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Abstract. Let F be a non-Archimedean local field and let σ be a non-trivial Galois involution with fixed
field F0. When the residue characteristic of F0 is odd, using the construction of cuspidal representations

of classical groups by Stevens, we classify generic cuspidal representations of U(2, 1)(F/F0).

1. Introduction

Let F be a non-Archimedean local field and let σ be a non-trivial Galois involution with fixed field F0.
Let V be a three dimensional F -vector space, and let h : V × V → F be a non-degenerate hermitian form
with

h(xv, yw) = xσ(y)σ(h(w, v)) for all v, w ∈ V and x, y ∈ F. (1.1)

Let σh be the adjoint anti-involution induced by h on EndF (V ). Let G be the unitary group associated to
(V, h), and let G be the group of F0-rational points of G. In this article we obtain a classification of generic
cuspidal representations of G using the underlying skew semisimple strata, in the construction of cuspidal
representations of G.

Let H be a quasi-split reductive algebraic group defined over F0. Let B be a Borel subgroup of H, defined
over F0, and let U be the unipotent radical of B. Let T be a maximal F0-split torus of H contained in
B. For any algebraic group R, defined over F0, we denote by R the group of F0-rational points of R. A
character ψ of U is said to be non-degenerate if ψ is non-trivial on each simple root group of T in U . A
representation π of H is called generic if HomU (π,Ψ) 6= 0, for some non-degenerate character Ψ of U .

A cuspidal representation (π, V ) of H is a generic representation if and only if there exists a non-zero
linear functional l : V → C and a character Ψ of U such that

l(π(u)v) = Ψ(u)l(v), for all u ∈ U, v ∈ V.
If such a linear functional exists, for (π, V ), then the character Ψ necessarily satisfies the non-degenerate
condition on the character Ψ (see Section 2.4). The functional l is called a Whittaker linear functional.
Moreover, when H equals G, genericity of an irreducible smooth representation does not depend on the
choice of the pair (U,Ψ). A Whittaker linear functional on an irreducible smooth representation, if it exists,
is unique up to scalars (see [20] and [17]).

Whittaker functionals are first used by Jacquet and Langlands to define the local L, ε-factors for GL2(F0)
(see [12, Theorem 2.18]). These methods and their generalisations have played a fundamental role in the
Langlands program, and especially in the theory of automorphic L-functions (see [10] for a survey). The
local Langlands correspondence gives a natural partition of irreducible smooth representations of H into
finite sets called the L-packets. It is conjectured by Shahidi that there exists a unique generic representation
inside an L-packet consisting of irreducible tempered representations (see [19, Conjecture 9.4]). When the
characteristic of F is zero, the local Langlands correspondence for the group G is established by Rogawski
in the book [18], and Shahidi’s conjecture, for the group G, is proved in the paper [9]. We also refer to the
work of Blasco [3] in the context of local Langlands correspondence for G. We hope that the results of this
article are useful in understanding an explicit version of the local Langlands correspondence for G, relating
the L-packets of cuspidal representations to their inducing data.

Every cuspidal representation of GLn(F0) is generic (see [1, Chapter 3, 5.18]), but this is no longer true
for classical groups. The classification of generic positive depth cuspidal representations from the inducing
data is expected to depend on some subtle arithmetic aspects of the inducing data. When the characteristic
of F0 is zero, F/F0 is unramified, and the cardinality of the residue field of F0 is odd, Murnaghan classified
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the generic cuspidal representations of G in the article [15, Theorem 7.13]. The methods used in [15]
are based on character formulas for cuspidal representations–the Murnaghan–Kirillov formula–and using a
local character expansion to relate with Shalika germs. DeBacker and Reeder also studied genericity of very
cuspidal representations, arising from an unramified torus, of an unramified p-adic group (see [8]). Blondel
and Stevens, using different techniques from Murnaghan, have classified generic cuspidal representations of
Sp4(F0), for a non-Archimedean local field F0 with odd residue characteristic (see [4]). The methods of this
article are inspired by the work of Blondel and Stevens on Sp4(F0).

The explicit construction of cuspidal representations of G, when F/F0 is an unramified extension of p-adic
fields, goes back to the work of Moy and Jabon in the articles [14] and [11] respectively. Later, Blasco, in the
article [2], gave an explicit construction of cuspidal representations in the line of Bushnell–Kutzko’s work
on the admissible dual of GLn. In this article, we use the generalisation of Bushnell–Kutzko construction
of cuspidal representations to classical groups by Stevens, culminating in the paper [22].

We now describe the results of this article using the language of strata from the theory of types (see
Section 3 and references in loc.cit). Let x = [Λ, n, 0, β] be any skew semisimple stratum in EndF (V ), in
particular, Λ is a lattice sequence, n is a non-negative integer, β ∈ EndF (V ) with σh(β) = −β, and the G-
stabilizer of β–for the adjoint action of G on its Lie algebra–is isomorphic to a product of unitary groups. Let
Πx be the set of all cuspidal representations containing a type, in the sense of Bushnell–Kutzko, constructed
from the stratum x. Let ψ be a fixed non-trivial additive character of F , and let ψβ be the function sending
X ∈ EndF (V ) to ψ(tr(β(idV −X))). Let Xβ(F0) be the set of all F0-rational Borel subgroups B of G such
that ψβ defines a character on the group of F0-rational points of the unipotent radical of B. The main
result of this article is the following theorem:

Theorem 1.0.1. Assume that F has odd residue characteristic. Let x = [Λ, n, 0, β] be any skew semisimple
stratum with n > 0. The cuspidal representations in the set Πx are either all generic or all non-generic.
If Xβ(F0) is empty, then every cuspidal representation in the set Πx is non-generic. Except when β has a
non-degenerate two dimensional eigenspace, a cuspidal representation in the set Πx is generic if and only
if Xβ(F0) is non-empty. If β has a non-degenerate two dimensional eigenspace, V2, then the set Xβ(F0)
is non-empty if and only if (V2, h) is isotropic. However, every cuspidal representation in the set Πx is
non-generic.

The set Xβ(F0) is the set of F0-rational points of a closed subvariety Xβ of the variety of Borel subgroups
of G. We determine necessary and sufficient conditions on β for the non-emptiness of Xβ(F0). Hence,
we obtain a more explicit form of Theorem 1.0.1, and for this, we refer to Theorem 9.0.1. The genericity
of depth-zero cuspidal representations G is well understood (see [7, Section 6]). However, we recall these
results for giving a complete analysis of genericity of cuspidal representations of G, especially, for those
results not stated in the literature, for instance, when F/F0 is ramified.

In general, the proofs use the explicit construction of cuspidal representations for classical groups by
Stevens in the articles [21] and [22] and Mackey-decomposition to understand the restriction of a cuspidal
representation to a maximal unipotent subgroup of G. Blondel and Stevens, in the article [4], related the
set Xβ(F0) with the problem of genericity of cuspidal representations of Sp4(F0). We use the approach in
[4] to classify generic cuspidal representations of G; however, there are significant differences from the case
of Sp4(F0). In the case of Sp4(F0), the variety Xβ is a P1-fibre space over a quadratic hypersurface–in a 3-
dimensional projective space over F0. Hence, the problem of finding rational points on Xβ is reduced to that
of a quadratic hypersurface. For the unitary group in 3-variables, the variety Xβ is the intersection of two
quadratic hypersurfaces in a 5-dimensional projective space over F0. This poses some arithmetic difficulties
in understanding the F0-rational points on Xβ . The other significant difference between Sp4(F0) and G
is that the isomorphism class of a non-degenerate subspace of (V, h) is not determined by its dimension.
For instance, a 2-dimensional non-degenerate subspace of (V, h) can be either isotropic or anisotropic. The
problem of genericity depends on these differences.

We briefly sketch the contents of each section. The algebra F [β] is a direct sum of fields, say

F [β] = F [β1]⊕ Fβ2]⊕ · · · ⊕ F [βk]

with β =
∑k
i=1 βi and σh(βi) = −βi, for 1 ≤ i ≤ k. This decomposition of F [β] corresponds to a maximal

orthogonal decomposition of V =⊥ki=1 Vi, for the property that F [β] acts on Vi via its projection onto
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F [βi], for 1 ≤ i ≤ k. The above decomposition is unique and is determined by β. In Section 2, we set
up some preliminaries to prove non-genericity results. In Section 3, we review some useful results from
the construction of cuspidal representations of G. In Section 4, we consider the case where F [β] is a field.
When the characteristic of F0 is zero, the L-packet containing a cuspidal representation from the set Πx has
cardinality 1. Hence, any representation in the set Πx is expected to be generic. We first prove that Xβ(F0)
is non-empty, and using this, we will show that every representation in the set Πx is generic.

In Section 5, we consider the case where F [β] is a 3-dimensional algebra, F [β] = F [β2] ⊕ F [β1], and
β = β2 + β1 such that [F [β2] : F ] = 2. We will completely determine when Xβ(F0) is non-empty and this
depends only on the valuation of βi, in the field F [βi], and on the isomorphism class of the hermitian space
(V2, h). Then we will use these results to show that a representation in the set Πx is generic if and only if
the set Xβ(F0) is non-empty. In this case, we sometimes have to find a nice integral model of Xβ and lift
points from its special fibre.

In Sections 6 and 7, we treat the cases where F [β] is a direct sum of two copies of F and three copies
of F , respectively. The strategy is similar to that of the previous sections. But, in Section 6, we will see
examples when Xβ(F0) is non-empty, and yet every representation in the set Πx is non-generic. We note
that β is not a regular semisimple element in this case.

In Section 7, we have β = β1 + β2 + β2, with βi ∈ F and σ(βi) = −βi. When F/F0 is unramified, the
non-emptiness of the set Xβ(F0) depends only on the valuations of βi. However, when F/F0 is ramified the
information on the valuations of βi, for 1 ≤ i ≤ 3, is not enough to determine whether the set Xβ(F0) is
empty or not. Although it is fairly easy to determine the conditions on β for the non-emptiness of Xβ(F0),
these conditions do not involve the natural invariants of the stratum x; hence, we did not make them explicit.
Nonetheless, we will show that a representation in the set Πx is generic if and only if Xβ(F0) is non-empty.
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2. Preliminaries

All representations in this article are defined over C-vector spaces. Let G,H be two groups with H ⊂ G,
and let ρ be a representation of H. We denote by ρg the representation of g−1Hg sending h ∈ g−1Hg to
ρ(ghg−1). The group g−1Hg is denoted by Hg.

For any real number x, we denote by bxc the greatest integer less than or equal to x. Let dxe be the
smallest integer greater than or equal to x. Let x+ be the smallest integer strictly bigger than x and x−
be the greatest integer strictly smaller than x.

Let (W,h) be a pair consisting of an F -vector space and a non-degenerate hermitian form h on W . Let
(W ′, h) be a non-degenerate subspace of (W,h). Then let 1W ′ be the projection of W onto W ′ with kernel
(W ′)⊥.

2.1. For a non-Archimedean local field K, let oK be the ring of integers of K, let pK be the maximal ideal
of oK , let kK be the residue field oK/pK , and qK denotes the cardinality of the residue field kK . Let νK be
the normalised valuation of K. From now we assume that qK is odd.

Let F be a non-Archimedean local field with a Galois involution σ. Let F0 be the fixed field of σ. Let
$ be a uniformizer of F such that σ($) = (−1)e(F |F0)−1$. When F/F0 is ramified, we set $0 to be the
element NrF/F0

($), and when F/F0 is unramified, we set $0 = $. The element $0 is a uniformizer of F0.
Let ψ0 be a fixed additive character of F0 with conductor pF0 . The character ψ0 ◦ trF/F0

is denoted by ψF .
Let F = F0[δ], where σ(δ) = −δ and νF (δ) = e(F |F0) − 1. Let νF/F0

be the valuation of F extending the
normalised valuation of F0.

For any F0-scheme X, we denote by X the set of F0-rational points of X. If H is any linear algebraic
group over F0, then the group H is considered as a topological group whose topology is induced from the
non-Archimedean metric on F .
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2.2. Let V be a three dimensional F -vector space and let h be a non-degenerate hermitian form on V , as
defined in (1.1). Let σh be the adjoint anti-involution on EndF (V ) induced by the hermitian form h. The
hermitian space (V, h) is isotropic and the up to isometry (V, h) depends only on the determinant of (V, h).
Let G be the unitary F0-group scheme associated with the pair (V, h). The isomorphism class of G does
not depend on the choice of the hermitian form h. To simplify some arguments, it is convenient to assume
that the determinant of (V, h) is the trivial class in F×0 /NrF/F0

(F×). We identify the Lie algebra, g, of G
with

{X ∈ EndF (V ) : σh(X) = −X}.

From now the algebra EndF (V ) is denoted by A.

2.3. A basis, (e1, e0, e−1), of (V, h) is called a Witt-basis if h(e1, e1) = h(e−1, e−1) = 0, h(e1, e−1) = 1,
and e0 ∈ 〈e1, e−1〉⊥ with h(e0, e0) = 1. A basis, (e1, e−1), for a two dimensional hermitian space (V ′, h′),
is called a Witt-basis if h(e1, e1) = h(e−1, e−1) = 0, and h(e1, e−1) = 1. Let B be any F0-rational Borel
subgroup of G, and let U be the unipotent radical of B. Let T be a maximal F0-split torus of G contained
in B. Let Ū be the unipotent radical of the opposite Borel subgroup, B̄, of B with respect to T. Let Z
and N be the centraliser and the normaliser of T respectively. We denote by WG the Weyl group N /Z.

There exists a Witt-basis (e1, e0, e−1) of V –giving an embedding of G in GL3(F )–such that B stabilises
the line 〈e1〉. The groups T and Z are identified with the groups

{diag(t, 1, t−1) : t ∈ F×0 } and {diag(z, z′, σ(z)−1) : z, z′ ∈ F×, z′σ(z′) = 1}

respectively. The groups U and Ū are identified with the groupsu(c, d) :=

1 c d
0 1 −σ(c)
0 0 1

 : c, d ∈ F, cσ(c) + d+ σ(d) = 0

 ,

ū(c, d) :=

1 0 0
c 1 0
d −σ(c) 1

 : c, d ∈ F, cσ(c) + d+ σ(d) = 0


respectively. The derived groups of U and Ū , denoted by Uder and Ūder respectively, and they are identified
with the groups {u(0, d) : d ∈ F, d + σ(d) = 0} and {ū(0, d) : d ∈ F, d + σ(d) = 0} respectively. Let
{Uder(r) : r ∈ Z} be a filtration of compact subgroups of Uder defined as follows:

Uder(r) := {u(0, y) : y ∈ δprF0
}. (2.1)

Similarly, we set Ūder(r) to be the group {ū(0, y) : y ∈ δprF0
}, for r ∈ Z.

2.4. Let U be the unipotent radical of an F0-rational Borel subgroup B of G. An irreducible smooth
representation (π,W ) of G is called a generic representation if and only if there exists a non-zero linear
functional l : W → C and a non-trivial character Ψ of U such that

l(π(u)w) = Ψ(u)l(w) for all u ∈ U,w ∈W. (2.2)

The group Z acts transitively on the set of non-trivial characters of U , and hence the genericity of an
irreducible smooth representation (π,W ) of G does not depend on a choice of the pair (U,Ψ). The linear
functional l : W → C is called a Whittaker linear functional. We have

dimC HomU (π,Ψ) ≤ 1,

for any irreducible smooth representation π of G, and a non-trivial character Ψ of U (see [20] and [17]). We
point out that the non-degeneracy condition on the pair (Ψ, U) used in the definition of genericity of p-adic
representations, for this particular group G, is equivalent to the condition that Ψ is non-trivial. If (π,W ) is
a supercuspidal representation, then (π,W ) is generic if and only if the character Ψ is non-trivial–otherwise
we get a non-trivial element in the Jacquet functor associated to the Borel subgroup B.
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2.5. Let β be an element in the algebra A. Let ψβ be the function on A given by

ψβ(X) = ψF (tr(β(X − idV ))) for all X ∈ A.
Let V1 ⊂ V2 ⊂ V be a complete flag of F -vector spaces, and let P be the Borel subgroup of GLF (V ) fixing
this flag. Let Y be the unipotent radical of P . If V2 = V ⊥1 , then Y ∩G is the unipotent radical of the Borel
subgroup P ∩G of G. The function ψβ is a character of Y if and only if

βV1 ⊂ V2. (2.3)

Let B be the variety of Borel subgroups of G. Let Xβ(F0) be the following subset of B(F0):

Xβ(F0) = {B ∈ B(F0) : ψβ is a character of Ru(B)(F0)}. (2.4)

Here, Ru(B) is the unipotent radical of a Borel subgroup B of G. Note that the set Xβ(F0) is the set of
F0-rational points of a closed sub-variety of B, to be denoted by Xβ .

2.6. The following lemma is frequently used in proving certain cuspidal representations are non-generic.
Let (e1, e0, e−1) be a Witt-basis for (V, h) and let B be the Borel subgroup of G fixing the line 〈e1〉. Let U
be the unipotent radical of B. Using the basis (e1, e0, e−1), we identify G as a subgroup of GL3(F ).

Lemma 2.6.1. Let β ∈ A be an element such that σh(β) = −β. Let g be an element of G, and let r be an
integer. The character ψgβ of Uder(r) is non-trivial if and only if

νF0
(δh(ge1, βge1)) ≤ −r.

Proof. We prove the lemma for Uder(r), and the other case is similar. Let Xder be the 3× 3 matrix0 0 1
0 0 0
0 0 0

 .

We have the following equality:

ψβ(gu(0, δd)g−1) = ψ0(d(trF/F0
(δ tr(βgXderg

−1))).

Note that tr(βgXderg
−1) is equal to tr(g−1βgXder), and tr(g−1βgXder) is equal to h(ge1, βge1). Since

σh(β) = −β, we get that
trF/F0

(δh(ge1, βge1)) = 2δh(ge1, βge1).

Hence, the character ψgβ is trivial on Uder(r) if and only if the character d′ 7→ ψ0(d′δh(ge1, βge1)), for

d′ ∈ prF0
, is trivial. Since the conductor of ψ0 is equal to pF0

, we get the required inequality. �

3. Strata and cuspidal representations

In this section, we recall the construction of cuspidal representations of G, via Bushnell–Kutzko’s theory
of types. We refer to the articles [21], [22] and [13] for more details.

3.1. An oF -lattice sequence, Λ, on V is a function from Z to the set of oF -lattices in V satisfying the
following conditions:

(1) Λ(n+ 1) ⊆ Λ(n), for all n ∈ Z,
(2) there exists a positive integer e(Λ) such that Λ(n+ e(Λ)) = pFΛ(n), for any n ∈ Z.

Given any lattice L ⊂ V , let L# be the lattice {v ∈ V : h(v,L) ⊆ pF }. For any lattice sequence Λ, let Λ#

be the lattice sequence defined as:

Λ#(n) = Λ(−n)#, for all n ∈ Z.
A lattice sequence Λ is said to be self-dual if there exists an integer d such that Λ#(n) = Λ(−n+ d), for all
n ∈ Z. Since we only use oF -lattice sequences, we call them directly as lattice sequences.

Let W be a subspace of the vector space V , and let Λ be a lattice sequence on V . We denote by Λ ∩W
the lattice sequence on W sending n to Λ(n) ∩W .

Given any lattice sequence Λ and integers a, b ∈ Z, the lattice sequence aΛ + b is defined by setting

(aΛ + b)(n) = Λ(d(n− b)/ae), for all n ∈ Z.
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The set of lattice sequences {aΛ + b : a, b ∈ Z} is called the affine class of Λ. For any self-dual lattice-
sequence Λ, we can find a lattice sequence Λ′ in the affine class of Λ such that e(Λ′) is an even integer, and
(Λ′)# = −Λ′ + 1. Henceforth, we assume that all self-dual lattice sequences satisfy these conditions.

3.2. Given any lattice sequence Λ, and an integer n, let ãn(Λ) be the following sublattice of EndF (V ):

ãn(Λ) = {T ∈ EndF (V ) : TΛ(i) ⊂ Λ(i+ n) ∀ i ∈ Z} .
The decreasing sequence of lattices {ãn(Λ) : n ≥ 0} has trivial intersection. Given any element T ∈
EndF (V ), we denote by νΛ(T ) the unique integer k such that T ∈ ãk(Λ) and T 6∈ ãk+1(Λ). Let P̃0(Λ) be the

units in the ring ã0(Λ). For any positive integer n, let P̃n(Λ) be the compact open subgroup idV +ãn(Λ) of
GLF (V ). For any self-dual lattice sequence Λ, the lattices ãn(Λ) are stable under σh. For any non-negative

integer n, let Pn(Λ) be the compact open subgroup P̃ (Λ) ∩G of G.

The group P0(Λ)/P1(Λ) is the set of kF0
-rational points of a (not necessarily connected) reductive al-

gebraic group over kF0 , and let P 0(Λ) be the inverse image of the kF0 -rational points of its connected
component. The compact subgroup P 0(Λ) is called the parahoric subgroup associated to Λ. If F/F0 is
unramified, then P 0(Λ) is equal to P0(Λ) and has index 2 in P0(Λ) otherwise.

A stratum in EndF (V ) is the data, [Λ, n, r, β], consisting of a lattice sequence Λ on V , integers n ≥ r ≥ 0,
and an element β ∈ EndF (V ) such that β ∈ ã−n(Λ). Two strata [Λ, n, r, β1] and [Λ, n, r, β2] are said to
be equivalent if β2 − β1 ∈ ã−r(Λ). A stratum [Λ, n, r, β] is called a zero stratum if n = r and β = 0. For
n ≥ r ≥ n/2 > 0, the set of equivalence classes of strata are in bijection with the characters of the group

P̃r+1(Λ)/P̃n+1(Λ). The character corresponding to the equivalence class containing the stratum [Λ, n, r, β]
is given by

ψβ : idV +X 7→ ψF (trβX), for X ∈ ãn(Λ).

A stratum is called skew if the lattice sequence Λ is self-dual and β ∈ g. We have the same notion of
equivalence on skew strata. For n ≥ r ≥ n/2 > 0, an equivalence class of skew strata corresponds to a
character on the group Pr+1(Λ)/Pn+1(Λ), given by resPr+1(Λ) ψβ .

3.3. Recall that a stratum [Λ, n, r, β] is called a simple stratum if it satisfies the following conditions:

(1) We have n ≥ r ≥ 0,
(2) The valuation of β with respect to Λ, denoted by νΛ(β), is equal to −n.
(3) The algebra F [β] is a field and it normalises the lattice sequence Λ.
(4) We have r < −k0(Λ, β), where k0(Λ, β) is the critical constant defined in [21, Section 1.2.2].

Let r = [Λ, n, 0, β] be a stratum in A and let V =
⊕r

i=1 Vi be a decomposition of V as F -vector spaces. Let
Λi be the lattice sequence defined by setting Λi(k) = Λ(k) ∩ Vi, for k ∈ Z. Let βi be the element 1i β 1i,
where 1i is the projection onto Vi with kernel

⊕
j 6=i Vj . The decomposition V = ⊕ri=1Vi is called a splitting

for the stratum r if Λ(k) = ⊕ni=1Λ(k), for k ∈ Z, and β =
∑r
i=1 βi.

A stratum r = [Λ, n, 0, β] is called a semisimple stratum if it is either a zero stratum or νΛ(β) = −n and
there exists a splitting V =

⊕r
i=1 Vi for the stratum r such that

(1) The stratum [Λi, qi, r, βi]–with qi = r if βi = 0 and qi = −νΛi
(βi) otherwise–is either a zero stratum

or a simple stratum, and
(2) the stratum [Λi + Λj , q, r, βi + βj ], with q = max{qi, qj}, is non-equivalent to a zero stratum or a

simple stratum, for 1 ≤ i, j ≤ k and i 6= j.

The decomposition V = ⊕ki=1Vi is uniquely determined upto ordering by the element β, called the underlying
splitting of the semisimple stratum [Λ, n, r, β]. A semisimple stratum [Λ, n, r, β] is called a skew semisimple
stratum if the decomposition V = ⊕ki=1Vi is an orthogonal decomposition with respect to the form h on V ,
and σh(βi) = −βi, for 1 ≤ i ≤ k. Observe that the algebra F [β] is isomorphic to the algebra

F [β1]⊕ F [β2]⊕ · · · ⊕ F [βk].

We use the notation x for a general skew semisimple stratum [Λ, n, 0, β].

Let Cβ(A) be the centraliser of F [β] in EndF (V ). The group G ∩ Cβ(A) is denoted by Gβ . Let n be

any integer and let b̃n(Λ) and bn(Λ) be the groups ãn(Λ)∩Cβ(A) and an(Λ)∩Cβ(A) respectively. For any

non-negative integer n, let P̃n(Λβ) and Pn(Λβ) be the groups P̃n(Λ)∩Cβ(A)× and Pn(Λ)∩Gβ respectively.
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3.4. We recall the construction of a cuspidal representation starting from a skew semisimple stratum
x = [Λ, n, 0, β]. Stevens, generalising the Bushnell–Kutzko’s construction, associates some special compact
subgroups: J0(Λ, β) and H0(Λ, β) of G. Then a particular class of representations of J0(Λ, β) are compactly
induced to the group G to obtain cuspidal representations. We will not go into the details of the construction
of these compact subgroups here. It will suffice to briefly recall the general scheme of this construction.
However, we describe these compact subgroups, in more detail, as required in the later part of the article.

Let J i(Λ, β) be the compact open subgroup J0(Λ, β) ∩ Pi(Λ), for any non-negative integer i. For any
skew-semisimple stratum x = [Λ, n, 0, β], the construction of cuspidal representations of G begins with a
specific set of characters of the group H1(Λ, β) called skew semisimple characters, denoted by C(Λ, 0, β), (see
[21, Section 3.6] and the set C(Λ, 0, β) is denoted by C−(Λ, 0, β) there). The group P(n/2)+(Λ) is contained

in H1(Λ, β), and we have resP(n/2)+(Λ) θ = ψβ , for any θ ∈ C(Λ, 0, β). For any character θ ∈ C(Λ, 0, β), the

map sending g1, g2 ∈ J1(Λ, β) to θ([g1, g2]) induces a perfect alternating pairing:

κθ :
J1(Λ, β)

H1(Λ, β)
× J1(Λ, β)

H1(Λ, β)
→ C×.

Using the theory of Heisenberg lifting, for any character θ ∈ C(Λ, 0, β), there exists a unique representation
ηθ of J1(Λ, β) such that resH1(Λ,β) ηθ is equal to a multiple of θ. There are a particular set of extensions of

the representation ηθ to the group J0(Λ, β) called β-extensions; these representations are denoted by κ (see
[22, Section 4]).

The group P0(Λβ) is contained in J0(Λ, β). The inclusion of P0(Λβ) in J0(Λ, β) induces an isomorphism

P0(Λβ)/P1(Λβ) ' J0(Λ, β)/J1(Λ, β).

The group P0(Λβ)/P1(Λβ) is the kF0
-rational points of a (non-necessarily connected) reductive group over

kF0
. Let τ be a cuspidal representation of P0(Λβ)/P1(Λβ). If P 0(Λβ) is a maximal parahoric subgroup of

Cβ(A) ∩G, then the induced representation

indGJ0(Λ,β)(κ⊗ τ) (3.1)

is irreducible, and this construction exhausts all cuspidal representations of G. The pair (J0(Λ, β), κ ⊗ τ)
is a Bushnell–Kutzko type for the Bernstein component containing the representation (3.1). Let Πx be the
set of cuspidal representations of G containing a Bushnell–Kutzko type of the form (J0(Λ, β), κ ⊗ τ), for
some κ and τ as above.

3.5. Let π be a cuspidal representation of U(V, h) such that V is an F -vector space of prime dimension.
Assume that π ∈ Πr, where r = [Λ, n, 0, β] is a skew simple strata. If r is not a minimal strata then there
exists a skew simple strata r′ = [Λ, n,−κ(Λ, β), γ] equivalent to [Λ, n,−κ(Λ, β), β] (see [21, Proposition 3.4]).
Using [6, Theorem 2.4.1], we get that γ ∈ F . This shows that we can twist the representation π with a
character χ such that χπ ∈ Πr′ , where r′ is a minimal skew simple strata.

3.6. For the convenience of the reader, we recall some frequently used results from [4]. Let us begin with
the following lemma, which is useful in calculating the group H1(Λ, β) ∩ U .

Lemma 3.6.1 (Blondel–Stevens). Let [Λ, n, 0, β] be a semisimple stratum in EndF (V ) such that Cβ(A)
does not contain any nilpotent elements. Let N be a maximal unipotent subgroup of G. For k ≥ m ≥ 1, we
have

Pm(Λβ)Pk(Λ) ∩N = Pk(Λ) ∩N.

We refer to [4, Section 6.3, Lemma 6.5] for a proof of the above lemma. The following result is proved in
greater generality by Blondel and Stevens (see [4, Section 4, Corollary 4.2, Theorem 4.3]); however, in the
present context we will use the following simple version.

Proposition 3.6.2 (Blondel–Stevens). Let [Λ, n, 0, β] be a skew semisimple stratum such that Xβ(F0) is
non-empty. Assume that J0(Λ, β)/J1(Λ, β) is anisotropic. Let B ∈ Xβ(F0), and let U be the unipotent
radical of B. If

resH1(Λ,β)∩U θ = resH1(Λ,β)∩U ψβ ,

for all θ ∈ C(Λ, 0, β), then every cuspidal representation in the set Πx is generic.
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Proof. Since we use this result in a crucial way, we briefly sketch the proof (see [4, Section 4, Corollary 4.2,
Theorem 4.3]). Let π be a cuspidal representation in the set Πx. Let (J0(Λ, β), κ) be a Bushnell–Kutzko
type contained in the representation π. We have

π ' indGJ0(Λ,β) κ.

Let θ be a skew semisimple character contained in resH1(Λ,β) κ.

Let H̃1 be the group (J0(Λ, β) ∩ U)H1(Λ, β) and Θβ be the character of H̃1 defined by:

Θβ(jh) = ψβ(j)θ(h), for all j ∈ J0(Λ, β) ∩ U, h ∈ H1(Λ, β).

The group H̃1 ∩ J1(Λ, β) is equal to (J1(Λ, β) ∩ U)H1(Λ, β), and it is a totally isotropic subspace for the
pairing κθ on J1(Λ, β)/H1(Λ, β). The representation ηθ is the induced representation from an extension of
the character Θβ to the inverse image in J1(Λ, β) of a maximal isotropic subspace of J1(Λ, β)/H1(Λ, β).
Hence, resJ1∩U ηθ contains the character resJ1(Λ,β)∩U ψβ . Since the group J0(Λ, β)∩U is equal to J1(Λ, β)∩
U , using Mackey-decomposition, we get that HomU (π, ψβ) 6= 0. �

It is convenient to partition the set of skew-semisimple strata in EndF (V ) into four disjoint classes. A
skew semisimple stratum x = [Λ, n, 0, β] is of type (A) if F [β] is a field. A skew semisimple stratum x is
of type (B) if F [β] is a direct sum of two fields with one of them a quadratic extension of F . A skew
semisimple stratum x is of type (C) if the algebra F [β] is a direct sum of two copies of F , and finally a
skew semisimple stratum x is of type (D) if the algebra F [β] is a direct sum of three copies of F .

4. The simple case.

4.1. A skew semisimple stratum [Λ, n, 0, β] is of type (A) if the algebra F [β] is a field. When the char-
acteristic of F0 is zero, it was shown by Blasco that the cardinality of the L-packet, containing a cuspidal
representation in the set Πx, is equal to one (see [3]). When the characteristic of F0 is zero, a tempered
L-packet is known to contain a generic member (see [9]), and hence every cuspidal representation in the set
Πx is generic. In this section, for any non-Archimedean local field F0 with odd residue characteristic, we
directly prove that every cuspidal representation in the set Πx is generic.

Lemma 4.1.1. Let [Λ, n, 0, β] be a skew simple stratum of type (A), then the set Xβ(F0) is non-empty.

Proof. The involution σh stabilises the field F [β], and let D be the fixed field of σh in F [β]. We have the
following diagram of field extensions:

F0

F D = F0[δβ]

F [β]

Let λ be a σh-equivariant non-zero F -linear form on F [β]. There exists a unique hermitian form h1 :
V × V → F [β] with respect to σh such that

h(v, w) = λ((h1(v, w)), for all v, w ∈ V
(see [5, Lemma 5.2]). The set Xβ(F0) is non-empty if and only there exists a non-zero vector, v ∈ V , such
that

h(v, v) = 0 and h(v, βv) = 0.

Observe that h(v, βv) = λ(h1(v, βv)) = λ(βh1(v, v)). Since β does not stabilise a proper non-zero subspace
of F [β], the F -linear forms λ and λ ◦ β are linearly independent. Let W be the F -vector space ker(λ) ∩
ker(λ ◦β), we have dimF W = 1. Since σh(β) = −β and λ is σh-equivariant, the F -vector space W is stable
under the action of σh. Let W0 be the F0-vector space W ∩D, and note that W0 ⊗F0

F = W .

The form h1(x, y) is equal to xaσh(y), for some a ∈ D. Let Na be the set {xaσh(x) : x ∈ F [β]×}. Assume
that the inclusion of F×0 in D× induces a surjection of F×0 onto the quotient D×/(NrF [β]/D(F [β]×). Let

w be a non-zero vector in W0. If w 6∈ Na, then there exists some element x ∈ F×0 such that xw1 ∈ Na.
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Hence, the set Na ∩W0 is non-empty. Since h(w,w) = h(w, βw) = 0, for all w ∈ Na ∩W0, the set Xβ(F0)
is non-empty.

Now, we will prove that the inclusion of F×0 in D× induces a surjection of F×0 onto the quotient

D×/(NrF [β]/D(F [β]×).

Recall the notations $ and $0 for a choice uniformizers of F and F0, respectively, from Paragraph 2.1.
Fix a valuation ν : F [β]× → 1/e[F [β] : F ]Z such that ν($) = 1. Assume that $0 = NrF [β]/D(x), for
some x ∈ F [β]. Then, we have ν($) = 2ν(x). If F/F0 is unramified, then the equality ν($) = 2ν(x)
is impossible and therefore, we get that $0 6∈ NrF [β]/D(F [β]×). Consider the case where F is a ramified

extension of F0. Let x be an element of o×F0
such that x̄ ∈ kF0

is not a square in kF0
. The element x does

not belong to NrF [β]/D(F [β]×); since the involution σh must act trivially on the residue field of kF [β] (note
that [kF [β] : kF0

]|3). �

Proposition 4.1.2. Let x = [Λ, n, 0, β] be any skew simple stratum of type (A). Then every cuspidal
representation in the set Πx is generic.

Proof. Let π be a cuspidal representation in the set Πx. Since dimF V = 3, we may twist the representation
π by a character, if necessary, and assume that x is minimal. Let (J0(Λ, β), κ) be a Bushnell–Kutzko type

contained in π. Then the representation π is isomorphic to indGJ0(Λ,β) κ. Here, the group J0(Λ, β) is equal

to o×F [β]P(n/2)+(Λ), and κ is a β-extension of the Heisenberg lift ηθ of a skew semisimple character θ of

H1(Λ, β). Now, Lemma 4.1.1 implies that the set Xβ(F0) is non-empty. Let U be the unipotent radical of
a Borel subgroup in the set Xβ(F0). Using Lemma 3.6.1, we get that the group J0(Λ, β) ∩ U is equal to
P(n/2)+(Λ) ∩ U . Hence, we have

resH1(Λ,β)∩U θ = resH1(Λ,β)∩U ψβ .

Now using Proposition 3.6.2, we get that the representation π is generic. �

5. The non simple type (B) strata

A skew semisimple stratum x = [Λ, n, 0, β] is of type (B) if the underlying splitting of x is of the form
V = V1 ⊥ V2 with dimF (V2) = 2 and the algebra F [β2] is a quadratic extension of F . Recall that βi is
equal to 1Vi

β1Vi
, for i ∈ {1, 2}. From the definition of a skew semisimple stratum, we have β = β1 + β2.

We recall the notation that qi = −νΛi
(βi), for i ∈ {1, 2}. Genericity of a cuspidal representation, in the set

Πx, depends only on the isomorphism class of the hermitian space (V2, h) and the integers q1 and q2. Since
dimF (V2) = 2, after twisting by a character, if necessary, we may assume that β2 is minimal.

The ramification index of the extension F [β2]/F is determined by that of F/F0. Note that the extension
F [β2]/F0 is the composite of two disjoint fields F and D = F [δβ2]. Hence the Galois group of F [β2]/F0

is isomorphic to Z/2Z × Z/2Z. If F/F0 is unramified, then F [β2]/F is ramified, since all unramified
extensions are Galois extensions with cyclic Galois group. Assume that F/F0 is a ramified extension. If
F [β2]/F is ramified then, then q2 = νFβ2/F is an odd integer, and let $ be an uniformiser of F [β2] such

that σh($) = −$. Observe that the image of $−q2β2 is the residue field is zero singe σh(β2) = −β2. We
therefore deduce that if F/F0 is ramified, then F [β2]/F is unramified.

5.1. Lattice sequences. Since Gβ is anisotropic, the lattice sequence Λ is uniquely determined by β. First,
we need to fix a Witt-basis of V which provides a splitting for Λ.

5.1.1. The Unramified case. Let F be an unramified quadratic extension of F0, and consider the case where
(V2, h) is isotropic. Since F/F0 is unramified, the extension F [β2]/F is ramified. In this case, we have
e(Λ) = 4. There exists a Witt-basis, (e1, e−1), for the space V2, and a unit vector e0 ∈ V1 (i.e., h(e0, e0) = 1)
such that the lattice sequence Λ is given by:

Λ(−1) = oF e1 ⊕ oF e0 ⊕ oF e−1, Λ(0) = oF e1 ⊕ oF e0 ⊕ pF e−1,

Λ(1) = oF e1 ⊕ pF e0 ⊕ pF e−1, Λ(2) = pF e1 ⊕ pF e0 ⊕ pF e−1.

The group P (Λ) is an Iwahori subgroup of G. The filtration {Pm(Λ) : m > 0} is sometimes called a
non-standard filtration on the Iwahori subgroup P (Λ) (see [15, Page 612]).
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Now, consider the case where F/F0 is unramified and (V2, h) is anisotropic. There exists an orthogonal
basis (v2, v3) of V2 such that h(v2, v2) = 1 and h(v3, v3) = $0. Let v1 be any vector in V1 such that
h(v1, v1) = $0. The period of the lattice sequence, e(Λ), is equal to 2, and

Λ(0) = oF v1 ⊕ oF v2 ⊕ oF v3 and Λ(1) = oF v1 ⊕ pF v2 ⊕ oF v3. (5.1)

Lemma 5.1.1. Let (V2, h) be anisotropic, and let Λ be the lattice sequence in (5.1). There exists a Witt-basis
(e1, e−1) for (〈v1, v3〉, h) such that

oF v1 ⊕ oF v3 = pF e1 ⊕ oF e−1.

Proof. Let ε ∈ F be an element with εσ(ε) = −1; such an element exists because F/F0 is unramified. The
vectors e1 = εv1/2 + v3/2 and $0e−1 = −εv1 + v3 are isotropic vectors, and h(e1, e−1) = 1. This implies
that (e1, e−1) is a Witt-basis for 〈v1, v3〉, and since νF (ε) = 0, the tuple (e1, $0e−1) is a oF basis for the
lattice oF v1 ⊕ oF v3. �

When (V2, h) is anisotropic as above, we set e0 to be the vector v2. The Witt-basis (e1, e0, e−1), where
(e1, e−1) is a Witt-basis for (〈v1, v3〉, h) as in Lemma 5.1.1 provides a splitting for Λ. In the basis (e1, e0, e−1),
the lattice sequence Λ, with e(Λ) = 2, is given by

Λ(0) = oF e1 ⊕ oF e0 ⊕ pF e−1 and Λ(1) = oF e1 ⊕ pF e0 ⊕ pF e−1.

5.1.2. Ramified case. Let F/F0 be a ramified quadratic extension. Then the extension F [β2]/F is an
unramified quadratic extension. First consider the case where (V2, h) is isotropic. The lattice sequence Λ
has period 2. There exists a Witt-basis, (e1, e0, e−1), for the hermitian space (V, h) with e1, e−1 ∈ V2 such
that

Λ(0) = oF e1 ⊕ oF e0 ⊕ pF e−1 and Λ(1) = oF e1 ⊕ pF e0 ⊕ pF e−1.

Now, consider the case where (V2, h) is anisotropic. There exists an orthogonal basis (v2, v3) of V2 and a
non-zero vector v1 ∈ V1 such that: h(vi, vi) = λi ∈ o×F , for 1 ≤ i ≤ 3, and the hermitian space (〈v1, v3〉, h)
is isotropic. The period of the lattice sequence Λ is equal to 2, and we have:

Λ2(−1) = Λ2(0) = oF v1 ⊕ oF v2 ⊕ oF v3.

Lemma 5.1.2. Let (V2, h) be anisotropic. Then there exists a Witt-basis (e1, e−1) for the hermitian space
(〈v1, v3〉, h) such that

oF v1 ⊕ oF v3 = oF e1 ⊕ oF e−1.

Proof. We fix an ε ∈ F such that εσ(ε) = −λ3λ
−1
1 . The vectors e1 = εv1/2+v3/2 and e−1 = (−εv1 +v3)λ−1

3

are isotropic and h(e1, e−1) = 1. Moreover, the vectors e1 and e−1 are a basis for the oF -lattice oF v1 ⊕
oF v3. �

Let (e1, e−1) be a Witt-basis for the hermitian space (〈v1, v3〉, h) as in Lemma 5.1.2. Let e0 be the vector
v2. In the basis (e1, e0, e−1), the period 2 lattice sequence Λ is given by

Λ(−1) = Λ(0) = oF e1 ⊕ oF e0 ⊕ oF e−1.

5.2. In each of the above cases, we fixed a Witt-basis (e1, e0, e−1) which gives a splitting for the lattice
sequence Λ. Let B be the Borel subgroup of G such that B fixes the space 〈e1〉. Let T be the maximal
F0-split torus of G such that T stabilises the decomposition V = 〈e1〉⊕ 〈e0〉⊕ 〈e−1〉. Let B̄ be the opposite
Borel subgroup of B with respect to T. Let U (resp. Ū) be the unipotent radical of B (resp. B̄). We also
recall the notations u(c, d) and ū(c, d) for elements in U and Ū respectively. In the basis (e1, e0, e−1), let I
be the Iwahori subgroup:

I =

oF oF oF
pF oF oF
pF pF oF .

 ∩G.
From the Iwasawa decomposition, we get that

G =
∐

w∈WG

IwB. (5.2)
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5.3. The integers q1 and q2 have the following constraints: If F/F0 is unramified and (V2, h) is isotropic,
then q2 = 4m2 + 2 and q1 = 4m1 for some m1,m2 ∈ Z. If F/F0 is unramified and (V2, h) is anisotropic,
then q2 = 2m2 + 1 and q1 = 2m1, for some m1,m2 ∈ Z. Finally consider the case where F/F0 is ramified.
Since the image of the element

yβ2
= $q2/gβ

e(Λ2)/g
2 = $q2/2β2

(here, g = (q2, e(Λ2)) = 2) in kF [β2] must generate the degree 2 field extension kF [β2] over kF , we get that
q2 = 4m2 and q1 = 4m1 + 2, for some m1,m2 ∈ Z. Hence, in all the above cases q1 6= q2.

5.4. We will need the structure of the compact subgroups J0(Λ, β) and H0(Λ, β) associated to x. First
consider the case q2 < q1, and in this case the constant k0(Λ, β), defined in [21, equation 3.6], is equal to
q2. The stratum [Λ, n, q2, β1] is a skew semisimple stratum equivalent to the stratum [Λ, n, q2, β]. We then
have:

J0(Λ, β) =P0(Λβ)Pq2/2(Λβ1)Pn/2(Λ).

H1(Λ, β) =P1(Λβ)P(q2/2)+(Λβ1
)P(n/2)+(Λ).

If q2 > q1, then we have

J0(Λ, β) =P0(Λβ)Pn/2(Λ).

H1(Λ, β) =P1(Λβ)P(n/2)+(Λ).

5.5. When x is a skew semisimple stratum of type (B), we prove a necessary and sufficient condition for
the non-emptiness of the set Xβ(F0). The field F [β2] is stable under the action of σh and let D be the fixed
field of the automorphism σh. Let λ be the F -linear σh-equivariant linear functional λ : F [β2] → F such
that λ(β2) = β1 and λ(1) = 1. There exists a unique hermitian form h′ : V2 × V2 → F [β2] such that

h′(xv, yw) = xσh(y)σh(h′(w, v)), for all v, w ∈ V and x, y ∈ F [β2], (5.3)

and

h(v, w) = λ(h′(v, w)), for all v, w ∈ V2.

Since F0[δ] is a quadratic extension of F0, the kernel of λ is equal to

(β2 − β1)F0 ⊕ δ(β2 − β1)F0.

The set Xβ(F0) is non-empty if and only if there exists v1 ∈ V1, v2 ∈ V2 with v1 + v2 6= 0 such that

h(v1, v1) + λ(h′(v2, v2)) = 0 (5.4)

β1h(v1, v1) + λ(β2h
′(v2, v2)) = 0. (5.5)

For any two vectors v1 and v2 as above we must have v1 6= 0 and v2 6= 0. Note that (β1 − β2)h′(v2, v2) is
contained in the kernel of λ, and this implies that h′(v2, v2) ∈ F×0 . If d1 and d2 are the determinants of
(V2, h

′) and (V1, h), then we have

− d1d
−1
2 ∈ NrF [β2]/D(F [β2]×). (5.6)

Conversely, if the condition (5.6) holds, then we can always find a simultaneous solution to the equations
(5.4) and (5.5), and hence, the set Xβ(F0) is non-empty.

5.6. The case where (V2, h) is isotropic. In this part, we treat the case where (V2, h) is isotropic, and
let us begin with the case where q2 > q1.

Lemma 5.6.1. Let F/F0 be an unramified extension and let x be a stratum of type (B). If (V2, h) is isotropic
and q2 > q1, then every cuspidal representation in the set Πx is non-generic. Moreover, we have Xβ(F0) = ∅.

Proof. Let π be a representation in the set Πx. There exists a β-extension κ of J0(Λ, β) such that π =

indGJ0(Λ,β) κ. If π is genetic, then there exists a non-trivial character Ψ of U , p ∈ I, and w ∈WG such that

HomJ0(Λ,β)p∩Uw(κp,Ψw) 6= 0. (5.7)
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Let Uw be the unipotent radical of the opposite Borel subgroup, Bw, of Bw containing T . Using the Iwahori
decomposition of I, with respect to (Bw, T ), we have p = p+u− with p+ ∈ Bw ∩ I and u− ∈ Uw ∩ I. Now
the equation (5.7) implies that

HomJ0(Λ,β)u−∩Uw(κu
−
,Ψ′) 6= 0,

for some character Ψ′ of Uw. The group P(q2/2)+(Λ) is normalised by the element u− = u̇(x, y), and hence,

P(q2/2)+(Λ)u
− ∩ Uw is equal to P(q2/2)+(Λ) ∩ Uw.

We set q2 = 8k + 2r, for some integer k and r ∈ {1, 3}. For the following calculations it is convenient
to refer to the appendix A.3 for an explicit description of the filtration {am(Λ) : m ∈ Z}. We have
(q2/2)+ = 4k + r + 1 and the intersection P(q2/2)+(Λ) ∩ Uw is given by:

P(q2/2)+(Λ) ∩ Uw =

{
U(k + br/2c), if w = id,

Uw(k + 1 + br/2c), if w 6= id .
(5.8)

We define ew and e−w by setting ew = we1 and e−w = we−1, w ∈WG. Then, we have

h(u−ew, βu
−ew) = β1xx̄+ h(ew, β2ew) + (y + ȳ)h(ew, β2e−w) + yȳh(e−w, β2e−w). (5.9)

Now, the valuation of the term h(ew, β2ew) is strictly less than the valuation of all other terms in the
right-hand side of (5.9). Hence, using Iwasawa decomposition, we get that h(ge1, βge1)) 6= 0, for all g ∈ G.
This shows that the set Xβ(F0) is empty. We also get the valuation of δh(u−ew, βu

−ew) is equal to

νF (δh(u−ew, βu
−ew)) = νF (h(ew, β2ew)) =

{
−(2k + br/2c) if w = id,

−(2k + br/2c+ 1) if w 6= id .
(5.10)

From the equations (5.8) and (5.10), we get that

ν(h(u−ew, u
−ew)) ≤ −s,

where s is given by the equality

Uwder(s) = P(q2/2)+(Λ) ∩ Uw.

Now, Lemma 2.6.1 implies that the character ψu
−

β is non-trivial on the group P(q2/2)+(Λ) ∩ Uw and we get

a contradiction to (5.7). �

Lemma 5.6.2. Let F/F0 be a ramified extension and let x be a stratum of type (B) such that (V2, h) is
isotropic. If q2 > q1, then the set Xβ(F0) is empty, and every cuspidal representation in the set Πx is
non-generic.

Proof. First, we note that the group P 0(Λ) is a special parahoric subgroup of G. Let π = indGJ0(Λ,β) κ be

a generic representation in the set Πx. Using the Iwasawa decomposition G = P (Λ)TU , and the Mackey
decomposition for the representation resU π, we get that

HomJ0(Λ,β)g∩U (κg,Ψ) 6= 0, (5.11)

for some g ∈ P (Λ), and a non-trivial character Ψ of U . We refer to the appendix A.2 for an explicit
description of the filtration {am(Λ) : m ∈ Z}.

We set q2 = 4k2 and q1 = 4k1 + 2, for some integers k1 and k2. The group P (Λ) normalises P(q2/2)+(Λ)
and hence, P(q2/2)+(Λ)g ∩ Uder is equal to P(q2/2)+(Λ) ∩ Uder. We have

P(q2/2)+(Λ) ∩ Uder = Uder(d(k2 − 1)/2e). (5.12)

Since, νΛ(e1) = 1, we have ge1 = ae1 + $be0 ⊕$ce−1, for some a, b, c ∈ oF . We now try to estimate the
valuation of h(ge1, βge1). Observe that h(ge1, βge1) is equal to

−$2β1bσ(b) + aσ(a)h(e1, β2e1)−$aσ(c)h(e1, β2e−1)+

$cσ(a)h(e−1, β2e1)−$2cσ(c)h(e−1, β2e−1).
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Recall that F [β2] is the unramified quadratic extension of F and the element β̃2 = $q2/2β2 belongs to
a0(Λ2). Since νΛ(e1) = 1, the constants a and c both cannot belong to pF . From the observation that
νF (NrF [β2]/F (β2)) = 0, we have

aσ(a)h(e1, 1/$β̃2e1)− aσ(c)h(e1, β̃2e−1) + cσ(a)h(e−1, β̃2e1)

+cσ(c)h(e−1, $β̃2e−1) 6≡ 0 (mod pF ).

We note that

νF/F0
($2β1bσ(b)) ≥ −k1 + 1/2.

Since q2 > q1, we have −k2 < −k1−1/2, we deduce that h(ge1, βge1) 6= 0 and νF/F0
(δh(ge1, βge1)) is equal

to −k2 + 1. From the equation (5.12), we get that

νF/F0
(δh(ge1, βge1)) ≤ −s,

where P(q2/2)+(Λ)∩Uder = Uder(s). Now, using Lemma 2.6.1, we arrive at a contradiction to (5.11). Hence,
any representation π in the set Πx is non-generic. Finally, using the Iwasawa decomposition G = P (Λ)B,
we get that h(ge1, βge1) 6= 0, for g ∈ G. Hence, the set Xβ(F0) is empty. �

Lemma 5.6.3. Let F/F0 be an unramified extension and let x be a stratum of type (B) such that (V2, h) is
isotropic. If q1 > q2, then the set Xβ(F0) is non-empty.

Proof. We continue using the notations introduced in 5.5. Since (V2, h) is isotropic, we get that ker(λ) has
non-trivial intersection with the set {h′(v, v) : v ∈ V2, v 6= 0}. Since F [β2] is a ramified extension of F and
F/F0 is an unramified extension, we get that F×0 is contained in NrF [β2]/D(F [β2]×). This implies that the

determinant of the form (V2, h
′) is the class in D×/NrF [β2]/D(F [β2]×) containing δ(β2− β1). Since, q1 > q2

we have

νF [β2](δ(β2 − β1)) = νF [β2](β1) ∈ 2Z.
From the observation that d1, the determinant of (V1, h), belongs to F0, we see that

−d1d
−1
2 ∈ NrF [β2]/D(F [β2]×).

Now, using the criterion (5.6), we get that the set Xβ(F0) is non-empty. �

Lemma 5.6.4. Let F/F0 be a ramified extension, and let x be a stratum of type (B) such that (V2, h) is
isotropic. If q1 ≥ q2, then the set Xβ(F0) is non-empty.

Proof. We continue using notations introduced in 5.5. Since the space (V2, h) is isotropic, the set {h′(v, v) :
v ∈ V2, v 6= 0} has a nontrivial intersection with ker(λ). Hence, the determinant class of (V, h′) is equal
to the coset in D×/NrF [β2]/D(F [β2]×) containing the element δβ1(1 − β2β

−1
1 ). We note that (1 − β2β

−1
1 )

belongs to 1 + pF [β2] and β1 ∈ δF0. Since kD is a quadratic extension of kF0
, we get that F×0 is contained

in NrF [β2]/D(F [β2]×). Hence, we have δβ1 ∈ F0 and we get that δ(β1 − β2) belongs to NrF [β2]/D(F [β2]×).
Now, using the criterion (5.6) we get that the set Xβ(F0) is non-empty. �

Lemma 5.6.5. Let F/F0 be a quadratic extension and let x be a stratum of the type (B) such that (V2, h)
is isotropic. If q1 > q2, then any representation in the set Πx is generic.

Proof. Let U be the unipotent radical of a Borel subgroup of in the set Xβ(F0). Let θ be any skew semisimple
character in the set C(Λ, 0, β). We will first check that

resH1(Λ,β)∩U θ = ψβ . (5.13)

The group H1(Λ, β) is equal to

P1(Λβ)P(q2/2)+(Λβ1
)P(q1/2)+(Λ).

We define H ′ to be the subgroup P1(Λβ)P(q2/2)+(Λ). Now, using Lemma 3.6.1, we get that H ′ ∩U is equal

to P(q2/2)+(Λ)∩U . Since H1(Λ, β)∩U is equal to H1(Λ, β)∩ (H ′∩U), we get that H1(Λ, β)∩U is equal to
P(q2/2)+(Λβ1

)P(q1/2)+(Λ) ∩ U . Let g1g2 ∈ U for some g1 ∈ P(q2/2)+(ΛF [β1]) and g2 ∈ P(q1/2)+(Λ). We recall
the notations defined in 5.5. Let v = v1 + v2 be a non-trivial vector fixed by U . If v1 = 0, then we have
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λ(h′(v2, v2)) = 0 and λ(β2h
′(v2, v2)) = 0. This implies that β2 stabilises the kernel of λ and this absurd.

Hence, we get that v1 6= 0. We have

g2(v1 + v2) = g1(v1 + v2) = xv1 + g1v2.

Now, comparing both sides we get that x ∈ F×∩P(q1/2)+(Λ). This implies that 1V1
g11V1

∈ F×∩P(q1/2)+(Λ).

Since, the determinant of g2g1 is equal to 1, we get that determinant of 1V2
g11V2

belongs to F×∩P(q1/2)+(Λ).
From the definition of simple character (see [6, Definition 3.2.3(a)]), we get (5.13). The Lemma is now a
consequence of Proposition 3.6.2. �

5.7. The case where (V2, h) is anisotropic. As in the case where (V2, h) is isotropic, the genericity of
a cuspidal representation in the set Πx depends only on the integers q1 and q2. However, the condition for
genericity becomes the opposite to the case where (V2, h) is isotropic, i.e., the inequality q2 > q1 is necessary
and sufficient condition for genericity of a cuspidal representation in Πx.

Lemma 5.7.1. Let F/F0 be an unramified extension, and let x be a stratum of type (B) such that (V2, h)
is anisotropic. If q1 > q2, then the set Xβ(F0) is empty, and every cuspidal representation contained in the
set Πx is non-generic.

Proof. Let π = indGJ0(Λ,β) κ be a generic representation in the set Πx. The group P (Λ) is a special parahoric

subgroup of G. Using the Iwasawa decomposition G = P (Λ)B, we have

HomJ0(Λ,β)g∩U (κg,Ψ) 6= 0, (5.14)

for some g ∈ P (Λ) and a character Ψ of U .

Let q1 = 4m1+2r and q2 = 2m2+1, for some integers m1, m2 and r ∈ {0, 1}. Note that P(q1/2)+(Λ)∩Uder

is equal to Uder(m1) (see 5.1.1 and (A.2) for an explicit description of the lattice sequence Λ and the induced
filtrations on EndF (V )). We have νΛ(e1) = 1, and we get that ge1 = av1 +$0bv2 +cv3, for some a, b, c ∈ oF .
Since e1 is isotropic, we get that

aσ(a) +$0bσ(b) + cσ(c) = 0.

Since νΛ(e1) = 1, the above equality implies that a, c ∈ o×F . Note that νF [β2](β2β
−1
1 ) > 0, and in the basis

(v2, v3) for V2, the element β2β
−1
1 ∈ EndF (V ) belongs to the following lattice of EndF (V2):(

oF pF
oF oF

)
.

Hence, we simultaneously get that h(ge1, βge1) 6= 0 and

νF (h(ge1, βge1)) = νF (β1aσ(a) + h($0bv2 + cv3, β2($0bv2 + cv3))) = νF (β1) = −2m1 − r ≤ −m1

Now, using Lemma 2.6.1, we get that the character ψgβ is non-trivial on the group P(q1/2)+(Λ)∩Uder. Hence,

we get a contradiction for the assumption (5.14). This shows that the representation π in the set Πx is
non-generic. Using the Iwasawa decomposition G = P (Λ)B, we get that h(ge1, βge1) 6= 0, for all g ∈ G.
Hence, the set Xβ(F0) is empty. �

Lemma 5.7.2. Let F/F0 be a ramified extension, and let x be a stratum of type (B) such that (V2, h) is
anisotropic. If q1 > q2, then the set Xβ(F0) is empty, and every representation in the set Πx is non-generic.

Proof. Let π = indGJ0(Λ,β) κ be a generic representation in the set Πx. The group P 0(Λ) is a special parahoric

subgroup of G, and using the Iwasawa decomposition G = P (Λ)B, we get that

HomJ0(Λ,β)g∩U (κg,Ψ) 6= 0, (5.15)

for some g ∈ P (Λ), and a non-trivial character Ψ of U .

Let q1 = 4m1 + 2 and q2 = 4m2, for some integers m1 and m2. Observe that P(q1/2)+(Λ)g ∩Uder is equal
to Uder(dm1/2e). Since νΛ(e1) = 0, we get that ge1 = av1 + bv2 + cv3 for some a, b, c ∈ oF . As the vector
e1 is isotropic we get that

λ1aσ(a) + λ2bσ(b) + λ3cσ(c) = 0.
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Now, the space (V2, h) is anisotropic and this implies that a ∈ o×F . Now, we have

h(ge1, βge1) =β1aσ(a) + h(bv2 + cv2, β2(bv2 + cv3))

=β1(aσ(a) + β−1
1 h(bv2 + cv2, β2(bv2 + cv3))).

Since, νF [β2](β2β
−1
1 ) > 0, we simultaneously get that h(ge1, βge1) 6= 0, and νF (δh(ge1, βge1)) is equal to

νF (δβ1). From the inequality νF (δβ1) = −m1 ≤ −dm1/2e, we get that ψgβ is a non-trivial character on

P(q1/2)+(Λ)g ∩ Uder. This is a contradiction to the assumption (5.15). Using the Iwasawa decomposition
G = P (Λ)B, we get that h(ge1, βge1) 6= 0, for all g ∈ G. This shows that the set Xβ(F0) is empty. �

In the case where (V2, h) is anisotropic, we could not use the criterion in 5.5. However, the following
observation motivates the fact that Xβ(F0) is non-empty in the case where q2 > q1. We suppose that F/F0

is unramified. In the basis (v1, v2, v3) consider a skew element β of the form0 0 0
0 0 β2

0 β3 0

 . (5.16)

Let e1 be an isotropic vector in 〈v1, v3〉. Let B be a Borel subgroup of G such that B fixes the space 〈e1〉.
The Borel subgroup B belongs to the set Xβ(F0). Now, the class of β in the quotient a−n(Λ)/a1−n(Λ), is
represented by a matrix as in (5.16). This suggests that we may lift a point from the special fibre of an
integral model of Xβ , and we do this in the following lemma.

Lemma 5.7.3. Let F/F0 be a quadratic extension and let x be a stratum of type (B) such that (V2, h) is
anisotropic. If q2 > q1, then the set Xβ(F0) is non-empty.

Proof. We will lift a point from the special fibre of a smooth model for Xβ . Let (v1, v2, v3) be a basis of V as
defined in 5.1.1, when F/F0 is unramified, and let (v1, v2, v3) be a basis of V as defined in 5.1.2, when F/F0

is ramified. Let β = (βij) be the matrix representation of β in the basis (v1, v2, v3). We have β11 = β1.

First consider the case where F/F0 is unramified. A Borel subgroup B, corresponding to the line
〈xv1 + yv2 + zv3〉, belongs to Xβ if and only if (x, y, z) satisfy the following equations:

$xσ(x) + yσ(y) +$zσ(z) = 0

and

$β1xσ(x) + β22yσ(y) + β33$zσ(z) + β23yσ(z) +$β32zσ(y) = 0.

Changing y to $y′ and rescaling the second equation by $α−2 with α = −νF (β32), we get the following set
of equations:

xσ(x) +$y′σ(y′) + zσ(z) = 0 (5.17)

and

$α−1β1xσ(x) +$αβ22y
′σ(y′) +$α−1β33zσ(z) +$α−1β23y

′σ(z) +$αβ32zσ(y′) = 0. (5.18)

Note that the coefficients of (5.18) are integral and the two equations (5.17) and (5.18) define a flat closed
subscheme Xβ of P5

oF0
such that the generic fibre is Xβ . The special fibre is given by the set of equations

xσ(x) + zσ(z) = 0

and

C1(y′σ(z)− zσ(y′)) + C2xσ(x) + C3zσ(z) = 0,

where C1 = $α−1β23, C2 = $α−1β1, and C3 = $α−1β33. Note that C1 6= 0, and therefore, the special fibre
X β is smooth. Since Xβ is flat we get that Xβ is smooth over oF . The special fibre has a rational point and
hence by Hensel’s lemma the set Xβ(F0) is non-empty.

Now, consider the case where F/F0 is a ramified extension. A Borel subgroup B of G fixing the isotropic
subspace 〈av1 + bv2 + cv3〉, belongs to Xβ if and only if:

λ1aσ(a) + λ2bσ(b) + λ3cσ(c) = 0,

and

λ1β1aσ(a) + λ2β22bσ(b) + λ3β33cσ(c) + bσ(c)β23λ2 + λ3β32cσ(b) = 0.
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In the present case F [β2] is an unramified extension of F . After rescaling by a power of $, if necessary, we
may assume that

β2 =

(
β22 β23

β32 β33

)
∈
(
oF oF
oF oF

)
,

and β1 ∈ oF . Because β1 is skew, we get that β1 ∈ pF . By a change of variable b to $b′, the above set of
equations become:

λ1aσ(a) + λ2$0b
′σ(b′) + λ3cσ(c) = 0

and
$−1λ1β1aσ(a)−$λ2β22bσ(b) +$−1λ3β33cσ(c) + λ2β23bσ(c)− λ3β32cσ(b) = 0.

Since β is skew, we get that σ(β22) + β22 = 0, σ(β33) + β33 = 0, and λ1β23 = −λ3σ(β32). Hence, the above
two equations have integral coefficients. The above two equations define a flat projective sub-variety Xβ in
P5
oF0

with generic fibre Xβ . The special fibre is given by

λ1a
2 + λ3c

2 = 0,

and
C1a

2 + C2c
2 + C3bc = 0,

where C1 = $−1λ1β1, C2 = $−1λ3β33, and C3 = λ2β23. Clearly C3 6= 0 as the element β2 is minimal. The
special fibre is smooth and hence, Xβ is a smooth model for Xβ . Note that the special fibre has a rational
point. Using Hensel’s lemma, we get that the set Xβ(F0) is non-empty. �

Lemma 5.7.4. Let F/F0 be a quadratic extension and let x be a stratum of type (B) such that (V2, h) is
anisotropic. If q2 > q1, then every representation in the set Πx is generic.

Proof. Using Lemma 5.7.3, we get that the set Xβ(F0) is non-empty. Let U be the unipotent radical of
a Borel subgroup in the set Xβ(F0). Note that the group H1(Λ, β) is equal to P1(Λβ)P(q2/2)+(Λ) and it

follows from Lemma 3.6.1 that H1(Λ, β) ∩ U is equal to P(q2/2)+(Λ) ∩ U . Hence, we get that

resH1(Λ,β)∩U θ = ψβ ,

where θ is any skew semisimple character of H1(Λ, β). Now, genericity is a consequence of Proposition
3.6.2. �

6. Non simple type (C) strata

We say that a skew semisimple stratum [Λ, n, 0, β], denoted by r, is of type (C) if the underlying splitting
of x is given by V = V1 ⊥ V2 with dimF Vi = i, and [F [βi] : F ] = 1. Here, βi is equal to 1Vi

β1Vi
, for i ∈ {1, 2}.

From the definition of skew semisimple stratum, we have σ(βi) = −βi, for i ∈ {1, 2}, and β = β1 + β2. We
will show that every representation contained in the set Πx is non-generic.

6.1. Lattice sequences. We will describe the lattice sequences up to Gβ-conjugacy. Note that Λ is a
lattice sequence on V such that P 0(Λβ) is a maximal parahoric subgroup of Gβ . We will fix a Witt-basis
of (V, h) which gives a splitting for these lattice sequences.

6.1.1. The unramified case. Consider the case where F/F0 is unramified and (V2, h) is isotropic. We fix a
Witt-basis (e1, e0, e−1) for (V, h) such that e1, e−1 ∈ V2. The lattice sequence Λ, upto Gβ-conjugation, is
given by one of the following two lattice sequences:

e(Λ) = 2, Λ(−1) = Λ(0) = oF e1 ⊕ oF e0 ⊕ oF e−1

or
e(Λ) = 2, Λ(0) = oF e1 ⊕ oF e0 ⊕ pF e−1 and Λ(1) = oF e1 ⊕ pF e0 ⊕ pF e−1.

If F/F0 is an unramified extension and (V2, h) is anisotropic, we fix vectors v1 ∈ V1, v2, v3 ∈ V2 such that
(v1, v2, v3) is an orthogonal basis for V and

h(v1, v1) = h(v3, v3) = $ and h(v2, v2) = 1.

The lattice sequence Λ, up to Gβ-conjugation, is given by the following lattice sequence with

e(Λ) = 2, Λ(0) = oF v1 ⊕ oF v2 ⊕ oF v3 and Λ(1) = oF v1 ⊕ pF v2 ⊕ oF v3.
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Using Lemma 5.1.1, there exists a Witt-basis (e1, e0, e−1) of V with e1, e−1 ∈ 〈v1, v3〉 such that (e1, e0, e−1)
provides a splitting for the lattice sequence Λ, and we have

Λ(0) = oF e1 ⊕ oF e0 ⊕ pF e−1, and Λ(1) = oF e1 ⊕ pF e0 ⊕ pF e−1.

6.1.2. The ramified case. In this part, we assume that the extension F/F0 is ramified. If (V2, h) is isotropic,
we fix a Witt-basis (e1, e−1) for (V2, h) and an unit vector e0 ∈ V1 such that (e1, e0, e−1) is a Witt-basis for
(V, h). The lattice sequence Λ, up to Gβ-conjugation, is given by the following lattice sequence:

e(Λ) = 2,Λ(0) = oF e1 ⊕ oF e0 ⊕ pF e−1 and Λ(1) = oF e1 ⊕ pF e0 ⊕ pF e−1.

Now assume that (V2, h) is anisotropic, and fix an orthogonal basis (v1, v2, v3) of (V, h) such that v1 ∈ V1

and v2, v3 ∈ V2, h(vi, vi) ∈ o×F , and the hermitian space (〈v1, v3〉, h) is isotropic. We denote by λi the
constant h(vi, vi), for 1 ≤ i ≤ 3. Up to Gβ-conjugacy, the lattice sequence Λ is given by the following lattice
sequence:

e(Λ) = 2, Λ(−1) = Λ(0) = oF v1 ⊕ oF v2 ⊕ oF v3.

There exists a Witt-basis (e1, e0, e−1) for the space (V, h) with e1, e−1 ∈ 〈v1, v3〉 such that

Λ(−1) = Λ(0) = oF e1 ⊕ oF e0 ⊕ oF e−1

The groups J0(Λ, β) and H1(Λ, β) are given by

P0(Λβ)P(n/2)(Λ)

and
P1(Λβ)P(n/2)+(Λ)

respectively.

6.2. The case where (V2, h) is anisotropic. In this subsection, we assume that the hermitian space
(V2, h) is anisotropic. To show that any representation π ∈ Πx is non-generic, we will prove that the
character ψgβ is non-trivial on Uder ∩ P(n/2)+(Λ), for all g ∈ P (Λ).

Lemma 6.2.1. Let F/F0 be any quadratic extension and let x be a strata of type (C) such that (V2, h) is
anisotropic. Every cuspidal representation in the set Πx is non-generic.

Proof. We recall, from Subsection 6.1 the two F -basis (v1, v2, v3) and (e1, e0, e−1) for the vector space V ,
when (V2, h) is anisotropic. Note that Λ is uniquely determined by β, and recall the description from
Subsection 6.1. Let U be the unipotent radical of a Borel subgroup B of G such that U fixes the vector e1.
Since (e1, e0, e−1) provides a splitting for the lattice Λ and P 0(Λ) is a special parahoric subgroup, we get

that G = P (Λ)B. Let π be a cuspidal representation in the set Πx. Then we have π ' indGJ0(Λ,β) κ, where

(J0(Λ, β), κ) is a Bushnell–Kutzko type contained in π. Now, assume that π is generic. Then there exists
a g ∈ P (Λ) and a non-trivial character Ψ of U such that

HomJ0(Λ,β)g∩U (κg,Ψ) 6= 0. (6.1)

First consider the case where F/F0 is a ramified extension. Let ge1 = av1+bv2+cv3, for some a, b, c ∈ oF .
Since e1 is isotropic, we get that

λ1aσ(a) + λ2bσ(b) + λ3cσ(c) = 0.

Since −λ2λ
−1
3 6∈ NrF/F0

(F×), the above equality implies that a ∈ o×F . Let νΛ(β) = −n = −(4m + 2r), for
some integer m and r ∈ {0, 1}. Since σ(β) = −β, we get that r = 1. Now, (n/2)+ = 2m + 2 and we have
P(n/2)+(Λ) ∩ Uder is equal to Uder([(m+ 1)/2]). We also have

νF/F0
(δh(ge1, βge1)) = νF/F0

(δ(β1 − β2)λ1aσ(a)) = −m.
As νF/F0

(h(ge1, ge1) ≤ −[(m+ 1)/2], for any m ≥ 1, we get that ψgβ is a non-trivial character on the group

P(n/2)+(Λ) ∩ Uder. This is a contradiction to the equation (6.1). Hence, any representation in the set Πx is
non-generic.

Consider the case where F/F0 is unramified. Since the isotropic vector e1 belongs to the lattice Λ(1), we
get that ge1 = av1 + bv2 + cv3, for some a, c ∈ pF and b ∈ pF , with

$aσ(a) + bσ(b) +$cσ(c) = 0.
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By a change of variable: b′ = $b, we have

aσ(a) +$b′σ(b′) + cσ(c) = 0.

Since νΛ(e1) = 1, the above equality implies that a, c ∈ o×F . Now, we have

νF (h(ge1, βge1)) =νF (β1$aσ(a) + β2(bσ(b) +$cσ(c)))

= νF ((β1 − β2)) + 1

We note that 2νF (β1) = νΛ1
(β1) and νF (β2) = νΛ2

(β2). We also have

−n = νΛ(β) = min{νΛ1
(β1), νΛ2

(β2)}.

Assume that −n = νΛ1
(β1) ≤ νΛ2

(β2). In this case, n = 4m + 2r, where m is an integer and r ∈ {0, 1}.
Now, we have (n/2)+ = 2m+ r+ 1 and the group P(n/2)+(Λ)∩Uder is equal to Uder(m). We may have two
possibilities either νΛ2(β2) ≤ νF (β1) = −(2m+ r) or νΛ2(β2) ≥ νF (β1) = 2m+ r. In the first case, we have

νF (β1 − β2) + 1 = νF (β2) + 1 ≤ −(2m+ r) + 1 ≤ −m.

In the second case, we have

νF (β1 − β2) + 1 = ν(β1) + 1 = −(2m+ r) + 1 ≤ −m.

Hence, the character ψβg on P(n/2)+(Λ) is non-trivial on P(n/2)+(Λ) ∩ Uder and we obtain a contradiction
to the equation (6.1).

Assume that −n = νΛ2(β2) ≤ νΛ1(β1) and set n = 4m + r, for some integer m and 0 ≤ r ≤ 3. In this
case, the group P(n/2)+(Λ) ∩ Uder is equal to Uder(m). Since νΛ1

(β) ≤ νF (β1), we get that

νF (β1 − β2) + 1 = νΛ2(β2) = −(4m+ r) + 1 ≤ −m.

The above inequality implies that the character ψgβ is non-trivial on the group P(n/2)+(Λ)∩Uder and hence we

get a contradiction to the equation (6.1). In every case, we get that the representation π is non-generic. �

6.3. (V2, h) is isotropic. In this part, we assume that (V2, h) is isotropic. Note that the set Xβ(F0) is non-
empty. However, it turns out that every cuspidal representation in the set Πx is non-generic; the essential
reason for this is that any cuspidal representation of P0(Λβ)/P1(Λβ) is generic. The group P0(Λβ)/P1(Λβ)
is equal to U(1, 1)(kF /kF0)×U(1)(kF /kF0), when F/F0 is unramified and is equal to SL2(kF )×{±1}, when
F/F0 is ramified.

Let B be the Borel subgroup of G such that B fixes the subspace 〈e1〉. Let U be the unipotent radical
of B. Although P 0(Λ) is a special parahoric subgroup of G, it is convenient to use the decomposition

G = IWGB

for Mackey-decompositions. Here, I is the Iwahori subgroup contained in the subgroups P (Λ), where Λ
varies over the two (representatives for Gβ conjugacy classes) lattice sequences in 6.1.1 and 6.1.2 when F/F0

is unramified and ramified respectively.

6.3.1. Shallow elements. To understand Mackey decompositions, we need to control the conjugation by
elements in I. For the present purposes, it is easy to understand the conjugation action of an element which
is contained in a sufficiently small compact subgroup of I. So, we introduce a measure of shallowness,
relative to the group P(n/2)+(Λ), on the elements u(x, y) and ū(x, y) in I ∩U and I ∩Uw respectively (here,
w is the non-trivial element in WG).

We begin with defining an integer d(x, w, x). The main purpose of the definition of d(x, w, x) becomes
apparent in Lemma 6.3.1. Let n = 4m+ 2r, for some positive integer m and r ∈ {0, 1}. Consider the case
where F/F0 is unramified. For any x, y ∈ F such that xσ(x) + y + σ(y) = 0, w ∈ WG and Λ a lattice
sequence defined in 6.1.1 or in 6.1.2, we set d(x, w, x) to be

d(x, w, x) =


max{1,m+ 1− νF (x)}, if Λ(0) ∩ V2 = oF e1 ⊕ oF e−1,

max{0,m+ r − νF (x)} if Λ(0) ∩ V2 = oF e1 ⊕ pF e−1, w = id,

max{2,m+ r + 1− νF (x)} if Λ(0) ∩ V2 = oF e1 ⊕ pF e−1, w 6= id .

(6.2)
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If F/F0 is ramified, then the lattice sequences Λ, defined in 6.1.2, up to Gβ conjugacy, is the unique lattice
sequence such that P 0(ΛF [β]) is a maximal parahoric subgroup in Gβ . Note that Λ(0) = oF e1⊕ pF e−1. We
define the integer d(x, w, x) as follows:

d(x, w, x) =

{
max{0, d(m+ r − 1)/2− νF (x)e} if w = id,

max{1, d(m+ r)/2− νF (x)e} if w 6= id .
(6.3)

Note that d(x, w, x) is a constant for νF (x) >> 0, and we denote this constant by d(x, w). For example,
when F/F0 is unramified, Λ(0) = oF e1 ⊕ pEe−1, and w 6= id we have d(x, w) = 2. If F/F0 is ramified and
w 6= id, we have d(x, w) = 1.

6.3.2. With these preliminaries we are ready to prove that any representation in the set Πx is non-generic.

Let Uw be the unipotent radical of the opposite Borel subgroup of Bw with respect to the torus T, for all
w ∈WG. Recall that T is the maximal F0-split torus of G such that T stabilises the decomposition

V = 〈e1〉 ⊕ 〈e0〉 ⊕ 〈e−1〉.

Lemma 6.3.1. Let F/F0 be any quadratic extension and let x be a skew semisimple strata of type (C) such
that (V2, h) is isotropic. Let u− = ū(x, y) be an element of I ∩ Uw, then we have

Uwder(d(x, w, x)) ⊆ H1(Λ, β)u
−
∩ Uwder.

Proof. We prove the lemma in the case where w = id; the case where w 6= id is entirely similar. We have

to show that {Uder(d(x, id, x))}u− is contained in the group H1(Λ, β). First we note the following matrix
identity

ū(x, y)u(0, a)ū(−x,−y − xσ(x)) =

1− a(xσ(x) + y) aσ(x) a
ax(−y − xσ(x)) 1 + axσ(x) ax
−ay(y + xσ(x)) aσ(x)y ay + 1

 . (6.4)

Using the equality (6.4), for any element u(0, a) ∈ Uder(d(x, id, x)), we get that

ū(x, y)u(0, a)ū(−x,−y − xσ(x)) ∈ P1(ΛF [β])P(n/2)+(Λ).

The lemma now follows because we have

P1(ΛF [β])P(n/2)+(Λ) ⊆ H1(Λ, β).

�

Lemma 6.3.2. With the same assumptions and notations as in Lemma 6.3.1, for any skew semisimple
character θ ∈ C(Λ, 0, β) of the group H1(Λ, β), we have

resUw
der(d(x,w,x)) θ

u− = ψβu− .

Proof. Let u+ = u(0, a) be an element in Uder(d(x, w, x)), and u− = ū(x, y) be any element as in Lemma
6.3.1. Assume that u−u+(u−)−1 = g1g2, where g1 ∈ P1(ΛF [β]) and g2 ∈ P(n/2)+(Λ). From the matrix

identity 6.4 and from the definition of d(x, id, x), the constant 1 + axσ(x) belongs to F× ∩ P(n/2)+(Λ).

Hence, we get that 1V1
g1V1

∈ F× ∩P(n/2)+(Λ). This implies that the determinant of the element 1V2
g21V2

is contained in F×∩P(n/2)+(Λ). Now, from the definition of a simple character, we get that θ(u−u+(u−)−1)

is equal to ψβ(u−u+(u−)−1) and we get the lemma. �

Lemma 6.3.3. With the same assumptions in the lemma 6.3.1, the restriction

resJ0(Λ,β)∩Uw
der

(κ⊗ τ)

is equivalent to a direct sum of non-trivial characters.

Proof. We essentially follow ideas from [16, Theorem 2.6] and [4, Theorem 4.3]. We prove this lemma in the
case where w = id, and the other case is similar. If F/F0 is unramified, then P0(Λ)/P1(Λ) is isomorphic to

U(1, 1)(kF /kF0
)× U(1)(kF /kF0

).

If F/F0 is ramified, then P0(Λ)/P1(Λ) is isomorphic to

SL2(kF )× {±1}.
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Let J̃1 be the group (J0(Λ, β)∩U)J1(Λ, β) and observe that we have J̃1 is equal to (J0(Λ, β)∩Uder)J
1(Λ, β).

Note that the image of J0(Λ, β) ∩ U in the quotient P0(Λ)/P1(Λ) is its p-Sylow subgroup. Let H̃1 be the
group (J0(Λ, β) ∩ U)H1(Λ, β).

We observe that ψβ(u) = 1, for all u ∈ U . Let u be an element of H1(Λ, β) ∩ U . Write u = g2g1g
′
1

where g2 ∈ P(n/2)+(Λ), g2 ∈ P1(Λβ1) ∩ U(V2, h), and g′1 ∈ P1(Λβ1) ∩ U(V1, h). Since g′1e1 = e1, we get that

g2g1e1 = e1. Hence, we get that g2g1 ∈ U and g′1 = id. Now, the determinant of g−1
2 and g1 are the same.

With this observation, we get that

resH1(Λ,β)∩U θ = resH1(Λ,β)∩U ψβ = id . (6.5)

Let θ be a skew semisimple character of H1(Λ, β) and η be a Heisenberg lift of θ to the group J1(Λ, β).

Using the equality (6.5), we define a character θ̃ of the group H̃1 by setting:

θ̃(jh) = θ(h), for all j ∈ J0(Λ, β) ∩ U, h ∈ H1(Λ, β).

Using [16, Lemma 2.5], we get that the representation ind
J1(Λ,β)

H̃1∩J1(Λ,β)
θ̃ is isomorphic to η.

Note that the group J1(Λ, β) ∩ Uder is equal to H1(Λ, β) ∩ Uder and we get that the representation

resJ1(Λ,β)∩Uder
η ' resH1(Λ,β)∩Uder

η ' (id)dimC η.

This implies that η extends as a representation of J̃1 such that J1(Λ, β)∩Uder acts trivially on this extension;
let us denote this extension by η̃. By Frobenius reciprocity we get a map

indJ̃1
H̃1
θ̃ → η̃. (6.6)

The representation η is irreducible. The dimension of the representation indJ̃1
H̃1
θ̃ is equal to [J1(Λ, β) :

H1(Λ, β)]1/2. Hence, the map (6.6) is an isomorphism.

Let [λm, n1, 0, β] be a skew semisimple stratum such that J̃1 is equal to (P1(Λmβ )∩Uder)J
1(Λ, β). Let θm

be the skew semisimple character of H1(Λm, β) obtained as a transfer from the skew semisimple character

θ of H1(Λm, β). We note that the groups H̃1 and H1(Λm, β) have the Iwahori decomposition with respect
to the pair (B, T ). We then get that

HomH̃1∩H1(Λm,β)(θ̃, θm) 6= 0.

This implies that

ind
P1(Λm)

J̃1
η̃ ' ind

P1(Λm)
J1(Λm,β) ηm.

From the uniqueness properties of β-extensions, we get that resJ̃1 κ ' η̃. This shows that the representation

resJ0(Λ,β)∩Uder
(κ⊗ τ)

is a direct sum of non-trivial characters. �

The following lemma is a numerical verification to be used in the subsequent Lemma 6.3.5.

Lemma 6.3.4. Let F/F0 be any quadratic extension and let x, y ∈ oF such that xσ(x) + y + σ(y) = 0. If
d(x, w, x) > d(x, w), then we have

νF0
(δ(β1 − β2)xσ(x)) ≤ −d(x, w, x).

Proof. Assume that F/F0 is unramified and Λ(0) ∩ V2 = oF e1 ⊕ oF e−1. If d(x, w, x) > d(x, w), then we get
that νF (x) < m, and this implies that

2νF (x)− 2m− r ≤ −(m+ 1) + νF (x).

Now, consider the case where Λ(0) ∩ V2 = oF e1 ⊕ pF e−1 and assume that d(x, w, x) > d(x, w). If r = 0 and
w = id, then we get that νF (x) < m which implies that

2νF (x)− 2m ≤ −m+ νF (x).

If r = 0 and w 6= id, then we get that νF (x) < m− 1 and hence

2νF (x)− 2m ≤ −m− 1 + νF (x).
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If r = 1 and w = id, then we have νF (x) < m+ 1 and hence we get that

2νF (x)− (2m+ 1) ≤ −(m+ 1) + νF (x).

Finally, we consider the case where r = 1 and w 6= id; we then have νF (x) < m. Hence, we get that

2νF (x)− (2m+ 1) ≤ −m− 1 + νF (x).

Now, assume that F/F0 is a ramified extension and d(x, w, x) > d(x, w). Note that νF/F0
(β1 − β2) =

−(2m+ 1), for some m ∈ Z. If w = id, then we have νF/F0
(x) < m/2 and hence

2νF/F0
(x)− (2m+ 1)/2 + 1/2 < −m/2 + νF/F0

(x) ≤ −d(x, w, x).

If w 6= id, then we have νF/F0
(x) < (m− 1)/2 and we have

2νF/F0
(x)− (2m+ 1)/2 + 1/2 < −(m+ 1)/2 + νF/F0

(x) ≤ −d(x, w, x).

From the above inequalities, in all exhaustive cases, gives the required inequality:

νF0
(δ(β2 − β1)xσ(x)) ≤ −d(x, w, x)

�

Lemma 6.3.5. Let F/F0 be an unramified extension and let x be a strata of type (C) such that (V2, h) is
isotropic. Every cuspidal representation in the set Πx is non-generic.

Proof. Let π be a cuspidal representation in the set Πx. Then we have π ' indGJ0(Λ,β)(κ ⊗ τ), where

(J0(Λ, β), κ ⊗ τ) is a Bushnell–Kutzko type contained in π. Assume that the representation π is generic.
Then there exists a g ∈ I, an element w ∈WG, and a character Ψ of Uw such that

HomJ0(Λ,β)g∩Uw((κ⊗ τ)g,Ψ) 6= 0. (6.7)

We write g = p+u− such that p+ ∈ Bw ∩ I and u− ∈ Uw ∩ I, where Uw is the unipotent radical of the
opposite Borel subgroup of Bw with respect to the torus T . From the expression (6.7), we get that

HomJ0(Λ,β)u−∩Uw((κ⊗ τ)u
−
,Ψ′) 6= 0, (6.8)

for some character Ψ′ of Uw. We set ew = we1 and e−w = we−1, we then have

h(u−ew, βu
−ew) = β1xσ(x) + β2h(ew + ye−w, ew + ye−w) = (β1 − β2)xσ(x).

Hence, νF (δh(u−ew, βu
−ew)) is equal to νF (δ(β1 − β2)xσ(x)). If d(x, w, x) > d(x, w), then Lemma 6.3.4

implies that

νF (δ(β1 − β2)xσ(x)) ≤ −d(x, w, x).

Now, using Lemmas 6.3.2 and 2.6.1, we get that

resUder(d(x,w,x)) θ = ψu
−

β 6= id .

But, this is a contradiction to the assumption in (6.7). Hence, we obtain d(x, w, x) = d(x, w) and this implies
that u− ∈ H1(Λ, β). We may as well assume that u− = id. The lemma now follows from Lemma 6.3.3. �

7. Non simple type (D) strata

7.1. Inducing data. A skew semisimple stratum [Λ, n, 0, β], denoted by x, is of type (D) if the underlying
splitting is of the form V = V1 ⊥ V2 ⊥ V3 with dimF Vi = 1, for 1 ≤ i ≤ 3. We use the notation Wi for the
space ⊕j 6=iVj , for 1 ≤ i ≤ 3.

When F/F0 is unramified, we fix a vector vi ∈ Vi such that νF0(h(vi, vi)) ∈ {0, 1}, for 1 ≤ i ≤ 3. When
F/F0 is ramified, we fix a vector vi ∈ Vi such that νF0

(h(vi, vi)) = 0, for 1 ≤ i ≤ 3. We denote by λi the
inner product h(vi, vi), for 1 ≤ i ≤ 3. We have β = β1 + β2 + β3, where βi = 1Vi

β1Vi
, for 1 ≤ i ≤ 3. The

lattice sequence Λ is uniquely determined by the element β and we have e(Λ) = 2. Let Λi be the oF -lattice
sequence Λ ∩ Vi, for 1 ≤ i ≤ 3.

Since, x is a skew semisimple stratum of type (D), we have

|{βi : βi 6= 0, 1 ≤ i ≤ 3}| ≤ 1.
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Without loss of generality, we assume that

β1 6= 0, β2 6= 0. (7.1)

Moreover, we assume that

−n = νΛ1
(β1) ≤ νΛ2

(β2) ≤ 0 if β3 = 0,
−n = νΛ1

(β1) ≤ νΛ2
(β2) ≤ νΛ3

(β3) ≤ 0 if β3 6= 0.
(7.2)

We have e(Λi) = 2, for 1 ≤ i ≤ 3, and

Λi(−1) = Λi(0) = oF vi if νF0(λi) = 0,

Λi(0) = Λi(1) = oF vi if νF0
(λi) = 1.

As the lattice sequence Λ depends on various possibilities on Vi, we will describe these lattice sequences and
a Witt-basis, which gives a splitting for Λ, as required in each individual case. However, the group J0(Λ, β)
and H1(Λ, β) are given by

P0(Λβ)P(q2/2)(Λβ1
)P(n/2)(Λ)

and
P1(Λβ)P(q2/2)+(Λβ1)P(n/2)+(Λ)

respectively.

7.2. Criterion for non-emptiness of the set Xβ(F0). When F/F0 is unramified, the non-emptiness of
the set Xβ(F0) depends only on the integers {νF (βi), νF0

(λi) : 1 ≤ i ≤ 3}. This will be made precise in
the following lemmas. However, when F/F0 is ramified, one requires more information on {β1, β2, β3} to
determine whether the set Xβ(F0) empty or not. In the case where F/F0 is ramified we will not make these
conditions explicit, but we will show that a cuspidal representation in Πx is generic if and only if Xβ(F0) is
non-empty.

Lemma 7.2.1. Let F/F0 be an unramified extension and let x be a stratum of type (D) such that (Wi, h)
is isotropic, for 1 ≤ i ≤ 3. The set Xβ(F0) is non-empty if and only if νF (β1)− νF (β2) is an even integer.

Proof. Since the extension F/F0 is unramified, we may assume that λi = 1, for 1 ≤ i ≤ 3. The set Xβ(F0)
is non-empty if and only if there exists a non-zero vector v ∈ V such that

h(v, v) = h(v, βv) = 0. (7.3)

Let v = av1 + bv2 + cv3, for some a, b, c ∈ F . From the equation (7.3), we get that

aσ(a) + bσ(b) + cσ(c) = 0 and β1aσ(a) + β2bσ(b) + β3cσ(c) = 0. (7.4)

Using the assumption (7.2) on the skew semisimple stratum x we get that (1−β2β
−1
1 ) ∈ o×F and (1−β3β

−1
2 ) ∈

o×F . The set of equations (7.4) imply that

aσ(a) = −cσ(c)β2β
−1
1 (1− β3β

−1
2 )(1− β2β

−1
1 )−1.

Hence, we get that νF (β2)− νF (β1) is an even integer. Conversely, if νF (β2)− νF (β1) is even, we find can
find a non-zero tuple (a, b, c) ∈ F 3 satisfying the equalities in equation (7.4); therefore, the set Xβ(F0) is
non-empty. �

Lemma 7.2.2. Let F/F0 be an unramified extension and let x be a stratum of type (D) such that (Wi, h)
is anisotropic, for some i, 1 ≤ i ≤ 3. The set Xβ(F0) is non-empty if and only if νF (λ2) = νF (λ3) = 1 and
νF (β1)− νF (β2) is an odd integer.

Proof. Recall that the determinant of (V, h) is the trivial class in F×0 /NrF/F0
(F×). With the hypothesis on

the spaces Wi, there exists an unique i ∈ {1, 2, 3} such that νF (λi) = 0. The set Xβ(F0) is non-empty if
and only if the following equations

λ1aσ(a) + λ2bσ(b) + λ3cσ(c) = 0 and β1λ1aσ(a) + β2λ2bσ(b) + β3λ3cσ(c) = 0 (7.5)

have a non-trivial simultaneous solution. Recall that (1−β2β
−1
1 ) ∈ o×F and (1−β3β

−1
2 ) ∈ o×F . Assume that

there exists a non-trivial simultaneous solution to the equations in (7.5). Then, we get that

(1− β2β
−1
1 )λ2bσ(b) + (1− β3β

−1
1 )λ3cσ(c) = 0.
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This implies that νF (λ2) = νF (λ3). From the assumption on the spaces Wi, for 1 ≤ i ≤ 3, we get that
νF (λ2) = νF (λ3) = 1 and νF (λ1) = 0. From the equation (7.5) we have

λ1aσ(a) = λ3cσ(c)β2β
−1
1 (1− β3β

−1
2 )/(1− β2β

−1
1 ).

Hence, Xβ(F0) is non-empty if and only if (W1, h) is isotropic and νF (β2)− νF (β1) is an odd integer. �

7.3. Estimating the valuation of h(gv, βgv). As observed in the previous sections, our approach to show
non-genericity is by showing an appropriate inequality on the function sending g ∈ P (Λ) to νF (h(gv, gv)),
where v is a well chosen isotropic vector with respect to P (Λ). Hence, we need some technical lemmas to
understand the growth of this function.

Lemma 7.3.1. Let F/F0 be an unramified extension and let x be a skew semisimple stratum of type (D)
such that Xβ(F0) is the empty set. Let v be an isotropic vector in V , and let g ∈ G. Assume that
gv = av1 + bv2 + cv3 for some a, b, c ∈ F . If a 6= 0 and β2λ2bσ(b) + β3λ3cσ(c) 6= 0, then we have

νF (h(gv, βgv)) = min{νF (β1λ1aσ(a)), νF (β2λ2bσ(b) + β3λ3cσ(c))}.

Remark 7.3.2. Since the set Xβ(F0) is the empty-set, we get that h(v, βv) 6= 0, for all isotropic vectors
v ∈ V .

Proof of Lemma 7.3.1. Before we begin the proof, it is useful to recall that the determinant of (V, h) is the
trivial class in F×0 /NrF/F0

(F×). Since v is an isotropic vector, we get that

λ1aσ(a) + λ2bσ(b) + λ3cσ(c) = 0. (7.6)

Observe that rescaling the constants a, b, c does not effect the lemma. Hence, rescaling a, b and c, if
necessary, we assume that a, b, c ∈ oF and the oF -ideal (a, b, c) is equal to oF .

First consider the case where (Wi, h) is isotropic, for 1 ≤ i ≤ 3. In this case we have νF0
(λi) = 0, for

1 ≤ i ≤ 3 and νF (β1)− νF (β2) is an odd integer. If νF (a) = 0, we get that

νF (β1λ1aσ(a) + β2λ2bσ(b) + β3λ3cσ(c))

=νF (β1) + νF (λ1aσ(a) + β2β
−1
1 λ2bσ(b) + β3β

−1
1 λ3cσ(c))

=νF (β1) ≤ νF (β2λ2bσ(b) + β3λ3cσ(c)).

Thus we prove the lemma in the case where νF (a) = 0. Consider the case where a ∈ pF ; we necessarily
have b, c ∈ o×F . We have

νF (β2β
−1
1 λ2bσ(b) + β3β

−1
1 λ3cσ(c)) = νF (β2β

−1
1 ) + νF (λ2bσ(b) + λ3β3β

−1
2 cσ(c)).

Since x is a skew semisimple stratum, we get that 1 − β3β
−1
2 ∈ o×F . This implies that νF (λ2bσ(b) +

λ3β3β
−1
2 cσ(c)) = 0. Observe that νF (aσ(a)) is an even integer. Therefore, we conclude that

νF (β1λ1aσ(a)) 6= νF (β2λ2bσ(b) + β3λ3cσ(c)),

and this proves the lemma in the case where (Wi, h) is isotropic, for 1 ≤ i ≤ 3.

Assume that (Wi, h) is anisotropic for some 1 ≤ i ≤ 3. Using Lemma 7.2.2, the set Xβ(F0) is empty
in either of the following cases: case (I) where νF (λ2) 6= νF (λ3), case (II) where νF (λ2) = νF (λ3) and
νF (β1)−νF (β2) is an even integer. We first assume that νF0(λ2) = 0, and we get that νF0(λ1) = νF0(λ3) = 1.
We may also assume that λ2 = 1 and λ1 = λ3 = $. Using equation (7.6), we get that b ∈ pF , and set
b = $b′, for some b′ ∈ oF . Since we have

$aσ(a) +$2b′σ(b′) +$cσ(c) = 0,

we get that a, c ∈ o×F . We now have

νF (h(ge1, ge1)) = νF (β1) + νF ((1− β2β
−1
1 )$2b′σ(b′) + (1− β3β

−1
1 )$cσ(c))

and note that
νF ((1− β2β

−1
1 )$2b′σ(b′) + (1− β3β

−1
1 )$cσ(c)) = 1.

Hence, we get that νF (h(ge1, ge1)) = νF (β1) + 1. Note that νF (β2$
2b′σ(b′) + β3$cσ(c)) is equal to

νF (β2) + 1. Hence, the lemma follows in case (I), from the observation that

νF (β1λ1aσ(a)) = νF (β1$aσ(a)) = νF (β1) + 1 ≤ νF (β2) + 1.
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The case where νF (λ2) = 1–in which case νF (λ1) = νF (λ2) = 1 and νF (λ3) = 0–is entirely similar.

Assume that we are in case (II). In this case we may assume that λ2 = λ3 = $ and λ1 = 1. Then the
equation (7.6) implies that b, c ∈ o×F and a ∈ pF . We now have

h(gv, βgv) = β1{aσ(a) + β2β
−1
1 $(bσ(b) + β3β

−1
2 cσ(c))}.

Since x is a skew semisimple strata and b, c ∈ o×F , we get that νF ((bσ(b) + β3β
−1
2 cσ(c))) = 0. The lemma

now follows from the observation that the integer νF (λ1aā) is even and the integer νF (β2β
−1
1 $F0

(bσ(b) +
β3β

−1
2 cσ(c))) is always odd. �

Lemma 7.3.3. Let F/F0 be a ramified extension and let x be a stratum of type (D) such that Xβ(F0) is
the empty set. Let v be any isotropic vector in V and let g ∈ G. Assume that gv = av1 + bv2 + cv3 for some
a, b, c ∈ F . If a 6= 0 and β2λ2bσ(b) + β3λ3cσ(c) 6= 0, then we have

νF (h(gv, βgv)) = min{νF (β1λ1aσ(a)), νF (β2λ2bσ(b) + β3λ3cσ(c))}.

Proof. Since v is an isotropic vector, we get that

λ1aσ(a) + λ2bσ(b) + λ3cσ(c) = 0. (7.7)

Rescaling the constants a, b, and c, if necessary, we assume that a, b, c ∈ oF and the oF -ideal (a, b, c) is
equal to oF .

Since x is a skew semisimple stratum, using the assumptions in (7.2), we get that (1− βiβ−1
j ) ∈ o×F , for

1 ≤ j < i ≤ 3. The set Xβ(F0) is empty in one of the two cases

(1) The case where

−(1− β2β
−1
1 )(1− β3β

−1
1 )−1λ2λ

−1
3 6∈ NrF/F0

(F×)

(2) The case where

−(1− β2β
−1
1 )(1− β3β

−1
1 )−1λ2λ

−1
3 ∈ NrF/F0

(F×)

and
λ3/λ1β2β

−1
1 (1− β3β

−1
2 )(1− β2β

−1
1 )−1 6∈ NrF/F0

(F×). (7.8)

In Case (1), unless b, c ∈ pF , we have

(1− β2β
−1
1 )λ2bσ(b) + (1− β3β

−1
1 )λ3cσ(c) 6∈ pF . (7.9)

Hence, we get that

νF (h(gv, βgv)) = min{νF (β1λ1aσ(a)), νF (β2λ2bσ(b) + β3λ3cσ(c))}.

Now consider Case (2) and assume that

(1− β2β
−1
1 )λ2bσ(b) + (1− β3β

−1
1 )λ3cσ(c) ∈ pF ; (7.10)

if the condition (7.10) is false we get the lemma immediately. If νF (β1) = νF (β2), then we have

−(1− β2β
−1
1 )β−1

2 β1λ1aσ(a) + (1− β3β
−1
2 )λ3cσ(c) ∈ pF

But, the above containment is a contradiction to the second condition in case (2), the equation (7.8). Hence,
we get that νF (β1) 6= νF (β2). If a ∈ o×F , the valuation of h(gv, βgv) is equal to

νF (β1) + νF (λ1aσ(a) + β2β
−1
1 (λ2bσ(b) + β3β

−1
2 λ3cσ(c))) = νF (β1).

Note that the lemma follows from the observation that

νF (β1aσ(a)) ≤ νF (β2λ2bσ(b) + β3λ3cσ(c)).

We consider the case where a ∈ pF and this implies that b, c ∈ o×F . Thus we have λ2bσ(b) +β3β
−1
2 λ3cσ(c) ∈

o×F . Suppose

λ1aσ(a) + β2β
−1
1 (λ2bσ(b) + β3β

−1
2 λ3cσ(c)) ∈ p

2νF (a)+1
F ,

then we have
β1β

−1
2 λ1aσ(a) + λ2bσ(b) + β3β

−1
2 λ3cσ(c) ∈ pF .

Using the equality (7.7), we get that

(1− β1β
−1
2 )λ1aσ(a) + (1− β3β

−1
2 )λ3cσ(c) ∈ pF .
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This is a contradiction to the condition (7.8). Hence, we obtain

ν(h(gv, βgv)) = min{νF (β1λ1aσ(a)), νF (β2λ2bσ(b) + β3λ3cσ(c))}.
�

7.4. Generic cuspidal representations of type (D).

Lemma 7.4.1. Let F/F0 be any quadratic extension and let x be a stratum of type (D) such that Xβ(F0)
is non-empty. Every cuspidal representation contained in the set Πx is generic.

Proof. Let θ be any semisimple character in C(Λ, 0, β). Let U be the unipotent radical of a Borel subgroup
in the set Xβ(F0). We will first show that

resH1(Λ,β)∩U θ = ψβ .

If q1 = q2, then the group H1(Λ, β) is equal to P1(Λβ)Pq1/2(Λ) and from Lemma 3.6.1, we get that

H1(Λ, β) ∩ U is equal to Pq1/2+(Λ) ∩ U . In the case where q1 > q2, the group H1(Λ, β) is equal to

P1(Λβ)P(q2/2)+(Λβ1)P(q1/2)+(Λ).

Let H ′ be the group P1(Λβ)P(q2/2)+(Λ). From Lemma 3.6.1 we get that the group H ′ ∩ U is equal to

P(q2/2)+(Λ) ∩ U and hence, H1(Λ, β) ∩ U is equal to P(q2/2)+(Λβ1
)P(q1/2)+(Λ) ∩ U .

Let v = av1 + bv2 + cv3 be an isotropic vector fixed by U . Since x is a skew semisimple stratum of type
(D), we get that a 6= 0. Assume that g1g2 ∈ U , for some g1 ∈ P(q2/2)+(Λβ1

) and g2 ∈ P(q1/2)+(Λ). From
the equality

g1(av1 + bv2 + cv3) = a′av1 + g1(bv2 + cv3) = g2(av1 + bv2 + cv3)

we get that

1〈v1〉g11〈v1〉 = a′ ∈ F× ∩ P(q1/2)+(Λ).

Which implies that the determinant of 1W1
g11W1

belongs to F× ∩P(q1/2)+(Λ). Hence, the simple character
θ(g1g2) is equal to ψβ(g1g2). Now, the lemma follows from Proposition 3.6.2. �

7.5. Non-generic cuspidal representations of type (D). We will show that π ∈ Πx is non-generic if
and only if the set Xβ(F0) is empty. We will devide the proof into several cases beginning with the easier
case where (W1, h) is anisotropic; in which case we will show that ψgβ is non-trivial on P(n/2)+(Λ) ∩ Uder,

for all g ∈ P (Λ). In the case where (W1, h) is isotropic, the method of proof is more involved and we had
to deal with conjugation of some shallow elements in the group P (Λ).

7.5.1. The case where (W1, h) is anisotropic.

Lemma 7.5.1. Let F/F0 be a quadratic extension and let x be a skew semisimple stratum of type (D)
such that (W1, h) is anisotropic. If the set Xβ(F0) is empty, then every representation in the set Πx is
non-generic.

Proof. Let us begin with the case where F/F0 is ramified. In this case, e(Λ) = 2, and we have

Λ(−1) = Λ(0) = oF v1 ⊕ oF v2 ⊕ oF v3.

It is possible that neither of the spaces (W2, h) and (W3, h) are isotropic. However, there exists an orthogonal
oF -basis, (ṽ2, ṽ3), for the lattice oF v2 ⊕ oF v3 such that 〈v1, ṽ2〉 is isotropic. Using arguments similar to
Lemma 5.1.2, we can we choose a Witt-basis (e1, e−1) of 〈v1, ṽ2〉 and an unit vector e0 ∈ 〈v1, ṽ2〉⊥ such that
the Witt-basis (e1, e0, e−1) provides a splitting for the lattice sequence Λ. In the basis (e1, e0, e−1), we have

Λ(−1) = Λ(0) = oF e1 ⊕ oF e0 ⊕ oF e−1.

Let U be the unipotent radical of the Borel subgroup, B, such that 〈e1〉 is fixed by B. We set

−νΛ(β) = 4m+ 2,

for some integer m. Assume that π ∈ Πx is a generic representation. Let (J0(Λ, β), κ) be a Bushnell–Kutzko
type contained in π. There exists a g ∈ P (Λ), and a non-trivial character Ψ of U such that

HomJ0(Λ,β)g∩U (κg,Ψ) 6= 0.
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Since g normalises Pr(Λ), for r > 0, we get that the group P(n/2)+(Λ) ∩ Uder is equal to Uder(dm/2e). Let
ge1 = av1 + bv2 + cv3 for some a, b, c ∈ oF . Then we have

λ1aσ(a) + λ2bσ(b) + λ3cσ(c) = 0.

If a ∈ pF , then b, c ∈ pF as (W1, h) is anisotropic. Since νΛ(e1) = 0, we get that a ∈ o×F . Now, we have

h(ge1, βge1) = β1(λ1aσ(a) + λ2β2β
−1
1 bσ(b) + λ3β3β

−1
1 cσ(c))

= β1(λ1(1− β3β
−1
1 )aσ(a) + λ2β2β

−1
1 (1− β3β

−1
2 )bσ(b)).

If νF (β2) > νF (β1), then we get that νF (h(ge1, βge1)) is equal to νF (β1). Assume that νF (β1 = νF (β2).
Since, both the constants b, c cannot be in pF , without loss of generality, we assume that b ∈ o×F . If

λ1(1− β3β
−1
1 )aσ(a) + λ2β2β

−1
1 (1− β3β

−1
2 )bσ(b) ∈ pF ,

then we get that

−λ2λ
−1
3 bσ(b)(1− β2β

−1
1 )(1− β3β

−1
1 )−1 ∈ (k×F )2;

therefore, we get a contradiction to the assumption that the set Xβ(F0) is empty. Hence, we have

νF/F0
(δh(ge1, βge1)) = νF/F0

(β1) + 1/2 = m+ 1.

Thus we get that

νF/F0
(h(ge1, βge1)) ≤ −dm/2e.

Now, Lemma 2.6.1 implies that the character ψgβ is non-trivial on the group P(n/2)+(Λ) ∩ Uder, and we get
a contradiction to the assumption that π is generic.

Consider the case where F/F0 is unramified. In this case, we may assume that λ1 = $ and (λ2, λ3) ∈
{($, 1), (1, $)}. So we define ṽ3 to be the vector in the set {v2, v3} with h(ṽ3, ṽ3) = $, and the remaining

vector in the set {v2, v3} is denoted by ṽ2. The notation β̃i will be used for 1〈ṽi〉β1〈ṽi〉, for i ∈ {2, 3}. The
period 2 lattice sequence Λ is given by

Λ(0) = oF v1 ⊕ oF ṽ2 ⊕ oF ṽ3 and Λ(1) = oF v1 ⊕ pF ṽ2 ⊕ oF ṽ3.

Let e0 be the vector ṽ2. Since the space 〈v1, ṽ3〉 is isotropic, and there exists a Witt-basis (e1, e−1) for the
space 〈v1, ṽ3〉 such that

Λ(0) = oF e1 ⊕ oF e0 ⊕ pF e−1 and Λ(1) = oF e1 ⊕ pF e0 ⊕ oF e−1.

Let U be the unipotent radical of the Borel subgroup, B, such that 〈e1〉 is fixed by B. Assume that π ∈ Πx,
containing a Bushnell–Kutzko type (J0(Λ, β), κ), is a generic representation. There exists a g ∈ P (Λ) and
a non-trivial character Ψ of U such that

HomJ0(Λ,β)g∩U (κg,Ψ) 6= 0.

Note that νΛ(e1) = 1 and hence we get that ge1 = av1 + $bṽ2 + cṽ3, for some a, b, c ∈ oF . Since e1 is an
isotropic vector, we get that

aσ(a) +$bσ(b) + cσ(c) = 0.

From the above equality and the fact that νΛ(e1) = 1, we get that a, c ∈ o×F . We set n = 4m+ 2r, for some
integer m and r ∈ {0, 1}. The valuation of h(ge1, βge1) is equal to

νF (β1) + νF (aσ(a) + β̃2β
−1
1 bσ(b) + β̃3β

−1
1 cσ(c)) = νF (β1) = −(2m+ r).

We observe that g normalises the group P(n/2)+(Λ); therefore, we get that P(n/2)+(Λ)g ∩ Uder is equal to
Uder(m). Since νF (h(ge1, βge1)) ≤ −m, using Lemma 2.6.1, we get that the character ψgβ is non-trivial on

the group P(n/2)+(Λ)g ∩ Uder. Thus we obtain a contradiction to the assumption on the genericity of the
representation π ∈ Πx. �

7.5.2. The case where (W1, h) is isotropic.
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Lattice sequences: We begin with the description of the lattice sequence Λ. Let (e1, e−1) be a Witt-basis for
the space (W1, h), and e0 be an unit vector in V1. Let U be the unipotent radical of the Borel subgroup,
B, such that 〈e1〉 is fixed by B. Let T be the maximal torus of G, contained in B such that T fixes the
decomposition

〈e1〉 ⊕ 〈e0〉 ⊕ 〈e−1〉.
If F/F0 is unramified and h(v2, v2) = h(v3, v3) = $, then e(Λ) = 2 and

Λ(0) = oF e1 ⊕ oF e0 ⊕ pF e−1 and Λ(1) = oF e1 ⊕ pF e0 ⊕ pF e−1.

If F/F0 is unramified and h(v2, v2) = h(v3, v3) = 1, then e(Λ) = 2 and

Λ(−1) = Λ(0) = oF e1 ⊕ oF e0 ⊕ oF e−1.

If F/F0 is ramified, then e(Λ) = 2 and

Λ(−1) = Λ(0) = oF e1 ⊕ oF e0 ⊕ oF e−1.

Let I be the Iwahori subgroup defined, in its matrix form with respect to the basis (e1, e0, e−1), byoF oF oF
pF oF oF
pF pF oF

 ∩G.
Recall that we use the notation qi for the integer −νΛi

(βi), for 1 ≤ i ≤ 3. We set q1 = 4m1 + 2r1 and
q2 = 4m2 + 2r2, for some integers m1,m2 and r1, r2 ∈ {0, 1}. Also recall our convention that q1 ≥ q2.

Shallow elements: For the purpose of understanding linear functionals supported on J0(Λ, β)uU , for u ∈ I,
we need a certain measure of depth of an element u with respect to the group P(n/2)+(Λ). Let x, y ∈ oF
be two elements such that xσ(x) + y + σ(y) = 0, and let w be an element in WG. The function d(x, w, x),
defined below, measures the depth of an element u(x, y)w with respect to P(n/2)+(Λ). When F/F0 is an
unramified extension, we set

d(x, w, x) =


max{m2 + 1,m1 + 1− νF (x)}, if Λ(0) ∩ V2 = oF e1 ⊕ oF e−1,

max{m2,m1 + r1 − νF (x)} if Λ(0) ∩ V2 = oF e1 ⊕ pF e−1, w = id,

max{m2 + 2,m1 + r1 + 1− νF (x)} if Λ(0) ∩ V2 = oF e1 ⊕ pF e−1, w 6= id .

(7.11)

When F/F0 is a ramified extension, the lattice sequences Λ is uniquely determined (see subsection 7.5.2).
We define the integer d(x, w, x) as follows:

d(x, w, x) = max{dm2/2e, dm1/2− νF (x)e} (7.12)

Lemma 7.5.2. Let x be a skew semisimple stratum of type (D). Let w be an element of WG. Let u = u̇(x, y)

be an element of I∩Uw, where Uw is the unipotent radical of the opposite Borel subgroup of Bw with respect
to T. We have

Uwder(d(x, w, x)) ⊆ H1(Λ, β)u ∩ Uwder.

Proof. We will prove the above lemma when w = id, and the proof is entirely similar in the case where
w 6= id. The group H1(Λ, β) is equal to

P1(ΛF [β])P(q2/2)+(ΛF [β1])P(n/2)+(Λ).

Let u = ū(x, y) be an element of I ∩ B̄. Using the the matrix identity

ū(x, y)u(0, a)ū(−x,−y − xσ(x)) =

1− a(xσ(x) + y) aσ(x) a
ax(−y − xσ(x)) 1 + axσ(x) ax
−ay(y + xσ(x)) aσ(x)y ay + 1

 (7.13)

and the definition of d(x, id, x), we see that the group {Uder(d(x, id, x))}u is contained in the group H1(Λ, β).
�

Lemma 7.5.3. With the same notations as in Lemma 7.5.2, and for any skew semisimple character θ in
C(Λ, 0, β) we have

resUw
der(d(x,w,x)) θ

u = ψuβ .
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Proof. We prove this in the case where Λ∩W1 equal to oF e1⊕ pF e−1 and w 6= id. The rest of the cases are
similar and are simpler. Let u+ be the element u(x, y) ∈ I ∩ U , and let u = ū(0, a) be an element in the
group Uwder(d(x, w, x)). Using the identity (7.13), we get that the element u+u(u+)−1 is of the form g1g2,
where g1 ∈ P(q2/2)+(ΛF [β1]) and g2 ∈ P(n/2)+(Λ). From the definition of the integer d(x, w, x), we get that

1 + axσ(x) ∈ F× ∩ P(n/2)+(Λ); therefore, we get that 1V1
g11V1

belongs to F× ∩ P(n/2)+(Λ). Hence, the

determinant of 1W1
g11W1

belongs to F× ∩ P(n/2)+(Λ). The lemma follows from the defining property, [6,
Definition 3.2.3(a)], of the character θ. �

Lemma 7.5.4. Let F/F0 be a any quadratic extension and x = [Λ, n, 0, β] be a stratum of type (D) such
that Xβ(F0) is the empty set. Every cuspidal representation contained in the set Πx is non-generic.

Proof. Let π be a cuspidal representation in the set Πx. Let (J0(Λ, β), κ) be a Bushnell–Kutzko’s type
contained in the representation π. Assume that the representation π is generic. Then there exists a
w ∈WG, an element u = u̇(x, y) ∈ I ∩ Uw, and a non-trivial character Ψ of U such that

HomJ0(Λ,β)u∩Uw(κu,Ψw) 6= 0.

In particular, the above identity implies that

HomH1(Λ,β)u∩Uw
der

(θu, id) 6= 0, (7.14)

where θ is the skew semisimple character contained in resH1(Λ,β) κ.

Consider the case where F/F0 is any quadratic extension and Λ ∩W1 is equal to oF e1 ⊕ oF e−1. In this
case, we have νΛ(ew) = 0; therefore, we get that uew = bv2 + xv1 + cv3, for some b, c ∈ oF . If νF/F0

(x) = 0,
then we have

νF/F0
(h(uew, βuew)) = νF/F0

(β1).

If νF/F0
(x) > 0, then we have b, c ∈ o×F . Since x is skew semisimple stratum, we have (1 − β2β

−1
3 ) ∈ o×F .

From the assumption that νF/F0
(x) > 0, we get that λ2bσ(b) + λ3cσ(c) ∈ pF . Hence, we have

νF/F0
(λ2bσ(b) + β3β

−1
2 λ3cσ(c)) = 0.

Using Lemmas 7.3.1 and 7.3.3, we get that

νF/F0
(h(uew, βuew)) = min{νF/F0

(β1) + 2νF/F0
(x), νF/F0

(β2λ2bσ(b) + β3λ3cσ(c))}
= min{νF/F0

(β1) + 2νF/F0
(x), νF/F0

(β2) + νF/F0
(λ2bσ(b) + β3β

−1
2 λ3cσ(c))}

= min{νF/F0
(β1) + 2νF/F0

(x), νF/F0
(β2)}.

Consider the case where F/F0 is unramified and Λ ∩W1 is equal to oF e1 ⊕ pF e−1. In this case, we have
νΛ(e±1) = ±1; therefore, we get that

uew =

{
xv1 + bv2 + cv3, b, c ∈ oF , if w = id

xv1 + bv2 + cv3, b, c ∈ p−1
F , if w 6= id .

(7.15)

If w = id, we observe that bσ(b) + cσ(c) ∈ pF ; which together with νF (e1) = 1 implies that b, c ∈ o×F . Since,

x is skew semisimple we have get that bσ(b) + β3β
−1
2 cσ(c) ∈ o×F . From Lemma 7.3.1, we get that

νF (h(ue1, ue1)) = min{νF (β1) + 2νF (x), νF (β2) + 1}.

If w 6= id, then similar arguments as above imply that νF (b) = νF (c) = −1, and νF (bσ(b) + β3β
−1
2 cσ(c)) =

−2. Hence, using lemma we get that

νF (h(ue1, ue1)) = min{νF (β1) + 2νF (x), νF (β2)− 1}.

Claim 1. We claim that

νF/F0
(δh(uew, uew)) ≤ −d(x, w, x).

Assuming Claim 1 we complete the proof of the lemma. Using Lemma 2.6.1, we get that the character
ψuβ is non-trivial on the group Uder(d(x, w, x)). Thus, we get a contradiction to the equation (7.14), and
hence, the cuspidal representation π is non-generic.
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Proof of Claim 1. Case 1: First consider the case where F/F0 is unramified and

Λ(0) ∩W1 = oF e1 ⊕ oF e−1.

The integer νF (h(ue1, ue1)) is equal to min{−(2m2 + r2),−(2m1 + r1) + 2νF (x)}. Recall that −d(x, w, x) is
equal to min{−m2− 1,−m1− 1 + νF (x)}. Observe that −(2m2 + r2) ≤ −m2− 1, unless m2 + r2 = 0; since
the stratum x is a skew semisimple stratum of type (D), we have m2 + r2 > 0 (see the assumption in the
equation (7.1)). Assume that −(2m2 + r2) is equal to min{−(2m2 + r2),−(2m1 + r1) + 2νF (x)}. Then we
have

νF (x) ≥ m1 −m2 + (r1 − r2)/2 = (m1 + 1)− (2m2 + r2) + (m2 − 1 + (r1 + r2)/2)).

Using Lemma 7.2.1, we get that r1− r2 is an odd integer. Hence, we get that m2− 1 + (r1 + r2)/2) ≥ −1/2.
Therefore, we have

νF (x)−m1 − 1 ≥ −(2m2 + r2).

Assume that −(2m1 + r1) + 2νF (x) is equal to min{−(2m2 + r2),−(2m1 + r1) + 2νF (x)}. We have

νF (x) ≤ m1 −m2 + (r1 − r2)/2 ≤ m1 + r1 − 1− (m2 + (r1 + r2)/2− 1).

Since, r1 +r2 is odd, we get that m2 +(r1 +r2)/2−1 ≥ −1/2. Hence, we the inequality νF (x) ≤ m1 +r1−1
and we deduce that −(2m1 + r1) + 2νF (x) ≤ −(m1 + 1) + νF (x). Finally, using the inequality

−(2m1 + r1) + 2νF (x) ≤ −(2m2 + r2) ≤ −(m2 + 1),

we complete the verification of our claim in the present case.

Case 2: Let us consider the case where F/F0 is unramified and

Λ(0) ∩W1 = oF e1 ⊕ pF e−1.

In this case, we have r1 = r2. First, assume that w = id. Then we have

−d(x, id, x) = min{−m2,−(m1 + r1) + νF (x)},
νF (h(ue1, ue1)) = min{−(2m2 + r2) + 1,−(2m1 + r1) + 2νF (x)}.

If −(2m2 + r2) + 1 is equal to νF (h(ue1, ue1)), then we get that

νF (x)−m1 − r1 ≥ −m2 − (r1 + r2)/2 + 1/2 ≥ −(2m2 + r2) + 1 + (m2 + (r2 − r1)/2− 1/2).

Since m2 + (r2 − r1)/2− 1/2 ≥ −1/2, we get that

νF (x)−m1 − r1 ≥ −(2m2 + r2) + 1.

If −(2m1 + r1) + 2νF (x) is equal to νF (h(ue1, ue1)), then we that

νF (x) ≤ m1 −m2 + 1/2 ≤ m1 + 1/2.

Since νF (x) is an integer, we get that νF (x) ≤ m1. Therefore, we get that

−(2m1 + r1) + 2νF (x) ≤ −(m1 + r1) + νF (x).

Hence, in the case where w = id we get that

min{−(2m2 + r2) + 1,−(2m1 + r1) + 2νF (x)} ≤ −d(x, w, x).

Let us continue with the case considered in the previous paragraph but with w 6= id. We have

−d(x, id, x) = min{−(m2 + 2),−(m1 + r1 + 1) + νF (x)},
νF (h(ue−1, ue−1)) = min{−(2m2 + r2)− 1,−(2m1 + r1) + 2νF (x))}.

If −(2m2 + r2)− 1 is equal to νF (h(ue−1, ue−1)), then we get that

νF (x) ≥ m1 −m2 − 1/2.

From this we get that νF (x) ≥ m1; therefore, we have

−(m1 + r1 + 1) + νF (x) ≥ −(2m2 + r2)− 1.

If −(2m1 + r1) + 2νF (x) is equal to νF (h(ue−1, ue−1)), then we get that νF (x) ≤ m1 −m2 − 1/2. Since
νF (x) is an integer, we get that νF (x) ≤ m1 − 1. Hence, we complete the verification of the claim in the
present case.
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Case 3: Let us consider the case where F/F0 is a ramified extension. In this case, we have

−d(x, w, x) = min{−dm2/2e,−dm1/2− νF/F0
(x)e},

νF/F0
(δh(uew, uew)) = min{−m2,−m1 + 2νF/F0

(x)}.

We clearly have −m2 ≤ −dm2/2e, for m2 ≥ 0. Now, assume that −m2 is equal to νF/F0
(δh(uew, uew)).

Then we have

m2 ≥ m2/2 ≥ m1/2− νF/F0
(x).

From the above inequality we get that m2 ≥ dm1/2− νF/F0
(x)e. We assume that −m1 + 2νF/F0

(x) is equal
to νF/F0

(δh(uew, uew)). Then we get that νF/F0
(x) ≤ m1/2−m2/2. Hence, we have νF/F0

(x) ≤ m1/2 and
this is equivalent to the inequality

−m1 + 2νF/F0
(x) ≤ −dm1/2− νF/F0

(x)e.

With this we complete the verification of the claim in all cases. �

�

8. The depth-zero case.

When F/F0 is unramified, the classification of generic depth-zero cuspidal representations of G can be
deduced from the general work of DeBacker–Reeder in the article [7, Section 6]. From their results, generic
depth-zero cuspidal representations are precisely the representations of the form

indGP0(Λ) σ,

where P0(Λ) is a parahoric subgroup such that P0(Λ)/P1(Λ) is isomorphic to U(2, 1)(kF /kF0
), and σ is

the inflation of a cuspidal generic representation of P0(Λ)/P1(Λ). Now, we assume that F/F0 is a ramified
extension and consider a cuspidal representation of G, isomorphic to

indGP0(Λ) σ, (8.1)

where P 0(Λ) is a maximal parahoric subgroup of G, and σ is the inflation of a cuspidal representation of
P0(Λ)/P1(Λ).

If F/F0 is ramified, the groups P0(Λ)/P1(Λ) is the kF -rational points of a disconnected reductive group
over kF . An irreducible representation σ of P0(Λ)/P1(Λ) is called a cuspidal representation if resP 0(Λ)/P1(Λ) σ
is a direct sum of cuspidal representations. An irreducible representation σ of P0(Λ)/P1(Λ) is called generic
if and only if its restriction to a p-Sylow subgroup, say H, contains a non-trivial character of H.

Let (e1, e0, e−1) be any Witt-basis for (V, h) then up to G conjugation there are two lattice sequences Λ1

and Λ2 such that P 0(Λi) is a maximal parahoric subgroup, for i ∈ {1, 2}. We have e(Λi) = 2, for i ∈ {1, 2},
and

Λ1(−1) = Λ1(0) = oF e1 ⊕ oF e0 ⊕ oF e−1,

Λ2(0) = oF e1 ⊕ oF e0 ⊕ pF e−1 and Λ2(1) = oF e1 ⊕ pF e0 ⊕ pF e−1.

Let B be the Borel subgroup of G such that 〈e1〉 is fixed by B. Let U be the unipotent radical of B.
The groups P 0(Λ1) and P 0(Λ2) are special maximal compact subgroups of G, and we have the Iwasawa
decomposition

G = P0(Λi)B,

for i ∈ {1, 2}. The representation of the form (8.1) is generic if and only if

HomP0(Λ)∩U (σ,Ψ) 6= 0,

for some character Ψ of U .

Lemma 8.0.1. Let F/F0 be a ramified quadratic extension. A depth-zero cuspidal representation π of G
is generic if and only if

π ' indGP0(Λ1) σ,

where σ is a generic cuspidal representation of P0(Λ1)/P1(Λ1).
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Proof. Let π be a depth zero cuspidal representation isomorphic to indGP0(Λ1) σ. The image of U ∩P0(Λ1) in

the quotient P0(Λ1)/P1(Λ1) is the pro-p Sylow subgroup of P0(Λ1)/P1(Λ1). Note that P0(Λ1) ∩ U is equal
to

{u(x, y) : x, y ∈ F, y + σ(y) + xσ(x) = 0, νF/F0
(y) ≥ 0},

and the group P1(Λ1) ∩ U is equal to

{u(x, y) : x, y ∈ F, y + σ(y) + xσ(x) = 0, νF/F0
(y) ≥ 1/2}.

The quotient (P0(Λ1)∩U)/(P1(Λ1)∩U) is isomorphic to {u(x,−x2/2) : x ∈ kF }. Let Ψ be any non-trivial
character of U such that resP0(Λ)∩U Ψ 6= id and resP1(Λ)∩U Ψ = id. For such a character Ψ, the space

HomP0(Λ)∩U (σ,Ψ) 6= 0

if and only if σ is the inflation of a generic cuspidal representation of P0(Λ1)/P1(Λ1). Hence, π is generic if
and only if σ is generic.

Let π be a depth-zero cuspidal representation of the form π ' indGP0(Λ2) σ. Assume that π is generic,
then we get that

HomP0(Λ2)∩Uder
(σ, id) 6= 0. (8.2)

The image of the group P0(Λ2) ∩ Uder in the quotient P0(Λ2)/P1(Λ2) ' SL2(kF ) × {±1}, is a p-Sylow
subgroup, say H. Note that resH σ is a direct sum of non-trivial characters of H. Thus we get a contradiction
to the condition to the equation (8.2). Hence, the representation π is non-generic. �

9. Main theorem

In this section, we combine the results obtained so far in the following theorem. Recall the following
notation: if W is a non-degenerate subspace of V , then 1W is the projection onto W with kernel W⊥.

Theorem 9.0.1. Let F be a non-Archimedean local field with odd residue characteristic. Let x = [Λ, n, 0, β]
be a skew semisimple stratum and let Πx be the set of cuspidal representations containing a Bushnell–Kutzko
type of the form (J0(Λ, β), λ). The cuspidal representations in the set Πx are either all generic or all non-
generic. Furthermore, the following holds.

(A) Let x is a skew simple stratum, i.e., the case where F [β] is a degree 3 field extension of F . Then
the set Xβ(F0) is non-empty, and every representation contained in the set Πx is generic.

(B) Let x be a skew semisimple stratum with the underlying splitting V = V1 ⊥ V2 such that dimF Vi = i,
for i ∈ {1, 2}. Assume that β = β1 + β2, where βi is equal to 1Vi

β1Vi
, σh(βi) = −βi, F [β2] is a

degree 2 field extension of F . Let qi be the integer νΛi
(βi), for i ∈ {1, 2}. If q1 > q2, then a cuspidal

representation in the set Πx is generic if and only if (V2, h) is isotropic. If q2 > q1, then a cuspidal
representation in the set Πx is generic if and only if (V2, h) is anisotropic. In part (B), a cuspidal
representation in the set Πx is generic if and only if the set Xβ(F0) is non-empty.

(C) Let x be a skew semisimple stratum with the underlying splitting V = V1 ⊥ V2 such that dimF Vi = i,
for i ∈ {1, 2}. We assume that β = β1 +β2, where βi is equal to 1Vi

β1Vi
, βi ∈ F , and σ(βi) = −βi,

for i ∈ {1, 2}. Every representation in the set Πx is non-generic. The set Xβ(F0) is non-empty if
and only if (V2, h) is isotropic.

(D) Let x be a skew semisimple stratum with the underlying splitting V = V1 ⊥ V2 ⊥ V3. Then a
representation in the set Πx is generic if and only if Xβ(F0) is non-empty.

In part (B) of the above theorem, we have q1 6= q2 (see paragraph 5.3). In the case where the underlying
splitting of a skew semisimple strata x is equal to V = V1 ⊥ V2 ⊥ V3, it is fairly easy to determine the
necessary and sufficient conditions on β for the non-emptiness of the set Xβ(F0). Assume that βi = 1Viβ1Vi ,
for 1 ≤ i ≤ 3. When F/F0 is unramified, the non-emptiness of Xβ(F0) depends only on the set of integers
{νF (β1), νF (β2), νF (β3)} and the isomorphism classes of (Vi, h), for 1 ≤ i ≤ 3. We refer to Lemmas 7.2.1
and 7.2.2 for these results. However, in the case where F/F0 is ramified, one requires more invariants on β
to determine whether Xβ(F0) is empty or not. Since these invariants are not the natural invariants attached
to a stratum, we did not make them explicit. For details, we refer to the proof of Lemma 7.3.3.
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Proof of Theorem 9.0.1. We indicate the precise references to proofs of various parts enumerated in the the-
orem. The first part, case (A), follows from Proposition 4.1.2. In case (B), when q1 > q2, the corresponding
statements are proved in Lemmas 5.6.5, 5.7.1, and 5.7.2. In case (B), when q2 > q1, the corresponding
statements are proved in Lemmas 5.6.1, 5.6.2, and 5.7.4. The statements in case (C) are proved in Lemmas
6.2.1 and 6.3.5. The statements in case (D) are proved in 7.4.1, 7.5.1 and 7.5.4. Now, the main statement
of the theorem on genericity or non-genericity of all representations in Πx follows from statements in cases
(A), (B), (C), and (D). �

Appendix A. Appendix: Filtration of Uder induced by lattice sequences

In this section we fix some representatives for G-conjugacy classes of self-dual lattice sequences on V and
describe an(Λ), for n ∈ Z. Then we use them to determine Uder ∩ an(Λ), for n ∈ Z. These calculations are
used in showing certain representations are non-generic.

A.1. The unramified case: We begin with the case where F/F0 is unramified. Let Λ1 be the lattice
sequence of periodicity 2 and

Λ1(−1) = Λ1(0) = oF e1 ⊕ oF e0 ⊕ oF e−1.

The filtration {an(Λ) | n ∈ Z} of EndF (V ) is given by

a2m−1(Λ1) = $m

oF oF oF
oF oF oF
oF oF oF

 ∩ g and a2m(Λ1) = $m

oF oF oF
oF oF oF
oF oF oF

 ∩ g, (A.1)

for all m ∈ Z. Let Λ2 be a period 2 lattice sequence given by

Λ2(0) = oF e1 ⊕ oF e0 ⊕ pF e−1 and Λ2(1) = oF e1 ⊕ pF e0 ⊕ pF e−1.

The filtration {an(Λ2) | n ∈ Z} is given by:

a2m(Λ2) = $m

oF oF p−1
F

pF oF oF
pF pF oF

 ∩ g and a2m+1(Λ2) = $m

pF oF oF
pF pF oF
p2
F pF pF

 ∩ g, (A.2)

for all m ∈ Z. Let Λ3 be the lattice sequence of period 4 given by

Λ3(−1) = oF e1 ⊕ oF e0 ⊕ oF e−1, Λ3(0) = oF e1 ⊕ oF e0 ⊕ pF e−1,

Λ3(1) = oF e1 ⊕ pF e0 ⊕ pF e−1, Λ3(2) = pF e1 ⊕ pF e0 ⊕ pF e−1.

The filtration {an(Λ3) | n ∈ Z} on g is given by:

a4m+r(Λ3) =



$m

oF oF oF

pF oF oF

pF pF oF

 ∩ g if r = 0,

$m

pF oF oF

pF pF oF

pF pF pF

 ∩ g if r = 1,

$m

pF pF oF

pF pF pF

pF pF pF

 ∩ g if r = 2,

$m

pF pF pF

pF pF pF

p2
F pF pF

 ∩ g if r = 3.

(A.3)

Although, there is a lattice sequence, say Λ4, with period 6, we do not need to write it down explicitly.
This corresponds to type (A) strata and in this case all representations are generic. The filtration {Uder ∩
an(Λ1) | n ∈ Z} is given by:

Uder ∩ a2m−1(Λ1) = Uder ∩ a2m(Λ1) = Uder(m),
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for m ∈ Z. The filtration {Uder ∩ an(Λ2) | n ∈ Z} is given by

Uder ∩ a2m(Λ2) = Uder(m− 1) and Uder ∩ a2m+1(Λ2) = Uder(m).

The filtration Λ3 is given by

Uder ∩ a4m+r(Λ2) =


Uder(m) if r = 0,

Uder(m) if r = 1,

Uder(m) if r = 2,

Uder(m+ 1) if r = 3.

(A.4)

A.2. The ramified case: Now, assume that F/F0 is a ramified extension and Λ1 and Λ2 be the lattice
sequence of period 2 given by

Λ1(−1) = Λ(0) = oF e1 ⊕ oF e0 ⊕ oF e−1.

and

Λ2(0) = oF e1 ⊕ oF e0 ⊕ pF e−1 and Λ2(1) = oF e1 ⊕ pF e0 ⊕ pF e−1

The filtration {an(Λ1) | n ∈ Z} is similar to the filtration in (A.1). The flitration {an(Λ2) | n ∈ Z}, in this
case, is similar to the filtration in (A.2). We will not require to write the filtrations {an(Λ′) | n ∈ Z} for
which P 0(Λ′) is an Iwahori subgroup of G. The filtration {Uder ∩ an(Λ1) | n ∈ Z} is given by

Uder ∩ a2m−1(Λ1) = Uder ∩ a2m(Λ1) = Uder([m/2]),

for all m ∈ Z. The filtration {Uder ∩ an(Λ2) | n ∈ Z} is given by

Uder ∩ a2m−1(Λ2) = Uder ∩ a2m(Λ2) = Uder([(m− 1)/2]),

for any m ∈ Z.
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