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A Nonlinear Iterative Reconstruction and Analysis
Approach to Shape-Based Approximate

Electromagnetic Tomography
Naren Naik, Jerry Eriksson, Pieter de Groen, and Hichem Sahli

Abstract—A nonlinear Helmholtz-equation-modeled electro-
magnetic tomographic reconstruction problem is solved for the
object boundary and inhomogeneity parameters in a damped
Tikhonov-regularized Gauss–Newton (DTRGN) solution frame-
work. In this paper, the object is represented in a suitable
global basis, whereas the boundary is expressed as the zero level
set of a signed-distance function. For an explicit parameterized
boundary-representation-based reconstruction scheme, analytical
Jacobian and Hessian calculations are made to express the changes
in scattered field values w.r.t. changes in the inhomogeneity pa-
rameters and the control points in a spline representation of the
object boundary, via the use of a level-set representation of the
object. Even though, in this paper, a homogeneous dielectric is
considered and a spline representation has been used to represent
the boundary, the formulation can be used for a general global
basis representation of the inhomogeneity as well as arbitrary
parameterizations of the boundary, and is generalizable to three
dimensions. Reconstruction results are presented for test cases
of landminelike dielectric objects embedded in the ground under
noisy data conditions. To confirm convergence and, at times, to
know which of the obtained iterates are closer to the actual
unknown solution, using a perturbation theory framework, a local
(Hessian-based) convergence analysis is applied to the DTRGN
scheme for the reconstruction, yielding estimates of convergence
rates in the residual and parameter spaces.

Index Terms—Boundary reconstruction, Gauss–Newton
method, local analysis, nonlinear tomography, subsurface
imaging, Tikhonov regularization.

I. INTRODUCTION

THE NEED for nonlinear reconstruction approaches oc-
curs in many branches of electromagnetic tomographic

imaging. Some examples are wave-equation-based diffraction
tomography, electrical impedance tomography, and diffusion
optical tomography, to name just a few. The area of tomo-
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graphic subsurface imaging is of interest in important applica-
tions such as geophysical prospecting and landmine detection,
to name only a couple. Typically, the reconstruction of the
desired parameters is achieved in the following possible ways:
1) by a minimization of an objective functional comprising
the residual of the measured and modeled data when either
the full scattering operator [1]–[3] or an approximate operator
such as a first- or a second-order Born approximation [4], [5] is
considered and 2) via analytical methods, which are based on
approximations of the forward operator [6].

The minimization class of problems, being ill posed in na-
ture, needs additional a priori information (such as support of
the object) to aid the convergence of the solution scheme to
the desired correct solution. The motivations of using boundary
information in a tomographic reconstruction are typically to
lend stability to the iterative reconstruction scheme (by better
demarcation of object support constraints and also by the pos-
sible reduction of the number of parameters characterizing the
object) or to solve an “approximate” inverse scattering problem
wherein the object shape, location, and an approximate (as
against a more exact) estimate of the object’s interior physi-
cal parameter values are reconstructed. The iterative “shape-
based” approximate reconstruction schemes broadly fall into
two categories. The objective functional minimized in the first
class has as unknowns the coefficients in an explicit parametric
representation for the boundary curve(s), whereas, in the latter
class, the unknowns are the values of a set function representing
the image, with the zero level set of that function representing
the boundary. While the first (explicit representation) class of
schemes has the advantage of fewer unknowns, which is useful
in potential 3-D reconstructions, the second (implicit represen-
tation) class is better suited to handle topological changes in
the evolving shape of the boundary. In this paper, we have
formulated a scheme for the solution and convergence analysis
of the nonlinear 2-D approximate reconstruction problem in the
first class of schemes, in a framework for arbitrary parameter-
izations, that is conceptually generalizable to three dimensions
as well. We use a level-set representation for the shapes in
order to calculate the first- and second-order shape and elec-
tromagnetic parameter derivatives of the objective functional in
a parameterized representation and not in the more customary
implicit level-set representation of the boundaries.

Miller et al. [7] solved the approximate inverse scattering
problem using a partially nonlinear Born iterative scheme with
a spline representation of the image boundary and a global basis
representation for the object and background inhomogeneities.
They use a greedy-search-type technique to find the best change
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of control points at a given iteration. The work of Bonnard et al.
[8] uses a rigorous integral-equation-based formulation for
homogeneous dielectrics to solve the corresponding reconstruc-
tion problem, with the shape parameters and the inhomogeneity
value being the unknowns. More recently, Kilmer et al. [9]
have derived a Gauss–Newton-type algorithm to solve the ap-
proximate inverse scattering problem for the shape parameters
as well as inhomogeneity coefficients in a suitable typically
“slowly varying” basis for 3-D ellipsoidal objects in optical to-
mography. The nomenclature of “Gauss–Newton type,” rather
than “Gauss–Newton,” is used by them, because some of the
Frechet derivatives w.r.t the shape parameters are evaluated
through the use of finite-difference approximations, and the
columns of the Jacobian are only approximately solved by an
iterative method. The work of Ye et al. [10] gives confidence
intervals for reconstructed shapes but does not reconstruct the
inhomogeneity values since it deals with conducting objects. In
addition, this approach uses the domain derivative approach to
evaluate the Frechet derivatives, which is a far-field relation.

In the second (implicit) class of methods, Dorn et al. [11]
used a level-set-based formulation to solve the shape recon-
struction problem, assuming knowledge of the object’s electro-
magnetic parameters. The boundary is implicitly represented as
the zero level set of a function, and that function is iteratively
solved to get the boundaries. Feng et al. [12] presented a
curve evolution approach to solving the linear approximate
reconstruction for arbitrary shapes and inhomogeneities. The
recent work of Chung et al. [13] solves the nonlinear electrical
impedance tomography problem for both the shape and conduc-
tivity in a level-set framework.

We mention a number of recent contemporary works on
the problem that have appeared during the course of review
of this paper. Zacharopoulos et al. [15] simultaneously recon-
structed shape and optical parameters for noiseless data in a
frequency-domain 3-D elliptic inverse problem in diffuse opti-
cal tomography for piecewise constant objects using a spherical
harmonics parametrization of the boundary in a boundary
element method discretization scheme. For an alternating min-
imization scheme for shape and optical parameters, they derive
the shape of Frechet derivatives with a fully adjoint-based
calculation [17],1 which, in turn, uses the boundary-integral
expression of the seminal work of [18], relating variations of in-
ternal parameters to infinitismal boundary variations. In a more
recent work, Firoozabadi et al. [16] solved a 2-D shape and
electrical parameter reconstruction problem for a subsurface
tomography problem using a fully nonlinear scheme, where
the Frechet derivative calculations for the shape parameters use
analytical differentiation w.r.t boundary point coordinates using
recurrence relations for Bessel function derivatives, which arise
due to the specific nature of fields obtained in the semianalytic
mode matching scattering model employed in this paper for the
subsurface imaging problem.

In the present nonlinear scheme, to solve the approximate
reconstruction problem, the object is represented in a suitable
global basis, whereas the boundary is expressed as the zero

1Also released on the web during the review process of this paper.

level set of a signed-distance function. Analytical Jacobian
calculations are made to express the change in scattered field
values w.r.t. changes in the inhomogeneity parameters and the
control points in a spline representation of the object boundary,
via the use of a level-set representation of the object. Even
though, in this paper, a homogeneous dielectric is considered
and a spline representation has been used to represent the
boundary, the formulation can be used for a general global
basis representation of the inhomogeneity as well as arbitrary
parameterizations of the boundary, and is generalizable to three
dimensions.

A damped Tikhonov-regularized Gauss–Newton (DTRGN)
approach is then applied to the residual-norm objective func-
tional to arrive at the desired reconstruction of the bound-
ary and object parameters. Furthermore, using a perturbation
theory framework as in [2] and [14], a Hessian-based local
convergence analysis is applied to the DTRGN scheme for the
reconstruction, yielding estimates of convergence rates in the
residual and parameter spaces.

Thus, the contribution of this paper lies in 1) the analytical
calculation of the needed Jacobian and Hessian matrices w.r.t
both the electromagnetic and shape parameters in the explicit-
curve-representation setting of this paper, in a framework for
arbitrary parameterizations and for (in general) smoothly vary-
ing inhomogeneities valid for near- and far-field measurements,
that is conceptually generalizable to three dimensions and 2) the
application of the aforementioned second-order convergence
analysis to make inferences on the obtained iterates.

Our algorithm differs from that in [15] in that, with the
objective of doing a second-order Hessian-based analysis of the
reconstructions, we use an explicitly defined “tubular neighbor-
hood” of the boundary coupled with an approximate Heaviside-
function-based representation of the object interior, in the
Frechet derivative calculations, that yields analytical relations
for the shape as well as the electromagnetic parameter deriva-
tives. The conceptual relation between the Frechet derivatives
calculated via our tubular neighborhood approach and those
calculated directly using the boundary-integral relation of [18]
can be seen from our derivation of the continuous-domain
Frechet derivative (in Section III-A), where the limiting relation
between the expressions is shown. In addition to our present
work being applicable to fully numerical solvers of the forward
problem, the formulation of the Frechet derivative calculations
are different from that in [16]. Thus, the formulations to calcu-
late the Jacobian are different in our work w.r.t to these works
[15], [16]; furthermore, we evaluate analytical expressions for
the Hessian matrix and perform a Hessian-based convergence
analysis on the reconstructions obtained for noisy data.

This paper is organized as follows. Section II presents
the problem formulation. Section III derives the continuous-
domain Frechet derivatives and the discrete-domain Jacobian.
Section IV presents the DTRGN reconstruction scheme and
a local convergence analysis applied to the DTRGN recon-
struction scheme, yielding estimates of convergence rates in
the residual and parameter spaces. Results of reconstruction
and analysis of some example minelike phantoms in a ground-
penetrating radar (GPR) tomography setting are presented in
Section V, whereas the conclusions are given in Section VI.
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Fig. 1. GPR tomographic data collection setup for plane-wave incident radia-
tion, with the object of interest being buried.

Appendix A derives a limiting result for the approximate
Heaviside function used in Section III, whereas the explicit
calculation of the Jacobian and Hessian matrices is given in
Appendix B. Appendix C gives some salient features of the
forward problem based on the method of moments, which is
needed for the Jacobian and Hessian calculations.

II. PROBLEM DEFINITION

A. GPR Tomography Problem

The inverse scattering problem currently being considered is
to recover the object’s permittivity (denoted by ε(r), r ∈ IR2)
and conductivity (denoted by σ(r, ω), r ∈ IR2) distributions
from the measurements at various angular frequencies ω of
the scattered field obtained from the interaction of an incident
radiation with the object in question on a receiver surface
outside the object. A schematic of a GPR tomography setup
is shown in Fig. 1.

In the scalar approximation, the scattering process in GPR to-
mography is assumed to be modeled by the Helmholtz equation.
The Helmholtz equation for the complex amplitude u(r, rn, ω),
at a point r = (x, y, z) of a monochromatic wave of angular
frequency ω, due to a source at rn, propagating through a
medium of complex wavenumber k(r, ω) is given by

∆u(r, rn, ω) + k2(r, ω)u(r, rn, ω) = jn(rn, ω) (2.1)

where ∆ is the Laplacian operator, and jn(rn, ω) is the assumed
current distribution corresponding to the nth transmitter. The
fields u(r, rn, ω) are assumed to be outgoing and satisfying
the Sommerfeld radiation conditions at infinity. The complex
wavenumber k(r, ω) is given by

k2(r, ω) = ω2µ0ε(r)
(

1 + i
σ(r, ω)
ωε(r)

)
(2.2)

where µ0 is the magnetic permeability of free space.
Define

f(r) =
k2(r, ω) − k2

amb(r, ω)
k2
amb(r, ω)

(2.3)

with k(r, ω) being the wavenumber in the actual physical
setting of the object(s) of interest embedded in an ambient
medium corresponding to a wavenumber kamb(r, ω). In the
present problem, the ambient medium comprises two half-
spaces corresponding to air and ground, which are separated
by an air–ground interface.

The independence of f(r) on ω stems from the assumption
that the quantity tan δ ≡ (σ(r, ω)/ωε) does not vary with ω in
the frequency range of interest [19].

The reconstruction problem is thus the recovery of f(r)
from the measurements at various angular frequencies ω of the
scattered field on the receiver surface. The total field is written
as the sum of an incident ambient component uamb(r, ω) and a
scattered component usc(r, ω; f), i.e.,

u(r, ω; f) = uamb(r, ω) + usc(r, ω; f) (2.4)

where

uamb(r, ω) =
∫
Vs

g(r, r′, ω)jn(r′)dr′ (2.5)

and

usc(r, ω; f) =
∫
Ω

g(r, r′, ω)
(
k2
amb(r′, ω)f(r′)

)
u(r′, ω)dr′

(2.6)

where Vs is the volume enclosing the source distribution, and Ω
is the object-domain volume. The Green function g(r, r′, ω) is
the outgoing-wave solution of the equation

∆g(r, r′, ω) + k2
amb(r, ω)g(r, r′, ω) = −δ(r − r′). (2.7)

The half-space Green function has been chosen for this paper
[20], [21].

B. Approximate Tomographic Reconstruction Problem

Observing that function f(r) contains information about the
parameter values as well as the shape, we now express the
parameter at a point in the image space as

f(r) = fg(r)Hρ [φ(r)] (2.8)

where field quantity fg(.) can be considered as a “ghost”
parameter value since it manifests itself through the indicator
function Hρ[φ(.)] (the nomenclature is adopted in the spirit
of the “ghost” field of the local shape function method of
Chew et al. [22]). Hρ[.] is a Heaviside function taken in a
suitable limiting sense defined as follows (as in [23]):

Hρ(t) :=




0, if t < −ρ
1
2

{
1 + t

ρ + 1
π sin

(
πt
ρ

)}
, if t ∈ [−ρ, ρ]

1, if t > ρ.

(2.9)

Furthermore, φ(.) is a level-set-based representation of the
image ([18] and references therein), with {r : φ(r) = 0} repre-
senting the boundary ∂Ω of the object(s) under consideration,
which is supported in region Ω. In this paper, without loss
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of generality, we have considered the unknown object to be a
single region; using level-set-based representations for multiple
regions such as those mentioned in [13], the straightforward
conceptual extension to those cases follows.

The level-set function can be defined as follows:

φ(r) =
{

d(r, ∂Ω), if r ∈ Ω
−d(r, ∂Ω), if r ∈ Ωc (2.10)

where d(.) is a suitable distance measure.
Assume function fg(.) to be decomposed as [7], [9]

fg(r) =
Nb∑
i=1

αiςi(r) (2.11)

where αi are the coefficients in a global basis {ςi}, and Nb

are the number of basis vectors considered. For example, {ςi}
can be considered to be a polynomial basis. Without loss of
generality, in this paper, we consider only the zeroth-order term
in this basis, i.e.,

f(r) = αHρ [φ(r)] (2.12)

where α is the value of the unknown object electromagnetic pa-
rameter value. The choice of a single electromagnetic parameter
value corresponds to the test case of a constant inhomogeneity
in a constant background, which has been chosen without loss
of generality to derive and numerically validate the algorithm.
The important real-world aspect of nonhomogeneous back-
ground and/or object is implicit in this paper’s formulation in
that one needs to compute the incident fields for that back-
ground and express the unknown in basis containing more terms
than just the constant term in the general representation (2.11).

Furthermore, define the closed boundary curve {r : φ(r) =
0} as a parameterized (uniform B spline) curve [24] Υ(s) =
(x(s), z(s)), where for s ∈ [smin, smax]

Υ(s) =
Ms+1∑
q=1

Nq,k(s)Υc
q (2.13)

where Υc
q = (xc

q, z
c
q) are the control points. There are Ms + 1

control points, and the Nq,k basis functions are of order k
(degree k − 1); k must be at least 2 (linear) and at most
Ms + 1, which is the number of control points. Since scaling
or translating the knot vector has no effect on the shapes of the
Nq,k, the knot vector determining the values of s at which the
pieces of the curve join is written as [1, 2, . . . , k + Ms + 1]. For
a closed curve, suppose that we have Mp points Υ1, . . . ,ΥMp

defining the closed B spline. For a given order k, one will need
Mp + k − 1 control points (repeating the first k − 1 points),
i.e., Υ1, . . . ,ΥMp

,Υ1, . . . ,Υk−1, with the knot vector thus
having Mp + 2k − 1 uniformly spaced knots.

Hence, the closed boundary curve Υ(s) = (x(s), z(s)), for
s ∈ [smin, smax], can be written as

Υ(s) =
Mp∑
q=1

Ñq,k(s)Υc
q (2.14)

where Ñq,k(s) ≡ Nq,k(s) + Nq1,k(s), with q1 denoting the
index corresponding to Υc

q in the second (repeated) part of the
control point sequence representing the closed boundary curve.

Define

h =




Re(α)
Im(α)

xc

zc




where α, xc, and zc are the vectors with elements {αi},
{xc

q|q = 1 . . . Mp}, and {zc
q |q = 1 . . . Mp}, respectively.

Recalling that we had defined the “approximate” tomo-
graphic imaging problem as one wherein the object shape,
location, and an approximate (as against a more exact) es-
timate of the object’s interior physical parameter values are
reconstructed, this reconstruction problem can be defined as the
solution to the following nonlinear minimum norm problem:

min
h

1
2
‖h − c‖2

s.t.
1
2
‖ζ(h)‖2 is minimal (2.15)

where c is a known constant representing an a priori informa-
tion, which is typically taken to be the initial estimate of the
iterative process (it can be changed within the iterative process
to help stabilize the iterates), and

ζ(h) =
(

Re (udata −A(h))
Im (udata −A(h))

)

where udata(= urec − urec
amb) is the “effective” measured data

vector concatenated over the frequencies at which the measure-
ments are taken, urec is the measured field at the receiver, and
urec

amb is the ambient field that would have been measured at the
receiver in the absence of the inhomogeneity. The functional
A : IRN → M/2 is the measurement operator corresponding
to the tomographic process, whose ith component (corre-
sponding to the ith measurement) at the given frequency is
Ai(h;ω, ri) ≡ usc(ri, ω; f) [as defined in (2.6)], with f(r′) =
αH[φ(r′,h)], where N is the length of vector h and the number
of measurements is M/2 (for later notational convenience). The
measurement operator is obtained via a suitable discretization
scheme (in this paper, a method-of-moments scheme [21], [25]
is applied to the integral equation of scattering) to solve the
Helmholtz equation for the scattered fields, given the object
parameters.

It must be noted that, as common practice, the problem
(2.15) is chosen to approximate the actual ill-posed problem
of solving for h, i.e., the equation A(h) = udata. In this paper,
the preceding minimization problem (2.15) is solved by using
an iteratively regularized Gauss–Newton method (described
in Section IV) that requires the computation of the Frechet
derivatives of the received fields with respect to the parameter
vector. This aspect is dealt with in the next section.

Note that the number of control points can also be considered
as an implicit smoothing/regularization parameter. In realistic
situations, one would have to solve a series of “surrogate”
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inverse problems from a lesser number of control points to
larger numbers (with the rank-deficient nature of the inverse
problem becoming evident as the number of control points
increases toward the actual number); each problem however
has to be regularized separately due to its possible almost-rank-
deficient nature. In this paper, we analyze the reconstructions
in an almost-rank-deficient framework for an assumed fixed
number of control points.

III. FRECHET DERIVATIVES

A. Continuous-Domain Derivative

Define the residual ϑ(f ;ω) in the continuous-domain rep-
resentation of the unknown parameter f(x, z) at frequency ω
to be

ϑ(f ;ω) = udata(ω) −A(f ;ω) (3.1)

where the ith component of the measurement operator A (cor-
responding to the ith measurement) at the given frequency is
Ai(f ;ω, ri) ≡ usc(ri, ω; f) [as defined in (2.6)].

The Frechet derivative of the residual can thus be written as

ϑ′(f)δf = v (3.2)

where the ith component of v (corresponding to the ith re-
ceiver) is vi ≡ v(ri, ω), with v(r, ω) being a solution of

∆v(r, ω) + k2
nomv(r, ω) = −k2

ambδf(r)u(r, ω) (3.3)

where ∆ is the Laplacian operator, and knom is the nominal
wavenumber at the present iterate.

Thus, the solution for vi := v(ri, ω) in integral form
would be

v(ri, ω) =
∫
Ω

gB(ri, r′, ω)
(
k2
ambδf(r′)

)
u(r′, ω)dr′ (3.4)

where gB(ri, r′, ω) is the Green function corresponding to the
current parameter estimate being the ambient.

Thus, considering the object representation (2.12), we
will have

δf(r) = αH ′
ρ [φ(r)] δφ(r) + Hρ [φ(r)] δα (3.5)

where H ′
ρ[.] denotes the derivative of the Heaviside function.

Observing from (2.9) that the support of H ′
ρ[φ(r)] is con-

tained in φ−1[−ρ, ρ], we can thus write (3.4) as

v(ri, ω) =
∫

φ−1[−ρ,ρ]

gB(ri, r′, ω)k2
amb(r′, ω)

× u(r′, ω)αH ′
ρ [φ(r′)] δφ(r′)dr′

+ δα

∫
Ω

gB(ri, r′, ω)k2
amb(r′, ω)

× u(r′, ω)Hρ [φ(r′)] dr′. (3.6)

We now define rb(r) as the unique boundary point corre-
sponding to a point r in the set φ−1[−ρ, ρ]. This uniqueness
can be justified on the basis of the tubular neighborhood the-
orem [26], which says that, given any compact manifold M
embedded in Euclidean space, there is a neighborhood (called
“tubular neighborhood”) around it such that, for any point r
in the tube, there is a unique point on M closest to r; in our
case, M is a differentiable closed curve, and the Euclidean
space is IR2.

The tubular neighborhood theorem however is an existential
result. For a plane curve such as in the 2-D problems under
consideration, we can define the tube as consisting of all paral-
lel curves Υλ(s) = Υ(s) + λn̂sign(s) such that |λκsign(s)| < 1
for all values of s, where κsign(s) and n̂sign(s) are the signed
curvature and the signed unit normal, respectively [27], [28].
This condition ensures that a parallel curve is regular and that
the normal vectors of the curve Υ(s) coincide with those of
a parallel curve Υλ(s) for all s. The Heaviside approximation
parameter ρ can be taken as one such λ. Taking account of the
spline curves under consideration in this paper, the Heaviside
approximation parameter ρ is chosen as the least |λi| such
that |λiκsign(s)| = 1/q′ for some chosen q′ > 1 and for all
values of s in segment i of the spline approximation. Note
that the representation by parallel curves is for the signed-
distance function, whereas the tubular neighborhood theorem is
valid for an arbitrary level-set function. Furthermore, we draw
attention to the fact [28] that a tube in three dimensions would
be defined as consisting of all parallel surfaces Υλ(x, y, z) =
Υ(x, y, z) + λn̂(x, y, z) such that |λ| < 1/C, where n̂(x, y, z)
is the standard unit normal and C is a positive constant greater
than the absolute values of both the principal curvatures of the
surface, thus ensuring generalizability of the Frechet derivative
calculations here to 3-D, subject to the choice of a suitable basis
representation for 3-D shapes.

Thus, with such a definition of the tube, we would have

δφ(r) = δφ(rb(r)) if r ∈ φ−1[−ρ, ρ]. (3.7)

Substituting (3.7) in (3.6), noting that limρ→0 H ′
ρ[φ(r)] =

(δ[φ(r)]/| � φ|) (see Appendix A for the proof), we have

lim
ρ→0

vi(ri, ω) = α

∫
∂Ω

gB(ri, r′, ω)k2
amb(r′, ω)

× u(r′, ω)
(
−� φ.δr′

|� φ|

)
dr′

+ δα

∫
Ω

gB(ri, r′, ω)k2
amb(r′, ω)

× u(r′, ω)H [φ(r′)] dr′ (3.8)

where H[.] is the Heaviside function. To relate the present
relations to those in [18], supposing we assume that δα = 0,
from the first term in the preceding expression and (3.5), we
can write δf as a measure on ∂Ω as follows:

δf(r) = α

(
−� φ.δr
|� φ|

)
|r∈∂Ω. (3.9)
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Taking into account that the definitions of level-set function
φ(.) in this paper are opposite in sign from those in [18], this
expression for the relation between δf(r) and δr is the same as
[18, eq. (4)].

B. Discrete-Domain Derivative

In this paper, we numerically solve the forward problem
by the method of moments via a pulse-basis point-matching
decomposition of the integral equation [21], [25] (the essen-
tial discretization steps have been mentioned in Appendix C).
Assume basis decompositions of the following forms for para-
meter function f(.) and field u(.):

f(r) =
n∑

j=1

fjψj(r) u(r, ω) =
n∑

j=1

uj(ω)ψj(r) (3.10)

where n is the number of pixels in the image, and {ψj(r)} is an
appropriate basis set; in our case, we choose it to be the pulse
basis, i.e., ψj(r) = 1 for r ∈ pixel j and zero otherwise.

Assuming that a pulse-basis discretization in a method-of-
moments framework is suitable for the coverage of the area
covered by δf(r) in (3.4), it would follow that (3.6) could also
be discretized via the same pulse basis.

Thus, in a pulse-basis discretization of δφ(r) and u(r′, ω),
we write the discrete approximation of (3.6) as

vi =
∑

j�(rj∈φ−1[−ρ,ρ])

GB(i, j)uj

{
αH ′

ρ[φj ]
}

δφj

+ δα
∑

j

GB(i, j)ujHρ[φj ] (3.11)

where φj = φ(rj), and

GB(i, j) =
∫
Ω

gB(ri, r′, ω)k2
amb(r′, ω)ψj(r′)dr′ (3.12)

where the ω dependence in GB(i, j) (on the left-hand side) has
been suppressed for ease of notation.

Using the equivalence of the distorted-Born and
Newton–Kantorovich formulations [1], denoting δϑi := vi, we
can write

δϑi =
∑

j�(rj∈φ−1[−ρ,ρ])

∂ϑi

∂fj

{
αH ′

ρ[φj ]
}

δφj

+
∑

j

∂ϑi

∂fj
Hρ[φj ]δα (3.13)

where relations for (∂ϑi/∂fj) are shown in Appendix C.
Thus, substituting (3.7) in (3.13), we have

δϑi =
∑
jρ

∂ϑi

∂fj

{
αH ′

ρ[φj ]
}

(−� φ.δrbj)+
∑

j

∂ϑi

∂fj
Hρ[φj ]δα

(3.14)

where rbj = rb(rj), jρ ≡ {j � (rj ∈ φ−1[−ρ, ρ])}, and we
have used the level-set propagation condition [18] (i.e., δφ +
�φ.δr = 0) that is satisfied on the boundary.

Recalling the B-spline representation of the boundary curve
(2.14), since rbj = Υ(sj) for some sj ∈ [smin, smax], we
will have

δrbj ≡ δΥ(sj) =
Mp∑
q=1

Ñq,k(sj)δΥc
q. (3.15)

Thus, we have the variation of the measured scattered fields
w.r.t variation in the control points (of the boundary curve) and
the inhomogeneity to be

δϑi =
∑
jρ

∂ϑi

∂fj

{
αH ′

ρ[φj ]
} 

−� φ.


Mp∑

q=1

Ñq,k(sj)δΥc
q







+
∑

j

∂ϑi

∂fj
Hρ[φj ]δα (3.16)

where we will have, for i = 1, . . . ,M/2, δζi = Re(δϑi) and
δζi+M/2 = Im(δϑi). The explicit calculation of this expression
for the Frechet derivative is given in Appendix B.

IV. SCHEME OF RECONSTRUCTION AND ANALYSIS

A. Basic DTRGN Scheme

Recall from Section II that the approximate tomographic
problem to be solved is the minimum c-norm problem (2.15).
To solve this problem, a scheme based on an iteratively regu-
larized Gauss–Newton approximation is utilized. The multifre-
quency GPR tomography problem under consideration in this
paper is found to have an almost-rank-deficient Jacobian matrix
J(h) at the solution point of ζ(h) � 0. It is well known that
the Gauss–Newton method [29] is a very efficient approach
for many parameter estimation problems. However, for ill-
conditioned objective functionals [such as the unregularized
functional (‖ζ(h)‖2/2)] found in many inverse problems, first-
order methods such as the Gauss–Newton will not converge due
to the rank deficiency of the Jacobian matrix. Using iterated
Tikhonov regularization, a stable solution may be found, which
greatly improves the condition of the problem and also the
convergence rate over the Gauss–Newton method applied to the
unregularized functional.

The generic Tikhonov-regularized (with regularization pa-
rameter µ) nonlinear least squares problem corresponding to
(2.15) is

min
h

1
2

∥∥ζaug(h;µ)
∥∥2

(4.1)

where

ζaug(h;µ) ≡
(

ζ(h)
µ(h − c)

)
.

The basic idea with regularization is to find an acceptable
solution within a certain region since one can find acceptable
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solutions to the original problem (without regularization) in
many parts of the solution space. Thus, “c” should be in-
terpreted as the center of such a region, and regularization
parameter µ typically reflects the (2-norm) size of this region.

However, a main problem with the problem (4.1) is the
selection of regularization parameter µ. Typically, in the lit-
erature, two approaches have been followed to regularize the
problem (2.15) via the use of Tikhonov functionals. The first
one is of selecting parameter µ in (4.1) based on a posteriori
(discrepancy-principle-based) parameter rules. These have the
computational pitfall of requiring testing a sequence of reg-
ularization parameters to find a minimizer fulfilling the dis-
crepancy principle, for each of which the minimizer of the
nonlinear Tikhonov functional [(4.1)] has to be evaluated. To
avoid this pitfall, one can use iteratively regularized optimiza-
tion methods, which update the regularization parameter with
the iterations, in steepest-descent-based schemes [30], [31] or
Newton-type methods [2], [3], [14], [30], [32], [33]. In this
paper, we follow the latter class of methods in using a Gauss–
Newton-based iterative regularization approach to solve the
minimum norm problem (2.15).

Basically, we are solving approximately a sequence
of Tikhonov-regularized nonlinear least squares problems
(minh ζaug(h;µt)) for a fixed center c and a sequence of
decreasing regularization parameters µt. The approximate so-
lution h(µt) of one such subproblem is taken as the starting
point of the next subproblem with regularization parameter
µt+1 < µt. The Gauss–Newton method is used to compute an
approximate solution for this kind of subproblem. In the rest of
this paper, for ease of notation, we use µ, instead of µt.

In practical applications, numerical experience allows us
to take the approximate solution of a subproblem to be the
minimum of the linear-residual approximation to that objective
function.2 Recalling that the Gauss–Newton method goes to the
minimum of such a quadratic objective function in one iteration,
we use a computationally inexpensive approach of checking at
each iteration whether to reduce the regularization parameter or
not, depending on whether, at that iterate, the first-order model
is a good-enough approximation of the actual residual. If the
step length is 1, i.e., a full step has been taken, it is assumed
that the first-order model is good enough. It is important to
note that, by decreasing µ, what is actually done is changing
the optimization problem to one that is less smooth (i.e., to a
more rapidly varying objective functional).

Regularization parameter µ is a smoothing factor (should
be larger than the noise), and a larger µ gives an easier opti-
mization problem to solve. A large (small) µ gives a solution
close to (away from) “c.” As will also be seen later via the
analysis, too small a µ results in the Gauss–Newton method not
converging. Hence, it is important to start the algorithm with
a large µ, so that the iterates do not get driven too far from
“c” initially. During iterations, µ should be decreased (never
increased, however, for that c) in order to find lower minima.
Observe that this will lead to a solution further away from “c.”

2Note that the objective function is proportional to the squared norm of the
residual.

Note that the proposed method is, in its basic form, different
from the Levenberg–Marquardt method. It is a Gauss–Newton
method applied on a regularized problem. In addition, if the “c”
is adjusted in each iteration, then we have a method similar to
the Levenberg–Marquardt [30], whereas, in our case, the center
“c” is only changed if convergence problems occur close to the
solution.

To solve this problem, an iterative scheme based on the
Gauss–Newton approximation solves, at the current iterate h

minp

∥∥∥∥
(

J(h)p + ζ(h)
µ(h − c + p)

)∥∥∥∥
2

(4.2)

where the M × N matrix J(h) is the Jacobian matrix of the
functional ζ(h) with respect to h, which is defined via a Taylor
series expansion of the form

ζ(h + p) = ζ(h) + J(h)p + O
(
‖p‖2

)
. (4.3)

The next iterate is given by

hk+1 = hk + βkpk (4.4)

where step length βk is chosen via line search such that the ob-
jective functional is sufficiently reduced. The search direction
pk computed from (4.2) can be written as

pk = −B(hk)
(

ζ(hk)
hk − c

)
(4.5)

where

Bk ≡ B(hk) =
((

JT
k Jk + µ2I

)−1
JT

k

∣∣∣µ2
(
JT

k Jk + µ2I
)−1

)
(4.6)

where we do not explicitly form the product JT
k Jk in the

computation of matrix Bk for reasons of numerical stability;
it is computed via the singular value decomposition of Jk.

Thus, the method employed in our work is a DTRGN method
with line search; for ease of nomenclature, we only say the
DTRGN method. We call it differently from “iteratively reg-
ularized Gauss–Newton” since our approach in the choice of
parameters as well as the methodology of analysis is different
from the methods described in [30]. In addition, our scheme for
the changing of the regularization parameter is different from
those of [3] and [33] in that we link the line search with the
change of µ, whereas, in their work, µ is, in effect, varied pro-
portional to the norm of the residual ζ (with a proportionality
constant that depends on the type of data used and needs to be
set via numerical implementation).

The termination criterion that we have used is a relative
one, i.e., we measure “how much” of the residual remains to
minimize. The relative criterion is defined as

εrel =
‖PJaug‖
‖ζaug‖

(4.7)
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where PJaug is the orthogonal projection onto the range space
of Jaug, and

Jaug =
(

J(h)
µIN

)
.

Termination of the nonlinear recursive scheme is set as the
satisfaction of the criterion εrel < tol for some tolerance limit
tol or the iterates staying stable.

In practice, it is very difficult to know whether we have
stopped at a correct solution and a correspondingly “optimal” µ.
We mention that, in a regularization approach close to the spirit
of ours, the seminal work in [31] combines the minimization
of the Tikhonov functional with a steepest descent scheme and
derives global convergence under certain smoothness criteria
on the true solution. However, those criteria are very difficult
to be tested in typical test problems (they have solved a Single
Photon Emission Computed Tomography problem in medical
imaging); in test cases, they can only tentatively state that the
regularization parameter seems to be stopping at a good value.
This is only to point out the level of difficulty in obtaining
applicable convergence results in all such algorithms. Hence, in
our work, assuming that we are close to that “optimal” µ, based
on a local convergence analysis using Hessian information, we
apply a methodology of numerically checking the iterates for
convergence.

B. Local Convergence of the DTRGN Scheme

The Tikhonov-regularized Gauss–Newton scheme is locally
analyzed (using second-order information) for convergence by
evaluating an iteration matrix at the current iterate and subprob-
lem (characterized by a particular value of µ), which is then
subsequently decomposed to yield distinct contributions to the
rate of convergence from various sources. The objectives of this
analysis are to numerically attempt to: 1) confirm whether an
iterate sequence is part of a convergent subsequence and 2) (if
not convergent) yield the contribution to nonconvergence from
respective convergences in data and parameter spaces as well as
from choices of the regularization parameter.

Close to the solution h∗, the convergence is generally linear,
and we can write [2], [14]

hk+1−h∗=K(hk)(hk−h∗) + second-order terms (4.8)

where

K(hk) = −
(
JT

k Jk + µ2I
)−1

(HT 
 ζ) (4.9)

where HT ≡ (HT
1 , . . . ,HT

m), with Hi = ζ ′′
i (h

k) being the
Hessian matrix corresponding to the ith measurement, and
the “inner product” 
 is defined as HT 
 q =

∑
i H

T
i qi. The

Hessian matrices in this paper are explicitly calculated in
Appendix B. In the rest of this section, we drop the sub/
superscript k for ease of notation.

The spectral radius of the local iteration matrix K(hk) deter-
mines the rate of convergence. Denoting �(A) as the spectral
radius of matrix A (i.e., the maximum of the absolute values of

the eigenvalues of A), the convergence condition can thus be
written as

GN converges ⇒ �(K) < 1 ⇔ Strong loc. min.

GN diverges ⇒ �(K) > 1 ⇔ Saddlepoint. (4.10)

Note, however, that knowledge of �(K) does not give us an
insight into sources of possible nonconvergence of the itera-
tions. To gain that insight, we further decompose the iteration
matrix into data and parameter space components. In order to do
this, we define the singular value decomposition of the Jacobian
matrix J in the form J = J1 + J2 as follows:

J = USVT = (U1,U2)diag(S1,S2)(V1,V2)T (4.11)

with S1 = diag(s1, . . . , sr) and S2 = diag(sr+1, . . . , sn),
where r is a rank of interest at a particular iteration, which is
usually considered as the number of singular values above the
value of µ.

Splitting (JT J + µ2I)−1 into terms corresponding to the
subspaces defined by the assumed value of r, we have

µ2(JT J + µ2I)−1 =µ2V1SV 1VT
1 + V2SV 2VT

2

≡µ2E(µ) + N(µ) (4.12)

where SV 1 =diag{1/[s2
1(1+(µ/s1)2)], . . . , 1/[s2

r(1+(µ/
sr)2)]}, and SV 2 = diag{1/[1 + (sr+1/µ)2], . . . , 1/[1 +
(sn/µ)2]}.

Thus, substituting (4.12) in (4.9), we further obtain [2], [14]

K(h) = K1(h) + K2(h) + K3(h) + K4(h) (4.13)

where

K1(h) = −E(µ)
(
HT 
 PS1ζ

)
(4.14)

K2(h) =N(µ)
(
HT 


(
J†

1

)T

(h − c)
)

(4.15)

K3(h) = µ2E(µ)
(
HT 


(
J†

1

)T

(h − c)
)

(4.16)

K4(h) = − 1
µ2

N(µ)
(
HT 
 PS1ζ

)
(4.17)

where S1 = Null-space(JT
1 ), PS1 is the orthogonal projector

onto S1, and J†
1 is the Moore–Penrose pseudoinverse of J1.

In the preceding expression for K(h), we observe that the
first two terms mainly correspond to the errors due to the normal
curvatures in the objective function and parameter spaces, re-
spectively. The third (fourth) term is usually heavily dependent
on regularization parameter µ and the residual in the parameter
space (objective function space); the third term is typically
small when close to convergence (since convergence usually
implies that µ is small enough), and the fourth term limits
the decrease in the value of the regularization parameter. This
observation (by inspection of K4) that µ cannot be too small
at convergence is corroborated by the commonly observed fact
that too small a µ leads to poor reconstruction quality as well
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as by the analysis for the steepest-descent-based regularization
method in [31]. This also points to a minimum value of µ below
which the decreasing sequence of {µt} should not fall (and thus
to a corresponding underlying limiting cost functional) in order
to ensure the stability of the iteration process.

Thus, the utility of the nature of the decomposition (4.13)
is evident, in that, rather than having only the total iteration
matrix (and its spectral radius), which would be typically
available (and would not give us any insight into the sources
of nonconvergence), we now have information regarding the
separate effects of the objective function and parameter space
errors, as well as those of the regularization parameter, on the
convergence of the iterates.

It can be seen that �(K1) reflects the convergence factor
for the Gauss–Newton method in the full rank case without
regularization [34]. Thus, it basically measures the size of the
residual ζ and the normal curvature of functional space. �(K2)
reflects the size of the residual “h − c” and the curvature in
the parameter space (and not in the functional space, as for
�(K1)). Thus, if �(K2) > 1, the residual “h − c” is too large
or the problem is probably too nonlinear. The solutions to this
issue would be to either change the center c during the iteration
(but not too often since we could drift away from the region
of interest) or to change the mathematical model to a less
nonlinear formulation.

The analysis is used to check whether, at the point of stop-
ping, the iterate is part of a convergent subsequence or not by
checking if �(K) < 1 (as well as the individual �(Ki), to have
a stricter bound). If so, then, that iterate is taken as the final
one. If not, then, the source of nonconvergence is sought to be
located by using �(Ki) typically as follows: If convergence is
not reached for a certain µ, then, �(K2) or �(K4) is often too
large. There is nothing to do about K4 since we do not want
to increase µ for that c. Instead, we can change the center c
and thereby greatly reduce �(K2), which improves the situation
unless �(K4) is still too large. Of course, if the estimate has
indeed reached a good termination point, we have seen, in the
course of several simulational runs, that the value of �(K1)
stays stable across the c change; if not, we found that choosing
the estimate with lesser �(K1) yields a better reconstruction.
In addition, the criterion of the stability of �(K1) across a c
change has been found to help choose a stopping iterate from an
unstable sequence, as shown in the analysis of reconstructions
from some noisier data sets.

It must be noted that it is not the case that �(K)=∑
i �(Ki). However, the decomposition (4.13) separates

(otherwise unified) error sources, as previously explained. In
addition, considering that �(K) < 1 implies the convergence
of the Gauss–Newton method, along with our observation in a
variety of problems that, typically, �(K) ≤

∑
i �(Ki) and/or

the overall �(K) is of similar magnitude as the largest �(Ki)
(as shown in Tables III and IV in the next section), the study
of Ki gives important insights into the sources of nonconver-
gence of the regularization scheme. This insight gives hints
about which kinds of changes are needed to get convergence
for the Gauss–Newton method. In the examples presented in
our study, we have indeed either arrived at a point where
�(K) < 1 by simply using the termination criterion (4.7) or

used the information gained from the analysis to arrive at such
an iterate (where �(K) < 1), as previously explained and also
numerically shown in the studies presented in Section V.

The overall algorithm including the reconstruction and analy-
sis phases has been provided here.

I Initialization
(a) Estimate h0, the “best-fit” circular object within the

Born approximation according to (5.1).
(b) c := h0, with µ set at a suitable “large” value (less

than one).
II Reconstruction phase
For k = 1, 2, . . ., until εrel < tol or the residual is unchang-

ing for many past k,
(a) Estimate the Heaviside approximation parameter ρ

(as explained in the paragraph prior to (3.7)), such that
|ρκsign(s)| < 1, s ∈ [smin, smax], and evaluate the Jacobian
J(hk) using (B1)–(B3).

(b) Solve (4.2) for pk.
(c) Do a line search to find βk.
(d) If βk � 1, then, µ := µ/q, for a suitable choice of

q > 1 (we chose q = 2).
(e) hk+1 = hk + βkpk.

III Analysis phase
Check whether the terminal iterate is part of a convergent

subsequence by checking if �(K) < 1; if not, use evaluations
of �(Ki), i = 1, . . . , 4, close to the termination point to locate
and rectify the source of nonconvergence (as explained in
Sections IV and V).

V. NUMERICAL STUDIES

A. Test Cases and Reconstruction Aspects

Numerical studies have been carried out on the reconstruc-
tion and analysis problem of small dielectric minelike objects of
different shapes for various noise conditions. Scattered data at
multiple frequencies (0.7, 0.9, 1.1, and 1.3 GHz) and multiple-
angle plane-wave incidence (15 angles in [−π/3, π/3]) are
used in our studies. Data sets have been simulated by adding
Gaussian random noise of different variances to the exact data.
In these studies, the data are collected on a line 10 cm above the
ground, and at each frequency, 120 data points are considered
from x = −24 cm to x = 24 cm. The subsurface reconstruction
domain considered is 16 × 16 cm (x = −8 cm, . . . , 8 cm
and z = −0.4 cm, . . . ,−16.4 cm). In the method-of-moments
discretization of the reconstruction domain, we use a grid
measuring 40 × 40. In this paper, cubic splines have been used
(i.e., the order of the spline representation is k = 4), and the
number of distinct control points Mp considered is eight.

The test cases are specified by 1) material composition,
i.e., P1 and P2, whose specifications are given in Table I;
2) shapes S1 and S2; and 3) noise levels denoted by N1 and N2,
which were formed by adding Gaussian noise of zero mean and
standard deviation of 0.1 and 0.2 times the maximum absolute
value of the exact data set, respectively. Hence, the various
phantoms are specified as S1P1N1, S1P1N2, . . ., S2P2N2.

The initialization of the recursive scheme is done by esti-
mating a circular homogeneous object that best generates the
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TABLE I
TEST CASE MATERIAL SETTINGS

measured data under the Born approximation. Since the lin-
earized scattering equation may not truly represent the scatter-
ing process, a constraint is applied on the maximum magnitude
of reconstructed values of object inhomogeneity parameters
to ensure that the object is within the validity of the Born
approximation; in this paper, we have set |α| < 0.6 for the
starting estimate. We define

h̃ =




Re(α)
Im(α)
xcenter

zcenter

R




with (xcenter, zcenter) ≡ rc and R being the center coordinates
and radius of the object, respectively.

Hence, an estimate of the “best-fit” circular object within the
Born approximation can be obtained as

min
h̃∈D

∥∥∥ζBorn(h̃)
∥∥∥2

(5.1)

where D represents assumed box bounds for the various
unknowns

ζBorn(h̃) =


 Re

(
udata −ABorn(h̃)

)
Im

(
udata −ABorn(h̃)

)



where ABorn(h̃) is the scattered field under the Born approx-
imation and is obtained from A(h̃) [as defined after (2.15)]
by replacing u(r′, ω, h̃) with uamb(r′, ω) in the integrand and
noting that the level-set function for an object with a circular
boundary can be evaluated as

φ(r′, h̃) = R − ‖r′ − rc‖. (5.2)

The approximation to the Heaviside function used for the
evaluation of this first estimate is H[.] � Hρ[.], where ρ has
been set as the method-of-moments’ grid-discretization interval
for the initialization step to ensure a gradual slope. In this paper,
this nonlinear minimization problem for the starting estimate is
solved by using the Matlab routine “lsqnonlin” (since a rough
starting estimate is what we need; however, this function is not
used in the Gauss–Newton iterations). The initial control points
of the full nonlinear scheme are distributed along the perimeter
of this initial circular object. Typically, in our initial estimate,
we set the imaginary part of the inhomogeneity parameter α
to zero.

As mentioned in Section III, in the course of the solution of
the full nonlinear reconstruction problem (4.1), at each itera-
tion, the Heaviside approximation parameter ρ is chosen as the

Fig. 2. Phantom S1P1N1 (data SNR = 34.53865 dB) (solid line: actual
shape, dotted line: reconstructed shape; dot-dashed line: first estimate). Recon-
structed f = 0.66378 + i 0.05474, and actual f = 0.6644 + i 0.0588.

least |λi| such that |λiκsign(s)| = 1/q′ for some chosen q′ > 1
and for all values of s in segment i of the spline approximation,
where κsign(s) and n̂sign(s) are the signed curvature and the
signed unit normal, respectively.

The initial value of vector c is set at the initial estimate. Since
the chosen c value is in the nature of an a priori information,
during the iterations, it needs to be such that the regularization
region is well represented in order for the iterates to stabilize
and/or the termination criterion (4.7) to be achieved. A further
discussion about the choice of c is found in the subsequent
section on the second-order analysis.

In the nonlinear regularization scheme [described by
(4.4)–(4.6)], the setting of regularization parameter µ is done
by initializing it to a suitably “large” value and then reducing it
in steps corresponding to a reduction in the objective function
value in the line search step, when the step size is large
enough (i.e., the step size should be close to 1). Termination
of the nonlinear recursive scheme was set as the satisfaction of
the criterion εrel < 0.01 and/or the iterates staying stable. To
verify the convergence of these estimates, the iterates close to
termination have been subjected to the second-order analysis,
as shown in the next section.

Reconstructions for the eight test cases are shown in
Figs. 2–9. The values of the reconstructed electrical parameters
are given in the figure captions. The reconstructed electri-
cal parameters are also given in Table II. As we observe,
in addition to the good correspondence of reconstructed and
actual shapes, there is a good agreement between the real and
imaginary parts of the reconstructed values of the electrical
parameter f(r)(= α), and the actual values, for the test cases
considered.

Aside from the obvious reduction in computational effort
over the full pixel-basis reconstructions in the inversion part of
the optimization scheme due to the constraining of the solution
space, we see, from (3.16), that, since the number of control
points and the number of pixels in the tube are typically very
much smaller than the number of pixels in the support of the
present object at that iterate, the main computational effort
in the forward problem is (as for a pixel-based reconstruction
scheme) in computing the pixel-basis Jacobian. However, since
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Fig. 3. Phantom S1P1N2 (data SNR = 20.66664 dB) (solid line: actual
shape, dotted line: reconstructed shape; dot-dashed line: first estimate). Recon-
structed f = 0.656123 + i 0.058301, and f = 0.6644 + i 0.0588.

Fig. 4. Phantom S1P2N1 (data SNR = 28.23347 dB) (solid line: actual
shape, dotted line: reconstructed shape; dot-dashed line: 1st estimate). Recon-
structed f = 1.223985 − i 0.029772, and actual f = 1.2221 − i 0.02667.

Fig. 5. Phantom S1P2N2 (data SNR = 13.99349 dB) (solid line: actual
shape, dotted line: reconstructed shape; dot-dashed line: first estimate). Recon-
structed f = 1.194527 − i 0.027346, and actual f = 1.2221 − i 0.02667.

we only need to compute the Jacobian inside the object support
and, as we observe from Figs. 2–9, the size of the initial
support of the object being larger than the actual object (need

Fig. 6. Phantom S2P1N1 (data SNR = 34.96784 dB) (solid line: actual
shape, dotted line: reconstructed shape; dot-dashed line: first estimate). Recon-
structed f = 0.663515 + i 0.059112, and actual f = 0.6644 + i 0.0588.

Fig. 7. Phantom S2P1N2 (data SNR = 20.87145 dB) (solid line: actual
shape, dotted line: reconstructed shape; dot-dashed line: first estimate). Recon-
structed f = 0.6520450 + i 0.065861, and actual f = 0.6644 + i 0.0588.

Fig. 8. Phantom S2P2N1 (data SNR = 26.57039 dB) (solid line: actual
shape, dotted line: reconstructed shape; dot-dashed line: first estimate). Recon-
structed f = 1.213768 − i 0.028018, and actual f = 1.2221 − i 0.02667.

not necessarily contain the actual object however), the amount
of computation effort for the forward problem reduces as the
iterates move toward the actual object.
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Fig. 9. Phantom S2P2N2 (data SNR = 12.91251 dB) (solid line: actual
shape, dotted line: reconstructed shape; dot-dashed line: first estimate). Recon-
structed f = 1.1819917 − i 0.029987, and actual f = 1.2221 − i 0.02667.

TABLE II
RECONSTRUCTED VALUES OF Re(f) AND Im(f)

B. Local Analysis Results

Our objectives of applying the convergence analysis to the
preceding results are as an aid in ensuring that the estimate
obtained is indeed a part of a convergent sequence and also,
at times, to know which iterate to stop at. The spectral radii
of the individual components of the convergence matrix are
defined as �i = �(Ki), i = 1, . . . , 4, where Ki are as defined
in (4.14)–(4.17). From those expressions, we observe that, other
than the nonlinearities of the problem, �1, �2, �3, and �4 heavily
depend on the residual in the data space, the parameter space
residual “(h − c),” µ2 and the residual “(h − c),” and 1/µ2

and the residual in the objective function space, respectively.
In Tables III and IV, we denote “at termination” as “AT,”

“at termination after changing c to the value around AT” as
“ATc+,” and “i iterations prior to AT” as “AT-i.”

We see that the values of the data space curvature �1 are the
most important in deciding the choice of a particular estimate
as the final correct one. The methodology employed has been
to check if the final estimate satisfies the condition �(K) < 1
as well as �i < 1 for all i. If so and also if the iterates have
stabilized and/or the relative termination criterion εrel < 0.01
is achieved, then the estimates could be considered a part of a
convergent sequence. This is reflected in the test cases S1P1N2,
S2P1N2, S1P2N1, and S2P2N2.

In cases S1P1N1, S2P1N1, and S2P2N1, the iterates are
stable and �1 < 1, but �2 > 1 and �(K) > 1. Then, we change

TABLE III
CONVERGENCE ANALYSIS FOR SHAPE S1

TABLE IV
CONVERGENCE ANALYSIS FOR SHAPE S2

the value of c to a more recent iterate and perform another
sequence of iterations. Upon applying the analysis to this new
sequence, data space curvature �1 stays comparable to the
previous sequence, as do the reconstructed parameters, whereas
parameter space curvature �2 comes down as expected, as does
ρ(K), thus justifying the reconstructions.

In case S1P2N2, the analysis is applied to decide which itera-
tion to choose as our estimate since, in this high-noise case, the
iterates obtained are not very stable near the termination point.
Changing the value of c also does not yield a stable sequence;
hence, we choose the reconstruction “AT-2” that has the least
value of �1 across the change of c. Using our knowledge of
the ground truth in the test case, it is also corroborated that the
reconstructed parameter values are closer in “AT-2” than in the
others.

If µ is small enough, then it should be likely that �4 > �3.
However, for some problems, as in this paper, it is difficult to
reduce µ to a very low value, and residual “(h − c)” is also
not small enough. This leads to results where �3 > �4. If we
want to further reduce µ, it is clear that the center “c” must be
changed. Of course, if µ gets very small, then �4 will explode.
It is thus very possible that the stopping point can be at a point
that does not correspond to a “small enough” µ.

As we see in the convergence factors, the size of “(h − c)”
must not be too large for nonlinear problems, (as well as
residual vector “ζ”). In general, if convergence is not achieved,
it is possible to investigate the convergence factors, and if the
factor with “(h − c)” is too large, one can set “c = hk” and
continue to iterate. In practice, it is too costly to compute the
factors during the iterates, so one can assume that this is the
case, which almost often holds (it is problem dependent so one
can compute the factors for different cases and learn from it).
Note however that, if “c” is changed too often, then the idea
of regularization regions is lost, and the method will become a
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trust-region method that changes the center in each iteration.
Thus, the trust region is about local stabilization (where hk

can drift away a lot), and regularization tries to define a region
where to find a solution.

VI. CONCLUSION

A nonlinear Helmholtz-equation-modeled electromagnetic
tomographic reconstruction problem is solved for the object
boundary and inhomogeneity parameters in a DTRGN
solution framework. For an explicit parameterized boundary-
representation-based reconstruction scheme, analytical
Jacobian calculations are made to express the change in
scattered field values w.r.t. changes in the inhomogeneity
parameters and the control points in a spline representation of
the object boundary, via the use of a level-set representation
of the object. Furthermore, analytical expressions have been
derived for the Hessian matrix, and the reconstructed estimates
obtained by the DTRGN method have been analyzed for
convergence by the application of a local Hessian-based
convergence analysis to the scheme. Numerical results demon-
strating the present reconstruction scheme and its analysis are
presented for a subsurface imaging problem for small minelike
dielectric objects. We note that, in addition to the shape and the
real part of the electrical parameter α, good agreement has also
been observed in the reconstructions of Im(α). We also indicate
some real-world issues that are addressable in the framework
of this paper and are the focus of forthcoming work.

1) The problem of reconstructing 3-D objects in a nonhomo-
geneous (typically layered) background [36], [37] is an
important computationally demanding one. The ability to
find objects in a nonhomogeneous background is implicit
in this paper’s formulation, in that one needs to compute
the incident fields for that background and express the
unknown in basis containing more terms than just the
constant term in the general representation (2.11). As
mentioned in Section III, the extension of the preceding
method to three dimensions would involve the choice
of suitable basis representations for the shapes, as well
as defining a tube in 3-D as consisting of all parallel
surfaces Υλ(x, y, z) = Υ(x, y, z) + λn̂(x, y, z) such that
|λ| < 1/C, where n̂(x, y, z) is the standard unit normal
and C is a positive constant greater than the absolute
values of both the principal curvatures of the surface.

2) In this paper, we have fixed the number of reconstructed
control points since we analyzed reconstructions for dif-
ferent shapes, noise levels, and material compositions,
with an emphasis on the almost-rank-deficient nature
of the inverse problem. As mentioned in Section II, a
realistic problem would have to solve a series of “surro-
gate” subinverse-problems, from lesser number of control
points to larger numbers; each problem however has to be
separately regularized due to its possible ill-posed rank-
deficient nature.

3) The amount of data needed to generate acceptable re-
constructions needs to be studied since one rationale of
reducing the number of unknowns is to use less data than
usual. Equally, in the light of the physical assumptions

made, the amount of data that would at all be used by the
reconstruction algorithm needs to be understood.

4) If we have a priori information about the number of
objects, then, (using level-set-based representations for
multiple regions such as those mentioned in [13]), that
information could be incorporated into the present frame-
work (after suitable initialization of the nonlinear iter-
ations) by augmenting the unknown vectors for each
region. If we do not have such a priori information, then,
it seems that suitable thresholding (i.e., lower limits on
the size of the tubular neighborhood coupled with mutual
distances of control points) and reinitialization schemes
need to be investigated to address the merging or splitting
of regions.

APPENDIX A

Lemma: Defining Hρ(.) by (2.9) and denoting the level-set
function at a point (x, y) by φ(x, y), we have the result

lim
ρ→0

H ′
ρ [φ(x, y)] =

δ [φ(x, y)]
|�φ(x, y)| . (A1)

Proof: Parameterizing the curve φ(x, y) = 0 as x =
s1(τ), y = s2(τ), we have on Γ(≡ {φ(s1(τ), s2(τ)) = 0})

φxṡ1(τ) + φy ṡ2(τ) = 0.

Choosing (s1, s2), so that Γ is a unit speed curve, we set

ṡ1 =
φx

φ2
x + φ2

y

ṡ2 = − φy

φ2
x + φ2

y

.

The unit normal vector is given by

(n1(τ), n2(τ)) =
(φx, φy)√
φ2

x + φ2
y

.

Thus, for γ ∈ [−ρ, ρ], τ ∈ [0, L], where L is the total arc length,
a strip around Γ, which is denoted by Γρ and constructed as

Γρ ≡ {(x(γ, τ), y(γ, τ))}

= {(s1(τ) + γn1(τ), s2(τ) + γn2(τ)}

is unique and smooth from [−ρ, ρ] × [0, L] into Γρ.
Now, from (2.9), we can write

H ′
ρ [φ(r)] :=

{
1
2ρ

{
1 + cos

(
πφ(r)

ρ

)}
, if r ∈ φ−1[−ρ, ρ]

0, otherwise.
(A2)

Thus, Supp(H ′
ρ[φ(x, y)]) ⊂ Γρ. Defining Cρ(r) ≡ {1 +

cos((πφ(r)/ρ))}, for υ ∈ C(Ω), we have

lim
ρ→0

∫
Γρ

H ′
ρ [φ(x, y)] υ(x, y)dxdy

= lim
ρ→0

∫
[−ρ,ρ]×[0,L]

Cρ(γ, τ)
2ρ

υ(γ, τ)
∣∣∣∣∂(x, y)
∂(γ, τ)

∣∣∣∣ dγdτ (A3)
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where

∂(x, y)
∂(γ, τ)

=n1(ṡ2 + γṅ2) − n2(ṡ1 + γṅ1)

=
1√

φ2
x + φ2

y

+ γ(n1ṅ2 − n2ṅ1). (A4)

Recalling the fact that, for a smooth-enough function P (γ) and
small-enough ρ

1
2ρ

ρ∫
−ρ

P (γ)Cρ(γ, τ)dγ

=
P (0)
2ρ

ρ∫
−ρ

Cρ(γ, τ)dγ +
P ′(0)
2ρ

ρ∫
−ρ

γCρ(γ, τ)dγ (A5)

and since close enough to the boundary, φ(γ, τ) � γ, we have

lim
ρ↓0

1
2ρ

ρ∫
−ρ

P (γ)Cρ(γ, τ)dγ =lim
ρ↓0

P (0)
2ρ

ρ∫
−ρ

(
1+cos

(
πγ

ρ

))
dγ

+ lim
ρ↓0

P ′(0)
2ρ

ρ∫
−ρ

γCρ(γ, τ)dγ

= P (0). (A6)

Using (A4), (A6), and the observation that the second term in
the right-hand side of (A4) has only γ as the γ-dependent term,
in (A3), we have

lim
ρ↓0

∫
Γρ

H ′
ρ [φ(x, y)] υ(x, y)dxdy

=

L∫
0

dτ lim
ρ↓0

1
2ρ

ρ∫
−ρ

Cρ(γ, τ)
υ (x(γ, τ), y(γ, τ))√

φ2
x + φ2

y

dγ

=

L∫
0

υ (s1(τ), s2(τ))√
φ2

x + φ2
y

dτ. (A7)

Hence, we have the proof. �

APPENDIX B

Jacobian and Hessian Evaluations

Jacobian Calculations: For the B-spline representation of
the boundary curve, the Jacobian entries can be explicitly
written as follows:

∂ϑi

∂xq
= −

∑
j�(rj∈φ−1[−ρ,ρ])

Ñq,k(sj)
∂ϑi

∂fj
αH ′

ρ [φ(rj)] φx(sj)

(B1)

where φx(.) denotes the partial derivative of φ(.) with respect
to the x-coordinate. Furthermore

∂ϑi

∂zq
= −

∑
j�(rj∈φ−1[−ρ,ρ])

Ñq,k(sj)
∂ϑi

∂fj
αH ′

ρ [φ(rj)] φz(sj)

(B2)
∂ϑi

∂α
=

∑
j

∂ϑi

∂fj
Hρ [φ(rj)] . (B3)

Hessian Evaluation: In order to calculate the boundary vari-
ations δϕ, where ϕ = φx, φz , we use the following relation:

(ϕ + δϕ) [(Υ + δΥ)(s)] = δϕ [Υ(s)] + ∇ϕ · δΥ(s) (B4)

where we recall from (3.15)

δΥ(s) =
Mp∑
q=1

Ñq,k(s)δΥc
q.

Defining, for a given s, P (Υc) ≡ ϕ[Υ(s)], we have

P (Υc + δΥc) = (ϕ + δϕ) [(Υ + δΥ)(s)] .

Hence, up to first order, we can write

P (Υc + δΥc) = (ϕ + δϕ) [(Υ + δΥ)(s)]

where JP is the Jacobian of P (.) w.r.t. Υc. Hence, we can write
up to first order

(ϕ + δϕ) [(Υ + δΥ)(s)] − ϕ [Υ(s)] = JP δΥc.

Hence, we have from (B4)

δϕ [Υ(s)] = JP δΥc −∇ϕ ·


Mp∑

q=1

Ñq,k(s)δΥc
q


 (B5)

where JP can be numerically evaluated via finite differences.
However, note that, although finite differences are employed in
the preceding calculation, no new forward problem evaluations
are involved here.

To evaluate the Hessian, we observe the following relations:

∂fj

∂xq
= −Ñq,k(sj)αH ′

ρ [φ(rj)] φx(sj)

∂fj

∂zq
= −Ñq,k(sj)αH ′

ρ [φ(rj)] φz(sj)

∂fj

∂α
= Hρ [φ(rj)] .

Thus, the Hessian relations can be written as

∂2ϑi

∂xp∂xq
= T (1)

xx + T (2)
xx + T (3)

xx (B6)
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where

T (1)
xx =−

∑
j

Ñq,k(sj)

{∑
l

∂2ϑi

∂fl∂fj

∂fl

∂xp

}
αH ′

ρ [φ(rj)] φx(sj)

where the expression for ∂2ϑi

∂fl∂fj
in the method-of-moments

framework is given in Appendix C.

T (2)
xx =

∑
j

{
−Ñq,k(sj)φx(sj)

} ∂ϑi

∂fj

× αH ′′
ρ [φ(rj)]

{
−Ñp,k(sj)φx(sj)

}

T (3)
xx = −

∑
j

Ñq,k(sj)
∂ϑi

∂fj
αH ′

ρ [φ(rj)]

×
{

JP (xp) − φxxÑp,k(sj)
}

where JP (xp) denotes the term of JP corresponding to control
point xp. Note that the summation indexes j and l will be
such that rj ∈ φ−1[−ρ, ρ] and rl ∈ φ−1[−ρ, ρ] whenever there
are H ′

ρ[.] or H ′′
ρ [.] in any product term component of the

summation. Furthermore

∂2ϑi

∂zp∂zq
= T (1)

zz + T (2)
zz + T (3)

zz (B7)

where

T (1)
zz = −

∑
j

Ñq,k(sj)

{∑
l

∂2ϑi

∂fl∂fj

∂fl

∂zp

}
αH ′

ρ [φ(rj)]φz(sj)

T (2)
zz =

∑
j

{
−Ñq,k(sj)φz(sj)

} ∂ϑi

∂fj

× αH ′′
ρ [φ(rj)]

{
−Ñp,k(sj)φz(sj)

}

T (3)
zz = −

∑
j

Ñq,k(sj)
∂ϑi

∂fj
αH ′

ρ [φ(rj)]

×
{

JP (zp) − φzzÑp,k(sj)
}

.

In addition,

∂2ϑi

∂α2
=

∑
j

{∑
l

∂2ϑi

∂fl∂fj

∂fl

∂α

}
Hρ [φ(rj)] . (B8)

The mixed derivatives are

∂2ϑi

∂zp∂xq
= T (1)

xz + T (2)
xz + T (3)

xz (B9)

where

T (1)
xz = −

∑
j

Ñq,k(sj)

{∑
l

∂2ϑi

∂fl∂fj

∂fl

∂zp

}

× αH ′
ρ [φ(rj)] φx(sj)

T (2)
xz =

∑
j

{
−Ñq,k(sj)φx(sj)

} ∂ϑi

∂fj

]

× αH ′′
ρ [φ(rj)]

{
−Ñp,k(sj)φz(sj)

}
T (3)

xz = −
∑

j

Ñq,k(sj)
∂ϑi

∂fj
αH ′

ρ [φ(rj)]

×
{

JP (zp) − φxzÑp,k(sj)
}

.

In addition

∂2ϑi

∂xq∂α
= T (1)

xα + T (2)
xα (B10)

where

T (1)
xα = −

∑
j

Ñq,k(sj)

{∑
l

∂2ϑi

∂fl∂fj
Hρ [φ(rl)]

}

× αH ′
ρ [φ(rj)] φx(sj)

T (2)
xα =

∑
j

{
−Ñq,k(sj)φx(sj)

} ∂ϑi

∂fj
H ′

ρ [φ(rj)] .

APPENDIX C

Method-of-Moments-Based Jacobian and Hessian

From Section III-B, we recall the basis decompositions
(3.11) of the following forms for parameter function f(.) and
field u(.):

f(r) =
n∑

j=1

fjψj(r) u(r, ω) =
n∑

j=1

uj(ω)ψj(r)

where n is the number of pixels in the image, and {ψj(r)} is an
appropriate basis set; in our case, we choose it to be the pulse
basis, i.e., ψj(r) = 1 for r ∈ pixel j and zero otherwise.

Substituting (3.11) in (2.6), we get

usc(r, ω) =
n∑

j=1

fjuj(f , ω)oj(r, ω) (C1)

where

oj(r, ω) =
∫
Ω

g(r, r′, ω)k2
amb(r′, ω)ψj(r′)dr′. (C2)

Considering a point-matching scheme [25], we obtain the
expression for the field at a point r = ri, from (C1) and (2.4), as

u(ri, ω) = uamb(ri, ω) +
n∑

j=1

fjuj(f , ω)oj(ri, ω).
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Define matrices GR and GD corresponding to the sets
of receiver points (denoted by R) and object-domain points
(denoted by D), respectively, as follows:

GR(i, j) = oj(ri, ω) for ri ∈ R
GD(i, j) = oj(ri, ω) for ri ∈ D

where oj(r, ω) has been defined in (C2), and the ω dependence
in the matrices on the left-hand side have been suppressed for
ease of notation.

The Jacobian matrix J(f) is obtained as

J = [Jq,s]

where [Jq,s] is the stacked version of the matrices Jq,n for
each source frequency ωq and source position s, with Jq,s being
given by [35]

Jq,s = −GR(I − ΛGD)−1diag
(
uint

q,s

)
.

Using the following relation [1]:

(I − ΛGD)−1 = I + Λ(I − GDΛ)−1GD

we obtain a column of the Jacobian matrix as

∂ϑ

∂fi
= −

(
GR(:, i) + GRΛC−1GD(:, i)

)
ui(f) (C3)

where (:, i) in the argument of a matrix denotes the ith column
of the matrix (in Matlab notation). Hence, a second-derivative
column vector can be written as

∂2ϑ

∂fi∂fj
= −

(
GR(:, i) + GRΛC−1GD(:, i)

) ∂ui(f)
∂fj

−
(
Gj

RC−1 + GRΛ
(
C−1Gj

DC−1
))

GD(:, i)ui(f) (C4)

where Gj
R (Gj

D) is the matrix obtained by the zeroing out all
columns of GR (GD), except the jth column.
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