JACQUET MODULES OF TATE COHOMOLOGY AND BASE CHANGE
LIFTING

SABYASACHI DHAR AND SANTOSH NADIMPALLI

ABSTRACT. Let G be a connected reductive group defined over a p-adic field F. Let o be an
automorphism of G of prime order ¢ (¢ # p), and defined over F. Set I' = (o), and let G° be
the subgroup of o-fixed points of G. Let II be a finite length F,-representation (or an f-modular
representation) of G(F) x I'. We prove a conjecture of Treumann and Venkatesh which predicts
that the Tate cohomology Iin(RH) is a finite length representation of G°(F), for i € {0,1}. Let
E/F be a cyclic Galois extension with [E : F] = £. We discuss the explicit computation of these
Tate cohomology spaces when G(F') is GL, (E), the automorphism o is induced by a generator of
Gal(E/F), and II is obtained as a base change lifting of a depth-zero supercuspidal representation of
GL,(F). The primary novelty from our previous work is that we treat the case where II is possibly
non-cuspidal. We also study the Gal(F ¢ /Fy)-Tate cohomology groups of the mod-¢ reduction of
the unipotent cuspidal representation of Sp,(F ).

1. INTRODUCTION

Let F' be a finite extension of @, and let G be a connected reductive algebraic group defined
over F. Let £ be a prime number distinct from p. Let o be an order ¢ automorphism of G, defined
over F', and let I be the cyclic group generated by 0. We denote by H the connected component
containing the identity element of G°—the subgroup of o-fixed points of G. Let II be an ¢-modular
smooth irreducible representation of G(F') such that IT extends as a representation of G(F) x I'.
Treumann and Venkatesh, in their work on mod-¢ functoriality ([TV16, Conjectures 6.3]), proposed
some remarkable conjectures relating the ~-modular irreducible smooth representations of the p-adic
groups G(F) and H(F). Their conjectures predict that the Tate cohomology H*(T,II) is a finite
length representation of H(F), for i € {0,1}, and they also proposed that the subquotients of
ﬁi(f‘, IT) must be related to II via f~-modular functoriality in the sense of Langlands, and they called
it the linkage principle. In our previous work [DN24], we proved that ﬁi(I‘,H) is a finite length
representation for the case where G = Resg,rGL;, and o is the automorphism of GG induced by a
generator of the cyclic group Gal(E/F') of order ¢, and we showed that the linkage principle holds
when ¢ does not divide the pro-order of GL,_1(F).

In this article, we first prove the finiteness part of Treumann—Venkatesh conjectures. The main
technique is to control the Jacquet modules and the twisted Jacquet modules of the Tate cohomology
groups. We also use the fact that the subrepresentations of finitely generated ¢-modular represen-
tations of a p-adic group are finitely generated; this is a deep result proved recently in [DHKM24].
Let (II, W) be the base change lifting to GL,,(F) of an integral cuspidal absolutely irreducible rep-
resentation (m, V') of GL,(F) where V is a vector space over the maximal unramified extension
K of Qp. Under the assumption that the mod-¢ reduction of 7 is supercuspidal, we show that
HO(Gal(E/F), L) is irreducible and a cuspidal representation, for any GL,(E) x Gal(E/F)-stable
Zy"-lattice £ in W. In the depth-zero case, using local methods, we obtain the precise description
of Tate cohomology of a base change lift of such 7. These results on depth-zero representations
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are obtained by studying the Tate cohomology of invariant lattices in Shintani lifts for GL,, over
finite fields. We then discuss the linkage principal for generic depth-zero -modular representations
of GL,(E).

Ronchetti gave initial evidence to the linkage principle in the cyclic base change case of GL,
[Ron16], where he explicitly computed the Tate cohomology of a Gal(E/F')-stable lattice in a depth-
zero cuspidal representation of GL,(E) obtained as a base change lift of GL,(F"). In two papers
[Fen23] and [Fen24], Feng showed that, under mild restrictive hypothesis on the groups involved,
the Genestier—Lafforgue correspondence and the Fargues—Scholze correspondence are compatible
with the linkage principle. However, the explicit computation of Tate cohomology groups, in par-
ticular, admissibility and the non-vanishing of Tate cohomology I/-ii(F, IT), genericity, are not well
understood. We answer some of these questions in this article. In their paper [HV25, Section
5.0.3], Henniart and Vignéras verified Treumann and Venkatesh conjectures for G(F') = GLy(F)
and G7(F') = SLy(F') with ¢ = 2.

The following are our principal results. The first result of this article is to show that the Tate
cohomology groups are finitely generated representations of G?(F'). We prove the following result.

Theorem 1. Let G be a connected reductive algebraic group over a non-Archimedean local field F
of residue characteristic p. Let I' C Aut(G) be a subgroup of automorphisms of order ¢, defined over
F. Let (I, V) be a finite length £-modular representation of G(F) x I'. Then the Tate cohomology

IfIi(F,H) is a finitely generated representation of G°(F), fori € {0,1}.

The above theorem is discussed in Section 2. The proof of Theorem 1 uses the ¢-modular version
of Schneider and Stuhler resolutions ([SS97, Theorem I1.3.1]) of smooth irreducible representations
as discussed in Vignéras’s work [Vigd7, Proposition 2.6] on /-modular representations. In what
follows, we use the hypothesis and notations of the above theorem.

To prove the admissibility of Tate cohomology groups, we prove that the Jacquet modules of
IfIi(F, IT) are controlled by the Tate cohomology of Jacquet modules of IT with respect to o-stable
parabolic subgroups. This is discussed in Section 3. Let P be a o-stable parabolic subgroup of G.
Then the connected component of P?, denoted by @, is a parabolic subgroup of H = (G°)°. Let
N be the unipotent radical of P and let U be the unipotent radical of (). Let v be a character of
N(F). We will show that the natural map of twisted Jacquet modules

H (D, 1)y (py . — B (0, My ) (1.1)

is an injection. This article, in essence, is about various applications of the above injective map.
First of which is the following theorem.

Theorem 2. Let G be a connected reductive algebraic group defined over a non-Archimedean local
field F of residue characteristic p. Let T' C Aut(G) be a subgroup of automorphisms of order ¢,
defined over F. Let (II, V') be a finite length {-modular representation of G(F) x T'. Then the Tate

cohomology I/-ii(I’, IT) is a finite length representation of G°(F'), fori € {0,1}.

Although, F'is assumed to be p-adic, the above two theorems are proved for any non-Archimedean
local field F with residue characteristic p. We prove the above theorem using induction on the
dimension of G. In the induction argument, we need some control on the action of the centre of G
along with the exponents in the Jacquet modules with respect to the parabolic subgroups of G°.
We begin the proof of the theorem by reducing it to the case where the maximal F-split torus in the
centre of Z(G?) is contained in Z(G); we call this the first reduction step. This helps us to control
the action of Z(G7(F)) using the action of Z(G(F')) via the central character on the Jordan-Holder
factors of the G(F') representation II.

An interesting corollary from this part of the proof is the following result: Let II be an irreducible
¢-modular representation of G(F') where G is a connected reductive group defined over F', and let
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s € G(F) be a regular element of order ¢ (the group Cg(s)” is a torus in G). Then the space
ﬁi(<s>,H) is a finite dimensional /-modular representation of Cg(s)(F'). After this first reduction
step, we can use (1.1) to prove inductively the finite length of the Tate cohomology spaces ﬁi(I‘, II).
The basic step in this induction argument is the case where the connected component (G°)° has
no proper F-rational parabolic subgroups. In this case, the first reduction step and Theorem 1
together imply that ﬁi(I‘, IT) is a finite dimensional /-modular representation of G?(F').

For the next result, proved in Section 4, we assume that G is Resg/pGLy,, where E'/F is a finite
Galois extension of degree £ and ¢ is an automorphism of G induced by a generator of the Galois
group Gal(E/F). Fix an algebraic closure Q; of Q. Let K be the maximal unramified extension
of Q¢ in Qy, and let A be the ring of integers of . Let 7 be an absolutely irreducible, integral,
cuspidal KC-representation of GL,,(F') such that the mod-¢ reduction of 7 is a supercuspidal. The
base change lifting to GL, (E) of the f-adic representation 7 ®x Q, is defined over K, and let II be
the K-representation of GL,(E) such that Il ®x Q, is the base change lift of 7 ®x Q,. Note that
I17 ~ IT and it is integral, but II is not necessarily a cuspidal representation. The representation 11
extends uniquely to a representation of K[GL,(E) x Gal(E/F)]. We have

Theorem 3. With the Hypothesis on 11 and 7 as above, let £ be a A[GL,(E) x Gal(E/F')]-stable
lattice in TI. Then, the Tate cohomology H°(Gal(E/F), L) is an {-modular irreducible cuspidal
representation of GL,(F) and HY(Gal(E/F), L) is trivial.

In the proof of the above result, we use the fact ([DN24, Proposition 6.3]) that the zeroth
Gal(E/F)-Tate cohomology of a A[GL,(E) x Gal(E/F)]-stable lattice in II has a unique generic
subquotient. In fact, this genericity result holds in greater generality. In our previous work on GL,,
we used the Kirillov model to prove the genericity of Tate cohomology for the action of Gal(E/F),
and generalising this result we prove in Theorem 4.1.1 about the genericity of Tate cohomology of
f-modular representations in Section 4. The main technique for Theorem 4.1.1 is Rodier’s results
on Whittaker models and their integral versions due to Vignéras [Vig04]. Note that the proof of
[DN24, Proposition 6.3] works for all non-Archimedean local fields F' of residue characteristic p.
However, we point out that the genericity result in this article is proved only for p-adic groups.

To explain this genericity result, let G be a quasi-split connected reductive group defined over
F. Let II be a smooth irreducible /-modular representation of G(F') such that II ~ II?. It can
be shown that II extends uniquely to a representation of G(F') x I'. We assume that there exists
a o-stable Borel subgroup B of GG defined over F', and let N be the unipotent radical of B. We
set U = N7 to be the unipotent radical of the connected component of the idendity of B°. We
also assume that there exists a non-degenerate character ¢ : N(F) — EX such that ¥? = ¢ and
1 restricts to a non-degenerate character on U(F'). With these two assumptions on the group G,
we prove that if IT is (N (F),v)-generic, then the H (F')-representation IfIi(F, IT) is non-zero and it
has a unique irreducible (U(F),)-generic subquotient (Theorem 4.1.1); we also prove an integral
version of this result. We then prove Theorem 3, using the injection (1.1) and [DN24, Proposition
6.3]. We show that the Jacquet-modules of £, as in the above theorem, with respect to any o-stable
proper parabolic subgroup is a free ['-module.

In Section 5, we study the Tate cohomology of invariant lattices in representations obtained
as Shintani liftings to GL,(Fy) of representations of the finite group GL,(IF;). The analogue
of Theorem 3 (Proposition 5.3.4) is first proved for II-which is obtained as a Shintani lifting to
GL,(F ) of a cuspidal representation of GL,(F;) with supercuspidal mod-¢ reduction; we use the
Deligne-Lusztig character formula to show that, for any A[GL,(F,) x Gal(F . /F,)]-stable lattice
L in II, the space ﬁO(Gal(qu /Fg), L) is isomorphic to the Frobenius twist of the mod-¢ reduction
of m (Theorem 5.4.3). In section 6, we use the results in section 5 to show the linkage principle
for depth-zero generic representations for p-adic groups for all £ # 2. Essentially, we show that the
generic constituent of Tate cohomology can be described if the linkage principle is established for
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absolutely cuspidal integral IC-representations with supercuspidal ¢-modular reduction, and in the
depth-zero case we establish this using our results on Shintani lifting. The main theorem for section
6 is Theorem 6.4.3.

We end this article by considering the example of 819 in Section 7, the unipotent cuspidal irre-
ducible representation of the finite symplectic group Spy(F,). This example demonstrates linkage
principle in the case of non-generic representaions. Let 7, be the unique cuspidal unipotent rep-
resentation of Sp,(Fqn). Note that the mod-¢ reduction of 7, is irreducible and it is denoted by
r¢(my,). For a vector space W over the field F;, we denote by WO the F,-vector space where the
scalar action is twisted by the Frobenius automorphism of the field F,. We have

Theorem 4. Let £ be an odd prime number. Let m, be the unipotent cuspidal representation of
Spy(Fgn). Then, we have the following isomorphism of Sp,(F,) representations:

HO(Gal(F e /Fy), re(me)) == ro(my) ).
Moreover, the Tate cohomology ﬁl(Gal(qu/]Fq),rg(m)) is trivial.

The above theorem seems to suggest that for all finite classical groups G admitting a cuspidal
unipotent representation, the zeroth Tate cohomology space for the action of the Galois group
Gal(F . /F;) on the mod-£ reduction of a cuspidal unipotent representation of G(F ) is isomorphic
to the Frobenius twist of the mod-¢ reduction of the cuspidal unipotent representation of G(Fy).
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Notations.

(1) In this article, we assume that F' is p-adic and here are some standard notations: the ring
of integers of F' is op, the maximal ideal of of is pp, and the residue field op/pr is kp.
The field kg has gr elements and ¢r is a power of a prime p. Let valp : F'* — Z, be the
normalised valuation of F'.

(2) For coefficients of representations we use the following: We fix an algebraic closure Q, of
Qy and let Z; be the ring of integers of Q. Let K be the maximal unramified extension of
Qy in Qy, and let A be the ring of integers of K. We fix q};/Q € K a square root of gr. For
z € A, the symbol Z stands for the mod-¢ reduction of x.

(3) Let G be a connected reductive algebraic group defined over F. Let o € Aut(G), defined
over F', be an element of prime order £ and £ # p. Let I" be the group generated by o. Let
H be the connected component of the identity element of G°-the fixed points of o, note
that H is a reductive group (see [PY02, Theorem 2.1]). We have the tuple of notations

(G,I,0,G? H) (1.2)

associated with G and o. The connected component of the identity of an algebraic group G
is denoted by G°.

(4) A representation (m, V') of a locally pro-finite group G is said to be smooth if every vector
v € V is fixed by a compact open subgroup of G. In this article, our representation are
defined over K-vector spaces where K is one of the fields {Q,, K, F;}. When K = Q,
(resp. TFy), we say that the representation is f-adic (resp. f-modular). Let (p,U) be a
representation of any group G over an L-vector space U. For v € Aut(L), we denote by p(”/)
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the representation of G on the L-vector space space U, where the action of L is twisted by
v, i.e.,
r-v=vyYzw zeL, vel.

For an ¢-modular representation (p,V’) of G, the Frobenius twist of p, denoted by pY, is
defined to be p), where Fr is the automorphism z — z¢.

(5) For an integral ¢-adic representation (7, V') of a pro-finite group G, we denote by ry(7) the
¢-modular reduction (we again discuss the definitions in subsection 3.2).

(6) For a closed subgroup J’ of a locally profinite group J, we will denote by IndL‘;, and indi}
the smooth induction functor and the compact induction functor, respectively.

(7) We use Ky(F) for the compact open subgroup GLy, (o) of GL,,(F'), and the notation K;(F)
is used for the first principal congruence subgroup of Ko(F).

(8) Let P be an F-rational parabolic subgroup of G and the unipotent radical of P is denoted
by N. Let M be a Levi subgroup of P defined over F'. For a smooth representation (7, W) of
M (F), we denote by ZJGDEQ

notation 7y for the Jacquet module of a smooth representation (7,V) of G(F). Given

smooth representations 7; of GL,,(F), for 1 < i < k, we denote by

(1) the normalised parabolic induction of 7 to G(F'). We use the

T X T X+ X Tk

the normalised induced representation ig?lff)(F)

rational parabolic subgroup with a Levi subgroup isomorphic to Hle GL,,,. We use similar
notation when F' is a finite field for the induced representation. Let (p,V’) be a smooth

(@F_,7;), where m = Zle n; and P is an F-

representation of M (F'), where V is an L-vector space, and we assume that q};/ ? is fixed in

L and the modulus character of P(F') is defined using this fixed element q},/ ?. We then note
that

G(F) (v)

e
( P(F) )(7) =lppyP

tp(r)P

for all v € Aut(L) with 'y(q;ﬂ) = q},/z. We note that

G(F) \() G(F
(IndPEng) R IndPEng(W).

In the case where L = Fy, and v = Fr, we have

G 0 _ .G
(Zpggp)( ) o ZPE?; (") @ kp) (1.3)

where kp : P(F) — {£1} is the character given by

g (QTF)V&lF(det(Adgh))’g c P(F),

where n is the Lie algebra of N(F') and (qu) is the Legendre symbol.

(9) In this article, a smooth representation (7, V') of G(F) is called cuspidal if 7y(py = 0, where
N is the unipotent radical of any proper F-rational parabolic subgroup P of G.

2. TATE COHOMOLOGY OF SMOOTH REPRESENTATIONS

In this section, the field F' is a non-Archimedean local field with residue field of characteristic
p. Let II be a smooth finite length representation of Fy[G(F) x I']. We prove that the Tate
cohomology groups ﬁi(F,H) are finitely generated representations of G?(F). We use Schneider—
Stuhler resolutions and their mod-¢ version by Vignéras for proving this finiteness statement.
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2.1. Let K be the maximal unramified extension of Q, in Q;, and let A be the ring of integers of
K. All A[G(F)]-modules are assumed to be smooth, i.e., every element is fixed by a compact open
subgroup of G(F'). Let M be a A[G(F) x I']-module. Let Nr be the norm element Zi_:}) oF € A[T.
Consider the chain complex of A[I'l-modules

id—o id—o

SN YR VLNV gy Y RALNG / N

The Tate cohomology groups of M, with respect to the action of I', are 2-periodic and we have

~ Ker(id — o) = Ker(Nr)
H(T, M) = —————, H(T, M) := — /.
(T, M) Im(Nr) (T, M) Im(id — o)
The action of G(F) on M induces an action of G?(F') on the Tate cohomology spaces ITIi(I‘, M), and
we get two /-modular smooth representations H*(T', M), for i € {0, 1}, of the fixed point subgroup
G?(F). Similar cohomology groups can be defined when F' is a finite field, and we will assume the
easy modifications in the definitions. For a short exact sequence of A[G(F') x I'|-modules

0— M —M-—M"—0,

we have the following hexagonal exact sequence of Tate cohomology groups ([Ser, Chapter VIII,
Section 4]):

HO(T', M") —— HY(I", M) —— HO(", M"") (2.1)

| |

H'(D, M") <—— HY(, M) <—— HY(T', M")

2.2. Let X be a Hausdorff, locally compact, and totally disconnected topological space (an ¢-space
in the sense of [BZ76, Section 1.1]). Let G be a locally profinite group with an order ¢ automorphism
o, generating a group [' of automorphisms of G. Assume that G x I' acts continuously on X. Let
F be a G x I'-equivariant sheaf on X. The natural restriction map

HY(I', H(X, F)) — H(X°, H(T, F|x-))

is an isomorphism, for i € {0,1} (see [TV16, Proposition 3.3]). Here, H°(X,F) is the space of
global sections of a sheaf F on X. Let K be a closed subgroup of G such that o(K) = K. Let V
be a A[K x I'l-module. This data defines a G’ x I'-equivariant sheaf Fy on G /K whose sections on
an open set U of G/K are the sections of the vector bundle G x g V — G/K restricted to U. The
global sections of the sheaf Fy is the induced representation indg’;V, and the action of I is given by

(o f)9)=a(fle7(9)),

for all g € G and f € ind$V. Assume that (G/K)° = G°/K°. Then, the restriction to G° map
induces a G?-equivariant isomorphism

HY(T, ind% V) — ind%, (HY(T, V), f > resge(f) (2.2)

2.3. Let (II,V) be a smooth finite length representation of F¢[G(F) x I'|. We show that H(T", IT)
is a finitely generated G?(F)-representation. We use the mod-¢ version of Schneider and Stuhler
resolutions ([SS97, Theorem I1.3.1]) of smooth irreducible representations as discussed in Vignéras
([Vig97, Proposition 2.6]). Let X be the extended Bruhat—Tits building of a connected reductive
algebraic group G defined over a non-Archimedean local field F'. Let d be the F-rank of G. For
0 < k < d, let X be the set of k-dimensional facets of X, and let %(k) be the set of oriented
k-facets which are tuples of the form (F,cr), where F € X and cr is an orientation of F. Let

e > 0. For a facet F of X, Schneider and Stuhler associate a compact open subgroup U](_-e ), and
let V be the coefficient system defined by associating every facet F to VUF. Let C (X(k), V) be the
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Fy-vector space of oriented cellular k-chains on X(x)- Then we have a G-equivariant resolution of
the representation

0= C(X), V) 25 C(X o), V) 225 o5 Cx ), V) 2 O, V) SV 50 (2.3)

for some e > 0. We refer to [SS97, Section II.2] for details. Note that the automorphism o acts on
X simplicially, i.e., it preserves the sets X4 and X 4).

Lemma 2.3.1. For each 0 < k < d, the Tate cohomology groups ﬁi(F,C(%(k),K)) are finitely
generated Fy[G° (F)]-modules.

Proof. Consider the set X(;y with discrete topology, and the action of the group G(F) on X, is
continuous. Also note that the sheaf V is G and I'-equivariant. Since V' is an admissible represen-
tation of F;[G(F)], the stalks of the sheaf V are all finite dimensional vector spaces over F,. Using
[TV16, Proposition 3.3, we get that the restriction map

H'(I', C(X 1), V)) = C(X,, (I, 1))

is an isomorphism. Recall H denotes the group (G°)°. Let ) be the Bruhat-Tits building of
H over F, then X7 is a subset of facets of } (see [PY02]). Thus, there are only finitely many
orbits for the action of H(F') on SE((’k). Since the module HY(I", VUF) is finite, we get that the space
C (.’{‘(’k), Hi(T,V)) is a finitely generated f-modular representation of H(F), and hence, these spaces

are finitely generated as f-modular representations of G?(F). O

In what follows, we need the fact that the submodules of finitely generated smooth F,[G(F)]
representations for a connected reductive group G over F, are again finitely generated. This is a
fundamental result in the theory of smooth complex representations due to Bernstein and in the
mod-/ case it follows from the deep results of the paper [DHKM24, Corollary 1.3] seen with the
work of Dat ([Dat09, Corollary 4.5]).

Lemma 2.3.2. Let (II, V) be an irreducible smooth representation of Fo|G(F)]. Assume that (I, V)
extends as a representation oiﬁg[G(F) x ). Then the Tate cohomology groups H (T, V) are finitely
generated representations of Fy[G?(F)].

Proof. Note that the resolution (2.3) is G and T'-equivariant, and the Tate cohomology groups
H(T,C(X), V), 0<i<d,

are finitely generated representations of F¢[G°(F)] by Lemma 2.3.1. For each 2 < k < d, consider
the short exact sequence of Fy[G(F) x I'l-modules

0— Im(&k_l) — C(f(k_1),K) — Im(ak_g) — 0.

Then we have the following hexagonal exact sequence using (2.1):

H(D, Im(8y—1)) — HO(T, C(X(j_1), V) — HO(T, Im(8y_2))

HY(D, Im(9g—2)) = H'(I, C(X(p_1), V) =< H(T, Im(9_1))

which we denote by S(k). Note that Im(dy1) is identified with C(X(4),V). Since the spaces
ﬁi(f‘, C(X(q),V)) and Hi(T, C(X(4-1),V)) are finitely generated -modular representations of G7(F),
it follows from the diagram S(d) that ﬁi(ﬂ Im(04-2)) is also finitely generated. A similar hexagonal
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exact sequence of Tate cohomology corresponding to the following short exact sequence of G(F') xT'-
modules

0 — Im(04-2) = C(X(g—2),V) — Im(9g-3) — 0

shows that PAIi(F,Im((‘)d,g)) is finitely generated. Since ﬁi(F,C(%(d,g),K)) is finitely generated,
it follows from the hexagonal diagram S(d — 1) that IfIi(F, Im(04—3)) is finitely generated. Thus,
following a finite number of inductive steps, the hexagonal diagram S(2) shows that the space
ﬁi(F, Im(0p)) is finitely generated. Finally, using the hexagonal exact sequence (2.1) of Tate coho-
mology groups corresponding to the following short exact sequence of Fy[G(F) x I']-modules

0 — Im(dy) = C(X(p), V) = V =0,
we get that HY(T', V) is finitely generated module over F¢[G° (F)]. O

Theorem 2.3.3. Let (I, V) be a finite length representation of Fo[G(F) x T|. Then each Tate
cohomology group H (T, V') is a finitely generated representation of F,[G(F)].

Proof. We use induction on the length of (II,V) as an F,[G(F)]-representation. If (II,V) is an
irreducible representation of G(F'), then the theorem follows from Lemma 2.3.2. Let W be an
irreducible G(F')-subrepresentation of V. First consider the case when W is I'-stable. The long
exact sequence of Tate cohomology associated with the following short exact sequence

0—W —V-—=V/W-—0
gives two exact sequences
H(T, W) — HO(T, V) — H(L, V/W)

and
HY(T, W) — HY(T, V) — HYT, V/W).

Since W is irreducible, each Tate cohomology ﬁi(I’,W) is a finitely generated representation of
Fy[G°(F)] by Lemma 2.3.2. Also note that the length of the G(F)-representation V/W is strictly

less than the length of V', inductively we may assume that the Tate cohomology groups ﬁi(F, V/W)
are finitely generated representations of G?(F'). Now, it follows from the above exact sequences

that each H(T', V) is a finitely generated representation of F¢[G? (F)]. Let us now consider the case
where W is not I'-stable. Then

is a G(F) x I-stable subspace of V, where the action of G(F) on the space W' is twisted by o
for 0 < < £. Since W' is a free Fy[['}]-module, we get that H (T, W’) is trivial, for i € {0,1}. Now,
the long exact sequence of Tate cohomology groups applied to the following short exact sequence
of Fy[G(F) x I'l-modules

0— W —V —=V/W —0

gives the following isomorphism of G (F')-representations
H/(T, V) — H(T, V/W'), i € {0,1}.

Since the length of V/W” is strictly less than that of V, the G (F)-representation Hi (T, V/W’) is
finitely generated by induction. Thus, we get that the Tate cohomology group H(I", V) is a finitely
generated representation of G7(F). O
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3. FINITENESS OF TATE COHOMOLOGY

In this section, we prove some results on the compatibility of Jacquet modules and twisted Jacquet
modules with Tate cohomology groups, and we use it later to prove the main admissibility result of
Tate cohomology spaces. We assume that F' is any non-Archimedean local field of residue charac-
teristic p. Some of these results were proved in [DN24, Section 6] for the group G' = Resg/pGLy,
where F/F is a finite Galois extension of prime degree ¢, and o is an automorphism induced by
a generator of the Galois group Gal(E/F). The results on (twisted) Jacquet modules, although
proved for groups defined over non-Archimedean local fields, are valid for finite groups of Lie type.
For convenience, in this section, we drop the notation I' from the Tate cohomology groups ﬁi(l“, M)
and denote them by ﬁZ(M)

3.1. Twisted Jacquet modules. Let (7,V) be a smooth A[G(F)]-module, where A denotes the
ring of integers of the maximal unramified extension of Qy in Q,. Let P = MN be an F-rational
parabolic subgroup of GG, where M is an F-rational Levi subgroup of P and NN is the unipotent
radical of P. Let ¢ : N(F) — A* be a smooth character. Let V(N(F'),) be the A-module
generated by the following set of vectors

{r(n)v —¢(n)v:veV,ne N(F)}.

The quotient space V/V(N(F),v) is called a twisted Jacquet module of V', which is denoted by
Vn(r),y- This space is characterized by the set of elements v € V' for which there exists some
compact open subgroup N, of N(F) such that

¥~ () m(n) dn = 0,
Ny
where dn is a Haar measure on N(F). The space Vi (r), is a smooth representation of the M (F)-
stabiliser of the character v, to be denoted by M (F'),. In particular, when ¢ = 1, the trivial
character of N(F), we write Vy(py for Viy(p) 1. The smooth A[M(F')]-module Vi (py is called the
Jacquet module of V.

3.2. Integral representation and mod-/ reduction. A smooth f-adic representation (7, V') of
G(F), i.e., V is a vector space over Q, is called integral if V is a finite length G(F)-representation
and if there exists a G(F)-stable Z;-lattice £ in V. Suppose (7, V) is an admissible, f-adic, integral
smooth representation defined over K, i.e., there exists a G(F')-stable IC-vector subspace Vj in V
such that Vo ®x Q; = V, then there exists a A[G(F)]-stable lattice £y in Vp and Lo ®4 Zy is a
G(F)-stable Z-lattice in V. If P is an F-rational parabolic subgroup of G with an F-rational Levi
subgroup M and unipotent radical N, then it follows from [Dat05, Proposition 1.4] that Ly is

an M (F)-stable Zg-lattice in Viy(gy. The natural action of G(F) on the Fy-vector space £ ®z, F
gives an f-modular representation of G(F), which depends on the choice of the lattice £. Using
[Vig96, Chapter II, 5.11.a and 5.11.b], the representation (m, £ ®z, Fy) has finite length and its

semi-simplification is independent of the choice of the G(F') stable Zs-lattice £ in V. The semi-
simplification of (m, £ ®7z, Fy), denoted by r(n), is called the mod-¢ reduction of .

3.3. Consider the tuple (G,T",0,G?, H) as in (1.2). Let P be a o-stable F-parabolic subgroup of
G, and let NV be the unipotent radical of P. Note that N is o-stable and let M be a o-stable Levi
subgroup P (for the existence of M, see [KP23, Lemma 12.5.4]). Given any F-parabolic subgroup
Q of H, there exists a o-stable F-parabolic subgroup P of G such that Q = (P?)° (see [KP23,
Lemma 12.5.4] for a reference). Note that U = N€ is the unipotent radical of @ and (M?)? is a
Levi subgroup of Q. Let ¢ : N(F) — A* be a smooth character such that ) = 1. For a smooth
A[G(F) »x I'l-module L, let L7 denote the space of o-fixed points of £. Note that L(N(F),1) is
stable under the action of T
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3.3.1. We need to define a o-stable filtration of compact open subgroups on the unipotent radical
N of a o-stable parabolic subgroup P of G. For this, we need some details in the proof of [KP23,
Lemma 12.5.4]. Let P be a o-stable parabolic subgroup of G, and let @ = P N H. Note that @
is a parabolic subgroup of H, and let S be a maximal F-split torus in ). Let A : G,,, — S be
a one-parameter subgroup defining the parabolic subgroup @) of H, and the group P is defined
as the parabolic subgroup defined by A. Let ny be an op-lattice in the Lie algebra of N such
that [ng,ng] € ng. Let Ny be the subgroup of N generated by exp(X), for X € ng. We set
N, = )\(w;k)No)\(w’f;). The subgroups Ng, for k € Z provide a o-stable filtration of compact open
subgroups of N.

Lemma 3.3.1. Let N be a o-stable compact open subgroup of N. Then, we have H'(I', N') = 0.

Proof. The group H'(T', A) is an f-torsion group for any abelian subgroup A with an action of
[. If A is pro-p abelian group, then HY(T', A) is trivial. We set Do(N) = N and Dy(N) =
[Dk—1(N),Dr_1(N)], for k& > 1. Let N} be the image of NN Di_1(N) under the natural map
Dy-1(N) = Di—1(N)/Dg(N), for k > 1. The group N} is a compact open subgroup of the abelian
unipotent vector group Dy_1(N)/Dk(N). Thus, HY(T', N}) is trivial. This implies that the map

HY(T, Di(N)NN) — H (T, D1 (N) NN)
is surjective, for k > 1. Hence, we get that H'(I', N) is trivial since Dy () is trivial for sufficiently
large k. O

3.4. We begin with our basic results on the Jacquet modules of Tate cohomology.

Lemma 3.4.1. Let (m,L) be a smooth A[G(F') x I'|-module. For each i € {0,1}, the image of the
natural map H'(L(N(F), 1)) — H(L) is equal to H*(L)(N? (F),), where v is the mod-f reduction
of V.

Proof. For i € {0,1}, let ¢; be the natural map
H(L(N(F), %)) — H(L).

We first consider the case i = 0. Let v be in the image of ¢, and let © be a lift of v in L(N(F),v)°.
There exists a compact open subgroup N C N(F) such that

/ 1 n)vdn = 0. (3.1)

Since (7, £) is smooth, there exists a compact open subgroup N/ C A of finite index such that N’
fixes the vector v and 4 is trivial on N//. Then

/1/1 n)v dn = Vol(N”) Z Pt n)vdn,
neN /N’

where Vol(N”) is the volume of N’. Since N(F) admits a filtration of I' stable compact open
subgroups, we assume that both A" and A/ are I'-stable. If X denotes the coset space N'/N”, then

we have
Yovl)m@)i = Y v W + > (@) ()0, (3:2)

zeX yexe zeX\ X

Since the action of I' on X \ X7 is free, there exists a subset & C X \ X such that X \ X7 is the
disjoint union of o' for 1 <+i < £. As v is a o-fixed vector, we get

L
Y. v @ wT =) ) W' u)w(otu)o = Nr( Y ¢ (u) m(u)d),

zeX\ X =1 ueld ueU
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where Nr = 140 + -+ 4+ o/~ € A[I']. This shows that
S @) =0
zeX\X°
in HO(£). Then it follows from (3.1) and (3.2) that
——1
Y0 wrlye =0
yeX?

This implies that the vector v belongs to ﬁo(ﬁ)(N 7(F),1). Conversely, let w be an element of
HO(L)(N°(F),v). Let N, be the compact open subgroup of N?(F) with

/ w n)wdn = 0.

Since 7 is smooth, there exists a compact open subgroup N, C N, of finite index such that

/ P ) rwdn = Vol 3§ () m(n)uw.
No neN, /N
Let w be a lift of w in L. Consider the element
- _ Vol N’
0= = >y ) w(n)w.

neNs /N.
Then w; belongs to L(N(F'),1)? and @o(w1) = w. Thus, we get the lemma for i = 0.

Now, consider the case ¢ = 1. Let v be an element in the image of ¢1. Let ¢ be a lift of v in
Ker(Nr|z(n(F),p))- Then there exists I'-stable compact open subgroups N C A such that N fixes
the vector o, the character ¢ is trivial on N/, and

> v @) m(@)o =0,

zeX

where X denotes the quotient space N //\/ Since the T' action on X \ X7 is free, there exists a
subset ¥V C X \ X7 such that X \ X7 = |_|z 0 0V. Then we have the identity

S v @) n(@)o = 3 0T @) w@N@) + 3 9 (@) wla)s

reX zey zeX7
Thus, we get that D . i_l(x) 7(z)v is trivial in H'(£), and this implies that
v e 0 (L)(N(F), ¥).
Conversely, let v be an element in ﬁl(ﬁ)(N"(F),E). Let v € Ker(Nr) be a lift of v. Consider the

element
0 =0~ A > T n)w(n)o.
U neNy /NL
Note that ©; € L(N(F),%) and Nr(9;) = 0 as Nr commutes with the action of N?(F’). This
completes the proof. O

Using the above lemma, we get the following crucial result on Jacquet modules of the Tate
cohomology groups.

Theorem 3.4.2. Let P be a I'-stable F-parabolic subgroup of G, and lg\t N be the unipotent radical
of P. Let L be a smooth A[G(F) x I'|-module. Then the natural map Hi(ﬁ)Nf,(F) 7 H (Ly(r) )
18 injective.
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Proof. Consider the short exact sequence of A[I'J-modules

The long exact sequence (2.1) of Tate cohomology groups corresponding to the above short exact
sequence gives the following exact sequences:

HO(L(N(F),v)) 2% H(L) — H(L(r) )

and
HY (L(N(F), ) 5 HY(L) — H (L (r).0)-

Using Lemma 3.4.1, the image of ¢; is equal to PAP(E)(N”(F),@) Hence, we get the theorem. [J

As a corollary, we get the following result.

Corollary 3.4.3. Let G be a connected reductive algebraic group defined over F, and let o be an
order £ automorphism of G, where £ and p are distinct primes. Let 11 be an ¢-modular cuspidal
representation of G(F') such that II extends to a representation of G(F) x I'. Then each Tate

cohomology group I/L\IZ(H) is a cuspidal representation of G?(F).

Proof. Let @ be a proper F-parabolic subgroup of G?. By [KP23, Lemma 12.5.4], there exists a
proper o-stable F-parabolic subgroup P of G such that (P?)? = Q. Let N be the unipotent radical
of P. Then N¢ is equal to the unipotent radical of (). Now, using Theorem 3.4.2 for ¢ = 1, the
trivial character of N(F'), we get an injection

(ﬁi(H))N"(F) — ﬁi(HN(F))'

Since II is cuspidal, the Jacquet module Iy (p) is trivial, and so is (ﬁ‘(H)) no(r)- Therefore, the
Tate cohomology group ITP(H) is cuspidal. O

3.5. In the paper [TV16, Conjecture 6.1], the authors conjectured that if II is an irreducible ¢-
modular representation of G(F') such that IT extends to a representation of G(F') xT", then the Tate
cohomology groups ﬁi(ﬂ), i € {0,1}, are finite length representations of G?(F'). In our previous
work [DN24, Proposition 5.5], this conjecture is proved for G = GL, where o is induced by a
Galois automorphism. In this subsection, we generalise this result for arbitrary connected reductive
groups. We prove

Theorem 3.5.1. Let G be a connected reductive group defined over a non-Archimedean local field
F of residue characteristic p, and let o be an automorphism of G, defined over F, and has prime
order { #p. SetT' = (o), and let II be a finite length £-modular representation of G(F) x T'. Then

Hi(II) is a finite length (-modular representation of G°(F), fori € {0,1}.

3.5.1. Let G be a connected reductive algebraic group defined over F'. Fix a minimal F-parabolic
subgroup Qo of G. Let € be the set of all proper F-parabolic subgroups of G containing ()y. For
Q € Q, we denote by U the unipotent radical of (). Let m be a smooth R-representation of G(F'),
where the coefficient field R is either Q, or F,. We have the natural map obtained from Frobenius
reciprocity corresponding to identity maps:

m— [T indd\ (ruery), (3.3)
Qe

and let 7. be the kernel of the map (3.3). If the Jacquet module (7.)y(p) is non-zero for some
P € Q, then Frobenius reciprocity gives the following non-zero map

MTe — C}_{)indg((?)((%)[](p)). (3.4)
€
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Since the induction functor indg((?)
is exact, we get a contradiction to the fact that 7. is the kernel of the map (3.3). Thus, 7. is a

cuspidal representation.

preserves injective maps and the Jacquet functor m — 7y (p)

3.6. First reduction. The hurdle to prove admissibility is with the case where the rank of a
maximal F-split torus in Z(G7) is larger than the rank of a maximal F-split torus of Z(G). The
following proposition (Proposition 3.6.1) reduces Theorem 3.5.1 to the case where the maximal
F-split torus of Z(G7) is contained in Z(G).

Let C be the maximal F-split torus of Z(G?). Let S be a maximal torus of H, defined over F,
where H is the connected component of G? containing the identity. Then the centralizer Zg(.5)
is a o-stable maximal torus of G defined over F', and we denote it by T (see [KP23, Proposition
12.8.1(2)]). Let ®(G,T') be the set of roots of T in G. Note that ®(G,T') is the absolute root system
of G. Let M be the centralizer of C' in G (denoted by Zg(C)). The group M is a o-stable Levi
subgroup of an F-rational parabolic subgroup P of G (see [Bor91, Proposition 20.4] and [BT65,
Theorem 4.15]). We want to claim that M is a Levi subgroup of a o-stable parabolic subgroup P
of G. For this, we follow the arguments in the proof of [Bor91, Proposition 20.4]. Let A\ € X, (C)
be a non-zero element such that for all « € ®(G,T") which restrict to a non-zero element in X*(C'),
we have (o, \) # 0. We set

U={aec®GT): (a,\) > 0}.
Note that
(G, T) = (Ze(C),T)| || |-v.
The unipotent group Uy generated by the root groups Ug, for 8 € ¥, is a o-stable subgroup defined
over F'. The group P = Zg(C)Uy is a o-stable parabolic subgroup defined over F' and contains
M = Zg(C) as its Levi subgroup.

For maintaining uniform notation, the unipotent radical of P, i.e., the group Uy, will be denoted
by N. The group N is o-stable and note that N is trivial. By definition, G? is contained in M,
and thus, we get that M = G°. Observe that the maximal F-split torus in Z(M?) = Z(G7) is
contained in Z(M). We denote by Iy, the Jacquet module of II with respect to N (F'), and let
II(N(F)) be the kernel of the natural map IT — Il (). Note that the space II(N(F")) is o-stable.
Using Theorem 3.4.2, we get an injective map

HY(IT) < H' (Typ)).- (3.5)

This suffices for the proof of Theorem 3.5.1. However, we prove that the injective map (3.5) is an
isomorphism. This might be of interest for explicit computation of Tate cohomology in some cases.

Proposition 3.6.1. Let IT be a smooth ¢-modular representation of G(F') such that IT extends as a
representation of G(F) x T. Then the Tate cohomology space H'(II(N(F))) is trivial, for i € {0,1}.

Proof. The above proposition can be proved using Glauberman’s correspondence. However, we give
a direct proof. Let us first consider the case i = 0. Let w € II(IN(F))? and let Ny be a o-stable
compact open subgroup of N(F') such that

/ T1(n)w dn = 0, (3.6)
No

where dn is a Haar measure on Ny. Let N be a o-stable open normal subgroup of Ny such that
w € M. Let N be the quotient group Ny /Ni. Since N7 is trivial, the long exact sequence for
I'-group cohomology corresponding to the exact sequence

1N - Ng—N—1

gives the exact sequence
1 — N7 = HYT, Ny).
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The pointed set H!(T', Np) is trivial from Lemma 3.3.1. Hence, we get that A/ is trivial.
Then we have

/N Hewdn =Y Omw= 3 Tmw+ Y Mmn)w.

neN neNe neN\N@

Since the T-action on N\ N is free, there exists a subset X < A\N? such that N\N° = []'Z 00X,
and we get the following equality

Z I(n)w = Z II(n)w + Nr( Z II(z)w
neN neNe zeX

Thus, we get

Z II(n)w =

heN

in HO(II(N(F))). Now, using the equation (3.6), we get that w = 0 in HO(II(N(F))).
We now consider the case where i = 1. Let v € Ker(Nr : II(N(F)) — II(N(F))). There exists a
o-stable compact open subgroup Ny of N(F') such that

/ II(n)vdn =0,
No

where dn is a Haar measure on Ny. Let N; be a o-stable open normal subgroup of Ny such that
v € IV, If N\ denotes the quotient group Ng/Ny, then we have

/N II(n)vdn = Z II(n)v = Z II(n)v + Z II(n)v.

neN neNe neN\N@

Note that N7 = {e}, and there exists a subset X C A\ N7 such that A"\ V¥ = [['Z5 0?X. Then
the above identity becomes

{—1
v DY T(e(z))v=0. (3.7)
i=0 zeX
Set w = Zf:(l) sex (0" (z))v. We will show that w € Im(1 — o). Using the fact that Nr(v) = 0,

we have

rzeX =1 xeX
-1
=YY 1@ av+§:§:n
=1 xzeX i=1 xeX
-1 =1
==Y o' > I o+ > > T (@)
i=1 zeX =1 zeX
-1
=) (1-09 Z e (x)v
i=1 zeX

Thus, we get that w = (1 — o)w; for some w; € II(N(F)), and hence it follows from (3.7) that
v =0 in HY(II(N(F)). O
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Corollary 3.6.2. Let G be a connected reductive algebraic group and let P be a o-stable parabolic
subgroup with unipotent radical N and a o-stable Levi subgroup M. Assume that N NG is trivial
and G C M. Then, the natural map

H'(IT) — H' (T (r))
s an tsomorphism.

Corollary 3.6.3. Let G be a connected reductive algebraic group defined over a p-adic field F' and
let s be an element of order £ # p such that the centralizer C(s) is contained in a proper parabolic
subgroup of G. Let 11 be an ¢-modular cuspidal representation of G(F). Then the Tate cohomology

space Hi((s),T1) is trivial, for i € {0,1}.

3.7. Proof of Theorem 3.5.1. We use induction on the length of II and the dimension of G to
prove the theorem. First assume that II is an irreducible as G/(F')-representation. We stress that
in the proof of this theorem, we use a deep result that the subrepresentations of finitely generated
smooth ¢-modular representations of G(F) are again finitely generated. This fundamental result
that follows from the works of [DHKM24, Corollary 1.3] and [Dat09, Corollary 4.5]. Using the
Proposition 3.6.1, we can assume that the maximal F-split torus C' of Z(G?) is contained in Z(G).
Let Q be a proper parabolic subgroup of H = (G°)? and let U be the unipotent radical of Q. Let
L be a Levi-subgroup of Q). For a smooth representation = of H(F'), let ® be the following map
obtained by Frobenius reciprocity corresponding to identity maps:
.7 — H 1ndg((5))7rU(F)
Q=LUQ#H

and let 7. be the kernel of ®. Note that the Jacquet module (7.)y(r) is trivial, for any unipotent
radical of a proper parabolic @ of H. Applying ® to the Tate cohomology space ﬁi(H), we get the
following exact sequence

i = [ . H(F) /{3
0— Hi(m). - H(@m =[] 1ndQ((F)) (H () () (3.8)

Q=LU,Q#H

Note that Hi(IT), is a cuspidal representation, and it is an H(F)-subrepresentation of the space
IfIi(H)fwhich is a finitely generated Fy[H(F)]-representation (see Theorem 2.3.3). This implies
that ﬁ"(H)C is an f-modular finitely generated cuspidal representation of H(F'), and using the fact
that the split component C of Z(G?) is contained in Z(G), we get that Hi(II). is a finite length
representation of H(F') (this follows from the fact that finitely generated cuspidal representations
with central character are of finite length [Vig96, Chapter I, Proposition 7.11(2), Chapter II 2.7]).
Let P be a o-stable parabolic subgroup of G such that (P°)? = @, and let N be the unipotent
radical of P. Let M be a o-stable Levi subgroup of P such that the connected component of M?
is a Levi subgroup L of (). Then, using Theorem 3.4.2, we have the injection

H (I () — H' (T ()

Using induction, we get that ﬁl(H N(F)) is a finite length representation of L(F). Since parabolic
induction preserves finite length, it follows from exact sequence (3.8) that IA{Z(H) is a finite length
representation of H(F). Thus, the space H'(II) is a finite length representation of G°(F), for
i€{0,1}.

Now, consider the general case where II is not necessarily an irreducible representation of G(F).
Let o be a generator of I'. Let II; be an irreducible subrepresentation of IT and set II} to be the
subrepresentation of II spanned by H‘l’i, for 0 < i < . Note that II} is o-stable, and we consider
the short exact sequence of F;[G(F) x I'] modules

0 — I} — 11 — /1) — 0.
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From the long exact sequence of Tate cohomology, we get the following exact sequence:

H(IT}) — HY(I1) — HY(11/11}).
If II; is not o-stable, then HY(IT}) is trivial for i € {0,1}, and if II; is o-stable, then H'(IT}) is a
finite length representation of G?(F) from the previous case. Note that the length of II/II} is now
strictly less than the length of II. Then, using induction hypothesis, the Tate cohomology space

ﬁl(H/H’l) is a finite length representation of G°(F). Thus, we get that Hi(II) is a finite length
representation of G7(F'). As a corollary, we get the following result.

Corollary 3.7.1. Let G be a connected reductive group defined over a non-Archimedean local field
F' of residue characteristic p. Let o be an automorphism of G, defined over F' and has prime
order £ # p. Let (I, V) be a finite length integral KC-representation of G(F) x I'. Then, for any
A[G(F) x T']-stable lattice L in V', the space ﬁ’(ﬁ) is a finite length £-modular representations of
G(F), forie {0,1}.

Proof. Recall that L is a free A-module and that the /~-modular representation £/¢L is a finite length
representation of G(F) (see [Vigd6, I1.5.11.a] for finiteness). Consider the short exact sequence of
G(F) x I'-modules

0— £ 25 £ 2/ec —s 0. (3.9)

By Theorem 3.5.1, the Tate cohomology groups ﬁi(ﬁ/ﬁﬁ) are of finite length as representations
of G?(F). From the long exact sequence of Tate cohomology corresponding to the above exact
sequence, we have

0 — HO(L) — HO(L/eL) — HY(L) — 0.
and

0 — HY(L) — HY(L/eL) — HO(L) — 0.
Thus, we get that each I?IZ(E) is of finite length. O

4. SOME GENERICITY AND IRREDUCIBILITY RESULTS

For a generic irreducible ¢-modular representation (I, V) of GL,(E), which is stable under
the action of Gal(E/F), we showed in [DN24, Proposition 6.3] that the Tate cohomology space
H(Gal(E/F),1I) admits a unique irreducible generic subquotient; we used Kirillov model together
with a version of Lemma 3.4.1. We prove this result in some generality here using the work of
Rodier and Moeglin—Waldspurger as a substitute for the Kirillov model for GL,. We will assume
that F' is a p-adic field in this section.

4.1. Let (G,T,0,G?,H) be a tuple as in (1.2). Let g be the Lie algebra of G, and there is an
induced action of I' on g. The o-fixed point Lie subalgebra g7 is the Lie algebra of H. Let By be
the Killing form of G. We assume that H is a quasi-split reductive algebraic group and that there
exists an element X € g such that X is regular nilpotent in g. This implies that X is regular in g°.
Let ¢ : Gy, — G be a co-character such that X € g_o, where g = @, g; is the grading induced by
¢. Let N be the closed subgroup of G with Lie algebra &,. g, and let B be the Borel subgroup
normalising N. Let B~ be the Borel subgroup of G with Lie algebra €, g;- Note that the group
B is stable under I', and (B?)" is a Borel subgroup of H. Also note that N is the unipotent radical
of B and N? is the unipotent radical of (B?)°.

Let or be the ring of integers of F', and let pr be the maximal ideal of F'. Fix a uniformizer w
of F. Let ¢p: F — ng be an additive character which is trivial on pr and non-trivial on op. We
denote by ¥ : F — F, the mod-¢ reduction of ¥. Let ¢y : N(F) — Z, be the character

Ux(exp(Y)) = $(By(X,Y)).
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Note that Bg(o(X),0(Y)) = Be(X,Y), and exp(o(Y)) = o(exp(Y)), for all Y € Lie(N). For
X € g%, the character ¥x is invariant under the action of o on elements of N(F). The mod-/
reduction of 1 x is denoted by 1 y. Recall that for an irreducible smooth /-modular representation
(IL, V) of G(F'), the multiplicity one statement

follows from [MT24, Corollary 7.2], and the representation (II, V) is called (N(F), y)-generic if
dimE(VN( P) Ex) = 1. Note that I acts trivially on VN( )by We now prove the following theorem.

Theorem 4.1.1. Let (I, V') be an irreducible smooth ¢-modular representation of G(F') such that
II extends as a representation of G(F) x T. Let {y : N(F) — F, be a non-degenerate character
of N(F) associated with a o-invariant element X € g such that vy restricts to a non-degenerate
character of N°(F). If (IL, V) is (N (F), ¥y )-generic, then H (T, TI) is non-zero and it has a unique
irreducible (N°(F), vy )-generic subquotient, for i € {0,1}.

Proof. We will use the fact that the natural map V — VN( Py is an isomorphism on twisted-

coinvariants with respect to some compact open subgroup K of G(F'), this important result is due
to Rodier in the case of smooth complex representations, and it is later generalised by Moeglin
and Waldspurger ([MgW8T7]) for degenerate Whittaker models. In [Vig04, Section III|, Vignéras
used these ideas to prove G(F)-stability of certain natural lattices in the Whittaker model of a
smooth irreducible representation of G(F) on a Q-vector space. We will recall the constructions
in Moeglin—Waldspurger and Vigneras’s paper and verify that these constructions are compatible
with the action of .

Let L be a lattice in g such that [L, L] C L. The lattice
L=L+o(L)+---+c"(L),

is a o-stable lattice in g such that [L, L] C L. Let g* be the centralizer in g of the element X. Let
m be a p-stable complement of gX. Note that we can choose m such that o(m) = m. The nil-radical
of the alternating form By (Y,Z) = By(X,[Y, Z]) is g*. Choose a o-stable lattice M; in m such
that Bx (M, M1) C op (such an M; can be constructed by averaging the I'-translates of a lattice

M in m with BX(M17M1) C OF). The lattice

Lq :MleBZ(LﬂgXﬂgi)
1€EZ

defines the groups G,, = exp(w”Ly), for all n > B, where B is a constant defined in [MgW87,
Lemma 1.3]. Let x, be the character of G,, given by

exp(Z) = ¢ (By(w™ "X, Z)),
for all Z € w"L;. Let t = p(w) and let

Kn, =t7"Gnt", x;,(k) = xn(t"kt™).
Note that x/,(z) = ¥x(x), for x € N(F) N K, and x,(z) = 1, for x € B~ (F) N K,,. The mod-¢
reduction of x/, is denoted by X,,. Note that K, and X/, are I'-invariant. As in the complex case,
we claim that the natural map
KnXn _
Vi _>VN(F)7¢'X (4.1)

is an isomorphism for all n large enough.

To prove the isomorphism (4.1), given a (N(F), 1 y)-generic /-modular representation (II,V),
there exists an f-adic integral representation Il of G(F') such that II is the unique (N(F),¢x)-
generic constituent of the mod-¢ reduction of II (see [MT24, Corollary 7.2]). We may assume that
IT is defined over a finite extension R; of Qp (see [Vig96, I1.4.7]), and let R be the extension of R;
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obtained by attaching all the p-power roots of unity. Note that the ring of integers op of R is a
DVR. Let £ be a (G(F') x I')-stable og-lattice in II such that II is the unique (N (F'), 1 x )-generic

constituent of £ ®,,, Fy.
For a large enough integer n, it follows from [MgW87, 1.14] that the natural map
I = Ty ()
is an isomorphism. For n as above, Vignéras showed that the natural map

LEnxn LN(F) by (4.2)

is an isomorphism (see ([Vig04, Proposition II1.4.6]). Since LEnXn is a op-lattice in TTEmXn | we get
that the modules in (4.2) are free 0g-modules of rank one.

Since K, is a pro-p group, we have
VEnXn ¢ B g, Ty,
and
LNF)px Por Fe = VN(F),EX-
It remains to show that VE»Xn is a non-zero space for n large, and to show this we follow the
arguments in [MgW87, Lemme 1.10]. Consider the quotient map
V2 Ve oy
and let v € V' be an element which maps to a non-zero element in VN( )by There exists a large n
such that v € VE»NB™(F)  Note that the element

! = Y)Yz x)vdx
I () = /N o T @

has the same image as v in Vi) 5 and we have I' (v) € VEnXa\{0}. This shows that the natural
map (4.1) is an isomorphism.

When (II, V') extends as a representation of G(F') x I', we observe that the map (4.1) is a o-
equivariant map. Note that the group K, is a pro-p group. Let V(K,,Y,) be the kernel of the
projection map

V — VEnXn,

Thus, we have a o-equivariant splitting
V = V(K x,) P Vi,

Since dimEVKmX’n = 1, the group I' acts trivially. Thus the space IfIi(F, V') is non-zero and the
natural map

H'(L, V) — H(D, VX)) S H(D, V5,
is non-zero for ¢ € {0,1}. It follows from Theorem 3.4.2 that the natural map

H(D, V) = H(, Vy (5.

factorises through an injective map

Hi(F, V)NU(F),EX - Hi(F’ VN(FLEX),

and it is non-zero as noted above. Hence, the above map is an isomorphism from multiplicity one.
Thus, from our result on finiteness of Tate cohomology (Theorem 3.5.1), and the uniqueness of
Whittaker model in the ¢-modular case [MT24, Corollary 7.2], we get that there exists a unique
irreducible generic subquotient of

HY(T, II).
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This proves the theorem. O

Remark 4.1.2. The above theorem can be applied in many interesting cases we list a few.

(1) In the case where G = Resp,p(Gr), where G is a quasi-split connected reductive group
defined over F, and E/F is a cyclic Galois extension of degree /.

(2) The case where G = GLgj,+1 and G7 = Ogy,41,

(3) when G = GLg,, and G° = Sp,,,.

(4) Tt also deals with the case where G is a semisimple group of type D4 equipped with a triality
automorphism o of order 3.

The above theorem does not deal with the case where G = GLg, and G? = Og,.

We end this section with a result on extending (uniquely) a o-stable, generic, absolutely irre-
ducible K-representation (II, V') to a representation of G(F') xI'. The mod-¢ version of the following
lemma, for all o-stable irreducible smooth Fy-representations, can be proved using a simple Schur’s
lemma argument (see ([TV16, Section 6.1]). It is important to note that any f-adic irreducible
smooth representation £ of G(F) such that £7 ~ £ extends as a representation of G(F') x '-although
not uniquely. However, since we cannot extract ¢-th roots of unity in /C, it is not completely clear
if this holds for absolutely irreducible smooth representations defined over K. The following lemma,
shows that this holds for generic representations.

Lemma 4.1.3. Let (N(F),vx) be a pair as defined in Theorem 4.1.1. Let (II, V) be an abso-
lutely irreducible (N (F'), v x)-generic K-representation of G(F') such that 117 ~II. Then II extends
uniquely to a representation of G(F) x T.

Proof. Let W : V' — K be a non-zero (NN (F'), ¢ x)-Whittaker linear functional, i.e.,
W({II(n)v) = ¢Yx(n)W(v), ve€V, n € N(F).
For v € V, we set W, (g) = W(II(g)v). Let W(II, ¢x ) be the Whittaker model of II defined as the

subspace {W, : v € V'} of Ind%((lp)q/)x. As 1x is a o-invariant character of N(F'), we get that the
image of the operator

T, - WL ¢x) — Indf,((?)wx

given by T, (f)(g) = f(c71(g)), is W(II?,1x). Since I1° ~ II, using the multiplicity one property
of the space of Whittaker linear functionals, the image of T, is equal to W(II, ¢ x). Thus, we get
the required extension in the lemma. Uniqueness of the extension is a consequence of the fact that
K is the maximal unramified extension of Q. Let T, and 7. be the action of o on V for two
different extensions of II. The operators T, and T, are intertwining operators from II to II?, and
from Schur’s lemma we have T, = AT, for some A € K. So, A’ =1 and A € K. We conclude that
A=1 O

4.2. Irreducibility of Tate cohomology for GL,. In this section, we assume that G is the
group Resg,pGLy, where E/F is a finite Galois extension of prime degree ¢, and we prove the
irreducibility of the Gal(E/F')-Tate cohomology of A[GL,,(E) x Gal(E/F)]-stable lattices in certain
integral generic K-representations of GL,(E). Assume that n = ¢m for some integer m > 1. Let
(I, V) be the representation

FXTO X x0T (4.3)

where 7 is an absolutely irreducible cuspidal K-representation of GL,,,(F) such that 7 is not isomor-
phic to twisted representations 79" for 1 < < ¢ —1. This implies that II is absolutely irreducible;
to see this if 77°v ~ 7, for some 1 < i < ¢ — 1, and v is the modulus character, then we get that

714 ~ 7, for some j, and this is not possible by considering the central characters on both sides (see
irreducibility criterion [BZ77, Theorem 4]). Note that IT ~ II°.
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Hypothesis 4.1. In this subsection, we assume that ro(T) % 1¢(7)%.

Since 7 is integral, II is an integral K-representation of GL,, (F). Let £ be a A[GL,(E)]-stable
lattice in V, then Zf;é o'(L) is a A[GL, (E) x Gal(E/F)]-stable lattice in V. In later sections, we
will recall the notion of base change lifting and the representation II arises as a base change lifting
of a smooth cuspidal integral K-representation 7 of GL,,(F)—with the additional property that the
mod-¢ reduction of 7 is supercuspidal (see Lemma 6.1.1). We now prove the following result.

Theorem 4.2.1. Let 7 be an absolutely irreducible, integral, cuspidal K-representation of GLy,(FE)
such that T is not o-stable, and ry(7) is also not o-stable. Let 11 be the representation (4.3). Then,

for any GL,(E) x Gal(E/F)-stable A-lattice £ C V, we have H(Gal(E/F), L) is irreducible and
cuspidal. Moreover, the space H'(Gal(E/F), L) is trivial.

Proof. We set I' = Gal(E/F') and o a generator of I'. We prove the cuspidality of the /~-modular rep-
resentation H' (T, £) of the group GL,(F), for i € {0,1}. Consider the Jacquet module H(T, L)N(F)s
where N is the unipotent radical of an F-rational proper parabolic subgroup P of GL,. Let M be
an F-rational Levi subgroup of P. Using Proposition 3.4.2, we have M (F')-equivariant injection

H(T, L)n) = H(T, LN(E))-

We show that the Tate cohomology group ﬁi(f‘, Ln(gy) is trivial for i € {0,1}.
Say W is a finite length integral K[M (F) x I'|-representation such that
(1) the Jordan-Holder factors of the K-representation are multiplicity free,
(2) the M(FE) representation r,(W) is multiplicity free, and
(3) the irreducible M (E)-subquotients of W and the irreducible M (E)-subquotients of ry(W)
are not stable under the action of o.

It follows from the geometric lemma that the Jordan-Holder factors of Vi (g, as a representation of
M(FE), are absolutely irreducible and Vi gy is multiplicity free. Moreover, the irreducible subquo-
tients of V() are not I'-stable. The Jacquet module Viy(g) is integral as Ly gy is a M (E) xI'-stable
A-lattice in Viy(g) by [Dat05, Proposition 1.4]. Using Hypothesis 4.1, we get that the mod-¢ reduc-
tion of Viy(g) is multiplicity free and the irreducible subquotients of the mod-¢ reduction of Vy (g,

are not I'-stable. We use induction on the length of W to show that ﬁi(F,W) is trivial, for all
A[M(E) x I'|-stable lattice WW in W.

Let Wi be an irreducible M (E)-subrepresentation of W and set W2 = @f;é ol(W1). Let M be
the lattice Wo N W. Note that M /¢M is isomorphic to @l o re(W1)?". Thus,

HY(D, M/tM) = {0}, i € {0,1}

Using the hexagonal exact sequence (2.1) associated with the exact sequence

0= M5 M— MM -0,

we get that HY(I', M) is trivial for i € {0,1}. Now, using the hexagonal exact sequence (2.1)
associated with the following exact sequence

0—M—W—W/M-—0,
we get that
HY(D, W) ~ H(T,W/M).
Since the quotient W/ M is a M(FE) x I'-stable A-lattice in W /W5, and the length of W/W; is
strictly less than that of W, the Tate cohomology HZ(F W/M) is trivial (by induction), and hence
HY(T', W) is trivial, for i € {0,1}. Thus, we get that Hi(T, Ly(g)) is trivial, for i € {0,1}. Hence,
the representation H(T, £) is cuspidal, for i € {0,1}.
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The G(F)-representation ﬁO(F,C) is non-zero and it admits a unique irreducible generic sub-
quotient (see the proof of Theorem 4.1.1 or [DN24, Proposition 6.3]). Since, the finite length
representation ﬁO(F,E) is also cuspidal, it is irreducible as every irreducible cuspidal is generic.
Let N,, be the unipotent radical of the Borel subgroup of upper unipotent matrices in GL,. Let
©Ff be a non-degenerate o-invariant character of NV,,(E) such that O restricts to a non-degenerate
character ©p of N,,(F'). Note that ﬁl(F, Ly, (B),05) is trivial as I acts trivially on a free A-module
of rank 1. From the inclusion

I?II(F,L)N”(F)@F — HY(T, LN, (E).0p);

we get that ﬁl(F,ﬁ) N (F),@p is trivial. Hence, the space ﬁl(F,E) is zero, as every irreducible
¢-modular cuspidal representation of GL,, (F') is generic. O

Corollary 4.2.2. Let L be a A[GL,(E) xT']-stable lattice in 1-as defined in Theorem 4.2.1. Then,
HY(T, £) ~ HO(T', £/¢L).

Remark 4.2.3. In section 6, we will discuss base change lifting from GL,(F') to GL,(E). If the
base change lifting to GL,,(F) of an absolutely irreducible cuspidal K-representation 7 of GL,, (F')—
with supercuspidal f-modular reduction—is not cuspidal, then it is isomorphic to II as defined in
(4.3) for some 7 which satisfies Hypothesis 4.1, and we prove this in Lemma 6.1.1. In the case
where the base change lifting is cuspidal, the analogue of Theorem 4.2.1 follows from the existence
of integral Kirillov model. This can be seen in the proof of [Ron16, Theorem 6]. We also refer to
[DN24, Subsection 6.5.1], for more details.

5. TATE COHOMOLOGY AND SHINTANI CORRESPONDENCE

In this section, we study Gal(F/F,)-Tate cohomology of Galois invariant lattices in Shintani
liftings of cuspidal representations of GLy(F;) to GLy(F ). The primary novelty of this section is
that it treats the case where the Shintani lifting of a cuspidal representation—with supercuspidal
f-modular reduction—is not cuspidal.

5.1. Character formula for finite groups of Lie type.

5.1.1. We begin with the character theory of the finite group GL,(F,). Although, irreducible
characters of GL,(IF,) are obtained by J. A. Green ([Gre55]), for the present purpose, we find it
convenient to use Deligne—Lusztig theory. Let us consider a connected reductive algebraic group G
defined over Fy, and let F' : G — G be the corresponding Frobenius endomorphism. Let (Sp, Bo)
be a pair consisting of an F-stable Borel subgroup By and an F-stable maximal torus Sy of By.
Let W(G, Sp) be the Weyl group Ng(Sp)/So, where Ng(Sp) is the normalizer of Sy in G. The
automorphism induced by the Frobenius endomorphism F' on W(G,Sy) is denoted by F*. For
an F-stable maximal torus 7' of G, there exists w € W (G, Sp) such that (T, F) is GF-conjugate
to (Sp, Ad(w) o F). Two F-stable maximal tori 71 and Ty of G are conjugate in G'" if and only
if the corresponding Weyl group elements w; and wsy are F*-conjugate in W(G, Sy), i.e., if w; =
wwy F*(w) ™1, for some w € W (G, Sp). For w € W(G, Sp), we denote by T,, an F-stable maximal
torus of G such that (T, F') is isomorphic to (Sp, Ad(w) o F'). For the above results, we refer to
[DL76, Corollary 1.14].

5.1.2. For an F-stable maximal torus 7 and a character § : TF — @ZX , Deligne and Lusztig
associate a virtual character Rg - Every irreducible /-adic representation of GF occurs in a virtual
character R%e, for some torus 7 and # € TF. For all unipotent elements u € G¥', we denote by
Qc.r.r(u), the Green’s function, which is defined as the value R% | (u). Let g € G be an element
with Jordan decomposition g = su. Let Cg(s)? be the connected component of the centralizer
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of s € GF'. Let T1, T3, ..., T} be representatives of the (Cg(s)?)¥-conjugacy classes of F-stable
maximal tori in Cg(s)?, which are conjugate to T in GF'. For simplicity, we denote by G the group
Ca(s)?. The Deligne-Lusztig character formula (see [DL76, Theorem 4.2] or [GM20, Lemma 2.2.23,
Chapter 2]) gives

k
Ry(su) = Qa,r,.r(u) > O(wsw™t). (5.1)
i=1 weW (G, T)F™ /W (Gs,T;)F™
Let T be an F-stable maximal torus of GG such that 7" is contained in an F-stable parabolic subgroup

P of G. Let M be an F-stable Levi subgroup of P. Let # € T¥. Then we have

R%e = Indg,M(RqM,e)- (5.2)

The notation Indﬁ  means the parabolic induction of a virtual character of M to G.

5.1.3. When G is GL,, let F;, be the Frobenius endomorphism sending (g;;) — (ggj), and let D,
and B, be the diagonal torus and the upper triangular Borel subgroup of GL,,, respectively. Clearly
D,, and B,, are stable under F,,. The induced action of F,, on W (G, D,,) ~ S, is trivial and the F),-
stable maximal tori of G' are parametrized by the conjugacy classes of S,,, where S}, is the symmetric
group on n-symbols. The character of every cuspidal representation of Gf» = GL,, (F,) is equal to
(—1)”_1]%%97 where T is an F),-stable torus corresponding to the conjugacy class of W (G, Sp)
containing n-cycles, and 6 € TFn is in general position, i.e., ¥ # 6 for all w € W (G, T) . For a
unipotent element u € G with associated partition u of n, and a maximal torus 7' corresponding
to a partition A of n, the Green’s function Qg 7 (u) are Hall polynomials corresponding to the
pair (u, A). We will not make use of this relation with Hall polynomials, however, we will use the
connection of Green’s polynomials with the representation theory of S, due to T. Springer. In the
fundamental work ([Spr76, Theorem 7.8]), T. Springer showed that

Qa1.r (1) = ai(w,u)g’
i>0
where the map
w — a;(w,u)
is the character of an irreducible representation of S,,. These results have their analogues for all
finite reductive groups.

5.1.4. Let w € S, be an n-cycle, and let T}, be an F,-stable maximal torus of GL,, corresponding
to the element w. Let s € T£» be an element such that the characteristic polynomial of s is
f(X)" where f(X) € F4[X] is an irreducible polynomial of degree d. We have n = dr. Let G
be the connected group Cgr,, (s). Note that G4(F,) is isomorphic to GL,(F,)? and the Frobenius
endomorphism F), : G4 — G, under this identification, is given by

(91,925 - -+ > 9a) — (Fr(ga), Fr(91), - - -, Fr(94-1))-

We get that GI» is isomorphic to GL.(F ). Note that D¢ and B¢ give an F,-stable maximal
torus and an Fj,-stable Borel subgroup to be denoted by S, and Bg,, respectively. The Frobenius
endomorphism F,, on Gy induces a map F' on W (G, Sg,). If we identify W (G, Sg,) with S¢,
then

F;(Gl7027 ey Ud) = (Jda 017 e 7Jd—1)‘
The next lemma is about the F‘-stable maximal tori in Gy which are conjugate to T}, by an element

1)
in GLEn = GL,(F). Along the way, we prove some standard observations which we could not find
a convenient reference.
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Lemma 5.1.1. Let w be an n-cycle in S, and let T, be an F,-stable maximal torus of GL,, as
above. Let s € TE» be an element with characteristic polynomial f(X)", where f(X) € Fy[X] is an
wrreducible polynomial of degree d.

(1) Let Ty and Ty be two F,-stable mazximal tori of Gs such that gT1g~' = Ty for some g €
GL,,(F;). Then there ezists an element h € Gf” such that hTih™1 = Ty.

(2) Assume that (¢,d) = 1. Let Ty and Ty be two F‘-stable mazimal tori of Gy such that
gTig™t = Ty for some g € GL(Fy). Then there exists an element h € Gf’f such that
hTih=' = Ty.

(3) Let S be an F,-stable mazimal torus of G, such that gSg=" = Ty, for some g € GLy(Fye).

There exists an element h € Gfﬁ such that hSh™! = T,,.

Proof. Let w; and wg be two elements of W(Gs, Sg,) corresponding to the tori 77 and Tj, re-
spectively. We identify the elements w; and wy with the d-touples (si,...,s4) and (t1,...,tq)
respectively, via the isomorphism

W(Gs,Sq,) = Sy X -+- xS,
where s;,t; € S, for 1 <14, j < d. Assume that there exists an element £ € S, such that
ksi89 -+ sdk‘_l =ttty
We define k, by setting
kp = (t,--tot1) k(sp--s951) 1, 1<r<d—1.

Let w = (ki1,...,kq—1,k) be an element of W (Gs, Sg,), and we have

ww Ff (w) ™! = w,.

Thus, w; is F-conjugate to we. This shows that the tuples (s1,...,sq) and (¢1,...,tq) are F)
conjugate in W(Gs, Sg,) if and only if s1s9 - - - s4 and t1ta - - - t4 are conjugate in S,. We deduce that
any F-conjugacy class in W (G5, Sg,) has a representative (si,...,Sq) such that s; = s9 = -+ =
sq—1 = id, and we choose such a representatives for the tuples (si,s2,...,8q) and (t1,t2,...,tq).
Assume that s4 corresponds to the partition (r1,79,...,7;) of 7. Then T} is an F),-stable maximal
torus of GL,, corresponding to the partition (dry,drsa,...,drg). This shows the lemma in this case.

The part (2) of the lemma is similar to part (1). First assume that (¢,d) = 1. Note that the
Frobenius endomorphism F,, on Gy is the composition w o F,., where w is the d-cycle (1,2,...,d).
Then we have the identity FY = w’ o Ff. Since ¢ does not divide d, w’ is also a d-cycle. Using a

similar argument as in part (1), we get that 7} and T are conjugate in GsFﬁ.

For part (3) of the lemma, using the above discussion for every (F;*)*-conjugacy class in W (G, Sg.),
we can associate (-partitions (71,742, ...,7k,) of the positive integer d/¢, for 1 < i < ¢; and the
torus associated with this (F};)‘-conjugacy class of W(Gs, Sg,) is GLy (I ¢)-conjugate to a torus of
GL,, corresponding to the partition

(drir/e,dra/t, ... drig, /€ dray [0, draa /L, . .. drog, /L, ... dre [, dre/l, . .. dr, /L).

Now the lemma follows since k; = 1, for 1 < ¢ < £ and 7;; = r. This completes the proof. O

5.2. Let G x T be a finite group such that I' ~ Z/¢7Z, and we fix a generator o of I". The following
lemma, in certain cases, gives the trace of G? action on the Tate cohomology with respect to the
action of I'. This will be useful when we consider the Tate cohomology of a lattice in Shintani lifts
to be discussed in the next subsection. For = € A, we denote by T its image in A//A.



24 SABYASACHI DHAR AND SANTOSH NADIMPALLI

Lemma 5.2.1. Let M be a A[G xT']-module such that M is a free A-module of finite rank. Assume
that HY(D, M) = 0. Then

Tr(g‘ﬁO(FJW)) = Tr(glnr),
for all g € G°.

Proof. This lemma is a modification of a similar result proved in [BR96, Proposition 2.2] for Brauer
characters (see [Ron16, Theorem 12] for a version of the above result). Since we crucially use it, we
give a proof here. Note that the only indecomposable A[l'-modules are the trivial module A, A[T]
and the argumentation ideal I of A[G]. Since HY(T', M) is trivial, we get that M is a direct sum of
the A[T']-modules A and A[T'], and we get

dimmﬁo(r, M) =ranka (M) (mod ¢).

The above congruence implies the lemma when the order of g is a power of £. Assume that g =
gi192 = g291, where the order of g; is prime to £ and the order of gy is a power of /. Note that
g1,92 € G7. We have the decomposition M = @©¢cpx Me, where Mg is the ¢-eigenspace for the
action of g;. The A-module M is stable under the action of g2 and I'. The lemma follows from the
following congruences:

(gl ary) = €D Tr(6eloqr a6 = @D ranka(Me)¢ =Tr(glar) (mod £).
EEAX EEAX

g

5.3. Shintani correspondence. Let o be the Frobenius element in Gal(F/F,). For any rep-
resentation 7 of GL,(F,), we denote by 77 the composition of the representation 7 with the
automorphism of the group GL,(F ) induced by o (which is the automorphism F,). Also, for
convenience, we denote by g/ the element F,(g). Let II be an f-adic irreducible representation
of GL,(F ) such that IT is Gal(F/F,) equivariant, i.e., Il >~ II°. In the article [Shi76, Theorem
1], Shintani proved that for a suitable choice of isomorphism I, : IT — II?, there exists an ¢-adic
irreducible representation 7 of GLy,(F,) such that

Tr(I, o I(g)) = TI“(ﬂ'(NOI‘que/]Fq (9))), g € GLu(F,e), (5.3)
where Normy , /r_(g) is the unique conjugacy class of GL,(F;) containing an element conjugate to
q
l—1
99" g™ .

The association I +— 7 gives a bijection from the set of isomorphism classes of Gal(F/F,)-stable
irreducible f-adic representation of GL,(F ) onto the set of isomorphism classes of irreducible (-adic
representations of GL, (IF,). The inverse of this bijection is called the Shintani base change lifting,
denoted by chq ,/F,- Shintani correspondence can be described using Deligne-Lusztig theory. The

character of an irreducible cuspidal ¢-adic representation of GL, (IF,) is given by (—1)”_1R%Ién, where

T is the maximal Fj,-stable torus of GL,, corresponding to an n-cycle in S,,. Let Nr : TF: - TFa
be the norm map. Then the character of II is equal to the class function (—1)”_£R%L9’;Nr on the
group GLy,(F ). If 7 is a generic representation of GL,(IF;), then its Shintani lift II is also generic

(see [Zel23, Section 4.4] for a review on genericity and Shintani lifting).

Notation. To simplify notations we denote by Rrg the virtual character R%LH". We use Rt goNre

for the virtual character R%BZNF this notation is chosen to signify the fact that the latter is a virtual
4

character on the group GLi" = GLn(Fye).

The following observation is well known, but we state it for later use.
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Lemma 5.3.1. Let 7 be an irreducible cuspidal (-adic representation of GL,(IF,) defined over a
finite extension L of Q. Let IT be the Shintani lift of w. Then 11 is defined over L.

Proof. Let Q(xr) be the field obtained by adjoining the values of the character x, to Q. Since 7 is
defined over L, we get that Q(x.) C L. Note that the Schur index of any absolutely irreducible L-
representation of the group GLy,(Fx) is 1 (see [Ohm96, Main Theorem] or [Zel81, Proposition 12.6]).
Note that the character of 7 is equal to (—1)""'Ryg. Since the Green functions in the Deligne-
Lusztig character formula take values in Z, we get that Q(x,) is equal to the field generated
by the values of the character § of T, Thus, the character values of the representation II =
(—=1)" Ry gonre are contained in Q(x,). So, we get that the representation II is defined over
L. O

For the next two lemmas, we use the parametrisation of cuspidal representations in terms of
semisimple conjugacy classes as in [Vig96, Chapter III Section 2], and also see the exposition in
[Hell6, Section 5]. These references also describe the mod-¢ reductions of cuspidal representations.
In particular, we use the fact that the mod-¢-reduction of an irreducible ¢-adic cuspidal represen-
tation of GLy,(F,) is irreducible. This fact follows from the existence of Kirillov model (see [Vig96,
Chapter IIT Théoreme 1.1]). We will also need the fact that the /~-modular cuspidal representations
of GL,(F,) are parametrised by f-regular parts of regular semisimple elements in GL,(F,), and
these aspects are discussed in [Vig96, Chapter III section 2.1].

Lemma 5.3.2. Let 7 be an irreducible {-modular supercuspidal representation of GLy(F,). Then
7 lifts to an integral cuspidal KC-representation of GLy (Fy).

Proof. The supercuspidal representation 7 corresponds to an f-regular semisimple element s €
GL,(F,) such that the characteristic polynomial of s is irreducible. Let 7 be an f-adic cuspidal
representation of GL,(F;) corresponding to the element s. Note that the character of 7 takes
values in K, and thus the representation 7 is defined over K (see [Ohm96, Main Theorem] or [Zel81,
Proposition 12.6]). By definition, the mod-¢ reduction of 7 is isomorphic to 7. O

Lemma 5.3.3. Let 7 be an irreducible {-adic cuspidal representation of GLy(Fy) with supercuspidal

mod-f reduction. Let I1 be the Shintani lifting of m to GLn(qu). Then the cuspidal support of 11

has supercuspidal mod-€ reduction. If the Shintani lifting is non-cuspidal, then
HETXTUX--~XT0271,

where T is cuspidal with r¢(T) supercuspidal and re(T)7 % r¢(T).

Proof. Let s € GL,,(IF;) be a semisimple element with irreducible characteristic polynomial (over ;)
which corresponds to the representation 7. Since the £-modular reduction of 7 is supercuspidal, the
(-regular part s, denoted by ', has irreducible (over F,) characteristic polynomial. The cuspidal
support of II corresponds to the element s € GL,(F,). The characteristic polynomial of s €
GL,(F,), denoted by f(t), is irreducible over ;. If f(t) splits over F ., then it splits into {-distinct
irreducible factors, say

f(@&) = fo@) f1(t) -+ fe-1(2),
where f;(t) € F[t] is irreducible. Then the cuspidal support of IT is

-1 -1
(H GLn/ﬁ(qu)a ® 7781‘)7
=0 =0

where s; € GL,,(IF¢) is a semisimple element with characteristic polynomial f;(t), and 7, is the
cuspidal representation associated to s;. Let g(t) be the characteristic polynomial of s’, and note
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that g(t) € F,[t] is irreducible as 7 has supercuspidal mod-¢ reduction. Since s’ commutes with s,
the polynomial g(t) splits over F ¢ and say

g(t) = go(t)g1(t) - - ge—1(t).

From the uniqueness of ¢-regular parts, permuting s; if necessary, we get that the ¢-regular part of s;,
denoted by s/, has characteristic polynomial g;(¢). Thus, the mod-£ reduction of 7, is supercuspidal.
Note that the characteristic polynomial of s’ splits in [F,e if and only if the characteristic polynomial
of s splits. Hence, in the case where f(¢) remains irreducible over Fge, L.e., when II is cuspidal, we
get that ry(II) is supercuspidal. The last statement is clear from the proof. O

Proposition 5.3.4. Let m and II be as defined in the above lemma (5.3.1) with L = K. Let
I =Tl ®x Qq, for some K-representation Ux of GLy(Fye). Then we have

(1) H% ~ H}C,

(2) U extends uniquely as a representation of GLyp(F ) x Gal(F e /TF,).

(8) If the mod-£ reduction of w is su/piercuspz‘dal. Then, for any A[GLy(Fy ) x Gal(F . /Fy)]-
stable lattice £ in I, the space HO(Gal(F ¢ /F,), L) is irreducible and cuspidal (-modular
representation of GL,(IF,). Moreover, we have ﬁl(Gal(qu/Fq), L) is trivial.

Proof. The first part of the proposition is clear from the fact that II is irreducible and IT ~ TI°.
Note that II is generic and so is IIx. Then the second part is similar to Lemma 4.1.3. Let us
prove the third part. Let £ be a A[GL,(F,) x Gal(F/F,)]-stable lattice in IIx. Using similar
arguments on Jacquet modules as in the proof of Theorem 4.2.1 along with Lemma 5.3.3, we get that
ﬁi(Gal(qu /Fq), L) are f-modular cuspidal representations of GL,(F,). Moreover, using Theorem
3.4.2 for finite fields, we get the following injective maps

H(Gal(F e /Fy), £) y, 5,5 = H'(Gal(Fye /Fy), Lru(e ) (5.4)

where NV, is the unipotent radical of the upper triangular Borel subgroup of GL, and % is a
non-degenerate character of N,(F,) such that the restriction of 1) to Ny (F,) is non-degenerate
and 17 = 1, for a generator o of Gal(F . /F,). Since Il is generic, the twisted Jacquet module

Ly, ;) 18 a free A-module of rank 1. This implies that ﬁl(Gal(qu/Fq),CNn(F ) 1 trivial,
q q
and so is Hl(Gal(Iqu[IFq), E)Nn(qu),E (by (5.4)). Since every cuspidal representation of GL, (IF;) is
generic, we get that H'(Gal(F ¢ /F,), £) is trivial.
From (5.4), we get that
dimg, H'(Gal(Fge /Fy), L)y, w5 < 1
Therefore, for proving the irreducibility of ﬁO(Gal(qu /Fq), L), it remains to show that the space
ﬁO(Gal(qu/IFq),E) is non-zero. To get a contradiction, assume that ICIO(Gal(Iqu/IB‘q), L) is trivial,
then it follows from Lemma 5.2.1 that the character x, of Il is divisible by ¢, for all g € GLy,(Fy).
Note that we have the equality of the class functions on GL,(F )
X = (—1)" " Ry gony -

We now obtain a contradiction since

Rt ponee(u) = Rrpe(u) =1

where u is a regular unipotent element in GL,(IF,) (see [DL76, Theorem 9.16]). O



JACQUET MODULES OF TATE COHOMOLOGY AND BASE CHANGE LIFTING 27

5.4. Congruence of characters. In this subsection, we prove certain congruences between the
character of a cuspidal representation and the character of its Shintani lifting to GL,(F,), when
evaluated at an element of GL,(F;). We begin with the following preliminary lemma. For any
representation p, we denote by x, its character.

Lemma 5.4.1. Let 7 be a representation of GLn(]qu) over a K-vector space. Let

£—1

=TT’ -7

{—1
ug) =(g,9™,...,9" ).

Then, we have

-1 _
DX w9) =D xr (g™ mod (o),
wESy =0

for all g € GL(F ), where X%w) is the character of n—twisted by a permutation w acting on the

factors of the tensor product, for all w € Sy (Sy is the symmetric group on £-symbols).

Proof. For any w € Sy, we have the following character identity

X (g0, -2 ge1) = Xn (Gu-1(0)s - - - Gu-1(-1) HXTZ (Gu-1(i

for all g; € GL(F). Then

S ) = 3 (H xe(g™). (5.5)

wESy weSy =0

Let X denote the set of functions
{id+w:Z/0Z — Z/IZ | w € Sy},

and let wy be the f-cycle (0,1,...,¢ —1). Note that the obvious action of wy on the space of
functions {f : Z/{Z — 7/¢Z} given by

(wo f)(x) = f(wo(x))
preserves the set X; this can be seen from the following identity:
(wo(id + w))(3) = i + w'(4),

where w' is the permutation of Z/¢Z defined by v’ = 1 4+ wwy. Now, for w € Sy, the permutation
id + w belongs to the fixed point set X™0 if and only if there exists an unique integer k € Z/{¢Z such
that

itw)=k 0<i<l—1.
Therefore, from the identity (5.5), we get

/—1 _ 1+w ;
PIRRIIED BECLEEDY ( 7). (5.6)

wESy =0 id+weX\Xwo i= O
Since (wp) acts freely on X \ X0, there exists a subset U C X \ X™0 such that

/—1
X\ x* =[] wpU.
r=0
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Then we have

el el [wh (id+w)] (4)

-1 ) (i
> (H xe(g™ )U)) = I x- (g™ ). (5.7)

id+weX\Xwo =0 r=0 id+
Recall that [w(id +w)](i) = (i +7r) +w(i+7), 0 <r <{—1, and we have
wi (id+w)](2) ¢

/—1

[ itw (i)
ITx-(g™ )=1]x-™ ).
=0 ]

Using this identity to the equation (5.7), we get

-1 itw (i 1 itw(s
Z (H XT(QFZL ())):f Z HXT(an U).

id+weX\X®o =0 id+wel i=0

Then it follow from the equation (5.6), we get

ST xWg) =Y xr (9" mod (0).

wESy =0

Hence the lemma. U

Proposition 5.4.2. Let m be an absolutely irreducible cuspidal KC-representation of GLy,(Fy) such
that the mod-£ reduction of w is supercuspidal. Let I be the absolutely irreducible K-representation
of GLyn(F ) such that Il @ Qy is the Shintani lift of ™ @i Q; (such 11 exists by Lemma 5.3.1). Let
L be a A[GLy,(F ) x Gal(F . /IFy)]-stable lattice in II. Then we have

A
Tr(g‘ﬁO(Gal(Fqg/Fq),L)) = x=(9) »

for all g € GL,,(F,).

Proof. Since ﬁO(Gal(]qu /Fy), L) is irreducible and cuspidal (from part (3) of Proposition 5.3.4), it
is sufficient to show that .

Tr(g‘ﬁO(Gal(Fqg/Fq),g)) = xx(9) (5.8)
for all g with Jordan decomposition ¢ = su, where the characteristic polynomial of s is of the
form f(X)" for some irreducible polynomial f(X) € F,[X]; let S be the set of all such elements
g € GLy(Fy). Since the space H'(Gal(F¢/F,), £) is trivial (from part (3) of Proposition 5.3.4), it
follows from Lemma 5.2.1 that the equality (5.8) is equivalent to the following identity

—_— et
xm(g9) = xx(9) , g €S.

For simplicity the Frobenius morphism F, on GL, will be denoted by F' in this proof. We use
Deligne-Lusztig character formulas for xyg and x,. Let Sy be an F-stable split maximal torus
of GL,,. Let T be an F-stable maximal torus of GL,, such that (T, F) is GL,(F,) conjugate to
(So, Ad(wp) o F'), where wy is an n-cycle in W(GLy,, Sp). Let 8 : T¥ — K* be a character in general
position such that 7 = (—1)""'Rpy. Let Nr: TF" — TF be the norm map

ts et FEF?

Let n be the composite
N LN ol
The character of the Shintani lift IT of 7 to GLy(F ) is equal to xi = (—1)"“Rypy¢ (see [Kaw87]

for a reference). Here Ry, ¢ is the Deligne-Lusztig induction of the character n of T' F' 4o GF'.
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First, we assume that n = ¢m for some integer m. We identify T with (IFan)E and T is
identified with F . such that Nr is given by

—1
(ti,to,... te) = taty ...ty t;i € Fo.

Let P be an F‘-stable parabolic subgroup containing 7', and let M be an F'-stable Levi subgroup
of P containing T. We can identify the group M¥"* with GLn/Z(qu)e and IT = (—=1)"*Rp, ¢ with
the parabolic induction

Tx7° ><~-><7'"£_1,
where 7 is the irreducible cuspidal representation of GL,,/(FF,¢), obtained as the Deligne-Lusztig
induction of the character § of F, (which is considered as F' ‘_fixed points of a F*-stable maximal
torus of GL,/, corresponding to an n//-cycle).

Let s € T be an element with characteristic polynomial f(X)", where f(X) € F,[X] is an
irreducible polynomial of degree d. We have n = dr. Let G, be the centralizer Cgr,, (s). Let
u € GY be an unipotent element. From the Deligne-Lusztig character formula (5.1) and Lemma
5.1.1, we get that

xmn(su) = Qg, 7.5 (u) Z n(wsw™).

weW (G,T)F* JW (G, T)F*
We begin with the case where £ | d. Let f = fif2--- fo be the splitting of f, where f;(X) € F[X]

is an irreducible polynomial. With the above identification, the element s € TF ¢ MF *is of the
form

8= (80,815 80-1),8i € Fpape, 0<i <l —1,

where s;, considered as an element of GL,,/,(F ), has characteristic polynomial f;(X)". Thus, we
have

Fn/g<80) = 81, Fn/é(sl) = 82,..., Fn/g(ngl) = 50.
Note that GF* can be identified with GL;(F )" and the element u € GY' C GF" with
(ul, Uy .« ,UZ)
where u; is the unipotent element of GL,(F ) conjugate to u. Thus we have
Qc, 1r.r0 (1) = Qarr(u)".
Let 7 be the Frobenius element of Gal(Fa/F ), then the set of conjugates
{wsw™! s w e W(G,T) /W (G, T)F'}
= {(V* (5a(0)): 7" (5a(1))> - -7 (Sa(e-1)) : 0 < ki < d/l, o € Sp}.
We observe that
77((’)/]CO (Sa([)))7 ,7k1 (sa(l))a s '7]64_1 (Sa(ﬂ—l))))
= U((7k1 (F(Sa(l)))v ’Yk2 (F(SQ(Q)))’ v a’ykeil(F(Sa(Z—l)))a ’Vko (F(Sa(O)))))
Let Y be the set

{(V* (50(0)): Y (5a)s - -V (Sa(—1) : 0 < k < d/l, a € 57}
We deduce that

Z n(wsw™!) = Z n(wsw™) mod ().

weW (G, T)F* /W (G,,T)F* wsw—1€Y
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Using Lemma 5.4.1, we get that
Qe.rrw) > pwsw™) = Qo rrw)’ Y 0(s7) mod (£).
wsw—leey 0<i<d
This shows the proposition in this case.
We now assume that (d,¢) = 1. In this case, we have

Xr(su) = Qq, 1,pt(w) Z n(wsw™).
weW (G, T)F* /W (G, T)F*
Note that
Y = {wsw:w e W(G,T)FZ/W(GS,T)FZ} = {(SFQ(O),SFQ(I), ce sFa(é_l)) ta € St
Using Lemma 5.4.1, we get that
Snm) = 3 0(s7) mod (o).
yey 0<i<d

We must now analyse the Green function, for which we first recall the following identifications.
GI = GL(Fp), GI' = GL(Fyue), TF = Fi, T = (Fn).

Assume that p = (u1, po, . . . , i) is the partition associated to the conjugacy class of u in G£'. Then
p is the partition of the G’ ‘ conjugacy class of u. The partition associated with T% is (n) and
(n/l,n/l,...,n/l) is the partition of T Let w € S, be an n-cycle. It follows from Springer that

Qa.rr(u) =Y ai(w,u)g,
i>0

and

Qo rre(w) = ai(w, u)g",

i>0

where g — a;(g,u), for g € Sy, is a character of a representation of S,,. Clearly, we have

ai(w,u)’ = a;(w’,u) mod (¢).
From which we get that

Qe,rre(u) = Qc,r,r(w) mod ().
We thus conclude in all cases
xi(su) = xx(su)’ mod (£).
In the case where (¢,n) = 1, the above proposition is proved by Ronchetti ([Ronl6, Theorem

13]). For the uniformity of the proof, we treat this case using our method. For g € S, we have

Rrae(9) = Qa, 1,re () Z O(wsw 1)
weW (GT)F* /W (G, T)F*
and in this case, we have
GF = GL,(F,), GF' = GL(Fyu), TF =Fy, T =Fu

and we have

Qa, e (u Zaz w,u)g" = Zaz w,u)g')’ mod (¢).

i>0 i>0
Then we have

Z O(wsw™t) = Zﬁ(sqw) = (Z 9(sq1)> mod (¢)

weW (G, T)F* JW (G, T)F* i=1
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The above character computations give the following theorem.

Theorem 5.4.3. Let m be an absolutely irreducible cuspidal K-representation of GL,(IF,) such that
the mod-{ reduction of 7 is supercuspidal. Let 11 be the K-representation of GLn(Fy) such that
I @k Qp is the Shintani lift of m @ Q. Then for any A[GLy,(F ) x Gal(F . /Fy)]-stable lattice L
in I1, the Tate cohomology ﬁO(Gal(qu/Fq), L) is isomorphic to the Frobenius twist ro(m)®).

Proof. To prove the theorem, we use the fact that two irreducible /-modular representations of a
finite group are isomorphic if and only if they have the same character ([Lam01, Corollary 7.21]).
Using Proposition 5.4.2, we get the character identity

4
Tr(g‘ﬁO(Gal(Fqg/Fq),L)) = x=(9) »

for all g € GL,(FF;). Note that the Tate cohomology group ﬁO(Gal(qu /Fq), L) is irreducible from
Proposition 5.3.4, and the Frobenius twist 7¢(7)® is irreducible since the mod-¢ reduction of an
absolutely irreducible cuspidal KC-representation is irreducible (see [Vig96, Chapter III, Théoréme
1.1(d)]). Thus, the Tate cohomology ﬁO(Gal(qu/Fq),[,) is isomorphic to 7¢(m)® as GL,(F,)-
representations. Hence the theorem. ]

Remark 5.4.4. In this section we only determine the Tate cohomology of a lattice in Shintani
lifting of a cuspidal with supercuspidal mod-f reduction. In the next section, we deduce a theorem
on Tate cohomology of some lattices in base change lifts of generic depth-zero representations. The
above theorem will be the first step in the inductive argument.

6. LIFTING TO p-ADIC GROUPS

In this section, we give an application of Theorem 5.4.3 for computing the Tate cohomology of
depth-zero generic smooth irreducible representations of GL,, (F), where F' is a p-adic field.

6.1. Local Langlands correspondence and base change. We begin with a quick recap of local
Langlands correspondence and base change lifting to fix some notations.

6.1.1. For a finite extension K of Q,, we denote by Wk the Weil group of K and let vx be the
modulus character of Wk (see [BH06, Chapter 7] for the notations and details on Weil-groups
and inertial and wild inertial subgroups). Let A(n, K) be the set of isomorphism classes of irre-
ducible ¢-adic smooth representations of GL,(K). Let G(n, K) be the set of isomorphism classes
of pairs (p, N), where p is a semisimple n-dimensional smooth ¢-adic representation of Wx and N
is an element in Homyy, (p, pvi). The pair (p, N) is called a Frobenius semisimple Weil-Deligne
representation. The f-adic local Langlands correspondence is a bijection

LLCk : A(n,K) — G(n, K),

which is uniquely characterized by certain identities of local constants that one attaches to the
elements of A(n, K) and G(n, K) (see [HT01], [Hen00], [Sch13]). Moreover, the set of irreducible
¢-adic cuspidal representations of GL,(K) are mapped onto the set of pairs (p,0), where p is an
n-dimensional irreducible /-adic representations of Wg via LLCk.
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6.1.2. Note that the classical local Langlands correspondence is a bijection between the set of
isomorphism classes of irreducible smooth complex representations of GL, (K) and the set of iso-
morphism classes of n-dimensional complex semisimple Weil-Deligne representations. To get a
correspondence over Qy, one twists the original correspondence by the character v(}=)/2 where
v is the composition of the determinant character of GL,,(K) and the absolute value of K. This
twisting makes the following equivariance property, which is very useful for rationality questions:

LLCy (77) = LLCk ()7,
for all v € Aut(Qy). For details, see [Clo90, Conjecture 4.4, Section 4.2] and [Hen01, Section 7).

6.1.3. Let 7 be an irreducible ¢-adic representation of GL,(F). Let P be an F-rational parabolic
subgroup of GL,, with Levi subgroup M and let 7 be an irreducible cuspidal ¢-adic representation

of M(F) such that 7 occurs as a subrepresentation of ig?g)(F)T. Note that (M(F),7) is unique

up to GL,,(F')-conjugation and the equivalence class of (M (F'), 1) for GL,,(F')-conjugation is called
the cuspidal support of w. Let (p, N) be the Weil-Deligne representation LLCg (7). The cuspidal
support of 7 corresponds to the representation p, i.e., say

pP=p1Dp2D---D Pk,

where p; is an irreducible ¢-adic representation of Wp, then M (F') is isomorphic to Hle GL,,(F)
and 7 ~ ®§:1Ti, where LLCg(1;) = pi.

6.1.4. Let F be a finite extension of Q,, and let E/F be a finite Galois extension such that
[E : F| = {, where £ is a prime and ¢ # p. Let 7 be an irreducible smooth ¢-adic representation of
GL,(F). Fixing an isomorphism Q, ~ C, the Arthur-Clozel’s base change lifting gives a map from
irreducible smooth (-adic representations of GL,,(F) to those of GL, (E):

bep/p 1 A(n, F) — A(n, E),

the representation Il = bcg/p(7) is characterised by the Shintani character identity (see [ACS89,
Section 6, Theorem 6.2(a)]). In terms of local Langlands correspondence, II is the unique irreducible
¢-adic representation of GLy,(E) such that

resyy,, (LLCp(m)) ~ LLCg(II).

We refer to [HenO1, Section 7] for a discussion on these properties. If II = bcg,/p(7), then we get
that IT ~ I1? for all o € Gal(E/F'). Moreover, any irreducible smooth ¢-adic representation IT such
that I17 ~ II, is equal to bcg/p(m), for some © € A(n, F). (see [AC89, Theorem 6.2 and Section
6.4]).

Lemma 6.1.1. Let 7 be an irreducible cuspidal integral £-adic representation of GL,(F') such that
re(m) is supercuspidal. Let 11 be the base change lifting of m to GLy,(E). Assume that I is non-
cuspidal, i.e.,

Mo x77x-x 17,
where T is an irreducible integral cuspidal representation with 7° % 7. Then, the representation
re(T) is supercuspidal and ry(1)7 % r¢(T).

Proof. Let p be the irreducible smooth ¢-adic representation of Wr associated to 7 via the local
Langlands correspondence. Note that p is integral. When the restriction Resyy, p is reducible, we

have
£—1

Reswgp~=p1@p] &---p]
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for some irreducible representation p; of Wg. In other words, p is isomorphic to Indwg p1- The
cuspidal support of II is

-1
(GLn/E(E)éﬁ ® 7—01)’
1=0

where LLC(7) = p;. Since ry(7) is supercuspidal, we get that ry(p) is irreducible [Vig01, Théoreme
1.6]. Thus, we get that 7(p1) is irreducible and r,(7) is supercuspidal. Note that Resyy,r¢(p) is
semisimple, and hence multiplicity free as Wg/Wg is cyclic. Thus, we get that r7,(p1)7 % r¢(p1),
and from mod-¢ local Langlands correspondence we get that ry(7)7 % r¢(7). O

6.1.5. In this paragraph, we will show that the base change lift of a depth-zero representation is
a depth-zero representation. Let us recall some notations. Let Ky(F') and K;(F') be the compact
open subgroups GL,(or) and I,, + pp M, (oF) respectively, of the group GL,(F'), where I,, is the
n X n identity matrix. A smooth irreducible representation (m, V') of GL,(F'), where V is a vector
space either over Q,, K or Fy, is said to be of depth-zero if VE1(F) £ 0,

Let m be an f-adic depth-zero representation. Let (p, N) be the Weil-Deligne representation
LLCg(7) and we use the notations as in paragraph 6.1.3. The cuspidal support (M, 7) of 7 is of
depth-zero, i.e., if 751(F) is non-trivial, then 751(F)MM ig non-trivial (see [MP96, Theorem 5.2]).
Hence, the representation 7; is a depth-zero cuspidal representation of GL,,(F). From the com-
patibility of local e-factors under local Langlands correspondence for irreducible ¢-adic cuspidal
representations, we get that p; is trivial on the wild inertial subgroup Pr of the Weil group Wg
(see [BH14, Section 1] for a convenient reference). Since [E : F] = ¢, we get that the representation
Resyy, p; is trivial on the Pr (which is equal to Pr) the wild inertial subgroup of Wg. Thus, the
cuspidal support of the representation I = bcg, r(m) is of depth-zero and applying [MP96, Theorem
5.2] we get that IT is a depth-zero representation.

6.2. Rational structures. We have to address some rationality questions before we proceed fur-
ther.

6.2.1. The following lemma is well known and we state it for convenience of reference.

Lemma 6.2.1. Let (m,V) be a smooth irreducible generic (-adic representation of GLy,(F') such
that ) ~ 7, for all v € Aut(Q,/K), then 7 is defined over K. In particular, the base change
lifting of ™ to GL,,(E) is defined over K.

Proof. Let v € Aut(Qu/K). If W : V — @, is a non-zero Whittaker functional, then W), defined
by setting
W () = (W (v)), veV
is a Whittaker functional on 7(?). Let W(r, ©r) be the Whittaker model of m, where O is a
non-degenerate character of N, (F')-the group of unipotent upper triangular matrices in GL,,(F).
For v € V, we denote by W,(g), the function g — W (n(g)v), and let W be the function g —
(W (m(g)v)). By multiplicity one theorem for Whittaker functionals, we have Wi e W(mr, OF),
and the map
Wy =W veV

defines a v-semilinear map on W(m, Op). As the representation 7 is admissible, from Hilbert
90, the representation 7 is defined over K. Note that LLCp(7) is fixed by twisting with v €
Aut(Q,/K). Therefore, LLCg(II) is fixed by Aut(Q,/K), and the lemma follows from the fact that
IT is generic. O
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6.2.2.  We will need K-rational structures of the cuspidal support of m and that of Il = beg g (7).
Let 7 be an irreducible f-adic representation of GL, (F) which is defined over K. Let (p,N) be
the Weil-Deligne representation associated to m via the local Langlands correspondence. Since 7 is
defined over K, the representation p is fixed by Aut(Q,/K). Thus, the representation 7 is defined
over K by Lemma 6.2.1. From the above relation between cuspidal support and the associated

Weil-Deligne representation, the base change lifting IT of the representation 7 to GL,,(F) occurs
GL, (E)
'P(E)
6.2.1, the representation & is defined over K. A K-rational structure of £ gives a K-rational structure
on II as well.

as a subrepresentation of &, where ¢ is the base change lifting of 7. Now, applying Lemma

6.2.3. We will show that supercuspidal /-modular representations can be lifted to an integral K-
representation. This will be a key input for the proof of the concluding theorem of this section
Theorem 6.4.3.

Lemma 6.2.2. Let T be an (-modular supercuspidal representation of GLy,(F'). Then T lifts to an
integral IC-representation of GLy(F).

Proof. We use Bushnell-Kutzko’s type theory to prove this lemma. Let v = [, n,0, 5] be a simple
stratum contained in the representation 7, and set L = F[3]. Let (J,\) be a maximal simple type
constructed from a simple character 6 associated with the strata t. Note that J contains a normal
pro-p subgroup J* such that J/J* = GL,,(k), where m = n/[L : F]. There exists an irreducible
representation x of J constructed from the simple character €, and a cuspidal representation 7 of
J/J' such that A = k ® 7; under the assumption that 7 is supercuspidal, the representation 7 is
a supercuspidal representation [Vig96, IIT 4.24 and I11.5.14(3)]. The group L* normalises J and
k ® 7—and it extends to a representation £ of the group L*J such that

It follows from [Hel16, Lemma 4.7] that the representation  of J can be lifted to a K-representation.
Since 7 is a supercuspidal representation, the representation 7 can be lifted to a K-representation
of the group J (see Lemma 5.3.2). We denote the K-liftings of x and 7 by & and 7 respectively.
We will show that the representation k ® 7 of the group J extends to a K-representation { of L*J
such that the mod-¢ reduction of §~ is equal to £. The uniformiser wj, of L™ generates the quotient
L*J/F*J. Since wy, normalises k ® T, it acts as a scalar say z. Let = € A be a lift of the element
T € F,;. We set the action of ww;, on K® 7 to be the scalar . Thus, we obtain the required extension

&. Note that the representation
GLn(F) 7

ind, "¢
is an absolutely irreducible, integral C-representation such that its mod-¢ reduction isomorphic to
. O
Notation 6.2.1. From now, E is an unramified extension of F and [E : F] = £, and we set

I' = Gal(E/F) and o is a generator of I'. Let N,, be the unipotent radical of the Borel subgroup
consisting of upper triangular matrices in GL,. Let O be a non-degenerate o-invariant character
of Nyp(E) such that the restriction of O to N, (F), denoted by ©F, is a non-degenerate character.

6.3. Depth-zero base change and Shintani lifting. In this subsection, we discuss the com-
patibility of the local base change lifting of depth-zero representations in A(n, F') and Shintani
lift. Let A(n, F)o denote the set of isomorphism classes of irreducible smooth depth-zero f-adic
representations of GL,(F), and let A(n,F,) be the set of isomorphism classes of irreducible ¢-adic
representations of GL,(F;). In the article [SZ08, Section A.1.3], Silberger-Zink considers a map:

@5 t A(n, F)og — A(n,Fy)
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which is earlier defined by Schneider—Zink using Bushnell-Kutzko theory for all representations in
A(n, F'), and showed in [SZ08, Appendix A, equation (A.7)], the following identity

gooEobcE/F:bCqu/Fq owg, (6.1)

where bep ,p, is the Shintani lifting map. We will only need the precise description of 905 for
q
cuspidal depth-zero representations; which we now recall.

Let m be an absolutely irreducible, cuspidal K-representation of GL,(F'). Using Lemma 6.2.1,
the base change lifting of ™ ®x Q, to GL,(FE) is defined over K, and let II be the K-representation
of GL,,(E) such that Il ®x Q, is the base change lift of T ®x Q,. We simply say that II is the base
change lift of 7. If 7 is integral, then II is integral. By construction, II is an absolutely irreducible
K-representation. Since 7 is a cuspidal representation, we have

EHORESN

and since II¥1(®) ig irreducible, we have
Pf(IT) = TP,

The spaces 751 () and TT¥1(E) are representations of Ko(F)/K;(F) ~ GL,(F,) and Ko(E)/K1(E) ~
GLy(F ), respectively. Using the identity (6.1), we get that the irreducible GL,,(FF ;¢ )-representation

K (E) @) Qy is the Shintani lifting of the irreducible f-adic cuspidal representation aF(F) @
Qy of GL,(F,). If m is absolutely irreducible, depth-zero, integral, cuspidal K-representation of
GL,,(F) with supercuspidal mod-¢ reduction, then the mod-¢-reduction of the cuspidal support of the
Ky(FE)/K,(F)-representation I51(F) is supercuspidal by Lemma 5.3.3. Using these observations,
we now prove the following theorem.

Theorem 6.3.1. Let F' be a finite extension of Qp, and let E/F be a finite unramified Galois
extension with [E : F| = £, where ¢ and p are distinct primes. Let w be the depth-zero, absolutely
irreducible, integral, cuspidal K-representation of GLy,(F) such that the mod-¢ reduction of 7 is
supercuspidal. Let IT be the base change lifting to GLy(E) of m (described as above). Then

(1) For any GLy(E) x T-stable A-lattice £ of I, we have HY(T, L) is trivial and
HOT, £) ~ ro(m) O

as GL,, (F)-representations.
(2) If the mod-¢ reduction r¢(I1) is irreducible, then

HO(T, (1)) = ()"
as GL,(F) representations.

Proof. Let £ be a A[GL,,(E) x Gal(E/F')]-lattice in II. Since K;(FE) is a pro-p group, we have the
following decomposition
£ = £ & £, (B))
where L(K;(E)) is the kernel of the projection
L — LK)
Also note that L£(K1(F)) is stable under the action of Gal(E/F'). Using compatibility of Tate
cohomology groups with finite direct sums, we get

HO(I, £) = HO(D, 51 B)) @ HO(T, £(K1(E))). (6.2)

Note that the GL,, (I )-representation ME1E) @y Q, is the Shintani lift of the irreducible f-adic

cuspidal representation 751 (F) @ Q, of GL, (Fy), and from the assumption that the mod-/ reduction
of m is supercuspidal, we get that the mod-¢ reduction of the cuspidal support of the Ko(E)/K;(FE)
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representation IT51(P) is supercuspidal (see Lemma 5.3.3). This shows that IT is of the form (4.3)
(one can also use Lemma 6.1.1). Now, it follows from Theorem 5.4.3 that HO (T, LEUE)) is GL, (F,)-
isomorphic to r¢(r51#))(®  Since HY(T, V) is irreducible and cuspidal (by Theorem 4.2.1), and the
space ﬁO(F,ﬁKl(F)) contains (re(m))K1(F) | we get that HO(T', £) is isomorphic to re(m)®. The
vanishing of ﬁl(f‘, L) is proved in Theorem 4.2.1. Using the multiplication by ¢-map as in 3.9, we
get that

HO(I, £) ~ HO(T', £/¢L).
This proves the second part of the theorem. ]

6.4. Tate cohomology of depth-zero generic representations. Let 7 be an absolutely irre-
ducible generic integral K-representation of GL,(F). The base change lift of 7 ®@x Q, to GL,(E)
is defined over K (Lemma 6.2.1), and let II be the K-representation such that II ®x Q, is the base

change lift of T @x Q. Note that the representation II is integral (see [DN24, Lemma 4.1]). The
GLn(F)
tp(F)

KC-representation of M (F'), where M is an F-rational Levi subgroup of P. Note that 7 is an integral

%E")(E)é‘ such that £ is the base

representation 7 is a subrepresentation of 7, where 7 is an absolutely irreducible cuspidal

representation. The base change lift II is a subrepresentation of ig
change lifting of 7, more precisely, we identify

and 7 with ®f:1n, and & is isomorphic to ®,’f:1§i, where &; is the base change lift of 7; to GL,,,(E).
Note that &; are integral generic K-representations. Let £; be a A[GLy, (E) x I'-stable lattice in §;

and let £ be the induced lattice
k

GLn(E)
'p(E) ( ® ﬁi) ‘
=1
Set L to be the lattice LNII. Note that £ is a A[GL,,(E) x I']-stable lattice in II. We assume that
the mod-/¢ reduction of 7 is supercuspidal.

Theorem 6.4.1. Let w be an absolutely irreducible, depth-zero, integral, generic KC-representation
of GL,(F) such that the cuspidal support of m has supercuspidal mod- reduction. Let Jo(m) the
unique generic constituent of the mod-¢ reduction of w. Let II be the K-representation of GL,(E)
such that 1 @k Q, is base change lift of ™ ®x Qp, and let L' be a lattice as defined above. Then
Jo(m)® is the unique generic constituent of the space HO(T, £').

Proof. Consider the following commutative diagram

AT, £) S B (D L)
Y2 .GLn(E)
H(D, L)y 8 B (Tyipgiy L) N, () B
f1 P2
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where ¢; are induced by the GL,(E)-equivariant injection £’ < G%")( ). Note that the twisted

Jacquet modules Ean ()08 and (z P( E)(E)ﬁ) No(E),0p are free A-modules of rank 1. Now, the exact-
ness of twisted Jacquet module for smooth IC-representations implies that the map

GL, (E
LN, ()05 _”p(E)( (@ YL N .es

induced by the inclusion £ < Z%%E)( )(®f:1£¢) is an equality. Thus the map (3 is an isomorphism.
Hence, the map @1 is non-zero. Also note that the vertical maps f1 and fs are non-zero and hence
isomorphisms since they are maps between one dimensional Fy-vector spaces. This implies that o
is an isomorphism. Therefore, the map ; takes the generic constituents of HO (T, L") to the generic

constituents of HO( , g%g)(E)E).

Recall that & ®x Qy is the base change lift of 7; ®x Qy, and L; is a GL,,(E) x I-stable A-lattice
in &, for each 1 < ¢ < r. Then using Theorem 6.3.1, the GL,, (F')-representation ﬁO(F,Ei) is
isomorphic to r¢(7;) and ﬁl(F, L;) is trivial. As £; are A-torsion free, and the space ﬁl(F,Ei)
vanishes, we get that the cup-product map

k

k
QH(T, £;) —» B, X) L:). (6.3)

i=1 =1

is an isomorphism of M (F')-representations (see [Bor98, Corollary 2.2]). Using (2.2) and (6.3) we
get that

k
HO, i L) ~ indp i {8 po) Qre(7:)) (6.4)
=1

From |kg| = |kr|¢, we get that Resp(F)gp(E) = kp(r)0p(r)- Hence, we obtain

k k

= GLn(E GLn(F GLn(F ¢

HO(T, i 'p(E )( )5) Slpp ){HP ® re(7i)) (ZP(F)( )®W(Ti))( )’
i=1 i=

where the second isomorphism follows from (1.3). Since the Frobenius twist Jy(7)(® is the unique
generic constituent of the above representation, we conclude that Jy(7) is the unique generic
constituent of HO(T', £'). O

The following lemma is useful to prove our next theorem, and its proof is similar to some of the
arguments in the proof of the previous theorem.

Lemma 6.4.2. Let My and My be two ¢-modular reps of GL,(E) x Gal(E/F). Assume that M
and My are of finite length with dimg,(M;) N, (g)e, = 1. for i € {1,2}, and My and Ms have a

unique generic subquotient isomorphic to My. For any non-zero homomorphism
p: My — M,
such that My is a subquotient of Im(yp), the map
HO(p) : HO(T', M) — HY(T, My)

is mon-zero and its image contains the unique generic subquotient of ﬁO(F, M) and ﬁO(F, My).
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Proof. Applying Tate cohomology to the commutative diagram

M1 —>(P M2

J |

~

(Mi)n, ()05 — (M2)N,(E) 08

and using the natural isomorphism of non-zero one dimensional Fy-vector spaces from Theorem
4.1.1:

HOT, (My)ny(my.05) =~ HO (D, Mi) N, (7), 0
for i € {1,2}, we get the following diagram

_ H(g)
HY(T, My) ———— H(T, Ma)

l l

HO(T, M)y, ¢y, — HOT, Ma) () 0

Thus, Im(HO(¢)) contains the unique generic subquotient of HO(T', M) and HO(T', My). O

Theorem 6.4.3. Let w be a depth-zero, absolutely irreducible, integral, generic K-representation of
GL,,(F) and let 1T be the base change lifting of w to GLy,(E). Let Jy(IT) (resp. Jo(m)) be the unique
generic subquotient of the mod-f reduction of 11 (resp. ). Then, Jo(m)©) is the unique generic
subquotient of HO(T, Jy(I1)).

Proof. Let M be the Levi-subgroup of an F-rational parabolic subgroup P of GL,, and let T be a

supercuspidal representation of M (F') such that Jy(m) occurs as a subquotient of zg%g)(F) (7). Let

7 be a KC-lift of the rep 7 (see Lemma 6.2.2) and let 7 be the base change lifting of 7 to the
group M(E). We fix an isomorphism of M with [[*_, GL,,, and 7 with ®%_, 7;. We then have
TR = ®f:1 7P, where 7F is the base change lifting of 7; to GL,,(FE). We will show that J,(II)

’ GL,(F) _E
P(E) T,

Let (p, N) be the Weil-Deligne representation associated with the representation 7 by the local
Langlands correspondence. The supercuspidal support of the representation Jy(7) corresponds to
re(p) (We refer to [Vig01, Théoréme 1.6, Section 1.8.4] for details on the £-modular local Langlands
correspondence). Assume that

occurs in the mod-¢ reduction of ¢

Te(p) = p1 B p2® - D py,
where p; is an f-modular irreducible representation of Wg. We denote by p; = LLCR'(r;). The
representation p; can be assumed to be defined over K, and it is integral with 7,(p;) = p; (although
it is not used in the proof, the representations p and @leﬁi of Wg may not be isomorphic). We set

pr = Resw,pi, 1 <i<k.

The supercuspidal support of Jy(II) corresponds via the f-modular local Langlands correspondence
to r¢(Resyy, p). By Brauer—Nesbitt principle, we have

re(Resw,p) = 1o(py) ® - © r(pf, )- (6.5)

Via the ¢-modular local Langlands correspodence, the supercuspidal support of Jy(II) corresponds

to the left hand side of (6.5), and the supercuspidal support of irreducible subquotients of ig%g)(E)?E

correspond to the right hand side of (6.5). Thus, the representation Jy(II) occurs as a subquotient

.GL,(E)—E

of i PE) T (for convenience we choose the notation 7% for ro(7g)).
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Let £F be a A[GL,,(E) x I'-stable lattice in 7, and let £F be the lattice ®*_, £F. We showed
in the proof of Theorem 6.4.1 (see equation (6.4)) that

Ty .GL, (E .GL,(F) =
HOD, ip P 7)) = (5.

There exists GL,,(E) x I'-subrepresentations F; and F» of 22?5)(@ (7F) such that Fy/Fy = Jy(II).
We have the following maps:

T .GLn(E -~ .GLn(EF)—
0 — HOD, ip P L) 25 BO(, ip p P70)

~

HY(I, Fy) 2 HOT, Fy /F) = HO(T, J,(I1))
o, R

T3 Y3 170 .GLn(E)=E

HO(D, F) 25 BO(D, g ©70)
Note that each Tate cohomology group above, as a representation of GL,(F'), admits a unique
generic subquotient. From Lemma 6.4.2 the maps (2 and 3 are non-zero, and the image contains
their respective generic subquotients. Since Jg(ﬂ')(é) occurs as the unique generic subquotient of
(igb:l)(F)f)(f), we get that the unique generic subquotient of HO(T', Jy(II)) is isomorphic to Jy ().

g

7. THE UNIPOTENT CUSPIDAL REPRESENTATION OF Sp,(F,)

Finite classical groups can have at most one irreducible unipotent cuspidal representation. Let G
be a connected reductive group defined over IF, and let ' : G — G be the Frobenius endomorphism.
Recall that an irreducible representation of a finite reductive group G¥' is said to be unipotent if
it occurs in a Deligne-Lusztig virtual character =R7, where T' is an F-stable torus in G. When
G is a classical group, if an irreducible unipotent cuspidal representation exists, then it is invariant
under automorphisms of the underlying algebraic group. Additionally, we have

(1) Unipotent cuspidal representations of finite classical groups are defined over Q ([Lus02]).
(2) The mod-¢ reduction of an unipotent cuspidal representation is irreducible ([DM18, Theorem
1]).
So, the case of unipotent cuspidal representations for finite classical groups is a natural testing
ground for Treumann-Venkatesh conjectures. In this section, we treat the group Sp,(F,) which
has a unique cuspidal unipotent representation for all q. We relate the zeroth Tate cohomology
and Frobenius twist of this unipotent cuspidal representation, and show vanishing of the first Tate
cohomology of this unipotent cuspidal representation.

We follow the exposition of [Gol78]. Set w = <(1) (1)), and let J be the block matrix (_Ow 16})
The symplectic group Spy(Fg) is defined as {g € GL4(Fy) : 'gJg = J}, where ‘g is the transpose of
g. We denote by eq, e, e3, e4, the standard basis of Fg. In the famous article [Sri68], B. Srinivasan
discovered an irreducible cuspidal representation of the group Sp,(F,), which does not have a
Whittaker model, and this representation is denoted by 61p. The representation 61 is a unipotent
cuspidal representation. In what follows, we assume that £ # 2.

7.1. Mirabolic restriction of of 019. In the article [Gol78], Gol’fand proved that 619 has irre-
ducible mirabolic restriction like the cuspidal representations of GLy,(F,). To recall these results,
we begin by defining some subgroups. Let P be a F,-rational Siegel parabolic subgroup of Sp, with
unipotent radical U and a Fg-rational Levi subgroup M whose [, points are

M(F,) = { <a 0 > Lac GLQ(IFq)}, U(F,) = { <{)2 g) b€ My(F,), w'bw — b}.

0 wtatw
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);
2

We use the notations m(a) and u(b) to denote the elements of the groups M (F,) and U(F
respectively. We fix a non-trivial additive character ¢ : F, = A, and an element 7 € F; \ (F ;

Set
(0 1
z={__ o)
Consider the character 9, : U(F,) — A, sending
u(b) = ¢(Tr(zb)),
where Tr(A) denotes the trace of a matrix A € My(F,). Since M(F,) normalizes U(F,), we have
for each m(a) € M(F,), a character " @) of U (Fy), defined as

YD (u(b)) = o (m(a)u(b)m(a) ™),

Let S(FF,) be the subgroup consisting of m(a) in M(F,) for which w;n(a) = 1),. The precise form of
S as an algebraic group is given by

"

{m(a) €M :azw'a= zw},

Note that the determinant of the matrix a for which m(a) € S can be both £1. The connected
component of identity S° is the torus of norm 1-elements for the quadratic extension F,2/F,, and
S/SY ~ 7./27.

Let xs : S(F;) — A be the character defined by

xs(m(a)) = v(det(a)), m(a) € S,

where ¢ : Y — A* is the Teichmiiller lift. Let Y'(F,) = S(F,) U(F,). The character ¢, induces a
character ¢y, : Y(Fy) — A*, defined as

Yy,z(m(a)u(b)) = xs(m(a)) ¥ (u(b)), (7.1)
for m(a) € S(F ) and u(b) € U(F,). Using Mackey decomposition, we get that the induced repre-
sentation Ind,, ( (@Z)y ») is irreducible, and the result [Gol78, Proposition 1] gives:

I"eSp(]Fq)(elo) >~ Ind (¢Yz)

Lemma 7.1.1. The mod-{ reduction of Indigg(wxz) s irreducible. In particular, the mod-¢

reduction r¢(610) is irreducible.

Proof. Let V be a non-zero P(F,)-stable subspace of Ind (zpy .), where ¢y _ is the mod-£ re-
duction of ¢y .. Then there exists a non-trivial element m E M (Fq)/S(FFq) such that the conjugate
@Qz of ¥y, is contained in V. This implies that V contains @YW; for all non-trivial elements
m € M(F,)/S(F,). Since the dimension of Indyﬁiq)(wy .) is same as the cardinality of the coset
space M(IF,)/S(F,), we get that

P(Fq)

V =In dy([{r )(sz)
Hence, the mod-¢ reduction of Ind (¢y .) s 1rredu01ble Since the restriction resp,)(610) is
isomorphic to the induced representatlon Ind (wy »), the mod-¢ reduction r,(619) is also irre-

ducible. O
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7.2. Let I be the Galois group Gal(F,./F;) and let o be the Frobenius element of T'. Let 7
(resp. II) be the unipotent cuspidal K-representation of Spy(F;) (resp. Spy(F.)). Note that the
twisted representation II is unipotent by [DM91, Proposition 11.3.8] and is also cuspidal. By the
uniqueness of II, we have II ~ II?. Let n : F — A* be the additive character given by the

composition ¢ o Trg , /g, , where Trg ,/p, is the trace map. Since £ is odd, we have 7 € F;L, \ (IFqu)2.
q- q
Let 7, be the character of U(F ), defined by

1z (u(b)) = n(Tr(20)), u(b) € U(Fye),

where Tr denotes the trace of square matrices. Note that S(FF ) is the stabilizer of n, in M (F ). Let
Y(Fu) = S(Fpe) U(F ). Let ny,. be the character of Y'(F ) defined as (7.1), where 1, is replaced

P(F
by n,. The induced representation IndYEFqE;(nyjz) is irreducible and the restriction resp(r ,)(II) is
q L

P(F
isomorphic to IndYEF" ;(ny7z). We use the notations p and py for the representations Indig‘;;(vﬁy’z)

£
qﬁ
P(F ) .
and Indy(]Fq[) (ny,z), respectively.

7.2.1. Let Y =5 x U be the subgroup of the Siegel parabolic subgroup P as defined above. Note
that P is connected and the group Y/Y? is Z/2Z, where YV is the connected component of Y
containing identity. Let X = Y\ P. Using [Ser, Proposition 36] and [DM91, Lemma 4.2.13], we get
the following exact sequence of pointed sets:

1 =Y (Fp) = P(Fp) = X(Fu) — H(Gal(Fy/F i), Z/2Z) — 1,
for kK > 1. We then have the exact sequence of pointed sets
1= (Y(Fue)\P(Fu)) = X (Fye) = F;Z/(]F;@)Q — 1.
By taking I'-invariants and using the fact that £ is odd, we get the exact sequence
1= (Y(Fue)\P(Fu)" = X(Fy) > F/(Fr)? — 1.
Note that Y (Fy)\P(F,) is contained in (Y (F,e)\P(F,))", and we also have the exact sequence
1o (V(F)\P(F,) — X(F,) — F} /(E})> > 1.

Thus, we get that
Y(F)\P(Fq) = (Y (Fge\P(Fye))". (7.2)
We denote by X and X for the sets Y (F,)\P(F,) and Y (F )\ P(F ) respectively.

7.2.2. Consider the unipotent cuspidal K-representation II of Sp,(F,). Note that ny,. is a o-
invariant character of Y'(Fy). From the multiplicity one result

dim;gHomy(qu)(Han,z) - 17

and from the fact that II° ~ II, we get that the representation Il extends to a representation of
Sp4(qu) x I', and such an extension is unique since K is the maximal unramified extension of Q.
The mod-/-reduction r¢(II) also extends uniquely to a representation of Spy(F,) x I'. The extension

can be realised on the model
dP (Fe)
Indy ', (nv.:)

by setting (o f)(p) = f(o(p)), for all f in the above space of functions and p € P(F ).

Theorem 7.2.1. For any A[Spy(F ) x T'|-stable lattice £ C 11, the space HY(T, £) is trivial.
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Proof. Note that the character ny . is I-invariant, i.e., ny.(c(y)) = nyv.:(y), for y € Y(F;). The
representation py is endowed with an action of I, given by

(0f)(z) = fe™!(x)), o €T,
for all x € P(F ) and f € py. Since resper ,)(II) is isomorphic to py, it suffices to show that the
q
Tate cohomology H'(T',£) is trivial for any A[P(F,) x I'|-stable lattice £ in p;. Let £ be the
A[P(FF,¢) x I'-stable lattice in p, consisting of A-valued functions in py. Since 7y, is -invariant,

the space H! (T',ny,z) is trivial. Then, using equality (7.2) and the isomorphism (2.2), we get that

HYT, £) = 0.
Since the mod-¢ reduction 7¢(p,) is irreducible, any A[P(F)]-stable lattice is homothetic to L.
Thus, HY(T, £) is trivial for any A[P(F,¢) x T']-stable lattice £ in py. O

The next lemma shows the irreducibility of the zeroth Tate cohomology group of the mod-/¢
reduction of II.

Lemma 7.2.2. The space ﬁO(F,Tg(H)) is irreducible and cuspidal as a representation of Spy(Fy).

Proof. Note that ry(II) is irreducible by Lemma 7.1.1, and it is cuspidal since II is cuspidal. By
Corollary 3.4.3, we get that HO(T, r,(IT)) is cuspidal. To prove the irreducibility of H(T', 7,(II)), we
consider the following restriction to P(F,;) map

Foe),_ o P(F,) ¢
(FZE) (nY7z)) — IndYEF‘S (wY,z)

fr—respw,(f)

where ava and 7y, denote the mod-¢ reductions of vy, and 7y, respectively. The above map

P
(Indy

factors through H(T, 4(ps)) and induces the following P(IF4)-isomorphism (see Subsection 2.2)

HO(T, mo(pe)) ~ re(p) .
Since the restriction resp(r ,)(r¢(I1)) is isomorphic to 7¢(p¢), the space HO(T, 7(IT)), being P(F,)
q

isomorphic to r¢(p)(), is an irreducible representation of P(F,), and hence of Sp,(F,). This shows
the lemma. O

7.2.3. Next, we show that HO(T, 7(IT)) is isomorphic to r,(w)®. Since, we have established that
both these representations are irreducible, we show that the characters as /~-modular representations
are the same. For this, we need to understand the restriction of 619 to the Klingen parabolic
subgroup.

Let @ be the Klingen parabolic subgroup of Sp, fixing the flag (e1) C (e1,e2). Let L be a Levi
subgroup of (), consisting of block diagonal matrices, and let H be the unipotent radical of (). Then
L(F,) is isomorphic to Fy x SLa(F,), and H(F;) consists of matrices of the form

1 =z y =z
{01 0 y

h= 00 1 —z , x,y,2 € Fy.
0 00 1

Let R be one of the fields F, or K. Let ¢ : F, = R* be a non-trivial additive character. Let Eq00
be the irreducible representation of H(F,) on the space R[F,| consisting of R-valued functions on
F,, defined by

(g (h)p)(t) = ¥ (2 + 2ty + zy) p(x + 1), (7.3)
for h € H(F,) and ¢ € A[F,].
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Let A(F,) be the subgroup (D x SLy(F,))H (F,), where D = {£1}, and D x SLy(IF,) is considered
as a subgroup of the Levi subgroup L(F,). Let € be the element (—1, I3), where I5 is the identity
element of SLy(F,). The representation &, is extended to a representation of A(F,) where the
actions of € and SLy(F,) are defined as (see [Gol78, equations (1) and (2)]) following:

(€0(0) () = —¢(~), > € RIE,) (7.4
a f () at? + 6t2 — 2t

(e (5 5)e) 0=y X v et pemm), 9

(6 (5 1) %) O = nt@ptasitiotat). o e B (7.6

In the above equality, j, is the unique non-trivial quadratic character of Fy* and G(ugq,) is the
Gauss sum of p with respect to the additive character .

Since ¢ is odd, for R is either F; or K, the resgr, (r,) (§g.y) module splits into two irreducible
representations §;¢ and §;¢ acting on the spaces of even and odd functions in R[F,], respectively.
We further extend the representation ¢, to the group A(F,) by setting H(F,) and I;2 to act
trivially. Let Ew = &g ® &, be the representation of A(F,). Then the induced representation

Indggzg (gw) is irreducible, which we denote by ;. Similarly, we get an irreducible representation

F
T = Ind ") (€0, ),
and
Res(m) ~ 11 @& 71 7.
Let n be the additive character ¢ o Trp 1¢/Fa of Fy We denote by II; to the representation

Q(F ¢)

Ind AF, (§q ¢ ,) and I1j ; to be the representation Ind (fq n,)- We then have

A(IF

RGSQ(FQZ( ) =~ H1 ©® HI,T-

Clearly, ~qem extends as a representation of A(F ) x I, by setting

o(f1® f2) = (0 f1)(cf2),

where o f is defined by setting (o f)(x) = f(o(z)), for x € Fy . The representation gqu admits a
natural A-lattice. We consider the lattice L, = A[F ]| in ., and Eq} , to be the odd functions

in A[F,]. From the equalities (7.4), (7.5) and (7.6), the lattice Zqzm =Lyy®L, , 1§ stable under
the action of A(F,) x I'. Note that
HY(T, L, ) = {0}. (7.7)
We also have from [Bor98, Corollary 2.2]
HO(, Lye,) =H(T, L, )@ HOT, L, ).
Again from the equalities (7.4), (7.5) and (7.6) together with the restriction and reduction mod-¢

map
A[F ¢]7 — Fy[Fy], © — Resp,

we get that ﬁO(F, E;,n) is isomorphic to 7,(&,,)® and ﬁO(F, E;"m) is isomorphic to T[(£;¢)(£); we

verify this isomorphism by cheking the compatibility of (7.5) and the others are immediate. Let

¢ € A[F,]7 and let (3 ?) € SLy(F,), with v # 0. We have
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. <3 g) o(t) = uqe(fy)) Z . <at2+5t§—2tt1> o(t1)

G(uqz,n = ol

at? + 6t? — 2tt
Z ¢OTTIM/IFq< : 1) o(t1)

- G(Mq m) et v
frge (Y at? + 6t2 — 2tt1>
+ = oIy < w(ty). 7.8
Gige, 77) . e%\wq Fot/Fa y ). (78

We then have

at? + 6(t9)2 — 2149 at? + §t2 — 2ty
o Trg ,/, ( ( ;) ! > p(t7) =¥ o Trp , , < ’yl o(t1),

Where t7 is the element o(t). Thus the expression in (7.8) mod-/ is equal to

s Z <at2+6§_2ttl>é¢(tl): (W(fqﬂ/))(@ <: ?) @) o).

Mq’ t1€F,

where 7ig, 1 and @ are the mod-¢ reductions of g, ¥ and ¢, respectively. Lemma 5.2.1 gives the
equality of following characters:

/)
£

nge,n (g) - X§Qv¢ (Q)L and ngZmT (g) = ng’w‘r (g) (79)

for all g € A(F,). We now prove the following theorem.

Theorem 7.2.3. Let £ be an odd prime. Let I' be the Galois group Gal(F/F,), and let o be the
Frobenius element in I'. Let m and II be the unipotent cuspidal IC-representation of Spy(Fq) and

Sp4(F ), respectively. Then the Tate cohomology group ﬁO(F, r¢(IT)) is isomorphic to the Frobenius
twist 1o(m)©.

Proof. Let x11 and x, be the characters of II and 7 respectively. We will show that

X1(9) = x(9) >

for all g € Spy(F;). Let g = su = us be the Jordan decomposition of g. Note that either g is
contained in a parabolic subgroup of Sp,(Fy) or u is the identity element and s is regular. If s is
a regular semisimple element, we have xr(s) = 1 = x.(s). Assume that g belongs to a parabolic
subgroup P(F,) or Q(F,). If g € P(F,), then it follows from the arguments of Lemma 7.2.2 that

HO(T, 7(IT)) ~ rg(m) O

as a representation of P(IF;). Thus we have

for all g € P(F,).

Suppose g € Q(F,). Note that xi1 = x11, + X1, and X« = X, + Xary,- Using character formula
for induced representations, we have

X (9) = > X, (woy™) (7.10)
yEYe, ygy~'€A(F o) )

and

xm@= > xg, ey, (7.11)
yeY,ygy 1€A(Fq)
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where Y, and Y denote the right coset spaces A(F)\Q(F ) and A(F;)\Q(F,) respectively. We can
choose Y (resp. Y;) to be a subset of representatives of the form {(a, I2) : a € F; /{£1}} in L(F,)
(resp. L(F,¢)). Thus, we observe that Y7 =Y. Moreover, the support of x1, and i1, , (resp. xr,
and Xr, ) is contained in A(F ) (resp. A(F,)). For g € A(F ), we have ygy~' € A(F ), for all
y € Q(F qz). We also observe that ygy~! = g, for all g € L(F,) and y is one of the representatives.
Since I' acts freely on Y, \ Y, there exists a subset & C Y, \ Y such that Y7\ Y is the disjoint union
of ', 0 < i < ¢ —1. Also, note that

Xg, (@W9oW) ™) = xe,e (0Wgo W) xe, (9) =g, woy™):

for all g € A(F,). Then the identity (7.10) becomes

an(9) = Y xg, oy + ! > Xg, (ugu™).

a=,m
yeY,ygy~ 1€ A(Fq) ueld,ugut€A(F ¢)

Using the relations (7.9) and taking mod-¢ reduction to the above equation, we get

—_—
)= > xg, ey ).
yeY, ygy 1€ A(Fy)

Now, taking mod-¢ reduction to the relation (7.11) and comparing it with the above identity, we

get

/
£

xi, (9) = X (9) -

Similarly, we have

/)
£

Xt . (9) = Xr.-(9) -

Thus, we get the character identity

xn(9) = x«(9)

for all g € Spy(F,4). Using [LamO1, Corollary 7.21], we conclude that the Tate cohomology group

HO(T, 74(I1)) is isomorphic to 7¢(m)©). O
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