invariant to the local properties. Unfortunately, this turns
out to necessitate an infinitary scheme.
Global axiomatization GAX
(A0) (¬α)@i ≡ ¬α@i
(A1) (α
_∨ β)@i ≡ (α@i ∨ β@i)
(A2)
b
a
a∈Σ

α, α =⇒ β
β
⊢i α
(GG)
α@i ^
αi @i =⇒
(MP)

(GM)

i∈loc(a)

^

_

αj @j

j6∈loc(a)

(haii αi )@i =⇒

_

αj @j

j6∈loc(a)

i∈loc(a)

Let m > 0 and α1 , . . . , αm be formulas such that for all l ∈ {1, . . . , m}, αl is
m
^
_
def
of the form
αl (k)@k. Let γ =
αl .
k∈Loc

l=1

(Sym ) γ =⇒
a
^
^ ¬b
(bb =⇒
(αl =⇒ (
l∈{1,...,m}

^

^

((

l∈{1,...,m} b6∈Σi

b6∈Σi

^

k6∈loc(b)

^

([b]j β(l, b, j))@j)))

j∈loc(b)

αl (k)@k ∧

^

β(l, b, j)@j) =⇒ γ)

j∈loc(b)

γ =⇒ ([a]i F alse)@i, for i ∈ loc(a)
(Unm ) γ =⇒
^
^
^ ¬γ2 @i
([b]j β(l, b, j))@j)))
(αl =⇒ (
(bb =⇒
l∈{1,...,m}

^

^

l∈{1,...,m} b∈Σ

((

j∈loc(b)
^
^b∈Σ
β(l, b, j)@j) =⇒ γ)
αl (k)@k ∧

k6∈loc(b)

j∈loc(b)

γ =⇒ ¬(γ1 Ui γ2 )@i
The axiom (A2) ensures that some move is always enabled during the run.
The rule (GG) allows us to globally infer theorems about agent i from those
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which have been proved in LAXi. (For instance, this rule, alongwith (A0) and
(A1) allows us to infer “@-versions” of tautologies.) The rule (GM) specifies that
when a global move labelled a is made, the local states of agents not involved in
a remain unchanged. The (Sy) and (Un) rules describe eventual synchronization
and the semantics of until formulas respectively.
⊢ φ is the notation used to denote theoremhood in GAX. φ is said to be
consistent when ¬φ is not a theorem of GAX.

Proposition 4. ⊢ φ implies |= φ.

Proof. The axioms are obviously valid formulas. To show that the inference rules
preserve validity, consider the rule (GM). Suppose that the premise is valid, but
not the conculsion. Then there exists a model M = ((T , δ), V ) and M |= b
a, for
every i ∈ loc(a), Mi , 0 |= haii αi , and for every j 6∈ loc(a), Mj , 0 |= ¬αj . We thus
a
have δ(0) = s⇒s′ = δ(1), and for every j 6∈ loc(a), s[j] = s′ [j]. It is easy to
check that for every i ∈ loc(a), Mi , 1 |= αi , and for every j 6∈ loc(a), Mj , 1 |=
′
′
′
′
¬α^
j . Now consider
^ the model M = ((T , δ ), V ), where δ = δ1 . Clearly, M |=
¬αj @j, contradicting validity of the premise.
αi @i ∧
i∈loc(a)

j6∈loc(a)

Similarly, suppose that the premises of (Sy) are valid but that the negation of its conclusion is satisfiable. Then we have a model M = ((T , δ), V )
and M |= αk @k for every k ∈ Loc. Further, Mi , 0 |= haii T rue, for some
i ∈ loc(a), a ∈ Σ. then clearly there exist b1 , . . . , bm such that {b1 , . . . , bm }∩Σi =
b

b

a

m
1
⇒δ(m + 1). Now consider the models M l = ((T , δl ), V ),
. . . ⇒δ(m)
∅, δ(0)⇒δ(1)
l ∈ {1, . . . , m}. Obviously, since a is enabled at δ(m), we find that M m |= b
a.
Since the first premise says that γ =⇒ ¬b
a is valid, it suffices to prove that
M m |= γ to obtain a contradiction.
In fact, we argue that M l |= γ for every l ∈ {1, . . . , m}. Firstly, since M |= γ
b1
we can show that M |= bb1 ,
by assumption, for some l, M |= αl . Since δ(0)⇒δ(1),
where b1 6∈ Σi . By validity of the second premise, for every j ∈ loc(b), M |=
([b]j β(l, b, j))@j. therefore, we can show that for every k 6∈ loc(b), M 1 |= αl (k)@k
and for every j ∈ loc(b), M 1 |= β(l, b, j)@j. Thus, by validity of the third premise,
we find that M 1 |= γ. We can repeat this argument to show that M l |= γ, for
l > 1 as well, and we are done.
The proof that the (Un) rule preserves validity is similar.
⊓
⊔

Thus, we have soundness. We now proceed to show that GAX is indeed a
complete axiomatization as well.

6

Completeness and decidability

In this section, we show that every consistent formula φ is satisfiable in a finite
model whose size is bounded by 2c|φ|. This at once shows that the logic is also
decidable in nondeterministic exponential time.
We will find the following notation useful: when X is a finite set of formulas,
b we mean the conjunction of all formulas in X (this is itself a formula).
by X
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Given Γ , a finite set, whose
_ members are themselves finite sets of formulas, by
b
Γe, we mean the formula
X.
X∈Γ

We first define the notion of subformula closure of a formula.

Definition 7. Let α be a formula in Φi .
1. CL′i (α) is the least set of formulas containing α and satisfying the conditions
(a) ¬β ∈ CL′i (α) implies β ∈ CL′i (α).
(b) β ∨ γ ∈ CL′i (α) implies {β, γ} ⊆ CL′i (α).
(c) haii β ∈ CL′i (α) implies {[a]i β, β} ⊆ CL′i (α).
(d) haii T rue ∈ CL′i (α), for every aJ
∈ Σi .
(e) αUi β ∈ CL′i (α) implies {α, β, i (αUi β)} ⊆ CL′i (α).
def

2. CLi (α) = CL′i (α) ∪ {¬β | β ∈ CL′i (α)}.

For any α, CLi (α) is finite and linear in the size of α. Similarly, we can define
the subformula closure of global formulas.
Definition 8. Let φ be a formula in Φ.
1. CL′ (φ) is the least set of formulas containing φ and satisfying the conditions
(a) α@i ∈ CL′ (φ) implies {β@i|β ∈ CLi (α)} ⊆ CL′ (φ).
(b) ¬φ1 ∈ CL′ (φ) implies φ1 ∈ CL′ (φ).
(c) φ1 ∨ φ2 ∈ CL′ (φ) implies {φ1 , φ2 } ⊆ CL′ (φ).
def

2. CL(φ) = CL′ (φ) ∪ {¬φ′ | φ′ ∈ CL′ (φ)}.

Once again, for any φ, CL(φ) is finite and linear in the size of φ. For convenience,
def

we will abuse notation to also define CLi (φ) = {β|β@i ∈ CL(φ)}, the set of
i-subformulas of the global formula φ.
Fix a formula φ, and let X ⊆ CLi (φ). We say that X is an i-atom of φ iff it
satisfies the following conditions:
–
–
–
–
–

for every β ∈ CLi (φ), ¬β ∈ X iff β ∈
/ X,
for every β ∨ γ ∈ CLi (φ), β ∨ γ ∈ X iff β ∈ X or γ ∈ X,
for every a ∈ Σi , if haii T rue ∈ X, then for every b ∈ Σi , b 6= a, hbii T rue 6∈ X,
for every a ∈ Σi , if haii α ∈ X, then [a]i α ∈ X, and
for every αUi β ∈ CLi (φ),
J
αUi β ∈ X iff (β ∈ X) or (α ∈ X and i αUi β ∈ X).

On the other hand, for a formula φ, we say that A ⊆ CL(φ) is a atom for φ
iff for every i, {α|α@i ∈ A} is an i-atom for φ. It can be easily checked that for
every formula α@i ∈ CL(φ), either that formula or its negation will be found in
an atom (but not both). Further a formula of the form α@i ∨ β@i (in CL(φ)) is
in an atom if and only if either of the disjuncts is in it. For an atom A, let A[i]
denote the associated i-atom, i.e. {α|α@i ∈ A}.
Let ATi (φ) denote the set of all i-atoms for φ. Define →i ⊆ ATi × Σi × ATi
a
as follows: X →i Y iff ([a]i α ∈ X implies α ∈ Y ).
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def

The global atom graph for a formula φ is defined as G(φ) = (AT (φ), ⇒′ ),
where AT (φ) is the set of all atoms for φ and ⇒′ is defined by:
a′

a

A⇒ B iff ∀i ∈ loc(a), A[i] →i B[i] and ∀j 6∈ loc(a), A[j] = B[j].
Suppose that (W, ⇒) is a subgraph of (AT (φ), ⇒′ ) in the sense that W ⊆ AT and
⇒′ ⊆⇒. Then we say that (W, ⇒) is φ-good if it satisfies the following conditions:

– there exists A ∈ W such that φ ∈ A, and
– for every A ∈ W ,
a
• A has a successor, i.e. B such that A=⇒B for some a.
• for every a ∈ Σ, if haii T rue ∈ A for every i ∈ loc(a), then there exists
a
B such that A=⇒B.
• for every a ∈ Σ, if haii T rue ∈ A for some i ∈ loc(a), then there exist
B0 , B1 , . . . , Bk , k ≥ 0 and b1 , . . . , bk such that {b1 , . . . , bk } ∩ Σi = ∅, A =
b

b

a

1
k
. . . =⇒B
B0 =⇒
k =⇒C for some C.
• if αUi β ∈ A for some i ∈ Loc, then either β@i ∈ A or there exists B
reachable from A such that β@i ∈ B.

As it turns out, checking satisfiability of a formula φ amounts to checking
the existence of such a φ-good subgraph in the syntactic graph G(φ). We will
first show that every consistent formula does guarantee the existence of such a
subgraph.
Lemma 1. If φ0 is a consistent formula, then G(φ0 ) has a φ0 -good subgraph.
Proof. Define W to be the set of maximal consistent subsets of CL(φ0 ). (From
now on, we fix φ0 and use CL to mean CL(φ0 ).) It is easy to check that each
element of W is indeed an atom, using the local axiom systems, and (A0), (A1)
def
and rule (GG). Thus W ⊆ AT . Simply define ⇒ = ⇒′ ∩(W × W ). We claim
that (W, ⇒) is φ0 -good.
Firstly, since φ0 is consistent, there exists a maximal consistent set A0 ∈
W such that φ0 ∈ A0 . Now we have to prove that every element of W has
an a-successor, and further that whenever {(haii T rue)@i|i ∈ loc(a)} ⊆ A, for
A ∈ W , then A has an a-successor. Once we prove the second condition of
these two, the first one follows, thanks to axiom (A2). Now, fix A ∈ W and
a ∈ Σ such that {(haii T rue)@i|i ∈ loc(a)} ⊆ A. It can be easily checked that
^
def
d
b =⇒
⊢A
A[i]@i.
Further, let Xi = {α|[a]i α ∈ A[i]}, for i ∈ loc(a). Since
i∈Loc

d =⇒ hai X
c
haii T rue ∈ A[i], we can show that ⊢i A[i]
i i . Thus, we find that
^
^
d But since A
b is a consistent formula,
ci )@i ∧
b =⇒
A[j].
(haii X
⊢A
i∈loc(a)

j6∈loc(a)

so is the formula implied by it. then, by rule (GM), we find that
^

j6∈loc(a)

d is consistent too. That is, the set X def
A[j]
=
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[

i∈loc(a)

^

i∈loc(a)

Xi ∪

ci @i ∧
X

[

j6∈loc(a)

A[j]

is consistent. Hence, there exists a maximal consistent set B ∈ W such that
a
X ⊆ B. It can be easily checked that A⇒B as required.
We now show that the eventual synchronization condition is also satisfied in
the graph (W, ⇒). Fix A ∈ W such that (haii T rue)@i ∈ A for some i ∈ loc(a).
Let Γ be the least subset of W which satisfies the following conditions:
– A ∈ Γ , and
b
– whenever B ∈ Γ and B ⇒C for any b 6∈ Σi , C ∈ Γ .
Note that every element in Γ is reachable from A via a path in (W, ⇒) which
goes through actions outside Σi . Clearly, if there exists B ∈ Γ such that B has
an a-successor at all, then we are through.
Now suppose that there is no such B in Γ . We show that this assumption
b =⇒ ¬b
leads to a contradiction. It can be checked that ⊢ B
a for every B ∈ Γ .
Therefore, ⊢ Γe =⇒ ¬b
a.
Let B ∈ Γ . For every b 6∈ Σi , and for every j ∈ loc(b), define
def
b
b =⇒ bb, and
∆(B, b, j) = {C[j]|B ⇒C}, if ⊢ B
{B[j]},
otherwise.
Claim (1). ⊢
Claim (2). ⊢

^

B∈Γ

b =⇒ (
(B

^ ^

^

b6∈Σi

(

^

B∈Γ b6∈Σi k6∈loc(b)

(bb =⇒

^

^
([b]j ∆(B,
b, j))@j))).

j∈loc(b)

d
(B[k])@k
∧

^

j∈loc(b)

^
(∆(B,
b, j))@j) =⇒ Γe).

Suppose the claims are true. Then we have derived every premise in rule (Sy)
in our axiom system. Hence, by its conclusion, Γe =⇒ ([a]i F alse)@i. But then
b =⇒ Γe (since A ∈ Γ ) and hence A
b =⇒ ([a]i F alse)@i, clearly contradicting
A
the fact that (haii T rue)@i ∈ A.
The only condition left to be proved (for (W, ⇒) to be φ0 -good) is the “until”
condition. The proof of this proceeds in a fashion quite similar to the one for
eventual synchronization, and hence is omitted here.
⊓
⊔
Proof (of Claim (1)). Suppose that the formula in the Claim is not a theorem of
the system. Then its negation is consistent, and we show that this leads to a contradiction. Skipping a few obvious steps, we can see that for some B ∈ Γ, b 6∈ Σi
^
b ∧ bb ∧ (hbi ¬∆(B,
and some j ∈ loc(b), B
b, j))@j is consistent. By the consistency
j
b ∧ bb, we can expect B to have a b-successor. In addition, by a reasoning
of B
similar to what we employed earlier, we can find a b-successor, say C, such that
d
^
(C[j])@j
∧ (¬∆(B,
b, j))@j is consistent. But, by construction of ∆(B, b, j), evd
^
ery such C[j] ∈ ∆(B, b, j). Then we get ⊢ (C[j])@j
=⇒ (∆(B,
b, j))@j, clearly
a contradiction.
⊓
⊔
Proof (of Claim (2)). This claim obviously follows from the fact that if B ∈
b
Γ, b 6∈ Σi and B ⇒C, then by construction, C ∈ Γ and the fact that for k 6∈
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loc(b), B[k] = C[k] by definition of ⇒, whereas for j ∈ loc(b), C[j] ∈ ∆(B, b, j),
again by construction. When B has no such b-successor, we get the required
b =⇒ Γ .
thesis by observing that B
⊓
⊔
Lemma 2. If G(φ0 ) has a φ0 -good subgraph, then φ0 is satisfiable.

Proof. Suppose that (W, ⇒) is a φ0 -good subgraph of G(φ0 ). Let A0 ∈ W such
that φ0 ∈ A0 . We claim that there is a maximal run δ of (W, ⇒) of the form
a2
a1
A0 ⇒A
1 ⇒ . . . which satisfies the following conditions: (let k ≥ 0)
a

– If (haii T rue)@i ∈ Ak then there exists m ≥ 0 such that Ak+m ⇒Ak+m+1
b

l
and for every l such that 0 ≤ l < m, Ak+l ⇒A
k+l+1 implies that bl 6∈ Σi .
– If (αUi β)@i ∈ Ak , then there exists m ≥ 0 such that β@i ∈ Ak+m .

The details of construction of δ are straightforward, though not trivial: we consider each of the n agents in a round-robin fashion, and keep fulfilling eventuality
(until) requirements. Note that when an until-requirement is met for an agent,
next-action requirements are also fulfilled upto the last action.
Now consider the parallel program T = (T S1 , . . . , T Sn ) with T Si = (ATi , →i
def

), for i ∈ Loc. Let T S = (Q, ⇒′ ) be the product system for T . It can be checked
a ′
that {(A[1], . . . , A[n])|A ∈ W } ⊆ Q and that (A[1], . . . , A[n])⇒ (B[1], . . . , B[n])
a
iff A⇒B in the given φ0 -good subgraph. Thus δ induces a maximal run δ ′ of the
product system as well.
Now consider the frame F = (T , δ ′ ), and the model M = (F, V ), where
def

def

V (X) = X ∩ AP , for X ∈ ATi , for some i. Let ρ = δ ′ ⌈i and let Mi = (ρ, Vi ),
where Vi is the restriction of V to ATi .
Claim (3). For every α ∈ CLi (φ0 ), k ≥ 0, Mi , k |= α iff α ∈ ρ(k).
Assuming the claim, we can go on to show that for all φ1 ∈ CL(φ0 ), M |=
φ1 iff φ1 ∈ A0 . This is proved by an easy induction argument. But then, since
φ0 ∈ A0 , it follows that M |= φ0 , and we have demonstrated the satisfiability of
φ0 .
⊓
⊔
Proof (of Claim (3)). The proof proceeds by induction on the structure of α.
The base case, when α ∈ AP is trivial and follows by the definition of V above.
The induction step proceeds by cases: when α is of the form ¬β or of the
form β1 ∨ β2 , the proof is by routine applications of the induction hypothesis.
Now suppose that α of the form haii β ∈ ρ(k). By construction of δ above (and
a
hence of δ ′ ), ρ(k +1) exists, and ρ(k) →i ρ(k +1). Further, since ρ(k) is an i-atom,
we find that [a]i α ∈ ρ(k) as well, and by definition of ⇒ above, α ∈ ρ(k + 1). By
induction hypothesis, Mi , k + 1 |= α and hence Mi , k |= haii α, as required.
On the other hand, when Mi , k |= haii α, we are given that ρ(k+1) exists, that
a
ρ(k) →i ρ(k + 1) and that Mi , k + 1 |= α. By induction hypothesis, α ∈ ρ(k + 1),
and by definition of ⇒, haii α ∈ ρ(k).
Now suppose α of the form β Ui γ ∈ ρ(k). If γ ∈ ρ(k), we have (by induction
hypothesis Mi , k |= γ and hence Mi , k |= β Ui γ. Otherwise, by construction
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of δ above, we find that there exists m > k such that γ ∈ ρ(m) and for all
l : k ≤ l < m,
J γ 6∈ ρ(l). Now consider ρ(k): since {β Ui γ, ¬γ} ⊆ ρ(k), being an
i-atom, {β, i (β Ui γ)} ⊆ ρ(k). Hence β Ui γ ∈ ρ(k + 1) as well. By the same
reasoning β ∈ ρ(k + 1). Thus, we can show that for every l : k ≤ l < m, β ∈ ρ(l).
The result follows by the induction hypothesis. The converse is proved similarly.
This completes the induction and the claim is proved.
⊓
⊔
The above two lemmas together lead us at once to the main results of the
paper:
Theorem 3. |= φ implies ⊢ φ; that is, GAX provides a complete axiomatization of the valid formulas of PrPTL.
Theorem 4. The satisfiability of a PrPTL formula φ can be decided by an algorithm taking N T IM E(2O(|φ|)).
We expect that the time complexity can be shown to be deterministic (singly)
exponential time, using a more careful argument than the one presented above.
We can also consider the model checking problem for PrPTL: given a parallel
program T = (T S1 , . . . , T Sn ), a PrPTL formula φ, and a valuation V : Q → 2X
(where X is the set of atomic propositions mentioned in φ), the problem is to
determine whether every model based on T and V satisfies φ. By a standard
argument, we can consider the product of the syntactic graph of φ above with
the product system and check for connected components generating φ-good subgraphs. Here, we mention only the result:
Theorem 5. Model checking a PrPTL formula φ against a parallel program
with m global states is decidable in N T IM E(m.2O(|φ|)).
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jbenr peQ edxa HOya Ek AnnY bYiµ©W
mazebÞnaQ imÕ
ikqu ikqu manuP Aaeqn Jaedr saißzY menr mezY EkTa val lagar Anuvit Een edy. EI manuPiTr
sK³pe¯S JaraI Aaesn tara ay skelI men kern eJ, EI manuPiT AtYÚ kaeqr manuP. EI rkm
val lagar ipqen ekan Wa¯Qebaz kaj ker na. cÕ b'el Ek bYiµr mÕ naem Aar Ekjnek val
laeg, karN meÕr saißezY EelI tar ikqu lav Hy Hyeta mÕ edxa HelI ceÕr SKsa ker
EbK tar Aa©mm¯Jadaek baiey edy AQba ceÕr se¢g edxa Hel mÕ taek Aai¯Qk saHaJY ker.
EI smï eXeÕO meÕr saißzY ceÕr val laga sië ker. ikÚu EI vallagaiT ekan na ekan
Ae¯Q Wa¯Qjint. ikÚu, Erkm ekan kareN ny, Ekdm Wa¯Qg«zHn AkareN eJ ine¯vjal val laga,
esI vallagar Anuvit edy eJ manuPiTr s¢g taek ªza kret Ie£q ker, ibna kareN tar saißzY
O s¢g val laeg. EI zreNr manuPra sazarntoh Aa©mSKsa kern na, prinÝa kern na. Eedr
mezY ibeØP vab Qaek na, Era AHKkar nn EbK ekan smyI van kern na. EI rkm AkpTicÑ
juWvab manuPek Aamra sazarntoh sÂn bel Qaik. AzYapk imiHr c¸b¯t Aamar kaeq Erkm
Ekjn sÂn bYiµ. Aaim Anuvb kir imiHerr mezY Ek zrenr Wa¯Qg«zHn valbasa Aaeq, EbK
tar fel Aprek m¯Jada edbar EkTa Wavaibk bNta Aaeq. imiHerr it Aamar AkiÕm ªza
O val lagar gver Hyt EI smï karN b¯tman.
Aamar Jtdr men pe imiHerr se«g Aamar Qm pircy Hy 1969 sael. eJ smy imiHr
eblu kelej (ramkíimSn ibdYamiÝr) giNetr AzYapk iHeseb eJagdan ker. Aaim txn
ibdYamiÝerr d¯Senr AzYapk. EI UÃl EbK jukitr manuPiTr se«g keykidn imeSI Aaim
tar it Aakë Hey pi. ikquidenr mezY ibdYamiÝerr AnYanY iSXkra EbK qaÕraO imiHrek
sagReH gRHN ker. Aamra sbaI jain sÑerr dSek pi±cmbe¢g rajnitk batabrNiT Emn iql eJ,
rajnitk mtaÚr aySohI mnaÚer pirNt Hey eJt. fel Eek Aperr it AsiHíu Hey paTaI
Wavaibk bel men Ht. ay skelr mt imiHerrO EkiT ibeSP rajnitk mtamt iql. ikÚu
O'ek kxnO AenYr bYapaer AsiHíu Het edixin. AenYr se¢g Ekmt na HeyO tar se«g ik
vaeb AaÚirk b«zu©W bjay raxa Jay
imiHerr EI I£qa skelI Anuvb krt. Aenk ibPeyI
imiHerr se«g Aamar gvr mtiberaz iql EbK AajO Aaeq, ikÚu EI smï mtaÚr kxnI Aamaedr
par²pirk AaÚirk s¯®pkek kluiPt kret paer in. taI AajO imiHr Aamar Ekjn AkiÑm
suHd. Aaim jain, ibped, Aaped s®ped imiHr s¯bdaI Aamar paeS Aaeq EbK icrkalI Qakeb.
imiHerr karO se«g mtiberaz Hel taek keFar smaelacna kret emaeTI ipqpaO Hy na, ikÚu
kxnI taek eqaT k'er m¯JadaHainkr bYbHar ba mÚbY ker na.
imiHr k'lkata ibSWibdYaleyr ibSuªz giNetr qaÕ iql. giNetr iSXk iHeseb es ibdYamiÝer
eJagdan ker. iSXktar Qm idek giNt c¯ca kret kret zer zer imiHr lijekr it
Aakë Hey pe. ibSuªz giNetr paF¸em lijekr eJTuku AKS eSxaena H't ta Ait samanY.
puerapuir lijk c¯ca kret H'el AarO Aenk valvaeb lijk jana eyajn. taI lijekr
paSuenay imiHr U saH Hey pe. EI se«g EkiT mjar GTna men pe egl. Aaim txn
ibdYamiÝer sa®Maink d¯Senr qaÕedr varty O pa±catY lijk patam. pa±ctY lijek Aabar
duiT zan AKS iql
EkiTek bla eJet paer AberaH lijk EbK ApriTek bla Hy AaeraH
lijk. IKerijet JQa¸em Eedr iDDakiTv lijk EbK InDakiTv lijk bla Hey Qaek.
iDDakiTv lijk Aabar duvaeg paena H't. tar mezY EkiT AKS iql saebik lijk (¦RaiDSnal
lijk) EbK Apr AKSiT iql saKekitk lijk (ismbilk lijk). EI pa±ctY lijk pabar
seÕ imiHerr Aamar se«g ebS keykidn saebik O saKekitk lijekr aQimk ikqu AKS iney
Aaelacna Hy. Aaim xub AagRH O U saH sHkaer imiHrek aQimk lijekr paF idet Suru kir.
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k'eykidn baedI Aaim Anuvb kir imiHr Aamar eQek Aenk taatai lijekr gver Zuek
Jae£q. txnI Aamar EI srl e£PTaek zëta bel men Het Suru ker. AajO imiHr Aenk
smyI ibny sHkaer bel Qaek eJ O'r lijekr Qm paF naik Aamar kaeqI Heyeq. kQaTa
puera stY na HelO AaKiSk vaeb stY. paFSalar gurumSaI qaÕedr A, Aa, k, x eSxan. tarpr
esI qaÕraI prb¯t kael kelj EbK ibSWibdYaleyr iSXa smaá k'er esI gurumSaI-Er guru Hbar
eJagYta A¯jn kern, esI Ae¯Q Aaim imiHerr lijk iSXar paFSalar guru. lijekr ibPy Exn
imiHerr Ja paSuena O ebaz, Aaim ecëa krelO esI gver ebS kret parb na.
imiHr Suzu lijekr piÎt ny, O'r sazarN vaeb sjnSl mn lijekr c¯caek Aenk ebiS
UÂibt ker bel Aamar ibSWas. EI se«g EkiT kQa blet caI. Aamar xub Aabqa Aabqa
men peq 1985 sal nagad imiHerr ecëay kanaDar irjaIna ibSWibdYaleyr lijekr AzYapk
AaleãD Tariî'r tYX qaÕ  Hregr narayN gueár keykiT bµtar Aaeyajn Hy. esI bµta
Sunet lijekr Anurag boHu qaÕqaÕ EbK b«zuba«zb O sHk¯m Upi³Qt Hy. EI bµtaguil EtI
aNbÚ iql eJ, skelI Er Øara UØuªz Hy. Hregrbabu cel Jabar peO EI bµtar erS eQek Jay.
EI erSek kaej laigey imiHr EkiT lijk sae¯kl itìa krar jnY ïab ker. imiHr qaaO
Aaera keykjn lijek Anurag manuP EI ecëaek sflta dan ker. EI ekÞiT Aanuìaink
vaeb ³Qaipt Hy in. taI Er ekan Aanuìaink rp enI. AprpeX EiTek EkiT s®p¯N Inf¯mal
itìan bla eJet paer. mjar ibPy EI eJ, EI lijk c¯car ekÞiT ay picS bqr zer pueradem
cleq. Aaim kic kdaic EI c¯ca ekeÞr Aaelacna svay eJag ideyiq EbK lXY keriq EI
ekÞiTr aNpuruP He£q imiHr. Aamar men Heyeq, imiHerr saißezYr Aak¯PNI EI ekÞiTek jbÚ
erexeq. EIxaen eJ smï Aaelacna Hy, ta Aazuink lijekr ml esRaet eQekO sjnSltaek
mlY idey Qaek. EI sjnSltar fel rXNSl diëvi«gek Ait¸m ker lijk eJn EkiT
Udarp«Q diëvi«g gRHN ker. Aamar ibSWas imiHrI EI Udarp«Q zaraek Eigey iney eJet y
O U saH edy. EI se«g bla eJet paer imiHr ibSuªz lijekr Aaelacnay smabªz na eQek
lijkek EkiT ntun maÕa edbar kQa vaeb. EI ecëaek sflta dan k'ret imiHr eJn ibSuªz
lijekr g«D eQek ebirey Ees lijekr da¯Sink idkTar idek njr edbar kQa blar ecëa ker.
zant imiHerr U saeHr fel taI ibSuªz lijk c¯ca ekeÞ Aajkal varty d¯Senr lijk c¯caO
Zuek peeq, Jaek ekan¸emI ibSuªz lijekr AaOtay efla Hyt séb ny. EI da¯Sink diëv«g
EbK Udarp«Q menavab imiHerr icÚazaraek EkiT AnnYta dan kereq.
imiHerr ml ibPy lijk HelO O'r siëSl mn lijekr mezY Aabªz Hey Jay in. imiHerr
sjnSlta kaS epeyeq tar saiHtYke¯m. `naÝmux' naem EkiT saiHtY piÕkar epqen imiHerr
Abdanek ekU AWkar kret pareb na. taqaaO ibivß saiHtY rcna O Aaelacnar eXeÕ
saiHtY jget imiHerr Abdanek Aajkal ekUI AWkar kret paern na. imiHerr Azuna ilixt
duiT puiïka `giNetr zarapat O g°ps°p' EbK `AmmaKsar Aaela-Aazair' pel Aamar kQaiTr
stYta Hyt Upliz kra Jaeb. imiHerr AarO EkiT AagRH O itr ibPy Heq icÕ iS°p.
O'r sjnSl ebaezr kaS boHu nam kra icÕ iS°pekO mu¡z ker. EqaaO imiHr manbaizkar
AaeÝalen AagRH. Suzu manuP ny, kit O pirebeSr ApbYbHarO imiHrek UiØg ker.
imiHrek eJ kt elak kt gvr vaeb vaelabaes esiT Aaim Qm bueCiqlam tar EkiT
mrNapß bYaizr smy. txn Aaim Abak Hey edexiqlam
ktelak EI manuPiTr jnY jbnpN
kret ïut.
Aar EkiT kQa Ueêx na krel imiHerr jbenr g°piT As®p¯N eQek Jay. esiT imiHerr ð
nimtar kQa. nimta kib. O'r se«g imSel EbK O'r kibta pel ebaCa Jay O'r evterO EkTa
da¯JYp¯NY vaelabasa O'r evtrTaek W£q ker erexeq. Aamar maeC maeC men Hy imiHr ik imiHr
Het part Jid na nimta imiHerr jbnsi«gn Ht. imiHerr jben eJmn iS°p saiHtY kibta
O ibSuªz lijk Ekakar Hey igeyeq, iFk eJn etmnI imiHr O nimtar jbn Ekakar Hey
egeq. bYiµWateÛ ibSWas, ine¯lav, Udar EbK sKebdnSl EI d®pit eJn Eek Aperr pirprk.
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sbecey b kQa Eedr dujenr mezYI ekaQaO EkTa valbasa reyeq Ja bYiµekiÞktay Aabªz ny,
Ja Apr manuPjnekO kaeq Taen. imiHr O nimta
Jaek bel eJagYK eJaegYn eJajey .
imiHerr jbenr smï idkguil men raxel manuPTaek buCet suibza Heb. CkCek buiªz, drd
mn, Anuvitr gvrta, AnYaeyr ibrueªz AaepaPHn maniskta, juta EbK stta manuPiTek Emn
EkTa AnnYta ideyeq eJ manuPiTek ªza na k'er EbK val na ebes Qaka Jay na. EI rkm EkiT
sÂn manuP d¯Gjib eHan EI kamna k'er Aaj ExaenI eSP kriq.

Aaim imiHr sèe«z eJ k'iT kQa ilxlam ta Hyt tQYmaN idey itìa kra Jay, na egelO ikqu
Jay Aaes na. karN, EI zarNa guil d¯G ay ciêS / ibyaiêS bqr zer Aamar menr mezY ge
UeFeq. kQaguil Aamar AkiÕm Ek Anuvitr Wtoh³f¯t kaSmaÕ.
Madhabendranath Mitra
Retired Faculty, Department of Philosophy,
Jadavpur University, Kolkata, India.
mnm ju@yahoo.com
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Can the feminists qua feminists be allies of M.C.?
Shefali Moitra
On many occasions Mihir Chakraborty (M.C.) and I have exchanged views
on issues relating to abstraction. During these discussions, mine would be
the stance of a feminist philosopher, and his would be the stance of a
mathematician. M.C. has always been concerned with metamathematical
questions. Many of these questions are relevant to the theoretical enterprise that
preoccupies feminists as well. M.C. takes a somewhat non-conformist position
in mathematics. For this reason he would be more acceptable to the radical
feminist, than to the liberal feminist. At the outset let me clarify why I think
M.C. is a non-conformist in mathematics. I shall then move to state in brief
the difference between the liberal feminist and the radical feminist position in
relation to theory construction. This should clearly bring out the relationship
between M.C. on the one hand and the liberal and the radical feminist on the
other.
According to the mainstream account of mathematics the subject is equated
with rationality. The other name for mathematics is rationality and the
other name for rationality is mathematics. M.C. characterizes the mainstream
position by saying, ‘for the mainstream “understanding means understanding
through mathematics”.’ 1 Mathematics is often referred to as an exact science.
One of the reasons why mathematics has been given a coveted position in the
history of knowledge is that it is perceived as an instrument of success. (This
continues to be the case in spite of the fact that predictability is not an epistemic
virtue.) M.C. finds an echo of this perception in the words of William F. Taylor
uttered during an interview in 1977; where Taylor says, ‘quantitative science –
that is science with mathematics – has proved successful in controlling nature.
The majority of the society backs it for this reason. At the present moment, they
want nature to be altered and controlled – to the extent, of course, that we can
do it and the results are felicitous.’ 2 The mainstream refers to mathematics as
the queen of science. M.C. reminds us that this status is granted to mathematics
as long as it delivers the desired results. Thus mathematics is not seen as an
end-in-itself; all that it offers is an instrumental value. This is the majority
view.
Things are however changing. Even Taylor in the above-mentioned interview
goes on to say, ‘the humanist point of view [regarding mathematics] is a minority
point of view. But it is influential – one sees this among young people.’ The
assessment of mathematics as an exact science has been constantly changing
over the past hundred years. M.C. quotes Bertrand Russell in his favour,
‘mathematics is the subject in which we never know what we are talking about
nor whether what we are saying is true.’ 3 This is a recurring theme in M.C.’s
writings. He keeps saying that the aim of mathematics is not to establish the
truth. He does not believe that there is any such thing as the correct position

184

in mathematics. He quotes Morris Kline who says, ‘the major fact that emerges
from the several conflicting approaches to mathematics is that there is no one
body of mathematics but many.’ 4 M.C. also denies the possibility of a unique
logic. Till today many think that the Aristotelian laws of thought are sacrosanct.
M.C. does not subscribe to this view. He quotes Rudolf Carnap in this context.
Carnap says, ‘in logic there are no morals. Everyone is at liberty to build up
his own logic, his own form of language’.5
The acceptance of pluralism in logic and also in mathematics would be
very close to the heart of the radical feminist. But the question is: who
are the protagonists of this view? In other words does this view carry any
authority? When it comes to the operative part we find that we are still guided
by monolithic systems of logic and mathematics. In his article ‘Jakhan Ar Kono
Jijnasa Thakbe Na’ M.C. wonders why this mainstream version of mathematics
continues to prevail in the syllabus of the teaching institutions, especially at the
primary level. M.C. envisages the urgency of looking into the social, cultural
and commercial basis for this trend.6
M.C. repeatedly refers to the cultural and commercial influences on the
selection of theories and on their dominance in the field of knowledge, including
mathematics. In his ‘Akashkusum-er Adhikar’ he makes a passionate appeal.
He says mathematics must free itself from the clutches of such dominance.
This is the dominance of advertisements, the market, commerce and utility.
Mathematics must return to its pristine realm of beauty. We should enter this
realm with a kind of wonder ‘mugdhata’.7 We should not expect to receive a
criterion for demarcating truth from falsity. That is not the task of mathematics.
The relevant question to be asked is ‘how did you like it?’ (kemon lagche eke?).
It is the ‘beauty’ of mathematics that is to be appreciated and enjoyed. Perhaps
M.C. would be willing to use the word rasa in this context. Once we delve deep
into the intricacies of mathematics we delve into its rasa as well. M.C. believes
mathematics comes closer to poetry.8
The call to save mathematics from all forms of external influences and allow
it to establish its autonomy is an attractive proposition especially for those
of us who are mired in all sorts of power politics and are yearning to break
away. It is like finding ‘a room of my own’. The question is: has this ever been
possible? Will this ever be possible? Or, is this a dream that the beleaguered
mathematician likes to cherish? Did mathematics have a golden past when it
had an intrinsic value? If so then what caused its enslavement, its cooption?
M.C. gives a clue in one place. He says the eulogy showered on mathematics
by the sciences especially physics has led mathematics to believe that it is the
queen of sciences. It fails to realize that it is being praised for its ‘use’ value and
not for its intrinsic value. M.C. says mathematics must come out of this orbit
of sycophancy.9 For him the question is not so much whether such autonomy
was enjoyed by mathematics in the past or not. The question is whether men
and women have the right to create a subject like mathematics in M.C.’s sense;
is such a move legitimate? The question is one of adhikar. I would say of course
one has the right to think of a situation where mathematics is interested in
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the creation of beauty alone, or a situation that accommodates mathematical
pluralism. It is also plausible to approximate such a goal. But the possibility
of the achievement of such a goal is problematic. Autonomy may be maximized
but can absolute autonomy ever be achieved? The radical feminist would say
the goal itself is a fantasy, some kind of absurdity or akashkusum.
The way M.C. argues in his article ‘Akashkusumer Adhikar’ it appears
that the power-utility-market nexus is an avoidable evil.10 Its influence on
mathematics is to be seen as a fault-line which is to be got rid of. The liberal
feminists would agree with him. They have a great faith in the autonomy of
reason. They accept the fact that reason has been used for various vested
interests, including power politics. For them the only way to escape from this
unholy alliance between rationality on the one hand and power-market-utility
on the other is to be more and more rational, more and more logical, more
and more objective. The liberal feminists believe in the autonomy of reason,
in the possibility of pure reason. For them a paradigm example of reason is to
be found in Aristotelian logic. They believe in the existence of binaries such as
reason/emotion, subjective/objective, logical/illogical.
Thus we find that though the liberal feminist would agree with M.C. on
one major point (the point of escaping from a mundane context) they would
not entirely endorse his position. Their point of agreement would be on the
possibility of the autonomy of logic and mathematics. They would further
state that human beings could achieve pure freedom only in the domain of pure
rationality. Their allegiance to a rigid logical system would, however, distance
them from M.C. They would not agree with him in ratifying Carnap’s view
stated above. M.C. agrees that there was a time when rationality had a pivotal
role in emancipating man. Many say this about the Age of Enlightenment.
Reason facilitated the rupture with the Dark Age of dogmatism. M.C. suggests
the time has come now to free ourselves from the domination of reason. He
does not intend to give up reason.11 Not allowing reason to dominate implies
the possibility of questioning reason itself.
By questioning rationalism alternatives to the mainstream dominant trend
in reason may emerge. For instance, classical two-valued logic would demand a
clear yes or no, true or false, right or wrong answer. M.C. does not subscribe to
this requirement. He is a radical on this account. He says if he is asked which is
true, the axiom of choice or its oppositional positions, he would prefer to remain
silent on this issue not because he is undecided but because his answer will not
be amenable to a clear-cut true or false categorization. He thinks the classical
notion of truth was too arrogant – too self- confident, too self-promoting. Today
we are willing to accept concepts like partial truth, mutually inconsistent truth,
contingent truth, soft truth and so on.12 This would sound like music to radical
feminist ears. They are comfortable with a considerable amount of vagueness
and ad hocism in theory construction.
The major difference between liberal feminism and radical feminism is that
the liberals are pro-status quo. They are comfortable with the existing systems
of science and justice. According to them what is at fault is the application of
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the system; therefore, the fault is extrinsic to the system. In places the fault lies
in the non inclusion of women into the system. The liberal feminists primarily
follow an agenda for inclusion into the mainstream. The radical feminists on the
other hand feel that the existing systems are themselves faulty and intrinsically
biased against women. What is needed is a systemic change.
It seems that the distinction between an extrinsic fault and an intrinsic fault
of a system will be acceptable to M.C. He has spoken of the power-marketutility nexus that manipulates a system from outside. The intrinsic fault is
caused by the arrogance of reason and its claim to exactitude. According to the
radical feminist this fault is closely related to reason’s denial of any association
with feeling. For the radical feminist feeling is an inalienable part of woman’s
lived-experience. Therefore it should find its place in every human endeavour
including theory construction. Since emotion carries an element of fuzziness the
liberal feminist would like to keep reason and emotion in separate watertight
compartments. I am not sure whether M.C. will allow emotion a constitutive role
in mathematics. He talks about enjoyment in the encounter with mathematical
systems, he also speaks of the beauty of the system, and these need not be
constitutive components of mathematics. I think he may admit the role of
intuition in mathematics and that would take him away from pure reason but
it need not bring him close to emotion. It must be noted that M.C. grants an
important role to imagination.
Moving away from reason does not necessarily imply some form of
methodological anarchy. M.C. tells us so far whenever mathematics has
changed it has replaced one consistent system by another consistent system.
Metaphorically speaking one cage is introduced to replace another cage. For
instance, Non-Euclidean geometry replaced Euclidean geometry. The choice
between the two was always based on pragmatic considerations. The replacing
of one cage by another is the procedure followed by mainstream mathematics,
which M.C. does not subscribe to. He is not enamoured by a fully consistent
mathematical system. He proposes a system that accommodates some amount
of inconsistency or makes room for partial consistency. These proposed systems
will have a constructed structure but the structure will not be flawless. M.C.
extends the cage metaphor and says his cage may have some vulnerable bars, it
may also have some broken bars and there will be gaps. There will be room for
light as well as room for darkness in this cage. Clearly this alternative standpoint
aims at avoiding hegemony by welcoming different voices and admitting that all
is not crystal clear nor will it ever be.13 Now we understand why M.C. stands
against the mainstream position.
Having spoken in favour of extreme non-conformism in mathematics M.C.
wonders why feminists insist on clubbing all abstractionists under one rubric.
He wonders what could be the ground for holding all forms of abstraction
responsible for gender bias. I had the privilege of receiving pre-publication
comments from M.C. on my book Feminist Thought (2002). I admit that the
feminist literature on the basis of which I made my observations in Feminist
Thought were reacting to mainstream mathematics and logic and not to the non-
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conformist position adopted by M.C. and others. In the mainstream position
it is believed that science has a universal mode of understanding based on
mathematics. It is also believed that mathematics is based on logic, Aristotelian
two-valued logic. It is further claimed that there is a unity between rationality,
science and mathematics. There is no room for pluralism in this way of looking
at abstraction. This point is explicitly elaborated by M.C.14 Having followed the
radical feminists I had made the statement that abstraction is a male-gendered
virtue and, therefore, necessarily associated with authority and power.
M.C. had read the typescript and he commented that abstraction and
formalism need not be associated with authority and power and, therefore, it
could distance itself from all forms of gender politics. Abstraction could be a
way to escape from mundane power politics. M.C. argued, authority is often
very much part of our concrete lived-experience, it pressurizes us to the extent
that we become numb. When the human condition gets so oppressive that we
feel that there is no exit then the world of mathematics, logic and other forms
of abstraction like music and art may offer some respite. Abstraction then offers
an alternative to the coercion of our day-to-day concrete existence. I conceded
to this point made by M.C. and added a note to the original text of Feminist
Thought. In the note I wrote, ‘The notions of the abstract and concrete are
commonly contrasted in women’s studies to establish the fact that abstraction
is a male-gendered virtue, and therefore associated with authority and power.
Such an association is a historical contingency. Power and authority could have
been associated with an allegiance to the concrete. The dualism between the
abstract and the concrete with the related privileging of one member of the pair
must always be investigated for the detection of power games.’ 15 This implies
that all abstraction is not associated with oppression. Abstraction could at times
be non-oppressive. Each case of abstraction has to be evaluated separately in
situ.
Looking back at my book Feminist Thought almost after a decade I would
like to formulate my response somewhat differently. The context of the remark
‘abstraction is a male-gendered virtue and therefore necessarily associated with
authority and power’ needs clarification. In patriarchy the male-gender virtues
are generally paired in the following manner so that the former member of the
pair stands for male-gender virtues and the latter for female-gender virtues.
The list commonly includes the following pairs of virtues: reason/emotion,
abstract/concrete, assertive/submissive. Subsequently, the former characteristic
of each pair is not only forwarded as a male-gender virtue, it is also touted
as a human virtue. Since the former members of the pairs are foregrounded
and the latter backgrounded a clear preference is indicated for male-gender
virtues. The former virtues are associated with positive values and power and
the latter members of the pair are associated with weakness and disvalue. I
believe this gendered explanation of the relation between abstraction and power
will be conceded by M.C. Here the relation between male-gender virtues and
abstraction is a stipulated relation.
M.C.’s entry point and my entry point into the discussion of abstraction are

188

very different. M.C. is looking at abstraction from the perspective of hope. The
feminist and I are looking at abstraction from the standpoint of suspicion. If
asked ‘why is abstraction to be suspected?’ The feminist will say that in the
past abstraction has been projected as a guarantor of neutrality but on further
analysis it has been shown that abstraction serves as a wonderful camouflage
for partiality, more specifically for gender bias. The fact that various vested
interests do perpetuate their hidden agenda under the garb of abstraction is a
well-known fact. The liberal feminist will argue that these vested interests can
be exposed given the time and effort, they can also be eliminated. In this way a
biased abstract theory can be sanitized. This may be M.C.’s position as well. He
admits the involvement of mathematics in power politics. In ‘A Conversation
with Helen Longino on Feminist Epistemology’ published in Margins. M.C.
remarks, ‘set theory to me always appears to be a code of capitalist nations
where only individuals and states remain, everything in between is wiped out.
It seems to me very much political in that way.’ 16 Why does M.C. say this?
Is it not an admission of covert politics being encoded in theory? M.C.’s
remarks on set theory seem to support the presence of politics that is intrinsic to
mathematics. Earlier we had mentioned that M.C. accepts the political pressure
on mathematics generated by the nexus of power, market and utility. This was
an instance of external politics. Thus we find M.C. at times admits the presence
of internal politics and at times accepts the presence of external politics in
relation to mathematics. He also speaks of the possibility of extricating oneself
from politics, both of the intrinsic type and the extrinsic type.
The feminists accept the possibility of the presence of gender politics at every
level of cognition. Gender politics is unique because it causes a mind-set where
gender discrimination is internalized. Subsequently the patriarchal mind-set is
reflected in every individual action be it mental or physical. M.C. will perhaps
agree with this possibility. The liberal feminist argues, with an effort one can
transcend this mind-set and acquire a gender neutral/gender transcendent mindset. They refer to this mind-set as the ‘human’ mind-set. The liberal feminist
proposes to go beyond gender politics with the help of reason. In that case
abstraction will facilitate the movement beyond mundane politics. For the
liberal feminist reason is regimented and not loosely structured as M.C. would
like it to be. The radical feminist does not accept the possibility of a future when
gender will be transcended and a neutral context will be achieved. The radical
feminist understands politics in terms of distribution of power. Power could be
distributed in a top-down fashion as in patriarchy. This could be replaced by a
feminist distribution of power; the structure could be one of power-sharing.
The liberal feminist agenda seems to be one of moving from patriarchy to
some form of neutered humanism. In that case women’s studies would only be
a transitory phase to be transcended by humanism. For the radical feminist
‘feminist thought’ always has a political dimension. Politics is not necessarily
bad. There can be good politics and there can be bad politics, but there cannot
be any escape from it. Those who say they have got away from politics and are
engaged in pure abstraction are also engaged with politics. The only difference
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is that the presence of politics is not openly admitted.
Does the presence of politics crash M.C.’s dream of unconditional free
knowledge.17 When politics is thrust upon a researcher then it is oppressive but
when a researcher chooses a political paradigm it may not be oppressive. M.C.’s
remark that mathematical activity is a part of human activity emboldens me to
infer that he does not subscribe to the possibility of a view from nowhere.18
Moreover, he clearly says that the mathematician has to create his or her
own parameters, even though these parameters are temporary and relative.19
M.C. agrees that the artist and the mathematician have to begin with some
axiom. These axioms need not be derived from a factual basis, they come
from convention or they come from imagination. Of these alternative possible
grounds of an axiom imagination seems to be the most autonomous and the
most unencumbered by context. To push the feminist critic a little further we
may ask: can imagination be free from context, from political context? The
radical feminist will say ‘NO’. M.C. seems to have a similar proclivity. M.C.
says in mathematics the days of Plato seem to have come to an end. Now we
can state our preferences and decide which logic, which mathematics we would
like to accept. Wittgenstein held that the growth of mathematics depends on
our form of life. M.C. says he cannot give any final opinion on this issue, he
acknowledges the importance of these debates.20 The feminists take a stand in
this ongoing debate. The liberal feminist think they can step out of the grid
constituted by the ‘form of life’ and walk into a neutral zone, whereas the radical
feminist believes that all our activities are circumscribed by some ‘form of life’.
I think M.C. would be more comfortable with radical feminists.
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Generalizing
Ranjan Mukhopadhyay

It is through philosophy that we seek a comprehension of the experiences we have.
Indeed, it is a question of comprehension, because much of what we experience is
baffling.
It is undeniable that we tend to achieve a coherence in what we experience along
with its related reaction. This attempt at coherence brings in beliefs, sometimes
conscious, sometimes unconscious. Consider for instance, although simplistically, the
following series of experiences: feeling of pain in what seems to be a part of a body
which is felt to be one's own, the visual experience of a squarish brownish edge
protruding into that part of the body, the experience of an effort being made to
dissociate the part of the body from the portruding edge, the experience of moving the
part, the feeling of cessation of pain. This series is made coherent in holding that a
part of my body strikes an object with an edge giving me pain and as a reaction I
remove that part of my body from the vicinity of the object to give me relief from
pain. The coherence achieved is seen to be both spontaneous and simultaneous with
this series. The beliefs that are necessary for having this coherence may be said to be
at least the following: that there is an I, a self, who has a body, that the self can feel
pain, that the self can will to move its body, that such a will can get translated into a
movement, that such a movement can cause cessation of pain.
The concepts of an I, or a self, of a body, of movement, of cause and effect, are
inbuilt within the beliefs which seem to be unconscious in the sense that they are
immediately given along with the experiences. That in this particular case moving a
part of the body would result into, as an effect, the cessation of pain may be
characterized as a belief that is conscious in the sense that it not immediately given
with the experiences: this belief is formed and recalled from previous experiences.
The above example is not at all a happy one. Yet, it is relevant in that it helps one
understand that certain concepts are coming into play in achieving a coherence within
our experiences. What is an I, or a self? What is a body or an object? What is taken to
be a movement? What is it for something to be a cause of something else? Or,
conversely, what is it for something to be an effect of something else? These
questions are the ones answers to which help us comprehend our experiences.
Philosophy attempts to have answers to such questions.
It may be thought that, well, the concepts are given in any case as has been
admitted above, and their importance has been stressed in their role of achieving
coherence; fine, we understand that we cannot do without them, but what is this
business about comprehension? What is the need for having a comprehension over
and above achieving coherence? We feel this need when we ask: is the I, the self, an
abiding one just because an assumption about its abidingness would be convenient for
claiming the achievement of coherence? Or is it a series of I's, series of selves, as it is
felt always to be in the present, and never felt to be in the past or in the future,
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although felt to have memories of the past moments? Which should be given more
priority: conveniences of assumptions, or the felt experiences as foundations?
Questions such as this baffle us.
Philosophy seeks comprehension in many modes. It can try to analyse a concept
(in terms of other concepts already acceptable) in its quest for comprehension. It can
try to relate a concept to others (which are, again, alredy available) for the same
purpose. It can well try to abstract out general features of a concept for
comprehension. There may be other ways of seeking comprehension as well, but we
note, for the present, that the last one is a way in which a concept is attempted to be
seen as one which is a special case of some other concept.
The example taken above may lead one to think that the concepts that come into
play are all related to sensory experiences, and that philosophy is concerned with
comprehension of only such concepts. On the contrary, examples are found in
abundance where philosophy is concerned with concepts used in higher, or if we like
other forms of experiences as well.
Take for instance the experience of coming to a conclusion for sure from a set of
given premises. Concepts like premise, conclusion, inference come into play in
achieving coherence regarding the experience. But the notion of a proposition, or a
sentence, the notion of an argument, the notion of a psychological process of
inferring, the notion of validity of arguments, etc. are introduced to have a
comprehension of the concepts like premise, concluding for sure, etc.
Here too, it is found that the philosophical activity of comprehension of the notion
of validity seems to have thrown up, in very rigorous and precise terms, a variety
within itself. Validity in the context of the so-called truth-functional logic is simpler,
in a sense, than that in the contexts of a so-called modal logic or the so-called firstorder predicate logic. But the resulting, formidable looking and technical, notions
seem to have an interconnection between them. It is found that the notion of validity
in the context of truth-functional logic is a special case of the notion of validity in the
context of a modal logic which again is a special case of the notion of validity in the
context of a quantificational modal logic, which, as expected, includes the notion of
validity in the context of the so-called first order predicate logic as a special case
which again includes the case of the truth-functional logic as a special one.
This interconnection, in fact, is cast far wider in a topography of logics - and
logics, than that instantiated above. The point to be noted is that comprehension in the
mode of an abstraction or generalization is at play here. The interconnection in terms
of generalization helps us in comprehending the layers existing in a notion brought in
for giving an account of achieving coherence in our experiences.
In this mode of generalization the philosophical ingenuity lies in seeing the
possibility of the existence of a layer (which has not been thought of earlier) at some
point in a multy-layered notion. That uncertainty, arising from various directions, in
the application of a predicate to a subject may call for the search of a suitable notion
of validity (at a layer) that can be integrated in the multi-layered notion of validity
was felt, among others, by Mihir Kumar Chakraborty. It seems that most of his works
are directed toward such a search.
The concepts like those of a subject, a predicate, an application of a predicate to a
subject and that of correctness of such an application are needed for the coherence of
a kind of experience. At the level of comprehension the baffling questions that get
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asked are: is it that a predicate is such that either it applies to a subject or it does not?
Or, is it that such applications are graded, that too seeming to be differently when the
perspectives are changed? An affirmative answer, along with a rigorously and
precisely attempted account of truth, to the first question shapes up a philosophical
position. An affirmative answer to the second question in a similar fashion will let us
have a different philosophical position. The debate about which of these positions
have more justification than that of the other may go on indefinitely, or at least for
quite some time in the future. But it will be an undisputed gain if it can be shown that
a suitable notion of validity constructed on the basis of a notion of truth suitable for
such graded applications of predicates to subjects can be integrated in the hierarchy of
the multi-layered notion of validity. That such notions of validity for such contexts are
available, or, have their places in the topography of logics gives a primary legitimacy
to the notions themselves when the interconnections of these notions with the other
more frequently and familiarly used notions of validity are established through the
relation of one being the generalization of the other. This by itself is a valuable
addition to the understanding of the notion of validity.
Chakraborty, I believe, has succeeded in establishing (in the above sense) the
legitimacy of certain notions of validity for certain contexts which show some
familiar and more frequently used notions of validity to be special cases of these. The
technical works of his, unpacking these notions, have their own value. But from a
philosophical point of view, his attempts at integrating the notions of validity that he
excavates within the network of a layered notion of validity, done again through
proofs, reveals an activity in the form of a mode of comprehension that has been
caharacterized here as that of abstraction or generalization.
This aspect of his works may have been manifesting a personal trend of his.
Metaphorically, Chakraborty, in terms of his views on uncertainty, is reluctant in
commiting himself to hold on to a particular belief by taking recourse to the force of
an analysis, he does not like to see himself placed permanently at some point in a
network of beliefs either, but he is ready to have flights, in terms of generalizations,
from one point to another all of which are really created by the flight itself. The flight
and the course defining the flight indistinguishably merging in his case.

Ranjan Mukhopadhyay
Visva-Bharati,
Santiniketan, West Bengal, India.
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Universality, locality, dialectic, dynamics and
contradiction. Logico-political thoughts in
honour of professor Mihir K. Chakraborty
Piero Pagliani

Abstract. By inspecting some questions in modern Logic, the paper
tries to show how formal reasoning can be used as a guide to deal with
socio-political problems, although it is not claimed that such problems
can be actually formalised.

1

Formalism, social sciences and informal rigour

Since professor Mihir Chakraborty and I met for the first time, in Rome, some
eighteen years ago, we discovered to share not only interests in logic and mathematics, but also in philosophy and, what is more important, in politics. As Marx
used to say, Hindustan is an Italy at Asiatic dimensions. To me, this is true not
only because of geographical similarity (both are peninsulas, with a long West to
East river and a large plain in the north, the Ganga and the Po, surrounded by
a bow of high mountains, the Himalaya and the Alps), but, also, from a political
point of view. It is not by chance that an Italian patriot like Giuseppe Mazzini
was greatly considered by Indian patriots. Moreover, after World War II, both
nations experienced a long period of developmental state, a strong communist
movement, and since the inception of liberalism in the Nineties, we both experimented a revival of nationalism, the Lega Nord in Italy and the BJP in India,
together with a substantial bipartisan adoption of the neo-liberal doctrine.
As logicians with strong political interests, we discussed the possibility to set
political analysis into a formal picture. However we have always been aware of
the traps of what A. D. Sokal and J. Bricmon term ”fashionable nonsense” or
”intellectual imposture” (cf. [28]). They showed a plenty of amusing, irreverent
and irritating examples of how formalism must not be used in human studies.
Nevertheless, if one openly does not claim he is really formalising concepts from
the social studies, then I maintain that comparing some social and cultural
patterns with formal patterns, can help us to speak of culture and politics in
a more controlled manner, so to avoid too much discretion in reasoning about
those social phenomena.
In this paper I would like to give a taste of how some formal concepts can be
used to understand the nature of capitalist social relationships. To do that, I shall
mainly use notions from the very logico-mathematical field in which professor
Mihir Chakraborty and I work together. It will be shown that some formal
patterns and concepts help us to reason about capitalism and its contradictions
in a more rigorous way, even if I do not claim that these patterns and concepts are
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able to model them in any formal way. Indeed our formal notions hardly can be
maintained to be complete with respect to that universe of discourse. But, what
is more important, they cannot even be considered consistent. Paradoxically, it
is this very gap which makes the approach interesting, because, as we shall see
at the end, it reflects the non coherence and non completeness of the capitalist
system itself.
We can be aware of this fact only if we are able to give an interpretation
of the impossibility to reduce social phenomena to formal models. To me, a
first deep reason explained in the famous passage about Mathematics in Hegel’s
”Phenomenology of Spirit”. This passage has been interpreted as an argument
against the conceptual content of Mathematics. On the contrary, to me in that
passage Hegel does not attack Mathematics in itself, but explains a real fact:
formalism deals with the exposition of a mathematical result, not with its discovery, which, instead, is affected by a whole of intuition, visions, meditation,
aesthetics and other non-formal mechanisms, as well as social interactions1 .
According to this interpretation, I maintain that understanding the real contradictions is a matter of Reason, while modeling them in a formal way is a
matter of Intellect. Thus, any conceptual model, and particularly any formal
model, cannot be but a partial approximation. Moreover, there is no way to
extend it to a complete model, not because of formal limitations, but because of
the gap between the means of the Intellect (which grasps just formal separations)
and the means of Reason (which grasps real contradictions).
I start with some examples which show that also in a formalised field like
Mathematical Logic, the idea of ”one world, one logic”, so that universe should
have a ultimate coherent and complete logic (since there is a single ultimate
universe), presents important problems. After that, examples are illustrated in
order to provide the reader with some formal patterns of thought which can suggest schemes to interpret reality or, dually, to understand the distance between
those schemes and real phenomena and the reason why there is that distance.

2

Combining specific logics of specific domains

Since the last decades of the XX century, it was found more and more urgent
to combine the specific logics which arise from different theoretical objects and
application fields, particularly Biology, Computer Science and Artificial Intelligence, mostly because of the new role played by the notion of ”information”. In a
way, it was recognized that any specific object fulfills a specific logic (as claimed
by Marx). Implicitly, the existence of an all-encompassing logic was excluded.
On the contrary, Capitalism claims that its own logic is an ultimate logic.
But what is the logic of capitalism? Although the scientific paradigm of Marx’s
time was to proceed from an elementary seed (in Marx it was the commodity)
1

For instance, the reading of previous authors or the need to explain something to
someone else. The letter, for instance, was the motivation which pressed Dedekind to
elaborate his construction of real numbers. Unlike Hegel, in my experience formalism
is also a means to check the validity of the results of the above activities
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which potentially embeds all the determinations of the reality to be described,
and although Marx had his own powerful (and still valid, to me) logical and
epistemological implementation of this method, sythesised by the concept of a
”concrete abstraction” in the famous 1857 Introduction, one may wonder whether
Marx, using that method, exhibited the logic of actual capitalistic societies, or
the logic of a model obtained by generalizing at an abstract level a particular
form of capitalism, more precisely the one existing under the British global rule
of the XIX century.
Probably the correct answer is ”Both things” and it is the responsibility of
Marx’s follower to renew and apply the dialectic between theoretical model and
real world interpretation.
Actually, in my opinion capitalistic contradictions break the overall logic of
capitalism into different and often conflicting specific logics (for instance, social,
political, economical and financial), while the capitalistic attempts to bypass
those contradictions call for a manner to combine together the specific logics
into which the capitalistic society is broken into fragments by its conflicting
dynamics. On the other side of the barricade, it is the anti-capitalists’ duty to
understand how contradictions are managed by an alleged ”total” logic, how
these contradictions, on the contrary, break mutual relationships, how dominant
capital tries to reassemble the fragments and, finally, how to intervene in, and
exploit, this chaotic dynamics to abolish the present state of things.
We shall discuss the dialectic between the overall logic of capitalism and the
contradictions induced by this logic in the last section. By now, let us note that
combining different logics is an important research topic in applied formal logic,
because there are situations which can be grasped by means of one logic, say a
constructive one, while others require modal logic, and so on.
A very interesting approach is given by Dov Gabbay’s Labelled Deductive
Systems, LDS. In these systems, labels are used to control deduction. Any specific
logic has its own specific labeling system (for instance in modal logics labels are
possible worlds together with their accessibility relation, while in substructural
logics labeling accounts for the occurrence and/or position of premises). These
controls, are essentially provided by the (explicit or implicit) semantics of the
different logics. Thus one can say that logics interact by means of the specific
domains they refer to. Therefore, labels provide a means which is external to the
deduction process. By means of this external control over the deduction steps,
LDS provide a clear and appealing logical middleware which makes different
systems interact (see [5]).
A different approach is given by Linear Logic, which provides a sort of
”monadic system” encompassing both classical and constructive logics (see [6]).
Semantics is definitely expelled by this approach, which is syntactic in nature,
according to the assertion that the meaning of a formula is the set of its proofs.
As a matter of fact, Classical Logic is the ultimate horizon of the construction.
Such a unifying approach is more radical than the former, and appears as a
system which, in a sense, is also a meta-system.
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To synthesise, the former is a pluralistic approach whereas the latter is monistic. At this point, it is worth mentioning that also capitalist logic should be a
system-and-metasystem, or code-and-metacode, whole because capitalism needs
coherence in order to manage its terrific dynamics and conflicts. A coherence
which should be guaranteed by the system itself, acting as a self-justifying metasystem. But because of those very dynamics and conflicts, such a coherence is
continuously destroyed. Thus, reality deals with a whole which is continuously
broken into different pieces, or spheres, by its social, political and geopolitical
contradictions, so that the overall logic of reality, if any, is split into different
(sub)logics which have to find a way to interact, not looking for the ghost of a
claimed but impossible self-founding unity, but by making the sub-domains they
represents negotiate.
The extent to which these (sub)logics succeed in cooperating, or, instead they
deepen their conflicts is a measure of crisis. The ideology of globalization itself is
the main witness to the fact that capitalism claims to have a universal logic. On
the contrary, as we shall see, globalization is the extensional effect of a predominant specific logic, that is, of predominant specific intensional dynamics, namely
that of imperialism, which in turn generates many local competing replicants.
I am aware that I am speaking of analogies or even suggestions. Anyway,
scientific discovery goes on by means of analogies and suggestions.

3

Global behaviour and local behaviour

A similar subdivision may appear within a single (sub)logic, so that one can
identify a local logical behaviour within a global one.
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In Logic, a striking example of the above situation is given by an interesting
approach which, to some extent, is an intermediate one between Labelled Deductive Systems and Linear Logic. It was proposed by P. Miglioli who introduced
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a modal operator T upon the axioms of Constructive Logic with Strong Negation,
CLSN (see [21]), such that T(α) means ”α is classically valid”. The resulting
logic was called E0 . Therefore, the operator T carves out a classical local world
within a non-classical one2 . The original aim of the operator T was to distinguish two specific cognitive modalities towards. A first modality relates to the
assumption of cognitive data. When objects are considered from this point of
view, it is not relevant the fact that they are possibly the result of a cognitive
subject’s constitutive activity. On the contrary, the second cognitive modality
is adopted whenever one is interested in analyzing or synthesizing the object
of knowledge, so that their modes of constitution are to be taken into account.
Therefore, these two different cognitive modalities define two different logical
behaviours of the objects of knowledge3 .
Given these motivations, it was surprising to find exactly the same mechanisms in a completely different field. I mean Rough Set Theory (see [27] and
[26]), which is the main interest shared by Mihir Chakraborty and me. Indeed,
this theory provides a good example of a global logics embedding a local logic
which describes the behaviour of a specific sub-domain of discourse.
I briefly introduce rough sets in a general manner.
Given a universe U of objects, a set P of properties and a binary relation
R ⊆ U × P , let us call the structure O = hU, P, Ri an observation system.
Intuitively, if xRp, for x ∈ U and p ∈ P , then property p is manifested by x
(or, can be observed of x). We shall deal with observation systems later on. By
now, let us notice that one can transform an observation system into a relational
system between elements of U , i. e., R = hU, Ri with R ⊆ U × U , which is a
particular observation system where the behaviour of objects with respect to
other objects is observed (see [26]). Intuitively, if xRy, for x, y ∈ U , then the
object y is observed, or perceived, or manifested together the object x. Or, which
is the same, y lays in the perception field of x. For this reason, let us call R a
perception system.
For any X ⊆ U , the set R(X) = {y : ∃x ∈ X(xRy)} is called the Rneighborhood of X. If X = {x} we shall write R(x) instead of R({x}).
In Rough Set Theory, any subset X of a universe U is perceived not directly
but as the result of the application of two operators, the lower approximation
2

3

Cf. [18]. P. Miglioli was not interested in de-structuring/re-structuring Classical
Logic or Intuitionistic Logic, but the syntactic side of his works was characterised
by imposing classical behaviours to specific parts of a logical system (as in E0 and
its supersystems) or by adding superintuitionistic principles to constructive systems.
I mean principles such as the the Kreisel-Putnam principle or the Kuroda formula
(see below).
Think of the specification of a program with output A, or an axiom which says that
a certain mathematical object exists, for instance the relative pseudocomplementation of any two elements of a lattice. Of course we can use those cognitive objects to
reason about output A (for instance as an input for another program to be specified)
or to prove theorems by assuming the platonistic existence of the relative pseudocomplementation. These are cognitive activities far different from the construction
of an algorithm to output A or to compute the relative pseudocomplementation.
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(lR)(X) = {y : R(y) ⊆ X} and the upper approximation (uR)(X) = {y :
R(y) ∩ X 6= ∅}. We say that two subsets A and B of U are rough equivalent, in
symbols A ≡r B, if (lR)(A) = (lR)(B) and (uR)(A) = (uR)(B). A rough set is
an equivalence class modulo ≡r .
Particularly in classical Rough Set Theory, R is an equivalence relation with
the following meaning; if xRy then the objects x and y are indiscernibile by
means of the properties that they manifest to us. Therefore, intuitively (lR)(X)
and (uR)(X) are patterns, over a domain of discourse, defined by selected properties. From this point of view they are conceptual patterns. Besides equivalence
relations, a number of other binary relations have been considered. However,
it must be noticed that in order that (lR) may be a lower approximation and
(uR) an upper approximation, R must be reflexive. From now on reflexivity is
understood4 .
In any case, R is to be intended as it was explained above: if xRy then y is
always perceived along with x, through the observed properties provided by the
perception system R. It follows that if R(x) = {x}, then x has unique observed
properties. Otherwise stated, x can be singled out within the domain.
It is obvious then one deals with rough sets, globally the following threevalued characteristic function is to be applied, for A ⊆ U :

 0 if x ∈ −(uR)(A)
χA (x) = δ if x ∈ (uR)(A) ∩ −(lR)(A)

1 if x ∈ (lR)(A)

However, on the subuniverse S = {x : R(x) = {x}} the characteristic function takes only values 1 and 0. Indeed, R(x) ∩ A 6= ∅ if and only if x ∈ A, so
that R(x) ⊆ A. It follows that if x ∈ (uR)(A) then x ∈ (lR)(A). The opposite
direction is always valid, since (lR)(X) ⊆ (uR)(X). Therefore the boundary case
x ∈ (uR)(A) ∩ −(lR)(A) cannot happen. In topology, this fact is expressed by
saying that isolated points cannot belong to the boundary of any subset5 .
Therefore, the characteristic function is classic on the subuniverse S. Otherwise stated, on S we observe a local classical behaviour embedded in a threevalued environment.
Further, one can show that the definition of the algebraic models for CLSN
and the definition of the algebra of the system of all rough sets from a perception
system R use the same filtration clauses (to filter the classical subuniverse) (see
[26]), so that if R is a preorder such that for all x ∈ U there is y ≥ x such that
R(y) = {y}, then the resulting rough set system is an algebraic model for E0
(see [11]).
4

5

It is well-known that (lR) is a necessity operator, while (uR) is a possibility operators. Thus as the properties of R vary, one obtains different modal operators,
according to well-known results in the relational theory of modal logic. Moreover,
(lR) can be considered a topological or pre-topological interior operator, under certain circumstances, and (uR) a closure operator - see below.
Indeed, (uR)(A) ∩ −(lR)(A) is the topological boundary of A, whenever (uR) and
(lR) are (pre)topological closure and, respectively, interior operators.
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Alexander Grothendiek introduced a particular kind of topology to deal with
the notion of ”it is locally valid that ...”. The closure operators C induced by a
Grothendieck topology distributes over meets, not over unions as in usual topologies6 . From these topologies the logico-algebraic notion of a Lawvere-Tierney operator arose. All the above constructions can be made in terms of Grothendieck
topologies or Lawvere-Tierney operators (see [26]).
A notable example of a Lawvere-Tierney operator, induced by a particular
Grothendieck topology, is the ”local operator” hli. One obtains that a property
P is locally valid at state s in an Intuitionistic Kripke model Int, s |=Int
= hli(P ), if
s forces the double negation of P , that is, if s ∈ J¬¬P K. From the Gödel-Glivenko
theorem, one has immediately that any classical tautology is locally valid in any
intuitionistic model.
Thus, this example shows that one has to deal with different specific logics and, further, subdivide them between globally and locally valid logics. Furthermore, it gives rise to the question as to the validity of the hypothesis that
Classical Logic is the ”ultimate” logic.
In fact, we know, from the Kreisel-Putnam principle and the theorem of
Kirk (see [14] and [13]), that in between Intuitionistic Logic and Classical Logic
there is a ramified hierarchy of intermediate constructive logics, which have been
proved to be 2ℵ0 with 2ℵ0 maximal elements (cf. [19, 20]). Then the question
arises as if this transfinite hierarchy is bound to converge to Classical Logic. The
answer is: ”Yes, in the propositional case. No in the predicative case”.
Indeed, Intuitionism is coherent with the negation of the formula (*) ∀x(α(x)∨
¬α(x)) which is a classical theorem. It follows that the Gödel-Glivenko Theorem
is not valid in the predicative case. Therefore, one can extend Intuitionism towards an anti-classical direction7 . It follows that the problem of a ultimate logic
finds a serious problem even at a formal level.
On the other way around, we can have a reversal of situation. For instance, it
is well-known that in Quantum Mechanics some phenomena can be globally but
not locally valid (see, for instance, [10]). The failure of distributivity in Quantum Logic is due to this fact. In [2] an intuitive semantics for Quantum Logic is
introduced by means of ”proximity spaces”. A proximity space is nothing but a
perception system hU, Ri such that R is a similarity relation (i. e. reflexive and
symmetric). In the cited paper, J. B. Bell argues that the failure of the distributivity law in Quantum Logic is a consequence of the way in which phenomena
are perceived. In this approach phenomena, or ”events” in Bell’s terminology,
are quanta at a location. Let p ∈ U , then a quantum at location p ∈ U is p
together with all the other points that are similar to p. Thus a quantum at location p is the R-neigbourhood R(p). A quantum is intended as the ”minimum
6

7

Intuitively, if a property is locally valid on some sets A and B, than it is locally valid
on their subset A ∩ B (i. e. C(A ∩ B) = C(A) ∩ C(B)), while it could be invalid on
their superset A ∪ B.
To avoid this situation one must add to Intuitionism the Kuroda formula
∀x¬¬α(x) ←→ ¬¬∀xα(x), all α.
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perceptibilium” at a certain location. Unions of quanta give rise to the space of
events (”assemblage of quanta”) Q(R), which is an ortholattice.
In a quantum assemblage Q(R), the following ”localization property” fails:
– if a and b cover U that is, if a ∨ b = U , then for each element z of Q(R), the
set {a, b} ”localizes” to a cover {a ∧ z, b ∧ z}.
Otherwise stated, the distributivity law (a ∧ z) ∨ (b ∧ z) = (a ∨ b) ∧ z fails in a
quantum assemblage. It follows that the Persistence Property which states that
phenomena are valid also in subspaces, fails too. Therefore, this semantic is able
to model the fact that in Quantum Mechanics we can have properties that hold
globally, but not locally. Indeed, we can have properties P1 and P2 such that
the disjunction P1 ∨ P2 holds in the whole space of events, but does not hold
in sub-parts of the space. Actually, if S is such a sub-part then we may have
a superposition of P1 and P2 while S cannot be split into two sub-parts, one
fulfilling P1 and the other P2 8 .
If we go on social phenomena, we can see, for instance, that neo-liberal ideologists maintain, on the contrary, that common sense logic applies to States and
governments. By way of example, sovereign debts and common people’s debts
would share the same logic. This is a complete nonsense, since a government
can mint money (in some cases freely, think of the USA), while common people
cannot. Indeed, a number of characteristics of a government’s logic do not apply
to common people and vice-versa. We have seen that this happens in systems of
formal logic too, that is, in systems where contradictions cannot even exists9 . All
the more so, it happens in more complex and intrinsically contradictory domains,
such as capitalistic societies.

4

Dynamics

It must be noticed that the Kripke models which make the above classical principle (*) fail, have increasing domains associated to increasing states (i. e., if
s  t then D(s) $ D(t), where D(x) is the set of individuals associated with
cognitive state, or possible world, x). From this situation a sort of diagonal argument follows. Indeed, in the presence of variability, not only of the cognitive
states (represented by the possible worlds in Kripke models) but also of the
very objects of the universe of discourse (the domains associated to the cognitive states), any ultimate logic, as Classical Logic is supposed to be, seems to
disappear from the horizon.
More in general, variability, hence dynamics, is strongly connected to the
possible failure of ”limit” principles, such, for instance, idempotence. But limit
8

9

In other terms, we cannot have S ′ and S ′′ such that S ′ ∪ S ′′ = S and S ′ |= P1 ,
S ′ |= P2 , which is a condition explicitly required by the Kripke-Joyal semantic in
order for S to force P1 ∨ P2 . In this case U |= P1 ∨ P2 but P1 ∨ P2 does not localise
to all the sub-parts of U .
Formal systems arise to overcome contradictions, think of Russell’s Ramified Type
Theory, or ZF.
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principles lay at the heart of mathematics, so that some scholar maintains that
there cannot exist a ”mathematics of transientness”. Again, we face a contradiction between pragmatics and formal means.
Dynamics has been a long discussed problem by professor Chakraborty and
me, because we are strongly interested to model the formation of conceptual
patterns not only from the point of view of a single cognitive subject, but also
by means of the interaction between multiple cognitive subjects. We called this
approach dialogical.
This interest developed within our studies in Rough Set Theory. However, in
Rough Set Theory, usually only one cognitive subject is assumed.
So far, therefore, we have seen that a total cognitive subject is fragmented
into many single cognitive subjects who, in turn, may have different cognitive
attitudes: eventually a global and a local attitude. Now we face the problem of
how these subjects can interact.
By now, we start with a more complex, but still simple, situations. Namely,
we assume that there can be different points of view at the same point in time,
or a single point of view can give different observations in different points in
time. Further, we can think also of different points of view over different points
in time.
In order to model these situations we have to consider Dynamic Spaces,
hU, Ri, where I is an initial segment of N, say I = {1, ..., n}, U = {Ui }i∈I , R =
{Ri }i∈I and for each i, Ui is a set while Ri ⊆ Ui × Ui .
It is obvious that dynamic spaces are a basis to develop a dialogical approach
to conceptual patterns formation. On such a basis one can develop specific cases
(the list is partial).
A) Approximation of relations.
Upon dynamic spaces one can define an n-ary Relational Approximation
Triple,
Qn
RA(U) = hU, R, Zi, where Z is a relation point-wise defined on i=1 Ui by:
hhx1 , ..., xn i, hy1 , ..., yn ii ∈ Z iff hxi , yi i ∈ Ri , all i.
Qn
Thus, for any R ⊆ i=1 Ui , we set, as usual:
(lZ)(R) = {hx1 , ..., xn i : Z(hx1 , ..., xn i) ⊆ R}.

Hence, hx1 , ..., xn i ∈ (lZ)(R) whenever hhx1 , ..., xn i, hy1 , ..., yn ii ∈ Z implies
hy1 , ..., yn i ∈ R. Dually for (uZ)(R).
In the case n = 2, so that RA(U) = h{U1 , U2 }, {R1 , R2 }i, a modal-algebraic characterization of this approximation operator can be given: (lZ)(R) = (R1⌣ −→
R) ←− R2 , where ⌣ is the reverse operator, −→ is the right residuation and
←− is the left residuation (cf. [22, 23]).
Since a set A ⊆ U can be represented as a particular binary relation, called
a right cylinder, namely A × U , approximation operators in usual Rough Set
Theory happens to be particular cases of those induced by approximation of
relations.
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B) Consensus operators
Let us call a dynamic space where for each i, j ∈ I, Ui = Uj , Uniform Domain Dynamic Space (UDDS). On such observation systems one can define lower
and upper approximations according to a certain number m of observations, for
m ∈ I. We call these operators contraction and, respectively, expansion.
1. (Contraction): We say that x ∈ κ m (A), for 1 ≤ m ≤ n, if every y such that
hx, yi ∈ Ri belongs to A, at least in m cases. Otherwise stated: x ∈ κ m (A)
if Ri (x) ⊆ A for at least m indices.
2. (Expansion): We say that x ∈ εm (A), for 1 ≤ m ≤ n, if A contains at least
a y such that hx, yi ∈ Ri in at least n + 1 − m cases. Otherwise stated: x ∈
εm (A) if Ri (x) ∩ A 6= ∅ for at least n + 1 − m indices.
Not much is known about the algebraic and topological properties of these
operators. Such properties vary according to those of the relations Ri and to the
index m of the operators. However the following was proved (see [24]):
1. If R is a family of reflexive relations then κ 1 is a pretopological non idempotent interior operator which does not distribute over meets. That is, it enjoys
normality, κ 1 (U ) = U , co-normality, κ 1 (∅) = ∅, isotonicity, A ⊆ B implies
κ 1 (A) ⊆ κ 1 (B), and it is deflationary, κ 1 (A) ⊆ A.
2. If R is a family of preorders then κ 1 is a pretopological idempotent interior
operator which does not distribute over meets.
3. if R = {R}, and R is reflexive, then κ 1 is a pretopological non idempotent
interior operator.
4. if R = {R}, and R is a preorder, then κ 1 is a topological interior operator.
The latter result is well-known and in this context it is a straightforward conclusion from the previous ones.
C) Multiple-source Approximation Systems
From a UDDS hU, Ri one can define four basic approximation operators, two
weak (labelled by ”w”) and two strong (labelled by ”s”):
S
T
– (slR)(X) = Ti∈I (lRi )(X); (wlR)(X) = S
i∈I (lRi )(X);
– (suR)(X) = i∈I (uRi )(X); (wuR)(X) = i∈I (uRi )(X).

The resulting system is called a Multiple-source Approximation System (MSAS).
In various papers, Md. Aquil Khan and Mohua Banerjee developed a syntax
and a semantic for a logic of MSASs (see for instance [12]). Anyway, by definition, one obtains that given a MSAS such that I = {1, ..., n}, (slR)(X) = κ n (X).
We stop here our brief survey. Just a few comments. First of all, at present
we are far from a real dialogical system, because such a system should provide
a strategy to dynamically change the different points of view, according to competing observations and a given goal. Anyway, some seeds have been planted
that can be used for future enhancements.
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Moreover, we can observe that, in the general case, when we deal with operators induced by dynamic spaces, idempotence can fail. To me, this is a ”natural
consequence” of dynamics and it is worth discussing it.
In usual topology, concepts like closure and interior are idempotent (and,
moreover, they distribute over unions and meets, respectively). The closure of a
set X, C(X), joins to X its topological boundary (intuitively, the set of points
which are neither inside nor outside X, but are ”close” to some point in X).
In usual topology, this operation does not produce a new boundary, so that
C(C(X)) = C(X), that is, the closure of a closed set does not add new information. Otherwise stated, C(X) is a least fixedpoint of the operator C. A least
fixedpoint is a limit point beyond which new application of the operations which
have reached it, do not produce anything new. The familiar operations of addition and multiplication, themselves, are limit operations (technically they are
co-limits and limits), as like as the corresponding operations of meet and union,
or the logical ∧ and ∨.
On the contrary, in a dynamic situation, the closure of a set could generate
a new boundary, and so on: X ⊂ C(X) ⊂ C(C(X))... . But here we enter into
a much less explored mathematical field: that of pre-topologies. This field is not
new (see [3]) but is now receiving a renewed interest where dynamics plays a
main role (see, for instance, [29, 30]).
Prior to those studies, pretopological operators have been considered in
Modal Logic, basically because of two situations. First of all, some logical modalities must be modeled by Kripke models where the accessibility relation R is not
transitive10 . Transitivity, in fact, induces limit operations because it is a ”stabilization property”: everything which is directly or indirectly connected with a
set X is gathered in one shot by R(X), leaving nothing outside.
Secondly, there are interesting modalities which must be modeled by neighbourhood systems, that is, by systems of families of subsets of U associated to
each element p ∈ U . If Np is such a family, it is called the neighbourhood family
of p. A neighbourhood N ∈ Np gathers the elements (called ”neighbours”) that
are close to p under some ”vicinity” conditions, that is, from a particular point
of view (see [4]). These neighbourhood systems induce topological operators just
if some ”stabilization conditions” are fulfilled. Namely, on top reflexivity (p ∈ N
for all N ∈ Np ), any neighbourhood Np must have the structure of a filter, that
is, (i) if N ∈ Np and N ⊆ N ′ then N ′ ∈ Np , and (ii) if N, N ′ ∈ Np , then
N ∩ N ′ ∈ Np . It is not difficult to sense transitivity in condition (i). Condition
(ii), instead, is linked to distributivity, hence to isotonicity. But one can easily
verify that (i) and (ii) may fail in dynamic situations (see [26, ?]). Particularly,
the operators κ m and εm are induced by neighbourhood systems whose neighbourhood families are structured as filters just in particular cases.
What does this story suggest to social analysis?
10

A Kripke model is essentially a perception system hU, Ri equipped with an interpretation function.
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Marx’s scientific approach follows the methods of the exact sciences developed
in the same historical period. Actually, those approaches operate through limit
cases, which are very useful to abstraction and unification and, therefore, to the
modeling of reality, but that are hardly able to deal with dynamic and transient
phenomena. Phenomena which are inherently characterized by contradictions.
To me, Marx was aware of this triangular trade-off between informal rigour,
completeness and coherence, that is the fact that a theoretical description of the
capitalistic society, which is intrinsically a conflicting, dynamic and contradictory reality, can be complete only if it is not coherent, and vice-versa. Indeed,
Marx’s work is not systematic and, to me, it is not ”systematizable”. As a matter of fact, it was Kautsky who arranged Marx’s thought into a system, what
we call ”Marxism”, while Marx himself abandoned the idea of publishing, over
sixteen years, the second, the third and the fourth volumes of ”Capital”. Indeed,
after publishing the first volume, capitalism entered into a systemic crisis, called
Great Depression (1873-1895), a systemic crisis which dramatically changed the
capitalistic world and modes of operation and which continued with World War
I, the 1929 crisis, World War II and, eventually, finished with the hegemony of
the USA over the capitalistic world. Such hegemony is now passing through a
systemic crisis, since August 1971 when Mr Nixon announced the incovertibility
of the dollar to gold.
Indeed, crises are much longer than developing, in capitalism. Therefore,
although the theoretical means provided by Marx’s and Engels’ analyses are
useful and necessary to be guided in a complex reality without going blindly and
ending up in chaos, nonetheless we are continuously required, by the political
praxis, to remember that reality is much more complex and cannot be reduced
to its models. This was Lenin’s exhortation to the other Marxist revolutionaries.
For instance, he recognized the elegance of Bucharin’s or Rosa Luxemburg’s
programs, from a formal and doctrinal point of view, but he severely criticised
their inadequacy with respect to the capitalistic and imperialist reality, which
was described by Lenin as ”shapeless, unpleasant and not harmonious”; in other
terms hardly consistent with the symmetries of the scientific concepts used to
analyse it. It follows that concrete analysis orders us to look at the reality in
all its complexity and contradictions by mining into the several layers of the
”symbolic orders” which let us find our way at different levels of abstraction.
To sum up, we can use limit concepts only if we are aware that they describe a
reality which is, on the contrary, continuously dismembered and that the stable
situations described by those limit concepts are either hypothetical or shortterm.

5

Contradictions

So far, we have seen that the idea of an ultimate logic faces a number of hard
problems. Not only reality is interpretable from different points of view, but it
itself is fragmented into specific sub-domains, each one with its own specific logic
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which, in turn, may embed local logics. To rule reality, therefore, means to try
to reassemble the fragments.
We have seen how this can be done by making different formal logics interact
with each other. However, dynamics makes interaction a hard job, in that dynamics requires new instruments which mai fail to enjoy the usual nice properties
of ”limit operations” which describe ”stable” situations. We have seen the case
of idempotency and isotonicity is bound to fail in dynamic situations, as well
(see [26])11 .
However, logical pluralism is a ”democratic” approach to the problem, because it recognizes that every logic has its own legitimacy. Consider, instead,
capitalism. Although it is an inherently conflicting social relations, and although
conflicts induce a strong dynamics which, in turn, continuously induces fractures,
capitalism cannot recognize its contradictions, even if it continuously tries to bypass them. Otherwise stated, capitalism has to act as a meta-system which tries
to master and manage the fragmenting forces that are generated by its systemic
contradictions. Therefore, in a literal sense, capitalism is a totalitarian system,
a unique thought.
But the problem for capitalism, is that it is rooted into a conflicting logic.
Let us start with Marx:
”Direct force, outside economic conditions, is of course still used, but only
exceptionally. In the ordinary run of things, the labourer can be left to the
natural laws of production, i.e., to his dependence on capital, a dependence
springing from, and guaranteed in perpetuity by, the conditions of production
themselves. It is otherwise during the historic genesis of capitalist production.
The bourgeoisie, at its rise, wants and uses the power of the state ... 12 .

However, now we know that the ”ordinary run of things” does not last for long,
while crises are longer and longer and more and more frequent. It follows that
the underlying double nature of capitalism is unveiled more and more frequently
and for longer and longer periods of time.
What is this ”double nature”? We understand it from the above fundamental
passage: what we call ”Capitalism” is the result of the interaction between the
capitalist power and the territorial power. Indeed, as Giovanni Arrighi and David
Harvey point out (with some relevant differences), capitalism is the result of a
political exchange between the Power of Money and the Power of Territory (see
[1, 7]). These two powers need each others, but they have different logics: the
capitalist logic is focused on accumulation whereas the territorial logic deals
with state formation, politics, culture, direct force. The former is a logic of
spaces-of-flows while the latter is a logic of spaces-of-places.
11

12

We could be required to renounce other nice properties, if a local logic applies to
particular elements of the universe of discourse. For instance, if we accept that
atomic formulae cannot have a constructive proof - because they do not have a
logical structure - then for any atomic formula p we should have p ←→ T(p), so that
Uniform Substitution cannot be applied in the presence of the logical constant ∨.
Capital. Vol I, Part VIII. Primitive accumulation.
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This necessity to join two different logics generate conflicts, which must be
mastered and managed by means of that very impossible unity which springs
them.
In capitalism there are two types of conflicts: vertical, i. e., class struggle at
large, and horizontal, i. e., inter-capitalist conflicts. Indeed, Lenin and Mao were
successful because they were able to wedge political class struggle between the
inter-capitalist conflicts.
Capitalistic conflicts are conflicts for power:

”To accumulate, is to conquer the world of social wealth, to increase the mass
of human beings exploited by him, and thus to extend both the direct and the
indirect sway of the capitalist. Footnote: Taking the usurer, that old-fashioned
but ever renewed specimen of the capitalist for his text, Luther shows very aptly
that the love of power is an element in the desire to get rich”13 .

Therefore, both capitalist logic, M, and territorial logic, T, are aimed at power.
What we, ex-post, call ”power strategies” is the application, often by trials and
errors, of these logics. The fact that M and T follow different logics, use different
means but have the same objective and must take into account each other, is
a main source of contradiction which undermine their alliance, continually. The
political power is performed within a territorial fix, while the capitalist power
needs externalities. This contradiction breaks the capitalist totality into subdomains with sub-logics. Economy and finance for M, politics, culture, force for
T. Each sub-domain experience its own conflicts which are managed by domainspecific means and strategies, so that one can observe both inter-domain and
intra-domain conflicts (and alliances).
Giovanni Arrighi shows a number of examples of the weaving and parting of
these logics. Moreover, he proves that the success of one logic may advantage
the other’s target, and the other way around. A striking example is given by the
conquest of India prompted by Great Britain’s territorial logic, which made it
possible the development of industrial capitalism in Europe and the USA, under
the British hegemony, while the contemporary capitalist logic of France prevented the government from accepting the plan for conquering India, proposed
by governor Joseph-Franois Dupleix, rejected by strict cost-benefit calculi. Capitalistic logic did not allowed French decision makers to foresee that the richness
robed by the British after Plassey would permit the rising of Great Britain as
the pre-dominant industrial, financial, political and military power in the world.
To sum up, the general schema of capitalistic dynamics is something like this:

13

Capital, Vol. I, Chapter Twenty-Four: Conversion of Surplus-Value into Capital.
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Capitalistic society
This pattern is repeated by different nation-states, and this leads to interimperialistic conflicts, crises and chaos until a particular power becomes hegemonic.
Marx described the sequence of hegemonic powers in Western capitalism:
the Italian city-states, Venice, Spain, Holland, Great Britain, up to the then
pretender USA. Giovanni Arrighi, following Fernand Braudel, observed that in
between each hegemonic cycle there was a long period of systemic crisis due to a
major divergence between M and T. Thus, a question arises as how to describe
the dialectic relationships between the two powers. My suggestion is to borrow
the notion of an ”adjunction” from Mathematics.
We meet adjunctions in a natural way when we deal with an observation
system hU, P, Ri. In fact consider the following basic constructors (see [26]).
–
–
–
–

hei : ℘(P ) 7−→ ℘(U ); hei(Y ) = {g ∈ U : ∃m(m ∈ Y & g ∈ R⌣ (m))};
[e] : ℘(P ) 7−→ ℘(U ); [e](Y ) = {g ∈ U : ∀m(g ∈ R⌣ (m) =⇒ m ∈ Y )};
hii : ℘(U ) 7−→ ℘(P ); hii(X) = {m ∈ P : ∃g(g ∈ X & m ∈ R(g))}
[i] : ℘(U ) 7−→ ℘(P ); [i](X) = {m ∈ P : ∀g(m ∈ R(g) =⇒ g ∈ X)};

We call hei and [e], extensional Possibility and Necessity, respectively, while
the constructors labeled by ”i” are their intensional counterparts. The following
fundamental relationships hold:
(1) hii(Y ) ⊆ X iff Y ⊆ [e](X); (2) hei(X) ⊆ Y iff X ⊆ [i](Y ); (3) Y ⊆ [[e]](X)
iff X ⊆ [[i]](Y ).
These properties tell us that if we set U = h℘(U ), ⊆U i and P = h℘(P ), ⊆P i,
then:
– hii and [e] form a Galois adjunction between U and P: U ⊣hii,[e] P;
– hei and [i] form a Galois adjunction between P and U: P ⊣hei,[i] U.
In more general terms:
– hii is left adjoint to [e] which, in turn is right adjoint to hii, hii ⊣ [e];
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– hei is left adjoint to [i] which, in turn is right adjoint to hei , hei ⊣ [i].
The subset relation ⊆ can be seen as a transformation of the elements of
the powersets ℘(P ) and ℘(U ). Thus a Galois adjunction says what happens to
the structure (namely a category) P when a transformation takes place in the
structure U, and vice-versa14. Functors make it possible to move from a structure (a category) to another structure. This is why they are important to deal
with competing or/and collaborating structures. Particularly, adjoint functors
guarantee that transformations in one structure are reflected by transformations
in the other structure15 . The general adjunction schema between two categories
C and D is the following:
A pair of functors F : D → C and G : C → D, and a family of bijections
HomC (F Y, X) ∼
= HomD (Y, GX) which is natural in the variables X and Y .
Without entering into technical details, it is worth noticing that the clauses
of bijection and naturality say that the effect of F on Y is ”mirrored without
discontinuity” by that of G on X. One can go so far as to say that adjoint
functors establish a dialectic between structures.
As a matter of fact, one of the mathematicians who presented adjoint functors, William Lawvere, maintained that adjoint functors are able to express materialistic dialectic. It is worth noticing that this claim was supported by strong
mathematical arguments (see [15, 16]).
I do not know to what extent this dialectic is ”materialistic”16. All the same,
I maintain that capitalism is characterised by a continuous attempt to establish
an adjunction between T and M, and keep it, because transformations in the
political and social structure should induce corresponding transformations in the
14

15

16

A category is a class of objects equipped with a class of morphisms, i. e., transformations between objects, fulfilling a few properties (existence of the identity morphism
for any object, composition of morphisms according to their domains and codomains,
associativity of the composition). The class of all morphisms from object A to object
B in a category C is denoted by HomC (A, B).
A functor maps objects and morphisms of one category onto objects and morphisms
of the other, preserving identitities and composition - for instance, hii is a functor
between U and P, while [e] is a functor between P and U; hii maps elements of ℘(U )
to elements of ℘(P ) (the other way around for [e]) and ⊆U to ⊆P (and vice-versa
for [e]).
When, in the Seventies, I was attending Lawvere’s lectures on adjoint functors and
dialectical materialism, I was perplexed about the possibility to use formal concepts
to interpret Hegel’s and Marx’s dialectic. After much thought on the current systemic
crisis, I recognized that Lawvere’s suggestion was absolutely valuable. An interesting
approach, inspired to Lawere’s intuitions, with several intersections with my present
analysis, is given in [8]. However, in that paper it is maintained that there is a global
logic in which, particularly, no assumptions are needed because the existence of the
universe is not a philosophical assumption itself. I agree on that, but I insist that
between the physical and organic world and the social world there is an ”ontological
jump” induced by work, which is, according to Lukács, a ”teleological act” (see [17]).
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economic and financial structure, in a consistent way, and vice-versa. This is the
nature of the alleged totality of capitalism.
If we accept that the funding relationship of capitalism, that is, the political
exchange T-M, forms a ”dialectic” adjuntion, then we should look for the the
following features which are suggested by the way adjoint functors have been
interpreted and used in working Mathematics and Logic (we have seen one example above):
Left adjoint - F
Right adjoint - G
extension
intension
ontology
general rules and relations
possibility
necessity
dilemma
choice
past
future
subdivision
integration
sum (juxtaposition) of factors multiplication (synergy) of factors
closure (action of F after G)
interior (action of G after F )
Thus, any capitalistic phenomena should be analised as an adjoint pair F ⊣
G. For instance, as T ⊣ M, if it is the territorial dynamics which acts as left
adjoint (hence as a premise, an action), whereas the economical dynamics acts
as right adjoint (as a conclusion, a retraction).
In such a case, one obtains, depending on the phenomenon, a pair hextension,
intensioni (material, i. e. physical and geographical, facets, on the left side,
and actions for a purpose in that physical environment, on the other side); or
hpossibility, necessityi (for instance, the territorial pre-requisites of an action
of valorisation17, on the one side, and the economic components which give
rise to that action, on the other); or hintegration, subdivisioni (for instance,
the necessity, on the part of the territorial power, to keep social cohesion, in
contrast with the tendency on the part of the capitalist power to atomize). And
so on.
On the other way around, we could deal with a pair M ⊣ T, with reversed
roles, if it is the economic side which is a basis for a political action, (for instance,
valorisation actions can promote territorial expansions). And so forth.
Particularly, the dialectic past-future in capitalist accumulation processes is
the opposite of what looks to be normal. Indeed, it is the possibility to accumulate tomorrow which guarantees valorisation today. In other terms, the future
has feedbacks on the past. Not only a possible, but also a necessary paradox in
the capitalist never-ending accumulation process.
Here there is a major depart from the mathematical theory of adjoint functors: usually two mathematical functors cannot be both right and left adjoints
to each other.
All the same, adjointness describes one part of the story of real capitalistic
society. However, the other part is characterised by the breaking of any adjoint
17

Here understood as the realisation of an increase of value of capital assets, by abuse
of language.
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relationship, because of the conflicts which are generated by the inherent contradictions of the capitalist social relation.
The reasons of such a breaking are suggested by considering the clause of
”naturality” of the families of bijections, provided by the formal definition of
adjointness. ”Naturality” suggests to check the connections between the transformations which describe the dynamics of M and those which describe the
dynamics of T. Thus we ask: first of all, by what means are these transformations induced and managed in Western capitalism; secondly, how are they
applied in the two ”structures”; finally, what are the main relationships between
these means? Are they ”natural”, i. e., coherent?
I think that the means can be synthesised in the following list: 1) monetary
policies, 2) power politics, 3) democracy and social policies, 4) capital movements. These ingredients may be given an expansive or restrictive dynamics. It
is clear that not all the possible combinations are coherent. As a matter of fact
we can arrange them into two inconsistent trinities. The first, dealing with economical parameters, is the well-known Mundell-Fleming ”Unholy trinity”, while
I have drawn the second upon the first by taking into account political ingredients:
Free Capital Flow

 Z

Z
 IT M Z

Z

Z
Fixed 
Z Sovereign
Exchange
Rate

Monetary
Policy
Expansive Democracy
and Social Policies

Z

Z
 IT P Z

Z
Z
Expansive 

Z
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Monetary
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Power
Expansion
Policies

We call the first ”Inconsistent Triangle of Money”, ITM, and the second
”Inconsistent Triangle of Power”, ITP.
It is well-known, that Mr Johnson’s and Mr Nixon’s expansive policies of
”guns and butter” led to the so-called Nixon Shock, that is, the inconvertibility
of the dollar to gold. As a matter of fact, at the same time they tried to avoid
the depressive effects of a fiscal and monetary austerity and to increase the
expansion of the political and military power of the USA. In other terms, as
they were involved in the escalations in Vietnam, the two wormonger Presidents
dare not confront the effects of the high social costs of a deflationary policy, to
the extent that Mr. Nixon once affirmed: ”Now, we are all Keynesian”. In that
decision the pivotal role was played by the triangular trade-off displayed by ITP.
As to the ITM, it was introduced by Robert Mundell e Marcus Fleming in the
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Sixties, as a result of the analysis of the very contradictions which led to the
Nixon Shock.
Is it obvious that ITP and ITM interact each other in a vicious circle of
increasing contradictions. And it is a central problem of the real capitalistic
societies to contrast these interlocked inconsistencies. However, this is allowed
only to the pre-dominant powers which can discharge offload their contradictions
on the subordinate powers.
When one or more of these impossibilities are suspended, one usually says
that ”the elephants can fly”:
It is now clear to me that we have followed the dot-com bubble with the 9/11
bubble. Both bubbles made us stupid. [...] The first ended in tears, and so will
the second. Because, as the dot-com bubble proved, elephants can fly - ”provided
it is not very long”18 .

Although the military Keneysianism avoided a wild ”butchery of capitals”
(as it would be called by Marx), nevertheless a hard struggle between the Power
of Territory and the private financial capital began after the Nixon Shock and
lasted until the Reaganomics. In that period the adjunction between M and T
was seriously damaged. However, Mr Reagan gave up social development and
with the deregulation a new adjunction relation was established: financialization
started tacking flight.
There is no space to account for the stop-and-go policies connected to the
effects of the weaving of the two inconsistency triangles19 . Further, one should
split M into a financial part and an industrial part, thus making things more
complicated20 .
Anyway, financialisation and globalisation are products of the contradiction
which are generated by that adjoint relation. The former is a way to increase
capital value in spite of its sovraccumulation, by generating fictitious capital.
The latter has been described as ”the biggest heist in history” ([9]).
Adjunction properties cannot formally tell us when the above contradictions
explode and how they can be managed. However, we can understand it by looking
at the nature of the capitalistic adjuntion relations itself. Namely, it is the very
political exchange between T and M which provides the solution: the bigger is T
the less material are the ”bronze laws” of Economics and the longer ITP and ITM
impossibilities can be suspended. This lets elephants fly beyond any expectation.
Therefore, this current flight is supported by a specific political, military and
diplomatic super-power: the USA. It is US predominance which makes it possible
to discharge ITP and ITM impossibilities on world-wide externalities, which
represent a six time larger population.
To sum up, a flying elephant is such in dependence of the global relations of
force.
From an abstract economic point of view, the conquest of the 28% of world
GDP (i. e., India) by the 1.9% (i. e., Great Britain), was a ”flying elephant”,
18
19
20

Thomas Friedman, ”The 9/11 Bubble”. The New York Times, December 2, 2004.
Such as the Plaza Accord and the Reverse Plaza Accord.
additional mathematical schemata must then be used, such as pull-backs.
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surely not less than the current Three Trillion Dollar War against Iraq (see [31]).
But it happened.
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F-granulation and Generalized Rough Sets: Uncertainty
analysis and pattern recognition.
Sankar K. Pal

Abstract. Role of f-granulation in machine and human intelligence, and its
modeling through rough-fuzzy integration are discussed. Several examples of
synergistic integration, e.g., rough-fuzzy case generation, rough-fuzzy
clustering, rough-fuzzy classification and rough-fuzzy entropy are explained
with their merits and the role of f-granulation. Generalized rough sets
considering both the set and granules as crisp and/or fuzzy are defined.
Grayness and spatial image ambiguity measures using exponential and
logarithmic gain functions are stated accordingly. The significance of
neighborhood rough sets in dimensionality reduction is explained. The
superiority of integration, in terms of performance and computation time, is
illustrated for the tasks of case mining in large scale case based reasoning
systems, segmenting brain MR images, classifying remotely sensed images and
analyzing protein sequences, as examples. The article includes some of the
result published elsewhere.

1. Introduction
Rough set theory is a popular mathematical framework for granular computing. The
focus of rough set theory is on the ambiguity caused by limited discernibility of objects
in the domain of discourse. Granules are formed as objects and are drawn together by
the limited discernibility among them. Rough set represents a set in terms of lower and
upper approximations. The lower approximation contains granules that completely
belong in the set and the upper approximation contains granules that partially or
completely belong in the set. Rough set based techniques have been used in the fields
of pattern recognition, image processing, data mining and knowledge discovery
process from large data sets. Rough sets were found to have extensive application in
dimensionality reduction and knowledge encoding particularly when the uncertainty is
due to granularity in the domain of discourse. It is also found to be an effective
machine learning tool for designing ensemble classifier.
Rough-fuzzy or fuzzy-rough techniques are efficient hybrid methods based on
judicious integration of the principles of rough sets and fuzzy sets. While the
membership functions of fuzzy sets enable efficient handling of overlapping classes,
the concept of lower and upper approximations of rough sets deals with uncertainty,
vagueness, and incompleteness in class definition using the notion of granularity.
It may be mentioned that the concept of rough-fuzzy computing has a significant role
in modeling the fuzzy-granulation (f-granulation) characteristics of Computational
theory of perceptions (CTP) [3,4, 29] which is inspired by the remarkable human
capability to perform a wide variety of physical and mental tasks, including
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recognition, without any measurements and computations. Perceptions are intrinsically
imprecise. Their boundaries are fuzzy and the attribute they can take are granules. In
other words, perceptions are f-granular.
The present article deals with the significance of rough-fuzzy computing in
uncertainty analysis, in general, and pattern recognition and image processing in
particular. Different tasks of pattern recognition and machine learning are considered
with various real life applications. The organization of the paper is as follows. Section
II presents, in brief, f-granulation and the rough-fuzzy approach to granular
computation. Section III explains the application of rough-fuzzy granulation in case
based reasoning where the problem of case generation is considered. Section IV
describes a classification method demonstrating the power of neighborhood rough sets
in feature selection from f-granulated space. Section V demonstrates the concept of
rough-fuzzy clustering. The problem of segmenting brain MR images is considered, as
an example. Section VI demonstrates an application of rough-fuzzy clustering for
analyzing protein sequence for determining bio-bases. Section VII deals with
generalized rough sets, entropy and image ambiguity measures. Its application to
image segmentation, as an example, is shown. Concluding remarks are given in
Section VIII.

2. Granular Computation, f-granules and Rough-Fuzzy Approach
Rough set theory [5] provides an effective means for analysis of data by synthesizing
or constructing approximations (upper and lower) of set concepts from the acquired
data. The key notions here are those of “information granule” and “reducts”.
Information granule formalizes the concept of finite precision representation of
objects in real life situation, and reducts represent the core of an information system
(both in terms of objects and features) in a granular universe. Granular computing
(GrC) refers to that where computation and operations are performed on information
granules (clump of similar objects or points). Therefore, it leads to have both data
compression and gain in computation time, and finds wide applications. An important
use of rough set theory and granular computing in data mining has been in generating
logical rules for classification and association. These logical rules correspond to
different important regions of the feature space, which represent data clusters.
In many situations, when a problem involves incomplete, uncertain and vague
information, it may be difficult to differentiate distinct elements and one is forced to
consider granules. On the other hand, in some situations though detailed information
is available, it may be sufficient to use granules in order to have an efficient and
practical solution. Depending on the nature of problems and data, granules could be
fuzzy rather than crisp; thereby leading to f-granulation. Granulation is an important
step in the human cognition process. From a more practical point of view, the
simplicity derived from granular computing is useful for designing scalable data
mining algorithms. There are two aspects of granular computing, one deals with
formation, representation and interpretation of granules (algorithmic aspect) while the
other deals with utilization of granules for problem solving (semantic aspect). Several
approaches for granular computing have been suggested in literature including fuzzy
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set theory, rough set theory, power algebras and interval analysis. The rough set
theoretic approach is based on the principles of set approximation and provides an
attractive framework for data mining and knowledge discovery.
For the past few years, rough set theory and granular computation has proven to
be another soft computing tool which, in various synergistic combinations with fuzzy
logic, artificial neural networks and genetic algorithms, provides a stronger
framework to achieve tractability, robustness, low cost solution and close resembles
with human like decision making. For example, rough-fuzzy integration can be
considered as a way of emulating the basis of f-granulation in CTP, where perceptions
have fuzzy boundaries and granular attribute values. Similarly, rough-fuzzy entropy
can be defined to model various image ambiguities arising from both fuzziness and
rough resemblance in gray values and pixels. Since in granular computing
computations/operations are performed on granules (clump of similar objects or
points), rather than on the individual data points, the computation time is greatly
reduced. The results on these investigations, both theory and real life applications, are
available [6-8].
Some examples of rough fuzzy computing in clustering, classification, and in
defining generalized rough entropy and image ambiguity measures are explained in
the following sections together with their characterize features. Some real life
applications are also given to demonstrate their effectiveness. Before we describe
them, we present briefly the concept of case generation in rough-fuzzy framework as
it forms the basic principles of f-granulation in several other applications.
3. Rough-Fuzzy Granulation and Case Generation
A case may be defined as a contextualized piece of knowledge representing an
evidence that teaches a lesson fundamental to achieving goals of the system. Case
based reasoning (CBR) [9] is a novel Artificial Intelligence (AI) problem-solving
paradigm, and it involves adaptation of old solutions to meet new demands,
explanation of new situations using old instances (called cases), and performance of
reasoning from precedence to interpret new problems. It has a significant role to play
in today’s pattern recognition and data mining applications involving CTP,
particularly when the evidence is sparse. The significance of soft computing to CBR
problems has been adequately explained by Pal, Dillon and Yeung [10] and Pal and
Shiu [11]. In this section we provide an example [12, 13] of using the concept of fgranulation for performing the task of case generation in large scale CBR systems.
While case selection deals with selecting informative prototypes from the data, case
generation concerns with construction of ‘cases’ that need not necessarily include any
of the given data points.
For generating cases, linguistic representation of patterns is used to obtain a fuzzy
granulation of the feature space. Rough set theory is used to generate dependency
rules corresponding to informative regions in the granulated feature space. The fuzzy
membership functions corresponding to the informative regions are stored as cases.
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Figure 1 shows an example of such case generation for a two dimensional data having
two classes. The granulated feature space has 32 = 9 granules. These granules of
different sizes are characterized by three membership functions along each axis, and
have ill-defined (overlapping) boundaries. Two dependency rules: class1 ←L1 ∧ H2
and class2 ←H1 ∧L2 are obtained using rough set theory. The fuzzy membership
functions, marked bold, corresponding to the attributes appearing in the rules for a
class are stored as its case.
Unlike the conventional case selection methods, the cases here are cluster granules
and not sample points. Also, since all the original features may not be required to
express the dependency rules, each case involves a reduced number of relevant
features. The methodology is therefore suitable for mining data sets, large both in
dimension and size, due to its low time requirement in case generation as well as
retrieval.
The aforesaid characteristics are demonstrated in Figure 2 [12, 13] for a real life
data set with number of features 10 and number of samples 586012. Its superiority
over IB3, IB4 [9] and random case selection algorithms, in terms of classification
accuracy (with one nearest neighbor rule), case generation (tgen) and retrieval (tret)
times, and average storage requirement (average feature) per case, is evident. The
number of cases considered for comparison is 545. Based on the similar concept, Li et
al reported a CBR based classification system combining efficient feature reduction
and case selection [14]. Note that here the granules considered are class independent
(CI). In the next section we describe a classification method where the granules are
class dependent (CD).

Fig. 1. Rough-fuzzy case generation for a two dimensional data [12]
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Fig. 2. Performance of different case generation schemes for the forest cover-type GIS data set
with 7 classes, 10 features and 586012 samples

4. Rough-Fuzzy Classification
The rough-fuzzy model has three steps of operation as shown in Fig.1.

Fig. 3. Schematic diagram for rough-fuzzy pattern classification

The first step generates the class-dependent (CD) fuzzy granulated feature space
of input pattern vector. For fuzzy granulation of a feature space containing L number
of classes, we used L number of fuzzy sets (π-type membership function) to
characterize the feature values of each pattern vector. Each feature is thus represented
by L [0,1]-valued membership functions (MFs) representing L fuzzy sets or
characterizing L fuzzy granules along the axis. The π-type MF explores the degree of
belonging of a pattern into different classes based on individual features and the
granules thus provide an improved class-wise representation of input patterns. The
granules preserve the interrelated class information to build an informative granular
space which is potentially useful for improved classification for the data sets with
overlapping classes. In the granulation process, each feature value is represented with
more than one membership values and thus the feature dimension increases. The
increased dimension brings great difficulty in solving many tasks of pattern
recognition, machine learning and data mining. This motivates for selecting a subset
of relevant and non-redundant features. In this regard, we have used the neighborhood
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rough set [5, 6, 28] (NRS) based feature selection method in the second step (Fig. 3).
The advantage in the use of NRS is that it can deal with both numerical and
categorical data. NRS does not require any discretisation of numerical data and is
suitable for the proposed fuzzy granulation of features. Further, the neighboring
concept facilitates to gather the possible local information through neighbor granules
that provide better class discrimination information. Thus the combination of these
two steps of operations can be a better framework for the classification of patterns in
overlapping class environment. The integrated model thus takes the advantage of both
class-dependent fuzzy granulation and NRS feature selection methods. After the
features are selected, we use a classifier as in the third step of Fig. 3 to classify the
input pattern based on the selected features. The aforesaid steps are now discussed in
brief.
Let a pattern (object) F be represented by n numeric features and be expressed as:
F = [F1,F2,...,Fn]. Thus F is visualized as a point in n-dimensional vector space. Each
feature is described in terms of its fuzzy membership values corresponding to L
linguistic fuzzy sets. Thus, an n-dimensional pattern vector is expressed as (n x L)dimensional vector and is given by

where

μ1n (Fn ) , μ 2n (Fn ) ,…, μ nn (Fn ) ,…, μ Ln (Fn )
th

signify the membership values

of Fn to L number of fuzzy sets along the n feature axis and µ(Fn) ∈ [0,1]. That
means each feature Fn is expressed separately by L number of membership functions
In other words, each feature Fn characterizes L number of fuzzy granules along each
axis and thus comprising Ln fuzzy granules in an n-dimensional feature space. Fig. 4
shows a crisp visualization of 16 (= 42) such class dependent granules using 0.5-cut
when the number of classes is four in two-dimensional (F1 and F2) feature space.
Shape and size of the granules are dependent on the nature of overlapping of classes
and class-wise feature distribution.
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Fig. 4. Sixteen class dependent crisp granules for L = 4 in F1-F2 space

For implementation of the concept of neighborhood rough sets [28] in feature
selection, let us assume an information system denoted by I = (U, A) where U (the
universal set) is a non-empty and finite set of samples {x1, x2, ..., xn}; A = {C ∪ D},
where A is the finite set of features {a1, a2, ..., am}, C is the set of conditional
features and D is the set of decision features. Given an arbitrary xi ∈ U and B C, the
neighborhood ΦB(xi) of xi with given Φ, for the feature set B is defined as

{

φ B (x i ) = x i x j ∈ U , ΔB (x i , x j ) ≤ φ

}

(1)

where Δ is a distance function.
ΦB(xi) in Eqn. (1) represents the neighborhood information granule centered with
sample xi. That is, each sample xi generates granules with a neighborhood relation.
For a metric space (U, Δ ), the set of neighborhood granules {Φ(xi)| xi ∈ U} forms
an elemental granule system, that covers the universal space rather than partitions it as
done by Pawlak’s rough set (PaRS). A neighborhood granule degrades to an
equivalence class when Φ = 0. In this case, samples in the same neighborhood
granules are equivalent to each other and neighborhood model degenerates to
Pawlak’s rough set. Thus NRS (neighborhood rough set) can be viewed as a
generalization of PaRS.
Generation of neighborhood depends on both distance function ∆ and parameter
Φ. The first one determines the shape and second controls the size of neighborhood
granule. For example, with Euclidean distance the parameter Φ acts as the radius of
the circle region developed by ∆ function. Both these factors play important roles in
neighborhood rough sets (NRS) and can be considered as to control the granularity of
data analysis. The significance of features varies with the granularity levels.

223

Accordingly, the NRS based algorithm selects different feature subsets with the
change of ∆ function and Φ value.
Performance of rough-fuzzy feature selection (granular feature space and rough
feature selection) is demonstrated with k-NN classifier, as an example, on various
data sets. Here we present some results for k = 1 on remotely sensed images where the
different regions are highly overlapping and the no. of available training samples is
small. Table 1 shows the comparative performance of various models in terms of β
value [19] and Davies-Bouldin (DB) value [20] on IRS-1A image and SPOT image
with partially labelled samples. Partially labelled means, the classifiers are initially
trained with labelled data of six land cover types and then the said trained classifiers
are applied on the unlabeled image data to partition into six regions.
Five different models considered are [27]:
• Model 1 : k-NN (with k=1) classifier,
• Model 2 : CI fuzzy granulation + Pawlak’s rough set (PaRS) based feature
selection + k-NN (with k=1) classifier,
• Model 3 : CI fuzzy granulation + neighborhood rough set (NRS) based feature
selection + k-NN (with k=1) classifier,
• Model 4 : CD fuzzy granulation + PaRS based feature selection + k-NN (with k=1)
classifier,
• Model 5 : CD fuzzy granulation + NRS based feature selection + k-NN (with k=1)
classifier.
Table 1. Comparative performance of models using k-NN classifier (k=1) with partially labeled
data sets (for Φ = 0.45 and Δ = Euclidean distance)

β value
IRS-1A
SPOT

Model
Training
sample
1
2
3
4
5

9.4212
6.8602
7.1343
7.3559
8.1372
8.4162

9.3343
6.8745
7.2301
7.3407
8.2166
8.4715
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DB value
IRS-1A
SPOT
0.5571
0.9546
0.9126
0.8731
0.779
0.7345

1.4893
3.5146
3.3413
3.2078
2.8897
2.7338

As expected, the β value is the highest and DB value is the lowest for the training set
(Table 1). It is also seen that model 5 yielded superior results in terms of both the
indexes, compared to other four models. The gradation of performance of five models
can be established with the following β relation:
βtraining > βmodel5 > βmodel4 > βmodel3 > βmodel2 > βmodel1
(2)
Similar gradation of performance is also observed with DB values, which further
supports the superiority of model 5.

(a)

(b)

Fig. 5. Classified IRS-1A images with (a) model 1 and (b) model 5

(a)

(b)
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(c)

(d)

Fig. 6. (Zoomed) Two selected regions of classified IRS-1A image with (a and c) model 1, and
(b and d) model 5

In order to demonstrate the significance of granular computing visually, let us
consider Figs. 5a and 5b depicting the output corresponding to models 1 (without
granulation) and 5 (with granulation), say for IRS-1A. It is clear from the figures that
model 5 performed well in segregating different areas by properly classifying the land
covers. For example, the Howrah bridge over the south part of the river is more
prominent in Fig. 5b, whereas it is not so in Fig. 5a. A zoomed version of the said
bridge region is shown in Figs. 6a and 6b to have an improved visualization.
Similarly, the regions such as Saltlake stadium and water bodies are more distinct and
well shaped with model 5 as shown in Fig. 6d (zoomed version). Similar is the case
for SPOT image where Fig. 7b is superior to Fig. 7a in the sense that the different
structures (e.g., roads and canals) are more prominent. These observations further
justify the significance of the β and DB indexes in reflecting the performance of the
models automatically without visual intervention.

(a)

(b)

Fig. 7. Classified SPOT images with (a) model 1 and (b) model 5
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5. Rough-Fuzzy Clustering
In the classification method, described in Section 4, f-granulation was used to model
the overlapping characteristics of classes and rough sets ware considered for
dimensionality reduction. In this section we describe a rough-fuzzy c-means algorithm
(RFCM) which adds the concept of membership of fuzzy sets, and lower and upper
approximations of rough sets into hard c-means algorithm. While the membership of
fuzzy sets enables efficient handling of overlapping partitions, the rough sets deal with
uncertainty, vagueness, and incompleteness in class definition [21].

Fig. 8. Rough-fuzzy c-means: each cluster is represented by crisp lower approximations and
fuzzy boundary [15, 21]

In RFCM, each cluster is represented by a centroid, a crisp lower approximation,
and a fuzzy boundary (Fig. 8). The lower approximation influences the fuzziness of
final partition. According to the definitions of lower approximations and boundary of
rough sets, if an object belongs to lower approximations of a cluster, then the object
does not belong to any other clusters. That is, the object is contained in that cluster
definitely. Thus, the weights of the objects in lower approximation of a cluster should
be independent of other centroids and clusters, and should not be coupled with their
similarity with respect to other centroids. Also, the objects in lower approximation of
a cluster should have similar influence on the corresponding centroids and cluster.
Whereas, if the object belongs to the boundary of a cluster, then the object possibly
belongs to that cluster and potentially belongs to another cluster. Hence, the objects in
boundary regions should have different influence on the centroids and clusters. So, in
RFCM, the membership values of objects in lower approximation are 1, while those
in boundary region are the same as fuzzy c-means. In other word, RFCM first
partitions the data into two classes - lower approximation and boundary. Only the
objects in boundary are fuzzified. The new centroid is calculated based on the
weighting average of the crisp lower approximation and fuzzy boundary.
Computation of the centroid is modified to include the effects of both fuzzy
memberships and lower and upper bounds. In essence, Rough-Fuzzy clustering tends
to compromise between restrictive (hard clustering) and descriptive (fuzzy clustering)
partitions.
The effectiveness of RFCM algorithm is shown, as an example, for classification of
Iris data set and segmentation of brain MR images. The Iris data set is a fourdimensional data set containing 50 samples each of three types of Iris flowers. One of
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the three clusters (class 1) is well separated from the other two, while classes 2 and 3
have some overlap.
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Fig. 9. Comparison of DB and Dunn Index, and execution time of HCM, FCM [16], RCM [17],
RFCMMBP [18], and RFCM for Iris Data

The performance of different c-means algorithms is shown with respect to DB and
Dunn index [20] in Fig. 9. The results reported establish the fact that RFCM provides
best result having lowest DB index and highest Dunn index with lower execution
time. For segmentation of brain MR images, 100 MR images with different sizes and
16 bit gray levels are tested. These MR images are collected from Advanced
Medicare and Research Institute (AMRI), Kolkata, India. The comparative
performance of different c-means is shown in Fig. 10 with respect to β index [19].
Some of the original images along with their segmented versions with different cmeans are shown in Fig. 11. The results confirm that the RFCM algorithm produces
segmented images more promising than do the conventional methods, both visually
and in terms of β index.
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Fig. 10. Comparison of β index of HCM, FCM [16], RCM [17], RFCMMBP [18], and RFCM
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Fig. 11. Some original and segmented images of HCM, FCM [16], RCM [17], RFCMMBP [18],
and RFCM

Fig. 12. Scatter plots of two highest membership values of all the objects in image data

Figure 12 shows the scatter plots of the highest and second highest membership of
all the objects in the data set of image at first and final iterations respectively,
considering w=0.95,
and c = 4. The diagonal line represents the zone
where two highest memberships of objects are equal. It is observed that though the
average differences δ between two highest memberships of the objects are very low (=
0.145) at first iteration they become ultimately very high (= 0.652) at the final iteration.

6. Rough Fuzzy C-Medoids and Amino Acid Sequence Analysis
In most pattern recognition algorithms, amino acids cannot be used directly as inputs
since they are non-numerical variables. They, therefore, need encoding prior to input.
In this regard, bio-basis function maps a non-numerical sequence space to a numerical
feature space. It uses a kernel function to transform biological sequences to feature
vectors directly. Bio-bases consist of sections of biological sequences that code for a
feature of interest in the study and are responsible for the transformation of biological
data to high-dimensional feature space. Transformation of input data to highdimensional feature space is performed based on the similarity of an input sequence to
a bio-basis with reference to a biological similarity matrix. Thus, the biological content
in the sequences can be maximally utilized for accurate modeling. The use of similarity
matrices to map features allows the bio-basis function to analyze biological sequences
without the need for encoding.
One of the important issues for the bio-basis function is how to select the minimum
set of bio-bases with maximum information. Here, we present an application of roughfuzzy c-medoids (RFCMdd) algorithm [15] to select the most informative bio-bases.
The objective of the RFCMdd algorithm for selection of bio-bases is to assign all
amino acid subsequences to different clusters. Each of the clusters is represented by a
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bio-basis, which is the medoid for that cluster. The process begins by randomly
choosing desired number of subsequences as the bio-bases. The subsequences are
assigned to one of the clusters based on the maximum value of the similarity between
the subsequence and the bio-basis. After the assignment of all the subsequences to
various clusters, the new bio-bases are modified accordingly [15].
The performance of RFCMdd algorithm for bio-basis selection is presented using
five whole human immunodeficiency virus (HIV) protein sequences and Cai-Chou
HIV data set, which can be downloaded from the National Center for Biotechnology
Information (http://www.ncbi.nlm.nih.gov). The performance of different c-medoids
algorithms such as hard c-medoids (HCMdd), fuzzy c-medoids (FCMdd) [22], rough
c-medoids (RCMdd) [15], and rough-fuzzy c-medoids (RFCMdd) [15] is reported in
Fig. 13 with respect to β index and γ index [15]. The results establish the superiority of
RFCMdd with lowest γ index and highest β index.
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Fig. 13. Comparative performance in terms of γ and β indexes using homology alignment score

7. Generalized Rough-fuzzy Entropy and Image Ambiguity Measures
In previous examples we have demonstrated the role of granules in modeling
overlapping classes, representing linguistic rules and in defining class exactness. Here
we demonstrate how fuzzy boundaries of image regions, rough resemblance between
nearby gray levels and rough resemblance between nearby pixels give rise to
ambiguity in images, where the significance of granules in determining roughly
resemblance in gray levels and pixels is evident [25]. First, we describe the concept of
generalized rough sets where different cases considering both the sets and granules as
crisp and/or fuzzy are explained. This is followed by entropy measures and its
applications to image processing.

8. Generalized Rough Sets: Lower & Upper Approximation
The expressions for the lower and upper approximations of a set X are described for

R denotes an equivalence or a fuzzy equivalence relation
X
is a crisp or a fuzzy set.
and

different cases, e.g., when
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Case 1: When R denotes an equivalence relation and X is a crisp set, the
expressions for the lower and upper approximations of the set X is given as

RX = {u | u ∈ U : [u ]R ⊆ X }

RX = {u | u ∈ U : [u ]R ∩ X ≠ ∅}

(3)

[u ]R denotes the granule to which the element u belongs. In this case, the
pair of sets < RX , RX > is referred to as the rough set of X and < U , R > is a

where

crisp equivalence approximation space.
Case 2: When R denotes an equivalence relation and X is a fuzzy set, the
expressions for the lower and upper approximations of the set

X is given as

RX = {(u, inf μ X ( z )) | u ∈ U }
z∈[ u ]R

RX = {(u, sup μ X ( z )) | u ∈ U }

(4)

z∈[ u ]R

where

μX

is the membership function associated with X . In this case, the pair of

fuzzy sets < RX , RX > is referred to as the rough-fuzzy set of
is a crisp equivalence approximation space.

X and < U , R >

Case 3: Let us now consider the case when R refers to a fuzzy equivalence relation,
that is, when the belongingness of every element ( u ) in the universe ( U ) to a
granule Y ∈ U /R is specified by a membership function, say mY , that takes values

[0,1] such that

∑

mY (u ) = 1 . In such a case, when X is a crisp
set, the expressions for the lower and upper approximations of the set X is given as

in the interval

RX = {(u,

∑

Y ∈U /R

Y

mY (u ) × infmax(1 − mY (ϕ ), C )) | u ∈ U }

RX = {(u,

ϕ∈U

∑

Y ∈U /R

mY (u ) × supmin(mY (ϕ ), C )) | u ∈ U }
ϕ ∈U

where
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(5)

∑

⎧1, ϕ ∈ X
C=⎨
⎩0, ϕ ∉ X

In the above, the symbols
(sum) and × (product) respectively represent specific
fuzzy union and intersection operations. Note that, one may consider any fuzzy union
and intersection operation instead of the sum and product operations by judging their
suitability with respect to the underlying application. The pair of fuzzy sets

< RX , RX > is referred to as the fuzzy rough set of X in this case and < U , R >
is a fuzzy equivalence approximation space.

R referring to a fuzzy equivalence relation, when X is a fuzzy
set, the expressions for the lower and upper approximations of the set X is given as

Case 4: In Case 3 of

RX = {(u,

∑

Y ∈U /R

RX = {(u,

∑

Y ∈U /R

mY (u ) × infmax(1 − mY (ϕ ), μ X (ϕ ))) | u ∈ U }
ϕ∈U

mY (u ) × supmin(mY (ϕ ), μ X (ϕ ))) | u ∈ U }

The pair of fuzzy sets

(6)

ϕ ∈U

< RX , RX > is referred as the fuzzy rough-fuzzy set of X

and < U , R > is again a fuzzy equivalence approximation space. From the above
explanation, it is obvious that the set of expressions in cases 1 -3 are special cases of
the set of expressions for the lower and upper approximations given in Case 4.
Pictorial diagram of lower and upper approximations for Case 4 is shown in Fig 14.

Fig. 14. The pair

< RX , RX > is referred to as the fuzzy rough-fuzzy set of X

Entropy Measures.
Let us now provide two classes of entropy measures based on roughness measures of
a set and its complement in order to quantify the incompleteness of knowledge about
a universe. One of them is based on logarithmic gain function, defined as
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ρ (X )
ρ (X c)
1
H RL ( X ) = − [ ρ R ( X ) log β ( R
) + ρ R ( X c ) log β ( R
)]
2
β
β

where

β

(7)

denotes the base of the logarithmic function used and

X ⊆ U stands for

X in the universe. The various entropy measures of this
| RX |
and
class are obtained by calculating the roughness values ρ R ( X ) = 1 −
| RX |

the complement of the set

| RX c |
considering the different ways of obtaining the lower and
| RX c |
upper approximations of the vaguely definable set X . Note that, the ‘gain in
ρ
incompleteness’ term is taken as − log β ( βR ) in (7) and for β > 1 it takes a value in
the interval [1, ∞] . The other class of entropy measures, as obtained by considering an

ρR ( X c ) = 1 −

exponential function to measure the ‘gain in incompleteness’, is:
c
1
H RE ( X ) = [ ρ R ( X ) β (1− ρ R ( X )) + ρ R ( X c ) β (1− ρ R ( X )) ]
2

where

β

(8)

denotes the base of the exponential function used. Similar to the class of

H RL , the various entropy measures of this class are obtained by
using the different ways of obtaining the lower and upper approximations of X in
c
order to calculate ρ R ( X ) and ρ R ( X ) . The ‘gain in incompleteness’ term is taken
entropy measures

as

β (1− ρ

R)

in (2) and for

β > 1 it takes a value in the finite interval [1, β ] .

In Figure 15, the values of
roughness measures

H RL and H RE are shown for all possible values of the

ρR ( X )

and

ρR ( X c )

considering β

= e . Figure 16 shows the

plots of the proposed entropies for different values of β , when ρ R ( X ) = ρ R ( X ) .
c

(a) Logarithmic

(b) Exponential

Fig. 15. Plots of the proposed classes of entropy measures for various roughness values
A= ρ R ( X ) and B= ρ R ( X
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c

)

Fig. 16. Proposed entropy measures for a few different β values, when

ρ R ( X ) = ρ R ( X c ) (A = B)

9. Image Ambiguity measures and Segmentation:
Using the aforesaid entropy definitions, we compute grayness and spatial ambiguity
measures of an image. Grayness ambiguity refers to indefiniteness associated with
deciding whether a pixel or a clump of pixels (granule) is white or black. That is, it
concerns with the indefiniteness due to fuzziness as well as granularity in gray values.
Spatial Ambiguity, on the other hand, refers to indefiniteness in shape and geometry
of various regions where indefiniteness is concerned with both intensity and spatial
location of individual pixel or group of pixels. These ambiguity measures can be
minimized by changing the cross-over point of the membership function to find a set
of minima corresponding to different thresholds of an image.
Fig 17 shows the segmentation results of three images, as an example, using
grayness ambiguity measures based on rough-fuzzy entropy (proposed) and fuzzy
entropy [26]. In the former case, membership of a pixel is dependent on the granule
(defined over one-dimensional gray scale) to which it belongs, and it is independent
of its spatial location. In the latter case, the membership of a pixel is entirely
dependent on its own gray value, and it is independent of its spatial location.
Therefore the improvement in segmentation results by rough-fuzzy entropy as
compared to fuzzy entropy in Fig 17 is due to the effect of granules. The same is
quantitatively demonstrated in Fig. 18 for 45 other images where β-index for
segmentation is seen in almost all cases to be higher for outputs corresponding to
rough-fuzzy entropy.
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(a) Baboon image

(d) Brain MR image

(b) proposed

(e) proposed

(g) Remote sensing image (h) proposed

(c) fuzzy entropy

(f) fuzzy entropy

(i) fuzzy entropy

Fig. 17. Comparative segmentation results

Fig. 18. β-index for segmentation results on 45 images (Significance of adding the concept of
granules to gray level fuzziness is evident)
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10. Conclusion
Rough-fuzzy approach in soft computing frame work is considered for pattern
recognition and knowledge discovery. The concept of knowledge encoding using
rough sets and the role f-granulation to make it more efficient are illustrated.
Examples of judicious integration for tasks like rough-fuzzy case generation, roughfuzzy classification, rough-fuzzy c-medoids and rough-fuzzy entropy measures with
their merits and characteristics are described. Cases generated are efficient for
dimensionality reduction, classification and retrieval. Merits of rough-fuzzy clustering
in protein sequence analysis for determining bio-bases and segmentation of brain MR
images are demonstrated. C-medoids can be used for any other relational clustering.
Other applications of rough-fuzzy computing in bioinformatics and medical imaging
are available in a recent book [30]. Class dependent granulation with neighborhood
rough sets is seen to have better class discrimination ability than class independent
granulation with Pawlak’s rough sets. The algorithm is very useful even when the
number of available training samples is small. The said concept has recently been
extended to form the theory of rough-wavelet granulation [31]. The effect of
granularity in improving the quality of image segmentation vis-à-vis fuzzy entropic
segmentation is adequately established. The same can be demonstrated for other
image processing operations. The entropy expressions can be used to define other
kinds of measures for efficient image processing [32]. The concept of the aforesaid
rough-fuzzy computing has a significant role in modeling the computational theory of
perception (CTP). Readers may refer in this context to some pioneering articles of
Zadeh and others [33-38]
It may further be mentioned here that granulation is inherent in human thinking
and reasoning processes. Granulation is also a computing paradigm, among others
such as self-reproduction, self-organization, functioning of brain, perception,
Darwinian evolution, group behavior, cell membranes, and morphogenesis that are
abstracted from natural phenomena. A good survey on natural computing explaining
its different facets is provided in [39]. Therefore the present article also enriches the
literature in natural computational framework.
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The Notion of Consistency in the Presence of
Knowledge Operator
Saswati Sadhu
This work deals with the notion of consistency of sets of formulae involving
knowledge operator. Adoption of the following procedure may be beneficial to
investigate the possibility of accommodating knowledge of a sentence and knowledge of its negation together in the same system. We confine ourselves to Jaakko
Hintikka’s system of knowledge as outlined in his seminal work ‘Knowledge and
Belief’ published in 1962 [1]. For the general notions of propositional modal logic,
we have referred to [2, 3]
Notions of consistency and consequence in the classical propositional logic
The notion of consistency is defined in terms of derivability in classical propositional calculus, which leads to the obvious question whether it is possible to
have a definition the other way round and whether these two notions are equivalent, in some sense, to each other. Stanislaw J. Surma has given a satisfactory
answer to this question in his paper [4] treating the notion of consequence as
an operator (Cn) on subsets of formulae and consistency being dealt with as a
unary predicate (H -Cons) on the subsets of formulae in the following manner:
S is the set of all well formed formulae of classical propositional logic, ∼ and →
being the primitive logical connectives. (S -Cons) satisfies the following conditions:
(S -Cons 1) S -Cons ⊆ P(S)
(S -Cons 2) if X ⊆ Y ∈ S -Cons, then X ∈ S -Cons
(S -Cons 3) if X ⊆ S and X ∈
/ S -Cons, then there is a finite subset Y
in X such that Y ∈
/ S -Cons,
(S -Cons 4) if x ∈ S and X ∈ S -Cons, then either X ∪ {x} ∈ S -Cons
or X ∪ {∼ x} ∈ S -Cons,
(S -Cons 5) if x ∈ S, then {x, ∼ x} ∈
/ S -Cons,
(S -Cons 6) if x, y ∈ S, then X ∪ {x, ∼ y} ∈ S -Cons if and only if
X ∪ {∼ (x → y)} ∈ S -Cons.
With the help of the above conditions it can be shown that the set {x ∈ S :
{∼ x} ∈
/ S -Cons} coincides with the set of all theorems of the two-valued zero
order logic.
Considering S, ∼, → as before, Cn, a function from the power set P(S) of S
into itself, satisfies the following conditions:
(Cn 1) if X ⊆ S, then Cn(X) ⊆ S,
(Cn 2) if X ⊆ S, then X ⊆ Cn(X),
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(Cn 3) if X ⊆ S, then Cn(Cn(X)) ⊆ Cn(X),
(Cn 4) if X ⊆ Y ⊆ S, then Cn(X) ⊆ Cn(Y ),
(Cn 5) if X ⊆ S, then Cn(X) ⊆ ∪{Cn(Y ) : Y is finite and Y ⊆ X},
(Cn 6) if X ⊆ S and x, y ∈ S, then x → y ∈ Cn(X) if and only if
y ∈ Cn(X ∪ {x}),
(Cn 7) if x ∈ S, then Cn({x, ∼ x}) = S,
(Cn 8) if x ∈ S, then Cn({x}) ∩ Cn({∼ x}) = Cn(∅).
According to (Cn 1) − (Cn 4), Cn can be treated as a closure operator in
S. It can be proved that the condition (Cn 6) is satisfied by the operator Cn
if and only if the set Cn(∅) coincides with the set of all theorems of the implication logic in the sense of Hilbert. It can also be proved that the conditions
(Cn 6) − (Cn 8) are satisfied by the operator Cn if and only if Cn(∅) coincides
with the set of all theorems of the two-valued logic with negation and implication.
After axiomatizing these two notions, Surma, in his paper, has defined Cn
in terms of S -Cons and vice-versa as follows:
Cn(X) = {x ∈ S : X ∪ {x} ∈ S -Cons} — (1)
S -Cons = {X ⊆ S : Cn(X) 6= S} — (2)
In either case S -Cons satisfies the conditions (S -Cons 1) to (S -Cons 6)
and Cn satisfies the conditions (Cn 1) to (Cn 8). An S -Cons defined, using
(2), from a Cn which is again defined, using (1), from another S -Cons are the
same and the case is similar for Cn. In other words the given two sets of axioms
are equivalent to each other.
Consistency and consequence extended
Jaakko Hintikka in his work ‘Knowledge and Belief’ presented the notion of
consistency of propositions involving knowledge operator, through some rules,
stated below:
(A.PKK∗ ) If a set X of sentences is consistent and if Kx1 ∈ X, Kx2 ∈
X, ..., Kxn ∈ X, P y ∈ X, then the set {Kx1 , Kx2 , ..., Kxn , y} is also
consistent.
(A.PK∗ ) If a set X of sentences is consistent and if Kx1 ∈ X, Kx2 ∈
X, ..., Kxn ∈ X, P y ∈ X, then the set {x1 , x2 , ..., xn , y} is also consistent.
(A.K) If a set X of sentences is consistent and if Kx ∈ X, then the set
X ∪ {x} is also consistent.
(A. ∼ K) If a set X of sentences is consistent and if ∼ Kx ∈ X, then
the set X ∪ {P ∼ x} is also consistent.
(A. ∼ P) If a set X of sentences is consistent and if ∼ P x ∈ X, then the
set X ∪ {K ∼ x} is also consistent.

In the above rules Kx is interpreted as ‘a particular agent knows that x’ and
P x as ‘it is possible for all that a particular agent knows, that x’.
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Consistency rules introduced by Hintikka, which do not refer to the operators
K or P are as follows:
(A.∧) If a set X of sentences is consistent and if x ∧ y ∈ X, then the set
X ∪ {x, y} is also consistent.
(A.∨) If a set X of sentences is consistent and if x ∨ y ∈ X, then the set
X ∪ {x} or the set X ∪ {y} is consistent(or both are).
(A. ∼) If X is a set of sentences and if x ∈ X and ∼ x ∈ X, then the
set X is inconsistent.
(A. ∼ ∧) If a set X of sentences is consistent and if ∼ (x ∧ y) ∈ X, then
the set obtained from X by replacing ∼ (x ∧ y) by ∼ x∨ ∼ y is also
consistent.
(A. ∼ ∨) If a set X of sentences is consistent and if ∼ (x ∨ y) ∈ X, then
the set obtained from X by replacing ∼ (x ∨ y) by ∼ x∧ ∼ y is also
consistent.
(A. ∼∼) If a set X of sentences is consistent and if ∼∼ x ∈ X, then the
set obtained from X by replacing ∼∼ x by x is also consistent.
From the rules proposed by Hintikka it is not clear if it would be possible
to derive some obviously necessary results. To achieve this, the set of axioms
proposed by Hintikka has been modified in this work in the following way:
The connectives ∨, →, ↔ are defined in the usual manner and P x is defined as
∼ K ∼ x.
Hintikka’s notion of consistency can be treated as a unary predicate (H -Cons)
on the subsets of formulae of propositional modal logic satisfying the following
modified set of axioms:
(H -Cons 1) H -Cons ⊆ P(S),
(H -Cons 2) if X ⊆ Y ∈ H -Cons, then X ∈ H -Cons,
(H -Cons 3) if X ⊆ S and X ∈
/ H -Cons, then there is a finite subset
Y in X such that Y ∈
/ H -Cons,
(H -Cons 4) if x ∈ S and X ∈ H -Cons, then either X ∪{x} ∈ H -Cons
or X ∪ {∼ x} ∈ H -Cons,
(A.∧) if X ∈ H -Cons and x ∧ y ∈ X, then X ∪ {x, y} ∈ H -Cons,
(A. ∧ conv) if X ∈ H -Cons and x, y ∈ X, then X ∪{x∧y} ∈ H -Cons,
(A. ∼) if X ⊆ S and x, ∼ x ∈ X, then X ∈
/ H -Cons,
(A. ∼∼) if X ∈ H -Cons and ∼∼ x ∈ X, then (X \ {∼∼ x}) ∪ {x} ∈
H -Cons,
(A. ∼∼ conv) if X ∈ H -Cons and x ∈ X, then (X \ {x}) ∪ {∼∼ x} ∈
H -Cons,
(A.PKK∗ ) if X ∈ H -Cons and Kx1 , Kx2 , ..., Kxn , P y ∈ X, then
{Kx1 , Kx2 , ..., Kxn , y} ∈ H -Cons,
(A.PK∗ ) if X ∈ H -Cons and Kx1 , Kx2 , ..., Kxn , P y ∈ X, then
{x1 , x2 , ..., xn , y} ∈ H -Cons,
(A.K) if X ∈ H -Cons and Kx ∈ X, then X ∪ {x} ∈ H -Cons,
(A. ∼ K) if X ∈ H -Cons and ∼ Kx ∈ X, then X ∪ {P ∼ x} ∈
H -Cons.
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In this work it has been shown that Surma’s notion of consistency (S -Cons)
and consequence (Cn) may be extended upto S, the set of all well formed formulae of propositional modal logic where ∼, → are the primitive logical connectives
and K is the primitive modal operator, by adding the following axioms:
(S -Cons
(S -Cons
(S -Cons
(S -Cons
S -Cons.

K) if x, y ∈ S, then {K(x → y), Kx, ∼ Ky} ∈
/ S -Cons,
T) if x ∈ S, then {Kx, ∼ x} ∈
/ S -Cons,
S4) if x ∈ S, then {Kx, ∼ KKx} ∈
/ S -Cons,
Nec) if x ∈ S and {∼ x} ∈
/ S -Cons, then {∼ Kx} ∈
/
and

(Cn
(Cn
(Cn
(Cn

K) if x, y ∈ S, then Ky ∈ Cn({K(x → y), Kx}),
T) if x ∈ S, then x ∈ Cn({Kx}),
S4) if x ∈ S, then KKx ∈ Cn({Kx}),
Nec) if x ∈ Cn(∅), then Kx ∈ Cn(∅).

Making use of definitions (1) and (2) in the extended notion it is obvious that
the extended sets of axioms for S -Cons and Cn are equivalent to each other.
It has also been established that Hintikka’s notion of consistency (modified) is
equivalent to Surma’s notion of consistency, extended upto modal system S4 ,
and consequently the equivalence between Surma’s notion of consequence extended upto modal system S4 and Hintikka’s notion of consistency (modified) is
obtained, the equivalence being in the same sense as that in the classical case.
Notes
This work was done under the guidance of Professor Mihir Kumar Chakraborty.
There are some gaps in this work, such as
– From the rules proposed by Hintikka it has not been clear if it would be
possible to derive some obviously necessary results e.g.
• if a set of sentences are consistent and if x ∈ X and y ∈ X, then the set
X ∪ {x ∧ y} is also consistent,
• if a set X of sentences is consistent and if x ∈ X, then the set obtained
from X by replacing x by ∼∼ x is also consistent,
• if a set X of sentences is consistent and if ∼ x∨ ∼ y ∈ X, then the set
obtained from X by replacing ∼ x∨ ∼ y by ∼ (x ∧ y) is also consistent,
• if a set X of sentences is inconsistent, then there is a finite subset Y in
X such that Y is inconsistent, and so on.
– In order to prepare the modified set of axioms for H -Cons the following
axioms have been deleted from Hintikka’s system, which are derivable from
the modified set:
(A.∨) if X ∈ H -Cons and x ∨ y ∈ X, then X ∪ {x} ∈ H -Cons or
X ∪ {y} ∈ H -Cons or both.
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(A. ∼ ∧) if X ∈ H -Cons and ∼ (x ∧ y) ∈ X, then (X \ {∼ (x ∧
y)}) ∪ {∼ x∨ ∼ y} ∈ H -Cons.
(A. ∼ ∨) if X ∈ H -Cons and ∼ (x ∨ y) ∈ X, then (X \ {∼ (x ∨
y)}) ∪ {∼ x∧ ∼ y} ∈ H -Cons.
(A. ∼ P) X ∈ H -Cons and ∼ P x ∈ X, then X ∪ {K ∼ x} ∈
H -Cons.
Whether the original set of Hintikka axioms is equivalent to the modified set has
not been investigated.
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Axiomatization of Topological Quasi Boolean
Algebra
Anirban Saha
Topological quasi-Boolean algebra (tqBa) is an algebraic structure which was
ﬁrst considered during the study of rough sets. TqBa was primarily discussed in
[1, 11]. The formal deﬁnition of tqBa can be described as follows.
An abstract algebra A =< A, ∧, ∨, ∼, I, 0, 1 > is said to be a topological
quasi-Boolean algebra (tqBa) if and only if
1. A =< A, ∧, ∨, ∼, 0, 1 > is a quasi-Boolean algebra (qBa) [8] i.e.,
A =< A, ∧, ∨, ∼, 0, 1 > is a distributive lattice with least element 0 and
greatest element 1 satisfying
(a) ∼∼ a = a for all a ∈ A
(b) ∼ (a ∨ b) =∼ a∧ ∼ b for all a, b ∈ A
2. The unary operator I satisﬁes the following properties for all a, b ∈ A
(a) I(a ∧ b) = Ia ∧ Ib,
(b) Ia ∧ a = a,
(c) IIa = Ia,
(d) I1 = 1,
(e) CIa = Ia, where Ca ≡∼ I ∼ Ia.
With the axioms of tqBa if the following three additional axioms
[2(e)] ∼ Ia ∨ Ia = 1,
[2(f)] I(a ∨ b) = Ia ∨ Ib,
[2(g)] Ia ∧ Ib = Ia and Ca ∧ Cb = Ca imply a ∧ b = a
are taken then another new algebraic structure is obtained, which is called a prerough algebra [2]. Now with the axioms of tqBa if the axiom 2(e) is added then
also a new algebraic structure can be obtained – this is called the intermediate
algebra 1 (IA1). Similarly intermediate algebra 2 (IA2) and intermediate algebra
3 (IA3) can be obtained by adding the axioms 2(f) and 2(g) respectively to the
axioms of tqBa [10]. Again, with the axioms of intermediate algebra I if the axiom
∼ Ia ∧ a =∼ a ∧ a is taken, then another important algebraic structure can be
obtained. This is called the tetravalent modal algebra (TMA). This algebra was
ﬁrst considered by A. Monteiro, motivated by L. Monteiro’s independence proof
of an axiomatization of three-valued Lukasiewicz algebras [6]. Later, I. Loureiro,
the last student of A. Monteiro, carried out a brief study on TMA [4, 5].
It can be shown that every pre-rough algebra is a TMA but not conversely.
Relations of these algebras are shown below.
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qBa

tqBa
IA1

IA2

IA3

T MA

P re − roughAlgebra

X → Y : X with some additional axiom(s) gives Y
As far as the study of the logics corresponding to these algebras is concerned,
it can be found that sequent calculi of the tqBa, IA1, IA2, IA3 and pre-rough
algebra are already deﬁned [10]. The Hilbert system of the logic corresponding
to the pre-rough algebra is also obtained [2], where the implication ‘⇒’ of the
logic is deﬁned as
α ⇒ β ≡ (∼ Iα ∨ Iβ) ∧ (∼ Cα ∨ Cβ).
In case of TMA, there is a four-valued Monteiro propositional calculus, the
algebraic counterpart of which is TMA [3, 4]. Two implications ‘→, ⇒’ of the
logic are deﬁned as
α → β ≡ C ∼ α ∨ β and
α ⇒ β ≡ (α → β) ∧ (Cα → C(α ∧ β)).
On the other hand, another important aspect in the context of obtaining a
Hilbert system for a class of algebras is the ﬁnite axiomatization of that class.
One can ﬁnd that the class of TMAs is ﬁnitely axiomatizable [5]. From the study
of the tqBas so far, it can be shown that some of the subclasses of the class of
tqBas are ﬁnitely axiomatizable [7, 9]. Our attempt now is to investigate the
tqBa in these directions, in order to establish a Hilbert-style axiomatization for
the corresponding logic.
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Generalized Rough Sets, Implication Lattices
and Consistency-Degree
Pulak Samanta

Abstract. Indiscernibility relation enhanced by partition on an universe
is known to be knowledge. If the Indiscernibility relation fails to be transitive then the granules of knowledge overlap and they form a covering of
the universe. An extensive survey of rough set theory based on partition,
covering and relation is done. Implication lattice / Implication diagram
with respect to approximation pairs is shown. Dependency degree of
knowledges based on partition as well as covering have been considered.
Consistency degree between two knowledges and inconsistency measure
in both the cases are obtained.

1

Introduction

I am compiling here the work I have done so far with Professor Mihir Kumar
Chakraborty, the references are [11, 26–28].
Pawlak introduced Rough Set Theory in the year 1982 by considering an approximation space < U, R >, where U is a non-empty set and R is an equivalence
relation on U . So R forms a partition on U . Given any subset A of U , the lower
R
and upper approximations AR and A are then defined by AR = {x| [x]R ⊆ A}
R
and A = {x| [x]R ∩ A 6= φ} where [x]R is the equivalence class of x with respect
to R. We can immediately observe that the following properties of lower and
upper approximations hold.
(1a) U = U (Co-normality)
(1b) U = U (Co-normality)
(2a) φ = φ (Normality)
(2b) φ = φ (Normality)
(3a) A ⊆ A (Contraction)
(3b) A ⊆ A (Extension)
(4a) A ∩ B = A ∩ B (Multiplication)
(4b) A ∪ B = A ∪ B (Addition)
(5a) (A) = A (Idempotency)
(5b) (A) = A (Idempotency)
(6) (∼ A) =∼ (A), (∼ A) =∼ (A) (Duality)
(7a) A ⊆ B ⇒ A ⊆ B (Monotone)
(7b) A ⊆ B ⇒ A ⊆ B (Monotone)
(8a) A ⊆ (A)
(8b) (A) ⊆ A
For addressing more generalized approaches we shall have to expand this list
of properties by splitting the equalities 4a, 4b, 5a, 5b into two inequalities. There
are at least three distinct approaches towards generalization viz. Relational approach, Covering based approach and Operator based approach.
Dependency degree between two knowledges given by two partitions on a
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set defined by Novotný and Pawlak [15, 17–19]. Based on this we defined Dependency degree based on covering [26], Consistency degree between two knowledges
based on partition [11, 26], and also based on covering [26].

2
2.1

Various types of lower and upper approximations
Covering-based operators

The references of our relevant papers for this section is [26–28]. Let A be a subset
of U . Here is a list of constructions of various kinds of the lower-upper approximations of A with respect to a covering.
i
We have used P i , P i = 1, 2, 3, 4 to acknowledge Pomykala, since to our
knowledge he first studied the lower and upper approximations with respect to
4
covering. However, the pair < P 4 , P > was due to Pawlak but looking appari
ently different. C i , C , i = 1, 2, 3, 4, 5 are other covering based approximations
which are essentially duals. C and C with extra symbols are also covering based
lower and upper approximation operators, the symbols being taken from the
Gr
respective papers straightway. This group of pairs barring C Gr and C
are
non-duals.
P 1 (A) = {x : NxC ⊆ A}
1
P (A) = ∪{Ci : Ci ∩ A 6= φ} [23, 26, 31]
P 2 (A) = ∪{NxC : NxC ⊆ A}
2
P (A) = {z : ∀y(z ∈ NyC ⇒ NyC ∩ A 6= φ)} [23, 26]
P 3 (A) = ∪{Ci : Ci ⊆ A}
3
P (A) = {y : ∀Ci (y ∈ Ci ⇒ Ci ∩ A 6= φ)} [13, 23, 26, 29, 31, 35]
P 4 (A) = ∪{PxC : PxC ⊆ A}
4
P (A) = ∪{PxC : PxC ∩ A 6= φ} [5, 11, 13, 19, 23, 25, 26, 29, 30, 33, 35]
C 1 (A) = ∪{Ci : Ci ∈ C, Ci ⊆ A}
1
C (A) =∼ C 1 (∼ A) = ∩{∼ Ci : Ci ∈ C, Ci ∩ A = φ} [25]
C 2 (A) = {x ∈ U : N (x) ⊆ A}
2
C (A) = {x ∈ U : N (x) ∩ A 6= φ} [13, 25]
C 3 (A) = {x ∈ U : ∃u(u ∈ N (x) ∧ N (u) ⊆ A)}
3
C (A) = {x ∈ U : ∀u(u ∈ N (x) → N (u) ∩ A 6= φ)} [25]
C 4 (A) = {x ∈ U : ∀u(x ∈ N (u) → N (u) ⊆ A)}
4
C (A) = ∪{N (x) : N (x) ∩ A 6= φ} [25]
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C 5 (A) = {x ∈ U : ∀u(x ∈ N (u) → u ∈ A)}
5
C (A) = ∪{N (x) : x ∈ A} [25]

With the same lower approximation there are a few different upper approximations. In the following we have borrowed the symbols from corresponding
authors.
C ∗ (A) = C − (A) = C # (A) = C @ (A) = C + (A) = C % (A)
= ∪{Ci ∈ C : Ci ⊆ A} ≡ P 3 (A) [14]
∗

C (A) = C ∗ (A) ∪ {M d(x) : x ∈ A \ A∗ } [14, 35]
−

C (A) = ∪{Ci : Ci ∩ A 6= φ} [14]
#

C (A) = ∪{M d(x) : x ∈ A} [14, 35]
@

C (A) = C @ (A) ∪ {Ci : Ci ∩ (A \ C @ (A)) 6= φ} [14]
+

C (A) = C + (A) ∪ {N eighbour(x) : x ∈ A \ C + (A)} [14, 33]
%

C (A) = C % (A) ∪ {∼ ∪{F riends(y) : x ∈ A \ C % (A), y ∈ e.f (x)}} [14]
Another type of lower and upper approximations is defined with the help of
covering.
Let, Gr∗ (A) = ∪{Ci ∈ C : Ci ⊆ A} ≡ P 3 (A).

This is taken as lower approximation of A and is denoted by C Gr (A).
1

Gr∗ (A) = ∪{Ci ∈ C : Ci ∩ A 6= φ} ≡ P (A).
Gr
The upper approximation is defined by C (A) = Gr∗ (A) \ N EGGr (A), where,
N EGGr (A) = C Gr (∼ A), ∼ A being the complement of A [29].
The following table shows the properties satisfied by the respective lowerupper approximation pairs. It may be noted that the properties in the list given
in the introduction is now expanded because of obvious reasons.
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Table I
Properties of covering based approximations
P1 P2 P3 P4 C1 C2 C3 C4 C5 CGr C∗ C− C# C@ C+ C%
Dual

Y Y Y Y Y Y Y Y Y

Y

N N N N N N

φ=φ=φ

Y Y Y Y Y Y Y Y Y

Y

Y Y Y Y∗ Y Y

U =U =U

Y Y Y Y Y Y Y Y Y

Y

Y Y Y Y∗ Y Y

A∩B ⊆A∩B Y Y Y Y Y Y Y Y Y

Y

Y Y Y Y∗ Y Y

A ∩ B ⊆ A ∩ B Y N∗ N∗ Y N∗ Y N∗ Y Y

N N∗ N∗ N∗ N∗ N∗ N

A ∪ B ⊆ A ∪ B Y N∗ N∗ Y N∗ Y N∗ Y Y

N N∗ Y N∗ Y∗ Y N

A∪B ⊆A∪B Y Y Y Y Y Y N Y Y

Y

Y Y Y Y∗ Y N

A⊆B⇒A⊆B Y Y Y Y Y Y Y Y Y

Y

Y Y Y Y∗ Y Y

A⊆B⇒A⊆B Y Y Y Y Y Y Y Y Y

Y

N Y Y N∗ Y Y

A⊆A

Y Y Y Y Y Y N Y Y

Y

Y Y Y Y∗ Y Y

A⊆A

Y Y Y Y Y Y N Y Y

Y

Y Y Y Y∗ Y N

A⊆A

Y Y Y Y Y Y N∗ Y Y

Y

Y Y Y Y∗ Y Y

A ⊆ (A)

Y∗ N∗ Y∗ Y N∗ N N∗ Y N N∗ Y∗ Y∗ Y∗ Y∗ N∗ N∗

(A) ⊆ A

Y∗ N∗ Y∗ Y N∗ N∗ N∗ Y N∗ N∗ N∗ N∗ Y∗ Y∗ Y∗ N∗

A ⊆ (A)

N Y Y Y Y Y N∗ N Y

Y

Y Y Y Y∗ Y Y

(A) ⊆ A

N Y Y Y Y Y N∗ N Y

Y

Y N N Y∗ Y Y

A ⊆ (A)

N∗ N∗ N∗ Y N∗ N∗ N∗ N N∗ N∗ Y∗ Y Y∗ Y∗ N∗ N∗

(A) ⊆ A

N∗ N∗ N∗ Y N ∗ N∗ N∗ N∗ N∗ N∗ N∗ N∗ Y∗ Y∗ Y∗ N∗

In table I, Y means ‘yes, the property holds’ and N means ‘no, the property does
not hold’.
Properties that we have verified ourselves are marked ∗. Other results are
taken straightway from the respective papers.

250

Remark 1. From C∗ to C% the lower approximations as stated earlier are
3
the same as that of P3 viz. P 3 (A) = ∪{Ci : Ci ⊆ A}. P (A) is its dual. Natu∗

%

rally all other upper approximations viz. C (A) to C (A) are non duals. Now
an attempt may be made to retain these upper approximations and take their
respective duals as corresponding lower approximations. One such pair is sug−

gested by Cattaneo [7]. He takes C (A) as the upper approximation and its dual
the lower one. His motivation is completely mathematical making a connection
with pre-topological (Čech) behavior.
Remark 2. In the same paper [7], Cattaneo has taken another interesting
mathematical (Tarski Topological) approach to define lower and upper approximations in terms of pseudo-open and pseudo-closed sets. Let C = {Ci } be a
covering of the universe U . A set A ⊆ X is called pseudo-open if A is the
union of some sets in C and is called pseudo-closed if A is the intersection of
the complements of some sets in C. Then A = {P ⊆ A : P is pseudo-open} and
A = ∩{Q ⊆ A : Q is pseudo-closed}. We can check that the lower and upper
3
approximations are P 3 (A) and P (A) respectively. Thus, this pair of operators
gets an elegant topological interpretation.
Remark 3. We have come across some other covering based operators [32]
which virtually coincide with some of those presented here.

2.2

Relation-based operators

The reference of our relevant paper for this section is [28]. We are now presenting the table corresponding to above mentioned properties but further expanded,
with respect to relation based definition of lower-upper approximations. The 2nd
and 3rd rows are now split into four rows, reasons for which will be clear from
the table. Here we have used R for any relation, r, s, t denote reflexivity, symmetry and transitivity. R with suffix(es) means that the relation possesses the
corresponding property or properties. There are other important conditions that
may be ascribed to R e.g. seriality or Archimedeanness, but in this study we are
not considering them.
No originality is claimed in table II. (Almost) all the results are nicely furnished in Yao’s and Zhu’s papers [30, 31, 34]. Besides, anybody familiar with
elementary modal logic will recognize R as the accessibility relation and lower
and upper approximation operators as the semantic counterparts of necessity
and possibility operators.
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Table II
Properties of relation based approximations
R Rr Rs Rt Rrs Rrt Rst Rrst
Dual

Y Y

Y

Y

Y

Y

Y

Y

φ=φ

N N

N

N

Y

Y

N

Y

φ=φ

Y Y

Y

Y

Y

Y

Y

Y

U =U

Y Y

Y

Y

Y

Y

Y

Y

U =U

N N

N

N

Y

Y

N

Y

Y Y

Y

Y

Y

Y

Y

Y

Y Y

Y

Y

Y

Y

Y

Y

A∪B ⊆A∪B

Y Y

Y

Y

Y

Y

Y

Y

A∪B ⊆A∪B

Y Y

Y

Y

Y

Y

Y

Y

Y Y

Y

Y

Y

Y

Y

Y

Y Y

Y

Y

Y

Y

Y

Y

A⊆A

N Y

N

N

Y

Y

N

Y

A⊆A

N Y

N

N

Y

Y

N

Y

A⊆A

N Y

N

N

Y

Y

N

Y

A ⊆ (A)

N N

Y

N

Y

N

Y

Y

N N

Y

N

Y

N

Y

Y

N N

N

Y

N

Y

Y

Y

N N

N

Y

N

Y

Y

Y

A ⊆ (A)

N N

N

N

N

N

N

Y

(A) ⊆ A

N N

N

N

N

N

N

Y

A∩B ⊆A∩B
A∩B ⊆A∩B

A⊆B⇒A⊆B
A⊆B⇒A⊆B

(A) ⊆ A

A ⊆ (A)
(A) ⊆ A

2.3

Operator based Approach

The reference of our relevant paper for this section is [28]. This is also called
axiomatic approach [30] in which two operators − and − are defined on P(U ),
the powerset of U satisfying certain axioms which are some properties like those
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of the list given at the beginning or its expanded version. That means lower
and upper approximations A and A of a set A are taken straightway satisfying
certain axioms. This approach is important mathematically and logically since
in whatever way A and A might have been defined what matters here are the
properties that they possess. The entire group of algebras / topologies / logics
that have emerged from rough set approach care only for these properties. These
in turn has pushed towards another kind of generalization of rough sets viz. the
abstract algebraic and topological approaches [1–3, 5, 8, 16, 20–22, 24].

3

Partial ordering of inclusion relations and implication
lattices

The references of our relevant papers for this section is [27, 28]. Given two
subsets A, B of the universe U there are nine possible inclusions P ⊆ Q,
P ∈ {A, A, A}, Q ∈ {B, B, B}. In case the lower and upper approximations
arise out of a partition on U , that is the systems P4 or Rrst , we have the following equivalences, {A ⊆ B}, {A ⊆ B, A ⊆ B}, {A ⊆ B, A ⊆ B}, {A ⊆ B}
and {A ⊆ B, A ⊆ B, A ⊆ B} in the sense that inclusions belonging to the same
group are equivalent that is, each implies the other. This implication relation
is then extended for the equivalence classes of relations. It may be observed
that with respect to this latter implication, the set of above equivalence classes
in most cases form a lattice which has been called an implication lattice. The
equivalence classes of inclusion relations are disjoint but one class may imply the
other. This implication is defined by an arrow (→) in the diagrams. Implication
lattices were first introduced in [10]. In this more general context we shall see
that implication relation between clusters of inclusions does not form a lattice
in general - it forms a partial order relation. Among the 14 different diagrams,
here are three examples of the above mentioned diagrams.
For a categorization of inclusion relation in these systems, properties that are
responsible are the following :
(i) A ⊆ B ⇒ A ⊆ B
(ii) A ⊆ B ⇒ A ⊆ B
(iii) A ⊆ A
(iv) A ⊆ A
(v) A ⊆ A
(vi) A ⊆ (A)
(vii) (A) ⊆ A
(viii) A ⊆ (A)
(ix) (A) ⊆ A
(x) A ⊆ (A)
The arrow indicates that the node at the tail implies that at the head. The
properties used and equivalence classes formed with more than one element are
shown by the side of the diagrams. The other equivalence classes are singletons.
In the diagrams a representative of each class is depicted without using brackets.
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Diagram 1 (System C% )

Properties used :
(i), (ii), (iii), (v), (viii) and (ix).
Equivalence classes :
{A ⊆ B, A ⊆ B}

and singletons

A⊆B •
I• A ⊆ B
@
I
@
 @

@• A ⊆ B
A⊆B •


I
CO @


C @•

A ⊆ BC 

C 


C

C

A ⊆ B • C

C
A⊆B • 
CO 
•C A ⊆ B

Diagram 2 (Systems P1 and C4 and Rrs )

• A⊆B
 @
I
@• A ⊆ B
A ⊆ B•
@
I
@

@• A ⊆ B
A⊆B •

I
@
@
@
@• A ⊆ B
6

Properties used :
(i) to (iv), (vi) and (vii).
Equivalence classes :

• A⊆B
6

{A ⊆ B, A ⊆ B}
and singletons

• A⊆B

Diagram 3 (Systems P4 and Rrst )

Properties used :
(i) to (iv), (vi) to (viii) and (x).

• A⊆B
 I
@
@• A ⊆ B
I
@
@• A ⊆ B
A⊆B •

I
@
@
@
@• A ⊆ B
6

Equivalence classes :
{A ⊆ B, A ⊆ B}, {A ⊆ B, A ⊆ B}

and {A ⊆ B, A ⊆ B, A ⊆ B}
and singletons

• A⊆B
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4
4.1

Dependency of knowledge
Dependency of knowledge based on partition

The reference of our relevant paper for this section is [11]. We would accept the
basic philosophy that a knowledge of an agent about an universe is her ability
to categorize objects inhabiting it through information received from various
sources or perception in the form of attribute-value data. For this section we
start with the indiscernibility relation caused by the attribute-value system. So,
knowledge is defined as follows.
Definition 1. Knowledge : A knowledge is a pair, < U, P > where U is a nonempty finite set and P is an equivalence relation on U . P will also denote the
partition generated by the equivalence relation.
Definition 2. Finer and Coarser Knowledge : A knowledge P is said to be finer
than the knowledge Q if every block of the partition P is included in some block
of the partition Q. In such a case Q is said to coarser than P . We shall write it
as P  Q.
We recall a few notions due to Pawlak (and others) e.g. P -positive region of
Q and based upon it dependency-degree of knowledges.
Definition 3. Let P and Q be two equivalence relations over U . The P -positive
region of Q, denoted
by P osP (Q) is defined
S
S by
P osP (Q) =
PX , where PX = {Y ∈ U/P : Y ⊆ X} called P -lower
X∈U/Q ¯
¯
approximation of X.
Definition 4. Dependency degree : Knowledge Q depends in a degree k (0 ≤
osP (Q)
where Card
k ≤ 1) on knowledge P , written as P ⇒k Q, iff k = CardP
CardU
denotes cardinality of the set.
If k = 1 , we say that Q totally depends on P and we write P ⇒ Q; and if k = 0
we say that Q is totally independent of P .
Viewing from the angle of multi-valuedness one can say that the sentence
‘The knowledge Q depends on the knowledge P ’ instead of being only ‘true’(1)
or ‘false’(0) may receive other intermediate truth-values, the value k being determined as above. This approach justifies the term ‘partial dependency’ as well.
In propositions 1,2 and 3, we enlist some elementary, often trivial, properties
of dependency degree, most of which are present in [15, 19]. Some of these properties e.g. proposition 3(v) will constitute the basis of definitions and results of
the next section.
Proposition 1. (i) [x]P1 ∩P2 = [x]P1 ∩ [x]P2 ,
(ii) If P ⇒ Q and R  P then R ⇒ Q,
(iii)If P ⇒ Q and Q  R then P ⇒ R,
(iv)If P ⇒ Q and Q ⇒ R then P ⇒ R,
(v)If P ⇒ R and Q ⇒ R then P ∩ Q ⇒ R,
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(vi) If P ⇒ R ∩ Q then P ⇒ R and P ⇒ Q,
(vii) If P ⇒ Q and Q ∩ R ⇒ T then P ∩ R ⇒ T ,
(viii) If P ⇒ Q and R ⇒ T then P ∩ R ⇒ Q ∩ T .
Proposition 2. (i) If P 0  P then P 0 X ⊇ P X,
(ii) If P ⇒a Q and P 0  P then P 0 ⇒b Q where b ≥ a,
(iii) If P ⇒a Q and P  P 0 then P 0 ⇒b Q where b ≤ a,
(iv) If P ⇒a Q and Q0  Q then P ⇒b Q0 where b ≤ a,
(v) If P ⇒a Q and Q  Q0 then P ⇒b Q0 where a ≤ b.
Proposition 3. (i) If R ⇒a P and Q ⇒b P then R ∩ Q ⇒c P
for some c ≥ M ax(a, b),
(ii) If R ∩ P ⇒a Q then R ⇒b Q and P ⇒c Q for some b, c ≤ a,
(iii) If R ⇒a Q and R ⇒b P then R ⇒c Q ∩ P for some c ≤ M in(a, b),
(iv) If R ⇒a Q ∩ P then R ⇒b Q and R ⇒c P for some b, c ≥ a,
(v) If R ⇒a P and P ⇒b Q then R ⇒c Q for some c ≥ a + b − 1.
4.2

Dependency of knowledge based on covering

The reference of our relevant paper for this section is [26]. A covering C of a set
U is a collection of subsets {Ci } of U such that ∪Ci = U . It is often important
to define a knowledge in terms of covering and not by partition which is a special
case of covering. Given a covering C one can define a binary relation RC on U ,
which is a tolerance relation (reflexive, symmetric): xRC y holds iff x, y ∈ Ci for
some i, where the set {Ci } constitute the covering.
Definition 5. A tolerance space is a structure S = < U, R >, where U is a
nonempty set of objects and R is a reflexive and symmetric binary relation defined on U .
A tolerance class of a tolerance space < U, R > is a maximal subset of U
such that any two elements of it are mutually related.
In the context of knowledge when the indiscernibility relation R is only reflexive and symmetric (and not necessarily transitive) the approximation system
< U, R > is a tolerance space. In such a case the granules of the Knowledge may
be formed in many different ways.
Definition 6. [4, 9] A covering is said to be genuine covering if Ci ⊆ Cj implies
Ci = Cj .
For any genuine covering C it is immediate that the elements of C are all
tolerance classes of the relation RC .
Definition 7. We shall say that a covering C1 is finer than a covering C2 written
as C1  C2 iff ∀Cj0 ∈ C2 ∃ Cj1 , Cj2 , ..., Cjn such that Cj0 = Cj1 ∪ Cj2 ∪ ... ∪ Cjn
where, Cj1 , Cj2 , ..., Cjn ∈ C1 i.e. every element of C2 may be expressed as the
union of some elements of C1 .
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Let R be a tolerance relation in U . Then the family C(R) of all tolerances classes
of R is a covering of U . The pair (U, C) will be called generalized approximation
space, where U is a set and C is a covering of U . We shall however assume U to
be finite in the sequel.
Proposition 4. If C1  C2 then P1  P2 where P1 , P2 are the partitions corresponding to C1 , and C2 respectively.
S
Definition 8. We define C1 -Positive region of C2 as P osC1 C2 =
C1 (X).
X∈C2

Definition 9. Dependency degree with respect to covering : C1 depends in a de|P os

C2 |

C1
gree k (0 ≤ k ≤ 1) on C2 , written as C1 ⇒k C2 , iff k =
where |X|
|U |
denotes cardinality of the set X. We shall also write k = Dep(C1 , C2 ).
If k = 1 , C1 is said to be totally dependent on C2 and we write C1 ⇒ C2 ; and
if k = 0 we say that C2 is totally independent of C1 .

5

Consistency of knowledge

We begin this section by mentioning that [11, 26] are the relevant references of
our papers. Two knowledges P and Q on U where P and Q are partitions may
be considered as fully consistent if and only if U/P = U/Q, that is P ,Q generate
exactly the same granules. This is equivalent to P ⇒ Q and Q ⇒ P . So, a natural
measure of consistency degree of P and Q might be the truth-value of the nonclassical sentence “Q depends on P ∧ P depends on Q” computed by a suitable
conjunction operator applied on the truth-values of the two component sentences
Thus a binary predicate Cons may be created such that Cons(P, Q) will stand
for the above conjunctive sentence. A triangular norm (or t-norm) used in fuzzyliterature and many-valued logic scenario is a potential candidate for computing
∧. A t-norm is a mapping t : [0, 1] → [0, 1] satisfying (i) t(a, 1) = a, (ii) b ≤ d
implies t(a, b) ≤ t(a, d), (iii) t(a, b) = t(b, a), (iv) t(a, t(b, d)) = t(t(a, b), d). It
follows that t(a, 0) = 0. Typical examples of t-norm are : min(a, b) (Gödel),
max(0, a + b − 1) (Lukasicwicz), a × b (Godo,Hajek).
These are conjunction operators used extensively and are in some sense the basic
t-norms [12]. With 1 − x as negation operator the De-Morgan dual of t-norms
called s-norms are obtained as s(a, b) = 1 − t(1 − a, 1 − b). Values of disjunctive
sentences are computed by s-norms.
There is however a difficulty in using a t-norm in the present context. We
would like to have the following assumptions to hold.
Assumption 1: Knowledges P ,Q shall be fully consistent iff they generate
the same partition.
Assumption 2: Knowledges P ,Q shall be fully inconsistent iff no granule
generated by one is contained in any granule generated by the other.
The translation of the above demands in mathematical terms is that the
conjunction operator ? should fulfill the conditions :
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?(a, b) = 1 iff a = 1, b = 1
and ?(a, b) = 0 iff a = 0, b = 0.
No t-norm satisfies the second. So we define consistency degree as follows:
Definition 10. Let P and Q be two knowledges such that P ⇒a Q and Q ⇒b P .
The consistency degree between the two knowledges denoted by Cons(P, Q) is
given by Cons(P, Q) = a+b+nab
n+2 , where n is a non negative integer.
Definition 11. Two knowledges P and Q are said to be fully consistent if
Cons(P, Q) = 1.
Two knowledge P and Q are said to be fully inconsistent if Cons(P, Q) = 0.
Although any choice of n satisfies the initial requirements, some special values for it may be of special significance e.g n = 0, n = Card(U ). We shall refer‘n’
as the ‘consistency constant’ or simply ‘constant’ in the sequel.
If the t-norm is taken to be max(0, a + b − 1), then the corresponding s-norm
is min(1, a + b). For the t-norm min(a, b), the s-norm is max(a, b). There is an
order relation in the t-norms / s-norms, viz.
any t-norm ≤ min ≤ max ≤ any s-norm. In particular,
max(0, a + b − 1) ≤ min(a, b) ≤ max(a, b) ≤ min(1, a + b).
Where does the Cons function situate itself in this chain - might be an interesting and useful query. The following proposition answers this question.
Proposition 5. max(0, a + b − 1) ≤ Cons(P, Q) ≤ max(a, b) if P ⇒a Q and
Q ⇒b P .
To compare Cons(P, Q) and min(a, b), we have,

Proposition 6. Let P and Q be two knowledges and P ⇒a Q and Q ⇒b P.
Then (i) a = b = 1 iff min(a, b) = Cons(P, Q) = 1,
(ii) If either a = 1 or b = 1 then min(a, b) ≤ Cons(P, Q),
a−b
, a 6= 0, b 6= 1,
(iii) min(a, b) = a ≤ Cons(P, Q) iff n ≤ a(b−1)
a−b
(iv) min(a, b) = a ≥ Cons(P, Q) iff n ≥ a(b−1) , a 6= 0, b 6= 1,
(v) max(0, a + b − 1) ≤ Cons(P, Q) ≤ max(a, b) ≤ s(a, b) = min(1, a + b).
The Cons function seems to be quite similar to a t-norm but not the same.
So a closer look into the function is worthwhile.
We define a function ? : [0, 1] × [0, 1] → [0, 1] as follows ?(a, b) = a+b+nab
n+2
where n is a non-negative integer.
Proposition 7. (i) 0 ≤ ?(a, b) ≤ 1,
(ii) If a ≤ b then ?(a, b) ≤ ?(a, c),
(iii) ?(a, b) = ?(b, a),
(iv) ?(a, ?(b, c)) = ?(?(a, b), c) iff a = c ;
?(a, ?(b, c)) ≤ ?(?(a, b), c) iff a ≤ c;
?(a, ?(b, c)) ≥ ?(?(a, b), c) iff a ≥ c,

258

(v) ?(a, 1) ≥ a, equality occurring iff a = 1,
(vi) ?(a, 0) ≤ a, equality occurring iff a = 0,
(vii) ?(a, b) = 1 iff a = b = 1 and ?(a, b) = 0 iff a = b = 0,
(viii) ?(a, a) = a iff either a = 0 or a = 1,
The consistency function Cons gives a measure of similarity between two
knowledges. It would be natural to define a measure of inconsistency or dissimilarity now. In [15] a notion of distance is available.
Definition 12. If P ⇒a Q and Q ⇒b P then the distance function is denoted
.
by ρ(P, Q) and defined as ρ(P, Q) = 2−(a+b)
2
Proposition 8. The distance function ρ satisfies the conditions :
(i) 0 ≤ ρ(P, Q) ≤ 1
(ii) ρ(P, P ) = 0
(iii) ρ(P, Q) = ρ(Q, P )
(iv) ρ(P, R) ≤ ρ(P, Q) + ρ(Q, R).
For proof the reader is referred to [15].
Definition 13. We now define a measure of inconsistency by :
InCons(P, Q) = 1 - Cons(P, Q)
Proposition 9. (i) 0 ≤ InCons(P, Q) ≤ 1,
(ii) InCons(P, P ) = 0,
(iii) InCons(P, Q) = InCons(Q, P ),
(iv) InCons(P, R) ≤ InCons(P, Q) + InCons(Q, R) for a fixed constant n.
Proposition 9 shows that for any fixed n the inconsistency measure of knowledge
is a metric. It is also a generalization of the distance function ρ in [15]; InCons
reduces to ρ when n = 0. n is again a kind of constraint on the inconsistency
measure - as n increases, the inconsistency increases too.
.
Definition 14. We define consistency degree in the same way : Cons(C1 , C2 )
= a+b+nab
where Dep(C1 , C2 ) = a i.e., C1 ⇒a C2 and Dep(C2 , C1 ) = b i.e.,
n+2
C2 ⇒b C1 .
Definition 15. A measure of inconsistency for the case of covering in the same
way is defined as follows :
InCons(P, Q) = 1 - Cons(P, Q).

6

Towards a logic of consistency of knowledge

[11, 26] is the reference of our relevant papers for this section. We are now at the
threshold of a logic of consistency (of knowledge). Along with the usual propositional connectives the language shall contain two binary predicates, ‘Cons’ and

259

‘Dep’ for consistency and dependency respectively. At least the following features of this logic are present.
(i) 0 ≤ Cons(P, Q) ≤ 1,
(ii) Cons(P, P ) = 1,
(iii) Cons(P, Q) = Cons(Q, P ),
(iv) Cons(P, Q) = 0 iff Dep(P, Q) = 0 and Dep(Q, P ) = 0
and Cons(P, Q) = 1 iff Dep(P, Q) = 1 and Dep(Q, P ) = 1
In case P ,Q,R partitions we also get
(v) Cons(P, Q) and Cons(Q, R) imply Cons(P, R).
(i) shows that the logic is many-valued; (ii) and (iii) are natural expectations;
(iv) conforms to assumptions 1 and 2 (section 5); (v) shows transitivity the predicate Cons in the special case of partitions.

7

Concluding remarks

We have considered almost all the existing lower / upper approximations in rough
set literature and there properties are given in tabular form showing briefly their
behavior patterns.
We draw the pictures of partially ordered sets and implication lattices which
show independent equivalence classes and also the node at the tail implies that
at the head.
Any of the inclusion gives rise to a rough Modus Ponens rule [6] and a corresponding rough logic [6]. The underlying modal logical systems of various rough
logics are also immediately visible from the tables.
In future we wish to work on the topological and logical aspects of covering
based approaches of Rough Set Theory.
We proposed Consistency-Degree between two knowledges and we want to develop an interesting many valued logic of dependency and consistency of knowledges.
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Journey and Joy of Mathematics
Satyabachi Sar
No one can ascertain that auspicious moment when mathematics started its journey.
But it is certain that it started its journey slowly and silently in the prehistoric time.
Great ‘epic poet’ Homer rightly remarked about mathematics that
‘Small at her birth but rising every hour
She stalks the earth and shakes the world around.’
Starting its journey in a humble way mathematics, now, occupies a predominant position in science, society and every where. With passage of time mathematics has changed
its perspective and priority. It has been described in different ways by various persons
at different times. Evolving from counting, calculation, measurement mathematics has
been expanded to such an extent that any thing and every thing can be brought under
the purview of mathematics. Many branches of mathematics have emerged to meet
the necessity of time and society. At present, mathematics is being used throughout
the world as an essential tool in many fields of utility, which include natural science,
engineering, technology, medicine, social sciences. Mathematics, too, may be used as a
source of joy in many respects, if we look to it properly in search of beauty, fun, thrill,
excitement concealed in it.
Mathematics has come down to the present as an outgrowth of thought that originally centered in the concept of number and form which were carried along arithmetic,
algebra and geometry. In the initial stage mathematics arose as a part of every day
life.
The first conception of number and form started in the Old Stone Age, the Paleolithic. When the old stone age gave way to the New Stone Age, the Neolithic,
transition in the way of livelihood of man occurred from the mere gathering food to
its actual production, from hunting and fishing to agriculture. This happened perhaps
ten thousand years ago. Numerical terms came slowly into use. Their first occurrence
was ‘qualitative rather than quantitative’, making a distinction only between one and
two and many. Neolithic man also developed a feeling for geometrical pattern.
During the period of fifth, fourth and third millennia B.C. more technically advanced society emerged. Ancient civilizations like Babylonian, Egyptian, Indian and
Chinese civilizations came to flourish along the banks of the rivers of the Tigris and
the Euphrates, the Nile, the Indus later the Ganges, the Huag He later the Yanzi respectively. Mathematics grew there as a practical science. It may been inferred that
the essence of general arithmetical and algebraic nature evolved in these civilizations
was very much alike. Historians of mathematics have given account of evidences of
Babylonian mathematics (c. 2000 B.C.), Egyptian mathematics (c. 1850 B.C.), Indian
mathematics (c. 1800 B.C.), Chinese mathematics (c. 1200 B.C.). But it is to be remembered that more complex mathematics did not appear when these civilizations began
to use arithmetic, algebra and geometry for different purposes such as computation of
calendar, taxation and other financial calculations, survey, building and construction,
astronomical observations etc.
Though the Greeks inherited the Egyptian and Babylonian basis of mathematics
when transition of intellectual leadership from the valleys of the Nile, Tigris and Euphrates rivers was made to the shores of Mediterranean, independent development of
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mathematics took place. The systematic study of mathematics in its own right began
here. Empiricism gave way to deductive reasoning. Necessity of proof was felt in an
earnest way for proper evolution of mathematics. It is to be noted that mathematical
proof is fundamentally a matter of rigour.
Really, ‘without the strictest deductive proof from admitted assumptions, explicitly
stated as such, mathematics does not exist’. But at the same time we may not ignore the
fact that intuition, experiment, induction and plane guessing are important elements
in mathematical invention.
With the recognition of strict deductive reasoning mathematics began to emerge
around 600 B.C. The emergence was complete when ‘abstraction’ came to exist in
mathematics. It is rightly remarked that ‘abstracting of common experience is one of
the principal source of utility and the secret of its scientific power.’
It is to be observed that ‘mathematics as an organized, independent and reasoned
disciple did not exist before the classical Greeks of the period from 600 to 300 B.C.’
But the major Greek progress in mathematics may be estimated from 300 B.C. to 200
A.D.
It is true that story of great mathematicians who were the representatives of their
time in mathematics is an essential component in describing development of mathematics. Also their story guides us to gather knowledge about how a mathematician
thinks, how his imagination, as well as, his reason leads him to new aspects of truth.
But for the paucity of space we restrict ourselves only to mention the names of some
great mathematicians with their celebrated contributions.
Contribution of Thales (c. 626 - c. 545 B.C.), Pythagoras (c. 584 - c. 495 B.C.), Zeno
(c. 495 - c. 435 B.C.), Hippocrates (c. 460 - c. 370 B.C.), Euclid (c. 330 - c. 275 B.C.),
Archimedes (c. 626 - c. 545 B.C.), Ptolemy (c. 85 - c. 165 A.D.), Diophantus (around
250 A.D.), Pappas (around 320 A.D.) and others added to great progress of the Greek
mathematics, which mainly consisted of geometry, number theory and algebra. The
Greek gave ‘three famous problems of antiquity’, namely, the trisection of an angle,
the duplication of cube and the quadrature of the circle, which created great sensation
among the future mathematicians and let them to resolve the problems.
Mathematics also flourished in India and Islamic world. Discovery of zero and place
value system of numeration in India and contribution of mathematicians like Aryabhata (476-550 A.D.), Brahmagupta (598-670 A. D.), Al-Khwarizmi (c. 780-850), Omor
Khayyam (c. 1050-1130), Bhaskara II (1114-1185) brought bright light to illuminate
mathematics.
Now, into the two main streams of number and form flowed many tributaries.
Counting by natural numers 1,2,3,4,... gave birth to ‘discreteness’. Then came the
concept of ‘continuity’.
Specially with the admirable effort of Fibonacci (c. 1180 - 1250), the knowledge
of Islamic mathematics mainly borrowed from India, along with the knowledge of the
Greek mathematics was brought to Europe. Mathematics began to flourish there. Major progress of mathematics was made in the beginning of the sixteenth century and
stimulation in mathematical activities continued unabated.
In addition to number, form, discreteness and continuity, a fifth stream emerged.
The fifth stream was analytic geometry, which has been of great importance in the
history of mathematics.
Many celebrated mathematicians like Cardano (1501-1576), Bombelli (1526-c. 1573),
Viete (1540-1603), Napier (1550-1617), Gallilei (1564-1642), Kepler (1571-1630), Descartes
(1596-1650), Fermat (1601-1665), Pascal (1623-1662), Hygen (1629-1695), Newton (16421727), Leibniz (1646-1716), etc. appeared in the scene. They were instrumental to give
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birth to new branches of mathematics and their immortal contribution to enrich different branches of mathematics made them unparallel in the history in their own fields
of investigation.
Geometry became analytic in 1637 with publication of Descartes’ masterpiece. In
the seventeenth century the three main streams of number, form and continuity united
and led to generate calculus in an organised way and mathematical analysis, in general. Newton and Leibniz, building on the works of many mathematicians, established
calculus on a strong footing. Dynamics of Gallilei and Newton began to be common
property of all creative mathematicians.
In the eighteenth century Euler (1707-1783), Lagrange (1736-1813), Legendre (17521833), Cauchy (1759-1857), Fourier ((1768-1830), Gauss (1777-1855) and others contributed in a tremendous way to lift mathematics to an extraordinary level.
Euler invented two new branches of mathematics, namely, calculus of variation and
differential geometry in addition to work in a wide range of mathematical branches. He
also pushed forward research in number theory which was effectively begun by Fermat.
It is necessary to mention here that symbols and notations in mathematics play a
vital role in advancement of mathematics and understanding concepts of mathematics.
Really, ‘symbolic notation is half of mathematics’, as mentioned by Bertrand Russel
(1872-1970). For enrichment of mathematical symbols and notations, contribution of
many mathematicians, specially of Viete and Euler, should respectfully be remembered.
Towards the end of the eighteenth century Lagrange began rigorous theory of functions and theory of mechanics.
1801 marked the beginning of a new era with the publication of Gauss’ masterpiece.
Also his work in differential geometry was revolutionary. His contribution to astronomy and mechanics was startling. Really, in the nineteenth century the great river of
mathematics ‘burst its banks, deluging wilderness where no mathematics had flourished and making them fruitful’. Cauchy began marvelous treatment on analysis and
initiated study of the theory of functions of complex variable. Weierstrass (1815-1897)
and Riemann (1826-1866) continued this work. Fourier’s work on heat proved to be of
fundamental importance.
Invention of non-Euclidean geometry by Lobachevsky (1793-1856) and Janos Bolyai
(1802-1860) led to characterization of geometry by Riemann. Cayley (1821-1895) advanced algebraic geometry and his work on matrices and linear algebra was complemented by Hamilton (1788-1856) and Grassmann (1809-1877). Inventing quaternions
Hamilton opened the door of algebra and algebra became algebras as through the invention of non-Euclidean systems, geometry became geometries. Galois (1811-1832)
introduced group concept which gave new direction in mathematical research.
The end of the nineteenth century witnessed the spectacular discovery of Cantor
(1845-1918). He introduced theory of sets and theory of transfinite numbers. His analysis of the concept of number added to the major work of Dedekind (1831-1916) and
Weierstrass on irrational numbers.
Journey of mathematics has made more progress with progress of time. It would be
a fascinating story if one tries to describe further development of mathematics, which
has been possible by hard work, strong will, dedication, sacrifice, perseverance of many
mathematicians. But I want top stop here just mentioning that the persons, who were
instrumental in advancing the mathematical ideas, have done it not only for the benefit
of science and society but also for the feeling of ecstatic joy derived from the theory,
structure, pattern, symmetry, utility of mathematics. At the same time we should
understand and realise the fact that a lot of difficulty, struggle, obstacles have been
faced by stalwarts of mathematics, though gleefully, to invent different components
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of modern mathematics such as non-Euclidean geometries, groups, general relativity,
theoretical physics, set theory, non-standard logic, fuzzy set theory, rough set theory,
etc.
Regarding the journey of mathematics through ages my humble submission is that
during its description a few elements of mathematics or a few incidents which may be
considered by other to be quite significant, may have been left out, as the journey is so
long, elaborate and stretched that all the elements and events cannot be accommodated
in a small article like this in which only a brief account is given and also as priority of
choice varies from one to another depending on his or her point of view.
Leaving journey of mathematics aside we now turn to joy of mathematics. First of
all let us see what does joy mean. Joy is a feeling of exultant happiness. When such
a situation or a condition or an occasion arises that our heart is filled with ecstatic
satisfaction or happiness we seem to swim in an ocean of joy. Indeed, joy may be derived
from various sources. These sources include a unique piece of music, a melodious song,
a spectacular sculpture, a marvelous painting, a panoramic view of nature, so on.
Mathematics may be a source of joy if we look to its beautiful formula, equation,
pattern, arrangement etc. with an eye of sensitiveness or a mind of discovery. Also
charm or challenge or fun of mathematics may often emerge as a source of joy. Sometime
a glimpse to a novel concept or to an intriguing idea or to a historical anecdote of
mathematics not only provides us joy but also arouses our curiosity to seek, to search,
to explore more delight and magnificence from it.
Here we state a few mathematical objects from which a mathematical mind can
easily obtain immense joy and unfathomable beauty.
We start with so called Pascal triangle, which is an infinite numerical triangular
array of natural numbers, obtained as co-efficients of binomial expansions of indices
successively increasing one by one staring from zero. I intentionally used so called Pascal
triangle, not ‘Pascal triangle’, because of the fact that the mathematical concept was
known to India, Persia, China and Italy centuries before French mathematician B.
Pascal (1623-1662).
Before going to narrate the beauty of this numerical arrangement, let us give its
historical account. The numerical table appeared in ‘Traité du triangle arithmétique’
(Treatise on arithmetic triangle) written by Pascal in 1653 and was published in 1665
posthumously. Hogben (P.323) claimed that Persian poet and mathematician Omar
Khayyam (c. 1052 - 1130) described this numerical series and it was figured in the
work of Chinese algebraist Chu-Shih Chien (fl. 1280-1303). Boyer (P. 231), too, was in
the same opinion about Chu-Shih Chien. According to Srinivasienger (P. 27-28) these
numbers were described by Pingala in third century B.C. in his ‘Chhandas-Sutra’, but
the rule for determining the numbers, described by him was difficult. It was explained by
commentator Halayudha in 1000 A.D. and a numerical diagram called ‘Meru Prastara’
was formulated. The rule was nothing but the formula n + 1Cr = nCr + nCr−1 .
Really, it would be a matter of great joy if with the help of this numerical triangle
one can find interconnection of different mathematical ideas discovered by different
persons at different time in different places. Here we will see that binomial formula
discovered by Newton, terms of the sequence named after Fibonacci, figurate numbers
of Greek mathematics, probability discovered by Pascal have direct connection with
this numerical table prevalent in the name of Pascal.
Let us first describe the table below:
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1
1
2
3
5
8
13
21
34

1
1

1

1
1
1
1
1
1
1
1
1

8
9

10

5

28
36

45

10

56

10

70
126
252

1
5

15
35

126
210

1
4

20
35

84
120

6

15
21

1
3

4

6
7

2
3

1
6

1


56
28
8
84
36
21

7



210

120

(iv)

45
(iii)

1
1
9

1
10

(ii)

1
(i)

Here we observe that dotted diagonal (i) represents natural numbers, dotted diagonal (ii) represents triangular numbers, dotted diagonal (iii) represents tetrahedral
numbers and dotted diagonal (iv) represents 4-space tetrahedral numbers.
We know that Newton’s binomial formula is given by
(a + b)n = an + nC1 an−1 b + nC2 an−2 b2 + ... + nCr an−r br + ... + nCn bn .
It is to be noted that the co-efficient of binomial expansion with index n are depicted
in the (n + 1)-th row of table. One can easily verify that the 8th row, which has been
underlined here, contains the co-efficient of (a + b)7 .
Next we consider Fibonacci sequence {Fn }, which is defined by the recurrence
formula
Fn = Fn−1 + Fn−2 , n ≥ 3, F1 = F2 = 1.
So the terms of Fibonacci sequence are 1, 1, 2, 3, 5, 8, 13, 21, 34,... , which are also
known as Fibonacci numbers.
It is interesting to note that Fibonacci numbers can be obtained from the above
numerical table by summing up the numbers in the diagonals as indicated in the
table. One can observed that the numbers are obtained as 1, 1, 2(=1+1), 3(=1+2),
5(=1+3+1), 8(=1+4+3), 13(=1+5+6+1), 21(=1+6+10+4),
34(=1+7+15+10+1), and so on.
It is known that the nth triangular (or (2-D)) number, nth tetrahedral (or (3-D))
number, nth 4-space tetrahedral (or (4-D)) number, nth 5-space tetrahedral (or (5-D))
number,... are obtained respectively as the sum of first n naturals (or (1-D)) numbers,
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first n terms of (2-D) numbers, first n numbers of (3-D) numbers, first n terms of
(3-D) numbers,..., given by
1
1 + 2 + 3 + ... + n = 2!
n(n + 1)
1
1
n(n + 1)(n + 2)
1 + 3 + 6 + ... + 2 n(n + 1) = 3!
1
1 + 4 + 10 + ... + 61 n(n + 1)(n + 2) = 4!
n(n + 1)(n + 2)(n + 3)
1
1
1 + 5 + 15 + ... + 24
n(n + 1)(n + 2)(n + 3) = 5!
n(n + 1)(n + 2)(n + 3)(n + 4)
and so on.
It is quite pleasing surprise to observe that (1-D), (2-D), (3-D), (4-D), (5-D),...
are numbers appear in the table as shown in the dotted diagonals.
It is very interesting to state that the sum of the numbers down any dotted diagonal
to a particular one can easily be located in the so called Pascal Triangle. The sum would
be equal to the number which is one place left to the number that is directly below
the particular number in the next row. For example to locate the sum of triangular
numbers starting from 1 to 28, we find the triangular number in the next row, which
happens to be 36 and encircle the number 1-place left to 36 in the row and get the sum
as 84. In the similar way, if we want to find the sum of tetrahedral numbers starting
from 1 to 84, we go to 120, the next tetrahedral number in the next row and go to
one place left to find the sum [Here we put a rectangle around the sum]. The method
holds good for all the numbers in all the dotted diagonals i.e., for (1-D), (2-D), (3-D),
(4-D), (5-D),... numbers.
More interestingly, one can link probability to this numerical triangle in various
ways, which I am not going to show for shortage of space.
There are many more mathematical objects from which one can gather very interesting and astonishing interconnections among various mathematical thoughts that can
be treated as source of joy. But I like to stop here just mentioning a thrilling news which
may provide immense joy to the lovers of mathematics. In 1970, Nicaragua, a country
situated in Central America, issued ten postage stamps bearing the ten mathematical
formulas ‘that changed the face of the world’. ‘Isn’t it admirable that a country so
respects mathematics that it devotes a postage-stamp series to a set of abstract equations ?’ But basis of selection of formulas to be elevated to high a status is not known,
though one thing is known that eπi + 1 = 0, is not included. But according to many it
is ‘a celebrated equality’ in which there are ‘the five most significant numbers (as well
as the most important relation and most important operation) in all mathematics’.
Not only it has been termed by Richard Fineman as ‘the most beautiful equation in
mathematics’, but also Turnbull, in his book ‘The Great Mathematician’, remarked
‘Was it not Felix Klein who remarked that all analysis was centre here ? Every symbol
has its history — the principal whole number 0 and 1; the chief mathematical relation
+ and =, π the discovery of Hippocrates; i the sign for the impossible square root of
minus one; e the base of Napierian logarithm’.
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being who always tries to help his students, friends and others. I shall be failing in my
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Mathematics and music: An aesthetic detour into logic
Sundar Sarukkai

Mihirda is not only a creative mathematician and logician but he also brings his
inquisitive reflection to bear on the fields of art. The best homage I can pay to him is
by engaging with the question of mathematics and music, a topic on which he
himself has written in his Bengali text.
Let me begin with a question on the logic of fiction. In one of the seminars at the
Department of Comparative Literature, Jadavpur University, where Mihirda was also
present, I spoke on the relation between fictional and scientific discourse. There was
one point which interested him and I want to begin with that particular issue.
Scientific discourse is imaginary and ‘fictional’ even though its primary purport is
to describe a real world. The use of mathematics in this discourse makes this relation
between reality and science far more complex. Either we accept mathematical entities
as somehow being real and thus having an innate capacity to capture the reality of our
universe or we deny these entities any status of reality. The former is basically the
position of Platonism but Platonic reality is so esoteric that the relation between
physical reality and Platonic objects remains a serious problem. The latter position is
closer to viewing mathematical entities as fictional entities and the challenge here is
to understand why then do such entities matter so much to the description of the real
world.
In contrast, we have the fictional discourse as exemplified in literature. Although
the fictional discourse presents itself primarily as something unreal there is a
significant space of the real ‘present’ in it. One of the best ways to understand
societies and people is to read novels. Fiction captures the real in very important
ways. The modifications it makes to real events are not significant enough to detract
from the enduring presence of the real in fiction.
This claim can perhaps be best illustrated by considering two genres of fiction that
by definition cannot have anything to do with the real: fantasy and science fiction. If
we analyse the characters, the events, the language and the psychological processes in
these stories, we can notice a strong influence of human reality even in these genres.
Fiction does indeed have a serious problem in escaping the influence of the real even
though it presents itself as something unreal and untrue.
This paradoxical reversal of the nature of scientific and fictional discourse suggests
a simple but profound philosophical truth: a discourse of the real has to perforce
depend on the metaphysics of the unreal. Mathematics plays an important role in
making this relation possible. In my talk at Jadavpur I had suggested that there is a

270

logic that seems to be at the foundation of this problem.
The logic is as follows: science is “true and possibly false” whereas literature
(fiction) is “false and possibly true”. My intuitive idea was that a logic of science and
literature would have to be a mix of logics, including modal logic.
I believe that this formulation captures a simple truth about the nature of science
and fiction. As extensive literature in the philosophy of science points out, scientific
knowledge is fundamentally fallible, that is, open to revision. But until and unless
there are reasons for revision, knowledge as of that moment is taken to be true. I
would like to formulate the logic of fallibility as the logic of True and Possibly
False. Similarly, fictional knowledge (knowledge that arises from reading fiction) is
fundamentally false and does not want to be taken as true. But when faced with the
challenge of explaining how close to the real the fictional discourse is, it can hide
behind the excuse that fiction can possibly be true. In claiming this, fiction can
continue to hold on to its claim that it is essentially about falsity. This logic of the
fictional can thus be summarized as False and Possibly True.
It was Mihirda who immediately caught on this point. I did plan to discuss it in
greater detail with him but had no opportunity to do so. Unfortunately, I am not
going to discuss this issue in any detail here also but am only using it to enter into a
discussion on the relation between aesthetics and logic.
One might find it odd to bring the question of logic to bear on fiction, since
fiction prides itself on being consciously illogical. But fiction is fundamentally
enmeshed in this type of a logical conundrum. The first point is about the inherent
modality present in this logic. I believe that it is possible to locate the aesthetic
within this modality. In other words, the logic of the aesthetic is to be found in the
idea of the ‘possibly true’ (in the case of fiction) and ‘possibly false’ (in the case of
science).
What do I mean by saying that the logic of the aesthetic is to be found in these
modal ideas? Science is fundamentally indebted to the aesthetic imagination but even
when scholars note this point they often place the logical against the aesthetical. That
is, after recognizing that scientific discoveries may have been catalysed by an
aesthetic impulse, they place the real significance of that within the formal scientific
structures such as theory. (This should remind us of the well-known distinction,
coined by Reichenbach, between contexts of discovery and contexts of justification in
science. The aesthetic imagination works in the former realm and the logical in the
latter.)
In contrast, my argument is that one way of understanding the essential role of the
aesthetic imagination in science is by recognizing that aesthetics arises in the process
of acknowledging that there is something possibly false. The exploration of the
possibly false in true statements is the defining moment of creativity and the creation
of new science. If scientists accepted the truthfulness of scientific statements then
how is new science possible? New ideas in science are catalyzed by the belief that the
true statements of science are possibly wrong and the attempt to prove them wrong
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generates new ideas which are then justified to be true.
Similarly, if fiction is accepted as only being false, what then is the genesis for
creating new fiction, for continuously creating the false? That new creation is possible
only through the recognition, the constant recognition, that fiction is possibly true.
The origin of aesthetics in both these cases arises from this impulse mediated through
the logic of possibility.
Thus, both science and art are enmeshed within the ideas of true and false, as well
as with possibility. Is this true of art in general and music in particular?
In contrast to common belief about art, there are strong philosophical traditions,
whether in the Indian aesthetic tradition or the phenomenological tradition in Europe
exemplified by Heidegger and Gadamer, which argue that art is primarily about truth.
While much has been written on this in the context of visual art, what exactly does it
mean in the context of music?
First of all, music does not express or even attempt to capture propositional truths.
But the idea of truth is far deeper than propositional truths. Logic, dealing as it does
with propositions, might therefore seem to be far removed from music. However,
there is another way of understanding the musician’s idea of logic within music, even
though they may not phrase it as such. If we are sympathetic to the understanding of
logic as an activity that primarily has to do with sentences, in a manner similar to
Davidson, then the idea of logic within music is apparent. Logic is a series of
relations between sentences and thus the idea of logic is fundamentally in the ideas of
succession and intertwinement between phrases and sentences.
Music is also basically about succession and intertwinement between musical
phrases and ‘sentences’. If notes in music are seen as ‘words’ then one can see how
phrases of notes and combinations of notes function as larger units whose
intertwining and succession lead to the sense of logic within music. We should
remember here that the most fundamental formulation of music always comes back to
the idea of succession. Music, as also understood in the phenomenological tradition,
is an exemplar of time consciousness where time is a series of sequences. This
immediately suggests that the logic of music is perhaps more tuned to temporal logic
but at this point I hesitate to make this claim.
Yet another illustration of the logic within music is through its association with
mathematics. All classical traditions of music perforce engage with the idea of some
intricate mathematics. Perhaps this is the reason why they are called as classical
music because of a theory of music, often including intricate computation, which
forms the base of this music. Music and mathematics come together through the
notion of time. Whether in the idea of beats, taan, taal, rhythm or even melody, time
units play a fundamental role in the aesthetic appreciation of music. For example, in
Hindusthani music, the concept of laya is among the most important one. As the
well-known musician Dinkar Kaikini points out, ‘laya is time’ but it is an ‘abstract
continuum’. The importance of laya is captured in his comment that ‘when you
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divide laya aesthetically, it becomes music.’
Counting of time and keeping time is essential to any production of music. Time
is kept through intricate counting mechanisms which have a strong mathematical
basis. In Hindustani music, for example, this relationship with time is importantly
not just for the tabla player but also for the singer. The process of computing that is
essential to good percussion musicians like the table and mrudangam players is a
wonderful illustration of how mathematics is converted to a domain of feeling. When
these musicians play their instruments, they are not computing before playing. They
can feel the rhythm, can feel when a beat is skipped or can feel how to create a
complex mathematical pattern in the middle of a concert. (I believe that this sense of
‘feel’/contact/touch with mathematics is experienced by many mathematicians.
Cantor’s claim that one can ‘see’ sets as clearly as other objects might perhaps seem
absurd to some but if we replace ‘see’ with ‘feel’, I have a feeling that many more
mathematicians would recognize that as a common process.)
This applicability of mathematics in music is as mysterious as the applicability of
mathematics in the sciences. In the latter case, scientists have often wondered why
mathematics is so effective in describing a world (the physical universe) that is so
different from the world of mathematics (the abstract or Platonic world). The success
of the applicability of mathematics in the sciences is illustrated in the success of
theory among which one can point to the power of unification of diverse phenomena
and the predictive capacity through mathematical models.
The mysteriousness of the applicability of mathematics in music is fundamentally
about the creation of the aesthetical from the mathematical. As much as there is a
problem in discovering truths about the physical world through the use of
mathematical techniques, there is an equally mysterious problem in this relation
between our musical sensibilities and mathematical and computational complexity.
Why should the mathematical imagination not only matter to musical sensibilities
but also create the musical experience?
There are some essential points of difference, for example, in the quantity and the
types of mathematical entities and structures, between applicability of mathematics in
music and in science. However, the basic notion of applicability is the same and
similar philosophical questions arise in both these cases. Moreover, the presence of
mathematics in music alerts us to the possibility that the use of mathematics need
not be conscious but can be something ‘felt’ through years of training and experience.
The most interesting question is this: How does this form of mathematical
applicability lead to an aesthetic experience? Mathematical applicability in science
leads to knowledge and truth but in the case of music it leads to profound
experiences. And we should not forget that this experience of music is fundamentally
auditory so somehow there is a conversion or expression of the mathematical into the
concrete auditory sensation and through this process an aesthetic experience is
formed. (In contrast, in science, the aesthetics associated with mathematics is
fundamentally a visual process associated with ‘seeing’ mathematical structures in the
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way they are written and calculated.)
The use of mathematical and computational techniques in music must alert us to a
fundamental concept that underlies both science and art in general and music in
particular. The invocation of mathematics (as against logic) in an explicit manner is
an indication of the importance of the idea of truth in both these activities. Truths of
nature cohabit with truths of the mathematical domain for science. Truths of aesthetic
judgement cohabit with truths of the mathematical for music. Therefore, it should not
surprise us that for both science and music, the question of logic is never
prominently foregrounded. While there are underlying logical structures (including
logic through mathematics) in both science and music, the preoccupations of logic are
never explicitly invoked in science. Thus, while there is an unreasonable dependence
on mathematics in science, there is no such dependence on logical principles,
theorems and results in the discourse of science. Similarly in the case of music – the
very mention of logic in the context of music generates heated disagreement!
But it is important to note that both science and music engage very deeply with
the idea of truth. Scientific discourse is filled with references to truths of the world,
truths of universal structures like laws, truths of mathematics and so on. There is also
a long and enduring relation between truth and beauty which scientists have drawn
freely upon. This is well captured in the title of the book ‘Truth and Beauty’ by S.
Chandrasekhar, the Noble Prize winner in physics. In many studies of aesthetics in
science, one often stumbles upon this repeated invocation of the relation between
truth and beauty. Not only do science and music depend on the notion of truth but
they also share another interesting trait. Both of them have a problematical
relationship to the idea of meaning. While the question of meaning is the bugbear of
language, science – even though it is primarily a discourse – rarely engages with the
problems of linguistic meaning. Similarly, music – and art in general – finds the
repeated questioning of the meaning of an artwork itself as meaningless. Nothing
irritates an artist, including musicians, than asking what does your performance
mean?
What could be the notion of truth in music? It is not a truth related to facts of the
world, nor is it a truth of the structure of music also. While there could be laws of
auditory sensation, like the Gestalt laws of vision, these cannot be the truths of the
aesthetic appreciation of music. In a trivial sense, one could accept truths of
experience that arises from listening and responding to music. But we might hesitate
to call these as truths since musical experience is first person and is immersed in the
problem of subjective truths. All experience is truthful in this sense – that is ‘really’
happens to the individual and it may even be ‘really true’ that the individual
experiences what she feels as her experience. But the aesthetic experience is more than
experiences related to our ‘ordinary’ sensations.
Consider emotions. When I feel joy or sadness, it is indeed true that I am
experiencing those emotions. These are psychological truths related to these
emotions. We can describe these emotions; there are physiological and psychological
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consequences of these emotions. They influence our actions and our worldview.
Thus, even in a pragmatic sense, these are truths. I am thinking of emotions here
since music is very often seen to be associated with emotions. Music generates deep
emotions in us. Indian classical music is particularly based on an intrinsic relation
with emotion. The fact that different raagas are correlated with different emotions
exemplifies this relation. Moreover, it is true that for many listeners (even when they
are not classically trained or literate in these musical traditions) listening to a sad
raaga evokes sadness or at least a particular kind of mood. And repeated experience of
this relation consolidates this belief that certain musical expressions are conducive to
certain kinds of experiences. Even non-classical music, ranging from pop to film
songs, generate specific kinds of emotions.
One reason why we would resist discovering the idea of musical truth within these
‘experiential truths’ is that we have similar emotions which are catalysed by nonmusical experiences. For example, we might feel sad on hearing some news or seeing
an event in front of our eyes. In these cases, we believe that these events cause
particular emotions. So one way to distinguish events which cause emotions and
music which cause similar emotions is by recognizing that in the first case there is a
causal relation whereas in the latter there is no causal relation. That is, music does
not cause the emotions it does in the way events do. Neurobiologists might argue
that the sounds of music might trigger certain chemicals which in turn will trigger
the mechanisms leading to particular emotions. But the particular sounds or notes of
music do not constitute music. They are the reduced components of a particular piece
of music. The idea of music does not exist in these notes and their combination.
Instead, it exists in a peculiar phenomenon, perhaps most evocatively described by
Heidegger, that which is called ‘presencing’. Music arises as a particular form of
presence. Music emerges from these notes and their combination but it is not
reducible to these elements. (The simplest way of recognizing this is to string
together notes – very often this leads to the very opposite of music!) While Heidegger
considers any artwork as ‘the becoming and happening of truth’, it is particularly so
in the case of music. And there is also a difference in the happening or presencing of
truth in music compared to other artworks, say, visual art.
First of all this truth which is presenced in music is not propositional. It does not
communicate truths about any other aspect such as the truth of the performance, its
relation to emotion, factual truth related to the world and so on. Levinson, for
example, suggests that there are different aspects of truth that can be found in music
such as structural correspondence between a piece of music and emotion it might
correspond to or express. His conclusion relates truth to emotions, even though there
may be different layers in this relation.
However, the truths of music are far more complex than their relation to emotions.
Music cannot be reduced to an instrumental cause for emotions, even though that
may often be the case. I began with the example of emotions primarily to find an
entry into reflecting on the idea of truth that is inherent in every individual
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experience. There has been enough literature, spanning centuries, which have argued
that such individual experiences are subjective and cannot stand the test of truth,
which, by definition, has to be accessible to others. Even the debates on selfknowledge and individual intuition and insight have had to constantly respond to
this problem. Does the case of music transcend these issues?
First of all, music as a form of presencing is independent of the emotions it
creates. The emotions associated with music are second or higher order experiences of
music. One can give a causal narrative of how certain pieces of music trigger certain
memories which then trigger certain emotions and so on, and thus it is not the music
per se that triggers these emotions.
The basic point is that – independent of the emotions triggered by music – we
recognize something as music which is not merely a series of sounds. What is this
capacity to recognize a new presence of music more than the collection of sounds? Is
it merely a capacity of the human consciousness to integrate these discrete sounds
into a unified whole? Or is there something in the very nature of certain combinations
of sounds that create this sense of music?
The truth of music lies in this coming-to-be of that we call music. Emerging into
presence is the fundamental character of music. So any notion of logic in music has
to be discovered in this act of coming into being. The fundamental prerequisite of
coming into being is the idea of truth. What comes into being is not a set of sounds
or even a unified ‘musical sound’ for these are all material manifestations. What can
come into being is only truth which makes us recognize music as music.
What is so special to truth in music? I want to suggest the following: Truth in
music does not have a correlate of false – there is nothing false in music. Notes may
be offkey or a combination of notes may sound jarring. But these are not about
falsity of music. In fact, music gives us a formulation of truth with no notion of nottrue. It is a logic of truth that is based on one value alone. Truth in art, in general, is
a monovalent term; it is the only term that has no possibility of bivalence. Another
way of expressing this is to note that in general all terms can either be true or false in
bivalent logic. But what about ‘truth’ itself – can it take the values of true or false?
(This might seem a classic example of category mistake but in the context of truth in
music there is only the idea of truth which is co-present with the recognition of
music.)
In the context of the ‘logic’ of science and literature which I mentioned in the
beginning of this essay, we would have to phrase the logic of music as ‘True and
Never False’. There is an immediate problem with this claim. Suppose a particular
musical phrase which, for example, characterizes particular raaga in Hindusthani
music, is modified or even mistakenly sung. Would we then say that there is
something wrong, something false about that? To this question, I would say that
mistakes in the order of notes in a phrase or loss of shruti are mistakes in
performance and are not really about anything being false in music. It is just plainly
not music. In fact, such a performance does not let music come into presence and
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thus does not let the truth of music be made available to the listener. Thus, while we
can even accept binaries such as music and not-music, it is not possible, as far as
music is concerned, to have truth and not-truth.
Why do I want to invoke this notion of truth in music? Primarily it is to explore
the aesthetics of logic. And why aesthetics in logic? That is very important because
the very idea of formal logic, based as it is on forms, is about aesthetics. When we
discover structure in logical arguments it could very often be an aesthetic judgement.
Look at the examples from science – new theoretical discoveries, discovered through
an aesthetic judgement are then converted to the theoretical. Recognition of new
structures through the visual form of mathematical symbols is often an aesthetic
judgement and this is part of the logical and not contrary to the logical.
Moreover, I want to draw attention to the importance of experience and feeling in
logic, mathematics as well as in music. ‘Feeling right’ is an important notion in
logic, mathematics and music. This sense of ‘feeling right’ often makes scientists
choose particular structures. While they might validate it later, and in so doing reduce
their initial insight as an ‘aesthetic’ judgement, this sense of ‘feeling right’ is so
important to science and music. It is true that we do not necessarily have to invoke
the idea of truth in the context of music but there is something profoundly truthful
about music. But through this detour into music, what I want to place before Mihirda
is this: logic has a world of ‘feeling’ associated with it. One way to understand it is
to discover the aesthetic within the logical.

Sundar Sarukkai
Manipal Centre for Philosophy and Humanities,
Manipal University, India.
sarukkai1@yahoo.com
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Contractifiability and Equivalent Metrices
Amita Sen

1

Introduction

The notion contractifiability is based on equivalent metrices. An operation ∗ is
created on non-negative real members under which both the notions are preserved. In this paper we deal with the notion of contractifiability for which we
require equivalent metric. The concept contractifiability is defined as follows –
Definition 1. A continuous self-mapping T is said to be contractifiable in a
metric space (X, d) if and only if there exists an equivalent metric d1 such that
T is contraction in (X, d1 ).
The foremost author regarding contractifiability is C. Bessaga (1957). His
statement is “Let S be any arbitrary Set and T : S 7→ S be a mapping with
the property that each iteration of T has a unique fixed point. Then, for each
α ∈ (0, 1), there exists a metric d on S such that (S, d) is complete and T satisfies
the inequality
d(T x, T y) ≤ αd(x, y) for all x, y ∈ S.

Afterwards, in 1967 L. Janos established his Theorem :

Theorem 1. If (X, d) is a compact metric space and T :: X 7→ X be a continuous mapping with the property
n
∩α
0 T (X) = {x0 }, x0 ∈ X
then for each α ∈ (0, 1) there exists a metric D such that (X, D) is a compact
space and T is a contraction mapping with respect to D.
P.R. Meyers (1984) has established the following equivalence –
i) T is contractifiable in (X, d)
ii) there exists w ∈ X such that
a) T w = w
b) T n x 7→ w, x ∈ X
c) T n U = {w} for some neighbourhood U of w.
S. Leader (1977) has offered more simplified conditions which are –
a) T n x 7→ w, x ∈ X
b) T n x 7→ w uniformly for all x in some neighbourhood U of x.
In this background we understand the requirement of finding a metric d1
equivalent to a given metric d in the metric space (X, d) such that T : X 7→ X
is a contraction mapping in (X, d1 ). We will now introduce an operation ∗ on
non-negative real numbers such that two metrices d1 and d2 on the same set,
when connected by ∗ becomes a metric. Some useful properties of ∗ are obtained.
Also, equivalence and contractifiability are preserved under the operation ∗.
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2

Contractifiability and a binary operation

We define ∗ as follows:

Definition 2. ∗ is a binary operation on non-negative real numbers satisfying
the following axioms :
i) u ∗ 0 = k1 u, k1 > 0
ii) 0 ∗ v = k2 v, k2 > 0
and iii) u ≤ u1 + u2 , v ≤ v1 + v2
⇒ u ∗ v ≤ (u1 ∗ v1 ) + (u2 ∗ v2 )
Corollary 1. 0 ∗ 0 = 0

Ex 1. u ∗ v = c1 u + c2 v, ci > 0, i = 1, 2
Ex 2. u ∗ v = max (u, v)
1
Ex 3. u ∗ v = (c1 up + c2 v p ) p , ci > 0, i = 1, 2
Some of the interesting properties are:
P1 :
P2 :
P3 :
P4 :

(u1 + u2 ) ∗ v ≤ u1 ∗ v + u2 ∗ v [Right Semi distributive]
u ∗ (v1 + v2 ) ≤ u ∗ v1 + u ∗ v2 [Left Semi distributive]
u ≤ u1 and v ≤ v1 ⇒ u ∗ v ≤ u1 ∗ v1 [Monotone]
k1 u, k2 v ≤ u ∗ v ≤ k1 u + k2 v

Also it can be proved that,

Theorem 2. The topology on a set X induced by the metric d1 ∗ d2 is finer than
the topology induced by the metric d1 , or d2 .
Definition 3. Let d1 and d2 be two metrics defined on the sane set X. We
define a function d by
d(x, y) = d1 ∗ d2 (x, y)
= d1 (x, y) ∗ d2 (x, y)
Theorem 3. d is a metric on X but the converse is not true.

Definition 4. Let (X, d1 ) and (X, d2 ) be two metric spaces. If the identity mapping I : (X, d1 ) 7→ (X, d2 ) be a homeomorphism then d1 and d2 are said to be
equivalent on X. We will write d1 ' d2 .
We now prove the following important theorem.

Theorem 4. If d1 ' d2 , then d1 , d2 ' d1 ∗ d2 .

Proof. Let {xn } be any sequence which converges to x with respect to d1 i.e.
limn→∝ d1 (xn , x) = 0
Since d1 ' d2 , limn→∝ d2 (xn , x) = 0
We can show limn→∝ d1 ∗ d2 (xn , x) = 0 by P4
Conversely let a sequence {yn } converge to y with respect to d1 ∗ d2 ,
i.e. limn→∝ d1 ∗ d2 (yn , y) = 0
Then it can be shown
limn→∝ d1 (yn , y) = 0 [by P4 ]
Hence d1 ' d1 ∗ d2 . Similarly, d2 ' d1 ∗ d2 .
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Corollary 2. Putting d1 = d2 = d we can say d ' d ∗ d
Definition 5. A word of metrics d1 , d2 on the same set X is defined recursively
by
di , i = 1, 2 is a word
if d and d0 are words then (d ∗ d0 ) is a word.
Theorem 5. If d1 ' d2 , then any two words are equivalent to each other.
Definition 6. Two metrics d1 and d2 on the same set X are said to be uniformly
equivalent if and only if the identity mapping I : (X, d1 ) 7→ (X, d2 ) and the
inverse mapping I −1 : (X, d2 ) 7→ (X, d1 ) are uniformly continuous.
Theorem 6. If d1 ' d2 , then each is ' d1 ∗ d2 .
Proof. We take any arbitrary ε > 0 and 0 < δ1 < ε so that ε − δ1 > 0.
Since d1 ' d2 , I : (X, d1 ) 7→ (X, d2 ) is uniformly continuous.
For kδ12 there exists δ2 such that for all x, y ∈ X,
d1 (x, y) < δ2 ⇒ d2 (x, y) < kδ12
⇒ k2 d2 (x, y) < δ1 .
1
Let δ = min [δ2 , ε−δ
k1 ]
Then d1 (x, y) < δ ⇒ k1 d1 (x, y) + k2 d2 (x, y)
1
< k1 . ε−δ
k1 +δ1 = ε
Hence by P4 , d1 ∗ d2 (x, y) < ε i.e. I : (X, d1 ) 7→ (X, d1 ∗ d2 ) is uniformly
continuous.
Again given ε > 0 we take 0 < δ < k1 ε, d1 ∗ d2 (x, y) < δ ⇒ d1 ∗ d2 (x, y) < k1 ε
⇒ k1 d1 (x, y) < k1 ε ⇒ d1 (x, y) < ε.
So, I −1 : (X, d1 ∗ d2 ) 7→ (X, d1 ) is uniformly continuous.
Hence d1 ' d1 ∗ d2 .
As uniform equivalence is transitive, d2 ' d1 ∗ d2 .
Corollary 3. d1 = d2 = d implies d ' d ∗ d for any metric d.
Repeating this process we can have a number of metrices which are equivalent
to each other for a given metric d. We will define the set of all such equivalent
metrices as Eq (d). Now we will prove the relationship between ∗ and contractifiability.
Theorem 7. Let a self mapping T be contractifiable in both the metric spaces
(X, d1 ) and (X, d2 ). Then T is so in (X, d1 ∗ d2 ).
Proof is obvious.
Corollary 4. Under the given conditions T is contractifiable in (X, D) where
D is any word of d1 , d2 [Definition 5].
Corollary 5. Let d1 = d2 = d. Then we get, if T be contractifiable in (X, d),
then T is so in (X, d ∗ d) and in (X, D) where D is any word of d.

280

Corollary 6. If T is contractifiable only in (X, d2 ) and if metric d1 does not
exceed d2 , then also T is so in (X, d1 ∗ d2 ).
Also we can establish the fact that —
Theorem 8. Let T be contractifiable in (X, d1 ∗ d2 ) and let d2 ≤ d1 then T is
contractifiable in (X, d1 ).
The above theorems and the corollaries prove the importance of the operation
∗. We again return to the notion of contractifiability. The search for an equivalent
metric d‘ in which the self mapping T is a contraction mapping is also easily
available with the help of ∗. We now establish this fact.
Theorem 9. Let i) T be a contraction mapping in a metric space (X, d) with
i
, i = 1, 2
contraction constant α ii) α < k1k+k
2
Then T is a contraction mapping in (X, d ∗ d).
Proof. Given that d(T x, T y) ≤ αd(x, y) for all x, y ∈ X, 0 < α < 1.
Then d ∗ d(T x, T y) ≤ (k1 + k2 )d(T x, T y) [by P4 ] ≤ (k1 + k2 )αd(x, y) ≤
k1 +k2
ki αd ∗ d(x, y) by P4 , i = 1 or2.
This implies that T is a contraction mapping in (X, d1 ∗ d2 ).
Theorem 10. Let i) T be a contraction mapping in (X, d1 ) and
ii) di ≤ d1 , i = 1, 2, .....(n + 1)
Then T is a contraction mapping in X with all possible metrics formed by
di , i = 1, 2...(n + 1) and by different ∗j, j = 1, 2.....n with same restrictions of
k’s and α.
The above results confirm the existence of a number of metrices which are
all equivalent and the self mapping T remains a contraction mapping in all such
new metric spaces. We return to the procedure of S. Leader who has found an
equivalent metric in the following way.
Assumptions: Let T : X 7→ X be a mapping in (X, d).
i) T is continuous,
ii) T n x → p with respect to the metric d and
iii) T n x → p uniformly in some neighbourhood B of p with respect to d.

First he has taken d0 (x, y) = min(1, d(x, y))
Secondly he has constructed d(x, y) = Supk>0 (d0 (T k x, T k y))
(This d becomes contractive)
Next he has taken sets Bn = T n B for all integrs n.
Finally he has constructed the largest pseudo metric D such that D ≤ αn d on
Bn i.e. D(x, y) ≤ αn Supk>0 (d0 (T k x, T k y))
D is then a metric such that D(T x, T y) ≤ αD(x, y) in (X, D).
It can be shown [3] that there are metrices D which are ' d and a mapping
T is contraction (X, D) but D cannot be found by Leader’s procedure. To verify
it we present a counter example.
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Example. Let D(x, y) = |x − y|. X is the set of reals. T : x →
d(x, y) = min(1, D(x, y)).
Then d ' D and d ≤ D.
Also T is a contraction mapping in (X, D).
Since d(T10 , T1 ) = 1 = d(10, 1), T is not contraction in (X, d).

x
3

and

We shall now prove that D can not be obtained from Leader’s procedure.
d0 (x, y) = min(1, d(x, y)) = min(1, min(1, D(x, y))) = min(1, D(x, y)) = d(x, y)
d(x, y) = Supk≥0 (d0 (T k x, T k y)) = Supk≥0 (d(T k x, T k y)).
Now if D is the largest pseudo metric satisfying
D ≤ αn d on B, for some set B we shall get
D(x, y) ≤ αn Supk≥0 (d(T k x, T k y)) on Bn ,
i.e., D(x, y) < Supk≥0 (d(T k x, T k y)) on Bn .
But for all x, y ∈ X, Supk≥0 (d(T k x, T k y)) = Sup(d(x, y), d(T x, T y), d(T 2 x, T 2 y), ...)
≤ Sup(D(x, y), D(T x, T y), ...) = D(x, y) as T is contraction in (X, D).
Hence D can not be found by Leader’s method. This example shows that we
can avoid Leader’s procedure to find an equivalent metric in which T is contraction whereas with the help of the operation ∗ we can obtain a word of metrices
which are all equivalent and T is contraction with respect to all such metrices.
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A glimpse of linear logic and its algebra
Jayanta Sen
To enter into the world of linear logic, the paper “Linear logic” of J.-Y. Girard
[9] and the book “Lecture on linear logic” by A. S. Troelstra [18] are very helpful. One may start with the two chapters of the book — on sequent calculus
presentation and on algebraic semantics of linear logic.1
Starting from the materials presented in the above, we can now begin an
investigation on sequent calculus presentation of linear logic and its algebraic
structure.
The algebra intuitionistic linear logic is IL-algebra and that for classical linear
logic is CL-algebra.
Definition. An intuitionistic linear algebra (IL-algebra) is a structure
< X, ∧, ∨, ⊥, (, ∗, 1 > where X is a non-empty set and ∧, ∨, (, ∗ are binary operations and ⊥, 1 are two designated elements of X satisfying for all
x, y, z, x0 , y 0 ∈ X the conditions
(i)< X, ∧, ∨, ⊥ > is a lattice with least element ⊥
(ii)< X, ∗, 1 > is a commutative monoid with unit 1
(iii)x ≤ y and x0 ≤ y 0 imply x ∗ y ≤ x0 ∗ y 0 and x0 ( y ≤ x ( y 0
(iv)x ∗ y ≤ z iff x ≤ y ( z, where ≤ is the lattice ordering.
It follows that the element ⊥ ( ⊥ is the greatest element and is denoted by
>. It may be noted that for any a ∈ X, 1 ≤ a ( a ≤ >.
An IL-algebra X with a specified constant 0 is called classical linear algebra
(CL-algebra) if (x ( 0) ( 0 = x for all x ∈ X . Here, ∼ and + can be defined
as ∼ x := x ( 0 and x + y :=∼ (∼ x∗ ∼ y). In a Cl-algebra, it is easy to check
that x ( y =∼ (x∗ ∼ y).
It may be observed that in a CL-algebra < X, ∧, ∨, ⊥, (, ∗, 0, 1 > the following properties hold, for all a, b, c ∈ X. [4, 13]
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

a ∗ (b ∨ c) = (a ∗ b) ∨ (a ∗ c)
a ( (b ( c) = (a ∗ b) ( c
⊥(a=>
a ∗ b ≤ (a ∗ >) ∧ (b ∗ >)
If 1 ≤ a, b then a ∨ b ≤ a ∗ b
If a, b ≤ 1 then a ∗ b ≤ a ∧ b
a ≤ a ∗ >, equality holds if and only if a ( a = >
a ∗ (a ( b) ≤ b
(a ( b) ∗ (b ( c) ≤ a ( c
a∗⊥=⊥
a(>=>
If 1 ≤ a ∗ > then a ∗ > = >
(a ∗ >) ∗ > = a ∗ >
If a ≤ b ≤ a ∗ > then a ∗ > = b ∗ >
If > =
6 1 then a ∗ > 6= 1
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16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.

If 1 ≤ a then a ( ⊥ = ⊥ and a ∗ > = >
(a ( a) ( ⊥ = ⊥
(a ( a) ∗ > = >
If a ≤ b then a ( (b ∗ >) = >
∼ a ∗ a =∼ b ∗ b does not hold, in general
∼>=⊥
a ∧ b =∼ (∼ a∨ ∼ b)
a ∨ b =∼ (∼ a∧ ∼ b)
a ( b =∼ b (∼ a
∼0=1
< X, +, 0 > is a commutative monoid with unit 0
a + b =∼ a ( b
a + (b ∧ c) = (a + b) ∧ (a + c)
a + ⊥ = a if and only if a ∗ > = a
a+⊥≤a≤a∗>
a + ⊥ = a ∗ > if and only if a ( a = >
a ∗ > ≤ 0 if and only if a = ⊥
{a ∈ X : a ∗ > = a} = {a ∈ X : a + ⊥ = a}

The above properties of CL-algebra helps to find connection between CLalgebra and very similar MV-algebra.
An MV-algebra (many-valued algebra) [3, 5–7, 10] is a system
A ≡ (A, +, ∗, ∼, 0, 1) obeying the following axioms, for all x, y ∈ A
1.
2.
3.
4.
5.
6.
7.

(A, ∗, 1) is a commutative monoid with unit 1
x∗0=0
∼∼ x = x
∼0=1
x∗ ∼ x = 0
x + y =∼ (∼ x∗ ∼ y)
x ∨ y = y ∨ x, where x ∨ y := (x∗ ∼ y) + y.

It can be proved that an MV-algebra is a bounded lattice with least 0, greatest
1 and the ordering is defined by x ≤ y if and only if x ∨ y = y.
A CL-algebra and an MV-algebra have many similarities. Both are bounded
residuated lattices. But whereas in the first, the lattice is independent of the
monoid only being linked through some axioms, in the second, the ordering is
totally defined by the monoidal product and the negation. Although both are
bounded, MV-algebras are integral residuated lattices, but CL-algebras are not
so.
All the MV-algebras embedded in a CL-algebra can be characterized in the
following sense.
A subset of a CL-algebra is an embedded MV-algebra if and only if it is
an MV-algebra relative to the same operations ∗, ∼ (and hence +) and has the
same ordering as the CL-algebra.
For a CL-algebra X ≡ (X, ∧, ∨, ⊥, (, ∗, 1, 0), (X, +, ∗, ∼, ⊥, >) is an MValgebra if and only if for all a, b ∈ X, a ∪ b = b ∪ a, where ∼ a = a ( 0 and
a ∪ b = (a∗ ∼ b) + b.
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Characterization all the MV-algebras embedded in a CL-algebra:—
For A ⊆ X and θ, I ∈ X, M ≡ (A, +, ∗, ∼, I), is an MV-algebra embedded
in the CL-algebra (X, ∧, ∨, ⊥, (, ∗, 1, 0) if and only if
1.
2.
3.
4.
5.
6.

∼θ=I
θ ≤ I, where 0 ≤0 is the lattice-ordering of the CL-algebra
A ⊆ {x : θ ≤ x ≤ I}
A is closed relative to ∗ and ∼
x∗ ∼ x = θ, for all x ∈ A and
x ∪ y = y ∪ x, for all x, y ∈ A, where x ∪ y = (x∗ ∼ y) + y.

To find maximal embedded MV-algebra in a CL-algebra, if it exists, let us
define stem of a CL-algebra S(X) as S(X) = {x ∈ X : x ∗ > = x}.
(S(X), +, ∗, ∼, ⊥, >) is an MV-algebra if and only if x ∪ y = y ∪ x, for all
x, y ∈ S(X).
Here it may be mentioned that stem is not always an MV-algebra.2
If S(X) is an MV-algebra, it is a maximal one in the sense that it includes
as subalgebras all MV-algebras with ⊥ as the least element.
(A, +, ∗, ∼, 0, 1) is an MV-algebra embedded in a CL-algebra
(X, ∧, ∨, ⊥, (, ∗, 1, 0) if and only if
1.
2.
3.
4.

0≤1
A ⊆ {x : 0 ≤ x ≤ 1}
A is closed relative to ∗, ∼ and
x ∪ y = y ∪ x, for all x, y ∈ A.

In addition, let 0 ∗ 0 = 0, B = {x : 0 ≤ x ≤ 1}. Let also that x ∪ y = y ∪ x,
for all x, y ∈ B then (B, +, ∗, ∼, 0, 1) is an MV-algebra embedded in
(X, ∧, ∨, ⊥, (, ∗, 1, 0).
Then a natural question is about the effects of these algebraic connections
in corresponding logics. For that, a sequent calculus for multiplicative additive
linear logic(MALL) (corresponding to CL-algebra) and a sequent calculus for
Lukasiewicz many-valued logic(Lℵ0 ) (corresponding to MV-algebra) are defined.
MALL: The language consists of the alphabet : variables pi , constants >, 1
and logical symbols ∼, ∗ and ∪. A, B stand for formulae. Sequents are of the
form Γ ⇒ ∆, where Γ, ∆ are finite multisets (possibly empty) of formulae.
A + B :=∼ (∼ A∗ ∼ B), ⊥ :=∼ >, 0 :=∼ 1 and A ( B :=∼ (A∗ ∼ B).
Ax
Cut
L∼

A⇒A

Γ ⇒A,∆
Γ 0 ,A⇒∆0
Γ,Γ 0 ⇒∆,∆0
Γ ⇒A,∆
Γ,∼A⇒∆

R∼

Γ,A⇒∆
Γ ⇒∼A,∆

L∗

Γ,A,B⇒∆
Γ,A∗B∆

R∗

Γ ⇒A,∆
Γ 0 ⇒B,∆0
Γ,Γ 0 ⇒A∗B,∆,∆0

L∪

Γ,A⇒∆
Γ,B⇒∆
Γ ⇒A∪B,∆

R∪

Γ ⇒A,∆
Γ ⇒A∪B,∆
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Γ ⇒B,∆
Γ ⇒A∪B,∆

L1

Γ ⇒∆
Γ,1⇒∆

RT

Γ ⇒ >, ∆

R1

⇒1

Lℵ0 : [15] The language consists of the alphabet : variables pi and logical
symbols ∼ and ∗. A, B, C etc. are formulae. Sequents are of the form Γ ⇒ ∆,
where Γ, ∆ are finite multisets (possibly empty) of formulae. A + B :=∼ (∼
A∗ ∼ B) and A → B :=∼ (A∗ ∼ B).
The axioms and rules are now stated.
Ax
A⇒A
Cut

Γ ⇒A,∆
Γ 0 ,A⇒∆0
Γ,Γ 0 ⇒∆,∆0

LW

Γ ⇒∆
Γ,A⇒∆

L∼
L∗
LU B

Γ ⇒A,∆
Γ,∼A⇒∆
Γ,A,B⇒∆
Γ,A∗B∆

R∼
R∗

Γ,A⇒∆
Γ ⇒∼A,∆
Γ ⇒A,∆
Γ 0 ⇒B,∆0
Γ,Γ 0 ⇒A∗B,∆,∆0

A⇒C
B⇒C
(A→B)→B⇒C

Theorem. In MALL, if we add the following rule :
A⇒C
B⇒C
LU B
(A(B)(B⇒C
then Lℵ0 is valid in the new system, say MALL+ (i.e., MALL with LUB).
But for the embedding in logic, another kind of characterization of the algebraic embedding might be helpful. Boolean algebras are embedded in CL-algebra
and the results are obtained for corresponding logics too. These are obtained by
introducing a modal operator. In the same fashion, by a ξ-operator, MV-algebras
can be embedded in a CL-algebra. [13, 15]
Let X ≡ (X, ∧, ∨, ⊥, (, ∗, 1, 0) be a CL-algebra.
Then Y ≡ (ξ(X), +, ∗, ∼, ξ(⊥), ξ(>)) is an embedded MV-algebra, where ξ is a
self-mapping of X and satisfies the following.
1.
2.
3.
4.
5.

ξ(X) is closed relative to ∗, ∼
ξ(⊥) ≤ ξ(x) ≤ ξ(>)
1 ≤ ξ(>)
ξ(x) ∗ ξ(y) ≤ ξ(x)
ξ(x) ≤ ξ(z) and ξ(y) ≤ ξ(z) imply (ξ(x) ( ξ(y)) ( ξ(y) ≤ ξ(z) .

Let us take ξ as the identity map. Then from the above result it follows
that a CL-algebra becomes an MV-algebra if it satisfies the following conditions.
x ∗ y ≤ x and x ≤ z, y ≤ z imply (x ( y) ( y ≤ z. Observe that an alternative
set has already been proved.
Let ξ(x) = x ∗ > for all x ∈ X. Then ξ(X) becomes the stem of X. Here also
ξ(X) is an MV-algebra if it satisfies some conditions — which are proved in the
first discussion of embedding issues.
Converse of the result involving ξ-operator also holds good.
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For every embedded MV-algebra Y ≡ (Y, +, ∗, ∼, θ, I) in a CL-algebra X ≡
(X, ∧, ∨, ⊥, (, ∗, 1, 0), there is ξ : X → X satisfying all the conditions of the
previous result, more precisely, Y = ξ(X).
It may be noted that the mapping ξ is not unique. In fact, ξ(y) = y for all
y ∈ Y, ξ(⊥) = θ, ξ(>) = I are necessary conditions and for all other x ∈ X, ξ(x)
may be any element of Y.
This ξ-operator helps to introduce a modal operator in the language of η in
MALL and extend the logic suitably to get a new system, say , MALLη , although
η is not exact logical counterpart of ξ.
MALLη is MALL with the following extra axiom and rules.
Ax
1 ⇒ η(>)
LWη

Γ ⇒∆
Γ,A⇒∆

A⇒C
B⇒C
LU Bη
(A→B)→B⇒C
for all formulae A, B, C for which η occurs exactly before all its atomic constituents.
The definition of the interpretation for the language of Lℵ0 into that of
MALLη is given by
p0 := η(p), for non-constant atomic p
I 0 := η(>)
(∼ A)0 :=∼ A0
(A ∗ B)0 := A0 ∗ B 0 .
Obviously, for any formula A of Lℵ0 , in A0 , η occurs exactly before each
non-constant atomic constituents and each occurrence of I in A is replaced by
η(>).
Theorem. If ` Γ ⇒ ∆ in Lℵ0 then ` Γ 0 ⇒ ∆0 in MALLη .
For the converse part, the forgetful interpretation of MALLη into Lℵ0 is
defined as follows.
v(>) = v(I) = I
v(A ∗ B) = v(A) ∗ v(B)
v(A ∪ B) = (v(A) → v(B)) → v(B)
v(∼ A) =∼ v(A)
v(η(A)) = v(A)
v(p) = p, for non-constant atomic p.
So, v(A ( B) = v(A) → v(B).
Theorem. If ` Γ ⇒ ∆ in MALLη then ` v(Γ ) ⇒ v(∆) in Lℵ0 .
Lemma. ` v(Γ )0 ⇒ v(∆)0 in Lℵ0 if and only if ` Γ ⇒ ∆ in Lℵ0 .
Theorem. ` Γ ⇒ ∆ in Lℵ0 if and only if ` Γ 0 ⇒ ∆0 in MALLη .
One very important, but different branch is rough set theory. tqBa [1, 2] is an
important algebra in the study of rough sets.3 Interestingly, a distributive CLalgebra(i.e., a CL-algebra with the extra condition that the lattice is distributive)
can be transformed into a topological quasi-Boolean algebra(tqBa).
Definition. An algebra < X, ≤, ∧, ∨, ∼, L, ⊥, > > is a topological quasiBoolean algebra(tqBa) if and only if for all a, b ∈ A the following conditions
hold.
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1. < X, ≤, ∧, ∨, ∼, ⊥, > > is a quasi-Boolean algebra(qBa), i.e.,
(a) < X, ≤, ∧, ∨, ∼, ⊥, > > is a distributive lattice with least ⊥ and greatest
>
(b) ∼∼ a = a
(c) ∼ (a ∨ b) =∼ a∧ ∼ b
2. La ≤ a
3. L(a ∧ b) = La ∧ Lb
4. LLa = La
5. L> = >
6. ∼ L ∼ La = La.
Theorem. If < X, ∧, ∨, ⊥, (, ∗, 0, 1 > is a distributive CL-algebra, then
< X, ≤, ∧, ∨, ∼, L, ⊥, > > is a tqBa, where ‘≤’ is the lattice-ordering,
∼ a := a ( 0, La := a + ⊥ and> is the greatest element of the lattice.
For the logical counterpart of the result, a sequent calculus tqBl for tqBa is
defined. [17]
The language consists of the alphabet : variables pi , constants >, ⊥ and
logical symbols l, ∼, ∩ and ∪. A, B etc. stand for formulae. Sequents are defined
in the usual sense.
Ax1 A ⇒∼∼ A
Ax2 ∼∼ A ⇒ A
Ax3 ∼ l ∼ lA ⇒ lA
Γ ⇒A,∆
Γ 0 ,A⇒∆0
Γ,Γ 0 ⇒∆,∆0

Cut
Rule ∼

Γ ⇒∆
∼∆⇒∼Γ

LW

Γ ⇒∆
Γ,A⇒∆

RW

Γ ⇒∆
Γ ⇒A,∆

LC

Γ,A,A⇒∆
Γ,A⇒∆

RC

Γ ⇒A,A,∆
Γ ⇒A,∆

L∪
L∩
L⊥

Γ,A⇒∆
Γ 0 ,B⇒∆0
Γ,Γ 0 ,A∪B⇒∆,∆0

R∪

Γ,A,B⇒∆
Γ,A∩B⇒∆

Γ, ⊥ ⇒ ∆

R∩
R>

Γ,A⇒∆
Γ,lA⇒∆

Γ ⇒A,B∆
Γ ⇒A∪B,∆
Γ ⇒A,∆
Γ 0 ⇒B,∆0
Γ,Γ 0 ⇒A∩B,∆,∆0

Γ ⇒ >, ∆

lΓ ⇒A
lΓ ⇒lA

Ll
Rl
Let ‘0 ’ be the translation from the well-formed formulae of tqBl to those of
dMALL( i.e., MALL with the additional axiom
(dAx)
A ∩ (B ∪ C) ⇒ (A ∩ B) ∪ (A ∩ C) )
given by
p0 := p, for atomic p
(∼ A)0 :=∼ A0
(A ∪ B)0 := A0 ∪ B 0
(A ∩ B)0 := A0 ∩ B 0
(lA)0 := A0 + ⊥.
Hence, (∼ l ∼ A)0 := A0 ∗ >.
Theorem. If ` Γ ⇒ ∆ in tqBl then ` (Γ 0 ) ⇒ [∆0 ] in dMALL, where (Γ 0 )
means the lattice conjuncts of the formulae of Γ 0 and [∆0 ] means the lattice
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disjuncts of the formulae of ∆0 . Also, (Γ 0 ) = > if Γ is empty and [∆0 ] = ⊥ if
∆ is empty.
The sequent calculus tqBl also helps to define sequent calculus for all the algebraic structures lattice, bounded lattice, bounded lattice with negation, quasiBoolean algebra without distributivity, quasi-Boolean algebra and also for prerough algebra and topological Boolean algebra.
Let us go back to CL-algebra. There are four constants, viz., ⊥, 0, 1 and >.
⊥ and > are the least and the greatest elements. But what are the positions of
0 and 1? Although three possibilities are there, viz., 0 ≤ 1, 1 ≤ 0 and 0,1 are
incomparable, but 0 ≤ 1 is the most interesting case. 0 can be thought of the
first false and after that one gradually approaches downwards to absolute false
⊥. Parallely, 1 can be considered as the truth and then one gradually approaches
upwards to absolute truth >.
The algebraic result ‘if 1 ≤ a, b then a ∗ b ≥ a ∨ b’ — is very rare and it looks
like that after getting minimal truth, interaction of two formulae goes above
their join. This result may provoke one to further restrict the structure that the
part 1 ≤ x ≤ > is linear(equivalently, ⊥ ≤ x ≤ 0 is linear).
If the part 0 ≤ x ≤ 1 is an MV-algebra , then it may be considered as an
extension of MV-algebra. [14]
Definition. An extended many-valued algebra 1 (EMVA1)
X ≡< X, ∧, ∨, ⊥, (, ∗, 1, 0 > is a CL-algebra where 0 ≤ 1 and < M, ∗, ∼, 0, 1 >
is an MV-algebra, where M = {x ∈ X : 0 ≤ x ≤ 1}.
Definition. An extended many-valued algebra 2 (EMVA2) is an EMVA1
with the additional property that the underlying set X = L ∪ M ∪ U , where
L = {x : ⊥ ≤ x ≤ 0} and U = {x : 1 ≤ x ≤ >} and L, U are linear.
The extended many valued algebras EMVA1 and EMVA2 are extensions of
many valued algebras in the sense that these algebras reduce to MV-algebra if
> = 1(⊥ = 0, equivalently).
So, the picture looks like
•>
1
'
•

}U

$

}M

&
%
•
0
L
⊥
•

}
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For the sequent calculus EMVL1 corresponding to the algebra EMVA1, all
the axioms and rules of MALL are taken. Further the following axiom and rule
are added.
0⇒A A⇒1 0⇒B B⇒1
A1
0⇒1
LU B
(A(B)(B⇒(B(A)(A
MV-algebras are now considered as a suitable algebra for representing vagueness. The extended MV-algebras may prove to be even better algebras for the
purpose.

———————————————1
Dr. Mohua Banerjee had a good collection of some very important papers
on linear logic. It helped me to study on it. Also, within few months of my Ph.D.
work, Dr. Purander Bhaduri gave a series of lectures on linear logic at Calcutta
Logic Circle conference. That too helped me a lot.
2
My Ph. D. supervisor Prof. Mihir Kumar Chakraborty first noticed the
connections between MV-algebra and CL-algebra. The name STEM is also given
by him. According to Prof. Chakraborty, stem may play very important role in
the study of CL-algebra. We got some very important results on stem, but did
not go through it into a great length.
3
The algebra tqBa was introduced by Prof. Chakraborty and Dr. Banerjee
in their study on rough sets.
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Some aspects of Fuzzy Hyperstructure Theory?
M.K. Sen

1

Introduction

Hyperstructure theory was born in 1934 when Marty [11] defined hypergroups,
began to analysis their properties and applied them to groups, rational algebraic
functions. Now they are widely studied from theoretical point of view and applied them to many subjects of pure and applied mathematics [28, 32]. In 1965
L.A.Zadeh [18] introduced the notion of a fuzzy subset of a non-empty set X, as
a function from X to [0, 1]. In 1971 A.Rosenfeld [1] defined the concept of fuzzy
group. Since then many papers have been published in the field of fuzzy algebra
(see Mordeson et al.)[14].
Recently fuzzy set theory has been well developed in the context of hyperalgebraic structure theory. The study of fuzzy hyperstructures is an interesting
research topic of fuzzy sets. There is a considerable amount of work on the
connections between fuzzy sets and hyperstructures. This work can be divided
into three main approaches. The first approach defines crisp hyperoperations
through fuzzy sets. This was initiated by Corsini [28] and continued by himself
[32] and others. The second approach concerns fuzzy hyperalgebras which is a
direct generalization of fuzzy algebras (fuzzy (sub) groups, fuzzy lattices, fuzzy
rings, etc.). This approach can be extended to fuzzy hypergroups. For example,
given a crisp hypergroup (H, ·) and a fuzzy subset µ of H, then we say that µ
is a fuzzy (sub) hypergroup of (H, ·) if every cut µt (t ∈ [0, 1]) of µ is a (crisp)
sub hypergroup of (H, ·). This was initiated by Zahedi et al. [22] and further
studied by Ameri et al. [33], Yamak et al. [36], Zhan et al. [16] and so on. The
third approach involves something which is also called fuzzy hypergroup, but
it is completely different from what we described above. It was introduced by
Corsini and Tofan [30]. The basic idea is the following: a crisp hyperoperation
assigns to every pair of elements a crisp set; a fuzzy hyper operation assigns
to every pair of elements a fuzzy set. This idea was continued in Kehagias [2],
Sen et al. [24, 25, 26], Leoreanu [38] and others. In 1967 Wee [39] introduced
the concept of fuzzy automata. Since then fuzzy automata theory has been developed by many researchers. Malik, Mordeson and Sen introduced the concept
of Fuzzy finite state machine and a fuzzy transformation semigroup based on
Wee’s concept of fuzzy automata and studied different properties in the papers
[4 - 8].The theory of Hypercompositional is being introduced into the Theory of
Fuzzy Automata and Fuzzy Languages by G. Massouros [3] and Sen et al.[25,
27].
Let H be a non-empty set. An equivalence relation on H is a binary relation on
?

On 65th birthday of Prof. M.K. Chakraborty
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H that is reflexive, symmetric and transitive. Every equivalence relation gives
rise to a partition on the underlying set H. Formally, a partition of a set H is a
collection P of pairwise disjoint subsets of H whose union is equal to H. Again,
every partition of H gives rise to an equivalence relation on H. Let us denote
the set of all equivalence relations by E(H) and the class of all partitions on H
by P (H). Then, we have the following relations:
Let R ∈ E(H). For every a ∈ H, let Ra = {x ∈ H : (a, x) ∈ R}. Then
PR = {Ra : a ∈ H} is a partition of H. Let P be a partition of H. Define
a relation RP by RP = {(x, y) ∈ H × H : there exists a subset Q of H such
that {x, y} ⊆ Q ∈ P }. Then RP ∈ E(H). It can be shown that there exists a
one-to-one correspondence between E(H) and P (H) given by R → PR .
A fuzzification of the above concepts, viz., fuzzy equivalence relation and
fuzzy partition, have been dealt with in many works. In fact, the first such
definition was proposed by Zadeh himself [19], wherein he proposed the following
definition, which is now termed as similarity relations.
Definition 1. A mapping ρ : H × H −→ [0, 1] is said to be a fuzzy relation on
H. ρ is said to be fuzzy reflexive if ρ(x, x) = 1 for all x ∈ H. ρ is said to be fuzzy
symmetric if ρ(x, y) = ρ(y, x) for all x, y ∈ H. ρ is said to be fuzzy transitive if
ρ ◦ ρ ≤ ρ, where (ρ ◦ ρ)(x, y) = ∨{ρ(x, z) ∧ ρ(z, y) : z ∈ H} for all x, y ∈ H.
A fuzzy relation ρ on a set H is called a fuzzy equivalence relation on H if it is
fuzzy reflexive, fuzzy symmetric and fuzzy transitive.
Following Zadeh [19], many works have appeared generalising the above concept of a fuzzy equivalence relation. For instance, many types of reflexivity have
been proposed and discussed, see for instance, [20, 21, 17]. Similarly, other types
of transitivity have also been discussed.
The concept of a fuzzy partition is a generalisation of the parition of a set
H. Ruspini [9] was the first to propose one such generalisation. To work dealing
with either different or more general definitions see, for instance, [13 - 21, 23,
37]. The following is an equivalent form of the above definitions that is more or
less established in the literature.
Definition 2. A collection P of fuzzy subsets of a set X is called a fuzzy partition of X if the following properties are satisfied:
(i) For all U ∈ P there is some x ∈ X such that U (x) = 1,
(ii) For all x ∈ X there is exactly one U ∈ P such that U (x) = 1,
(iii) If U, V ∈ P such that U (x) = V (y) = 1 for some x, y ∈ X, then U (y) =
V (x).
Recently Jayaram Balusubramaniam and Mesiar Radko [15] have studied
the fuzzyfication of the equivalence relation and also studied the one-to-one
correspondence between the fuzzy equivalence relation and fuzzy partition.
In this article my attempt will be to concentrate mainly on some of our recent
works on Fuzzy Hyper Structure Theory.
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2

Fuzzy hyperaction and fuzzy hyperset

A (left) action of a monoid S on a nonempty set Q is a mapping f : S × Q −→ Q
(usually denoted by f (x, q)−→xq) for all x ∈ S and q ∈ Q. The set Q is called
an S-set if there exists an action of S on Q such that
(i) (xy)q = x(yq) for all x, y ∈ S and q ∈ Q and (ii) 1q = q for all q ∈ Q.

This concept of S-set plays an important role in the theory of Deterministic
finite automata [16]. Considering the theory of Non-deterministic finite automata
[16] Sen and Chowdhury [37] have introduced the concept of S-hyperset as a
generalization of S-set.
Throughout the section S denotes a monoid, Q denotes a nonempty set, P (Q)
denotes the set of all subsets of Q and F (Q) denotes the set of all fuzzy subsets
of Q.
Definition 3. A (left) hyperaction of S on Q is a mapping ◦ : S × Q 7→ P (Q)
(usually denoted by ◦(x, q) 7→ x ◦ q) for all x ∈ S and q ∈ Q.
Let A ∈ P (Q) and x ∈ S. We define x ◦ A ∈ P (Q) by

∪{x ◦ a : a ∈ A}, if A 6= ∅
x◦A=
∅,
if A = ∅
A set Q is called an S-hyperset of type 1 if there exists a hyperaction ◦ of S on
Q such that (i) (xy) ◦ q = x ◦ (y ◦ q) for all x, y ∈ S and q ∈ Q and (ii) q ∈ 1 ◦ q
for all q ∈ Q.
A set Q is called an S-hyperset of type 2 if there exists a hyperaction ◦ of S on
Q such that (i) (xy) ◦ q = x ◦ (y ◦ q) for all x, y ∈ S and q ∈ Q and (ii) 1 ◦ q = {q}
for all q ∈ Q.
If a set Q is an S-hyperset of type 1 or of type 2 with respect to a hyperaction
◦ then we write the hyperset as (Q, ◦).
In [25] we have defined fuzzy hyperaction of a monoid on a set and studied
different properties.
Definition 4 (25). A (lef t) fuzzy hyperaction of S on Q is a function • :
S × Q −→ F (Q) (usually denoted by • (x, q) −→ x • q) for all x ∈ S and q ∈ Q.

Let q ∈ Q, µ ∈ F (Q) and x ∈ S. We now define S • q, x • µ, S • µ ∈ F (Q) as
follows:
(S • q)(p) = ∨{(x • q)(p) : x ∈ S}, (x • µ)(p) = ∨{(x • r)(p) ∧ µ(r) : r ∈ Q}
and
(S • µ)(p) = ∨{(S • r)(p) ∧ µ(r) : r ∈ Q} = ∨{(x • r)(p) ∧ µ(r) : x ∈ S and r ∈ Q}
= ∨{(x • µ)(p) : x ∈ S}.

Definition 5 (25). A set Q is called an S-fuzzy hyperset of type 1 if there exists
a fuzzy hyperaction • of S on Q such that
(i) x • (y • q) = xy • q for all x, y ∈ S and q ∈ Q and (ii) (1 • q)(q) = 1 for all
q ∈ Q.
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Definition 6 (25). A set Q is called an S-fuzzy hyperset of type 2 if there exists
a fuzzy hyperaction • of S on Q such that
(i) x • (y • q) = xy
 • q for all x, y ∈ S and q ∈ Q and
1 if p = q
(ii) (1 • q)(p) =
for all p, q ∈ Q.
0 if p 6= q

If a set Q is an S-fuzzy hyperset of type 1 or of type 2 with respect to a fuzzy
hyperaction • then we write the fuzzy hyperset as (Q, •).
For any S-hyperset (Q, ◦) there is associated an S-fuzzy hyperset (Q, •),
called the associated S-fuzzy hyperset of the S-hyperset
(Q, ◦), where the fuzzy

1, if p ∈ x ◦ q
hyperaction • of S on Q is defined by (x • q)(p) =
f or all x ∈
0, otherwise
S and q, p ∈ Q.
?
In [29] we have shown that there exists a correspondence between a Σ -fuzzy
hyperset and a fuzzy finite state machine M = (Σ, Q, µ).
?

Theorem 1. Let Σ and Q be two nonempty finite sets. Σ denotes the free
?
monoid generated by Σ. Let • be a fuzzy hyperaction of Σ on Q and satisfying
?
the properties
 x • (a • q) = xa • q for all x ∈ Σ , a ∈ Σ, q ∈ Q and
1, if p = q
(λ • q)(p) =
f or all q, p ∈ Q, where λ is the identity element of
0, otherwise
?
?
Σ i.e. the empty word. Then (Q, •) is a Σ -fuzzy hyperset.

Definition 7 (5). A fuzzy finite state machine fuzzy finite state machine is
a 3-tuple M = (Σ, Q, µ), where Σ is a nonempty finite set, called the set of
alphabets, Q is a nonempty finite set, called the set of states, µ : Q × Σ × Q −→
[0, 1], called the fuzzy transition function of the fuzzy finite state machine M.
?
?
The extendedtransition function µ : Q × Σ × Q −→ [0, 1] of µ is defined by
?
1, if p = q
µ (p, λ, q) =
f or all p, q ∈ Q and
0, otherwise
?
?
?
µ (p, xa, q) = ∨{µ (p, x, r) ∧ µ(r, a, q) : r ∈ Q} for all x ∈ Σ , a ∈ Σ and
p, q ∈ Q.
?

Lemma 1. Let M = (Σ, Q, µ) be a fuzzy finite state machine and µ be the
?
?
?
extension of µ. Then µ (p, xy, q) = ∨{µ (p, x, r) ∧ µ (r, y, q) : r ∈ Q} for all
?
x, y ∈ Σ and p, q ∈ Q.

Theorem 2. Let M = (Σ, Q, µ) be a fuzzy finite state machine. Then (Q, •)
?
?
is a Σ -fuzzy hyperset, where the fuzzy hyperaction • of Σ on Q is given by
?
?
(x • q)(p) = µ (p, x, q) for all x ∈ Σ and q, p ∈ Q.
?

Theorem 3. Let Σ and Q be two nonempty finite sets and (Q, •) be a Σ -fuzzy
hyperset. Then there is a fuzzy finite state machine M = (Σ, Q, µ) such that the
?
?
extension µ 
: Q × Σ × Q −→ [0, 1] of µ is given by
?
1, if p = q
µ (p, λ, q) =
f or all p, q ∈ Q and
0, otherwise
?
?
?
µ (p, xa, q) = ∨{µ (p, x, r) ∧ µ(r, a, q) : r ∈ Q} for all x ∈ Σ , a ∈ Σ and
p, q ∈ Q.
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3

Fuzzy hyperset and fuzzy regular language

In Section 2 we have defined hyperset and fuzzy hyperset. In this section we define fuzzy regular language in terms of fuzzy hyperset and study some properties
of it which are already studied in terms of fuzzy finite automata.
?

Definition 8. A fuzzy subset L of Σ is called a fuzzy regular language on Σ if
?
there exists a Σ -fuzzy hyperset (Q, •) and an element q0 ∈ Q and a fuzzy subset
?
µ of Q such that L(x) = ∨{(x • q0 )(p) ∧ µ(p) : p ∈ Q} for all x ∈ Σ .
?

Definition 9. A subset L of Σ is called a regular language on Σ if there exists
?
a Σ -hyperset (Q, ◦), an element q0 ∈ Q and a nonempty subset F of Q such
?
that L = {x ∈ Σ : x ◦ q0 ∩ F 6= φ}.
?

Theorem 4. Let L be a regular language on Σ. Then there is a Σ -hyperset
(Q, ◦) and an element q0 ∈ Q and a nonempty subset F of Q such that L = {x ∈
?
?
?
Σ : x ◦ q0 ∩ F 6= φ}. Let (Q, •) be the associated Σ -fuzzy hyperset of the Σ hyperset (Q, ◦). Let χF be the characteristic function of F . Then the fuzzy subset
χL , characteristic function of L can be written as
χL (x) =
?
∨{(x • q0 )(p) ∧ χF (p) : p ∈ Q} f or all x ∈ Σ .
From the above Theorem it follows that if L is a regular language on Σ then
χL is a fuzzy regular language on Σ.
Theorem 5. Let χL , the characteristic function of L, be a fuzzy regular lan?
guage on Σ. Then there is a Σ -fuzzy hyperset (Q, •) and an element q0 ∈ Q
and a fuzzy subset µ of Q such that χL (x) = ∨{(x • q0 )(p) ∧ µ(p) : p ∈ Q} for all
?
?
x ∈ Σ . Define a mapping ◦ : Σ ×Q −→ P (Q) by x◦q = {p ∈ Q : (x•q)(p) = 1}
?
?
for all x ∈ Σ and q ∈ Q. Then (Q, ◦) is a Σ -hyperset and L can be written as
follows:
?
L = {x ∈ Σ : x ◦ q0 ∩ µ1 6= φ}, where µ1 = {p ∈ Q : µ(p) = 1}.
From the above Theorem it follows that if the characteristic function χL of
L is a fuzzy regular language on Σ then L is a regular language on Σ.

4

Fuzzy decomposition of fuzzy hyperset

Keeping in mind the definition and properties of fuzzy partition we study fuzzy
decomposition of an S-fuzzy hyperset into sub fuzzy hypersets.
Definition 10. Let (Q, •) be an S-fuzzy hyperset. A fuzzy subset µ of Q is said
to be a sub fuzzy hyperset if x • µ ≤ µ for all x ∈ S.
Definition 11. An S-fuzzy hyperset (Q, •) is said to be connected if
∨{(x • q)(p) : x ∈ S} = 1 for all q, p ∈ Q.
Definition 12. Let (Q, •) be an S-fuzzy hyperset. A sub fuzzy hyperset µ of Q
is said to be proper if |Im(µ)| > 1.
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Definition 13. An S-fuzzy hyperset (Q, •) is said to be simple if it has no proper
sub fuzzy hyperset.
Definition 14. By a fuzzy decomposition of an S-fuzzy hyperset (Q, •) we mean
a fuzzy partition P = {µi : i ∈ I(index set)} of Q into sub fuzzy hypersets µi of
Q. Then we write χQ = ∨{µi : i ∈ I}, called a fuzzy decomposition of Q. If no
such decomposition is possible with |I| > 1 then Q is said to be indecomposable.
Theorem 6. Every connected S-fuzzy hyperset (Q, •) is indecomposable.
Theorem 7. Let (Q, •) be an S-fuzzy hyperset. Let P , the collection of sub fuzzy
hypersets of Q, form a fuzzy decomposition of (Q, •) into sub fuzzy hypersets of
(Q, •). Then there is a fuzzy equivalence relation ρ on Q such that (x • q)(p) ≤
ρ(q, p) for all x ∈ S and q, p ∈ Q and each member of P is a fuzzy ρ-equivalence
class.
Theorem 8. Let (Q, •) be an S-fuzzy hyperset and ρ be a fuzzy equivalence
relation on Q such that (x • q)(p) ≤ ρ(q, p) for all x ∈ S and q, p ∈ Q. Then for
each q ∈ Q the fuzzy equivalence class ρq is a sub fuzzy hyperset of Q.
Theorem 9. Let (Q, •) be an S-fuzzy hyperset. Let ρ be a fuzzy equivalence
relation on Q such that (x • q)(p) ≤ ρ(q, p) for all x ∈ S and q, p ∈ Q. Then
the collection P = {ρp : p ∈ Q} of fuzzy equivalence classes ρp forms a fuzzy
decomposition of (Q, •) into sub fuzzy hypersets ρp of (Q, •).
Theorem 10. Let (Q, •) be an S-fuzzy hyperset. We define a fuzzy relation τ
?
on Q by τ (q, p) = (S • q)(p) for all q, p ∈ Q. Then the fuzzy relation τ =
n
?
∨{(τ ∨ τ −1 ) : n ≥ 1} is a fuzzy equivalence relation on Q such that τ ≤ τ and
?
satisfies the condition (x • q)(p) ≤ τ (q, p) for all q, p ∈ Q and x ∈ S. Also each
?
τp is a sub fuzzy hyperset of (Q, •).
?

Theorem 11. Let (Q, •) be an S-fuzzy hyperset. Then the collection P = {τp :
?
p ∈ Q} forms a fuzzy decomposition of (Q, •) into sub fuzzy hypersets τp of
(Q, •).
Definition 15. A sub fuzzy hyperset µ of an S-fuzzy hyperset (Q, •) is said to
be sub fuzzy co-hyperset of (Q, •) if µ(p) ∧ (x • q)(p) ≤ µ(q) for all q, p ∈ Q and
x ∈ S.
?

Theorem 12. Let (Q, •) be an S-fuzzy hyperset. Let τ be the fuzzy equivalence
relation on Q defined in the Theorem 5.10. Then for each p ∈ Q, the fuzzy
?
equivalence class τp is a sub fuzzy co-hyperset of (Q, •).
Theorem 13. Let µ be a sub fuzzy co-hyperset of an S-fuzzy hyperset (Q, •).
?
Then µ(q) ∧ τ (q, p) ≤ µ(p) for all q, p ∈ Q.
Theorem 14. Let (Q, •) be an S-fuzzy hyperset. Then for each p ∈ Q the fuzzy
?
equivalence class τp is the smallest sub fuzzy co-hyperset of (Q, •) such that
?
τp (p) = 1.
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?

Theorem 15. Let (Q, •) be an S-fuzzy hyperset. Then the collection P = {τp :
p ∈ Q} forms a fuzzy decomposition of (Q, •) into smallest sub fuzzy co-hypersets
?
?
τp of (Q, •) such that τp (p) = 1 for all p ∈ Q.

5

Fuzzy semihypergroup and fuzzy hypergroup

Definition 16. In section 2 we have seen fuzzy hyperaction ◦ : S × Q −→ F (Q)
of a monoid S on a set Q. In [28] Sen, Ameri and Chowdhury have considered
the fuzzy hyperaction • : H × H −→ F (H) of a nonempty set H on H as fuzzy
hyperoperation on H, where F (H) is the set of all fuzzy subsets of H. Thus
a fuzzy hyperoperation on H is a mapping • : H × H −→ F (H) written as
(a, b) −→ a • b for all a, b ∈ H.
H together with a fuzzy hyperoperation • is called a fuzzy hypergroupoid and is
denoted by (H, •).
Let x, p ∈ H and µ, ν ∈ F (H). Then we define x • µ, µ • x, µ • ν ∈ F (H) by
(x • µ)(p) = ∨{(x • r)(p) ∧ µ(r) : r ∈ H}, (µ • x)(p) = ∨{(r • x)(p) ∧ µ(r) : r ∈ H}
and
(µ • ν)(p) = ∨{µ(r) ∧ (r • s)(p) ∧ ν(s) : r, s ∈ H} for all x, p ∈ H.
Definition 17. A fuzzy hypergroupoid (H, •) is called a fuzzy semihypergroup if
(a • b) • c = a • (b • c) for all a, b, c ∈ H.
Definition 18. A fuzzy semihypergroup (H, •) is called a fuzzy hypergroup if
a • H = H • a = χH for all a ∈ H, where a • H and H • a are defined by
(a • H)(p) = ∨{(a • r)(p) : r ∈ H}, (H • a)(p) = ∨{(r • a)(p) : r ∈ H} for all
p ∈ H and
(a • χH )(p) = ∨{(a • r)(p) ∧ χH (r) : r ∈ H} = ∨{(a • r)(p) : r ∈ H} = (a • H)(p),
(χH • a)(p) = ∨{χH (r) ∧ (r • a)(p) : r ∈ H} = ∨{(r • a)(p) : r ∈ H} = (H • a)(p)
for all p ∈ H.
Some examples of fuzzy semihypergroups and fuzzy hypergroups.
Example 1. Let H be a nonempty set. Define a fuzzy hyperoperation • on H by
a • b = χ{a,b} for all a, b ∈ H, where χ{a,b} denotes the characteristic function of
the set {a, b}. Let a, b, c ∈ H. Then
((a • b) • c)(t) = ∨{(a • b)(r) ∧ (r • c)(t) : r ∈ H} = ∨{χ{a,b} (r) ∧ χ{r,c} (t) : r ∈ H}

1, if t ∈ {a, b, c}
=
for all t ∈ H.
0, otherwise

1, if t ∈ {a, b, c}
Similarly we can show that (a • (b • c))(t) =
for all t ∈ H.
0, otherwise
Therefore ((a • b) • c)(t) = (a • (b • c))(t) for all a, b.c, t ∈ H. This shows that
(H, •) is a fuzzy semihypergroup.
Now (H • a)(t) = ∨{(x • a)(t) : x ∈ H} = ∨{χ{x,a} (t) : x ∈ H} = 1 = χH (t)
for all t ∈ H. Therefore H • a = χH for all a ∈ H. Similarly we can show that
a • H = χH for all a ∈ H. Therefore (H, •) is a fuzzy hypergroup.
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Example 2. Let S be a semigroup and µ(6= 0) be a fuzzy subsemigroup of S. Let
a, b ∈ S. Define
 a fuzzy hyperoperation • on S by
µ(a) ∧ µ(b), if t = ab
(a • b)(t) =
0,
otherwise.
It can be shown that (S, •) is a fuzzy semihypergroup.

Example 3. Let µ be a fuzzy subgroup of an abelian group G. We define a fuzzy
hyperoperation • on G by (a • b)(t) = µ(abt−1 ). Then we can show that (G, •)
is a fuzzy hypergroup.
In the following Proposition we show that from each S-fuzzy hyperset we can
construct a fuzzy hypergroup.
Proposition 1. Let (Q, •0 ) be an S-fuzzy hyperset. Define a fuzzy hyperoperation • on Q by (p • q)(r) = (S •0 p)(r) ∨ (S •0 q)(r) for all p, q, r ∈ Q. Then (Q, •)
is a fuzzy hypergroup.
Lemma 2. Let (H, •) be a fuzzy semihypergroup. Let a, b ∈ H and µ be a fuzzy
subset of H. Then (i) χa • χb = a • b, (ii) χH • χa = H • a, (iii) χH • µ = H • µ
and (iv) µ • χH = µ • H.
Using the Lemma we prove the following Theorem.

Theorem 16. Let (H, •) be a fuzzy hypergroup. Then a • b 6= 0 for all a, b ∈ H.

6

Fuzzy semihypergroup associated with fuzzy relation

Sen and Chowdhury have introduced [26] fuzzy hyper groupoid Hρ corresponding
to a fuzzy relation ρ on H and studied Hρ as fuzzy semihypergroup and fuzzy
hypergroup imposing necessary and sufficient conditions on ρ.
Definition 19. Let ρ be a fuzzy relation on a set H. Define a fuzzy hyperoperation • on H by (a • b)(x) = ρ(a, x) ∨ ρ(b, x) for all a, b, x ∈ H. Then (H, •) is
a fuzzy hypergroupoid and is denoted by Hρ = (H, •). By definition of • we have
(a • a)(x) = ρ(a, x) for all a, x ∈ H. Then (a • b)(x) = (a • a)(x) ∨ (b • b)(x) for
all a, b, x ∈ H. Also (a • b)(x) = (b • a)(x) for all a, b, x ∈ H. Therefore (H, •) is
a fuzzy commutative hypergroupoid.
Recall that a fuzzy hypergroupoid (H, •) is said to be a fuzzy semihypergroup
if a • (b • c) = (a • b) • c for all a, b, c ∈ H, where the fuzzy subsets a • µ and
µ • a of H are defined as follows: (a • µ)(x) = ∨{(a • r)(x) ∧ µ(r) : r ∈ H} and
(µ • a)(x) = ∨{µ(r) ∧ (r • a)(x) : r ∈ H} for all a, x ∈ H. The following example
of a fuzzy relation ρ on a set H shows that Hρ = (H, •) is a fuzzy hypergroupoid
but not a fuzzy semihypergroup.
Example 4. Let H = {1, 2, 3, 4, .........}, the set of all positive integers. Define a
1
for all x, y ∈ H. Then Hρ = (H, •) is a fuzzy
fuzzy relation ρ on H by ρ(x, y) = xy
hypergroupoid. Consider the members 2, 4, 5, 3 of H. Then ((2 • 4) • 5)(3) = 31
and (2 • (4 • 5)(3) = 14 . Thus ((2 • 4) • 5)(3) 6= (2 • (4 • 5))(3) and so Hρ is not a
fuzzy semihypergroup.
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Lemma 3. Let a, b, c, x ∈ Hρ . Then
(i) ((a•b)•c)(x) = (ρ◦ρ)(a, x)∨(ρ◦ρ)(b, x)∨(∨{ρ(a, r)∨ρ(b, r) : r ∈ H}∧ρ(c, x)).
(ii) (a • (b • c))(x) = (ρ(a, x) ∧ (∨{ρ(b, r) ∨ ρ(c, r) : r ∈ H})) ∨ (ρ ◦ ρ)(b, x) ∨ (ρ ◦
ρ)(c, x).
Theorem 17. Let ρ be a fuzzy relation on a set H. Then following statements
are equivalent:
(i) Hρ = (H, •) is a fuzzy semihypergroup.
(ii) (ρ ◦ ρ)(a, x) ≤ (ρ ◦ ρ)(b, x) ∨ (∨{ρ(b, r) : r ∈ H}), (ρ ◦ ρ)(a, x) ≤ ρ(a, x) ∨ (ρ ◦
ρ)(b, x) and ρ(a, x) ≤ (ρ ◦ ρ)(a, x) ∨ ρ(b, x) for all a, b, x ∈ H.
(iii) (ρ ◦ ρ)(a, x) ≤ (ρ ◦ ρ)(b, x) ∨ (∨{ρ(b, r) : r ∈ H}) and (ρ ◦ ρ)(a, x) ∨ ρ(b, x) =
ρ(a, x) ∨ (ρ ◦ ρ)(b, x) for all a, b, x ∈ H.
If ρ is a fuzzy reflexive relation on H then ρ(r, r) = 1 for all r ∈ H.
Consequently ∨{ρ(b, r) : r ∈ H} = 1 for all b ∈ H and (ρ ◦ ρ)(a, x) ≥
ρ(a, x)∧ρ(x, x) = ρ(a, x) for all a, x ∈ H. Then we have the following inequalities:
(ρ◦ρ)(a, x) ≤ (ρ◦ρ)(b, x)∨(∨{ρ(b, r) : r ∈ H}) and ρ(a, x) ≤ (ρ◦ρ)(a, x)∨ρ(b, x)
for all a, b, x ∈ H. Thus we have the following Corollary:
Corollary 1. Let ρ be a fuzzy reflexive relation on a set H. Then following
statements are equivalent:
(i) Hρ = (H, •) is a fuzzy semihypergroup.
(ii) (ρ ◦ ρ)(a, x) ≤ ρ(a, x) ∨ (ρ ◦ ρ)(b, x) for all a, b, x ∈ H.
(iii) (ρ ◦ ρ)(a, x) ∨ ρ(b, x) = ρ(a, x) ∨ (ρ ◦ ρ)(b, x) for all a, b, x ∈ H.
Theorem 18. Let ρ be a fuzzy reflexive and transitive relation on H. Then Hρ
is a fuzzy semihypergroup.
Theorem 19. Let ρ be a fuzzy relation on a set H such that Hρ is a fuzzy
semihypergroup. Then ρ ◦ ρ is fuzzy transitive.
In the conclusion of this section we point out that the fuzzy hypergroupoid
Hρ introduced in the Definition 6.1 can be studied by defining the fuzzy subsets a •ρ µ, µ •ρ a and µ •ρ ν of H in Hρ as follows: (a •ρ µ)(x) = ρ(a, x) ∨
(∨{µ(p) ∧ ρ(p, x) : p ∈ H}), (µ •ρ a)(x) = ∨{µ(p) ∧ ρ(p, x) : p ∈ H} ∨ ρ(a, x)
and (µ •ρ ν)(x) = ∨{(µ(p) ∨ ν(p)) ∧ ρ(p, x) : p ∈ H} for all a, x ∈ H. Obviously
(µ•ρ µ)(x) = ∨{µ(p)∧ρ(p, x) : p ∈ H}. Then (µ•ρ ν)(x) = (µ•ρ µ)(x)∨(ν •ρ ν)(x)
for all x ∈ H. Now (χa •ρ µ)(x) = (χa •ρ χa )(x) ∨ (µ •ρ µ)(x) = ∨{χa (p) ∧ ρ(p, x) :
p ∈ H} ∨ (µ •ρ µ)(x) = ρ(a, x) ∨ (∨{µ(p) ∧ ρ(p, x) : p ∈ H}) = (a •ρ µ)(x) for all
x ∈ H. Similarly we can show that (µ •ρ χa )(x) = (µ •ρ a)(x) for all x ∈ H.
Recall that a fuzzy semihypergroup (H, •) is said to be a fuzzy hypergroup if
(a • H)(x) = (H • a)(x) = 1 for all a, x ∈ H, where the fuzzy subsets a • H and
H • a of H are defined by (a • H)(x) = ∨{(a • r)(x) : r ∈ H} and (H • a)(x) =
∨{(r • a)(x) : r ∈ H} for all a, x ∈ H.
Theorem 20. Let ρ be a fuzzy relation on a set H. Then Hρ is a fuzzy hypergroup if and only if
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(i) (ρ ◦ ρ)(a, x) ≤ (ρ ◦ ρ)(b, x) ∨ (∨{ρ(b, r) : r ∈ H}), (ρ ◦ ρ)(a, x) ∨ ρ(b, x) =
ρ(a, x) ∨ (ρ ◦ ρ)(b, x) for all a, b, x ∈ H and (ii) ∨{ρ(r, x) : r ∈ H} = 1 for all
x ∈ H.
Theorem 21. Let Hρ be a fuzzy hypergroup. Then
(i) ρ is fuzzy symmetric =⇒ ρ ◦ ρ is a fuzzy equivalence relation on H and
(ii) ρ is fuzzy symmetric and |H/(ρ ◦ ρ)| > 1 =⇒ ρ is a fuzzy reflexive relation
on H.
Theorem 22. Let ρ be a fuzzy reflexive and fuzzy transitive relation on H. Then
Hρ is a fuzzy hypergroup.
Theorem 23. Let ρ1 and ρ2 be two fuzzy relations on H such that both are
fuzzy reflexive and transitive. Then Hρ1 ∧ρ2 is a fuzzy hypergroup.
Definition 20. Let H1 and H2 be two nonempty sets and ρ1 , ρ2 be fuzzy relations on H1 , H2 respectively. Define a fuzzy relation ρ on H1 × H2 by ρ((a1 , a2 ),
(x1 , x2 )) = ρ1 (a1 , x1 ) ∧ ρ2 (a2 , x2 ) for all a1 , x1 ∈ H1 and a2 , x2 ∈ H2 .
Theorem 24. Let ρ1 and ρ2 be fuzzy relations on H1 and H2 respectively. Let ρ
be the fuzzy relation on H = H1 ×H2 defined in the Definition 20 such that Hρ is
a fuzzy hypergroup. Then H1ρ1 and H2ρ2 are fuzzy hypergroups and ρ1 (a1 , x1 ) ∨
(ρ2 ◦ρ2 )(b2 , x2 ) = (ρ1 ◦ρ1 )(a1 , x1 )∨ρ2 (b2 , x2 ) for all a1 , x1 ∈ H1 and b2 , x2 ∈ H2 .
Theorem 25. Let ρ1 and ρ2 be fuzzy reflexive relations on H1 and H2 respectively such that H1ρ and H2ρ are fuzzy hypergroups and ρ1 (a1 , x1 ) ∨ (ρ2 ◦
2
1
ρ2 )(b2 , x2 ) = (ρ1 ◦ ρ1 )(a1 , x1 ) ∨ ρ2 (b2 , x2 ) for all a1 , x1 ∈ H1 and b2 , x2 ∈ H2 .
Then corresponding to the fuzzy relation ρ on H = H1 × H2 defined in the
Definition 20, Hρ is a fuzzy hypergroup.
Theorem 26. Let ρ be a fuzzy reflexive relation on a set H such that Hρ is a
fuzzy hypergroup. Then Hρ n is a fuzzy hypergroup for all n = 1, 2, .......
Theorem 27. Let ρ be a fuzzy reflexive relation on a set H and |H| = n. Then
(H, •n−1 ) is a fuzzy hypergroup.
Theorem 28. Let (H, •) be a fuzzy semihypergroup. Then there is a fuzzy relation ρ on H such that (H, •) is of the form Hρ if and only if the following
conditions are satisfied:
2
2
2
2 2
2
2
2
2 2
(i) a • b = a ∨ b , (ii) a ≤ (a ) and (iii) (a2 ) ∨ b = a ∨ (b ) , for all
2
2 2
a, b ∈ H, where a means the fuzzy subset a • a of H and (a ) means the fuzzy
subset (a • a) • (a • a) of H.
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The Nature of ANUMEYA: Some Early Indian Views1
Prabal Kumar Sen

I
Anumana (i.e. inference) has been acknowledged as an accredited source of
knowledge or means of knowledge (pramana) by many schools of Indian philosophy,
though there is considerable difference of opinion among these schools (and in some
cases, even among the adherents of the same school) regarding the different issues
regarding anumana (eg. the definition or nature of anumana, the types of anumana,
the basis of anumana and so on). In inference (anumana), the object to be inferred
(anumeya / sadhya / gamya / lingi) is established in a certain locus (paksa) on the
basis of the fact that some inferential mark (anupaksa / sadhana / hetu / gamaka /
linga); which is (i) pervaded by the sadhya, as well as (ii) present in the paksa.
Pervasion (vyapti) occurs between a hetu (say H) and a sadhya (say S) if it so
happens that either or both of the following conditions obtain:
i)
Wherever H is present, S is also present,
ii)
Wherever S is absent, H is also absent.
If pervasion (vyapti) obtains between H and S, then H is said to be pervaded
(vyapya), and S is said to be its pervader (vyapaka). The stock example of anumana,
where the presence of sadhya is established in the paksa on the basis of the presence
of hetu in that paksa is where one infers the existence of fire in a distant hill from the
fact that an unbroken column of smoke is arising from that hill.
It should be mentioned here that according to the Indian thinkers who admit
anumana as a means of knowledge, there are certain situations in which an anumana
that is supposed to establish the existence of an entity in a certain locus does not, or
cannot take place. The first one is where the object or entity that is supposed to be
inferred in a certain locus has already been known with certainty (siddha) in that very
locus through some other means of knowledge. Thus if we see an elephant, and that
we are certain that this visual perception of the elephant is not illusory, then we do not
normally go on to infer that the yonder animal that we are seeing is an elephant, since
it is making a trumpeting sound that can be made only by elephants. In such cases an
attempt to establish the fact that the said creature is an elephant would be vitiated by
the defect that is technically known as siddhasadhana i.e. establishment of what has
already been established previously. The second situation where an inference
becomes inoperative is where the absence of a certain entity is already established in
the locus where that very entity is sought to be proved by some inference. In such
cases, the inference in question is vitiated by the defect known as
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paramanantarabadhitatva, i.e. being contradicted by some other accredited means of
knowledge.
With these prefatory remarks, we may now proceed to discuss the disputes that
took place among some of the eminent philosophers of ancient India regarding the
nature of anumeya, i.e. what is sought to be established by inference.

II
We have said above that inference (anumana) has been admitted as a source of
knowledge by many schools of Indian Philosophy. We have deliberately refrained
from using the expression “all schools of Indian Philosophy”, because there were
some thinkers who questioned the very possibility of obtaining knowledge from
inference. Some of them maintained that one can never establish with certainty the
pervasion (vyapti) between the hetu and the sadhya that feature in the inference. The
claim that whatever is characterised by the hetu is also characterised by the sadhya
can be established beyond reasonable doubt only when we know all the instances of
the hetu and all the instances of sadhya; and this is feasible for only those who are
omniscient. We ordinary mortals may observe very many cases of hetu and sadhya,
but even if all these observations reveal the co-existence of the hetu and the sadhya,
they cannot establish conclusively that there are no counter-examples to the
pervasion, i.e. cases where the hetu may exist even in the absence of the sadhya. If
the very basis of inference be open to doubt, then how can we claim that inference is
an infallible source of knowledge?
Some other critics have tried to reject anumana as a source of knowledge by
showing that it is impossible to specify the exact nature of anumeya, i.e. the object
that is supposed to be established by inference. Now, if there is nothing to be
established by inference, then we must give up the claim that inference is a source of
knowledge. While developing this argument, they have considered the different
permutations and combinations of the possible types of paksa, sadhya and hetu for
showing that none of these possible combinations can be justifiably treated as a case
of anumeya proper. If this claim can be logically established, then anumana will
certainly cease to be an accredited source of knowledge.
The philosophers who admit anumana as a source of knowledge had tried their
level best to meet such objections. Their counter arguments against the first objection
mentioned above are well known, and need not be discussed here. But their counter
replies to the second objection stated above are not so well known; and hence, some
discussion of them will perhaps not be out of place. In order to discuss such counter
replies, we have to take into account the various alternatives regarding anumeya that
the critics of anumana have formulated, examine whether the list of such alternatives
is really exhaustive, and then see whether any one of these alternatives can withstand
the arguments advanced against it by critics.
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III
Let us once again take a look at the full-blown form of the stock example of inference
that is supposed to be employed for establishing the existence of fire in a hill on the
basis of smoke that is present in that hill:
1)
Yonder hill is characterised by fire.
2)
Because there is smoke in it.
3)
Wherever smoke is present fire is present, i.e. a kitchen.
4)
The hill is also like that (i.e. characterised by smoke).
5)
Therefore, the hill is also characterised by fire.
In this inference, the hill is the paksa, fire is sadhya and smoke is hetu. Since the
hill is characterised by fire and smoke, the latter are called dharma-s (i.e. the
properties or characteristics) of the hill; while the hill is said to be the dharmi (i.e. the
property-bearer or that which is characterised). Apparently, what this inference aims
at proving or establishing has been stated in sentence no.1 stated above, while
sentence no.5 claims that what was supposed to be established by this inference has
actually been established. The critics of anumana now ask – what is the exact
anumeya that is supposed to be proved by this inference? In the sentence ‘the hill is
characterised by fire’, there are at least three elements – i) the hill (which is the
dharmi), ii) the fire (which is the dharma), and iii) a certain relation (sambandha)
that obtains between the fire and the hill, in the absence of which no characterisation
could take place between the hill and the fire. When a certain relation R obtains
between two entities X and Y, either X is qualified by Y, or Y is characterised by X.
Accordingly, there are the following entities which could possibly be the anumeya of
this inference: i) only the dharmi, ii) only the dharma, iii) both the dharmi and the
dharma, being considered only by themselves, iv) the sambandha, v) the dharmi
qualified by the dharma (dharmavisistadharmi) vi) the dharma qualified by the
dharmi (dharmivisistadharma). The critics of anumana now claim that none of these
alternatives can be said to be anumeya here, and in the absence of any other
alternative, it follows conclusively that there is nothing that can possibly be
established by the influence that has been mentioned here. Similar arguments can be
given in the case of other inferences, and this shows that no anumana or inference
can establish anything whatsoever.
It is not known for certain who these critics of anumana are, and their works have
not come down to us; but the arguments formulated by them have been noted and
discussed by many early Indian philosophers who have admitted anumana as a
source of knowledge. Among them, the names Dinnaga (a famous Buddhist thinker
and the author of books like Pramanasamuccaya, Hetucakra, Nyayamukha etc.),
Kumarila Bhatta (a follower of the Purva-Mimamsa school and author of books like
Slokavarttika, Tantravarttika, etc.), Jayanta Bhatta (a follower of the Nyaya school
and the author of Nyayamanjari) and Cakradhara (the author of Nyayamanjarigranthibhanga, a commentary on Jayanta’s book) deserve special mention. The
original works of Dinnaga are mostly lost, though translations of some of them in
Chinese and Tibetan are available. We have, however, at our disposal many verses of
Dinnaga that have been quoted in Nyayavarttikatatparyatika of Vacaspati Misra,
another noted adherent of Nyaya school.
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Vacaspati has quoted the following verses of Dinnaga where the objections of
these critics and Dinnaga’s answer to them have been given in a condensed form:
kacid dharmantaram meyam lingasyavyabhicaratah /
sambandham kecidicchanti siddhatvad dharma-dharminoh //
lingam dharme prasiddham cet kimanyat tena miyate /
atha dharmini tasyaiva kimartham nanumeyata //
sambandhe’pi dvayam nasti sasthi sruyeta tadvati /
avacyo’rthagrhitatvanna casau lingasangatah //
lingasyavyabhicarastu dharmenanyatra darsyate /
tatra prasiddham tadyuktam dharminam gamayisyate //
[Nyayavarttikatatparyatika, pp.147-148]
These verses have been briefly explained by Vardhamana Upadhyaya in his
Nyayanibandhaprakasa, and we have depended on this explanation for the exposition
of the arguments stated in these verses. [Nyayanibandhaprakasa, p. 748]
Let us now see on what grounds these critics maintain that none of the alternatives
listed above can be considered to be the anumeya proper of this inference. We start
here by noting the arguments as recorded by Dinnaga in his Paramanasamuccaya.
That the dharma (i.e. some fire) is existent somewhere is already known to us through
perception etc., and hence, an attempt to establish it once again by inference would
involve the defect known as siddhasadhana. The same is true of the dharmi (i.e. the
hill), which is also known to us with certainty prior to the employment of this
inference. Nor can dharma and dharmi taken together be the anumaya, since both of
them have been known to exist before the employment of this inference, and
employment of inference for establishing them once again would obviously involve
siddhasadhana. It may now be claimed that even though the hill and some fire may
be known previously, the fact that in this particular case, the hill is related to some
fire was not known prior to the employment of this inference; and hence, this relation
may be said to be the anumeya. But such an answer is not tenable for various reasons.
An anumeya is established on the pervasion that obtains between the anumeya and
the hetu (which happens to be the smoke in this case). Now, such a pervasion does
not obtain between the smoke on the one hand and the relation between the hill and
fire on the other. No one can claim that wherever and whenever there is smoke, there
is also the relation between the hill and fire. Besides, had this relation been the
anumeya proper in this case, the first sentence stating the thesis of this inference
should have been of the form ‘there is some relation between the hill and fire’, which
is not the case. Moreover, upon hearing the sentence ‘the hill is characterised by fire
on account of smoke’, we know by implication that there is some relation between the
hill and the fire. Thus, the said relation, which is grasped from the cognition generated
by this sentence, need not be established again by employing an inference. The last
two alternatives are also ruled out by the fact that smoke is not pervaded either by (i)
the hill characterised by the fire, or (ii) the fire characterised by the hill; and hence,
neither the hill characterised by the fire nor the fire characterised by the hill can be
established by smoke. Consequently, none of these two alternatives can be admitted
here as the required anumeya.
Kumarila Bhatta and Jayanta Bhatta have recorded some other arguments that were
employed for rejecting the suggestion that here, the anumeya is
dharmivisistadharma, which in this case would be fire qualified by hill (i.e. the fire
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located in hill). According to Kumarila Bhatta, the critics have shown that one can
think of eight alternatives in this case, which are as follows:
(i)
Fire as such qualified by some location as such is the
anumeya,
(ii)
The specific fire that was apprehended during
apprehending the pervasion between smoke and fire, and qualified by
some unspecified location, is the anumeya,
(iii)
The specific fire mentioned in alternative (ii) that is
qualified by all locations, is the anumeya,
(iv)
Fire as such (i.e. some unspecified fire) qualified by the
location that is proximate (eg. the hill) is the anumeya,
(v)
The specific fire mentioned in alternative (iv) that is
qualified by the location that is proximate is the anumeya,
(vi)
The specific fire that is located in the hill, which is
qualified by some unspecified location is the anumeya,
(vii)
The specific fire that is located in the hill, which is
qualified by the kitchen (where the pervasion between smoke and fire
was observed) is the anumeya,
(viii)
The specific fire located in the hill that is qualified by the
hill is the anumeya,
A little reflection will show that some of these alternatives [eg. alternative (i)] is
vitiated by the defect known as siddhasadhana. Any fire whatsoever must be located
at some place or other – this need not be established by employing an inference. The
other alternatives are obviously contrary to facts [eg. alternative (vii)]. Since all these
alternatives are untenable, dharmivisistadharma cannot be admitted as the anumeya
here.
[Kumarila Bhatta has discussed this issue in Verse nos.39-46 of the
Anumanapariccheda of his Slokavarttika. We have taken the help of the
commentaries of Umbeka Bhatta and Parthasarathi Misra on these verses.]
It is not at all clear on what basis these alternatives (enumerated by Kumarila
Bhatta) have been formulated; nor is it quite evident at first that the list of these
alternatives is exhaustive. This, however is not the case with the list noted by Jayanta
Bhatta, who has noted here sixteen alternatives; because the principle according to
which these sixteen alternatives have been enumerated has been stated clearly in a
verse quoted by Cakradhara in his Nyayamanjari-granthibhanga, (which is a
commentary on Jayanta Bhatta’s Nyayamanjari), and the way in which these
alternatives have been framed also ensures the exhaustiveness of the list. The said
verse reads as follows:
sarvonirdharitah purvah sailastho’gniscaturvidhah /
pratyekam sadhyate sarvapurvanirdharitadribhih //
[Nyayamanjarigranthibhanga,p.61]
According to this verse the dharma (i.e. the fire) here may be either of the four
types, viz. (i) all fires, (ii) some unspecified fire, (iii) the fire that was apprehended
earlier (in the kitchen while grasping the pervasion between fire and smoke), and
(iv)the fire that is located on the hill. Likewise, the dharmi here may be either of the
four types, viz. (i)all locations ,(ii) some unspecified location, (iii) the location
apprehended previously (eg. the kitchen where the pervasion between the smoke and
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fire was apprehended earlier), and (iv) the hill. Now, each of the four types of the fire
may logically be related to (or qualified by) any one of the four types of locations.
Thus we have 4x4=16 possibilities, and as far as we can see, no further alternatives
can be considered here, which shows that the list of alternatives is exhaustive. The
full list of these sixteen alternatives about anumeya is as follows;
(i)
All fires that are present in all locations.
(ii)
All fires that are present in some unspecified location.
(iii)
All fires that are present in previously perceived locations
(eg. kitchen, etc.).
(iv)
All fires that are located in locations like the hill, that are
now being perceived.
(v)
Some unspecified fire that is present in all locations.
(vi)
Some unspecified fire that is present in some unspecified
locations.
(vii) Some unspecified fire that is present in some previously perceived
locations.
(viii)Some unspecified fire that are present in locations being perceived.
(ix) The fire that was perceived earlier (at the time of apprehending the
pervasion of smoke by fire) that is present in all locations.
(x) The fire that was perceived earlier, and which is present in some
unspecified location.
(xi) The fire that was perceived earlier, and which is present in some
previously perceived location.
(xii)
The fire that was perceived earlier, and which is present in
some location that is being perceived.
(xiii)
The fire on the hill (which is sought to be established) and
which is present in every location.
(xiv)
The fire on the hill that is present in some unperceived
location.
(xv)
The fire on the hill that is present in some previously
perceived location.
(xvi)
The fire on the hill that is present in some location that is
being perceived (eg. the hill).
Here again, some of the alternatives are vitiated by siddhasadhana, while the
others are contradicted by perception, or are self-contradictory. This, according to the
critics, shows that anumana cannot be a pramana.

IV
Dinnaga, Kumarila Bhatta and Jayanta Bhatta, having considered such dialectical
arguments against the possibility of any anumeya, try to support the view that
anumeya is dharmavisistadharmi. We have already noted that the critics of
anumana have rejected this view on the ground that since the hetu (eg. smoke) is not
pervaded by dharmavisistadharmi (eg. the hill characterised by fire), the former
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cannot establish the latter. Dinnaga, however, seeks to rebut this argument by pointing
out that if it so happens that some hetu, which is itself established in some dharmi, is
capable of establishing in that very dharmi some dharma that pervades that particular
hetu. Thus, if it is known with certainty that smoke is present in a hill, and if it is also
known for certain that smoke is pervaded by fire, then that smoke is capable of
establishing the existence of fire in that hill.
This is the import of the sentence “tatra prasiddham tadyuktam dharminam
gamayisyate”. Vardhamana Upadhyaya’s comments on this line are –“tatrapakse,
(pra)siddham lingam tadyuktam agniyuktam dharminam parvatam sadhayisyati –
ityarthah”. Kumarila Bhatta also expressed a similar view in verse no.47 of
Anumanapariccheda of his Slokavarttika:
tasmad dharmavisistasya dharminah syat prameyta /
sa desasyagniyuktasya dhumasyanyaisca kalpita //
He has indicated this view even earlier in the same chapter:
sa eva cobhayatmayam gamyo gamaka eva ca //
asiddhenaikadesena gamyah siddhena bodhakah /
[Anumanapariccheda, verses 24b-25a]
Parthasarathi Misra explains this by saying that the same hill, in so far as it is to be
characterised by a property that was not established earlier (viz. Possession of fire) is
the anumeya here, whereas that very hill, which is characterised by the smoke (which
has been established in the hill, and which is also pervaded by fire) functions here as
the gamaka, i.e. something that can establish the anumeya:
asiddhena
pramanantaraprasiddhena
vahnimattvatmana’numeyatvam,
pramanantarasiddhena tu dhumavattvatmana gamakatvam iti.
[Nyayaratnakara, p.252]
Jayanta Bhatta has also supported this view in an almost identical manner:
tasmadagnivisistah paridrsyamano desa eva
sadhyah. sa ca svarupata pratyakso’pi
paroksadharmavisistataya anumeya iti
dhumadharmayogat agnidharmavan sa evanumiyate.
so’numanasya visayo lingityucyate.
paroksagrahanam caitadabhiprayena.
[Nyayamanjari, Vol.I,p.311]
The view of Dinnaga, Kumarila Bhatta and Jayanta Bhatta regarding anumeya was
not unanimously adopted by other Indian philosophers who have admitted anumana
as a source of knowledge. Thus, for example, Vatsyayana, author of Nyayabhasya,
while commenting on Nyayasutra 1.1.5 has said that in the case under consideration,
fire is the anumeya that is established here by smoke (“yatha – dhumenagniriti”.
Nyayabhasya, p. ). Uddyotakara, the author of Nyayavarttika (which is a
commentary on Nyayabhasya), differs from Vatsyayana and maintains that in the
case under consideration, what is established is the fire that is the characteristic of
smoke of a certain kind. Thus, for Uddyotakara, the paksa and hetu here are not the
hill and smoke, respectively, but smoke and certain properties of smoke (eg.
continuous and upward movement from a certain place), from which it can be known
that a particular smoke having those properties is accompanied by fire. [See
Nyayavarttika, p. ]
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This view of Uddyotakara (which has been mentioned by Kumarila Bhatta in the
phrase “dhumasyanyaisca kalpita”), has not found favour with the later philosophers;
most of whom agree here with Vatsyayana, and maintain that in the case under
consideration, the anumeya or sadhya is fire. A detailed account of such views and
arguments in favour of them would considerably increase the length of this paper; and
hence, is omitted here. The interested reader may consult Nyayadarsana of
Phanibhusana Tarkavagisa, Vol.I. pp.164-168 for an extremely scholarly and
illuminating discussion of these views.
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Some Musings on Mathematical Creations and
Rationality
Smita Sirker

Abstract. Chakraborty emphasises on the creator-discoverer role of a
mathematician. In his writings he tries to outline a picture of mathematics
which represents the beauty of the discipline on one hand, and on the other, the
rigorous turmoil, often painful, that an artist-mathematician has to undergo to
mother a mathematical creation. Judging the rationality of the mathematical
pursuit or the created artefact of an artist-mathematician is no simple task. His
writings resonates the idea that a pregnant mathematical thought is nurtured
within a culture, within a particular socio-political milieu and from a given
historical lineage. This article engages in some reflections on Professor
Chakraborty’s view of an ‘artist’ in a ‘mathematician’ and the rationality
involved in mathematical pursuits.

1. The Beginning
My initial conversations with Professor Chakraborty were fascinating and yet very
surprising. It took some time to overcome my surprise before beginning to understand
his, I would say, unique perspective on the nature of a mathematician’s enterprise,
task and effort. I have never heard any mathematician speak like this before (not that I
know many of them) and I may add, this was the first time I could comprehend what a
‘mathematician’ was actually saying. He gave me the opportunity to ‘speak to’ and
‘speak with’ 1 a mathematician/logician. Chakraborty says in ‘Sundarer Satya, Ganiter
Satya’ 2 that ordinarily ‘mathematics’ means ‘computation’/‘calculation’ and we grow
up learning and mastering only the process of computation, thereby gradually moving
away from the essence of the subject and its historical development. Knowing
mathematics simmers down to mastering the skill of computation or failing to do so.
It never remains as a matter of ‘fondness’ for the beauty of mathematics itself. My
1

This distinction of ‘speaking to’ and speaking with’ is maintained by Professor Shefali Moitra.
‘Speaking to’ is a mode of communication like a ‘form of transmission’, which is a necessary
but not a sufficient condition of communication. ‘Speaking with’ is a mode of
communication which involves ‘participation’ (a kind of a co-operative effort) over and
above ‘transmission’.
Moitra, S.: ‘Speaking to…’ and ‘Speaking with…’. In: Feminist Thought: Androcentrism,
Communication and Objectivity. Munshiram Manoharlal Publishers Pvt. Ltd., New Delhi
(2002) 81-99.
2
A rough translation of this Bengali title would be ‘Truth of Beauty, Truth of Mathematics’ in
Ganiter Dharapat O Galpasalpa (in bengali). 5th edn. Nandimukh Samsad, Kolkata (2011)
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initial learning of mathematics was typically confined to mastering the process of
‘doing sums’ which I never really liked. As mathematical problems got complex my
interest also faded beyond revival. Never had I thought in my wildest dreams that I
could meaningfully ‘open a dialogue with a mathematician (logician)’. So writing this
article and contributing to this volume is still not believable.
I was working on the question of ‘human rationality’ – the challenges the concept
poses to decipher many of our activities as rational or otherwise. Starting from the
question of what is the ‘nature of rationality’; there are a host of problems which
surfaces when we try to evaluate many human actions based on any defined standards
of rationality. Professor Chakraborty pointed out that one such human activity was ‘a
mathematician’s pursuit of a mathematical problem’. This was our area of
convergence and we started thinking on - how to ‘rationalise’ or ‘de-rationalise’ 3
some of the long-standing mathematical pursuits. A unique dimension to this problem
was given by Professor Chakraborty’s another perspective and firm belief that
mathematicians are artists and their work (‘creations’) are objet d'art. Two questions
evolved out of our discussions: (i) Are all mathematical pursuits ‘rational’? and (ii) Is
the search for a ‘rationality’ dimension mandatory for every mathematical artefact?
These questions are very tricky and demand very lengthy discussions and unfolding of
many intricate, intertwined layers of rationality, objectivity, criterion of universal
acceptability and the rationale of subjective pursuits. We are still working towards
drawing meaningful answers to these questions. Given a brief backdrop of our
research orientation, my primary aim of this article will be to present some musings
on Professor Chakraborty’s view of an ‘artist’ in a ‘mathematician’ and what could be
his possible rejoinder to the rationality facet of a mathematical creation.

2. Mathematical Objects: Existence By Description
N¢Za¢nÒf£ R¡s¡ "BL¡nL¥p¤j’ -Hl Q¡o-Bh¡c Ll¡l rja¡ J c¤xp¡qp ¢h‘¡−el
SN−al Bl −L¡e p¡d−Ll b¡L−a f¡−l? ¢h‘¡e SN−al h¡C−l (p¢aÉC h¡C−l
¢L?) qu−a¡ B−R L¢hl, qu−a¡ ¢nÒf£lz
-

3

Mihir Kr. Chakraborty 4

I take the liberty to introduce the phrase ‘de-rationalise’ with a particular intention in mind.
The question is ‘Can we ‘de-rationalise’ any mathematical activity if it fails to meet the
expectations of the mathematical community?’ Chakraborty (see Chakraborty, M. K.:
Mathematical RUPAs and their Artists. In: PHISPC-CONSSAVY, vol13, Part 6, Centre for
Studies in Civilizations, New Delhi (accepted for publication)) maintains that there is no
single mathematical community – there are many. This ‘multiplicity’ and ‘multi-directedness’
in mathematical community is opportune to let grow of many weeds which may be deviant of
the mainstream expectations. But these weeds have their own beauty and joy of creation and
expansion. Hence how do we deny rationality to such pursuits? Is it justified to do so?
4
Akashkusumer Adhikar (trans. Right to Imaginaries). In: Ganiter Dharapat O Galposalpo. 15

313

Chakraborty in his writings tries to outline a picture of mathematics which represents
the beauty of the discipline on one hand, and on the other, the rigorous turmoil (often
painful) that a mathematician has to undergo to mother a mathematical creation. This
‘pain’ is both literal and metaphorical. It is literal as it expresses the toil that a
mathematician has to undertake to give shape to his creation and present it with a
distinctness of a created object. It is metaphorical in the sense that many
mathematicians had to devote their entire life to resolve long-pending, knotty
mathematical problems. Such instances are plenty. One just needs to look back in
time and see the labour invested by great mathematicians to prove Euclid’s fifth
postulate and the gradual development and hard acceptance of an alternate, nonEuclidean geometry. Mathematician Farkas Bolyai pleaded his son János Bolyai to
give up his pursuit on Euclid’s parallel postulate. He wrote to his son, “For God’s
sake, please give it up. Fear it no less that the sensual passions because it, too, may
take up all your time and deprive you of your health, peace of mind and happiness of
life.” 5
Questions regarding the role of a mathematician have been raised by many. Do
mathematicians discover the ‘truths’ that are already there in the world or do they
create the mathematical truths in their mental laboratory? Are mathematicians’
discoverers or are they creators? According to Chakraborty, a mathematician can be
both, though there is an order between the two roles. First, a mathematician is a
creator and then a discoverer. He says, “Is not an artist a discoverer too? He creates
but this creating is also a discovering. From the very first stroke on the blank canvas
he enters into a dialogue with it. The canvas starts demanding, the artist may or may
not satisfy the demands, may or may not be able to discover the ‘needs’ that are
radiated from the canvas in its process of becoming an artistic creation.” 6 Let us
unfold his view.
According to Chakraborty, the objects of investigation for a physicist or a biologist
exist independently of the knower or the investigator. The truths about these objects
exist prior to the findings of the physicist or the biologist unveiling their research
results. The truths exist even before the linguistic explanation of the physicist or the
biologist and the truths continue to exist without the knower. However, the
mathematical objects are not out there in the physical world. Mathematical objects are
there in the minds of the mathematicians, in their imagination. Mathematicians need
an expression, a language to make their objects public. He says, for others, like
physicists, biologists, botanists, etc. it is ‘description after existence’ but for the
mathematician it is ‘existence by description’. 7 Thus for a mathematician, engaging

5

Davis J. P. & Hersh, R.: The Mathematical Experience. Birkhäuser, Boston (1981). 220-221
Mathematical RUPAs and their Artists. 4

6
7

Akashkusumer Adhikar. 17
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in a linguistic explanation and description (mathematical proof) 8 is not a meta-level
activity, unlike the physicists, biologists, etc. To quote Chakraborty:
“A mathematician enters into the act of creativity, consciously or sometimes
semi-consciously too and a mathematical object is created. It is a piece of
artefact produced by the mathematical ‘artist’ or ‘artisan’ if one prefers to
call her or him. Others have their ‘objects’ of study out there, outside the
knower, independently existent. All these objects remained even before the
utterance of a single sentence about them by humans. Mathematical sciences
or arts [emphasis mine], on the other hand, have to make some initial claims
in order to create mathematical objects which, like art-objects, are
constructions of mind, the mind of the mathematician.” 9
Chakraborty emphasises on the creator-discoverer role of a mathematician.
According to him, after the mathematical objects are created in the mind’s eye of the
mathematician, he engages in the process of discovering the properties of his created
object. The creation of a mathematician is like that of an artist’s painting on a blank
canvas which starts with a few simple strokes and then transforms into an elaborate
art-work – through exchanges between various forms of imaginations. 10 The abstract
mathematical objects (RUPA’s 11 as Chakraborty calls it) created by the
mathematician carries with it certain properties unknown to its creator. These
properties are the true stories of the mathematical constructs. The discovery and
unveiling of these properties is a second, meta-level activity that the mathematician
creator has to engage in. For this discovery, there is a need for a laboratory setup
where the primary instrument is logic and the process is mathematical proof. 12 For
any dweller of the mathematical world, the task is twofold. As an artist, a
mathematician creates extraordinary, unique, abstract, exotic mathematical RUPAs.
And as a discoverer, a mathematician explores the unknown properties of the created
mathematical RUPAs.
“The new RUPA appears alien, mysterious and elusive to its creator. The
creator has ascribed in it some initial properties and a few more properties
might also be visible – but what else are there in it hidden? Unravelling its
mystery, then, becomes a compelling, unavoidable task to the mathematical
artist. She enters into a dialogue with the mathematical object she has created
just like a natural scientist enters into a dialogue with nature.” 13

8

More appropriately, the mathematician engages in a language-game with oneself while being
engaged in the process.
9
Mathematical RUPAs and their Artists. 1
10
Ibid.
11
It is a Bengali word whose meaning can be expressed as ‘the beauty (usually visual) of a form
along with its aura’. The word expresses the beauty that the object beholds in the eye of the
observer.
12
Akashkusumer Adhikar. 18
13
Mathematical RUPAs and their Artists. 4
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3. Visualization Of A Mathematician
“The dialogue is a game – a game of responding to each other. In case of
natural scientist the other player is nature, in case of an artist it is the canvas
while in case of mathematical-artist the other partner is the object created by
herself. .. She sets the rules for reasoning and waits for the answers. .. The
process of getting a response from a mathematical object is like locating the
pains in a mute patient. Answers are obtained through mathematical proofs. ..
A proof is a conversation between the mathematician and her created object
– this object being ultimately laid down by a few axioms – a few initial
claims about the object or a set of similar objects.”
- Mihir Kr. Chakraborty 14
Chakraborty suggests that mathematical proofs are instrumental in discovering the
properties of a created mathematical object. It is through the process involved in the
development of a mathematical proof that a mathematician enters into a conversation
with his own creation. He would say that there is also an element of beauty in
mathematical proofs – which are often termed as ‘elegant proofs’. Such an identity is
reflective of an admiration which is often held for creative arts. That is the reason why
Chakraborty finds resemblance between creations of musical pieces and creations of
mathematics. Such a visualization of mathematical objects is quite contrary to a
Platonian approach.
Plato used eidos to mean the inner structure or intelligible form of a thing, the
shape grasped by the eye of the soul, which serves as the object of knowledge or
thought. 15 Forms exist in some way independently of particulars, and the latter are
imperfect copies of the Forms. Thus Plato gives us the Two World Theory – the world
of particulars and the world of eternal Forms. According to him, the eternal Forms of
mathematical objects exist in the world of Forms. Brown enumerates some features
that constitute the core of Platonism, following the thoughts of Frege, Hardy, Gödel,
who were Platonists in many ways. To list a few: 16
i. Mathematical objects are perfectly real and exist independently of us. We do
not create them in any way, rather we discover them.
ii. Mathematical entities are abstract in one sense, but not in another. Abstract
stands for two distinct meanings. One sense pertains to universals and
particulars. Another sense pertains to outside space and time, not concrete,
not physical.
iii. We can intuit mathematical objects and grasp mathematical truths.

14

Ibid., 4-5
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Ltd, UK, 2004, p. 264
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Pictures. Routlegde, London (2002) 11-14
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Frege distinguishes between (a) ideas (they are psychological entities); (b) thoughts
(they are content of our ideas); and (c) sentences we use to express them (they are
things of the outer world, like trees, electrons, sound waves). His thoughts are
Platonic entities. Frege says, “So the result seems to be: thoughts are neither things of
the outer world nor ideas. A third realm must be recognized. What belongs to this
corresponds with ideas, in that it cannot be perceived by the senses, but with things, in
that it needs no bearer to the contents of whose consciousness to belong. Thus the
thought, for example, which we express in the Pythagorean theorem is timelessly true,
true independently of whether anyone takes it to be true.” 17 Hardy presents an
interesting way of looking at developing mathematical proofs. For him,
mathematicians engage in acts of discovery. “I have myself always thought of a
mathematician as in the first instance an observer, a man who gazes at a distant range
of mountains and notes down his observations. His object is simply to distinguish
clearly and notify to others as many different peaks as he can. .. there is, strictly, no
such thing as mathematical proof; that we can, in the last analysis, do nothing but
point; that proofs are what Littlewood and I call gas, rhetorical flourishes designed to
affect psychology, pictures on the board in the lecture, devices to stimulate the
imagination of pupils.” 18
Chakraborty would be less sympathetic to the above visualisation of mathematics,
though he will not be dismissive. I guess that he will not endorse a reductionist stance
concerning the way mathematics should be visualised and pursued. His heart would
still go out to distinguish mathematics as an artistic game, where the artistmathematician is engrossed in the madness of creation. Doing mathematics is like
modelling a lump of clay which is non-definitive at first, goes through constant remodelling until the mathematician sees a well-formed structure to end the game of his
creation.

4. The Private Game Of Creation And The Public Game Of
Communication
Let us enter into the private-public domain of mathematical ventures. Chakraborty
remarks “Once produced, the product becomes public. Each individual subject in the
public who encounters the product sets up a relationship with it – a relationship that is
basically private.” 19 This position is extremely intriguing and as well challenging.
We will consider two sharp minds, Brouwer and Wittgenstein, to address the privatepublic debate.
Brouwer proposal for a foundation of mathematics led him to intuitionism, which
viewed mathematics as a free activity of the mind, independent of any language or
17
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Platonistic interpretation of mathematical concepts and objects. Mathematics was a
free activity of exact thinking founded on pure intuition. Mathematical truths are not
dependent or determined by any objective facts of the world. A proposition only
becomes true when the subject or the thinker has experienced its truth by constructing
an appropriate mental construction. The falsity of any proposition, likewise, is also
experienced by the subject when it is realised that an appropriate mental construction
is not possible. Brouwer’s understanding of the mathematical activity is private,
almost solipsistic. Mathematicians do not discover pre-existent things. They engage in
a languageless mental activity. He says:
“The first act of intuitionism completely separates mathematics from
mathematical language, in particular from the phenomena of language which
are described by theoretical logic, and recognizes that intuitionist
mathematics is an essentially languageless activity of the mind having its
origin in the perception of a move of time, i.e. of the falling apart of a life
moment into two distinct things, one of which gives way to the other, but is
retained in memory. If the two-ity thus born is divested of all quality, there
remains the empty form of the common substratum of all two-ities. It is this
common substratum, this empty form, which is the basic intuition of
mathematics.” 20
Though Chakraborty endorses a private realm in mathematical creation, he will not
consider the process to be a languageless activity. In fact, without language the task
becomes difficult if not impossible. Mathematical existence for him is existence by
description. Physicists and biologists, who have their objects of study at their
disposal, description becomes a second-level or a meta-level activity. But for the
mathematicians there are no such visible objects that await description. Mathematical
objects and creations are non-communicable without language. Thus though the
activity is primarily private, it is not essentially only private and thereby solipsistic.
Let us here look at what Wittgenstein had to say about private language.
Mathematical activity for him is essentially public and the role of language in
mathematical operations is important. Wittgenstein would argue against private
language. Kripke says that Wittgenstein’s main argument against the existence of
private language is that “there is no fact of the matter about whether I am using a rule
when I am considered individualistically; it is only my membership within a linguistic
community that gives content to the notion of my being justified in using words as I
do.” 21 We use and share a language which is public, and which constitutes of rules
developed by the community. According to Wittgenstein, the role of language in
mathematical operation is crucial, as he thinks that to do a mathematical operation is
to follow the rules laid down for that operation. Pradhan observes, “… to make a
mathematical move is equivalent to making a move in the language according to
rules. That is why Wittgenstein shows that a mathematical proposition has its use in
20
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ordinary language is so far as it leads to some new proposition in language.
Mathematics and language are thus related in such a way that to understand the one is
to understand the other. This does not, means that mathematics is a mere verbal game.
It is a substantive activity carried on in language.”22
Chakraborty’s position is curiously both closer and yet very far from
Wittgenstein’s position. Chakraborty had remarked that once the (mathematical)
product is created, then it becomes public. Then each member in the public who
stumbles upon the product sets up a private relationship. The transition is like from
the private realm (the creator’s mind) to the public domain (the creation is out there in
the public to respond to this creation) and back again into the private realm (the mind
of the appreciator). It is both private and public. So long as the mathematician is
involved with his creation, it is private, where the creator engages in a private
dialogue (with his creations) within oneself. It is not soliloquy. The mathematician
enters into a conversation with the object that he is visualizing, which maintains an
outward silence. However, there is also a parallel preparation to make it public (thus
the language engaged in the creative process is not private in the absolute sense, i.e.
non-shareable in essence). The process of creation is private, not the language. The
moment the creation is ready to be presented it becomes public, and it is up to the
community members to enter in to a relation with the creation. The third and often
unspoken part is how a member enters into a relation with the creation – which
Chakraborty holds to be a private one. His position is closer to Wittgenstein because
language for both of them is an integral part of mathematical exercise (which stands
in contrast to Brouwer’s position). However, Chakraborty’s position is far from
Wittgenstein because mathematical creations start from a private domain, and if a
mathematical creation takes a well-formed shape then only it enters into a public
game of acceptance or rejection of the creation and the creator by the community.

5. The Rationality of Mathematical Pursuits: A Few Questions
One important question that Chakraborty has often raised is about the situatedness of
a mathematician in one’s given socio-cultural milieu. His thoughts resonates the idea
that a pregnant mathematical thought is nurtured within a culture, within a particular
socio-political milieu and from a given historical lineage. It is almost impossible to do
justice in understanding the works of a mathematician without considering his
locatedness. One’s socio-political as well as cultural situatedness silently contribute to
one’s creativity. One cannot study mathematical inventions without its historical
situatedness. Chakraborty reiterates the significance of studying the creator prior to
his creations. I will conclude this article by ruminating on mathematical creations and
rationality.

22
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This issue has been a part of many of our discussions. How do we decide on the
fruitfulness or worthiness of a mathematical pursuit? How do we rationalise the many
(instances of) failed attempts of mathematics? If a mathematician pursues a longstanding, unresolved mathematical problem and eventually fails to resolve it – would
someone relegate the mathematician’s effort to the domain of irrationality? One might
say that venturing into an attempted yet unresolved knotty problem would itself be an
irrational move. Consider cases like mathematicians’ struggle to prove Euclid’s
parallel postulate. Or will Gödel’s incompleteness theorem render every
mathematician’s effort to establish completeness of a system valueless? What
criterion of rationality is demanded of mathematical pursuits? In one of our
discussions, I had asked him – how would he see the question of rationality posed for
mathematical creations? While reflecting on this question, he raised many of the
above questions which I just stated.
Judging the rationality of the artefact of an artist-mathematician is no simple task.
Mathematical products as works of art can have its own intrinsic value. But
mathematical communities are often not ready to accept mathematical creation at its
mere face-value. It must serve a purpose which will determine its value. Hence the
value of the creation is at the mercy of it functionality and use. Thus, a mathematical
pursuit as a rational act is determined by the usefulness of the created product.

a−h ¢L hÉhq¡l−k¡NÉa¡C j¡fL¡¢W? N¢Z−al −L¡−e¡ d¡lZ¡ h¡ a−šÄl p¡gmÉ ¢L
¢eiÑl Ll−h a¡ ¢L f¢lj¡−Z AeÉ −r−œ L¡−S B−p a¡l Ef−l? 23
However, Chakraborty asks us to also focus on the process of creation – which itself
can be worthy. The joy of creation is no less than the product. Even a failed attempt
can be worth experiencing. Do we judge whether a painter’s painting or a poet’s
poetry to be rational? If a painter’s work is not only unappreciated but also severely
criticised – what would be the value of the painting? A painter might bask in the effort
of the process of creation without minding much about the end result. Would
mathematicians also take a similar stance as that of a painter? Or is there a difference
between the two creations – one demands of worthiness (mathematics) and the other
does not.
The question of rationality regarding mathematical creations is yet to be resolved
at our end. But the question is alive and we agree that the process of finding an
answer is itself stimulating.
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Some pages from my diary
Sourav Tarafdar
After drinking tea and eating some biscuits, a man asked the poor lady shopkeeper “how much do I have to pay?” She replied “20 rupees”. The man took
out a 20 rupee note from his wallet and intended to give it, but suddenly he
stopped. By noticing the note, which was not in a good condition because of its
repeated change of hands, the man said “no no, I cannot give you this bad one”
and then he looked into his wallet and took out the most fresh 20 rupee note
he had and gave it to the shopkeeper with a smile which, for me always, has
the power to hold me mesmerized. Yes, you are correct, the man was, Professor
Mihir Kumar Chakraborty, my beloved Sir. On that day I was with him and I
will never forget this incident.
On the first day of his course in my masters program in the University of
Calcutta, I became attracted by Sir’s teaching style. In his class he always gave
some space to us to think by ourselves. After finishing graduation when we
came to the masters course, I thought that Mathematics gives us the ultimate
truths: once a theorem has been proved then there cannot exist any further
scope of thinking about the theorem. But Sir was the first person who forced
such thoughts of mine to undergo a change. I can remember that some times
in his lecture, after proving something, he asked us “are you feeling okay with
this whole thing? Is not something annoying you somewhere?” Before that I saw
people asking these questions only to focus on the correctness of the proof, but
Sir was the first person who showed us that we can ask such a question regarding
the correctness of the statement of the theorem itself and not about the proof.
There can be a huge debate on whether this kind of thinking is correct or not,
but my point is, he showed us first that this kind of debates exists and that we
should not let these things go without serious thinking. He told me “open your
mind, don’t take anything as granted.”
I am attracted by the way Sir thinks and therefore, I am very lucky to get him
as the supervisor of my research program on “Some Non-Classical Set Theories
and Their Associated Logics.”
Beside Mathematics I have lots of other things to learn from him. I am giving
another instance here. Once in the lunch time of a seminar everyone was taking
their food and discussing the topics of the seminar in groups. Sir was also in one
such group. Suddenly I noticed that Sir was going a little bit further from the
food court with his plate of food. I could not suppress my curiosity and followed
him without saying anything. Then I saw there were five or six dogs and Sir
was dividing the food in his plate in the same number of parts as there were
dogs, and then serving it to them with the conversation, “come here, this one
is for you”, and then to another “you come here, this part is for you”, and so
on The amazing thing was that no dog was trying to eat another’s food and
the dogs were not quarrelling among themselves. At that very moment, some
guards of that institute came with wooden sticks to beat the dogs, assuming
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that the dogs were disturbing a guest. But I saw that Sir started protesting and
angrily said “why you are doing this? At night when you sleep who protects your
institute?”!!! Both of us waited there till the dogs finished their lunch. The story
does not end here. After finishing their food the dogs went away, but then Sir
told me “Sourav, now we have to clean this place”, and we cleaned the place as
much as we could. This single five-minute incident taught me a lot. There are, I
believe thousands of such things which I can remember, but the page limitation
of this article does not allow me to narrate all of them.
When I went for the first time to Sir’s house, the room where I sat was filled
with lots of literature books and the total mass of them was so much that I could
hide myself with some of my friends behind the heap of the books. I wondered
that day that among them there was not a single book of mathematics (though in
the other rooms there were lots of mathematics books, which I discovered when I
visited Sir’s house later). Beside Mathematics, he is very much involved with the
modern arts and things which affect our lives and our very existence. This makes
me wonder in astonishment about how he gets time to maintain all these things
together with mathematics, and how does he manage time to accommodate
so much of activity and involvement. I have noticed that sometimes he finds
mathematics in pictures, and sometimes he finds poetry in mathematics. It seems
that mathematics, poetry, literature, paintings... everything is tied together in a
single thread in his life. May be this is why he can see mathematics from outside
of mathematics.
There are never ending things which I can learn from Sir, but it is not true
that I only want to learn something or other from him. On many occasions I feel
free to share my joy, my sorrow, or my thoughts with him. I know that some of
them may be meaningless or valueless to Sir. But he never comes up with such
expressions, on the contrary he shows interest in these. It is for the fact that he
bothers least about how knowledgeable or how famous he is, that he can mix
with his students (rather, I should say, common people) by coming down to the
level of the person he is talking to.
Sir is an idol to me. I have some photos of Sir in my laptop and sometimes I
make these the wallpapers in my laptop. May be others will find this silly, but
if a teacher can be such for his student then it is enough to reflect what the
student feels about his teacher. I will consider my life a success if someday I can
become only a tenth of what Sir is in my eyes.
Sourav Tarafder
University of Calcutta,
35, Ballygunge Circular Road, Kolkata
souravtarafdar@yahoo.co.in

323

