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Principle of functoriality, proposed by Langlands, is a central problem in theory of automorphic

representations. It involves transferring automorphic representations, Hecke eigenclasses between

two reductive algebraic groups defined over a number field. This dissertation draws inspiration

from the work of Treumann and Venkatesh ( [TV16]), who established a functoriality lifting of

mod-p Hecke eigenclasses between two reductive algebraic groups. They also made a conjecture

which predicts that the functoriality lifting at ramified places is realized via Tate cohomology. In

this thesis, we aim to study the conjecture in the context of cyclic local base change using the

techniques coming from local converse theorem.

Let F be a finite extension of Qp, and let E be a finite Galois extension of F of prime degree l,

where l ̸= p. Fix a generator σ of the cyclic group Gal(E/F ). Let Ql be an algebraic closure of

Ql with ring of integers Zl. Let (π,W ) be a smooth irreducible l-adic representation of GLn(F ),

where smooth means every vector in Ql-vector space W has an open stabilizer in the topological

group GLn(F )–whose topology is induced from that of F . We further assume that π is integral,

i.e., there exists a GLn(F ) stable Zl-lattice L in W . We have the mod-l reduction of π, defined as

the semi-simplification of the Fl-representation (π,L⊗Zl
Fl). Let (Π, V ) be an irreducible, smooth

l-adic representation of GLn(E), obtained as a base change lift of π. Then Π is also integral and

is isomorphic to the twisted representation Πσ. Let Λ be the ring of integers of the maximal

unramified extension of Ql in Ql. Let M be a smooth Λ[GLn(E) ⋊ ⟨σ⟩] module in V . Then, we

have the Tate cohomology groups Ĥi(σ,M), i ∈ {0, 1}, defined as

Ĥ0(σ,M) :=
Ker((1− σ)|M)

NM
,

Ĥ1(σ,M) :=
Ker(N |M)

(1− σ)M
,
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where N = 1 + σ + · · · + σl−1, viewed as an element of the group ring generated by σ. For each

i, the Tate cohomology Ĥi(σ,M) is a mod-l representation of GLn(F ). Treumann–Venkatesh’s

conjecture predicts the relation between the mod-l reduction of π and the Tate cohomology groups

Ĥi(σ,M). Towards this, N.Ronchetti ( [Ron16]) obtained some evidence for depth zero cuspidal

representations of GLn(F ), which had been further extended by T.Feng ( [Fen24], [Fen23]) in a

more general context, using the recent advances due to the work of V.Lafforgue and Fargues–

Scholze. In this thesis, we obtain more precise results. We use the machinery of Rankin–Selberg

convolutions to prove the conjecture for certain classes of irreducible smooth representations of

GLn(F ), namely generic and cuspidal representations. The key result is the following:

Theorem. Let F be a finite extension of Qp, and let E be a Galois extension of F of degree l,

where l and p are distinct odd primes. Let π be an integral, l-adic, generic smooth representation

of GLn(F ) with Jl(π) the unique generic sub–quotient of the mod-l reduction of π. Let Π be the

base change lifting of π to GLn(E).

1. Assume that l does not divide the pro-order of GLn−1(F ), for n ≥ 3. Then the Frobenius

twist Jl(π)
(l) := Jl(π)⊗Frob Fl occurs as the unique generic sub–quotient of Ĥ0(σ, Jl(Π)).

2. Suppose π and Π are l-adic, cuspidal representations of GL3(F ) and GL3(E) respectively,

such that the central character ωπ of π is integral. Then the zeroth Tate cohomology group

Ĥ0(σ, Jl(Π)) is irreducible, and is isomorphic to Jl(π)
(l).

Our method follows the general framework of the proof of the local converse theorem, as in

[JPPS79, Proposition 7.5.2] and [Hen93, Theorem 1.1]. The arguments essentially use Kirillov

models and completeness of Whittaker models. Let ψ be a non-trivial additive character of F ,

and let ψE be the composition ψ ◦ TrE/F , where TrE/F is the trace function of the extension

E/F . Let W(Jl(Π), ψE) be the Whittaker model Jl(Π). By multiplicity one theorem, we get

that W(Jl(Π), ψE) is stable under the action of ⟨σ⟩. Then we prove that the Tate cohomology

Ĥ0(σ,W(Jl(Π), ψE)) realizes Jl(π)
(l) as a sub–quotient. The following is the essential content. Let

K(Jl(Π), ψE) be the Kirillov model of Jl(Π), consisting of restrictions of functions in the space

W(Jl(Π), ψE) to the mirabolic subgroup Pn(E). We consider the following restriction to Pn(F )

map

Φ : K(Jl(Π), ψE)
Gal(E/F ) resPn(F )−−−−−→ Ind

Pn(F )
Nn(F )(Θ

l),

where Nn(F ) is the group of unipotent upper triangular matrices in GLn(F ) and Θ is the non-

degenerate character of Nn(F ), induced by ψ. Note that the map Φ is Pn(F )-equivariant and

factors through

Ĥ0(σ,K(Jl(Π), ψE)) −→ Ind
Pn(F )
Nn(F )(Θ

l).

Let XF be the space GLn−1(F )/Nn−1(F ), and let φ ∈ C∞
c (XF ,Fl). Typically, for some fixed
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integer k and a suitably chosen function W in the Tate cohomology space Ĥ0(σ,K(Jl(Π), ψE)),

the function φ is equal to

[
Φ
(
Ĥ0(Jl(Π))(w)W

)
− Jl(π)(l)(w)Φ(W )

]g 0

0 1


when det(g) = k and zero otherwise. Essentially we need to show that φ is zero. In view of

completeness of Whittaker models, it is equivalent to prove that

∫
XF

φ(g)W ′(g) dµ = 0, (1)

for all W ′ ∈ W(τ, ψ−l) and for all generic Fl-representation τ of GLn−1(F ). The hypothesis on

l in part 1 is required for the completeness of Whittaker models over Fl. Using Rankin–Selberg

functional equations and the lifting of Rankin–Selberg local zeta integrals from the homogeneous

space XF to the homogeneous space XE , the assertion (1) then reduces to showing the following

identity of local γ-factors

γ(X, Jl(Π), τ, ψ ◦ TrE/F ) = γ(X l, Jl(π)
(l), τ, ψl),

which follows from the congruence properties of γ-factors. When the prime l does not divide the

pro-order of GLn(F ), we prove an analogous result for a subclass of non-generic representations

of GLn(F ), namely Zelevinsky subrepresentations. In part 2, we remove the hypothesis on l

by exploiting the theory of smooth representations over local Artinian Fl-algebras. The reason

for considering representations over such rings is to use the local converse theorem in positive

characteristic– which, in general, fails for mod-l generic representations. We basically prove the

following equality

γ(X, Ĥ0(σ, Jl(Π)), η, ψ) = γ(X, Jl(π)
(l), η, ψ),

for all R-valued characters η of F×, and for all local Artinian Fl-algebras R. Then the local

converse theorem over Fl ( [Mos21, Theorem 1.1]) gives the required isomorphism.

In this thesis, we also study the compatibility between two homomorphisms of Hecke algebras

with coefficients in Fl. One of them is introduced by Treumann–Venkatesh ( [TV16, Section 4]),

and it is an analog of the Brauer homomorphism of modular representation theory. The other

one is defined by D.Kazhdan ( [Kaz86]). It relates the representation theory of reductive groups

defined over a p-adic field F and a local non-Archimedean positive characteristic field F ′, provided

the fields F and F ′ are sufficiently close. In [TV16, Section 6], the authors defined the notion of

linkage, which is the counterpart of Brauer homomorphism in representation theory. Then, using

the compatibility between Kazhdan and Brauer homomorphism, we show that the linkage is also
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compatible under the close local fields F and F ′.

This dissertation consists of six chapters, including a general introduction. In Chapter 1, we

discuss Treumann–Venkatesh’s conjecture and the known results of the conjecture. It has a brief

overview of each chapter. In Chapter 2, we recall the notion of smooth representations of p-

adic groups and Weil–Deligne groups. It includes various notations, conventions, and some initial

results. In Chapter 3, we prove the above theorem for cuspidal representations of GL2(F ) with

no assumption on the odd prime l. Chapter 4 proves part 1 of the above theorem together with

the non-generic case. Some crucial results on the Tate cohomology of (twisted) Jacquet modules,

including the finite length of the Tate cohomology groups, are also discussed in this chapter.

Part 2 of the above theorem is proved in Chapter 5, where we discuss some concepts of smooth

representations over Artin local Fl-algebras which are relevant to our context. In Chapter 6, we

study the compatibility between Kazhdan isomorphism and Brauer homomorphism.
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Chapter 1

Introduction

Let F be a finite extension of the field Qp of p-adic numbers. Let E be a finite Galois extension

of degree l, where l and p are distinct primes. This thesis is concerned with the study of the

compatibility of Tate cohomology with local base change lifting from GLn(F ) to GLn(E). It is

part of a conjecture on Langlands functoriality, made by D. Treumann and A. Venkatesh in their

seminal paper [TV16]. We also prove some compatibility results under close local fields in the

context of linkage.

1.1 Local Langlands correspondence

Let l and p be two distinct primes. Let F be a finite extension of Qp and let F be an algebraic

closure of F . Let Fun be the maximal unramified extension of F contained in F . We have the

quotient map

Gal(F/F ) −→ Gal(Fun/F ).

Let κF (resp. κFun) be the residue field of F (resp. Fun). Then the group Gal(Fun/F ) is

isomorphic to the Galois group Gal(κFun/κF ). Since the field κFun is an algebraic closure of the

finite field κF , we get a map

Gal(F/F )→ Gal(κFun/κF ) ≃ Gal(Fq/Fq), (1.1)

where q denotes the cardinality of κF and Fq is an algebraic closure of Fq. Let Frobq be the

Frobenius automorphism of Fq which sends an element x to xq. Let WF be the inverse image

in Gal(F/F ) of the group generated by Frobq. The group WF is called the Weil group of F .



2 Introduction

The kernel of the map (1.1) is Gal(F/Fun) and it has a natural pro-finite topology from Krull

topology. Declaring the open subgroups of Gal(F/Fun) as open subgroups of WF makes WF a

topological group, whose topology is locally compact and totally disconnected. Moreover, there is

a multiplicative norm ∥ ∥ on WF , defined as follows: Let x be an element of WF . Let r be the

integer such that the image of x under the map (1.1) is Frobrq. Then ∥x∥ = q−r.

Fix an algebraic closure Ql of Ql and a square root of q in Ql. Local class field theory gives

us a topological isomorphism aF : Wab
F

∼−→ F×, where Wab
F is the quotient of WF by the closure

of the derived subgroup of WF . The isomorphism aF induces a bijective correspondence between

the set of Ql-valued characters of WF (i.e., 1-dimensional representations with open kernel) and

that of the multiplicative group F×. The local Langlands correspondence for the group GLn is

a generalization of the local class field theory. Let Gn(F ) be the set of isomorphism classes of

n-dimensional semisimple Weil–Deligne representations of WF –which are pairs (ρ,N), consisting

of a semisimple representation ρ :WF → GLn(Ql) with open kernel and a nilpotent n× n matrix

N with entries in Ql such that

ρ(x)Nρ(x)−1 = ∥x∥N ,

for all x ∈ WF . Let An(F ) be the set of isomorphism classes of irreducible smooth representa-

tions of GLn(F ) on Ql-vector spaces, where smooth means every vector has an open stabilizer in

the topological group GLn(F )–whose topology is induced from that of F . The local Langlands

correspondence (see [HT01] and [Hen00]) gives a bijection

An(F )
LLCF−−−−→ Gn(F ), (1.2)

which is uniquely characterized by the certain identities (see Subsection 2.6.1) of local constants

known as L-functions and ϵ-factors that one attaches to elements of An(F ) and Gn(F ). The

constructions in [HT01], [Hen00] are originally over C. By fixing an isomorphism ι : C ∼−→ Ql
and twisting the original correspondence by an unramified character of GLn(F ), we get the l-

adic version of the classical local Langlands correspondence (see [Clo90, Conjecture 4.4, Section

4.2], [Hen01, Section 7]), which is independent of ι.

In the article [Vig01, Theorem 1.6], Vignéras constructed a mod-l version of local Langlands

correspondence–which gives a map from the set of isomorphism classes of irreducible, smooth,

Fl-representations of GLn(F ) to the set of isomorphism classes of n-dimensional, semisimple, Fl-

representations of WF . We denote this map by LLCF,ℓ, and it is compatible with the l-adic local

Langlands correspondence LLCF under reduction mod-l.
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Local base change lifting

Let E be a finite Galois extension of the p-adic field F of degree l. The base change lifting

is a transfer map from the set of irreducible smooth Ql-representations of GLn(F ) to the set

of irreducible smooth Ql-representations of GLn(E)–which is constructed by Arthur and Clozel

in their seminal work [AC89]. The base change lifting of smooth irreducible representations of

GLn(F ) to GLn(E) is defined by a character identity (see [AC89, Chapter 1, Section 6]).

The local base change lifting is also related to the local Langlands correspondence ( [AC89,

Chapter 3, Section 6]). Say πF is an irreducible smooth Ql-representation of GLn(F ). Let πE be

the irreducible smooth Ql-representation πF of GLn(F ) obtained as a base change lift of πF . If

(ρF , NF ) and (ρE , NE) are the corresponding semisimple Weil–Deligne Ql-representations of WF

and WE respectively, then we have

NE = NF and ρE ≃ resWE
(ρF ).

1.2 Treumann-Venkatesh’s Conjecture

In the article [TV16], Treumann–Venkatesh proved a special instance of Langlands functoriality

mod-l. When F is a number field and G is a connected reductive group defined over F with an

automorphism γ of G of order l, they established a functoriality lifting from the mod-l Hecke

eigenclass of Gγ(F ) to the mod-l Hecke eigenclass of G(F ). They also made some conjectures

for the representation theory of p-adic groups ( [TV16, Conjecture 6.3]), which predicts that the

functoriality lifting at ramified places is related to Tate cohomology for the action of ⟨γ⟩. A

precise formulation of the conjecture was made by T. Feng ( [Fen23, Conjecture 1.2.3]) using the

Fargues–Scholze correspondence in [FS21].

We now discuss this conjecture in the case, where G = ResE/F (GLn/E) for a finite Galois ex-

tension E/F of p-adic fields with degree of extension l. Fix a generator γ of the cyclic group

Gal(E/F ). There is a natural action of γ on G and we have Gγ ≃ GLn/F . In this setup, we

state the Treumann–Venkatesh’s conjecture using Vignéras’s mod-l semisimple local Langlands

correspondence–which is equivalent to [Fen23, Conjecture 1.2.3] as the Fargues–Scholze’s corre-

spondence (see [Fen23, Subsection 1.3] for the correspondence) for GLn is compatible with the

Vignéras’s local Langlands correspondence.

Let (Π, V ) be an irreducible smooth Fl-representation of GLn(E) such that Π is isomorphic

to the twisted representation Πγ . Fix a GLn(E) equivariant isomorphism Tγ : Π → Πγ with

T lγ = id. Thus, the space V is equipped with an action of Gal(E/F ) via the map Tγ . Set

N := 1 + Tγ + · · ·+ T l−1
γ . Then, we have the following chain complex of Gal(E/F ) modules:
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· · · −→ V
id−Tγ−−−−→ V

N−→ V
id−Tγ−−−−→ V

N−→ V −→ · · ·

Associated with the above chain complex, we have the Tate cohomology groups Ĥi(γ,Π), for

i ∈ {0, 1}, defined as

Ĥ0(γ,Π) :=
Ker(1− Tγ)
Img(N)

, (1.3)

Ĥ1(γ,Π) :=
Ker(N)

Img(1− Tγ)
, (1.4)

For each i ∈ {0, 1}, the action of GLn(E) on the space V induces a smooth Fl-representation of

GLn(F ) on the Tate cohomology space Ĥi(γ,Π). The precise conjecture of Treumann–Venkatesh

is as formulated in [Fen23, Conjecture 1.2.3].

Conjecture 1.2.1. Let F be a finite extension of Qp, and let E be a finite Galois extension of F

of degree l, where l and p are distinct primes. Let Π be a smooth, irreducible Fl-representation of

GLn(E) such that Π ≃ Πγ . Then for each i ∈ {0, 1}:

1. The Tate cohomology group Ĥi(γ,Π) has finite length as a representation of GLn(F ).

2. For each irreducible sub-quotient τ of Ĥi(γ,Π), the restriction of the semisimple repre-

sentation LLCF,ℓ(τ) to the Weil group WE is isomorphic to LLCE,ℓ(Π
(l)), where Π(l) :=

Π⊗Fl,Frobl
Fl is the Frobenius twist of Π, and LLC ,ℓ is the mod-l local Langlands correspon-

dence, constructed by Vignéras in [Vig01, Theorem 1.6].

In the article [Ron16], Ronchetti formulated an integral version of the above conjecture for a

subclass of irreducible Ql-representations of GLn(F ), called cuspidal representations, in terms of

the local base change liftings. This is what we will discuss next.

Integral version of Treumann–Venkatesh’s Conjecture

We now introduce some notation. Let Zl be the ring of integers of Ql. Let (π,W ) be a smooth

integral Ql-representation of GLn(F ), where integral means that π is of finite length and there

exists a GLn(F ) stable Zl-lattice L in W . The GLn(F ) action on the Fl-vector space LF ⊗Zl
Fl

is a finite length representation of GLn(F ). The semi–simplification of this Fl-representation is

independent of the choice of L ( [Vig96b, Chapter 1]) and it is called the mod-l reduction of π,

denoted by rl(π). We further assume that π is cuspidal, i.e., π is irreducible and rP (π) = 0 for all

proper parabolic subgroups P = M ⋉ U of GLn(F ), where rP is the Jacquet restriction functor

(see [BZ77, Section 1] for the definition). In this case, the mod-l reduction rl(π) is also cuspidal

( [Vig96b, III 4.25 and 5.10]).

Let (Π, V ) be a smooth cuspidal Ql-representation of GLn(E), obtained as base change lift of

(π,W ). Then Π is integral (Lemma 2.7.1) and there exists a GLn(E) equivariant isomorphism
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Tγ : Π → Πγ such that T lγ = id. Thus, the space V has an action of the group ⟨γ⟩ via the

isomorphism Tγ . From Proposition 3.3.1, we get that the Tate cohomology Ĥ0(γ, rl(Π)) is an

irreducible Fl-representation of GLn(F ).

Conjecture 1.2.2. [Ron16, Conjecture 2] Let F be a finite extension of Qp, and let E be a finite

Galois extension of F of degree l, where l and p are distinct odd primes and l does not divide n.

Let π be an integral, cuspidal Ql-representation of GLn(F ), and let Π be the base change lifting

of π to GLn(E). Then the Tate cohomology group Ĥ0(γ, rl(Π)) isomorphic to the Frobenius twist

rl(π)
(l).

1.3 Known results

In [Ron16, Theorem 1], the author proved the above conjecture for cuspidal Ql-representations of

GLn(F ) of “level zero and minimal-maximal type”, i.e., those of the form

ind
GLn(F )
F×GLn(oF )(σχ),

where oF is the ring of integers of F , σ is an irreducible representation of the compact open

subgroup GLn(oF ), inflated from a cuspidal Ql-representation of the finite group GLn(Fq) via the

canonical surjection GLn(oF ) → GLn(Fq), and χ is a character of F×, inflated from the central

character of σ via the quotient map o×F → F×
q . The condition ‘l does not divide n’ ensures that

the base change lift Π is cuspidal, and it is also of level zero and minimal-maximal type.

When F is a local function field, the work of T. Feng ( [Fen24]) proved Conjecture 1.2.1 using

Genestier–Lafforgue correspondence ( [GL17]) in the context of cyclic base change. In a recent

preprint [Fen23], a generalized version of part (2) of Conjecture 1.2.1 for arbitrary connected

reductive groups over a local non-Archimedean field has been studied by the author, using recent

advances of [FS21].

1.4 Organization of the Thesis

This thesis is concerned with the study of Conjecture 1.2.2 for the local base change lifting of

integral generic Ql-representations of GLn(F ) (i.e., those possessing Whittaker models) and a

subclass of non-generic representations, namely Zelevinsky subrepresentations of GLn(F ). The

results, in particular, verify Conjecture 1.2.1. Our method is different from those of Ronchetti

and Feng. We use the machinery of Rankin–Selberg zeta integrals, local ϵ and γ-factors associated

with the representations of both p-adic group and the Weil group. The machinery of local ϵ and

γ-factors for both l-adic and mod-l smooth representations of GLn(F ) as well as over arbitrary
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Noetherian rings are available by the seminal works of N. Matringe, R. Kurinczuk, D. Helm and

G. Moss (see [KM17], [KM21], [HM18], [Mos16]). We also prove some compatibility results under

close local fields. We now give a brief overview of each chapter. The goal is to discuss the results

and the method of proof.

1.4.1 Contents of Chapter 2

This chapter is a basic introduction regarding the various notions in the theory of smooth repre-

sentations of p-adic groups and the Weil–Deligne groups over arbitrary rings. We recall various

notations and conventions on Whittaker and Kirillov models. Then, we review Rankin–Selberg

theory for smooth representations of GLn(F ) and the l-adically continuous representations of the

Weil group over Noetherian rings. We also collect some results on local constants in l-adic and

mod-l settings, which are essential for the later chapters. Then, we review the local Langlands

correspondence and the local base change lifting of smooth irreducible representations of GLn(F ).

We also recall and set up some initial results on Tate cohomology.

1.4.2 Results of Chapter 3

In this chapter, we prove Conjecture 1.2.2 for integral cuspidal representations of GL2(F ). It

is a special case of the main results of chapter 4 and 5. Let πF be a smooth integral cuspidal

representation of GL2(F ) on a Ql-vector space and let πE be the base change lifting of πF to

GL2(E). We further assume that the primes l and p are odd. Then, the base change lift πE is

cuspidal, and so is its mod-l reduction rl(πE).

Let us consider the Kirillov model of rl(πE), which is a realization of rl(πE) in the the space

of smooth and compactly supported Fl-valued functions on E×, denoted by C∞
c (E×,Fl). It is

equipped with an action of GL2(E) (see Section 3.2). If we denote this action by Krl(πE), then

rl(πE) is isomorphic to Krl(πE). Similarly, we have the Kirillov model
(
Krl(πF )(l) , C

∞
c (F×,Fl)

)
associated to the cuspidal representation rl(πF )

(l). Fix a generator γ of Gal(E/F ). The space

C∞
c (E×,Fl) has a natural action of ⟨γ⟩, by setting

(γ.f)(x) := f(γ−1(x)),

for all x ∈ E× and f ∈ C∞
c (E×,Fl). The above action is compatible with the action of ⟨γ⟩ on

GL2(E). Consider the Tate cohomology group Ĥ0(γ,C∞
c (E×,Fl)), defined as (1.3) and (1.4). It

is an irreducible Fl-representation of GL2(F ). For n = 2, Conjecture 1.2.2 is then equivalent to

the following theorem:

Theorem 1.4.1. The Tate cohomology group Ĥ0(γ,C∞
c (E×,Fl)) is isomorphic to the Kirillov

space
(
Krl(πF )(l) , C

∞
c (F×,Fl)

)
, as a representation of GL2(F ).
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To prove the theorem, we first consider the restriction to F× map

C∞
c (E×,Fl)Gal(E/F ) −→ C∞

c (F×,Fl),

which factorizes through the Tate cohomology space Ĥ0(γ,C∞
c (E×,Fl)) and induces the P2(F )

equivariant isomorphism

Ĥ0(γ,C∞
c (E×,Fl))

∼−→
(
Krl(πF )(l) , C

∞
c (F×,Fl)

)
,

where P2(F ) is the mirabolic subgroup, as defined in Section 2.1. To get the required GL2(F )

isomorphism, we need to check the following identity

Krl(πE)(w)(f) = Krl(πF )(l)(w)(f), (1.5)

for all f ∈ C∞
c (F×,Fl), where w is the matrix

 0 1

−1 0

. Using the explicit action of the linear

operators Krl(πE)(w) and Krl(πF )(l)(w) (see equation (3.2)) in terms of local ϵ-factors, it follows

that the assertion (1.5) is equivalent to an identity of local ϵ-factors. The required identity is

obtained using various congruence properties of local ϵ-factor.

1.4.3 Results of Chapter 4

In this chapter, we prove Conjecture 1.2.1 for the base change liftings of integral generic Ql-

representations of GLn(F ) and a subclass of non-generic representations of GLn(F ), namely

Zelevinsky subrepresentations Z(∆), where ∆ is a Zelevinsky segment. The generic case, in par-

ticular, proves Conjecture 1.2.2 under the hypothesis that the prime l does not divide the order of

the finite group GLn−1(Fq) for n > 2. When n = 2, we do not require the hypothesis on l (see

Theorem 1.4.1 for instance). Here, the strategy of the proof is similar to that of Theorem 1.4.1.

Let us introduce some notions to state the precise results. As before, we let E be a finite Galois

extension of a p-adic field F of degree l, where l and p are distinct odd primes. Let K be the

maximal unramified extension of Ql in Ql, and let Λ be the ring of integers of K. We fix a non-

trivial additive character ψF : F → Λ×. Let ψE be the composition ψF ◦ TrE/F , where TrE/F

denotes the trace function. Let Nn be the group of unipotent upper triangular matrices in GLn.

Let ΘF be the non-degenerate character of Nn(F ) associated to ψF . Let (π, V ) be an integral

l-adic generic representation of GLn(F ), where “generic” means π is irreducible and the space of

Nn(F ) equivariant linear maps

HomNn(F )(π,ΘF )
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is non-zero. In general, the mod-l reduction rl(π) is not irreducible, and in this case, rl(π) is

non-generic but it admits a unique generic sub–quotient, denoted by Jl(π) (see [Vig01, Section

1.8.4]).

Let Π be the base change lifting of π to GLn(E). Then Π is also integral (Lemma 2.7.1) and

generic, and there exists a GLn(E) equivariant isomorphism Tγ : Π
∼−→ Πγ , γ ∈ Gal(E/F ). Then

the generic sub–quotient Jl(Π) of the mod-l reduction of Π is also stable under the action of

Gal(E/F ) via the isomorphism Tγ . The first main result is as follows:

Theorem 1.4.2. Let F be a finite extension of Qp, and let E be a finite Galois extension of F

with [E : F ] = l, where p and l are distinct odd primes such that l does not divide |GLn−1(Fq)|

whenever n ≥ 3. Let π be an integral, l-adic generic representation of GLn(F ), and let Π be the

base change lifting of π to GLn(E). Then, the Frobenius twist Jl(π)
(l) occurs as a sub–quotient of

Ĥ0(γ, Jl(Π)).

We note some immediate remarks on the hypothesis in the above theorem. As a consequence

of Proposition 4.3.3, the representation Jl(π)
(l) is the unique generic sub-quotient of the Tate

cohomology group Ĥ0(γ, Jl(Π)). The hypothesis that l does not divide |GLn−1(Fq)|, for n ≥ 3,

is required in the proof of a vanishing result of Rankin-Selberg integrals on GLn−1(F ), which is

the analogue of [JPSS81, Lemma 3.5] or [BH03, Proposition 6.2.1]. If π and Π are both cuspidal,

then using Kirillov model for cuspidal representation, one observes that the Tate cohomology

Ĥ0(γ, rl(Π)) is an irreducible mod-l representation of GLn(F ). Thus, it follows from the above

theorem that Ĥ0(γ, rl(Π)) is isomorphic to the Frobenius twist rl(π)
(l), which proves Conjecture

1.2.2 under the given hypothesis on l.

When l does not divide the pro-order of GLn(F ), we obtain a much more precise version of

Theorem 1.4.2. Note that the mod-l reductions rl(π) and rl(Π), in this case, are both generic

representations, and we have the following result.

Theorem 1.4.3. Let E/F be a finite Galois extension of p-adic fields with [E : F ] = l, where l

and p are distinct primes, and l does not divide |GLn(Fq)|. Let π be an integral, l-adic, generic

representation of GLn(F ), and let Π be the base change lifting of π. Then:

1. The Tate cohomology group Ĥ0(γ, rl(Π)) is isomorphic to the Frobenius twist rl(π)
(l).

2. For any Zl-lattice L in Π, stable under the action of GLn(E) ⋊ Gal(E/F ), the first Tate

cohomology group Ĥ1(γ,L) is trivial.

We now briefly discuss the proof of Theorem 1.4.2. Since Jl(Π) is generic, it can be realized

as the space W(Jl(Π), ψE), contained in the smooth induction Ind
GLn(E)
Nn(E) (ΘE), where ψE is the

mod-l reduction of ψE and ΘE is the non-degenerate character of Nn(E) corresponding to ψE
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(see (2.1) for the definition of ΘE). The space W(Jl(Π), ψE) is called the Whittaker model of

Jl(Π). From Lemma 2.3.3, we get that W(Jl(Π), ψE) is stable under the action of Gal(E/F ).

Consider the Kirillov model K(Jl(Π), ψE), which is the image of W(Jl(Π), ψE) under restriction

to Pn(E) map (see Theorem 2.4.3). The space K(Jl(Π), ψE) contains the compactly supported

functions in Ind
Pn(E)
Nn(E)(ΘE). We have the Tate cohomology group Ĥ0(γ,K(Jl(Π), ψE)), defined as

Fl-representation of the mirabolic subgroup Pn(F ). Let Φ be the restriction to Pn(F ) map

Φ : Ĥ0(γ,K(Jl(Π), ψE)) −→ Ind
Pn(F )
Nn(F )(Θ

l

F ),

where ΘF is the mod-l reduction of ΘF . Using compactly supported functions, one can show that

the inverse image of the Kirillov model K(Jl(π)
(l), ψ

l

F ) under the map Φ is non-zero, and it is

denoted by M(ψF ). To prove Theorem 1.4.2, we show that M(ψF ) is stable under the action

GLn(F ) and the map

Φ :M(ψF ) −→ K(Jl(π)
(l), ψ

l

F )

is GLn(F ) equivariant. These are equivalent to proving the following identity

I
(
X,Φ(Π(wn)W ), σ(wn−1)W

′) = I
(
X, Jl(π)

(l)(wn)Φ(W ), σ(wn−1)W
′), (1.6)

for all W ∈ M(ψF ) and W ′ ∈ W(σ, ψ
−l
F ), where wn−1, wn are defined in the subsection (2.1)

of Chapter 2; and σ is arbitrary mod-l generic representation of GLn−1(F ). Here, I(X,W,W ′)

is a mod-l Rankin–Selberg zeta function written as a formal power series in the variable X in-

stead of the traditional q−s ( [KM17, Section 3]). We use induction on n to transfer the local

Rankin–Selberg zeta functions I
(
X,Φ(Π(wn)W ), σ(wn−1)W

′) made from integrals on the ho-

mogeneous space GLn−1(F )/Nn−1(F ) to Rankin–Selberg zeta functions defined by integrals on

GLn−1(E)/Nn−1(E). Then, using local Rankin–Selberg functional equation, we show that the

equality (1.6) is equivalent to certain identities of local γ-factors, such as (4.15), which again

follows from congruence properties of local γ-factor.

Using the same ideas, we also prove an integral version of Theorem 1.4.2. Recall that K is

the maximal unramified extension of Ql in Ql and Λ denotes the ring of integers of K. Let Π

be an integral generic K-representation of GLn(E) which is absolutely irreducible (i.e., Π ⊗K Ql
is irreducible). We further assume that Π ≃ Πγ . Let WΛ(Π, ψE) be the space of all Λ-valued

functions in the Whittaker model of Π. In view of [Vig04, Theorem 2] and Lemma 2.3.3, we get

that WΛ(Π, ψE) is stable under the action of GLn(E) ⋊ Gal(E/F ). Then we have the following

theorem.

Theorem 1.4.4. Let F be a finite extension of Qp, and let E be a finite Galois extension of F

with [E : F ] = l, where l and p are distinct primes, and l does not divide |GLn−1(Fq)| whenever
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n ≥ 3. Let Π be an integral, generic K-representation of GLn(E) which is absolutely irreducible.

We further assume that Π ≃ Πγ . Let π be the integral, l-adic generic representation of GLn(F )

such that Π ⊗K Ql is the base change lifting of π. Then, the Frobenius twist of Jl(π) occurs as a

unique generic sub–quotient of the zeroth Tate cohomology group Ĥ0(γ,WΛ(Π, ψE)).

Our method can also be extended to some non-generic representations as well. Especially for

those irreducible representations of GLn(E), which remain irreducible when restricted to the

mirabolic subgroup, denoted by Pn(E). This class of representations is exactly the Zelevinsky

sub-representations. Assume that Π is an integral cuspidal l-adic representation of GLn(E) ob-

tained as a base change lift of an integral cuspidal representation π of GLn(F ). Let ∆ be a

segment (Subsection 2.3.3) on the cuspidal line of Π. We apply Theorem 1.4.2 to compute the

Tate cohomology of Zelevinsky subrepresentations Z(∆) (see Theorem 4.4.3).

1.4.4 Results of Chapter 5

Recall that the main result of Chapter 4 (i.e., Theorem 1.4.2) assumed that the prime l does not

divide the pro-order of GLn−1(F ), for n ≥ 3. The main goal of this chapter is to remove the

hypothesis on l by exploiting the theory of smooth representations over Artin local Fl-algebras.

To be precise, we prove Theorem 1.4.2 for integral, cuspidal representations of GL3(F ), where

we remove the hypothesis that l does not divide |GL2(Fq)|. We use the theory of nilpotent lifts

over Artin local Fl-algebras–which are infinitesimal deformations of generic Fl-representations (see

[Mos21, Definition 1.1]). The nilpotent lifts over Artin local Fl-algebras deal with the nilpotents

in the mod-l Bernstein center. When l does not divide |GL2(Fq)|, the mod-l Bernstein center is a

reduced ring (Lemma 4.3.5), and in this case, the proof is similar to that of Theorem 1.4.2.

We now state the main result. Let π be an l-adic cuspidal representation of GL3(F ) such that

its central character ωπ : F× → Q×
l is integral (i.e., it takes values in Z×

l ); which is equivalent to

saying that π is integral. Let E/F be a finite Galois extension with [E : F ] = l, where l and p

are distinct odd primes with l ̸= 3. Fix a generator γ of the cyclic group Gal(E/F ). Let Π be

the base change lifting of π. Then Π is also cuspidal. Moreover, the central character ωΠ of Π is

also integral, as ωΠ = ωπ ◦ NrE/F , where NrE/F is the norm map of E/F . Since Π is cuspidal

and its central character ωΠ is integral, it follows that Π is also integral. Then we have the Tate

cohomology group Ĥ0(γ, rl(Π)), which is an Fl-representation of GL3(F ). We prove the following:

Theorem 1.4.5. Let F be a finite extension of Qp and let E be a finite Galois extension of F

with [E : F ] = l, where l and p are distinct odd primes and l ̸= 3. Let π be a cuspidal, l-

adic representation of GL3(F ) such that the central character ωπ of π is integral. Let Π be the

base change lifting of π to GL3(E). Then, the Frobenius twist rl(π)
(l) is isomorphic to the Tate

cohomology group Ĥ0(γ, rl(Π)).
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For proving the above theorem, we rely on the local converse theorem over local Artinian Fl-

algebras, established in [Mos21, Theorem 1.2]. To say more concretely, we first observe that the

Tate cohomology group Ĥ0(γ, rl(Π)) is irreducible (Proposition 3.3.1). Then we use the local

converse theorem (see Theorem 5.2.4) for the representations Ĥ0(γ, rl(Π)) and rl(π)
(l), i.e., we

prove the following identity of γ-factors:

γ(X, Ĥ0(γ, rl(Π)), η, ψF ) = γ(X, rl(π)
(l), η, ψF ),

where η varies over the set of all co-Whittaker R[F×] modules (i.e., smooth R-valued characters

of F×) and R is an arbitrary Artin local Fl-algebra. To get the above identity of γ-factors, we

use the machinery of Rankin–Selberg theory over Noetherian W (Fl)-algebras, where W (Fl) is the

ring of Witt vectors of Fl (see [Mos16] for a reference). The proof also uses certain properties

of Deligne–Langlands γ-factors over Noetherian W (Fl)-algebras, which are made available by the

seminal work of Helm–Moss ( [HM15]).

1.4.5 Results of Chapter 6

The content of this chapter is slightly different from that of the last three chapters. The main

objective of this chapter is to prove the compatibility of two maps between Hecke algebras with

coefficients in Fl.

Let us introduce some notations to state the main results. Let G be a split connected reductive

group over Z. D. Kazhdan conjectured a link between the local Langlands correspondences for

G(F ) and G(F ′), where F is a p-adic field and F ′ is a non-Archimedean local field of positive

characteristic which are sufficiently close ( [Kaz86]). Kazhdan’s approach is via isomorphisms

between the respective Hecke algebras (with complex coefficients), H(G(F ),K) and H(G(F ′),K ′),

for some specific choice of compact open subgroups K and K ′ of G(F ) and G(F ′) respectively.

Here the space H(G(F ),K) consists of all locally constant, compactly supported functions on

G(F ) which are bi-K-invariant. To be more precise, let Km(F ) be the congruence subgroup of

G(F ) of level m, i.e.,

Km(F ) := Ker
(
G(oF )

mod−pm
F−−−−−−→ G(oF /p

m
F )

)
,

where oF is the ring of integers of F and pF is the unique maximal ideal of oF . Similar notations

follow over F ′. Kazhdan ( [Kaz86, Theorem A]) proved that there exists an integer r ≥ m such

that if F and F ′ are r-close (i.e., there exists a ring isomorphism oF /p
r
F

∼−→ oF ′/prF ′), then there

is a Hecke algebra isomorphism

Kazm : H(G(F ),Km(F )) −→ H(G(F ′),Km(F ′)).
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The construction of the algebra isomorphism Kazm relies on the finiteness of complex Hecke al-

gebras. For arbitrary Noetherian Zl-algebras R, where l and p are distinct primes, the work

of [DHMK24] gives the finiteness of Hecke algebras over R. Following the ideas of Kazhdan and

using the finiteness of Hecke algebras over Fl, we formulate a mod-l version of the Kazhdan iso-

morphism (see Theorem 6.4.5).

Let E/F be a finite Galois extension of prime degree l with l ̸= p. Let Km(E) be the m-th

congruence subgroup of G(E). Since Km(E) is a pro-p subgroup, it is stable under the action

of Gal(E/F ). We have Km(F ) = Kem(E) ∩ G(F ), where e denotes the ramification index of

the extension E/F . In the article [TV16, Section 4], Treumann–Venkatesh defined an Fl-algebra

homomorphism

Br : H(G(E),Kem(E))Gal(E/F ) −→ H(G(F ),Km(F )),

which is the restriction of functions on G(E) to G(F ). The map Br is called the Brauer homo-

morphism and is conjectured to be compatible with Langlands functoriality.

Given an extension E/F as above. Following Deligne’s construction in [Del84], we get a finite

Galois extension E′/F ′ such that the fields E and E′ are em-close (see Lemma 6.4.6), where e

denotes the ramification index of the extension E/F . The Kazhdan isomorphism Kazem is then

equivariant under the Galois actions (Proposition 6.4.9), and this leads to the following diagram:

H(G(E),Kem(E))Gal(E/F )

Br

��

Kazem // H(G(E′),Kem(E′))Gal(E′/F ′)

Br′

��
H(G(F ),Km(F ))

Kazm

// H(G(F ′),Km(F ′))

(1.7)

It brings up the obvious question of commutativity of the above diagram, which we prove in this

chapter. The precise result is as follows:

Theorem 1.4.6. Let F and F ′ be two non-Archimedean m-close local fields. Let E be a finite

Galois extensions of F of prime degree l, and let E′ be the Galois extension of F ′, as indicated

above. Then, for any connected split reductive group G defined over Z, we have

Br′ ◦KazEem = KazFm ◦ Br.

As a consequence of the above theorem, we get a compatibility of Kazhdan isomorphism with

linkage–which is the representation theoretic version of Brauer homomorphism ( [TV16, Section

6]). Let us explain it briefly. Say (Π, V ) is an irreducible Fl-representation of G(E) such that

Π is isomorphic to the twisted representation Πγ , for all γ ∈ Gal(E/F ). Then, any irreducible
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sub–quotient of the Tate cohomology groups Ĥi(γ, V ), for i ∈ {0, 1}, is said to be linked with Π.

Let (ρ, U) be an irreducible smooth Fl-representation of G(F ) such that ρ is linked with Π. Let

us further assume that the space of Km(F ) and Kem(E)-fixed vectors UKm(F ) and V Kem(E) are

non-zero.

Recall that for any compact open subgroup K of G(F ), there is a one-to-one correspondence

between the set of all simple H(G(F ),K) modules and the set of all irreducible smooth Fl-

representations (π,W ) of G(F ) with the space of K-fixed vectors WK ̸= 0 ( [Vig96b, Chapter

1]). Using this bijective correspondence and the Kazhdan isomorphism, we get an irreducible Fl-

representation ρ′ (resp. Π′) of G(F ′) (resp. G(E′)) associated with ρ (resp. Π). Then, using

Theorem 1.4.6, we show that ρ is linked with Π if and only if ρ′ is linked with Π′ (see Theorem

6.6.2).



14 Introduction



Chapter 2

Preliminaries

In this chapter, we recall a few basic notions of representation theory of GLn(K) and the Weil–

Deligne group over K, where K is a non-Archimedean local field. We review the following:

1. Integral representation and mod-l reduction.

2. Whittaker and Kirillov models.

3. Rankin–Selberg zeta integrals and local constants.

4. Weil–Deligne representations and Deligne–Langlands γ-factors.

5. Local Langlands correspondence and local base change.

6. Tate cohomology.

2.1 Notations

Let K be a non-Archimedean local field, and let oK be the ring of integers of K. Let pK be the

maximal ideal of oK , and let ϖK be a uniformizer of K. We denote by κK the finite residue field

oK/pK . Let qK be the cardinality of κK . Let υK be the normalized valuation on K, and let

νK be the normalized absolute value of K corresponding to υK . Let l and p be two distinct odd

primes. Let F be a finite extension of Qp, and let E be a finite Galois extension of F with degree

of extension l. We denote by Γ the Galois group Gal(E/F ).

For a commutative ring R with unity, let Mr×s(R) denote the ring of all r × s matrices with

entries in R. Let GLn(K) be the subgroup of all invertible elements in Mn×n(K). We use the

notation Gn(K) (or simply Gn when the underlying field K is understood) for GLn(K). Recall
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that Gn(K) is equipped with locally compact topology induced from the local field K. We set

Pn(K), the mirabolic subgroup, defined as{A M

0 1

 : A ∈ Gn−1(K), M ∈ Kn−1

}
.

Let Bn(K) denote the group of all upper triangular matrices in Gn(K) and let Nn(K) be the

unipotent radical of Bn(K). We sometimes simply write Pn, Bn, Nn when the underlying field K

is understood from the context. We denote by wn the following matrix of Gn(K):

wn =



0 1

1

.

.

1 0


We fix an algebraic closure Ql of the field Ql. Let Zl be the integral closure of Zl in Ql, and let

Pl be the unique maximal ideal of Zl. We have Zl/Pl ≃ Fl. Fix a square root of qK in Ql, and

it is denoted by q
1/2
K . The choice of q

1/2
K is required for transferring the complex local Langlands

correspondence to a local Langlands correspondence over Ql (see [BH06, Chapter 8]). Let K be

the maximal unramified extension of Ql in Ql, and let Λ denote the ring of integers of K. Let

W (Fl) be the ring of Witt vectors of Fl. A prime number l′ is called banal for GLn(K) if l′ does

not divide |GLn(κK)|.

2.2 Smooth representation

Let R be a commutative ring with unity. Let G be a locally compact and totally disconnected

group. An R[G] module V is called smooth if, for every vector v ∈ V , the stabilizer of v in G is an

open subgroup of G. When R is a field, an R[G] module V is usually called an R-representation

of G. We interchangeably use these terminologies throughout the thesis. We use the notation

(π, V ) (or simply π) for an R[G]-module V , where π denotes the action of G on the space V . All

the representations are assumed to be smooth, and the representation spaces are modules over R.

Moreover, a smooth R[G] module V is called admissible if for each compact open subgroup H of

G, the space of all H-fixed vectors V H is finitely generated as an R module.

A character is a smooth one-dimensional representation χ : G → R×. For G = Gn(K), any

character χ : K× → R× induces a character χ ◦ det : Gn(K)→ R×. By abuse of notation, χ ◦ det

is also denoted by χ. In particular, the normalized absolute value νK of K gives a character of

Gn(K), which is also denoted by νK . A representation (π, V ) is called l-adic when R = Ql, and
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(π, V ) is called l-modular when R = Fl. We denote by C∞
c (G,R) the space of all locally constant

and compactly supported R-valued functions on G.

2.2.1 Integral representation and mod-l reduction

Let (π, V ) be a smooth l-adic representation of G. A Zl-lattice in V is a Zl submodule L such

that, for each finite dimensional subspace U of V , the space L ∩ U is a free Zl module with rank

equals the dimension of U . The representation (π, V ) is said to be integral if it has finite length

as a representation of G and there exists a G stable Zl-lattice L in V . Such a lattice L is called

an integral structure of (π, V ). We say that a character χ : G→ Q×
l is integral if χ takes values in

the ring of integers Zl.

Let (π, V ) be an integral l-adic representation of G. Choose a G-stable lattice L in V . Then

the group G acts on the Fl-vector space L ⊗Zl
Fl, and this gives an l-modular representation,

which depends on the choice of the G-stable lattice L. By [Vig96b, II. 5.11.a and 5.11.b], the

representation
(
π,L ⊗Zl

Fl
)
is of finite length and its semi-simplification is independent of the

choice of L. We denote by rl(π) the semi-simplification of the representation
(
π,L ⊗Zl

Fl
)
. The

representation rl(π) is called the mod-l reduction of the l-adic representation π. We say that an

l-modular representation σ lifts to an l-adic integral representation π if there exists a G-invariant

lattice L ⊆ π such that L ⊗Zl
Fl is isomorphic to σ.

2.2.2 Parabolic induction

In this subsection, we discuss the parabolic induction of smooth R-representations, where R = Ql
or Fl. We follow [BZ77] for the definitions. Let H be a closed subgroup of G, and let IndGH and

indGH be the smooth induction functor and compact induction functor, respectively.

Let λ = (n1, n2, ...., nt) be an ordered partition of the integer n. Let Qλ be the subgroup of

Gn(K), consisting of matrices of the form



A1 ∗ ∗ ∗ ∗

A2 ∗ ∗ ∗

. ∗ ∗

. ∗

At


,

where Ai ∈ Gni
(K), for all 1 ≤ i ≤ t. Then Qλ = Mλ ⋉ Uλ, where Mλ is the group of block

diagonal matrices of the form
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

A1

A2

.

.

At


, Ai ∈ Gni

(K),

for all 1 ≤ i ≤ t, and Uλ is the unipotent radical of Qλ consisting of matrices of the form

Uλ =



In1
∗ ∗ ∗ ∗

In2
∗ ∗ ∗

. ∗ ∗

. ∗

Int


,

where Ini
is the ni × ni identity matrix.

Let τ be an R-representation of Mλ. Then τ is considered as a representation of Qλ by inflation

via the map Qλ → Qλ/Uλ ≃ Mλ. The induced representation ind
Gn(K)
Qλ

(τ) is called the parabolic

induction of τ . We denote by i
Gn(K)
Qλ

(τ) the normalized parabolic induction of τ corresponding

to the partition λ. For each 1 ≤ i ≤ t, let τi be an R-representation of Gni(K). The parabolic

induction i
Gn(K)
Qλ

(τ1 ⊗ · · · ⊗ τt) is denoted by the product symbol τ1 × · · · × τt.

Let τ be an integral l-adic smooth representation of Mλ, and let L be an integral structure of

τ . Then the space i
Gn(K)
Qλ

(L), consisting of functions in i
Gn(K)
Qλ

(τ) taking values in L, is also an

integral structure of i
Gn(K)
Qλ

(τ) (see [Vig96b, I. 9.3]). Moreover, we have

i
Gn(K)
Qλ

(L ⊗Zl
Fl) ≃ iGn(K)

Qλ
(L)⊗Zl

Fl.

Hence, the parabolic induction commutes with mod-l reduction, i.e.,

rl(i
Gn(K)
Qλ

(τ)) ≃ [i
Gn(K)
Qλ

(rl(τ))],

where the square bracket denotes the semi-simplification of i
Gn(K)
Qλ

(rl(τ)).

2.2.3 Cuspidal and Supercuspidal representation

Keep the notations as in the preceding subsection. Here, R = Ql or Fl. An irreducible R-

representation π of Gn(K) is called a cuspidal representation if for all proper subgroups Qλ =

Mλ ⋉ Uλ of Gn(K) and all irreducible R-representations σ of Mλ, we have

HomGn(K)(π, i
Gn(K)
Qλ

(σ)) = 0.
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The representation π is called supercuspidal if for all proper subgroups Qλ = Mλ ⋉ Uλ of Gn(K)

and all irreducible R-representations σ of Mλ, the representation (π, V ) is not a subquotient of

i
Gn(K)
Qλ

(σ).

Remark 2.2.1. Let k be an algebraically closed field and let π be a k-representation of Gn(K).

If the characteristic of k is 0, then π is cuspidal if and only if π is supercuspidal. But, when

the characteristic of k is l > 0, there are cuspidal k-representations of Gn(K) which are not

supercuspidal. For details, see [Vig96b, Section 2.5, Chapter 2].

2.3 Generic representation

In this section, we recall the notion of generic representations of Gn(K). We first discuss the

notion of R-representations of Whittaker type, where R denotes either Ql or K or a Noetherian

W (Fl)-algebra. For a reference, see [EH14, Section 3].

We fix a non-trivial additive character ψK : K → Λ×, where Λ is the ring of integers of the

maximal unramified extension K. For any Λ-algebra R, we denote by ψK,R the composition

K
ψK−−→ Λ× → R×. Let ΘK,R be the character of Nn(K), defined by

ΘK,R((uij)
n
i,j=1) := ψK,R(

n−1∑
i=1

ui(i+1)) (2.1)

for all (uij)
n
i,j=1 ∈ Nn. Let (π, V ) be a smooth R[Gn] module. We denote by V (n) the quotient

space V/V (Nn,ΘK,R), where V (Nn,ΘK,R) is the R-submodule generated by the set of vectors{
π(u)v −ΘK,R(u)v : v ∈ V, u ∈ Nn

}
.

Definition 2.3.1. A smooth R[Gn] module (π, V ) is said to be of Whittaker type if V (n) is free

R-module of rank one. When R is a field, an irreducible R-representation of Whittaker type is

called generic.

2.3.1 Whittaker and Kirillov model

Let (π, V ) be a smooth R[Gn] module of Whittaker type. By definition, HomNn
(V,ΘK,R) is a

free R-module of rank one. We choose a generator of HomNn
(V,ΘK,R), denoted by Wπ. Let

W(π, ψK,R) ⊆ IndGn

Nn
(ΘK,R) be the space consisting of functions Wv, v ∈ V , where

Wv(g) :=Wπ(π(g)v),

for all g ∈ Gn. Then the map v 7→ Wv induces a Gn-equivariant homomorphism from V to

W(π, ψK). The space W(π, ψK,R) is called the Whittaker model of (π, V ). When R is a field
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and (π, V ) is irreducible, the map V → W(π, ψK,R) is an isomorphism. In general, the map

V → W(π, ψK,R) is surjective but not necessarily an isomorphism. Two different R[Gn] modules

of Whittaker type can have the same Whittaker model.

The identification V (n) ≃ R also induces a Pn-equivariant map V → IndPn

Nn
(ΘK,R). The image

of this map is called the Kirillov model of (π, V ), and it is denoted by K(π, ψK,R). Moreover,

K(π, ψK,R) contains indPn

Nn
(ΘK,R) as R[Pn]-submodule. We use the notation K(ψK,R) for the

compact induction indPn

Nn
(ΘK,R). We have the following result, due to [MM22, Theorem 4.2].

Theorem 2.3.2. The restriction map W 7→ resPn
(W ) gives an isomorphism

W(π, ψK,R)
∼−→ K(π, ψK,R).

The above theorem follows from the Rankin–Selberg functional equations and the completeness

of Whittaker models over arbitrary Noetherian W (Fl)-algebras (see [HM18, Corollary 3.6]). We

will recall the proof in the subsection (2.4.1), where the Rankin–Selberg theory over families is

discussed.

2.3.2 Galois invariance of Whittaker models

Here, R will denote either Ql or K or Fl. We fix a generator γ of Γ, where Γ is the Galois group

of the extension E/F . Let (π, V ) be an R-representation of Gn(E). The group Γ acts on Gn(E)

componentwise, i.e., for any g = (aij)
n
i,j=1 ∈ Gn(E), we set

γ(g) := (γ(aij))
n
i,j=1.

Let πγ be the representation of Gn(E) on V , defined by

πγ(g) := π(γ(g)), for g ∈ Gn(E).

We say that π is Γ-equivariant if the representations π and πγ are isomorphic. We now prove

a lemma concerning the Γ-invariance of the Whittaker model of a Γ-equivariant representation π

of Gn(E). We fix a non-trivial additive character ψF : F → Λ×. Let ψE be the composition

ψF ◦ TrE/F , where TrE/F is the trace map of the extension E/F . The mod-l reductions of ψF

and ψE are denoted by ψF and ψE respectively (Recall ψK = ψK,Fl
). Let ΘF and ΘE be the

non-degenerate characters of Nn(F ) and Nn(E), respectively (see Section 2.3 for the definition).

The mod-l reduction of ΘF (resp. ΘE) is also denoted by ΘF (resp. ΘE). We now consider the

action of Γ on the space Ind
Gn(E)
Nn(E)(ΘE,R), given by

(γ.φ)(g) := φ(γ−1(g)),
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for all g ∈ Gn(E) and φ ∈ Ind
Gn(E)
Nn(E)(ΘE,R).

Lemma 2.3.3. Let π be a generic representation of Gn(E) on an R-vector space V , such that

(π, V ) is Γ-equivariant. Then the Whittaker model W(π, ψE,R) of π is stable under the action of

Γ.

Proof. Let Wπ be a Whittaker functional on the representation (π, V ). For all v ∈ V and u ∈

Nn(E), we have

Wπ(π
γ(u)v) = ΘE,R(γ(u))Wπ(v) = (ψF,R ◦ TrE/F )

(∑n−1
i=1 γ(ui,i+1)

)
Wπ(v) = ΘE,R(u)Wπ(v),

Thus, Wπ is also a Whittaker functional for the representation (πγ , V ). Let Wv ∈ W(π, ψE,R).

Then

(γ−1.Wv)(g) =Wπ(π
γ(g)v).

From uniqueness of the Whittaker model, we have γ−1.Wv ∈W(π, ψE,R). Hence the lemma.

For a smooth R-representation (π, V ) of Gn(E), we denote by VNn(E),ΘE
the quotient space

V/V (Nn(E),ΘE), where V (Nn(E),ΘE) is the space of all v ∈ V such that

∫
Nv

ΘE(n)
−1π(n)v dn = 0

for some compact open subgroup Nv (depending on v) of Nn(E). Here dn is a Haar measure on

Nn(E). Since Nn(E) is Γ-stable, the compact open subgroup Nv can be chosen to be Γ-stable.

Then we have the following lemma.

Lemma 2.3.4. Let π be a generic R-representation of Gn(E). Then Γ acts freely on the space

W(π, ψE,R)Nn(E),ΘE
.

Proof. Let Wv be an arbitrary element of W(π, ψE,R). We have to show that γ.Wv − Wv ∈

W(π, ψE,R)(Nn(E),ΘE) for γ ∈ Γ. Choose a Γ-stable compact open subgroup N ⊆ Nn(E). Then

∫
N
ΘE(n)

−1(γ.Wv −Wv)(n) dn =

∫
N
ΘE(γ

−1(n))Wv(γ
−1(n)) dn−

∫
N
ΘE(n)

−1Wv(n) dn

= c(γ)

∫
N
ΘE(n)Wv(n) dn−

∫
N
ΘE(n)Wv(n) dn,

where c(γ) ∈ R×. Since N is compact, we have c(γ) = 1. Hence the lemma.

2.3.3 Segments

In this subsection, we recall the notion of segments and its associated representations. Here, R

denotes either Ql or Fl. For a precise reference, see [Zel80] for R = Ql, and [MS14], [KM17] for
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R = Fl. Let r, t be two integers with r ≤ t. A segment is a sequence ∆ = (νrKσ, ν
r+1
K σ, ..., νtKσ)

with σ, a cuspidal R-representation of Gn(K). The length of ∆ is defined to be t − r + 1. The

parabolically induced representation

τ = νrKσ × ν
r+1
K σ × · · · × νtKσ.

has a quotient L(∆) such that its normalised Jacquet module with respect to the opposite of the

parabolic subgroup P(n,··· ,n) is equal to νrKσ ⊗ · · · ⊗ νtKσ. Moreover, there is a unique generic

sub-quotient of τ , denoted by St(σ, [r, t]) and it is called the generalised Steinberg representation

associated to ∆. We denote by St(σ, k) the representation St(σ, [0, k − 1]), for k ≥ 1.

Let σ be a cuspidal R-representation of Gn(K). The set {νrKσ : r ∈ Z} is called the cuspidal line

of σ and the cardinality of this set is denoted by o(σ). Recall that [MS14, Section 5.2] defines a

positive integer e(σ) as follows:

e(σ) =


+∞ if R = Ql;

o(σ) if R = Fl and o(σ) > 1;

l if R = Fl and o(σ) = 1.

(2.2)

For a segment ∆ = (νrKσ, . . . , ν
t
Kσ) with r ≤ t, the representation L(∆) is equal to St(σ, [r, t]) if

and only if the length of the segment ∆ is less than e(σ)( [MS14, Remarque 8.14]). In this case,

the segment ∆ is called a generic segment. For R = Ql, every segment is generic.

Two segments ∆1 and ∆2 are said to be linked if ∆1 ⊈ ∆2, ∆2 ⊈ ∆1 and ∆1 ∪∆2 is a segment.

Let π be an R-representation of Gn(K) of the form L(∆1) × · · · × L(∆t), where each ∆j is a

generic segment. Then we have a necessary and sufficient condition for the irreducibility of π

(see [Zel80, Theorem 9.7] for R = Ql, and [MS14, Theorem 9.10] for R = Fl).

Theorem 2.3.5. The representation π is irreducible if and only if the segments ∆i and ∆j are

not linked for all i, j with i ̸= j.

In the articles [BZ77, Theorem 9.7] and [Vig98, Proposition V.3], it is shown that

Theorem 2.3.6. An R-representation π of Gn(K) is generic if and only if π is an irreducible

R-representation of the form L(∆1)× · · · × L(∆t) with each ∆i a generic segment.

2.3.4 Generic lift

In this subsection, we fix a standard lift of an l-modular generic representation of Gn(K). First

recall that any l-modular cuspidal representation of Gm(K) can be lifted to an l-adic cuspidal
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representation of Gm(K) (see [Vig96b, Chapter 3, 4.25]). Let ρ be an l-modular cuspidal represen-

tation of Gm(K) and let ∆ = (ρ, νKρ, . . . , ν
r−1
K ρ) be a segment associated with ρ, where νK is the

mod-l reduction of νK . Let σ be a cuspidal lift of ρ. Then the segment D = (σ, νKσ, . . . , ν
r−1
K σ)

is called a standard lift of ∆. When L(∆) = St(ρ, r), then the mod-l representation L(∆) lifts to

L(D) = St(σ, r) ( [KM17, Proposition 2.16]).

Let π be a generic l-modular representation of Gn(K). Then π is of the form L(∆1)×· · ·×L(∆t),

where each ∆i is a generic segment. For each 1 ≤ i ≤ t, let Di be a standard lift of ∆i. Then the

l-adic representation τ = L(D1)× · · · × L(Dt) is generic, and π lifts to τ ( [KM17, Remark 2.31]).

The representation τ is a standard lift of π.

2.3.5 Whittaker lattice and Integral Kirillov model

Let (π, V ) be an integral l-adic generic representation of Gn(K). Consider the space W0(π, ψK)

consisting of W ∈ W(π, ψK), taking values in Zl. The work of [Vig04, Theorem 2] shows that

W0(π, ψK) is a Gn(K)-invariant lattice in W(π, ψK). The lattice W0(π, ψK) is also called the

integral Whittaker model or Whittaker lattice. Let τ be an l-modular generic representation of

Gn(K). An integral l-adic generic representation π of Gn(K) is called Whittaker lift of τ if there

exists a lattice L ⊆W0(π, ψK) such that

L ⊗Zl
Fl ≃W(τ, ψK),

where ψK is the reduction mod-l of ψK . Note that any standard lift of a generic l-modular

representation π is a Whittaker lift (see [KM17, Theorem 2.26]). Let (π, V ) be an integral l-adic

generic representation of Gn(K) defined over the field K. Let V0 be a K-structure in V . There

exists a Gn(K) invariant Λ-lattice in V0. It follows from [Vig04, Theorem 2] that the set of Λ-

valued functions in the Whittaker space W(π, ψK), denoted by WΛ(π, ψK), is a Gn(K) invariant

Λ-lattice.

2.4 Local constants of p-adic representations

In this section, we first review Rankin–Selberg theory over arbitrary Noetherian W (Fl)-algebras.

For precise reference, see [Mos16, Section 3]. This is analogous to the Rankin–Selberg theory over

the fields Ql and Fl (see [JPSS83] for Ql and [KM17] for Fl). Then we recall and put up some

initial results on local constants associated with l-adic and l-modular generic representations of

Gn(K).
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2.4.1 Rankin-Selberg gamma factors in families

To define the Rankin–Selberg gamma factors in families, we need to recall the notion of co-

Whittaker modules.

Definition 2.4.1. Let R be a Noetherian W (Fl)-algebra. A smooth admissible R[Gn(K)] module

(π, V ) is called co-Whittaker if V (n) is a free R-module of rank one, and for any non-zero quotient

W of V , the space W (n) is non-zero.

A co-Whittaker R[Gn(K)] module (π, V ) admits a central character, denoted by ωπ : F× → R×.

By definition, the module (π, V ) is of Whittaker type and hence admits a Whittaker model.

We now introduce some notations. Let XK be the coset space Nn−1(K) \ Gn−1(K). For each

positive integer r, we set Grn−1(K) =
{
g ∈ Gn−1(K) : vK(det(g)) = r

}
. We denote by Xr

K the

coset space {
Nn−1(K)g : g ∈ Grn−1(K)

}
.

Let A and B be two Noetherian W (Fl)-algebras. Let (π, V ) and (π′, V ′) be two co-Whittaker

A[Gn(K)]- and B[Gn−1(K)]-modules, respectively. For W ∈ W(π, ψK,A) and W
′ ∈ W(π′, ψ−1

K,B),

the function g 7→ W

g 0

0 1

 ⊗W ′(g) is compactly supported on each Xr
K , and takes values in

A⊗W (Fl)
B. The following integral

cKr (W,W ′) :=

∫
Xr

K

W

g 0

0 1

⊗W ′(g) dg

is well-defined for all integers r, and it is zero for r << 0 (see [Mos16, Section 3]). The formal

Laurent series ∑
r∈Z

cKr (W,W ′)Xr,

is an element of S−1((A ⊗W (Fl)
B)[X,X−1]), where S is the multiplicative set consisting of poly-

nomials
∑s
r=t arX

r with at and as being units in A ⊗W (Fl)
B. In this thesis, we deal with base

change where two different p-adic fields are involved. So, to avoid confusion, we use the notation

cKr (W,W ′) instead of cr(W,W
′), used in the article [Mos16, Section 5]. Now, let us consider the

functions W̃ and W̃ ′, defined as

W̃ (g) =W
(
wn(g

t)−1
)
,

W̃ ′(x) =W ′(wn−1(x
t)−1

)
,
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for all g ∈ Gn(K) and x ∈ Gn−1(K). Making a change of variables, we get the following identity:

cKr (W̃ , W̃ ′) = cK−r
(
π(wn)W,π

′(wn−1)W
′). (2.3)

In [Mos16, Theorem 5.3], the author proved the following functional equation for pair of co-

Whittaker modules.

Theorem 2.4.2. Let π and π′ be two co-Whittaker A[Gn(K)]- and B[Gn−1(K)]-modules respec-

tively. Then, there is a unique element γ(X,π, π′, ψK) in the ring of fraction S−1((A ⊗W (Fl)

B)[X,X−1]) such that

∑
r∈Z

cKr (W̃ , W̃ ′)X−r = ωπ′(−1)n−1γ(X,π, π′, ψK)
∑
r∈Z

cKr (W,W ′)Xr, (2.4)

for all W ∈W(π, ψK,A) and W
′ ∈W(π′, ψ−1

K,B).

The notation in the above theorem is slightly different from that in [JPSS83]. With these, we

now recall the proof of Theorem 2.3.2.

Theorem 2.4.3. The restriction map W 7→ resPn
(W ) gives an isomorphism

W(π, ψK,R)
∼−→ K(π, ψK,R).

Proof. Let W be an arbitrary element of W(π, ψK,R) such that resPn(W ) = 0. Then, from func-

tional equation (2.4), we get ∑
r∈Z

cKr (W̃ , W̃ ′)X−r = 0,

for all W ′ ∈W(π′, ψ−1
K,R), where π

′ varies through all co-Whittaker R′[Gn] modules and R′ varies

through all finitely generated Noetherian Λ-algebras. This shows that cKr (W̃ , W̃ ′) = 0, for each

r ∈ Z. Since the restriction W to Grn−1 is compactly supported, it follows from [HM18, Corollary

3.6] that W̃ = 0 on the coset space Grn−1, for each integer r.

Thus, W̃ vanishes on Gn−1 and hence on Pn, as Pn = Nn ⋊ Gn−1. Using the same argument

in other direction, we get that W vanishes on Pn if and only if W̃ vanishes on Pn. Then the

R-submodule M, consisting of Whittaker functions in W(π, ψK,R) with resPn(W ) = 0, is stable

under both Pn and the subgroup Pn, opposite to Pn. It implies thatM is stable under the action

of Gn. Hence, we get thatM = (0).

Next, we define the local constants such as L-factors and ϵ-factors associated with pair of R-

representations of Whittaker type, where R = Ql or Fl. We follow the notations of [JPSS83]

and [KM17].
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2.4.2 L -factors

Let π and π′ be two R-representations of Gn(K) and Gn−1(K) respectively, both of Whittaker

type. For any W ∈W(π, ψK,R) and W
′ ∈W(π′, ψ−1

K,R), consider the following power series:

I(X,W,W ′) :=
∑
r∈Z

cKr (W,W ′)q
r/2
K Xr.

Note that I(X,W,W ′) is a rational function of X ( [KM17, Theorem 3.5]). Then the R-subspace

generated by I(X,W,W ′) as W varies in W(π, ψK,R) and W
′ varies in W(π′, ψ−1

K,R), is a fractional

ideal of R[X,X−1]. It has a unique generator, which is an Euler factor denoted by L(X,π, π′).

The generator L(X,π, π′) is called the L-factor associated with π, π′ and ψK . When R = Ql, then

1/L(X,π, π′) ∈ Zl[X].

We conclude this subsection with a result [KM17, Theorem 4.3], which describes L-factor of

cuspidal representations.

Theorem 2.4.4. Let π1 and π2 be two cuspidal R-representations of Gn(K) and Gm(K) respec-

tively. Then L(X,π1, π2) is equal to 1, except in the following case : π1 is banal in the sense

of [MS14] and π2 is isomorphic to χπ∨
1 , for some unramified character χ of K×.

In particular, when m = n − 1, it follows from the above theorem that L(X,π1, π2) associated

with the cuspidal R-representations π1 and π2 is equal to 1.

2.4.3 Functional Equation and Local ϵ-factors

Let π and π′ be two R-representations of Whittaker type of Gn(K) and Gn−1(K), respectively.

Then, there exists an invertible element ϵ(X,π, π′, ψK) in the ring R[X,X−1] such that for all

W ∈W(π, ψK,R), W
′ ∈W(π′, ψ−1

K,R), we have the following functional equation:

I(q−1
K X−1, W̃ , W̃ ′)

L(q−1
K X−1, π̃, π̃′)

= ωπ′(−1)n−2ϵ(X,π, π′, ψK)
I(X,W,W ′)

L(X,π, π′)
,

where ωπ′ denotes the central character of π′. The element ϵ(X,π, π′, ψK) is called the local ϵ-

factor associated to π, π′ and ψK . If π and π′ are l-adic, then the factor ϵ(X,π, π′, ψK) is of the

form cXk, for some c ∈ Z×
l . In particular, there exists an integer n(π, π′, ψK) such that

ϵ(X,π, π′, ψK) = (q
1
2

KX)n(π,π
′,ψK)ϵ(π, π′, ψK). (2.5)

The local γ-factor associated with π, π′ and ψK is defined as

γ(X,π, π′, ψK) = ϵ(X,π, π′, ψK)
L(q−1

K X−1, π̃, π̃′)

L(X,π, π′)
.
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2.4.4 Compatibility with reduction modulo l

Here, we recall the compatibility of gamma factors under mod-l reduction. For reference, see

[KM17, Section 3.3]. Let τ and τ ′ be two l-modular representations of Gn(K) and Gn−1(K)

respectively, both of Whittaker type. Let π and π′ be the respective Whittaker lifts of τ and τ ′.

Then we have

rl((γ(X,π, π
′, ψK)) = γ(X, τ, τ ′, ψK).

2.4.5 Generic part of mod-l reduction

Let π be an integral l-adic generic representation of Gn(K). The mod-l reduction rl(π) has a

unique generic sub-quotient and it is denoted by Jl(π) (see [Vig01, Section 1.8.4]). Let σ be an

integral l-adic generic representation of Gn−1(K). The functional equation associated with the

pair (Jl(π), Jl(σ)) gives

I(q−1
K X−1, W̃ , W̃ ′) = ϖσ(−1)n−2γ(X, Jl(π), Jl(σ), ψK)I(X,W,W ′),

for all W ∈ W(Jl(π), ψK) and W ′ ∈ W(Jl(σ), ψ
−1

K ). Let us consider the following commutative

diagram:

W0(π, ψK)

resPn(K)

��

Λπ // IndGn(K)
Nn(K)ΘK

resPn(K)

��
K0(π, ψK)

λπ

// IndPn(K)
Nn(K)ΘK

Note that that restriction to Pn(K) map on W 0(π, ψK) is an isomorphism. Here Λπ and λπ are

pointwise mod-l reduction maps. Since K0(ψK) is contained in K0(π, ψK) and λπ maps K0(ψK)

onto K(ψK), the Pn(K) equivariant map λπ is non-zero. Then, it follows from the commutativity

of the above diagram that Λπ is non-zero. Since Jl(π) is the unique generic sub-quotient of

rl(π), the image of Λπ contains the Whittaker space W(Jl(π), ψK). Similarly, the image of Λσ

contains W(J(σ), ψK). Let U (resp. U ′) be an element of W0(π, ψK) (resp. W0(σ, ψK)) such

that Λπ(U) = W (resp. Λτ (U
′) = W ′). From functional equation for the pair (π, σ), we get the

following relation

I(q−1
K X−1, Ũ , Ũ ′) = ϖσ(−1)n−2γ(X,π, σ, ψK)I(X,U,U ′).
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After reducing the above identity mod-l, we have

I(q−1
K X−1, W̃ , W̃ ′) = ϖσ(−1)n−2rl(γ(X,π, σ, ψK))I(X,W,W ′),

Thus, we get that

rl(γ(X,π, σ, ψK)) = γ(X,Jl(π), Jl(σ), ψK). (2.6)

2.4.6 Frobenius Twist

Let G be a locally compact and totally disconnected group. Let (π, V ) be an l-modular represen-

tation of G. Consider the Fl-vector space V (l), where the underlying additive group structure of

V (l) is same as that of V but the scalar action ∗ on V (l) is given by

c ∗ v := c
1
l v,

for all c ∈ Fl and v ∈ V . Then the action of G on V induces a representation of G on the space

V (l), denoted by π(l). The representation (π(l), V (l)) is called the Frobenius twist of (π, V ).

Lemma 2.4.5. Let ψ be a non-trivial l-modular additive character of K, and let Θ be the non-

degenerate character of Nn(K) corresponding to ψ. If (π1, V1) and (π2, V2) are two l-modular

generic representations of Gn(F ) and Gn−1(F ) respectively, then

γ(X,π1, π2, ψ)
l = γ((

qK
l
)X l, π

(l)
1 , π

(l)
2 , ψl),

where (
qK
l
) is the Legendre symbol.

Proof. Let Wπ1
be a Whittaker functional of π1. Then the composition

V1
Wπ1−−−→ Fl

x 7→xl

−−−→ Fl,

denoted by W
π
(l)
1
, is a Whittaker functional (with respect to ψ

l
: K → F×

l ) of the representation

π
(l)
1 , as we have

W
π
(l)
1
(c ∗ v) =Wπ1

((c
1
l v))l = cW

π
(l)
1
(v)

and

W
π
(l)
1
(π

(l)
1 (x)v) =

(
Θ(x)Wπ1

(v)
)l

= Θ(x)lW
π
(l)
1
(v),

for all v ∈ V1, c ∈ Fl and x ∈ Nn(K). Therefore, the Whittaker model W(π
(l)
1 , ψl) consists of

the functions W l
v, where Wv varies in W(π1, ψ). Similarly, the Whittaker model W(π

(l)
2 , ψl) of

π
(l)
2 consists of the functions U lv, where Uv varies in the Whittaker model W(π2, ψ). From the
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Rankin–Selberg functional equation (see Subsection 2.4.3), we have

∑
r∈Z

cKr (W̃v, Ũv)
lq

−lr/2
K X−lr = ωπ2(−1)n−2γ(X,π1, π2, ψ)

l
∑
r∈Z

cKr (Wv, Uv)
lq
lr/2
K X lr (2.7)

and

∑
r∈Z

cKr (W̃ l
v, Ũ

l
v)q

−r/2
K X−r = ω

π
(l)
2
(−1)n−2γ(X,π

(l)
1 , π

(l)
2 , ψl)

∑
r∈Z

cKr (W l
v, U

l
v)q

r/2
K Xr. (2.8)

Using the identity q
l/2
K = (

qK
l
) q

1/2
K to the equation (2.7), we get

∑
r∈Z

cKr (W̃v, Ũv)
lq

−r/2
K

(
(
qK
l
)X l

)−r
= ωπ2(−1)n−2γ(X,π1, π2, ψ)

l
∑
r∈Z

cKr (Wv, Uv)
lq
r/2
K

(
(
qK
l
)X l

)r
.

(2.9)

Replacing X by (
qK
l
)X l to the equation (2.8), we have

∑
r∈Z

cKr (W̃ l
v, Ũ

l
v) q

−r/2
K

(
(
qK
l
)X l

)−r
= ω

π
(l)
2
(−1)n−2γ((

qK
l
)X l, π

(l)
1 , π

(l)
2 , ψl)

∑
r∈Z

cKr (W l
v, U

l
v)q

r/2
K

(
(
qK
l
)X l

)r
.

(2.10)

Since qlK = qK , we have cKr (Wv, Uv)
l = cKr (W l

v, U
l
v) for all r ∈ Z. Similarly, cKr (W̃v, Ũv)

l =

cKr (W̃ l
v, Ũ

l
v). Then, it follows from the identities (2.9) and (2.10) that

γ(X,π1, π2, ψ)
l = γ((

qK
l
)X l, π

(l)
1 , π

(l)
2 , ψl).

This completes the proof.

2.5 Review of Weil-Deligne representations

This section discusses the notion of Weil group and the Weil-Deligne representations. We also

review the local constants associated with Weil-Deligne representations. For precise references,

see [BH06, Chapter 7], [Del73, Chapter 4].

We choose a separable algebraic closure K of K. Let ΩK denote the absolute Galois group

Gal(K/K). We have the quotient map

Gal(K/K) −→ Gal(κK/κK) (2.11)

where κK is an algebraic closure of the finite field κK . The kernel of the map (2.11) is called the
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inertia subgroup of ΩK , denoted by IK . Let FrobK denote the Frobenius automorphism of κK .

Let WK be the inverse image in ΩK of the group generated by FrobK . The group WK is called

the Weil group of K, and we have

WK = IK ⋊ FrobZK .

There is a natural Krull topology on the absolute Galois group ΩK and the inertia group IK , as

a subgroup of ΩK , is equipped with the subspace topology. Declaring the open subgroups of IK
as open subgroups of WK makes WF a topological group, whose topology is locally compact and

totally disconnected. If K1/K is a finite seperable extension with K1 ⊆ K, then the Weil group

WK1
is considered as a subgroup of WK .

2.5.1 Semisimple Weil-Deligne representation

In this subsection, R will denote either Ql or Fl. A smooth R-representation ρ of WK is called

unramified if ρ is trivial on the inertia subgroup IK . Let νK be the unramified character of WK ,

which satisfies νK(FrobK) = q−1
K .

An Weil–Deligne R-representation of WK is a pair (ρ, U), where ρ is a finite-dimensional R-

representation of WK and U is a nilpotent endomorphism of the vector space underlying ρ, in-

tertwining the actions of νKρ and ρ. Moreover, the representation (ρ, U) is called semisimple if

ρ is semisimple as a representation of WK . Note that any semisimple representation ρ of WK is

considered as a semisimple Weil–Deligne representation of the form (ρ, 0). For two Weil–Deligne

representations (ρ, U) and (ρ′, U ′) of WK , set

Hom((ρ, U), (ρ′, U ′)) :=
{
f ∈ HomWK

(ρ, ρ′) : f ◦ U = U ′ ◦ f
}
,

We say that (ρ, U) and (ρ′, U ′) are isomorphic if there exists a map f ∈ Hom((ρ, U), (ρ′, U ′)) such

that f is bijective.

2.5.2 Local Constants of Weil-Deligne representation

In this subsection, we consider the local L-factors and local ϵ-factors for l-adic semisimple Weil-

Deligne representations of WK . We follow the notations of the previous subsection.

Let (ρ, U) be an l-adic semisimple Weil-Deligne representation of WK . Then, the L-factor asso-

ciated with (ρ, U) is the following rational function in X:

L(X, (ρ, U)) = det((id−Xρ(Frob))|Ker(U)IK )−1.

We choose a self-dual additive Haar measure on K with respect to the character ψK : K → Q×
l .

Let ρ be a smooth l-adic representation of WK . The epsilon factor ϵ(X, ρ, ψK) associated with ρ
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and ψK is defined in [Del73, Theorem 6.5]. Let K ′/K be a finite seperable extension contained

in K. Let ψK′ be the composition ψK ◦ TrK′/K . Then, the epsilon factor satisfies the following

properties:

1. If ρ1 and ρ2 are two l-adic representations of WK , then

ϵ(X, ρ1 ⊕ ρ2, ψK) = ϵ(X, ρ1, ψK) ϵ(X, ρ2, ψK).

2. If ρ is an l-adic representation of WK′ , then

ϵ
(
X, indWK

WK′ (ρ), ψK
)

ϵ(X, ρ, ψK′)
=

{
ϵ
(
X, indWK

WK′ (1K′), ψK
)

ϵ(X, 1K′ , ψK′)

}dim(ρ)

, (2.12)

where 1K′ denotes the trivial character of WK′ .

3. If ρ is an l-adic representation of WK , then

ϵ(X, ρ, ψK) ϵ(q−1
K X−1, ρ∨, ψK) = det(ρ(−1)), (2.13)

where ρ∨ denotes the smooth dual of ρ.

4. For an l-adic representation ρ of WK , there exists an integer n(ρ, ψK) for which

ϵ(X, ρ, ψK) = (q
1
2

KX)n(ρ,ψK)ϵ(ρ, ψK).

Now, for an l-adic semisimple Weil-Deligne representation (ρ, U), the ϵ-factor is defined as

ϵ
(
X, (ρ, U), ψK

)
= ϵ(X, ρ, ψK)

L(q−1
K X−1, ρ∨)

L(X, ρ)

L(X, (ρ, U))

L(q−1
K X−1, (ρ, U)∨)

,

where (ρ, U)∨ = (ρ∨,−U∨) and the representation ρ∨ is contragradient to ρ. Set

γ(X, (ρ, U), ψK) = ϵ(X, (ρ, U), ψK)
L(X, (ρ, U))

L(q−1
K X−1, (ρ, U)∨)

. (2.14)

The element γ(X, (ρ, U), ψK) is called the γ-factor of the semisimple Weil–Deligne representation

(ρ, U).

Now, we state a result which concerns the fact that the γ-factors are compatible with mod-

l reduction ( [KM21, Proposition 5.8]). For any P ∈ Zl[X], we denote by rl(P ) ∈ Fl[X] the

polynomial obtained by reduction modulo the maximal ideal Pl to the coefficients of P . For

Q ∈ Zl[X] with rl(Q) ̸= 0, we set rl(P/Q) = rl(P )/rl(Q).
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Proposition 2.5.1. Let ψK be the mod-l reduction of ψK . Let ρ be a smooth, integral, l-adic

semisimple representation of WK . Then

rl
(
γ(X, ρ, ψK)

)
= γ

(
X, rl(ρ), ψK

)
.

We end this subsection with a lemma, which is crucial for the proof of the main theorems.

Lemma 2.5.2. Let E/F be a finite Galois extension of prime degree l. We further assume that l

is odd. Let ρ be an l-adic semisimple representation of WE of even dimension. Then

ϵ(X, ρ, ψE) = ϵ
(
X, indWF

WE
(ρ), ψF

)
.

Proof. Let CE/F (ψF ) =
ϵ
(
X, indWF

WE
(1E), ψF

)
ϵ(X, 1E , ψE)

, where 1E is the trivial character of WE . Then

CE/F (ψF ) is independent of X (see [BH06, Corollary 30.4, Chapter 7]). Using the equality (2.12),

we get

ϵ
(
X, indWF

WE
(ρ), ψF

)
ϵ(X, ρ, ψE)

= (CE/F
(
ψF )

)
dimρ.

In view of the functional equation (2.13), we have

CE/F (ψF )2 = ξE/F (−1),

where ξE/F = det
(
indWF

WE
(1E)

)
, a quadratic character of WF . Note that ξE/F factorizes through

the quotient group WF /WE–which is a group of prime order l, and this implies that ξlE/F = 1.

Since l is odd, we get that ξE/F is trivial. Hence the lemma.

2.5.3 Deligne-Langlands gamma factors in families

In this subsection, we briefly recall Weil-Deligne representation over Noetherian W (Fl)-algebras

and its associated γ-factors. For details, we refer to [HM15]. The contents of this subsection will

be used in Chapter 5.

Let R be a Noetherian W (Fl)-algebra. For each non-negetive integer m, let Jm be the kernel of

the map GLn(R)→ GLn(R/l
mR).

Definition 2.5.3. A representation ρ : WK → GLn(R) is said to be l-adically continuous if, for

all m, the preimage set

ρ−1(Jm) = {x ∈ WK : ρ(x) ∈ Jm}

is an open subgroup of WK .
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In particular, any smooth representation ρ : WK → GLn(R) is l-adically continuous. For the

above families of representations, Helm in [HM15, Theorem 1.1] defines the Deligne–Langlands

gamma factors as follows: Let S be the multiplicative subset of R[X,X−1] consisting of Laurent

polynomials whose first and last coefficients are units. Then, for any l-adically continuous repre-

sentation ρ :WK → GLn(R), there exists an unique element γR(X, ρ, ψK) ∈ S−1(R[X,X−1]) with

the following properties :

1. For any Noetherian W (Fl)-algebra R′ and morphism f : R→ R′, we have

f(γR(X, ρ, ψK)) = γR′(X, ρ⊗R R′, ψK).

2. If R is the field of fractions of a complete local domain of characteristic zero with residue

field Fl, then the gamma factor γR(X, ρ, ψK) coincides with the classical Deligne–Langlands

gamma factor, defined as (2.14).

Moreover, the association (R, ρ, ψK) 7−→ γR(X, ρ, ψK) satisfies

1. For any exact sequence 0 → ρ1 → ρ2 → ρ3 → 0 of l-adically continuous representations of

WK , we have

γR(X, ρ2, ψK) = γR(X, ρ1, ψK) γR(X, ρ3, ψK).

2. If L/K is a finite seperable extension and ρ is a virtual smooth representation of WL of

virtual degree zero in the sense of [Del73, Section 1], then

γR
(
X, ρ, ψK ◦ TrL/K

)
= γR

(
X, indWK

WL
(ρ), ψK

)
.

2.6 Local Langlands Correspondence

In this section, we discuss the local Langlands correspondence of GLn(K), where K is a finite

extension of Qp. Here R denotes either Ql or Fl. For each integer n ≥ 1, let IrrR(n,K) be

the set of all irreducible smooth R-representations of Gn(K). Let AgenR (n,K) be the subset of

IrrR(n,K), consisting of all generic R-representations of Gn(K). We denote by GssQl
(n,K) the set

of isomorphism classes of n-dimensional, l-adic, semisimple Weil–Deligne representations of WK .

The set of isomorphism classes of n-dimensional, semisimple, l-modular representations of WK is

denoted by GssFl
(n,K).
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2.6.1 The l-adic local Langlands correspondence

Here, we recall the local Langlands correspondence over R = Ql. As before, we fix a non-trivial

additive character ψK : K → Q×
l . For each integer n ≥ 1, there exists an unique bijection

ΠK,n : IrrQl
(n,K) −→ GssQl

(n,K)

such that, for all π ∈ IrrQl
(n,K) and π′ ∈ IrrQl

(m,K) with m < n, we have

ϵ(X,π, π′, ψK) = ϵ(X,ΠK,n(π)⊗ΠK,m(π′), ψK)

and

L(X,π, π′) = L(X,ΠK.n(π)⊗ΠK,m(π′)).

Moreover, the set of all l-adic cuspidal representations of Gn(K) is mapped onto the set of all

irreducible, n-dimensional, l-adic representations of the Weil group WK via the bijection ΠK,n

(see [HT01], [Hen00] or [Sch13]). Note that the classical local Langlands correspondence is a

bijection between IrrC(n,K) and the isomorphism classes of n-dimensional, complex, semisimple

Weil–Deligne representations of WK . To get a correspondence over Ql, one twists the original

correspondence by the character ν
(1−n)/2
K . For details, see [Clo90, Conjecture 4.4, Section 4.2],

[Hen01, Section 7] and for n = 2, see [BH06, Theorem 35.1].

2.6.2 Mod-l semisimple local Langlands correspondence

This subsection belongs to the discussion of the local Langlands correspondence over Fl. Recall

that if π is a generic R-representation of Gn(K), then there exists a multiset {π1, π2, . . . , πr},

consisting of supercuspidal R-representations of Gni(K) with
∑r
i=1 ni = n, such that π occurs as

a sub–quotient of the normalized parabolic induction π1 × · · · × πr. If Mλ is the Levi subgroup

associated the partition λ = (n1, n2, . . . , nr) (see Subsection 2.2.2 for the definition), then the

pair (Mλ, π1 ⊗ · · · ⊗ πr) is unique upto Gn(K) conjugacy ( [Vig98, Section V.4]) and is called

the supercuspidal support of π, denoted by scs(π). In [Vig01, Theorem 1.6], Vignéras proves the

existence of a sequence of bijections

ΠK,n : AgenFl
(n,K) −→ GssFl

(n,K), n ≥ 1

which is compatible with the l-adic local Langlands correspondence ΠK,n under mod-l reduction,

in the sense that if σ and σ′ are two integral l-adic cuspidal representations of Gn(K), then

1. ΠK,n(σ) is integral.
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2. rl(σ) ≃ rl(σ′) ⇐⇒ rl(ΠK,n(σ)) ≃ rl(ΠK,n(σ′)).

3. If scs(rl(σ)) = {σ1, . . . , σr}, then rl(ΠK,n(σ)) = ΠK,n(σ1)⊕ · · · ⊕ΠK,n(σr).

2.7 Local base Change for the extension E/F

Now, we recall local base change lifting for a cyclic extension of a p-adic field. The base change

operation on irreducible smooth representations of Gn(F ) over complex vector spaces is charac-

terized by a character identities (see [AC89, Chapter 3]). Let us recall the relation between l-adic

local Langlands correspondence and local base change lifting of Gn(F ).

Let πF be an irreducible l-adic representation of Gn(F ). Let (ρF , UF ) be the l-adic semisim-

ple Weil–Deligne representation of WF such that ΠF,n(πF ) = (ρF , U), where ΠF,n is the l-adic

local Langlands correspondence. Let πE be the irreducible l-adic representation of Gn(E) with

ΠE,n(πE) = (ρE , UE) such that

resWE
(ρF ) ≃ ρE and UF = UE .

The representation πE is the base change lifting of πF , and it is is isomorphic to the twisted

representation πγE for all γ ∈ Γ. If πF is generic, then so is the base change lifting πE .

2.7.1 Base change for L(∆)

Let τF be an l-adic cuspidal representation of Gm(F ). Let k be a positive integer, and let ∆ =

{τF , τF νF , ..., τF νk−1
F } be a segment. Then we have the generic representation L(∆) of Gkm(F )

and

ΠF
(
L(∆)

)
= ΠF (τF )⊗ SpF (k), (2.15)

where SpF (k) is the semisimple Weil–Deligne representation of WF (see [BH06, Chapter 7, Sub-

section 31.1] for the definition). If l does not divide m, then there exists a cuspidal representation

τE of Gm(E) such that τE is the base change lifting of τF , i.e.,

resWE

(
ΠF (τF )

)
≃ ΠE(τE).

Let D be the segment {τE , τEνE , ..., τEνk−1
E }. Using the identity (2.15), we get

resWE

(
ΠF (L(∆))

)
≃ ΠE(τE)⊗ SpE(k) = ΠE

(
L(D)

)
.

Thus, the representation L(D) of Gkm(E) is the base change lifting of L(∆). Next, we prove a

lemma about base change lifting and integrality.
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Lemma 2.7.1. Let πF be an irreducible l-adic representation of Gn(F ), and let πE be the base

change lifting of πF to Gn(E). Then πF is integral if and only if the base change lifting πE is

integral.

Proof. Let π be an irreducible l-adic representation of Gn(K). Let scs(π) be the supercuspidal

support of π (see [Vig98, III.3.] for the definition). The representation π is integral if and only

if scs(π) is integral (see [Vig01, Section 1.4], and for general reductive groups, see [DHMK24,

Corollary 1.6] for a reference). The representation scs(π) is integral if and only if the central

character of scs(π) is integral.

Assume that πF is integral. Let (ρF , U) be the l-adic, semisimple Weil-Deligne representation

of WF associated with πF under the local Langlands correspondence (LLC) ΠF . Under LLC,

the representation scs(πF ) corresponds to WF -representation ρF . Note that the central character

of scs(πF ), under LLC, corresponds to the product of the determinant characters of irreducible

components of ρF (see [Hen01, Theorem 1.3] for instance). Since the central character of scs(πF )

is integral, the determinant character of each irreducible component of ρF is integral, and hence

ρF is integral (by [Vig97, Lemma 1.9]). This implies that the restriction resWE
(ρF ) is integral.

Under LLC, the supercuspidal support scs(πE) corresponds to the restriction resWE
(ρF ). Thus,

the supercuspidal support scs(πE) is integral and we get that πE is integral.

Conversely, assume that πE is integral. Let (ρE , UE) be the l-adic, semisimple Weil-Deligne

representation of WE associated with πE under LLC. Since the supercuspidal support of πE is

integral, the WE-representation ρE (which is resWE
(ρF )) is integral. Let LE be a WE-stable

lattice in ρE . Then, ∑
x∈WF /WE

ρF (x)LE .

is a WF -stable lattice in ρF . Thus, the representation ρF is also integral, which implies that the

supercuspidal support scs(πF ) is integral. Hence, πF is integral.

2.8 Tate Cohomology

In this section, we recall the definition of Tate cohomology groups, and some useful results on

Γ-equivariant l-sheaves of Λ-modules on an l-space X equipped with an action of Γ. For precise

reference, see [TV16, Section 3]. Fix a generator γ of Γ. Let M be a Λ[Γ] module, and let Tγ be

the automorphism of M , defined by

Tγ(m) = γ.m, for γ ∈ Γ, m ∈M .

Let N = id + Tγ + Tγ2 + · · · + Tγl−1 be the norm operator. Then the Tate cohomology groups

Ĥ0(M) and Ĥ1(M) are defined as
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Ĥ0(M) :=
Ker(id− Tγ)

Img(N)
and Ĥ1(M) :=

Ker(N)

Img(id− Tγ)
.

The above definition is independent of the choice of γ in Γ.

2.8.1 Tate Cohomology of sheaves on l-spaces

Let X be a Hausdorff, locally compact and totally disconnected topological space (in short “l-

space”) equipped with an action of a finite group ⟨γ⟩ of order l. Let C∞(X,Λ) be the space of

locally constant Λ-valued functions on X and C∞
c (X,Λ) the space of functions in C∞(X,Λ) with

compact support.

Definition 2.8.1. An l-sheaf of Λ-modules on X consists of the following data:

1. for each x ∈ X, there is associated a Λ-module Fx,

2. there is defined a family F of cross-sections, i.e., mappings φ : X →
⋃
x∈X Fx such that

φ(x) ∈ Fx for each x ∈ X,

satisfying the following conditions:

1. F is invariant under addition and multiplication by functions in C∞(X,Λ).

2. If φ is a cross-section that coincides with some cross-section in F in an open neighbourhood

of each point of X, then φ ∈ F .

3. If φ ∈ F , x ∈ X, and φ(x) = 0, then there exists an open neighbourhood U of x such that

φ = 0 on U .

4. For any x ∈ X and v ∈ Fx, there exists a φ ∈ F such that φ(x) = v.

Let Γc(X;F) be the space of compactly supported sections of F , that is, those sections φ ∈ F

for which the set {x ∈ X | φ(x) ̸= 0} is compact. In particular, if F is the constant sheaf with

stalk Λ, then Γc(X;F) = C∞
c (X,Λ). The assignment F 7→ Γc(X;F) is a covariant exact functor.

If F is ⟨γ⟩-equivariant, then γ can be regarded as a map of restricted sheaves F|Xγ → F|Xγ and

the Tate cohomology is defined as

Ĥ0(F|Xγ ) := Ker(1− γ)/Img(N),

Ĥ1(F|Xγ ) := Ker(N)/Img(1− γ).

A compactly supported section of F can be restricted to a compactly supported section of F|Xγ .
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2.8.2 Tate cohomology of compact induction

Let G be a locally profinite group and γ an automorphism of G of order l. Let H be a closed

subgroup of G such that γ(H) = H and (G/H)γ = Gγ/Hγ . Let ρ be a smooth Λ[H] module

equipped with an isomorphism T : ρ
∼−→ ργ such that T l = id. Then we have an isomorphism of

the compactly induced representations T̃ : indGH(ρ)
∼−→

(
indGH(ρ)

)γ
, defined by

T̃ (f)(g) := T
(
f(γ−1g)

)
,

for all g ∈ G and f ∈ indGH(ρ). Thus, there is an action of ⟨γ⟩ on indGH(ρ)–induced by T̃ , and we

consider the Tate cohomology groups Ĥi(indGH(ρ)), i ∈ {0, 1}, with respect to this action. Note

that the restriction to Gγ map:

(
indGH(ρ)

)⟨γ⟩ → indG
γ

Hγ (Ĥi(ρ)), f 7→ resGγ (f) (2.16)

factorizes through

Ĥi(indGH(ρ)) −→ indG
γ

Hγ (Ĥi(ρ)).

Then we have the following result, due to [TV16, Proposition 3.3.1].

Proposition 2.8.2. Let G be a locally profinite group and H a closed subgroup of G. Let γ be an

automorphism of G of order l such that γ(H) = H. We further assume that (G/H)γ = Gγ/Hγ .

Let ρ be a smooth Λ[H] module equipped with an isomorphism T : ρ → ργ such that T l = id.

Then, for each i ∈ {0, 1}, the restriction map (2.16) induces the following isomorphism of Gγ-

representations:

Ĥi(indGH(ρ))
∼−→ indG

γ

Hγ (Ĥi(ρ)).

Remark 2.8.3. The above proposition is often useful to calculate the Tate cohomology groups

of compactly induced representations. We will now discuss a particular instance of the above

proposition, which is crucial for the later chapters. Let E/F be a Galois extension of degree l

with Galois group Γ. Let ψF : F → Q×
l be a non-trivial additive character, and let ψE be the

character ψF ◦TrE/F , where TrE/F is the trace function. Let ΘE (resp. ΘF ) be the non-degenerate

characters of Nn(E) (resp. Nn(F )) associated with ψF (resp. ψE) (see Subsection 2.3). We will

use the notations ψE , ψF , ΘE , ΘF for the respective mod-l reductions. Recall the notation K(ψK)

for the compact induction ind
Pn(K)
Nn(K)(ΘK). Note that Γ acts on K(ψE), by setting

(γf)(x) = f(γ−1(x)),

for all γ ∈ Γ, x ∈ Pn(E) and f ∈ K(ψE). Set YK = Pn(K)/Nn(K). Since Nn(E) is a Γ-stable

subgroup of Pn(E), we have the following exact sequence of non-abelian cohomology (see [Ser,
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Chapter VII, Appendix]):

0 −→ Nn(F ) −→ Pn(F ) −→ Y Γ
E −→ H1(Γ, Nn(E)) −→ H1(Γ, Pn(E))

Note that the pointed set H1(Γ, Nn(E)) is trivial. Thus, we get the equality Y Γ
E = YF . Then,

applying Proposition 2.8.2, we get that the restriction to Pn(F ) map:

K(ψE)Γ → K(ψ
l

F ), f 7→ resPn(F )f

induces an isomorphism

Ĥ0(K(ψE))→ K(ψ
l

F ). (2.17)

Proposition 2.8.2 also shows that Ĥ1(K0(ψE)) is trivial. Here, K0(ψE) is the space of Zl-valued

functions in the l-adic representation K(ψE).

2.8.3 Comparison of integrals of smooth functions

In this subsection, we set up an important identity of the integrals on the homogeneous space of

F with those on the homogeneous space of E. Let R be an Artin local Fl-algebra and mR be its

unique maximal ideal. Let X be a set, endowed with an action of the group Γ. Then Γ acts on

the space C∞
c (X,R), by setting

(γφ)(x) := φ(γ−1x),

for all x ∈ X and φ ∈ C∞
c (X,R). We denote by C∞

c (X,R)Γ the space of functions in C∞
c (X,R)

fixed under Γ. Let XK be the coset space Gn−1(K)/Nn−1(K). We have the following result.

Proposition 2.8.4. Let R be an Artin local Fl-algebra. Let dµE (resp. dνE) be the Haar measure

on XE (resp. Mr×s(E)), and let dµF (resp. dνF ) be the corresponding object over F . Then there

exists c ∈ R× such that

∫
Mr×s(E)

∫
XE

φdµE dνE = c

∫
Mr×s(F )

∫
XF

φdµF dνF ,

for all φ ∈ C∞
c (Mr×s(E)×XE , R)

Γ.

Proof. Since Nn−1(E) is stable under the action of Γ, we have the following long exact sequence

of non-abelian cohomology (see [Ser, Chapter VII, Appendix]):

0 −→ Nn−1(E)Γ −→ Gn−1(E)Γ −→ XΓ
E −→ H1

(
Γ;Nn−1(E)

)
−→ H1

(
Γ;Gn−1(E)

)
.
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Note that H1
(
Γ, Nn−1(E)

)
is trivial. Then the above long exact sequence gives the equality

XΓ
E = XF . Let YK denote the ring of matrices Mr×s(K). Since XF (resp. YF ) is closed in XE

(resp. YE), we have the following exact sequence of Γ-modules:

0 −→ C∞
c

(
(YE ×XE) \ (YF ×XF ), R

)
−→ C∞

c (YE ×XE , R) −→ C∞
c (YF ×XF , R) −→ 0. (2.18)

Since the action of Γ on (YE ×XE) \ (YF ×XF ) is free, Proposition 2.8.2 gives

H1
(
Γ, C∞

c

(
(YE ×XE) \ (YF ×XF ), R

))
= 0 (2.19)

Using (2.18) and (2.19), we get the following exact sequence:

0 −→ C∞
c

(
(YE ×XE) \ (YF ×XF ), R

)Γ −→ C∞
c (YE ×XE , R)

Γ −→ C∞
c (YF ×XF , R) −→ 0.

The free action of Γ on (YE ×XE) \ (YF ×XF ) gives a fundamental domain U such that

(YE ×XE) \ (YF ×XF ) =

l−1⋃
i=0

γiU .

Then, for any φ ∈ C∞
c

(
(YE ×XE) \ (YF ×XF ), R

)Γ
, we have

∫
(YE×XE)\(YF×XF )

φdµE dνE =

l−1∑
i=0

∫
γiU

φdµE dνE = 0,

Therefore, the linear functionals dµE and dνE induces a (YF ×Gn−1(F ))-equivariant linear func-

tional on the space C∞
c (YF ×XF , R), and we get following identity:

∫
YE

∫
XE

φdµdνE = c

∫
YF

∫
XF

φdµF dνF ,

for some non-zero c ∈ R. Now, we will show that c ∈ R×. Under mod-mR reduction, the above

integral reduces to the following identity

∫
YE

∫
XE

φdµE dνE = c̄

∫
YF

∫
XF

φdµF dνF , (2.20)

where the function φ is the pointwise mod-mR reduction of φ. Following [Vig96b, Chapter 1,

Section 2.8], we get a surjection Ψ : C∞
c (YE ×Gn−1(E),Fl) −→ C∞

c (YE ×XE ,Fl), defined by

Ψ(f)(x, g) :=

∫
Nn−1(E)

f(x, ng) dn,
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for all f ∈ C∞
c (YE × Gn−1(E),Fl). Here dn is a Haar measure on Nn−1(E). There exists a Γ-

invariant compact open subgroup I ⊆ Gn(E) such that Ψ(1Mr×s(oE)×I) ̸= 0, where 1Mr×s(oE)×I

denotes the characteristic function on Mr×s(oE) × I. So the Haar measure dµE is non-zero on

C∞
c (YE ×XE ,Fl)Γ, and we have c̄ ̸= 0. This completes the proof.

Remark 2.8.5. From now onwards, the Haar measures dµE , dµF , dνE , and dνF on the respective

spaces are chosen so as to make c = 1. In this case, we have

∫
YE

∫
XE

φdµE dνE =

∫
YF

∫
XF

φdµF dνF .

Let e be the ramification index of the extension E/F . Then, for all r /∈ {te : t ∈ Z}, we have

∫
YE

∫
(Xr

E)Γ
φdµE dνE = 0,

and for all r ∈ {te : t ∈ Z}, we have

∫
YE

∫
(Xr

E)Γ
φdµE dνE =

∫
YF

∫
X

r
e
F

φdµF dνF .

In particular, when R = Fl, the following result is a consequence of the above proposition and

will be used in the proof of the main result of Chapter 4.

Corollary 2.8.6. Let dµE and dµF be two Haar measures on XE and XF respectively. Then,

there exists a non-zero scalar c ∈ Fl such that for all φ ∈ C∞
c (XE ,Fl)Γ, we have

∫
(Xr

E)Γ
φdµE = c

∫
X

r
e
F

φdµF

if r ∈ {te : t ∈ Z}, and ∫
(Xr

E)Γ
φdµE = 0

if r /∈ {te : t ∈ Z}. Moreover, the Haar measures can be chosen so that c = 1.
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Chapter 3

Tate cohomology of cuspidal

representations of GL2

3.1 Introduction

The main objective of this chapter is to prove Theorem 1.4.2 for the integral l-adic cuspidal

representations of GL2(F ), where F is a p-adic field. Our method relies on Kirillov models of

mod-l cuspidal representations of GL2(F ) and the explicit action of GL2(F ) on these models. Let

us briefly discuss the results of this chapter. Let E be a finite Galois extension of the p-adic field

F with [E : F ] = l, where l and p are distinct odd primes. Let π be an integral l-adic cuspidal

representation of GL2(F ) and let Π be the base change lifting of π to GL2(E). Then Π is also

cuspidal and integral (by [AC89, Lemma 6.10] and Lemma 2.7.1). Using Proposition 3.3.1, the

zeroth Tate cohomology group of the mod-l reduction rl(Π) is an irreducible representation of

GL2(F ) and it is isomorphic to the Frobenius twist rl(π)
(l) as a representation of the mirabolic

subgroup P2(F ). Comparing the actions of both rl(π)
(l) and rl(Π) on the respective Kirillov spaces

and using some congruence relations of local ϵ-factors, we get that the Frobenius twist rl(π)
(l) is

isomorphic to the zeroth Tate cohomology group of rl(Π) (Theorem 3.3.2).

3.2 Kirillov model for GL2

In this section, we recall the Kirillov model for n = 2 and some of its properties. For a precise

reference, see [BH06, Chapter 9] and [Vig96a]. We follow the notations of the preceding chapter.

Let K be a non-Archimedean local field. Up to isomorphism, any irreducible representation of
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P2(K), which is not a character, is isomorphic to the compactly induced representation

JψK
:= ind

P2(K)
N2(K)(ψK), (3.1)

for some non-trivial additive character ψK of K, viewed as a character of N2(K) via the iso-

morphism N2(K)
∼−→ K,

1 x

0 1

 7→ x. Two different non-trivial characters of N2(K) induce

isomorphic representations of P2(K). The space (3.1) is identified with the space of all locally

constant, compactly supported functions on K×, to be denoted by C∞
c (K×,Ql). The action of

P2(K) on the space C∞
c (K×,Ql) is given by

[
JψK

a 0

0 1

 f

]
(y) = f(ay),

[
JψK

1 x

0 1

 f

]
(y) = ψK(xy)f(y),

for all a, y ∈ K× and x ∈ K. For any l-adic cuspidal representation of (π, V ) of G2(K), we

get a model for the representation (π, V ) on the space C∞
c (K×,Ql). The action of G2(K) on

C∞
c (K×,Ql) is denoted by KπψK

; by definition the restriction of KπψK
to P2(K) is isomorphic to

JψK
. The operator KπψK

(w) and the restriction of KπψK
to P2(K) completely describe the action of

G2(K) on C∞
c (K×,Ql), where

w =

 0 1

−1 0

 .

Here, we follow the exposition in [BH06, Section 37.3]. Let χ be a smooth character of K× and

let k is an integer. Define a function ξ{χ, k} in C∞
c (K×,Ql) by setting ξ{χ, k}(x) = χ(x), for

νK(x) = k and zero otherwise. Recall that υK is the normalized discrete valuation on K. Then

we have

KπψK
(w)ξ{χ, k} = ϵ(χ−1π, ψK)ξ

{
χ−1ϖπ,−n(χ−1π, ψK)− k

}
, (3.2)

where ωπ is the central character of π. Here ϵ(π, ψK) is the Godement–Jacquet local ϵ-factor

associated with a cuspidal representation π and the additive character ψK of K.

3.3 Tate cohomology of cuspidal representations of GL2

In this section, we compute the zeroth Tate cohomology group of mod-l reduction of base change

lifting of integral l-adic cuspidal representations of GL2(F ), where F is a p-adic field. We first

demonstrate the irreducibility of the zeroth Tate cohomology group of cuspidal representations of



3.3 Tate cohomology of cuspidal representations of GL2 45

GLn(F ), for arbitrary n.

Let E/F be a finite Galois extension with [E : F ] = l, where l and p are distinct odd primes.

We denote by Γ the cyclic group Gal(E/F ). Fix a non-trivial additive character ψF : F → Λ×.

Let ψE be the character ψF ◦ TrE/F , where TrE/F denotes the trace map of the extension E/F .

As before, we use the notation Gn to denote the group GLn. From now onwards, for an arbitrary

Λ[Γ] module M , the Tate cohomology group Ĥi(Γ,M) is simply denoted by Ĥi(M).

Proposition 3.3.1. Let Π be an integral, cuspidal K-representation (or an l-modular cuspidal

representation) of Gn(E). We further assume that Π is stable under the action of Γ. Then, the

Tate cohomology group Ĥ0(Π) is an irreducible representation of Gn(F ).

Proof. Case 1. Here, we consider the case where Π is integral cuspidal K-representation. Let L

be a Gn(E) ⋊ Γ stable lattice in Π. Using [Ron16, Theorem 6], we get that Ĥ1(L) = 0. Then,

from the following short exact sequence of Γ-modules

0 −→ L mult.l−−−−→ L −→ L/lL −→ 0,

we have Ĥ0(L) ≃ Ĥ0(L/lL). Since Π is cuspidal, the mod-l reduction L/lL is irreducible (see

[Vig96b, Theorem 1.1, Chapter III]), and hence it is independent of the choice of L by [Vig04,

Theorem 1]. Thus, Ĥ0(L) is independent of the choice of L, and it is denoted by Ĥ0(Π). Therefore,

it is enough to prove the irreducibility of Ĥ0(Π) for some specific choice of L. Let WΛ(Π, ψE) be

the space of all Λ-valued functions in the Whittaker model W(Π, ψE). From [Vig04, Theorem 2]

and Lemma 2.3.3, it follows that WΛ(Π, ψE) is Gn(E)⋊ Γ invariant Λ-lattice in W(Π, ψE). As Π

is cuspidal, the restriction map W 7→ resPn(E)(W ) gives the isomorphism

W(Π, ψE)
∼−→ ind

Pn(E)
Nn(E)(ΘE).

Moreover, the above isomorphism induces the following isomorphism ( [MM22, Theorem 4.2]) of

Λ[Gn(E)]-modules

W0(Π, ψE)
∼−→

(
ind

Pn(E)
Nn(E)(ΘE)

)0
,

where
(
ind

Pn(E)
Nn(E)(ΘE)

)0
denotes the space of all Λ-valued functions in ind

Pn(E)
Nn(E)(ΘE). Then, using

Proposition 2.8.2, we get that

Ĥ0
(
WΛ(Π, ψE)

)
≃ Ĥ0

(
(ind

Pn(E)
Nn(E)(ΘE))

0
)
≃ ind

Pn(F )
Nn(F )(Θ

l

F ),

as representations of Pn(F ). Since the compact induction ind
Pn(F )
Nn(F )(Θ

l

F ) is irreducible ( [Vig96b,

Theorem 1.1, Chapter III]), the Tate cohomology Ĥ0(WΛ(Π, ψE)) is an irreducible representation

of Pn(F ), and hence of Gn(F ).
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Case 2. Assume that Π is an l-modular cuspidal representation of Gn(E). Since the mod-

l reduction rl(Π) is cuspidal, the restriction resPn(E)rl(Π) is isomorphic to compact induction

ind
Pn(E)
Nn(E)(ΘE), which is an irreducible representation of Pn(E). Then, using Proposition 2.8.2, we

get that

Ĥ0(rl(Π)) ≃ ind
Pn(F )
Nn(F )(Θ

l

F ),

as a representation of Pn(F ). This implies that Ĥ0(rl(Π)) is irreducible as a representaton of

Gn(F ). This completes the proof.

Theorem 3.3.2. Let F be a finite extension of Qp, and let E be a finite Galois extension of F

with [E : F ] = l, where l and p are distinct odd primes. Let πF be an integral l-adic cuspidal

representation of G2(F ) and let πE be the base change lift of πF to G2(E). Then

Ĥ0(rl(πE)) ≃ rl(πF )(l).

Proof. First, note that the base change lifting πE is integral and cuspidal, and hence its mod-l

reduction rl(πE) is also cuspidal. Let
(
Krl(πE)

ψE

, C∞
c (E×,Fl)

)
be the Kirillov model of the repre-

sentation rl(πE). We denote by Ĥ0(rl(πE)) the Tate cohomology group Ĥ0
(
C∞
c (E×,Fl)

)
. Using

Proposition 2.8.2, we have

Ĥ0(rl(πE)) ≃ C∞
c (F×,Fl).

Thus, the space Ĥ0(rl(πE)) is isomorphic to ind
P2(F )
N2(F )(ψ

l

F ) as a representation of P2(F ), where

ψF is the mod-l reduction of ψF ; and the induced action of the operator Krl(πE)

ψE

(w) on the space

Ĥ0(rl(πE)) is denoted by Krl(πE)

ψE

(w). The theorem now follows from the following claim.

Claim. Krl(πE)

ψE

(w)(f) = Krl(πF )(l)

ψ
l
F

(w)(f), for all f ∈ C∞
c (F×,Fl).

Now, for a function f ∈ C∞
c (F×,Fl), any covering of supp(f) by open subsets of F× has a

finite refinement of pairwise disjoint open compact subgroups of F×. So we may assume that

supp(f) ⊆ ϖr
FxU

1
F , where r ∈ Z and x is a unit in k×F embedded in F×. Therefore, it is sufficient

to prove the claim for functions f ∈ C∞
c (F×,Fl) with supp(f) ⊆ U1

F , and we have

f =
∑

χF∈Û1
F

cχF
ξ{χF , 0},

where cχF
∈ Fl and Û1

F is the group of smooth characters of F× = ⟨ϖF ⟩ × k×F × U1
F , which are

trivial on k×F and ϖF . We now prove the claim for the functions ξ{χF , 0} for χF ∈ Û1
F . There

exists a character χ0 ∈ Û1
F such that χl0 = χF . Let χ̃0 be the l-adic lift of χ0. Define the characters

χ̃E and χE of E× as follows :

χ̃E(x) = χ̃0(NrE/F (x)),
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χE(x) = χ0(NrE/F (x)),

for x ∈ E×. Here NrE/F : E× → F× denotes the norm map. Note that both χ̃E and χE extend

the character χF . We have the following relations:

Krl(πE)

ψE

(w)
(
ξ{χF , 0}

)
= ϵ(χ−1

E rl(πE), ψE)ξ

{
χF ,

− n(χ−1
E rl(πE), ψE)

e

}
(3.3)

and

Krl(πF )(l)

ψ
l
F

(w)
(
ξ{χF , 0}

)
= ϵ(χ−1

F rl(πF )
(l), ψ

l

F )ξ
{
χF ,−n(χ−1

F rl(πF )
(l), ψ

l

F )
}
, (3.4)

where e is the ramification index of the extension E/F . Next, we aim to prove the following

identity of ϵ-factors

ϵ(Xf , χ−1
E rl(πE), ψE) = ϵ(X l, χ−1

F rl(πF )
(l), ψ

l

F ),

where f is the residue degree of the extension E/F . From Theorem 2.4.4, it follows that the

ϵ-factor is the same as the γ-factor in both l-adic and l-modular cases. Now, using the identity

in [AC89, Proposition 6.9], we get

ϵ(Xf , χ̃−1
E πE , ψE) =

∏
η

ϵ(X, χ̃−1
0 πF ⊗ η, ψF ), (3.5)

where η runs over the characters of the group F×/NrE/F (E
×), which is isomorphic to Γ via the

local class field theory. Using the identity (2.6), we have

rl
(
ϵ(Xf , χ̃−1

E πE , ψE)
)
= ϵ(Xf , χ−1

E rl(πE), ψE)

and

rl
(
ϵ(X, χ̃−1

0 πF ⊗ η, ψF )
)
= ϵ(X,χ−1

0 rl(πF ), ψF ),

for each character η. Using the above relations, it follows from (3.5) that

ϵ(Xf , χ−1
E rl(πE), ψE) = ϵ(X,χ−1

0 rl(πF ), ψF )
l.

In view of Lemma 2.4.5, we obtain the following identity

ϵ(Xf , χ−1
E rl(πE), ψE) = ϵ

(
(
qF
l
)X l, χ−1

F rl(πF )
(l), ψ

l

F

)
,

where (
qF
l
) denotes the Legendre symbol, valued in {−1, 1}. Now, using the identity (2.5) and
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comparing the degree of X from the above relation, we get

n(χ−1
E rl(πE), ψE)

e
= n(χ−1

F rl(πF )
(l), ψ

l

F )

and

ϵ(χ−1
E rl(πE), ψE) = ϵ

(
χ−1
F rl(πF )

(l), ψ
l

F

)
.

Thus, it follows from (3.3) and (3.4) that

Krl(πE)

ψE

(w)
(
ξ{χF , 0}

)
= Krl(πF )(l)

ψ
l
F

(w)
(
ξ{χF , 0}

)
.

Hence the theorem.



Chapter 4

Tate cohomology of Whittaker

lattices and Base change of generic

representations of GLn

4.1 Introduction

In this chapter, we study the Tate cohomology groups of base change lifts of more general irre-

ducible l-adic representations of GLn(F ), namely generic representations and Zelevinsky subrep-

resentations. The results are precisely a generalization of Theorem 3.3.2 in the previous chapter.

A similar strategy as that of Theorem 3.3.2 has been adapted to prove the main theorem.

Let E be a finite Galois extension of the p-adic field F with [E : F ] = l, where l and p are

distinct odd primes. Let πF be an integral l-adic generic representation of Gn(F ), and let πE be

the base change lifting of πF . Then, πE is generic and is equipped with an action of Gal(E/F )

via the isomorphism πE ≃ πγE , for all γ ∈ Gal(E/F ). Moreover, the base change lift πE is also

integral (Lemma 2.7.1). Consider the unique generic sub–quotient Jl(πE) of the mod-l reduction

of πE . Then, the representation Jl(πE) is stable under the action of Gal(E/F ), and we have the

Tate cohomology groups Ĥi(Jl(πE)), i ∈ {0, 1}, which are mod-l representations of Gn(F ). We

show that each Ĥi(Jl(πE)) has finite length as a representation of Gn(F ) (see Proposition 4.2.2).

In Subsection 4.3.1, we set up some initial results on compatibility of (twisted) Jacquet modules

with Tate cohomology–which implies that the zeroth Tate cohomology group Ĥ0(Jl(πE)) admits

a unique generic sub–quotient (Proposition 4.3.3). The main result of this chapter is as follows.
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Theorem 4.1.1. Let F be a finite extension of Qp, and let E be a finite Galois extension of F

with [E : F ] = l, where p and l are distinct primes such that l does not divide |Gn−1(κF )|. Let

πF be an integral, l-adic generic representation of Gn(F ), and let πE be the base change lifting of

πF to Gn(E). Then, the Frobenius twist Jl(πF )
(l) is the unique generic sub–quotient of the Tate

cohomology group Ĥ0(Jl(πE)).

To prove the theorem, we rely on Rankin–Selberg integrals and use various properties of local

ϵ and γ-factors both in l-adic and mod-l situations associated with representations of the p-adic

group and the Weil group. Using similar ideas, we also prove an integral version of the above

theorem (Corollary 4.3.7) by considering the Whittaker lattice of πE over Λ. When l does not

divide the pro-order of Gn(F ), we obtain a much more precise version of the above theorem. We

can show that the Tate cohomology group Ĥ0(rl(πE)) is an irreducible mod-l representation of

Gn(F ) (Theorem 4.5.3 and Corollary 4.5.4) and hence isomorphic to rl(πF )
(l). We also prove

that the first Tate cohomology group of any Gal(E/F ) stable integral structure L of the generic

representation πE is trivial. Our method can also be extended to Zelevinsky subrepresentations

as well. This is the class of irreducible representations of GLn(E) which remain irreducible when

restricted to the mirabolic subgroup denoted by Pn(E) (see [Zel80, Remark 3.6] for instance). We

apply Theorem 4.1.1 to compute the Tate cohomology groups of Zelevinsky subrepresentations

(Theorem 4.4.3).

4.2 Finiteness of Tate cohomology

In this part, we prove some finiteness results of the Tate cohomology groups of irreducible rep-

resentations of GLn. First, we recall the Bernstein–Zelevinsky derivative functors. For precise

reference, see [BZ77, Section 3] for R = Ql, and [Vig96b, Chapter III, Section 1] for R = Fl. Let

Un(K) be the subgroup of Gn(K), given by

Un(K) =
{1 C

0 1

 : C ∈ Kn−1
}

respectively. Note that Un(K) is contained in the mirabolic subgroup Pn(K). We use the

short notation ZK,n for the coset space Pn(K)/Pn−1(K)Un(K). We denote by θK the restric-

tion resUn(K)(ΘK), where ΘK is the character of Nn(K), defined by (2.1). Let RepR(G) be the

category of smooth R-representations of a locally profinite group G, where R = Ql or Fl.

1. For τ ∈ RepR(Pn−1), let iUn(K),θK (τ) denote the representation of Pn(K), defined as the

normalized compact induction i
Pn(K)
Pn−1(K)Un(K)(τ ⊗ θK).
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2. For any ρ ∈ RepR(Gn−1), we denote by iUn(K),idK
(ρ) the normalized compact induction

i
Pn(K)
Gn−1(K)Un(K)(τ ⊗ idK), where idK is the trivial character of Un(K).

3. For (π, V ) ∈ RepR(Pn), let V (Un(K), θK) be the space generated by the set of vectors

{π(u)v − θK(u)v : v ∈ V, u ∈ Un(K)}. We denote by rUn(K),θK (π) the representation of

Pn−1(K), defined on the quotient space V/V (Un(K), θK), by setting

rUn(K),θK (π)(p)(v) = δ
1/2
Un(K)(p

′)π(p)v, (4.1)

for all v ∈ V and p ∈ Pn−1(K). Here δUn(K) is the modulus character of Un(K), and v

denotes the class of v in the quotient space V/V (Un(K), θK).

4. For (π, V ) ∈ RepR(Pn), we denote by rUn(K),idK
(π) the representation of Gn−1(K) on the

quotient space V/V (Un(K), idK), defined as (4.1).

Then we have four fundamental functors

Ψ− : RepR(Pn)→ RepR(Gn−1), Ψ+ : RepR(Gn−1)→ RepR(Pn)

Φ− : RepR(Pn)→ RepR(Pn−1), Φ+ : RepR(Pn−1)→ RepR(Pn).

where Ψ− = rUn(K),idK
, Φ− = rUn(K),θK , Ψ+ = iUn(K),idK

, and Φ+ = iUn(K),θK .

Let τ be a smooth R-representation of Pn(K). The m-th derivative of τ , denoted by τ (m), is

defined as the representation Ψ−(Φ−)m−1(τ) of Gn−m(K). There is a functorial filtration on τ ,

given by

0 ⊆ τn ⊆ τn−1 ⊆ · · · ⊆ τ2 ⊆ τ1 = τ,

where τm = (Φ+)m−1(Φ−)m−1(τ) and τm/τm+1 = (Φ+)m−1(Ψ+)(τ (m)). We have the following

lemma.

Lemma 4.2.1. Let ρ be a finite length R-representation of Gt(K), where 1 ≤ t < n. Then

(Φ+)n−t−1(Ψ+)(ρ) has finite length as a representation of Pn(K).

Proof. It is an immediate consequence of [Vig96b, Chapter III, Subsection 1.5] and the exactness

of the functor (Φ+)n−t−1(Ψ+).

Now, we prove

Proposition 4.2.2. Let Π be a finite length l-modular representation of Gn(E) with an isomor-

phism T : Π→ Πγ and T l = id. Then the Tate cohomology Ĥi(Π), with respect to the operator T ,

is a finite length representation of Gn(F ).
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Proof. We prove the proposition using induction on the integer n. The case n = 1 is clear. So

assume that the proposition is true for all finite length l-modular representations of Gt(E) and for

all t < n. Now, we consider Π as a representation of Pn(E). Since ψE(γ(x)) = ψE(x), for x ∈ E,

we get the isomorphism

Φ−(Πγ) ≃ Φ−(Π)γ , (4.2)

as representation of Pn−1(E). Similarly, for any smooth l-modular representation τ of Pn−1(E),

we have Pn(E)-equivariant isomorphism

Φ+(τγ) ≃ Φ+(τ)γ . (4.3)

Using (4.2) and (4.3), and the isomorphism T , we get an isomorphism between Πm and Πγm, and

also between the representations Π(m) and (Π(m))γ , for all m ≤ n.

Recall that ZE,m denote the coset space Pm(E)/Pm−1(E)Um(E). Since Pm−1(E)Um(E) is a

Γ-stable subgroup of Pm(E), we have the following long exact sequence of non-abelian cohomology

( [Ser, Appendix, Proposition 1]):

0→ Pm−1(F )Um(F )→ Pm(F )→ ZΓ
E,m → H1(Γ, Pm−1(E)Um(E))→ H1(Γ, Pm(E)). (4.4)

Since Pm(E) = Gm−1(E) ⋉ Um(E), we have the following exact sequence by [Ser, Appendix,

Proposition 1]:

0→ Um(F )→ Pm(F )→ Gm−1(E)→ H1(Γ, Um(E))→ H1(Γ, Pm(E))→ H1(Γ, Gm−1(E)).

Using Hilbert’s theorem 90 ( [Ser, Proposition 1 and Proposition 3]), we get that the pointed

sets H1(Γ, Um(E)) and Ĥ1(Γ, Gm−1(E)) are trivial. Therefore, it follows from the above exact

sequence that H1(Γ, Pm(E)) = 0 for all positive integers m. Now, consider the following short

exact sequence of non-abelian Γ-modules

0 −→ Um(E) −→ Pm−1(E)Um(E) −→ Pm−1(E) −→ 0. (4.5)

Since the pointed sets H1(Γ, Um(E)) and H1(Γ, Pm(E)) are trivial, it follows from the long ex-

act sequence of non-abelian cohomology corresponding to (4.5) that H1(Γ, Pm−1(E)Um(E)) = 0.

Hence, the long exact sequence (4.4) gives the equality ZΓ
E,m = ZF,m. Now, applying Proposition

2.8.2 repeatedly (m− 1)-times, we get the Pn(F ) equivariant isomorphism

Ĥi(Πm/Πm+1) ≃ (Φ+)m−1(Ψ+)
(
Ĥi(Π(m))

)
.
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Using Leibniz forumula for derivatives ( [Vig96b, Lemma 1.10, Chapter 3]), we get that the m-

th derivative Π(m) is a finite length representation of Gn−m(E). By induction hypothesis, the

Gn−m(F )-representation Ĥi(Π(m)) is of finite length, for all m < n. In view of Lemma 4.2.1,

it follows from the above isomorphism that the Pn(F )-representation Ĥi(Πm/Πm+1) is of finite

length, for all m < n. Now, for each m ∈ {1, 2, . . . , n − 1}, consider the short exact sequence of

Pn(E)-representations

0 −→ Πm+1 −→ Πm −→ Πm/Πm+1 −→ 0.

Since Γ is cyclic, the corresponding long exact sequence of Tate cohomology gives the following

diagram:

Ĥ0(Πm+1) Ĥ0(Πm)

Ĥ1(Πm/Πm+1) Ĥ0(Πm/Πm+1)

Ĥ1(Πm) Ĥ1(Πm+1)

We denote the above exact sequence by S(m). Consider the largest integer r for which Πr is

non-zero. By induction hypothesis, each Tate cohomology group Ĥi(Πr) has finite length as a

representation of Pn(F ). Now, from the hexagonal diagram S(r − 1), we get the following two

exact sequences:

H0(Πr) −→ H0(Πr−1) −→ H0(Πr−1/Πr)

and

H0(Πr) −→ H0(Πr−1) −→ H0(Πr−1/Πr).

Since both the representations Ĥi(Πr−1/Πr) and Ĥi(Πr), for i ∈ {0, 1}, have finite length, the

Tate cohomology group Ĥi(Πr−1) is a finite length representation of Pn(F ). Again, using the

finiteness of both Ĥi(Πr−1) and Ĥ
i(Πr−2/Πr−1), it follows from the hexagonal diagram S(r − 2)

that Ĥi(Πr−2) is a finite length representation of Pn(F ). Thus, inductively, we finally get that

Ĥi(Π) has finite length as a representation of Pn(F ), and hence of Gn(F ).

As a consequence, we have

Corollary 4.2.3. Let (π, V ) be an integral K-representation of Gn(E) with an isomorphism T :

(π, V )→ (πγ , V ) and T l = id. Then, for any Gn(E)⋊ Γ stable lattice L in V (Here, Γ acts on V

via T ), the Tate cohomology group Ĥi(L) has finite length as a representation of Gn(F ).
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Proof. Consider the short exact sequence of Gn(E)⋊ Γ-modules

0 −→ L mult.l−−−−→ L −→ L/lL −→ 0.

Since π is of finite length, the l-modular representation L/lL is of finite length (see Subsection

2.2.1). Then, using Proposition 4.2.2, we get that Ĥi(L/lL) has finite length as a representation of

Gn(F ). Now, the long exact sequence of Tate cohomology corresponding to the above short exact

sequence gives

0→ Ĥ0(L)→ Ĥ0(L/lL)→ Ĥ1(L)→ 0.

and

0→ Ĥ1(L)→ Ĥ1(L/lL)→ Ĥ0(L)→ 0.

Thus, we get that Ĥi(L) is of finite length.

4.3 Tate Cohomology of Whittaker Lattice

Let (π, V ) be a generic R-representation of Gn(E), where R denotes either Ql or K or Fl. We

further assume that π ≃ πγ , for all γ ∈ Γ. Let W (π, ψE,R) be the Whittaker model of π. For

W ∈W(π, ψE,R), we recall that γ.W is a function given by

(γ.W )(g) =W (γ−1(g)),

for all g ∈ Gn(E). Note that γ.W ∈W(π, ψE,R) (by Lemma 2.3.3). We define

Tγ : W(π, ψE,R)→W(π, ψE,R)

by setting Tγ(W ) = γ.W , for all W ∈ W(π, ψE,R). The map Tγ gives an isomorphism between

(π, V ) and (πγ , V ), as we have

[Tγ(π(g)W )](h) = [πγ(g)Tγ(W )](h),

for all g, h ∈ Gn(E). In particular, when R = K, the lattice WΛ(π, ψE) is also stable under the

action of Γ, where γ ∈ Γ acts via the isomorphism Tγ .

4.3.1 Jacquet-functors and Tate cohomology

In this subsection, we establish some elementary results on the compatibility of Jacquet (twisted

Jacquet) functors with Tate cohomology. Let (π,L) be a smooth Λ[Gn(E) ⋊ Γ]-module. Let
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λ = (n1, n2, . . . , nr) be a partition of n and let Pλ = MλNλ be a parabolic subgroup of Gn with

Nλ its unipotent radical and Mλ a standard Levi subgroup. Let ψF : F → Λ× be an additive

character, and let ψE be the composition ψF ◦ TrE/F . Let ΘF (resp. ΘE) be the character of

Nn(F ) (resp. Nn(E)), defined as (2.1) . Let L(Nλ(E),ΘE) be the space spanned by the set of

vectors {
ΘE(n)v − π(n)v : v ∈ L, n ∈ Nλ(E)

}
.

Note that the space L(Nλ(E),ΘE) is stable under the action of Γ. Then the natural inclusion

L(Nλ(E),ΘE) ↪→ L induces a map Ĥ0(L(Nλ(E),ΘE))→ Ĥ0(L), denoted by ϕ.

Lemma 4.3.1. The image of the natural map ϕ is equal to Ĥ0(L)(Nλ(F ),ΘlF ).

Proof. Let v be an element in the image of ϕ. Let ṽ be a lift of v in L(Nλ(E),ΘE)
Γ. There exists

a compact open subgroup N of Nλ(E) such that

∫
N
ΘE(n)

−1π(n)ṽ dn = 0. (4.6)

Since π and ΘE are both smooth, there exists a compact open subgroup N ′ ⊆ N of finite index

such that ∫
N
ΘE(n)

−1π(n)ṽ dn =
∑

n∈N/N ′

ΘE(n)
−1π(n)ṽ.

Since Nλ(E) has a filtration of Γ-stable compact open subgroups, we may assume that N is Γ-

stable. If X denotes the coset space N/N ′, then we have

∑
x∈X

ΘE(x)
−1π(x)ṽ =

∑
y∈XΓ

ΘF (y)
−lπ(y)ṽ +

∑
z∈X\XΓ

ΘE(z)
−1π(z)ṽ. (4.7)

Since the Γ-action on X \XΓ is free, there exists a subset U such that X \XΓ is the disjoint union

of γiU , 1 ≤ i ≤ l. As ṽ is Γ-invariant, we have

∑
z∈X\XΓ

ΘE(z)
−1π(z)ṽ =

l∑
i=1

∑
u∈U

ΘE(u)
−1π(γi(u))ṽ = N

(∑
u∈U

ΘE(u)
−1π(u)ṽ

)
,

where N = 1 + γ + · · ·+ γl−1. This shows that

∑
z∈X\XΓ

ΘE(z)
−1π(z)v = 0
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in Ĥ0(L). Therefore, it follows from (4.6) and (4.7) that

∑
y∈XΓ

(ΘlF (y))
−1π(y)v = 0.

This implies that v belongs to Ĥ0(L)(Nλ(F ),ΘlF ). Conversely, let w be an element of the space

Ĥ0(L)(Nλ(F ),ΘlF ). Let NF be the compact open subgroup of Nλ(F ) with∫
NF

ΘF (n)
−lπ(n)w dn = 0.

Choose a compact open subgroup N ′
F ⊆ NF of finite index such that

∫
NF

ΘF (n)
−lπ(n)w dn =

∑
n∈NF /N ′

F

ΘF (n)
−lπ(n)w.

Let w̃ be a lift of w in LΓ. Consider the element

w̃1 =
1

|NF /N ′
F |

∑
n∈NF /N ′

F

ΘE(n)w̃ −
1

|NF /N ′
F |

∑
n∈NF /N ′

F

π(n)w̃.

Then w̃1 belongs to L(Nλ(E),ΘE)
Γ and ϕ(w̃1) = w. Moreover, we have

∫
NF

ΘF (n)
−lπ(n)w̃1 dn =

∑
n∈NF /N ′

F

ΘF (n)
−lπ(n)w̃1 = 0.

This completes the proof.

Lemma 4.3.2. Let (π, V ) be an l-modular representation of Gn(E) ⋊ Γ such that Ĥ1(VNλ(E)) =

0, Ĥ0(V )Nλ(F ) is non-zero and Ĥ0(VNλ(E)) is irreducible under Mλ(F ). Then, the Mλ(F )-

representation Ĥ0(V )Nλ(F ) is isomorphic to Ĥ0(VNλ(E)).

Proof. The long exact sequence of Tate cohomology groups corresponding to the short exact se-

quence

0 −→ V (Nλ(E)) −→ V −→ VNλ(E) −→ 0,

gives the following exact sequence

0 −→ Ĥ0(V (Nλ(E)))
ϕ−→ Ĥ0(V ) −→ Ĥ0(VNλ(E)) −→ Ĥ1(V (Nλ(E))) −→ Ĥ1(V ) −→ 0.

Using Lemma 4.3.1 for ψF = 1F , the trivial character of F , we get that ϕ
(
Ĥ0(V (Nλ(E)))

)
is

equal to Ĥ0(V )(Nλ(F )), and therefore the Nλ(F )-coinvariants Ĥ
0(V )Nλ(F ) is isomorphic to a

subrepresentation of Ĥ0(VNλ(E)). Since Ĥ0(V )Nλ(F ) is non-zero, the lemma follows from the



4.3 Tate Cohomology of Whittaker Lattice 57

irreducibility of Ĥ0(VNλ(E)).

Using similar ideas, we can prove that the zeroth Tate cohomology group of a generic repre-

sentation has a unique generic subquotient. For any integral l-adic generic representation (π, V )

of Gn(K), defined over K, we recall that WΛ(π, ψK) denotes the set of all Λ-valued functions in

W(π, ψK). The Λ-module WΛ(π, ψK) gives a Λ-structure of π (see Subsection 2.3.5).

Proposition 4.3.3. Let πE be an l-modular generic representation (or an integral l-adic generic

representation defined over K) of Gn(E). Assume that πE is stable under the action of Γ. Then,

there exists a unique generic Gn(F ) sub-quotient of the Tate cohomology group Ĥ0(W(πE , ψE))

(resp. Ĥ0(WΛ(πE , ψE))).

Proof. We consider only the l-adic case. The mod-l case is similar, where the character ψE is

replaced by its mod-l reduction ψE . Let W be the Λ-lattice WΛ(πE , ψE) (resp. W(πE , ψE)). Let

W(Nn(E),ΘE) be the Λ-span of the set of vectors

{
ΘE(n)v − πE(n)v : v ∈ W, n ∈ Nn(E)

}
.

We have the following exact sequence of Γ-modules :

0 −→W(Nn(E),ΘE) −→W →WNn(E),ΘE
−→ 0.

Note that WNn(E),ΘE
is a free Λ-module of rank one. Then the long exact sequence of Tate

cohomology gives

Ĥ0(W(Nn(E),ΘE))
f−→ Ĥ0(W)

g−→ Ĥ0(WNn(E),ΘE
)→ Ĥ1(W(Nn(E),ΘE))→ Ĥ1(W).

Using Lemma 4.3.1, the image of the homomorphism f is equal to Ĥ0(W)(Nn(F ),Θ
l
F ). The

Tate cohomology of the Λ-lattice KΛ(πE , ψE) contains K(ψlF ) as Pn(F ) subrepresentation (see

4.3.3, Part 1 of Theorem 4.3.6). Since Γ acts trivially on WNn(E),ΘE
(Lemma 2.3.4), the Tate

cohomology space Ĥ0(WNn(E),ΘE
) is a one dimensional vector space over Fl. Hence, the map g

induces the isomorphism:

Ĥ0(W)
Nn(F ),Θ

l
F
≃ Ĥ0(WNn(E),ΘE

).

Now, it follows from the exactness of twisted Jacquet functors and Corollary 4.2.3, that Ĥ0(W)

admits a unique generic sub-quotient.

Remark 4.3.4. The above lemmas will be used to compute the Tate cohomology group of base

change lift of mod-l the Zelevinsky sub-representation Z(∆). The Jacquet functor of Z(∆) with
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respect to the parabolic subgroup of type (n/k, n/k, . . . , n/k), where k is the length of ∆, is an

l-modular cuspidal representation and the hypothesis in Lemma 4.3.2 are applicable. The precise

definition will be recalled in the next section.

4.3.2 Completeness of Whittaker models

Our main result uses the following lemma, which is the analog of the completeness of Whittaker

models in the complex case.

Lemma 4.3.5. Assume that l does not divide |Gn(κK)| and let ψK be the mod-l reduction of

ψK . Let ΘK be the non-degenerate character of Nn(K) associated with ψK (see Section 2.3). Let

φ ∈ ind
Gn(K)
Nn(K)(ΘK). If ∫

Nn(K)\Gn(K)

φ(t)W (t) dt = 0,

for all W ∈W(σ, ψ
−1

K ) and for all l-modular generic representations σ of Gn(K), then φ = 0.

Proof. We will prove the contrapositive. Suppose φ is non-zero. Let Z be the integral Bernstein

center, i.e., the center of the category RepW (Fl)
(Gn(K)), consisting of smooth W (Fl)[Gn(K)]-

modules (see [Hel16b] for details). Let Wn be the smooth W (Fl)[Gn(K)]-module ind
Gn(K)
Nn(K)(ΘK).

Recall that for any primitive idempotent e in Z, the space eWn is a co-Whittaker eZn[Gn(K)]

module. According to [Mos21, Corollary 4.3], there exists a primitive idempotent e′ in Z and an

element U ∈W(e′Wn ⊗W (Fl)
Fl, ψ

−1

K ) such that the integral

⟨ϕ,U⟩ :=
∫
Nn(K)\Gn(K)

ϕ(t)⊗ U(t) dt

is non-zero in Fl ⊗W (Fl)
e′Zn. We use the notation A for the ring Fl ⊗W (Fl)

e′Zn. The work

of [Hel16a] shows the primitive idempotent e′ corresponds to an inertial equivalence class [M,π],

where M is a Levi subgroup of Gn(K) and π is an l-modular supercuspidal representation of M .

For the inertial equivalence class s = [M,π], consider the subcategory Reps(Gn(K)), consisting

of objects Π in RepW (Fl)
(Gn(K)) such that the irreducible sub-quotients of Π have mod-l inertial

supercuspidal support s (see [Hel16a, Definition 4.12] for the definition). Let A[M,π] denote the

center of Reps(Gn(K)). We have A[M,π] = e′Zn. Since l does not divide |Gn(κK)|, it follows

from [Hel16a, Example 13.9] that

A[M,π] = C[M,π],

where C[M,π] is a W (Fl)-subalgebra of A[M,π], as defined in [Hel16a, Theorem 12.5]. There is an

isomorphism of C[M,π] ⊗W (Fl)
Fl with the reduced quotient of A (see [Hel16a, Corollary 12.13]).

Hence, we get that the W (Fl)-algebra A is reduced. In particular, the element ⟨ϕ,U⟩ is not
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nilpotent. Therefore, the basic open set D(⟨ϕ,U⟩), being non-empty, intersects the dense set of

closed points of the affine W (Fl)-scheme associated with A, and this implies that there exists a

map f : A → Fl such that the image of ⟨ϕ,U⟩ under f , which equals

∫
Nn(K)\Gn(K)

ϕ(t)W0(t) dt

for some W0 ∈ W
(
e′Wn ⊗A,f Fl, ψ

−1

K

)
, is non-zero in Fl. Note that the co-Whittaker module

e′Wn ⊗A,f Fl, as mod-l representation, admits a generic quotient with same Whittaker space.

Hence, the lemma.

4.3.3 The general case

We will now prove the first main result of this chapter.

Theorem 4.3.6. Let F be a finite extension of Qp, and let E be a finite Galois extension of F

with [E : F ] = l, where p and l are distinct primes such that l does not divide |Gn−1(κF )|. Let

πF be an integral, l-adic generic representation of Gn(F ) and let πE be the base change lifting of

πF to Gn(E). Then, the representation Jl(πF )
(l) is the unique generic sub–quotient of the Tate

cohomology group Ĥ0(Jl(πE)).

Proof. We begin with a summary of the proof. We prove the above theorem using induction

on the integer n. The proof is divided into four parts. In the first part, we isolate a subspace

M(πF , ψF ) of the Tate cohomology of the Kirillov model of Jl(πE) which will eventually give

Jl(πF )
(l) as a quotient. In the second part, we set up a comparison of Rankin–Selberg integrals

on homogeneous spaces of F with those on homogeneous spaces of E. In the third part, we reduce

the theorem to an identity of local γ-factors. In the fourth part, we deal with these local γ-factor

identities, and we show that M(πF , ψF ) is stable under the action of Gn(F ). At the end of the

fourth part, we get a natural surjection fromM(πF , ψF ) to the Kirillov space K(Jl(πF )
(l), ψ

l

F ) as

Gn(F )-representations.

Part 1.

Notations on Whittaker and Kirillov models are defined in subsection (2.3.1). Consider the

Whittaker model W(Jl(πE), ψE) of the unique generic sub-quotient Jl(πE). The restriction map

W 7−→ ResPn(E)(W ) is an isomorphism from W(Jl(πE), ψE) onto K(Jl(πE), ψE) ( [MM22, Theo-

rem 4.2]). Recall that K(ψE) denotes the compactly induced representation ind
Pn(E)
Nn(E)(ΘE). Let In

be the following natural map:

In : Ĥ0(K(ψE))→ Ĥ0(K(Jl(πE), ψE)).
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Let Φn : K(Jl(πE), ψE)
Γ → Ind

Pn(F )
Nn(F )(Θ

l

F ) be the restriction to Pn(F ) map. Note that the map

Φn factorizes through

Φn : Ĥ0(K(Jl(πE), ψE))→ Ind
Pn(F )
Nn(F )(Θ

l

F ).

The composition Φn ◦ In is induced by the restriction to Pn(F ) map from K(ψE)Γ to K(ψlF ),

and hence, Φn ◦ In is an isomorphism onto the space K(ψlF ) by Proposition 2.8.2 (see Remark

2.8.3). This implies that the image of Φn contains the space K(ψlF ). Let M(πF , ψF ) be the

space Φ−1
n (K(Jl(πF )

(l), ψ
l

F )). The space M(πF , ψF ) is a non-zero Pn(F ) sub-representation of

Ĥ0(K(Jl(πE), ψE)), and the map

Φn :M(πF , ψF )→ K(Jl(πF )
(l), ψ

l

F )

is non-zero. Then, using induction on the integer n, we will show that the space M(πF , ψF ) is

stable under the action of Gn(F ) and the map Φn is Gn(F ) equivariant.

Part 2.

Let Jl(πE)(wn) denotes the induced action of Jl(πE)(wn) on Ĥ0(K(Jl(πE), ψE)). Let V be an

element in M(πF , ψF ). Then there exists W ∈ W(Jl(πE), ψE)
Γ such that W is mapped to V

under the map

W(Jl(πE), ψE)
Γ −→ K(Jl(πE), ψE)

Γ −→ Ĥ0
(
K(Jl(πE), ψE)

)
. (4.8)

Let σF be an arbitrary l-modular generic representation of Gn−1(F ), and let σF be its l-adic lift.

In this case, the generic mod-l representation Jl(σF ) is equal to σF . Let σE be an l-adic generic

representation of Gn−1(E) obtained as a base change of σF . Note that the map

Φ̃n−1 : Ĥ0(W(Jl(σE), ψ
−1

E )) −→ Ind
Gn−1(F )
Nn−1(F )(Θ

−l
F )

is non-zero. Here, Φ̃n−1 is the restriction to Gn−1(F ) map on Ind
Gn−1(E)
Nn−1(E)(ΘE). Assuming the

induction hypothesis for n − 1 and using the fact that Ĥ0(W(Jl(σE), ψ
−1

E )) admits an unique

generic sub-quotient (Proposition 4.3.3), the image of Φ̃n−1 contains W(σ
(l)
F , ψ

−l
F ). Thus, for any

W ′ ∈W(σ
(l)
F , ψ

−l
F ), there exists an element S ∈W(Jl(σE), ψ

−1

E )Γ such that Φ̃n−1(S) =W ′ and

Φ̃n−1

(
Jl(σE)(wn−1)S

)
= σ

(l)
F (wn−1)W

′.

Now, the functional equation in (2.4.3) gives the following relation

∑
r∈Z

cEr
(
W̃ , S̃

)
q
− r

2 f

F X−fr = ωJl(σE)(−1)n−2γ
(
Xf , Jl(πE), Jl(σE), ψE

)∑
r∈Z

cEr (W,S)q
r
2 f

F Xfr, (4.9)
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where f denotes the residue degree of the extension E/F . Note that ωJl(σE)(−1) = ωσF
(−1) as l

is an odd prime. Applying Corollary 2.8.6, we have

∫
(Xr

E)Γ
W

g 0

0 1

S(g) dg =

∫
X

r
e
F

W

g 0

0 1

S(g) dg,

∫
(Xr

E)Γ
W̃

g 0

0 1

 S̃(g) dg =

∫
X

r
e
F

W̃

g 0

0 1

 S̃(g) dg,
(4.10)

for each r ∈ Z. Using the above equalities, the functional equation (4.9) after reduction mod-l,

becomes

∑
r∈Z

cFr (W̃ , S̃)q−
lr
2

F X−lr = ωσF
(−1)n−2γ

(
Xf , Jl(πE), Jl(σE), ψE

)∑
r∈Z

cFr (W,S)q
lr
2

F X
lr.

Using the formula q
l/2
F = (

qF
l
) q

1/2
F (mod–l) and the modification as in (2.3), the above identity

becomes

∑
r∈Z

cF−r
(
Jl(πE)(wn)W,σ

(l)
F (wn−1)W

′)q− r
2

F

(
(
qF
l
)X l

)−r
=

ωσF
(−1)n−2γ

(
Xf , Jl(πE), Jl(σE), ψE

)∑
r∈Z

cFr (W,W
′) q

r
2

F

(
(
qF
l
)X l

)r
.

(4.11)

Part 3.

For any V ∈M(πF , ψF ), we show that

Φn(Jl(πE)(wn)V ) = Jl(πF )
(l)(wn)Φn(V ). (4.12)

Let U be an element of W(Jl(πF )
(l), ψ

l

F ) such that the restriction of U to Pn(F ) maps to the

element Φn(V ). By Lemma 4.3.5, the assertion (4.12) is equivalent to the following equality:

∑
r∈Z

cF−r
(
Jl(πE)(wn)W, σ

(l)
F (wn−1)W

′)q−r/2F X−r =

∑
r∈Z

cF−r
(
Jl(πF )

(l)(wn)U, σ
(l)
F (wn−1)W

′)q−r/2F X−r,
(4.13)

for all W ′ ∈ W(σF , ψ
−l
F ) and for all l-modular generic representations σF of Gn−1(F ). Now,

consider an l-modular generic representation σF of Gn−1(F ) and take the l-adic lift of σF , say

σF (see Subsection 2.3.4). Note that Jl(σF ) = σF . Let σE be the l-adic generic representation of

Gn−1(E) obtained as a base change of σF . From the functional equation with its modifications as
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in (2.3), we have

∑
r∈Z

cF−r
(
Jl(πF )

(l)(wn)U, σ
(l)
F (wn−1)W

′)(qF
l
)−rq

− r
2

F

(
(
qF
l
)X l

)−r
= ωσF

(−1)n−2γ
(
(
qF
l
)X l, Jl(πF )

(l), σ
(l)
F , ψ

l

F

)∑
r∈Z

cFr (U,W
′) q

r
2

F

(
(
qF
l
)X l

)r
,

where we replace the variable X by (
qF
l
)X l. Note that the mod-l reduction of the function

resPn(F )(W ) is equal to resPn(F )(U). Thus, comparing the above functional equation with (4.11),

the relation (4.12) is now equivalent to the following identity of gamma factors:

γ
(
Xf , Jl(πE), Jl(σE), ψE

)
= γ

(
(
qF
l
)X l, Jl(πF )

(l), σ
(l)
F , ψ

l

F

)
.

Part 4.

Recall that

γ(Xf , πE , σE , ψE) = ϵ(Xf , πE , σE , ψE)
L(q−1

E X−f , π∨
E , σ

∨
E)

L(Xf , πE , σE)
.

Now, using the identity in [AC89, Proposition 6.9], we have

L(Xf , πE , σE) =
∏
η

L(X,πF , σF ⊗ η)

and

ϵ(Xf , πE , σE , ψE) = CE/F (ψF )n(n−1)
∏
η

ϵ(X,πF , σF ⊗ η, ψF ),

where η runs over all the characters of the group F×/NrE/F (E
×)–which is isomorphic to Γ via

the local class field theory. Here CE/F (ψF ) is the Langlands constant, defined as in the proof

of Lemma 2.5.2, and the proof of the lemma shows that CE/F (ψF )2 = 1. Therefore, we have

CE/F (ψF )n(n−1) = 1. From the above relations, we get

γ(Xf , πE , σE , ψE) =
∏
η

γ(X,πF , σF ⊗ η, ψF ). (4.14)

Now, using the identity (2.6), we have

rl(γ(X
f , πE , σE , ψE)) = γ(Xf , Jl(πE), Jl(σE), ψE),

rl(γ(X,πF , σF ⊗ η, ψE)) = γ(X, Jl(πF ), σF , ψF ),

for each character η of Γ. Now, taking mod-l reduction to the identity (4.14) and using these
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relations, we get

γ(Xf , Jl(πE), Jl(σE), ψE) = γ(X, Jl(πF ), σF , ψF )
l. (4.15)

Finally, it follows from Lemma 2.4.5 that

γ(Xf , Jl(πE), Jl(σE), ψE) = γ
(
(
qF
l
)X l, Jl(πF )

(l), σ
(l)
F , ψ

l

F

)
.

The identity (4.12) shows that the spaceM(πF , ψF ) is stable under the action of Gn(F ) and the

map

Φn :M(πF , ψF ) −→ K(Jl(πF )
(l), ψ

l

F )

is surjective. Using Proposition 4.3.3, we get that the Gn(F ) representation Ĥ0(W(Jl(πE), ψE))

has a unique generic sub-quotient, which is necessarily equal to J(πF )
(l). This completes the

proof.

Now, we deduce some corollaries of Theorem 4.3.6. We keep the same assumptions that E/F

is a finite Galois extension of p-adic fields with [E : F ] = l, where l ̸= p and l does not divide

|Gn−1(κF )|.

Corollary 4.3.7. Let πE be an integral generic K-representation of Gn(E) which is absolutely

irreducible. Assume that πγE ≃ πE, for all γ ∈ Γ. Let WΛ(πE , ψE) be the space of all Λ-valued

functions in the Whittaker model of πE. Let πF be the integral, l-adic generic representation of

Gn(F ) such that πE ⊗K Ql is the base change lifting of πF . Then, the Frobenius twist Jl(πF )
(l)

occurs as the unique generic sub–quotient of the zeroth Tate cohomology group Ĥ0(WΛ(πE , ψE)).

Proof. The outline of the proof is the same as Theorem 4.3.6. For completeness, we discuss some

crucial steps. As one can observe, the previous and the present theorems are similar in spirit to

the local converse theorem for (n, n− 1), we precisely use Theorem 4.3.6 at the (n− 1) step.

It follows from [Vig04, Theorem 2] and Lemma 2.3.3 that the Λ-lattice WΛ(πE , ψE) is invariant

under the action of Gn(E) ⋊ Γ. Consider the integral Kirillov model KΛ(πE , ψE). Then the

restriction map W 7→ resPn(E)(W ) is a bijection between WΛ(πE , ψE) and KΛ(πE , ψE). Let Φn be

the following Pn(F ) equivariant map, defined as the composition of restriction to Pn(F ) map and

(pointwise) mod-l reduction map

Φn : KΛ(πE , ψE)
Γ −→ K(Jl(πF )

(l), ψ
l

F ).

Then Φn is non-zero, and it factorizes through the Tate cohomology space Ĥ0(KΛ(πE , ψE)). As

before, we consider the non-zero space Φ−1
n (K(Jl(πF )

(l), ψ
l

F )) and denote it by M(πF , ψF ). To
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prove the above corollary, it is sufficient to prove that

Φn(πE(wn)V ) = Jl(πF )
(l)(wn)Φn(V ),

for all V ∈ M(πF , ψF ). Here, πE(wn) denotes the induced action of πE(wn) on Ĥ
0(KΛ(πE , ψE)).

Because of Lemma 4.3.5, it is enough to prove the following identity of Laurent series

∑
r∈Z

cFr
(
Φn(πE(wn)V ),W ′)qr/2F Xr =

∑
r∈Z

cFr
(
Jl(πF )

(l)(wn)Φn(V ),W ′)qr/2F Xr, (4.16)

for all W ′ ∈W(σ
(l)
F , ψ

−l
F ) and for all l-modular generic representations σF of Gn−1(F ). Take such

mod-l generic representation σF of Gn−1(F ). Let σF be an l-adic lift of σF and let σE be the base

change of σF to Gn−1(E). Theorem 4.3.6 gives a Gn−1(F ) stable subspace N (σF , ψF ) of the Tate

cohomology group Ĥ0(W(Jl(σE), ψE)) with the following Gn−1(F ) equivariant surjection

Φn−1 : N (σF , ψF ) −→W(σ
(l)
F , ψ

−l
F ).

Now, lifting W ′ via Φn−1 and the function V to the respective Γ-invariant Kirillov models and

using the identities (4.10), the relation (4.16) is then equivalent to the following identity local

γ-factors

rl(γ(X
f , πE , σE , ψE)) = γ

(
(
qK
l
)X l, Jl(πF )

(l), σ
(l)
F , ψ

l

F

)
,

where f is the residue degree of the extension E/F . This follows from the arguments of the

subsection (4.3.3) in the proof of Theorem 4.3.6.

Corollary 4.3.8. Let E/F be a finite Galois extension of p-adic fields with [E : F ] = l, where

l and p are distinct odd primes. Let πF be an integral, l-adic cuspidal representation of Gn(F ),

where n ≥ 3. We further assume that l does not divide |Gn−1(κF )|. Let πE be the base change

lifting of πF to Gn(E). Then we have

Ĥ0(rl(πE)) ≃ rl(πF )(l).

Proof. Since l does not divide n, the base change lift πE is cuspidal. As the Kirillov model

K(rl(πE), ψE) is equal to K(ψE), we get that Ĥ0(K(rl(πE), ψE)) is equal to K(ψlF ) (Remark

2.8.3). Thus, the action of Gn(F ) on Ĥ0(K(rl(πE), ψE)) is irreducible, and the corollary follows

from Theorem 4.3.6.
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4.4 Tate cohomology of Z(∆)

In this section, we study the Tate cohomology of the base change of the Zelevinsky subrepresen-

tations of the form Z(∆). In [Zel80], Zelevinsky uses the notation ⟨∆⟩ for Z(∆). In this section,

we continue with the assumptions in Corollary 4.3.8, i.e., l ̸= p and l does not divide |Gn−1(Fq)|

and the integer n. Recall that q is the cardinality of the residue field of F . We will crucially use

the fact that Z(∆) remains irreducible under the restriction to Pn, and is characterized by this

property.

4.4.1 Zelevinsky subrepresentation

Keeping the notations as in Subsection 2.3.3, let ∆ =
{
σ, σνK , . . . , σν

r−1
K

}
be a segment, where

K is a finite extension of Qp and σ is an l-adic cuspidal representation of Gm(K). We denote by

ℓ(∆) the length of ∆, i.e., the integer r. The parabolic induction

σ × σνK × · · ·σνr−1
K

admits a unique irreducible subrepresentation, denoted by Z(∆). Moreover, Z(∆) can be charac-

terised as those irreducible representation of Grm(K) that remain irreducible after restricting to

Prm(K), and the restriction is isomorphic to (Φ+)m−1 ◦ Ψ+(Z(∆−)), where ∆− = ∆ \
{
σνr−1

K

}
.

For definitions of the functors Φ± and Ψ±, we refer to [BZ77, Section 3] and [Vig96b, Section

1.2, Chapter III]. For the definition of Zelevinsky sub-representation Z(∆) and its restriction to

Pn(K), we refer to [Zel80, Section 3].

4.4.2 Base change for Z(∆)

Let F be a finite extension of Qp, and let E/F be a finite Galois extension of prime degree l with

l ̸= p. Let Γ be the cyclic group Gal(E/F ) with generator, say γ. Let σF and σE be the integral

l-adic cuspidal representations of Gm(F ) and Gm(E) respectively such that σE is a base change

lifting of σF . Consider the segments

∆F =
{
σF , σF νF , . . . , σF ν

k−1
F

}
∆E =

{
σE , σEνE , . . . , σEν

k−1
E

}
.

Then we have the irreducible l-adic representations Z(∆F ) and Z(∆E) of Gn(F ) and Gn(E)

respectively, where n = km. If we let σ′
F (resp. σ′

E) to be the representation σF ν
k−1
F (resp.
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σEν
k−1
E ), then we have

ΠF (Z(∆F )) = ΠF (σ
′
F )⊕ΠF (σ

′
F ν

−1
F )⊕ · · · ⊕ΠF (σF )

and

ΠE(Z(∆E)) = ΠE(σ
′
E)⊕ΠE(σ

′
Eν

−1
E )⊕ · · · ⊕ΠF (σE),

where ΠF and ΠE are the l-adic local Langlands correspondences defined as in Subsection 2.6.1.

This shows that

ResWE

(
ΠF (Z(∆F ))

)
≃ ΠE(Z(∆E)).

Thus, the representation Z(∆E) is the base change lift of Z(∆F ).

4.4.3 Integral structure of Z(∆) and mod-l reduction

Let L0 be a Gm(E) invariant lattice in σE , and let Sγ : σE → σγE be an isomorphism with Slγ = id

and Sγ(L0) = L0. Recall that the representation πE := σE×σEνE×· · ·×σEνk−1
E admits a Gn(E)

invariant lattice, say L′, which is induced via L0. Then L = L′ ∩ Z(∆E) is a Gn(E)-invariant

lattice in Z(∆E). Now, the map Sγ induces an isomorphism Tγ : Z(∆E) → Z(∆E)
γ such that

T lγ = id and Tγ stabilizes L. Moreover, choosing a Gm(E) invariant, Sγ-stable lattice in σE is

equivalent to choosing a Gn(E) invariant, Tγ-stable lattice in Z(∆E).

Remark 4.4.1. Since σE is cuspidal, the restriction resPn(E)(σE) is isomorphic to the compact

induction K(ψE) as Ql-representations. So, the restriction of L0 to the subgroup Pm(E) is iso-

morphic to the space of Zl-valued functions in K(ψE). This implies that Ĥ1(L0) = 0. For details,

see [Ron16, Theorem 6]. From this, we now deduce the following result.

Proposition 4.4.2. Let L be a Zl-lattice in Z(∆E) that is stable under the action of Gn(E) and

the isomorphism Tγ . Then we have Ĥ1(L) = 0.

Proof. We prove the above claim using induction on ℓ(∆E). If the length of ∆E is 1, then the

proposition clearly follows from Remark 4.4.1. Recall that

resPn(E)(Z(∆E)) ≃ (Φ+)m−1 ◦Ψ+(Z(∆−
E)).

Here, Z(∆E)
− is identified with the m-th derivative of Z(∆E), which is the composition of the

following maps:

Z(∆E)
rNn−m,m(E)

−−−−−−−−→ Z(∆−
E)⊗ σE

id⊗rNm(E),ΘE−−−−−−−−−→ Z(∆−
E),

where rNn−m,m(E) and id ⊗ rNm(E),ΘE
are the natural quotient maps of corresponding Jacquet

module and twisted Jacquet module. Note that the maps rNn−m,m(E) and rNm(E),ΘE
preserve
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integral structures (see [Dat05, Proposition 1.4(i)] for rNn−m,m(E), and [Vig04, Theorem III.2] for

rNm(E),ΘE
). Thus, we get that L− defined as

L− = Ψ− ◦ (Φ−)m−1(resPn(E)(L))

is a lattice in Z(∆−
E). We have the following isomorphism of Pn(E)⋊ Γ-modules

resPn(E)(L) ≃ (Φ+)m−1 ◦Ψ+(L−).

Applying Proposition 2.8.2 repeatedly (m− 1)-times, we get that

Ĥ1(resPn(E)(L)) ≃ (Φ+)m−1 ◦Ψ+
(
Ĥ1(L−)

)
. (4.17)

When k is 2, we have ∆E =
{
σE , σEνE

}
and in this case, the representation Z(∆−

E) is equal to

σE and L− is a Gm(E) ⋊ Γ-stable lattice in σE . Then, it follows from Remark 4.4.1 and the

isomorphism (4.17) that Ĥ1(resPn(E)(L)) = 0. Suppose the result is true for all Z(∆)’s where the

length of ∆ is strictly less than k. Recall that ℓ(∆−
E) = k − 1. By induction hypothesis, we get

that Ĥ1(L−) = 0. Then, using the isomorphism (4.17), we have Ĥ1(L) = 0.

We now recall the mod-l reduction of the integral representation Z(∆F ). Let us introduce the

following notations :

rl(∆F ) =
{
rl(σF ), rl(σF )νF , . . . , rl(σF )ν

k−1
F

}
and

rl(∆F )
(l) =

{
rl(σF )

(l), (rl(σF )νF )
(l), . . . , (rl(σF )ν

k−1
F )(l)

}
,

where rl(σF ) is the mod-l reduction of σF and rl(σF )
(l) is the Frobenius twist of rl(σF ). Then the

mod-l reduction of Z(∆F ) ( [MS14, Theorem 9.39]) is given by

rl(Z(∆F )) = Z(rl(∆F )).

This shows, in particular, that rl(Z(∆F )) is irreducible. Moreover, the Frobenius twist of the

representation rl(Z(∆F )) equals Z(rl(∆F )
(l)). We end this section with the following theorem.

Theorem 4.4.3. Let E/F be a finite Galois extension with [E : F ] = l, where l and p are

distinct primes such that l does not divide |Gn−1(κF )|. Let σF be an integral, l-adic cuspidal

representation of Gm(F ), and let σE be an integral, l-adic representation of Gm(E) obtained as

a base change lift of σF (Note that σE is also cuspidal). Let ∆F =
{
σF , σF νF , . . . , σF ν

k−1
F

}
and

∆E =
{
σE , σEνE , . . . , σEν

k−1
E

}
be two segments (Here n = km). Then we have

Ĥ0
(
rl(Z(∆E))

)
≃ rl(Z(∆F ))

(l).
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Proof. We use induction on ℓ(∆E). For k = 1, we have Z(∆E) = σE and Z(∆F ) = σF , and

the theorem follows from Corollary 4.3.8. Suppose the result is true for all segments ∆′
F and ∆′

E

with ℓ(∆′
F ) = ℓ(∆′

E) < k. Let τF and τE be the mod-l Zelevinsky representations Z(rl(∆F )) and

Z(rl(∆E)), respectively. We denote by τ−F and τ−E the representations Z(rl(∆
−
F )) and Z(rl(∆

−
E))

respectively. Since resPn(E)(τE) is isomorphic to (Φ+)m−1 ◦ Ψ+(τ−E ), it follows from Proposition

2.8.2 that

Ĥ0(resPn(E)(τE)) ≃ (Φ+)m−1 ◦Ψ+(Ĥ0(τ−E )). (4.18)

By induction hypothesis, we have

Ĥ0(τ−E ) ≃ (τ−F )(l).

Thus, it follows from (4.18) and [Vig96b, Chapter 3, 1.5] that the Tate cohomology group Ĥ0(τE)

is an irreducible as a representation of Pn(F ) and hence of Gn(F ). Let λ = (m,m, . . . ,m) be the

partition of n and let Pλ = MλNλ be the parabolic subgroup of Gn. The isomorphism implies

that Ĥ0(τE)Nλ(F ) is non-zero. Then, using Lemma 4.3.2 and Corollary 4.3.8, we get the following

isomorphism of Mλ(F ) representations

Ĥ0(τE)Nλ(F ) ≃ ((τ−F )(l))Nλ(F ).

This isomorphism and the irreducibility of Ĥ0(τE) together implies that Ĥ0(τE) is isomorphic to

τ
(l)
F , as a representation of Gn(F ) (see [Vig98, Proposition V.9.1]). This completes the proof.

Remark 4.4.4. Additionally, we now give a proof of the fact that Ĥ0(τE) is a sub–representation

of rl(σF )
(l) × · · · × rl(σF )(l)νl(k−1)

F . We again use induction on the length of ∆E and ∆F . For

k = 1, the result follows from Theorem 4.3.8. Assume that the result is true for all Z(∆)’s with

ℓ(∆) < k. By induction hypothesis, we have

Ĥ0(τ−E ) ↪→ rl(σF )
(l) × · · · × (rl(σF )ν

k−2
F )(l). (4.19)

Applying the composition functor (Φ+)m−1 ◦ Ψ+ to (4.19), and then using Proposition 2.8.2, we

get

resPn(F )(Ĥ
0(τE)) ↪→ resPn(F )

(
rl(σF )

(l) × · · · × (rl(σF )ν
k−1
F )(l)

)
Now, the irreducibility of the Tate cohomology group Ĥ0(τE) shows that

Ĥ0(τE) ↪→ rl(σF )
(l) × · · · × (rl(σF )ν

k−1
F )(l). (4.20)

Moreover, the relation (4.20) directly concludes the above theorem under the assumption that l

does not divide |Gn(κF )|.
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4.5 Irreducibility of Tate Cohomology of generic represen-

tations

In this section, we discuss the Tate cohomology of representations of the form L(∆), where L(∆)

is defined in Subsection 2.3.3. We assume that l does not divide the pro-order of Gn(F ). It is

important for the induction step in the proof of the main theorem. We continue with the notations

that σF is an integral l-adic cuspidal representation of Gm(F ) and σE is the base change lifting of

σF to Gm(E), where n = km.

4.5.1 Integral structure of L(∆)

Keep the notations as in Subsection 4.4.2. Recall that the representation L(∆E) is the unique

generic quotient of the parabolically induced representation σE × σEνE × · · · × σEνk−1
E . Now fix

a Gm(E) invariant lattice L0 in σE . Then, we have the Gn(E) invariant lattice L0 × · · · × L0 in

σE × · · · × σEνk−1
E . The image of L0 × · · · × L0 under the surjection

σE × σEνE × · · · × σEνk−1
E −→ L(∆E),

say L, is again a Gn(E) invariant lattice in L(∆E) that is stable under action of Gn(E). As in

Subsection 4.4.3, an isomorphism between σE and σγE induces an isomorphism Tγ : L(∆E) →

L(∆E)
γ with T lγ = id and Tγ(L) = L. Here, the group Γ acts on L via the isomorphism Tγ .

Proposition 4.5.1. Let L be a Zl-lattice in L(∆E) that is stable under the action of Gn(E) and

the operator Tγ . Then we have Ĥ1(L) = 0.

Proof. We proceed by induction on ℓ(∆E), which equals k. When ℓ(∆E) = 1, then L(∆E) = σE ,

and in this case the proposition follows from [Ron16, Theorem 6]. Suppose the result is true for

all representations L(∆), where ℓ(∆) is strictly less than k. Let τ = resPn(E)(L(∆E)). Consider

the filtration of Pn(E)-representations:

(0) ⊆ τn ⊆ · · · ⊆ τ2 ⊆ τ1 = τ ,

where τi/τi+1 = (Φ+)i−1 ◦ Ψ+(τ (i)) and τ (i) is the i-th derivative of τ . According to [Zel80,

Proposition 9.6], we have

τ (j) = 0, if j is not divisible by m, and

τ (rm) = L
({
σEν

r
E , . . . , σEν

k−1
E

})
, for r = 0, 1, . . . , k − 1.
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For 1 ≤ r ≤ k − 1, let ∆′
E and ∆′′

E be the segments {σEνrE , . . . , σEν
k−1
E } and {σE , . . . , σEνr−1

E }

respectively. The rm-th derivative of τ is the composition of the following maps:

τ
rNn−rm,rm(E)

−−−−−−−−−→ L(∆′
E)⊗ L(∆′′

E)
id⊗rNrm(E),ΘE−−−−−−−−−−→ τ (rm),

where rNn−rm,rm(E) and id ⊗ rNrm(E),ΘE
are the quotient maps of corresponding Jacquet module

and twisted Jacquet module. Note that the maps rNn−rm,rm(E) and rNrm(E),ΘE
preserve integral

structures (see [Dat05, Proposition 1.4(i)] and [Vig04, Theorem III.2]). Thus, we get that L(rm),

defined as

L(rm) = Ψ− ◦ (Φ−)rm−1(resPn(E)(L)),

is a Gn−rm(E)⋊ Γ-stable lattice in τ (rm). Let Li ⊂ τi be the Pn(E)⋊ Γ-invariant Zl-lattice

Li = (Φ+)i−1 ◦ (Φ−)i−1(resPn(E)(L)),

for all 1 ≤ i ≤ n. For 1 ≤ r ≤ k − 1, we have the short exact sequence of Pn(E)⋊ Γ-modules

0 −→ L(r+1)m −→ Lrm −→ (Φ+)rm−1 ◦Ψ+(L(rm)) −→ 0 (4.21)

By induction hypothesis, we have Ĥ1(L(rm)) = 0. Then the long exact sequence of Tate cohomology

corresponding to (4.21) gives

· · · −→ Ĥ1(L(r+1)m) −→ Ĥ1(Lrm) −→ 0 −→ Ĥ0(L(r+1)m) −→ · · ·

For s = k−1, we have the representation τn, which equals ind
Gn(E)
Nn(E)(ΘE). Using Proposition 2.8.2,

we have Ĥ1(Ln) = 0. Then, from the above long exact sequence, we get that Ĥ1(L(k−1)m) = 0.

Again, using the above long exact sequence for s = k − 2, we get Ĥ1(L(k−2)m) = 0. Thus, an

inductive process gives

Ĥ1(L) = Ĥ1(Lm) = 0.

This completes the proof.

4.5.2 Tate cohomology of L(∆)

Let πE be an integral l-adic generic representation of Gn(E). Then πE is of the form

L(∆1)× L(∆2)× · · · × L(∆t),

where for each 1 ≤ j ≤ t, the representation L(∆j) is integral. Let Lj be a lattice in L(∆j),

defined as in Subsection 4.5.1. Let Tγ,j be the isomorphism between L(∆j) and L(∆j)
γ such that
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Tγ,j(Lj) = Lj . Now consider the Zl-module L = L1 × · · · × Lt. Then L is a lattice in πE that

is stable under the action of Gn(E). Moreover, we have an isomorphism Tγ : πE → πγE , induced

by
{
Tγ,j

}t
j=1

, such that Tγ(L) = L. Note that the prime l is banal for Gn(E). Since the mod-l

reduction of πE is irreducible, any lattice in πE is homothetic to L.

Corollary 4.5.2. Assume that l does not divide |Gn(κF )|. Let πE be an integral, l-adic generic

representation of Gn(E) as above. Let L be a Zl-lattice in πE that is stable under the action of

Gn(E) and Tγ . Then Ĥ1(L) = 0.

Proof. Using Proposition 2.8.2, we have

Ĥ1(L) = Ĥ1(L1)× · · · × Ĥ1(Lt).

Now, applying Proposition 4.5.1, we get that Ĥ1(Li) = 0 for each i. Hence, the theorem.

Next, we aim to prove the following

Theorem 4.5.3. Let E/F be a finite Galois extension with [E : F ] = l, where l and p are distinct

primes such that l does not divide |Gn(κF )|. Let σF be an integral, l-adic cuspidal representation

of Gm(F ), and let σE be an integral, l-adic cuspidal representation of Gm(E) obtained as a base

change lifting of σF . Let ∆F =
{
σF , σF νF , . . . , σF ν

k−1
F

}
and ∆E =

{
σE , σEνE , . . . , σEν

k−1
E

}
be

two segments (Here n = km). Then

Ĥ0(rl(L(∆E))) ≃ rl(L(∆F ))
(l).

Proof. We prove the theorem using induction on ℓ(∆F ). Since l does not divide |Gn(κF )|, the

mod-l reductions of the irreducible integral representations L(∆F ) and L(∆E) are also irreducible,

and we have

rl(L(∆F )) = L(rl(∆F ))

and

rl(L(∆E)) = L(rl(∆E))

where rl(∆) is defined as in Subsection 4.4.3. Using the same short exact sequence (4.21) for

rl(L(∆E)), the corresponding long exact sequence in Tate cohomology gives a filtration

resPn(F )Ĥ
0(rl(L(∆E))) = η1 ⊇ η2 ⊇ · · · ⊇ ηn,

such that the quotient ηi/ηi+1 ̸= 0 if and only if i is a multiple of m. By induction hypothesis,

we get that ηms/ηm(s+1) is an irreducible representation of Pn(F ). Theorem 4.3.6 says that the

Frobenius twist rl(L(∆F ))
(l) is the generic sub-quotient of Ĥ0(rl(L(∆E))). Since the lengths of
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Pn(F )-representations Ĥ
0(rl(L(∆E))) and rl(L(∆F )) are the same, we get that rl(L(∆F ))

(l) is

isomorphic to Ĥ0(rl(L(∆E))).

Let us continue with the hypothesis as in Theorem 4.5.3. Let π be an integral l-adic generic

smooth representation of Gn(E). Since l does not divide |Gn(κF )|, the mod-l-reduction rl(π) is

irreducible and hence generic. Then, we have the following immediate corollary.

Corollary 4.5.4. Let E/F be a finite Galois extension of degree l, where l and p are distinct

primes and l does not divide |Gn(κF )|. Let πF be an integral, l-adic generic representation of

Gn(F ), and let πE be the base change lifting of πF to Gn(E). Then

Ĥ0(rl(πE)) ≃ rl(πF )(l).

Proof. This follows from Proposition 2.8.2 and Theorem 4.5.3.



Chapter 5

Compatibility of Tate cohomology

with local base change for cuspidal

representations of GL3

5.1 Introduction

The main result of the previous chapter (i.e., Theorem 4.3.6) assumed that l does not divide the

pro-order of GLn−1(F ), for n ≥ 3. The main objective of this chapter is to prove the theorem

without the hypothesis on l. The proof of Theorem 4.3.6 was in the spirit of the proof of local

converse theorem over Fl, and the hypothesis on l is required in the proof of a vanishing result

(Lemma 4.3.5), which in general fails for arbitrary prime l. This vanishing result is essential for

proving the local converse theorem over Fl. The hypothesis on l may be removed using local

γ-factors over Artin local Fl-algebras as defined in the work of Matringe–Moss ( [MM22]). In

this chapter, using the local converse theorem over Artin local Fl-algebras (see Theorem 5.2.4

for the precise statement), we prove Theorem 4.3.6 for the base change liftings of l-adic cuspidal

representations of GL3(F ).

5.2 Rankin–Selberg gamma factors in families

In this part, we recall the Rankin–Selberg theory over arbitrary Noetherian W (Fl) for smooth

representations of GL3(K) × GL1(K), where K is a p-adic field and W (Fl) is the ring of Witt

vectors of Fl (see Subsection 2.4.1 for general GLn(K)). We start by recalling the definition
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of co-Whittaker modules. Then we discuss the notion of nilpotent lifts for l-modular generic

representations of GLn(K). For precise references, we refer to [HM18] and [Mos21]. We also put

up some initial results on local γ-factors over Noetherian W (Fl)-algebras, which are essential in

the proof of the main theorem.

5.2.1 Co-Whittaker modules

We fix a non-trivial additive character ψK : K → W (Fl)×. Let R be an arbitrary Noetherian

W (Fl)-algebra, and let (π, V ) be a smooth R[Gn(K)] module. The space of co-invariants of V

with respect to the character ψK is denoted by V (n) (see Section 2.3).

Definition 5.2.1. A smooth admissible R[Gn(K)] module (π, V ) is called co-Whittaker if

1. V (n) is a free R-module of rank one,

2. for any quotient W of V with W (n) = 0, we have W = 0.

In particular, a co-Whittaker module (π, V ) is also of Whittaker type (see Section 2.3 for the

definition) and hence admits a Whittaker model. It follows from [Hel16b, Proposition 6.2] that

(π, V ) admits a central character, denoted by ωπ : F× → R×.

5.2.2 Nilpotent lifts of Generic representations

Let R be an Artin local Fl-algebra. By definition, R is a finite dimensional local Fl-algebra with

unique non-zero prime ideal, say mR, such that the quotient R/mR is isomorphic to Fl and the

composition Fl ↪→ R→ Fl is the identity map.

Definition 5.2.2. Given an l-modular generic representation π of Gn(K). A nilpotent lift of π

to an Artin local Fl-algebra R is a smooth admissible R[Gn(K)] submodule π̃ ⊆ Ind
Gn(K)
Nn(K)(ΘK,R),

such that

π̃ ⊗R Fl ≃W(π, ψK).

For an Artin local Fl-algebra R, we denote by AnilR (n,K) the set of isomorphism classes of all

nilpotent lifts of objects in AgenFl
(n,K). For n = 1, the objects in AgenFl

(1,K) are the Fl-valued

characters of K×, and the nilpotent lift of one such character χ to an Artin local Fl-algebra R

is given by a free R-module M on which K× acts via a character χ : K× → R× such that the

reduction of χ modulo the maximal ideal mR is equal to χ. An Artin local Fl-algebra R is an

l-adically seperated (i.e.,
⋂
i≥0 l

iR is zero ideal) Noetherian W (Fl)-algebra. So, the theory of co-

Whittaker modules and local γ-factors is also valid over R. It follows from the work of [EH14,

Lemma 6.3.2, Proposition 6.3.4] that a nilpotent lift π̃ ∈ AnilR (n,K) is a co-Whittaker R[Gn(K)]

module.
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5.2.3 Rankin–Selberg functional equation for GL3 ×GL1

In this part, we recall the Rankin–Selberg theory over arbitrary Noetherian W (Fl)-algebra for

GL3 × GL1. We follow the notations of the subsection 2.4.1. Let A and B be two Noetherian

W (Fl)-algebras, and let R = A ⊗W (Fl)
B. Let π be a co-Whittaker A[G3(K)] module, and let χ

be a B-valued character of K×. For W ∈W(π, ψK), the integrals

cKr (W,χ; 0) =

∫
ϖr

Ko×
K

W


g 0 0

0 1 0

0 0 1

⊗ χ(g) dg

and

cKr (W,χ; 1) =

∫
K

∫
ϖr

Ko×
K

W


g 0 0

x 1 0

0 0 1

⊗ χ(g) dg dx
are well defined. For each 0 ≤ j ≤ 1, the following Laurent series

∑
r∈Z

cKr (W,χ; j)Xr

lies in S−1(R[X,X−1]) ( [Mos16, Theorem 3.2]), where S is the multiplicative subset of the ring

R[X,X−1] consisting of all polynomials whose leading and trailing coefficients are units. For any

function W on G3(K), let W̃ be the function on G3(K), defined by W̃ (g) = W (w3(g
−1)t), for

g ∈ G3(K). The following result is due to [Mos16, Theorem 5.3]–which gives the existence of

γ-factors for the pair (π, χ).

Theorem 5.2.3. Let π be a co-Whittaker A[G3(K)] module and let η be a B-valued character of

K×. Then, there exists an unique element γR(X,π, η, ψK) ∈ S−1(R[X,X−1]) such that

∑
r∈Z

cKr
(
w3,1W̃ , η−1; 1

)
qrKX

−r = γR(X,π, η, ψK)
∑
r∈Z

cKr (W, η; 0)Xr (5.1)

and ∑
r∈Z

cKr
(
w3,1W̃ , η−1; 0

)
qrKX

−r = γR(X,π, η, ψK)
∑
r∈Z

cKr (W, η; 1)Xr, (5.2)

for all W ∈W(π, ψK).

We now state the local converse theorem over Artin local Fl-algebras. Over algebraically closed

fields of characteristic zero, the converse theorem was proved by several authors (see [Hen93],

[JPPS79]). In general, the local converse theorem fails over the field Fl. To be more precise, say

π1 and π2 are two l-modular generic representations for Gn(K). Suppose we have the following
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equality of γ-factors:

γ(X,π1, τ, ψK) = γ(X,π2, τ, ψK),

for all τ ∈ AgenFl
(t,K) with 1 ≤ t ≤ n − 1, then it may happen that π1 is not isomorphic to

π2 (see [Mos21, Section 2]). In [Mos21, Theorem 1.2], the author proved that the local converse

theorem over Fl can be recovered if we vary the representations τ over AnilR (t,K), for all Artin

local Fl-algebras R and all 1 ≤ t ≤ [n2 ]. We now state the theorem in our context.

Theorem 5.2.4. Let π1 and π2 be two l-modular generic representations of G3(K). Suppose

γR(X,π1, η, ψK) = γR(X,π2, η, ψK),

for all nilpotent lifts η ∈ AnilR (1,K) and for all Artin local Fl-algebras R. Then π1 is isomorphic

to π2.

We end this section with the following lemma, which is crucial for the arguments of the main

result. It is analogous to Lemma 2.4.5 in Chapter 2, and the proof is exactly similar.

Lemma 5.2.5. Let (π, V ) be an l-modular generic representation of G3(K). Let R be an Artin

local Fl-algebra, and let η be an R-valued character of K×. Then we have

γR(X,π, η, ψK)l = γR(X
l, π(l), ηl, ψ

l

K).

Proof. Let Wπ be a Whittaker functional on (π, V ) and let Wπ(l) be the composite map

V
Wπ−−→ Fl

x7→xl

−−−→ Fl.

Then Wπ(l) is a Whittaker functional on π(l) with respect to the character ψ
l

K , and the Whittaker

model W(π(l), ψ
l

K) consists of the functions W l
v, where Wv varies in W(π, ψK). Using functional

equations (5.1) and (5.2), we have

∑
r∈Z

cKr (W̃v, η
−1; 1− j)lqlrKX−lr = γR(X,π, η, ψK)l

∑
r∈Z

cKr (Wv, η; j)
lX lr (5.3)

and ∑
r∈Z

cKr (W̃ l
v, η

−l; 1− j)qrKX−r = γR(X,π
(l), ηl, ψ

l

K)
∑
r∈Z

cKr (W l
v, η

l; j)Xr, (5.4)

for each j ∈ {0, 1}. Replacing X by X l to (5.4) and comparing the resulting relation with the

identity (5.3), we get

γR(X,π, η, ψK)l = γR(X
l, π(l), ηl, ψ

l

K).

Hence, the lemma.
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5.3 Characterization of mod-l local Langlands correspon-

dence via nilpotent lifts

Recall that the mod-l local Langlands correspondence is a sequence of bijections

{
ΠK,n : AgenFl

(n,K)→ GssFl
(n,K)

}
n≥1

and it is uniquely characterized by its compatibility with l-adic local Langlands correspondence

under reduction mod-l. Moss in his work [Mos21, Theorem 1.4] gave a characterization of the

sequence
{
ΠK,n

}
n≥1

directly, by extending
{
ΠK,n

}
n≥1

to a correspondence on nilpotent lifts.

To state it more precisely, we need to recall the notion of nilpotent lifts for mod-l Weil–Deligne

representations.

5.3.1 Nilpotent lifts of Weil–Deligne representations

Let R be an Artin local Fl-algebra. Let ρ be a smooth n-dimensional semisimple l-modular rep-

resentation of WK . A nilpotent lift of ρ to R is a smooth R[WK ]-module ρ̃ such that ρ̃ is free

R-module of rank n, and there is an isomorphism

ρ̃⊗R Fl ≃ ρ.

The set of all isomorphism classes of nilpotent lifts of objects in GssFl
(n,K) to the Artin local Fl-

algebra R is denoted by GR(n,K). For n = 1, the objects in GssFl
(1,K) are precisely the Fl-valued

characters of WK . Say η is a mod-l character of WK . A nilpotent lift of η to R is a character

η̃ :WK → R× such that the mod-l reduction η̃ ⊗R Fl is equal to η.

5.3.2 Local Langlands correspondence on nilpotent lifts

Let R be an Artin local Fl-algebra. In particular, R is a Noetherian W (Fl)-algebra. The seminal

work of [HM18, Section 7] gives the existence of a sequence of maps

ΠRK,n : GR(n,K) −→ AnilR (n,K).

For n = 1, the map ΠRK,1 is given by the local class field theory, and is a bijection. We now

recall the characterization of the sequence of bijections
{
ΠK,n

}
n≥1

(see Subsection 2.6.2) via the

sequence of maps
{
ΠRK,n

}
n≥1

.

Theorem 5.3.1. For each n ≥ 1, there is a unique bijection

ΠK,n : GssFl
(n,K) −→ AgenFl

(n,K)
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such that, for every Artin local Fl-algebras R and for all ρ ∈ GR,K(n), ρ′ ∈ GR′,K(m) with m < n,

the following equality holds

γ
(
X,ΠRK,n(ρ),Π

R′

K,m(ρ′), ψK
)
= γ(X, ρ⊗ ρ′, ψK) (5.5)

in the ring of Laurent series (R⊗Fl
R′)[[X]][X−1].

5.4 Tate cohomology of cuspidal representations of GL3

Let F be a finite extension of Qp, and let E be a finite Galois extension of F of degree l, where

l and p are distinct primes. In this section, we compute the Tate cohomology group of base

change liftings of integral l-adic cuspidal representations of G3(F ) to G3(E). We first discuss an

important consequence of the base change liftings of integral l-adic cuspidal representations of

Gn(F ) to Gn(E).

Let us assume that l does not divide n. Let πF be an integral l-adic cuspidal representation of

Gn(F ), and let πE be the base change lifting of πF . Note that πE is also cuspidal. From the

definition of base change lifting (see Section 2.7), we have

resWE
(ΠF,n(πF )) ≃ ΠE,n(πE).

Note that the l-adic representations ΠF,n(πF ) and ΠE,n(πE) are both integral. Taking mod-l

reduction to the above identity, we get

resWE

(
rl(ΠF,n(πF ))

)
≃ rl(ΠE,n(πE)). (5.6)

Let
{
τ1F , τ

2
F , . . . , τ

r
F

}
and

{
τ1E , τ

2
E , . . . , τ

s
E

}
be the supercuspidal supports of rl(πF ) and rl(πE)

respectively, where r, s ∈ {1, 2, . . . , n}. Let ρiF (resp. ρjE) be the n-dimensional semisimple l-

modular representation of WF (resp. WE) that corresponds to τ iF (resp. τ jF ) under the mod-l

local Langlands correspondence ΠF,n (resp. ΠE,n). Then, it follows from (5.6) and property–(3)

of Subsection 2.6.2 that

resWE
(ρ1F ⊕ · · · ⊕ ρrF ) ≃ ρ1E ⊕ · · · ⊕ ρsE .

Thus, we get that the restriction resWE

(
ΠF,n(rl(πF ))

)
is isomorphic to ΠE,n(rl(πE)). Now, we

prove our main theorem.

Theorem 5.4.1. Let F be a finite extension of Qp, and let E be a finite Galois extension of F

with [E : F ] = l, where p and l are distinct odd primes. Let πF be an integral l-adic cuspidal

representation of G3(F ), and let πE be the l-adic cuspidal representation of G3(E), obtained as a
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base change lift of πF . Then the Frobenius twist rl(πF )
(l) is isomorphic to Ĥ0(rl(πE)).

Proof. We rely on the local converse theorem over local Artinian Fl-algebras (Theorem 5.2.4) to

prove the theorem. Say R is an Artin local Fl-algebra and let ηF be an element in Anil
R (1, F ).

Then, we show that

γR(X, Ĥ
0(rl(πE)), ηF , ψ

l

F ) = γR(X, rl(πF )
(l), ηF , ψ

l

F ). (5.7)

Since ηF is co-Whittaker R[F×] module, it is enough to prove the above identity for all R-valued

characters of F×. The proof is divided into three parts. In the first part, we show that (5.7) is

equivalent to the following identity of γ-factors:

γR(X, Ĥ
0(rl(πE)), η

l
0, ψ

l

F ) = γR(X, rl(πF )
(l), ηl0, ψ

l

F ),

where η0 is a character of F×, trivial on the l-torsion part of κ×F . In the second part, using lifting

of integrals on homogeneous space over F to that on homogeneous space over E, we obtain the

following identity of γ-factors

γR(X, Ĥ
0(rl(πE)), η

l
0, ψ

l

F ) = γR(X, rl(πE), η0 ◦NrE/F , ψE).

Thus, the assertion (5.7) reduces to prove the following equality:

γR(X, rl(πE), η0 ◦NrE/F , ψE) = γR(X, rl(πF )
(l), ηl0, ψ

l

F ),

In the last part, we prove the above identity using congruence properties of local γ-factors.

Part 1.

Let R be an Artin local Fl-algebra and let ηF be an R-valued character of F×. For W ∈

W(Ĥ0(rl(πE)), ψ
l

F ) and U ∈W(rl(πF )
(l), ψ

l

F ), we have the functional equations

∑
m∈Z

cFm(W̃ , η−1
F ; 1)qmF X

−m = γR(X, Ĥ
0(rl(πE)), ηF , ψ

l

F )
∑
m∈Z

cFm(W, ηF ; 0)X
m (5.8)

and ∑
m∈Z

cFm(Ũ , η−1
F ; 1)qmF X

−m = γR(X, rl(πF )
(l), ηF , ψ

l

F )
∑
m∈Z

cFm(U, ηF ; 0)X
m. (5.9)

Let k×F [l] be the l-torsion part of k×F of order, say la, and let Y be the subgroup of o×F whose

pro-order is coprime to l. Then o×F is the direct product of k×F [l] and Y . Let x0 be a generator of

the cyclic group k×F [l]. Since (ηF (x0) − 1)l
a

= 0, the element ηF (x0) − 1 belongs to the maximal

ideal mR ⊆ R. Let u be the element of mR such that ηF (x0) = 1 + u. Let η0 be an R-valued
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character of F× such that η0 is trivial on the l-torsion part k×F [l] and η
l
0 coincides with ηF on the

subgroup generated by Y and the uniformizer ϖF . Then

cFm(W̃ , η−1
F ; 1) = cFm(W̃ , η−l0 ; 1) +

la∑
i=1

i∑
k=1

(−1)k
(
i

k

)∫
F

∫
ϖm

F x
i
0Y

W̃


g 0 0

x 1 0

0 0 1

⊗ ηl0(g−1)uk dg dx.

(5.10)

and

cFm(Ũ , η−1
F ; 1) = cFm(Ũ , η−l0 ; 1) +

la∑
i=1

i∑
k=1

(−1)k
(
i

k

)∫
F

∫
ϖm

F x
i
0Y

Ũ


g 0 0

x 1 0

0 0 1

⊗ ηl0(g)uk dg dx.
(5.11)

Take φ to be the characteristic function of U1
F . Since the Tate cohomology group Ĥ0(rl(πE))

is isomorphic to rl(πF )
(l), as a representation of P3(F ) (Proposition 3.3.1), there exists W0 ∈

W(Ĥ0(rl(πE)), ψ
l

F ) and U0 ∈W(rl(πF )
(l), ψ

l

F ) such that

W0


g 0 0

0 1 0

0 0 1

 = U0


g 0 0

0 1 0

0 0 1

 = φ(g).

From the functional equations (5.8) and (5.9), we get the following relation

∑
m∈Z

cFm(W̃0, η
−1
F ; 1)qmF X

−m −
∑
m∈Z

cFm(Ũ0, η
−1
F ; 1)qmF X

−m

=
(
γR(X, Ĥ

0(rl(πE)), ηF , ψ
l

F )− γR(X, rl(πF )(l), ηF , ψ
l

F )
) ∑
m∈Z

(∫
ϖm

F o×
F

φ(g)⊗ ηF (g) dg
)
Xm

(5.12)

Again, using functional equations, we have

∑
m∈Z

cFm(W̃0, η
−l
0 ; 1)qmF X

−m −
∑
m∈Z

cFm(Ũ0, η
−l
0 ; 1)qmF X

−m

=
(
γR(X, Ĥ

0(rl(πE)), η
l
0, ψ

l

F )− γR(X, rl(πF )(l), ηl0, ψ
l

F )
) ∑
m∈Z

(∫
ϖm

F o×
F

φ(g)⊗ ηl0(g) dg
)
Xm

(5.13)

Since the restrictions resP3(F )(W0) and resP3(F )(U0) are compactly supported, then for each i ∈
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{1, 2, . . . , la}, we have the following relations:

∑
m∈Z

(∫
F

∫
ϖm

F x
i
0Y

W̃0


g 0 0

x 1 0

0 0 1

⊗ ηl0(g−1) dg dx
)
qmF X

−m

= γR
(
X, Ĥ0(rl(πE)), η

l
0, ψ

l

F

) ∑
m∈Z

(∫
ϖm

F x
i
0Y

φ(g)⊗ ηl0(g) dg
)
Xm

and

∑
m∈Z

(∫
F

∫
ϖm

F x
i
0Y

Ũ0


g 0 0

x 1 0

0 0 1

⊗ ηl0(g−1) dg dx
)
qmF X

−m

= γR(X, rl(πF )
(l), ηl0, ψ

l

F )
∑
m∈Z

(∫
ϖm

F x
i
0Y

φ(g)⊗ ηl0(g) dg
)
Xm.

Using relations (5.10) and (5.11) together with (5.13) and the preceding two equations, it follows

from (5.12) that the assertion (5.7) is equivalent to the following identity:

γR
(
X, Ĥ0(rl(πE)), η

l
0, ψ

l

F

)
= γR(X, rl(πF )

(l), ηl0, ψ
l

F ).

Part 2.

Let W ∈W(Ĥ0(rl(πE)), ψ
l

F ). Using functional equation for the pair (Ĥ0(rl(πE)), η
l
0), we get

∑
m∈Z

cFm(W̃ , η−l0 ; 1)qmF X
−m = γR

(
X, Ĥ0(rl(πE)), η

l
0, ψ

l

F

) ∑
m∈Z

cFm(W, ηl0; 0)X
m, (5.14)

Let V be an element in W(rl(πE), ψE)
Γ such that V is mapped to resP3(F )(W ) under the map

Φ : W(rl(πE), ψE)
Γ resP3(F )−−−−−→ Ind

P3(F )
N3(F )(Θ

l

F ).

Let ηE be the composition η0 ◦ NrE/F , where NrE/F : E× → F× is the norm map. Now, the

functional equation for the pair (rl(πE), ηE) gives

∑
m∈Z

cEm(Ṽ , η−1
E ; 1)qfmF X−fm = γR(X, rl(πE), ηE , ψE)

∑
m∈Z

cEm(V, ηE ; 0)X
fm.

Using Remark 2.8.5, followed by the map Φ, we get

∑
m∈Z

cFm(W̃ , η−l0 ; 1)qlmF X−lm = γR(X, rl(πE), ηE , ψE)
∑
m∈Z

cFm(W, ηl0; 0)X
lm.
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Hence, it follows from (5.14) and the above relation that

γR(X, rl(πE), ηE , ψE) = γR(X
l, Ĥ0(rl(πE)), η

l
0, ψ

l

F ).

Part 3. In this part, we aim to show that

γR
(
X, rl(πE), ηE , ψE

)
= γR

(
X l, rl(πF )

(l), ηl0, ψ
l

F

)
.

For each 1 ≤ i ≤ s and 1 ≤ j ≤ r with r, s ≤ 3, let ρiF and ρjE be the irreducible mod-l

representations of WF and WE respectively, such that the representation rl(πE) (resp. rl(πF ))

is associated with the semisimple representation
⊕s

i=1 ρ
i
F (resp.

⊕r
j=1 ρ

j
E), under mod-l local

Langlands correspondence. Since πE is the base change of πF , Remark 5.6 gives the following

isomorphism:

resWE
(

s⊕
i=1

ρiF ) ≃
r⊕
j=1

ρjE . (5.15)

Now, using the identity (5.5), we get

γR(X, rl(πE), ηE , ψE) = γR
(
X, (

r⊕
j=1

ρjE)⊗ ηE , ψE
)

= γR
(
X, indWF

WE

(
(

r⊕
j=1

ρjE)⊗ ηE
)
, ψF

)
.

In view of the isomorphism (5.15), we have the following relation

γR
(
X, rl(πE), ηE , ψE

)
=

s∏
i=1

γR
(
X, (ρiF ⊗ η0)⊗ indWF

WE
(R), ψF

)
. (5.16)

For each 1 ≤ i ≤ s, we consider the R-linear map

(ρiF ⊗ η0)⊗R indWF

WE
(R)

φ−→ (ρiF ⊗ η0)⊗R indWF

WE
(Fl),

(v ⊗ f) 7−→ (v ⊗ f),

where f is induced by f via the natural quotient map R→ Fl. Then:

1. Take v ∈ ρiF ⊗ η0 and f ∈ indWF

WE
(Fl). Since the composition Fl ↪→ R → Fl is the identity

map, the element f ∈ indWF

WE
(R) and

φ(v ⊗ f) = v ⊗ f.

This implies that φ is surjective.
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2. dimR

(
(ρiF ⊗ η0)⊗R indWF

WE
(R)

)
= dimR

(
(ρiF ⊗ η0)⊗R indWF

WE
(Fl)

)
.

3. φ is compatible with the action of WF .

Thus, (1) − (3) shows that φ is an WF equivariant isomorphism. Now, the Jordan–Holder series

of Fl[Γ] gives the relation

γR
(
X, ρiF ⊗ η0 ⊗ indWF

WE
(Fl), ψF

)
= γR(X, ρ

i
F ⊗ η0, ψF )l.

Using above relation and the identity (5.5), it follows from (5.16) that

γR(X, rl(πE), ηE , ψE) = γR(X, rl(πF ), η0, ψF )
l.

Finally, Lemma 5.2.5 gives

γR
(
X, rl(πE), ηE , ψE

)
= γR(X

l, rl(πF )
(l), ηl0, ψ

l

F ).

This completes the proof.
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Chapter 6

Compatibility of Kazhdan and

Brauer homomorphism

6.1 Introduction

The local Langlands correspondence relates the set of all irreducible smooth complex representa-

tions of the group of rational points of a connected reductive group over a local field–with the

representation theory of its Weil–Deligne group. For a connected split reductive group G defined

over Z, Kazhdan conjectured a link between the local Langlands correspondences for G(F ) and

G(F ′), where F is a p-adic field and F ′ is a non-Archimedean positive characteristic local field,

which are sufficiently close. Kazhdan’s approach ( [Kaz86, Theorem A]) is via isomorphisms be-

tween the respective Hecke algebras with complex coefficients, H(G(F ),K) and H(G(F ′),K ′), for

some specific choice of compact open subgroups K and K ′ of G(F ) and G(F ′) respectively. Kazh-

dan isomorphism and its various properties have been further studied by several others, notably

by R. Ganapathy (see [Gan15], [Gan22] for instance).

The method of close local fields is crucial in obtaining analogous results for reductive groups

over non-Archimedean local fields of positive characteristic, which are known for reductive groups

over p-adic fields. Using the close local fields approach, A.I. Badulescu ( [Bad02]) proved the

Jacquet-Langlands correspondence for GLn(F
′). A similar technique was also used by Badulescu–

Henniart–Lemaire–Sécherre ( [BHLS10]) to classify the smooth unitary dual of GLn(D), where D

is a central division algebra over F ′.

Let L be a non-Archimedean local field with residue characteristic p and assume that K is a

nice compact open subgroup of G(L)–for instance, a congruence subgroup of positive level. When
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G(L) has an automorphism σ of prime order l with l ̸= p such that σ(K) = K, Treumann–

Venkatesh ( [TV16, Section 4]) define an Fl-algebra homomorphism between the Hecke algebras

H(G(L),K) ⊗ Fl and H(Gσ(L),Kσ) ⊗ Fl, which is called the Brauer homomorphism. In this

chapter, we formulate Kazhdan isomorphism over Fl–which was originally constructed over C

(see Section 6.4). Then we prove that the Kazhdan isomorphism is compatible with the Brauer

homomorphism (Theorem 6.5.1) in the local base change setting. In [TV16], the authors defined

the notion of linkage (see Subsection 6.6.1 for the definition), which is the representation theoretic

analogue of Brauer homomorphism. Using Theorem 6.5.1, we prove the compatibility of linkage

under the close local fields F and F ′ (see Theorem 6.6.2).

6.2 Hecke Algebra

In this section, we review the notion of Hecke algebra on any locally profinite group. We refer

to [TV16, Subsection 2.10] for more details.

Let k be an algebraically closed field of positive characteristic l. Let G be a locally profinite

(i.e., locally compact and totally disconnected) group. Let K be a compact open subgroup of G.

We denote by G/K the set of all distinct left cosets of K in G, and it is a discrete set with a

left action of G. For any g ∈ G, we sometimes use the notation [g] to denote the left coset gK.

There is a natural action of G × G, via left translation, on the space of all k-valued functions on

the discrete set G/K ×G/K. We denote by F(G//K) the space of all such k-valued functions on

G/K ×G/K that are invariant under the action of the diagonal subgroup ∆G = {(g, g) : g ∈ G},

and whose support is a union of finitely many G-orbits. There is a multiplicative structure in the

space F(G//K), given by

(f1 ∗ f2)([x], [z]) =
∑

y∈G/K

f1([x], [y])f2([y], [z]),

for all [x], [z] ∈ G/K and f1, f2 ∈ F(G//K). The space F(G//K) with the above multiplicative

structure is a k-algebra, and it is called the Hecke algebra of G associated with K.

We now describe another equivalent formulation of the Hecke algebra relevant to our context. Let

us first consider the equivalence relation ∼ on the set G/K ×G/K, where

([x], [y]) ∼ ([x′], [y′])

if and only if there exists g ∈ G such that [gx] = [gx′] and [gy] = [gy′]. Then, for any elements

[g], [h] ∈ G/K, the map ([g], [h]) 7→ Kg−1hK induces a bijection from the set of equivalence classes

(G/K × G/K)/ ∼ onto the double coset space K \ G/K. Let H(G,K) be the space of all k-
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valued functions which are bi-K-invariant, i.e., f(k1gk2) = f(g), for all k1, k2 ∈ K, g ∈ G and

f ∈ H(G,K). Then, the preceding bijection gives the following map

F(G//K) −→ H(G,K)

ϕ 7−→ ϕ̃, (6.1)

where the function ϕ̃ : G → k is defined as ϕ̃(g) := ϕ([1], [g]), for all g ∈ G. The map (6.1)

is a bijection, and it induces a k-algebra structure on the space H(G,K). In the literature, the

k-algebra H(G,K) is referred as the Hecke algebra of G associated with K.

6.3 Brauer Homomorphism

Let G be a locally profinite group, and let σ be an automorphism of G of order l. Let K be a

compact open subgroup of G with σ(K) = K. Let Gσ (resp. Kσ) be the the fixed subgroup of G

(resp. K) under the action of σ. Moreover, the compact open subgroup K is called σ-plain if

1. The inclusion Gσ/Kσ ↪→ (G/K)σ, sending gKσ to gK, is a bijection.

2. There exists a subgroup K ′ of K of finite index such that K ′ is an inverse limit of finite

subgroups, each of which has order coprime to l.

For any σ-plain compact open subgroup K of G, the discrete set G/K ×G/K is equipped with an

action of the group ⟨σ⟩, defined as

σ.([g], [h]) :=
(
[σ(g)], [σ(h)]

)
,

for all [g], [h] ∈ G/K. This action further factorizes through the quotient space G/K × G/K/ ∼,

and it is given by

σ.([g], [h]) = ([σ(g)], [σ(h)]),

where ([g], [h]) denotes the equivalence class of the element ([g], [h]). The space F(G//K) carries

a natural action of ⟨σ⟩, defined by

(σ.ϕ)([x], [y]) = ϕ
(
[σ−1(x)], [σ−1(y)]

)
,

for all x, y ∈ G and ϕ ∈ F(G//K). In [TV16, Section 4], the authors proved that the Brauer

homomorphism Br is a k-algebra homomorphism from F(G//K)σ to F(Gσ//Kσ), and it is defined
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by the following the restriction map

Br(ϕ) := res(Gσ/Kσ×Gσ/Kσ)(ϕ). (6.2)

6.3.1 Equivalent formulation of Brauer homomorphism

Now, we give an equivalent formulation of the map (6.2) for the k-algebra H(G,K), defined as in

the preceding section. First, let us consider the action of the group ⟨σ⟩ on the double coset space

K \G/K :

σ.(KgK) := Kσ(g)K,

for all g ∈ G. Then, we have a natural induced action of ⟨σ⟩ on the space H(G,K), defined as

(σ.f)(g) := f(σ−1(g)),

for all g ∈ G. Note that the bijection (6.1) preserves the action of the group ⟨σ⟩. Then, we have a

commutative diagram

F(G//K)σ

Br

��

// H(G,K)σ

Br

��
F(Gσ//Kσ) // H(Gσ,Kσ)

The horizontal arrows in the diagram are the bijections induced by (6.1). We observe that the

k-algebra map Br : H(G,K)σ → H(Gσ,Kσ), induced by the above diagram, is the restriction map

to subgroup Gσ, i.e., for all f ∈ H(G,K)σ, we have

Br(f) := resGσ (f).

6.4 Kazhdan isomorphism

In this section, we review Kazhdan isomorphism over complex numbers and establish a mod-l

version of Kazhdan isomorphism. We also set up some initial results. Let F and F ′ be two non-

Archimedean local fields with the same residue characteristic, say p. Let oF be the ring of integers

of F and let pF be its unique maximal ideal. Similar notations follow for F ′. The fields F and F ′

are called m-close if there exists a ring isomorphism Λ : oF /p
m
F → oF ′/pmF ′ . We choose uniformizer

ϖ (resp. ϖ′) of the field F (resp. F ′) such that the class of ϖ corresponds to the class of ϖ′ via

the map Λ.
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Let G be a connected split reductive group defined over Z. We fix a Borel subgroup B of G,

defined over Z. Let B = TU be a Levi decomposition over Z with split maximal torus T and

unipotent radical U. We denote by X∗(T) and X∗(T) the character lattice and the cocharacter

lattice of T respectively. There is a natural Z-bilinear pairing

X∗(T)×X∗(T) −→ Z

(α, λ) 7−→ ⟨α, λ⟩,

where (λ ◦ α)(x) = x⟨α,λ⟩, for all x ∈ Gm. Let Φ ⊆ X∗(T) be the set of roots of T in G, and let

Φ+ be the set of positive roots of T in B. For any Z-algebra R, we denote by GR the group of

R-points G(R). Consider the subgroup

KF := Ker
(
G(oF ) −→ G(oF /p

m
F )

)
.

Then KF is a compact open subgroup of GF . We fix a Haar measure µF on the group GF such

that µF (KF ) = 1. For each g ∈ GF , let tg be the characteristic function on the double coset

KF gKF . Then, the Hecke algebra H(GF ,KF ) is generated as a k-vector space by {tg : g ∈ GF }.

We denote by HZ(GF ,KF ) the space generated by {tg : g ∈ GF } over Z. Set

X∗(T)− =
{
λ ∈ X∗(T) : ⟨α, λ⟩ ≤ 0,∀α ∈ Φ+

}
.

We have the Cartan decomposition

GF =
∐

µ∈X∗(T)−

G(oF )ϖµG(oF ), (6.3)

where ϖµ = µ(ϖ). For each µ ∈ X∗(T)−, the double coset GF (µ) := G(oF )ϖµG(oF ) is a

homogeneous space under the action of the group G(oF )×G(oF ), defined as

(x, y).g := xgy−1,

for all x, y ∈ G(oF ) and g ∈ GF (µ). Then, the finite group Hm := G(oF /p
m
F ) ×G(oF /p

m
F ) acts

transitively on the set of double cosets
{
KFxKF : x ∈ GF (µ)

}
. Let Γµ(F ) be the stabilizer of

KFϖµKF in Hm. Let Tµ(F ) ⊆ G(oF ) ×G(oF ) be the set of representatives of the coset space

Hm/Γµ(F ) under the composition

G(oF )×G(oF )
mod−pm

F−−−−−−→ Hm −→ Hm/Γµ(F ).
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Then the decomposition (6.3) can be re-written as

GF =
∐

µ∈X∗(T)−

∐
(bi,bj)∈Tµ(F )

KF biϖµb
−1
j KF . (6.4)

For each µ ∈ X∗(T)−, the map Λ induces a bijection Tµ(F )→ Tµ(F
′). Under this bijection, there

is an isomorphism ( [Kaz86, Section 1]) of Z-modules:

HZ(GF ,KF ) −→ HZ(GF ′ ,KF ′)

taiϖλa
−1
j
7−→ ta′iϖ′

λa
′−1
j
,

and this induces a C-vector space isomorphism

KazFm,C : HC(GF ,KF ) −→ HC(GF ′ ,KF ′),

where λ ∈ X∗(T)−, (ai, aj) ∈ Tλ(F ) and (a′i, a
′
j) is the corresponding element in Tλ(F

′). For F

and F ′, sufficiently close fields, the following result is due to Kazhdan ( [Kaz86, Theorem A]).

Proposition 6.4.1. Given a positive integer m. There exists an integer r ≥ m such that, if F

and F ′ are r-close, the vector space isomorphism KazFm,C is a C-algebra isomorphism.

In order to establish that the vector space isomorphism KazFm,C is compatible with algebra struc-

tures, the fields need to be a few levels closer. Kazhdan conjectured that one could take r = m

in Proposition 6.4.1– which was proved by R. Ganapathy ( [Gan15, Conjecture 3.15]), using the

finite presentation of the Iwahori Hecke algebras of level m.

6.4.1 Kazhdan isomorphism over positive characteristic

In this section, we formulate a mod-l version of Proposition 6.4.1. Recall that H(GF ,KF ) denotes

the Hecke algebra, consisting of all k-valued smooth, compactly supported and bi-KF -invariant

functions on GF . Suppose F and F ′ are m-close. We denote by Xm(F ) the set of all KF double

cosets in GF . Similar notations are followed for F ′. The bijection ϕ : Xm(F )→ Xm(F ′) gives the

Z-module isomorphism (see [Kaz86, Section 1]) of integral Hecke algebras

HZ(GF ,KF ) −→ HZ(GF ′ ,KF ′)

tx 7−→ tϕ(x),

which induces an isomorphism of k-vector spaces

KazFm : H(GF ,KF ) −→ H(GF ′ ,KF ′).
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Kazhdan’s approach in proving the Hecke algebra isomorphism over C, relies on the fact that

HC(GF ,KF ) is finitely presented–which follows from the work of [Ber84]. So, in order to establish

that KazFm is an algebra map, we need the finiteness of Hecke algebras over k–which is made

available due to seminal work of Dat–Helm–Kurinczuk–Moss ( [DHMK24]).

Lemma 6.4.2. For any compact open subgroup K of GF , the Hecke algebra H(GF ,K) is finitely

presented.

Proof. Note that an algebra A is finitely presented if A is finitely generated and Noetherian. Then

the above lemma follows from [DHMK24, Theorem 1.1 and Corollary 1.4].

Remark 6.4.3. We now recall some results from [Kaz86]. Let C be a finite subset of X∗(T)− and

we set

GC =
⋃
µ∈C

GF (µ).

By [Kaz86, Lemma 1.3], there exists a positive integer nC ≥ m, such that for all g ∈ GC , we have

gKnC
(F )g−1 ⊆ KF ,

where KnC
(F ) is the nC-th usual congruence subgroup of GF . Moreover, if F and F ′ are nC-close,

then

KazFm(f1 ∗ f2) = KazFm(f1) ∗KazFm(f2), (6.5)

for all f1, f2 ∈ H(GF ,KF ) supported on GC . The next lemma, which was essential for [Kaz86,

Theorem A], is valid over k as well.

Lemma 6.4.4. For all λ, µ ∈ X∗(T)−, we have

tλ(ϖ) ∗ tµ(ϖ) = t(λ+µ)(ϖ)

Moreover, if C is a finite subset of X∗(T)−, then for all x1, x2 ∈ GC , we have

tx1λ(ϖ)x2
= tx1

∗ tλ(ϖ) ∗ tx2
.

Proof. This follows from [All72, Theorem 2] by extension of scalars.

From these, we obtain Kazhdan isomorphism of mod-l Hecke algebras. The proof follows the

same line of arguments of [Kaz86, Theorem A].

Theorem 6.4.5. Given an integer m ≥ 1. There exists a positive integer r ≥ m such that if F

and F ′ are r-close, the map KazFm is an isomorphism of k-algebras.
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Proof. We will show that KazFm preserves the ring structures. Fix a finite subset C ⊆ X∗(T)−

containing 0, such that C generates X∗(T)− as a semigroup. Consider the finite set

X0 =
⋃
λ∈C

Xλ,

where Xλ =
{
KF gKF | g ∈ G(oF )λ(ϖ)G(oF )

}
. It follows from Lemma 6.4.4 that the algebra

H(GF ,KF ) is generated by the set
{
tg : g ∈ X0

}
, where tg denotes the characteristic function

on the double coset KF gKF . Assume that X0 = {x1, . . . , xs}. Let k⟨X1, . . . , Xs⟩ denote the

non-commutative polynomial algebra (free algebra) with generators X1, · · · , Xs. Since the Hecke

algebra H(GF ,KF ) is finitely presented, there exists a surjective k-algebra homomorphism

φ : k⟨X1 . . . , Xs⟩ → H(GF ,KF )

Xi 7−→ txi

such that Ker(φ) is a two-sided ideal generated by non-commutative polynomials f1, f2, . . . , fd ∈

k⟨X1, . . . , Xs⟩. Let

M = max
{
ai : 1 ≤ i ≤ d

}
,

where ai is the degree of the polynomial fi. Then there exists a finite set B ⊆ Φ+ such that

XB =
⋃
λ∈B

Xλ

contains a compact set of the form
{
g1g2 . . . gM : gi ∈ X0

}
. By Remark 6.4.3, there is an integer

r = rB ≥ m, such that if F and F ′ are r-close, we have

KazFm(f1 ∗ f2) = KazFm(f1) ∗KazFm(f2),

for all functions f1, f2 supported on GB . Now, for each 1 ≤ i ≤ d, the above identity gives

fi
(
KazFm(tx1

), . . . ,KazFm(txs
)
)
= 0

or, equivalently

fi
(
tϕ(x1), . . . , tϕ(xs)

)
= 0.

Consider the homomorphism φ′ : k⟨X1, . . . , Xs⟩ −→ H(GF ′ ,KF ′), sending Xj to the function

tϕ(xj). Note that φ′ factors through Ker(φ), and hence, we get a unique algebra morphism

φ̃′ : H(GF ,KF ) −→ H(GF ′ ,KF ′)
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such that φ̃′(txj
) = tϕ(xj), for each j. Since the finite set C generates X∗(T)− as a semigroup,

using the identities in Lemma 6.4.4, we get that

φ̃′(tx) = tϕ(x) = KazFm(tx),

for all x ∈ Xm(F ). This shows that φ̃′ = KazFm, which is an algebra morphism. Hence, the

theorem.

6.4.2 Galois extension of close local fields

Let F and F ′ be two non-Archimedean m-close local fields of residue characteristic p. In the

seminal work [Del84, Section 3.5], Deligne proved that there is an isomorphism

Gal(F/F )/ImF
Delm−−−→ Gal(F ′/F ′)/ImF ′ ,

where F (resp. F ′) denotes the seperable closure of F (resp. F ′), and ImF (resp. ImF ′) denotes

the m-th higher ramification subgroup of the inertia group IF (resp. IF ′). Let E be a finite

Galois extension of F of prime degree l with l ̸= p. Following the description of the map Delm

(see [Del84, Section 1.3] and [Gan15, Section 2.1]), we have a finite Galois extension E′ of F ′ of

the same degree l. Moreover, the extension E′/F ′ can be so constructed that the fields E and E′

are also sufficiently close.

Lemma 6.4.6. Let F and F ′ be two m-close non-Archimedean local fields. Let E be a finite Galois

extension of F of prime degree l. Then, there exists a finite Galois extension E′ of F ′ of degree

l such that E′ is m-close to E if E/F is unramified and E′ is lm-close to E if E/F is totally

ramified.

Proof. The lemma follows from [Del84]. For completeness, we give a sketch of the proof. The

argument is divided into two parts. In the first part, we consider the case where E is unramified

over F . The second part deals with totally ramified case. Note that the extension E/F is tamely

ramified as l ̸= p. Let Am and A′
m denote the quotient rings oF /p

m
F and oF ′/pmF ′ , respectively.

Recall that the isomorphism Λ : Am
∼−→ A′

m takes the class of ϖ to the class of ϖ′.

Part 1 : Unramified case

Suppose E/F is unramified. In this case, E is of the form F [T ]/(f), where f is an irreducible

monic polynomial with coefficients in oF such that its mod-pF reduction, say f , is irreducible.

Moreover, the quotient ring oE/p
m
E is isomorphic to Am[T ]/(f). Let f

′
be the image of f under

the ring isomorphism Λ. Then we have the ring isomorphism oE/p
m
E

∼−→ A′
m[T ]/(f

′
). Let f ′ be

an irreducible polynomial in oF ′ [T ] with its mod-pmF reduction f
′
. Let E′ be the field extension
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F ′[T ]/(f ′). Then E′ is unramified over F ′ and there is a ring isomorphism

oE′/pmE′ ≃ A′
m[T ]/(f

′
).

Thus, we have a ring isomorphism oE/p
m
E

∼−→ oE′/pmE′ . Hence, E and E′ are m-close.

Part 2 : Totally ramified case

Suppose E/F is totally ramified. Since l ̸= p, the field E is of the form F [T ]/(T l − ϖ) and the

ring of integers oE is given by oF [T ]/(T
l −ϖ). Recall that the class of ϖ corresponds to that of

ϖ′ under the isomorphism Λ. Consider the field extension

E′ := F [T ]/(T l −ϖ′).

Then E′ is also totally ramified over F ′ with the ring of integers oE′ = oF ′ [T ]/(T l −ϖ′). Let ϖ

be the image of ϖ under mod-pmF . Then, the natural surjection

oF [T ]/(T
l −ϖ) −→ Am[T ]/(T l −ϖ)

factorizes through the quotient pmF [T ]/(T l −ϖ), and it gives the ring isomorphism

oE/p
lm
E

∼−→ Am[T ]/(T l −ϖ)

Similarly, there exists a ring isomorphism oE′/plmE′
∼−→ A′

m[T ]/(T l − ϖ′), where ϖ′ is the image

of the uniformizer ϖ′ under the mod-pmF ′ reduction map. On the other hand, Λ induces the ring

isomorphism

Am[T ]/(T l −ϖ)
∼−→ A′

m[T ]/(T l −ϖ′).

This shows that the ring oE/p
lm
E is isomorphic to oE′/plmE′ , and hence the fields E and E′ are

lm-close.

Remark 6.4.7. Let F , F ′, E and E′ be as in Lemma 6.4.6. For simplicity, we write E and E′ are

em-close, where we define e = 1 if E/F is unramified and e = l if E/F is totally ramified. We fix

a ring isomorphism Π : oE/p
em
E

∼−→ oE′/pemE′ as in the above lemma– induced by Λ, which makes

commutative the following diagram:

oF /p
m
F

��

Λ // oF ′/pmF ′

��
oE/p

em
E Π

// oE′/pemE′
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Here the vertical arrows are the natural inclusion maps. We choose uniformizer π (resp. π′) of the

field E (resp. E′) such that the class of π is mapped to the class of π′ under the isomorphism Π.

For any a ∈ oF /p
m
F (or oE/p

em
E ), we write a′ for the image Λ(a) (or Π(a)), whenever no confusion

arises.

Remark 6.4.8. Let Γ and Γ′ denote the cyclic groups Gal(E/F ) and Gal(E′/F ′) respectively. We

choose a generator σ (resp. σ′) of Γ (resp. Γ′) such that the following diagram

oE/p
em
E

Π

��

σ // oE/pemE

Π

��
oE′/pemE′

σ′
// oE′/pemE′

commutes. We now describe σ and σ′ in the totally ramified case. One can similarly describe σ

and σ′ in the unramified case. So, assume that E/F is totally ramified. From Lemma 6.4.6, we

get that E′/F ′ is totally ramified and E′ is lm-close to E. Then

E =
F [T ]

(T l −ϖ)
and E′ =

F ′[T ]

(T l −ϖ′)
.

We have the isomorphism (see Part 2 of Lemma 6.4.6)

Π :
Am[T ]

(T l −ϖ)
−→ A′

m[T ]

(T l −ϖ′)
,

induced by the ring isomorphism Λ : Am → A′
m and it is given by

Π
( l−1∑
i=0

xiT
i + (T l −ϖ)

)
=

l−1∑
i=0

Λ(xi)T
i + (T l −ϖ′),

where xi ∈ Am, for each i. Let σ and σ′ to be the automorphisms of E and E′ respectively, that

sends the class of T to the class of T 2, i.e.,

σ(T + (T l −ϖ)) = T 2 + (T l −ϖ),

σ′(T + (T l −ϖ′)) = T 2 + (T l −ϖ′),

Then σ (resp. σ′) is a generator of Γ (resp. Γ′). Moreover, the automorphism σ induces a ring

isomorphism oE/p
em
E

∼−→ oE/p
em
E , and the induced map is again denoted by σ. Similarly for σ′.

Then we have the identity

Π ◦ σ = σ′ ◦Π.
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6.4.3 Compatibility of Kazhdan isomorphism with Galois action

We follow the notations of the preceding subsection. Fix two generators σ and σ′ of the cyclic

groups Gal(E/F ) and Gal(E′/F ′) respectively, as discussed in Remark 6.4.8. Then we have the

commutative diagram

oE/p
em
E

Π

��

σ // oE/pemE

Π

��
oE′/pemE′

σ′
// oE′/pemE′

where e = 1 if E/F is unramified and e = l if E/F is totally ramified. Here the horizontal maps

are the ring isomorphisms induced by σ : E → E and σ′ : E′ → E′. To be more precise, for any

a ∈ oE , we have the relation

σ(a)
′
= σ(a)′ = σ′(a′) = σ′(a′), (6.6)

where a′ ∈ oE′ is the preimage of a′ under the reduction mod-pemE′ . Note that σ can be regarded

as an automorphism of GE via its natural action on GE . Consider the compact open subgroup

KE = Ker
(
G(oE)→ G(oE/p

em
E )

)
.

Since KE is a pro-p subgroup of GE , the arguments of [Fen24, Lemma 6.6] shows that KE is

σ-plain. There is an induced action of ⟨σ⟩ on the Hecke algebra H(GE ,KE), given by

(σ.f)(x) = f(σ−1(x)),

for all x ∈ GE and f ∈ H(GE ,KE). Similarly, there is an action of Gal(E′/F ′) on the Hecke

algebra H(GE′ ,KE′). We now prove that the Kazhdan isomorphism is compatible with these

Galois actions.

Proposition 6.4.9. For all f ∈ H(GE ,KE), we have

KazEem(σ.f) = σ′.KazEem(f).

Proof. In view of the Cartan decomposition (6.4), it is enough to show that

KazEem(σ.taiπµa
−1
j
) = σ′.KazEem(taiπµa

−1
j
),

for all (ai, aj) ∈ Tµ(E) and for all µ ∈ X∗(T)−. By definition, we have

σ.taiπµa
−1
j

= tσ(ai)σ(πµ)σ(a
−1
j ).
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Using Cartan decomposition (6.4), we get an element (ci, cj) ∈ Tµ(E) such that the double coset

KEσ(ai)σ(πµ)σ(a
−1
j )KE is of the form KEciπµc

−1
j KE , and we have the following relations

KazEem(σ.taiπµa
−1
j
) = KazEem

(
tσ(ai)σ(πµ)σ(aj)−1

)
= KazEem

(
tciπµc

−1
j

)
= tc′iπ′

µc
′−1
j
. (6.7)

Consider the Galois conjugate σ(π) = πt = πσ(s), where t, s ∈ o×E . Using the identity σ(µ(x)) =

µ(σ(x)), for x ∈ E×, we observe that

KEciπµc
−1
j KE = KEσ(ai)σ(πµ)σ(a

−1
j )KE

= KEσ(ai)πµσ(sµa
−1
j )KE

= KEσ(ai)πµσ(d
−1
j )KE ,

where sµ = µ(s) and dj = ajs
−1
µ ∈ G(oE). Then

(
c̄i

−1σ(ai), σ(d
−1
j )c̄j

)
∈ Γµ(E), and from the

bijection Γµ(E)→ Γµ(E
′), we get

(
c̄i

′−1σ(ai)
′
, σ(d−1

j )
′
c̄j

′) ∈ Γµ(E
′).

Recall that the image of dj under the reduction map G(oE) → G(oE/p
em
E ) is denoted by dj , and

dj
′
is the image of dj under the isomorphism G(oE/p

em
E )

∼−→ G(oE′/pemE′ ). Let d′j ∈ G(oE′) be a

preimage of dj
′
under reduction mod-pemE′ . Then, the commutative diagram

Gm(oE/p
em
E )

Π

��

µ // T(oE/p
em
E )

Π

��
Gm(oE′/pemE′ ) µ

// T(oE′/pemE′ )

gives the relation

d′j = a′jsµ
′−1 = a′j(s

′
µ)

−1,

where s′ ∈ oE′ is a preimage of s′ under reduction mod-pemE′ . Now, the relation σ(π) = πσ(s)

together with the identity (6.6) implies that

σ′(π′) = σ′(π′) = π′σ′(s′).

For any µ ∈ X∗(T)−, the above equality gives

(σ′(π′))µ = (π′σ′(s′))µ.
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This implies that (σ′(π′))−1
µ (π′σ′(s′))µ ∈ KE′ . Using the normality of KE′ in G(oE′) and the

relation σ(µ(x)) = µ(σ(x)), for x ∈ E×, we get

KE′c′iπ
′
µc

′−1
j KE′ = KE′σ′(a′i)π

′
µσ

′(d′−1
j )KE′

= KE′σ′(a′i)σ
′(π′

µ)σ
′(a′−1

j )KE′ .

This implies that

tc′iπ′
µc

′−1
j

= tσ′(a′i)σ
′(π′

µ)σ
′(a′−1

j ) = σ′.ta′iπ′
µa

′−1
j
.

Thus, it follows from the above relation and the identity (6.7) that

KazEem(σ.taiπµa
−1
j
) = σ′.KazEem(taiπµa

−1
j
).

This completes the proof.

6.5 Compatibility of Brauer homomorphism and Kazhdan

isomorphism

In this section, we prove Theorem 1.4.6. We follow the same notations of the preceding sections.

Fix a positive integer m. Let F and F ′ be two m-close non-Archimedean local fields with the

same residue characteristic p. Let E be a finite Galois extension of F of prime degree l with

l ̸= p. According to Lemma 6.4.6, there exists a finite Galois extension E′/F ′ of degree l and E′

is em-close to E, where e = 1 if E/F is unramified and e = l if E/F is totally ramified.

Let G be a connected split reductive group defined over Z. It follows from [KP23, Proposition

12.9.4] that the fixed point subgroups Kσ
E and Kσ′

E′ are the m-th congruence subgroups of G(oF )

and G(oF ′) respectively, i.e, Kσ
E = KF and Kσ′

E′ = KF ′ , where

KF = Ker
(
G(oF )→ G(oF /p

m
F )

)
,

KF ′ = Ker
(
G(oF ′)→ G(oF ′/pmF ′)

)
.

Proposition 6.4.9 gives an isomorphism between H(GE ,KE)
σ and H(GE′ ,KE′)σ

′
, induced by

KazEem. On the other hand, we have the Brauer homomorphism Br (resp. Br
′
) from the space

H(GE ,KE)
σ (resp. H(GE′ ,KE′)σ

′
) to the Hecke algebra H(GF ,KF ) (resp. H(GF ′ ,KF ′)). With

these setup, we now prove

Theorem 6.5.1. Let F, F ′, E and E′ be as above. Then, for any split connected reductive group
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G defined over Z, we have

KazFm ◦ Br = Br
′ ◦KazEem,

where e = 1 if E/F is unramified and e = l if E/F is totally ramified.

Proof. The proof is divided into two parts. In the first part, we consider the case where the

extension E/F is unramified. The second part deals with the case where E/F is totally ramified.

To begin with, let us recall that an arbitrary h ∈ H(GE ,KE)
σ can be written as

h =
∑

µ∈X∗(T)−

∑
(ai,aj)∈Tµ(E)

αµ(ai, aj)taiπµa
−1
j
,

where each αµ(ai, aj) ∈ k. Then

(KazFm ◦ Br)(h) =
∑

(ai,aj)∈Tµ(E)

αµ(ai, aj)(KazFm ◦ Br)(taiπµa
−1
j
) (6.8)

and

(Br
′ ◦KazEem)(h) =

∑
µ∈X∗(T)−

∑
(ai,aj)∈Tµ(E′)

αµ(ai, aj)Br
′
(ta′iπ′

µa
′−1
j

). (6.9)

For each µ ∈ X∗(T)− and (ai, aj) ∈ Tµ(E), we have Br(taiπµa
−1
j
) = 1GF∩KEaiπµa

−1
j KE

. Then

Cartan decomposition (6.4) gives

KEaiπµa
−1
j KE ∩GF =

∐
λ∈X∗(T)−

∐
(bi,bj)∈Tλ(F )

KEaiπµa
−1
j KE ∩KF biϖλb

−1
j KF . (6.10)

Similarly, we have

KE′a′iπ
′
µa

′−1
j KE′ ∩GF ′ =

∐
ν∈X∗(T)−

∐
(d′i,d

′
j)∈Tν(F ′)

KE′a′iπ
′
µa

′−1
j KE′ ∩KF ′d′iϖ

′
νd

′−1
j KF ′ . (6.11)

Part 1 : Unramified case

Suppose E is unramified over F . Then, the field E′ is also unramified over F ′ and it is m-close

to E (Lemma 6.4.6). In this case, π = ϖ and π′ = ϖ′. For any λ ∈ X∗(T)− and (bi, bj) ∈

Tλ(F ), it follows from (6.10) and (6.11) that biϖλb
−1
j ∈ KEaiϖµa

−1
j KE if and only if ϖλ ∈

KEb
−1
i aiϖµa

−1
j bjKE , and this will happen only if λ = µ. Then

ϖµ ∈ KEb
−1
i aiϖµa

−1
j bjKE

if and only if

(b−1
i ai, b

−1
j aj) ∈ Γµ(E).



100 Compatibility of Kazhdan and Brauer homomorphism

Using the bijection Γµ(E)→ Γµ(E
′) (a 7→ a′), we have

(bi
−1
ai, bj

−1
aj) ∈ Γµ(E)

if and only if

(bi
′−1

ai
′, bj

′−1
aj

′) = (b′i
−1
a′i, b

′
j

−1
a′j) ∈ Γµ(E

′),

where (b′i, b
′
j) ∈ Tµ(F ′). Therefore, we have

biϖµb
−1
j ∈ KEaiϖµa

−1
j KE ⇐⇒ b′iϖ

′
µb

′−1
j ∈ KE′a′iϖ

′
µa

′−1
j KE′ (6.12)

In view of (6.12), it follows from (6.8) and (6.9) that

(KazFm ◦ Br)(h) = (Br
′ ◦KazEm)(h).

Part 2 : Totally ramified case

Here, we assume that the extension E/F is totally ramified. Then Lemma 6.4.6 says that the

extension E′/F ′ is also totally ramified and E′ is lm-close to E, where l = [E : F ] = [E′ : F ′].

Note that

KE = Ker
(
G(oE)

mod−plm
E−−−−−−→ G(oE/p

lm
E )

)
and

KF = Ker
(
G(oF )

mod−pm
F−−−−−−→ G(oF /p

m
F )

)
.

Let ξ ∈ X∗(T)− and (ci, cj) ∈ Tξ(F ). From the decompositions (6.10) and (6.11), we get that

ciϖξc
−1
j ∈ KEaiπµa

−1
j KE if and only if ϖξ ∈ KEc

−1
i aiπµa

−1
j cjKE , and it is possible only if

lξ = µ. Therefore, it follows that

πlξ ∈ KEc
−1
i aiπlξa

−1
j cjKE

if and only if

(ci
−1ai, aj

−1cj) ∈ Γlξ(E).

Under the bijection Γlξ(E)→ Γlξ(E
′), we have

(ci
−1ai, aj

−1cj) ∈ Γlξ(E
′)

if and only if

(ci
′−1ai

′, cj
′−1aj

′) = (c′i
−1
a′i, c

′
j

−1
a′j) ∈ Γlξ(E

′),
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where (c′i, c
′
j) ∈ Tlξ(F ′). Thus, we have

ciϖξc
−1
j ∈ KEaiπµa

−1
j KE ⇐⇒ c′iϖ

′
ξc

′−1
j ∈ KE′a′iπ

′
µa

′−1
j KE′ . (6.13)

From the relations (6.8), (6.9) and (6.13), we get

(KazFm ◦ Br)(h) = (Br
′ ◦KazElm)(h).

This completes the proof.

6.6 Linkage over close local fields

This section gives an application of Theorem 6.5.1 in the context of representation theory. In

the article [TV16], Treumann–Venkatesh defined the notion of linkage, which is conjectured to be

compatible with the Langlands functorial transfer. Using Theorem 6.5.1, we show that linkage is

compatible under close local fields. To prove this, we first formulate the compatibility of linkage

with Brauer homomorphism, as described in [TV16, Section 6.2]. To begin with, we recall the

notion of linkage and Tate cohomology. For reference, see [TV16, Section 3 and 6].

6.6.1 Linkage

Let F be a non-Archimedean local field and G be the F -points of a connected reductive group

defined over F . Recall that a representation (ρ, V ) of G is said to be smooth if, for each vector

v ∈ V , the G-stabilizer of v is a compact open subgroup of G. Moreover, the representation ρ

is called admissible if for each compact open subgroup K of G, the space of K-fixed vectors V K

(sometimes denoted by ρK) is finite-dimensional over k. In [Vig96b, Chpater II, Section 2.8],

Vignéras proved that any smooth irreducible k-representation of G is admissible. In this section,

the underlying vector spaces of all representations are defined over k.

Let σ be an automorphism of G of prime order l. An irreducible representation (Ξ,W ) of G is

called σ-fixed if Ξ is isomorphic to Ξ ◦ σ. Using irreducibility and admissibility of Ξ, we get an

unique action of ⟨σ⟩ on W–which is compatible with the ⟨σ⟩-action on G ( [TV16, Proposition

6.1]), and we have the Tate cohomology spaces Ĥi(W ), i ∈ {0, 1}, defined as k-representations

of Gσ. We denote it by Ĥi(Ξ). In [TV16, Section 6.3], the authors conjectured that each Tate

cohomology group Ĥi(Ξ) has finite length as a representation of Gσ. A proof of this conjecture

is given for the group GLn(F ), where σ is an automorphism of a finite Galois extension E/F of

degree l (see Proposition 4.2.2). So, it is reasonable to expect the validity of the conjecture for

arbitrary reductive groups defined over F .
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Definition 6.6.1. An irreducible representation ρ of Gσ is said to be linked with the σ-fixed

representation Ξ if the Frobenius twist ρ(l) := ρ ⊗k,Frobl
k occurs as a sub-quotient of the Tate

cohomology group Ĥ0(Ξ) or Ĥ1(Ξ).

In the next section, we give a formulation of the compatibility of Brauer homomorphism with

linkage–which enables us to study linkage from the module theoretic point of view via Brauer

homomorphism. Then, using Theorem 6.5.1, we show that the formulation is compatible with the

Kazhdan isomorphism.

6.6.2 Compatibility of Brauer homomorphism with linkage

Let Ξ be an irreducible σ-fixed representation of G, and let T : Ξ → Ξ ◦ σ be an isomorphism

such that T l = id. For any σ-plain compact open subgroup K of G, the inclusion map ΞK ↪→ Ξ

is σ-invariant and it induces a map Ĥi(ΞK) → Ĥi(Ξ), taking values in the H(Gσ,Kσ)-module

Ĥi(Ξ)K
σ

. In [TV16, Section 6.2], the authors proved that for all h ∈ H(G,K)σ, the Brauer

homomorphism Br(h) induces the following commutative diagram

Ĥi(ΞK)

Ĥi(h)

��

// Ĥi(Ξ)K
σ

Br(h)

��
Ĥi(ΞK) // Ĥi(Ξ)K

σ

and it is compatible with linkage in the following sense: An irreducible representation ρ of Gσ is

linked with Ξ if and only if there exists a composition factor N of the H(G,K)σ-module Ĥi(ΞK)

such that

H(Gσ,Kσ)⊗H(G,K)σ N ≃ (ρ(l))K
σ

. (6.14)

6.6.3 Compatibility of Kazhdan isomorphism with linkage

Let F and F ′ be two m-close non-Archimedean local fields with the same residue characteristic

p. Let E be a finite Galois extension of F with [E : F ] = l, where l and p are distinct primes.

By Lemma 6.4.6, there exists a finite Galois extension E′ of F ′ with [E′ : F ′] = l such that E′

is em-close to E, where e = 1 if E/F is unramified and e = l if E/F is totally ramified. We fix

generators σ and σ′ of Gal(E/F ) and Gal(E′/F ′) respectively, as discussed in Remark 6.4.8.

Let G be a connected split reductive group over Z. Let KF (resp. KE) be the congruence
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subgroups of GF (resp. GE) of level m (resp. em) (see Section 6.5). Then we have

KazFm ◦ Br = Br
′ ◦KazEem, (6.15)

Moreover, we have the following bijections ( [Gan15, Section 2.3])

{
(ρE , VE) ∈ Irr(GE) : V

KE

E ̸= 0
}
←→

{
(ρE′ , VE′) ∈ Irr(GE′) : V

KE′
E′ ̸= 0

}
(6.16)

and {
(ρF , VF ) ∈ Irr(GF ) : V

KF

F ̸= 0
}
←→

{
(ρF ′ , VF ′) ∈ Irr(GF ′) : V

KF ′
F ′ ̸= 0

}
, (6.17)

induced by the Kazhdan isomorphisms KazEem and KazFm, respectively. With these notations and

terminologies, we now prove

Theorem 6.6.2. Let (ρE , VE) be an irreducible σ-fixed representation of GE with V KE

E ̸= 0, and

let (ρF , VF ) be an irreducible representation of GF with V KF

F ̸= 0. Let (ρE′ , VE′) and (ρF ′ , VF ′) be

the corresponding objects under the bijections (6.16) and (6.17). Then, the representation ρF is

linked with ρE if and only if ρF ′ is linked with ρE′ .

Proof. We divide the proof into two parts. In the first part, we show that the irreducible repre-

sentation ρE′ is σ′-fixed. The second part proves that the linkage between ρF and ρE implies the

linkage between ρF ′ and ρE′ , and vice versa.

Part 1.

Recall that the space of KE-fixed vectors V KE

E is a simple H(GE ,KE)-module and it can be

regarded as H(GE′ ,KE′)-module via Kazhdan isomorphism. Consider the H(GE′)-module

M′ = H(GE′)⊗H(GE′ ,KE′ ) V
KE

E .

Note that the action of ⟨σ′⟩ on H(GE′) induces an action of ⟨σ′⟩ onM′, by setting

σ′.(f ′ ⊗ v) = (σ′.f ′)⊗ v,

for all f ′ ∈ H(GE′) and v ∈ V KE

E . Following the construction of [Vig96b, Chapter I, Subsection

4.4], the H(GE′)-moduleM′ gives the irreducible representation ρE′ , defined as

ρE′(g′)(x′) := 1g′KE′ ∗ x′,

for g′ ∈ GE′ and x′ ∈ VE′ . Here ∗ denotes the action of the Hecke algebra H(GE′) on VE′ and

1g′KE′ is the characteristic function of the left coset g′KE′ . Since ρE is σ-fixed, there exists an
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isomorphism Tσ : ρE → ρE ◦ σ. Then the map Tσ′ :M′ →M′, defined by

Tσ′(f ′ ⊗ v) := (σ′.f ′)⊗ Tσ(v),

induces an isomorphism ρE′
∼−→ ρE′ ◦ σ′. Hence, the representation ρE′ is σ′-fixed.

Part 2.

Suppose the representation ρF is linked with ρE . Then, the H(GF ,KF )-module (V
(l)
F )KF is a

composition factor of Ĥi(VE)
KF for some i ∈ {0, 1}. If we regard these as H(GE ,KE)

σ-modules

via the Brauer homomorphism Br, then the formulation (6.14) gives a composition factor N of

Ĥi(V KE

E ) such that

H(GF ,KF )⊗H(GE ,KE)σ N ≃ (V
(l)
F )KF . (6.18)

Note that the isomorphism V KE

E → V
KE′
E′ of H(GE ,KE)-modules induces a H(GE ,KE)

σ-module

isomorphism Φ : Ĥi(V KE

E ) → Ĥi(V
KE′
E′ ), which is also a H(GE′ ,KE′)σ

′
-module isomorphism via

KazEem.

Let N ′ be the image of N under Φ. Then N ′ is a composition factor of Ĥi(V
KE′
E′ ), and the

H(GF ′ ,KF ′)-module

H(GF ′ ,KF ′)⊗H(GE′ ,KE′ )σ
′ N ′

is a composition factor of Ĥi(VE′)KF ′ . We also have an isomorphism φ : V KF

F → V
KF ′
F ′ , which

is equivariant under the action of H(GF ,KF ) and hence of H(GF ′ ,KF ′), via the Kazhdan iso-

morphism KazFm. Using the isomorphisms Φ, φ and the relation (6.15), it follows from (6.18)

that

H(GF,,KF ′)⊗H(GE′ ,KE′ )σ
′ N ′ ≃ (V

(l)
F ′ )

KF ′ .

This implies that ρF ′ is linked with ρE′ . A similar argument also shows that if ρF ′ is linked with

ρE′ , then ρF is linked with ρE . Hence the theorem.
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GLr(D), Amer. J. Math. 132 (2010), no. 5, 1365–1396. MR 2732351 85

[BZ77] I. N. Bernstein and A. V. Zelevinsky, Induced representations of reductive p-adic groups.
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