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Throughout we let F = Q,R or C.

1.

Let V be a finite dimensional vector space over F. Show that, given any finite () # S C
V'\ {0}, there exist nonzero functionals f and g on V such that, Vo € S, f(z) # g(x).

. Let V be a finite dimensional vector space over F. Show that, for every linear operator

T :V — V there exists r € N such that V =kerT” & Im T".

Let the set up be as in Question 2 and 7" : V' — V be linear. Suppose that K and L
are 1" invariant subspaces of V' such that the following hold:

(a) V=KL, and
(b) the restriction of T' to K and L are nilpotent and invertible respectively.

Then show that, for some m € N, one has K = kerT™ and L = Im T™.

Prove or disprove the following:
Every real square matrix is similar to its transpose, i.e., ¥n € Nand A € M,(R),
P7'AP = At for some P € GL,(R).

Let n € N. Find all n x n matrices over R which are row equivalent to some orthogonal
matrix.

Let n € N and B € M,(R) has determinant 1. Show that there exist n x n matrices
K, A and N with the following four properties:

(a) B=KAN,

(b) K is an orthogonal matrix with det(K) = 1,

(c) N is an upper triangular matrix with all diagonal entries 1; and
)

(d) A is a diagonal matrix whose all diagonal entries are positive and det(A) = 1.

Show that, in Question 6, the matrices K, A and N with the properties (a)-(d) are
unique.

Recall that, a Quadratic form @ on R", where n € N, is a function of the following
form:
Q(x) = x"Ax,vVx € R",

where A is an n X n real symmetric matrix.
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We say a quadratic form @) on R™ is nondegenrate if Q(y) # 0 for all y # 0. Two
quadratic forms () and ()2 are said to be equivalent if there exists P € GL,(R) such
that one has the following:

Q1(x) = Q2(Px),Vx € R".

Note that, this defines an equivalence relation on the set of all quadratic forms on R™
and furthermore, (); is nondegenrate if and only if ()5 is nondegenerate whenever (),
and @)y are equivalent. Show that, for n = 3, every nondegenrate quadratic form is
equivalent to exactly one of the following:

(a) Qo(wy,xo, w3) := 2% + 23 + 22

(b) @1 := —Qo. where Q) is defined above in (a),
(c) Q3(w1, 2, x3) 1= 2x173 — 23, and

(d) Q4 := —Q3, where Q3 is defined above in (c).

[5]
9. Let V be a finite dimensional inner product space over C. Show that, for any linear
operator A : V. — V, one has the following;:
A is normal if and only if 3f(z) € C[z] such that A* = f(A).

You may use the following if necessary:

(1 o a2 - - - o]

1 ag o2 - - - ay!

e B | )
1<i<j<n

1 o, o2 - - - At

where n > 2 and oy, o, ..., o, € C. [5]

The End



