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Notation: In what follows, we let F = Q,R or C.

(1) Let X # 0 be a set. Show the following:
(a) There exists a vector space V over F and a map ¢ : X — V with the following property:

Property 1. whenever one has a vector space W over F and ¢ : X — W, then there
exists a unique linear map @ : V. — W such that o o1 = ¢, i.e., making the following

X >V

diagram commutative: \ l¢ .
©

(b) Show that, for any pair (V’,/), where V' is a vector space over R and // : X — V/,
satisfying the Property 1 in (1a), there exists a unique isomorphism 1 : V' — V’ such

X ——V
that ¢ ot = (/, i.e., making the following diagram commutative: \ lw
L V/

(2) Let V and W be two finite dimensional vector spaces over F and 7' : V' — W be a linear

map. Is it possible to have [T]3, a row echelon matrix by choosing appropriate ordered bases

B and B’ of V and W respectively?

(3) Let A = { Cg ccl ] € M(R) and consider the following linear map

R? — R% x — Ax, ¥x € R% (x 1)

Recall that C can be identified with R? in view of the correspondence  + iy +— (z,y). Find
a necessary and sufficient condition on a, b, ¢ and d so that the map given by (x 1) becomes a
linear operator on the complex vector space C.

(4) Let n € N and ) # U C R" be open. Recall that, for any p € U, one has the following
isomorphism:
T,(U) — R", [+] = +(0), V[v] € T,,(U).
We denote preimages of the standard basis vectors ey, ..., e, of R” under this isomorphism
by 8im1|1” e %M, respectively. Suppose that m € N and V C R™ is open and f : U — V.
We denote the i-th coordinate of the function f by f;, for all i = 1,...,m. Assume that %
is continuous for all i =1,...,mand j=1,...,n.

(a) Show that, ¥p € U the following is a linear map:
&, - Ty(U) — Ten(V), (] = [ o), Vo] € (D). (2
(b) For any p € U, find the matrix of df, (defined above in (* 2)) relative to the ordered
bases {% ’p sy % ’p} and {aixl’f(p), ceey %‘f(p)}.

(5) Let V be a finite dimensional vector space over F and T be a linear operator on V' such that
T? = T. Show the following:

(a) V =kerT & ker(T — I); and



(b) By choosing an appropriate ordered basis, the matrix of T can be brought to the following

form:
{ I, 0O

>
0 0},where7“_0.

(6) Suppose that V' is an n dimensional vector space over F, where n € N, and T is a linear
operator on V such that 7" = 0 but 77! # 0.

(a) Show that there exists an ordered basis B = {v1,...,v,} such that
Tvy =wvg,--- ,Tv,_1 =v,, Tv, = 0.
(b) Let B be as in (6a). Find [T]s.
(c) Deduce that, if A, B € M, (F) such that A" = B" =0 and A"! # 0 # B"!, then A and
B are similar.
(7) Let V be a finite dimensional vector space over F and A, B : V. — V be linear. Show that
the following are equivalent:

(a) There exists ordered bases B and B’ of V' such that [A]g = [B]s/; and
(b) There exists an invertible linear operator P on V such that A = PBP~!.



