
MTH 418a: Inference-I
Assignment No. 1: Sampling Distributions

1. For a positive integer ν, let X ∼ tν . We know that X
d
= Z√

Y
ν

, where Z ∼ N(0, 1) and

Y ∼ χ2
ν are independently distributed. Using the aforementioned representation,

find the mean and variance of tν . Also show that t2ν ∼ f1,ν .

2. LetX1, . . . , Xn be a random sample fromN(µ, σ2), where µ ∈ (−∞,∞) and 0 < σ <
∞. Let Xn = 1

n

∑n
i=1Xi. Find means and variances of r.v.s S2

n = 1
n

∑n
i=1(Xi−Xn)2

and T = Xn

Sn
.

3. For positive integers ν1 and ν2, let X ∼ fν1,ν2 . We know that X
d
= Y1/ν1

Y2/ν2
, where

Y1 ∼ χ2
ν1

and Y2 ∼ χ2
ν2

are independently distributed. Using this representation of
fν1,ν2 , find its mean and variance. Also show that T = 1

fν1,ν2
∼ fν2,ν1 .

4. Let X1, . . . , Xm and Y1, . . . , Yn be independent random samples from N(µ1, σ
2
1) and

N(µ2, σ
2
2), respectively, where µi ∈ (−∞,∞) and 0 < σi < ∞, i = 1, 2. Let

X = 1
m

∑m
i=1Xi, Y = 1

n

∑n
i=1 Yi, S

2
X = 1

m

∑m
i=1(Xi−X)2 and S2

Y = 1
n

∑n
i=1(Yi−Y )2.

Find means and variances of following r.v.s:

(a) T1 = X−Y√
S2
X+S2

Y

, when m = n and σ2
1 = σ2

2;

(b) T2 = SX
SY

.

Also, for m = n, find limn→∞ P (Un ≤ 1), where Un =
√
n(X−Y−(µ1−µ2))√

σ2
1+σ

2
2

.

5. Let Z1, . . . , Z12 be a random sample from N(0, 1). Find the p.d.f.s of the following
random variables:

(a) Y1 = Z1√∑11
i=2 Z

2
i

;

(b) Y2 = Z1+Z2

|Z1−Z2| ;

(c) Y3 = Z1+Z2

Z1−Z2
;

(d) Y4 =
Z2
1+Z

2
2∑11

i=3 Z
2
i

;

(e) Y5 =
Z2
1+Z

2
2+Z

2
3∑11

i=1 Z
2
i

;

(f) Y6 =
∑9

i=1(Zi − Z9)
2 + Z2

10, where Z9 = 1
9

∑9
i=1 Zi;

(g) Y7 = 3(Z11+Z12)√
Y6

;

(h) Y8 =
Z2
11+Z

2
12

2Y6
.



6. Let X1, X2, . . . be a sequence of r.v.s such that the r.v. Xn follows the Pois-
son distribution with mean n. Find the values of limn→∞ P (9n

10
≤ Xn ≤ 11n

10
),

limn→∞ P (Xn ≤ n + 2
√
n) and limn→∞ e

−n∑[n−
√
n]

j=0
nj

j!
, where, for any real number

x, [x] denotes the largest integer not exceeding x. .

Honors Problems

7. Let X1, . . . , Xn be a random sample from a population having d.f. F and the
Lebegue p.d.f. f . Show that the d.f. of X(r) (r = 1, . . . , n) is

Gr(y) =
n∑
i=r

(
n

i

)
(F (y))i(1− F (y))n−i =

n!

(r − 1)!(n− r)!

∫ F (y)

0

ur−1(1− u)n−rdu.

Hence derive the expression for the p.d.f. of X(r) (r = 1, . . . , n). Using the above
identities, derive the relationship between the d.f.s of binomial and beta distribu-
tions.

8. LetX1, . . . , Xn be a random sample from Exp(θ) (0 < θ <∞), and letX(1), . . . , X(n)

be the corresponding order statistics. Define Yi = (n − i + 1)(X(i) − X(i−1)), i =
1, . . . , n, where X(0) = 0 (Yis are called normalized spacings). Show that Y1, . . . , Yn
are i.i.d. Exp(θ). Hence, show that E(X(r)) = θ

∑n
i=n−r+1

1
i
, V ar(X(r)) = θ2

∑n
i=n−r+1

1
i2

,
r = 1, . . . , n, and Cov(X(r), X(s)) = θ2

∑n
i=n−r+1

1
i2
, 1 ≤ r < s ≤ n. Further, show

that T = nX(1) ∼ Exp(θ).

9. Let Xis be as defined in Problem 8. Let U(1), . . . , U(n−1) be the order statistics based
on a random sample of size n− 1 from U(0, 1). Show that

(U(1), . . . , U(n−1))
d
= (

X1∑n
i=1Xi

,
X1 +X2∑n

i=1Xi

, . . . ,

∑n−1
i=1 Xi∑n
i=1Xi

).


