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Principle of functoriality, proposed by Langlands, is a central problem in theory of automorphic
representations. It involves transferring automorphic representations, Hecke eigenclasses between
two reductive algebraic groups defined over a number field. This dissertation draws inspiration
from the work of Treumann and Venkatesh ( [TV16]), who established a functoriality lifting of
mod-p Hecke eigenclasses between two reductive algebraic groups. They also made a conjecture
which predicts that the functoriality lifting at ramified places is realized via Tate cohomology. In
this thesis, we aim to study the conjecture in the context of cyclic local base change using the

techniques coming from local converse theorem.

Let F' be a finite extension of Q,, and let E be a finite Galois extension of F' of prime degree I,
where [ # p. Fix a generator o of the cyclic group Gal(E/F). Let Q; be an algebraic closure of
Q; with ring of integers Z;. Let (m, W) be a smooth irreducible [-adic representation of GL, (F),
where smooth means every vector in Q;-vector space W has an open stabilizer in the topological
group GL,,(F)—whose topology is induced from that of F. We further assume that = is integral,
i.e., there exists a GL,,(F) stable Z;-lattice £ in W. We have the mod-I reduction of 7, defined as
the semi-simplification of the Fj-representation (w, £ @z F;). Let (I, V) be an irreducible, smooth
l-adic representation of GL,,(F), obtained as a base change lift of 7. Then II is also integral and
is isomorphic to the twisted representation II?. Let A be the ring of integers of the maximal
unramified extension of Q; in Q. Let M be a smooth A[GL,(E) x (¢)] module in V. Then, we
have the Tate cohomology groups ﬁi(o, M), i €{0,1}, defined as

_ Ker((1 —0)|m)

=0 .
H (U7M) T NM 9
ﬁl(o, M) — Ker(N|M)

(1—o)M’
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where N =1+ 0+ -+ ¢!~ !, viewed as an element of the group ring generated by o. For each
i, the Tate cohomology H (o, M) is a mod-I representation of GL,(F). Treumann—Venkatesh’s
conjecture predicts the relation between the mod-I reduction of 7 and the Tate cohomology groups
H'(s, M). Towards this, N.Ronchetti ( [Ron16]) obtained some evidence for depth zero cuspidal
representations of GL,,(F), which had been further extended by T.Feng ( [Fen24], [Fen23]) in a
more general context, using the recent advances due to the work of V.Lafforgue and Fargues—
Scholze. In this thesis, we obtain more precise results. We use the machinery of Rankin—Selberg
convolutions to prove the conjecture for certain classes of irreducible smooth representations of

GL,,(F), namely generic and cuspidal representations. The key result is the following:

Theorem. Let F' be a finite extension of Qp, and let E be a Galois extension of F' of degree I,
where | and p are distinct odd primes. Let w be an integral, l-adic, generic smooth representation
of GL,(F) with J(m) the unique generic sub—quotient of the mod-l reduction of w. Let II be the
base change lifting of m to GL,(E).

1. Assume that | does not divide the pro-order of GL,_1(F), for n > 3. Then the Frobenius

twist J(7)D := J;(7) @prob F; occurs as the unique generic sub—quotient of H (o, J,(IT)).

2. Suppose w and I1 are l-adic, cuspidal representations of GL3(F) and GL3(E) respectively,
such that the central character w, of ™ is integral. Then the zeroth Tate cohomology group

ﬁo(a, Ji(I0)) is irreducible, and is isomorphic to Jy(m)®.

Our method follows the general framework of the proof of the local converse theorem, as in
[JPPS79, Proposition 7.5.2] and [Hen93, Theorem 1.1]. The arguments essentially use Kirillov
models and completeness of Whittaker models. Let ¢ be a non-trivial additive character of F,
and let ¢p be the composition 1 o Trg,r, where Trg/p is the trace function of the extension
E/F. Let W(Jy(IT),vr) be the Whittaker model J;(IT). By multiplicity one theorem, we get
that W(J;(II), ) is stable under the action of (¢). Then we prove that the Tate cohomology
HO(o, W(Jy(I1),¢5)) realizes J;(7)® as a sub-quotient. The following is the essential content. Let
K(Ji(IT), ¥ g) be the Kirillov model of J;(II), consisting of restrictions of functions in the space
W(J;(I1),¥E) to the mirabolic subgroup P,(E). We consider the following restriction to P, (F)
map

@ K(J(I1), o) CE/F) 00, g o) ).

where N,,(F') is the group of unipotent upper triangular matrices in GL,, (F) and © is the non-
degenerate character of N, (F'), induced by . Note that the map ® is P,(F')-equivariant and
factors through

H(o, K(J(IT), ) — Indy (7 (O1).

Let Xr be the space GL,,_1(F)/N,_1(F), and let ¢ € C>(Xg,F;). Typically, for some fixed
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integer k and a suitably chosen function W in the Tate cohomology space H o, K(Jy (1), ¥E)),

the function ¢ is equal to
[® (H(Ji(I0) (w)W) = Jy(m) D (w)®(W)]

when det(g) = k and zero otherwise. Essentially we need to show that ¢ is zero. In view of

completeness of Whittaker models, it is equivalent to prove that

/ e(g)W'(g) dp =0, (1)
XFr

for all W’ € W(7,4~!) and for all generic F;-representation 7 of GL,_1(F). The hypothesis on
[ in part 1 is required for the completeness of Whittaker models over F;. Using Rankin-Selberg
functional equations and the lifting of Rankin—Selberg local zeta integrals from the homogeneous
space Xp to the homogeneous space Xg, the assertion (1) then reduces to showing the following

identity of local y-factors

V(X’ JZ(H)vTvz/) o TI‘E/F) = W(Xla Jl(ﬂ-)(l)aT? wl),

which follows from the congruence properties of v-factors. When the prime [ does not divide the
pro-order of GL,,(F'), we prove an analogous result for a subclass of non-generic representations
of GL,(F), namely Zelevinsky subrepresentations. In part 2, we remove the hypothesis on I
by exploiting the theory of smooth representations over local Artinian F;-algebras. The reason
for considering representations over such rings is to use the local converse theorem in positive
characteristic— which, in general, fails for mod-I generic representations. We basically prove the
following equality
VX, HO (0, (1)), m, ) = (X, Ju(m)® ),

for all R-valued characters n of F*, and for all local Artinian F;-algebras R. Then the local

converse theorem over IF; ( [Mos21, Theorem 1.1]) gives the required isomorphism.

In this thesis, we also study the compatibility between two homomorphisms of Hecke algebras
with coefficients in F;. One of them is introduced by Treumann—Venkatesh ( [TV16, Section 4]),
and it is an analog of the Brauer homomorphism of modular representation theory. The other
one is defined by D.Kazhdan ( [Kaz86]). It relates the representation theory of reductive groups
defined over a p-adic field F' and a local non-Archimedean positive characteristic field F’, provided
the fields F and F” are sufficiently close. In [TV16, Section 6], the authors defined the notion of
linkage, which is the counterpart of Brauer homomorphism in representation theory. Then, using

the compatibility between Kazhdan and Brauer homomorphism, we show that the linkage is also
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compatible under the close local fields F' and F’.

This dissertation consists of six chapters, including a general introduction. In Chapter 1, we
discuss Treumann—Venkatesh’s conjecture and the known results of the conjecture. It has a brief
overview of each chapter. In Chapter 2, we recall the notion of smooth representations of p-
adic groups and Weil-Deligne groups. It includes various notations, conventions, and some initial
results. In Chapter 3, we prove the above theorem for cuspidal representations of GLa(F') with
no assumption on the odd prime [. Chapter 4 proves part 1 of the above theorem together with
the non-generic case. Some crucial results on the Tate cohomology of (twisted) Jacquet modules,
including the finite length of the Tate cohomology groups, are also discussed in this chapter.
Part 2 of the above theorem is proved in Chapter 5, where we discuss some concepts of smooth
representations over Artin local Fj-algebras which are relevant to our context. In Chapter 6, we

study the compatibility between Kazhdan isomorphism and Brauer homomorphism.
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Chapter 1

Introduction

Let F' be a finite extension of the field Q, of p-adic numbers. Let E be a finite Galois extension
of degree [, where [ and p are distinct primes. This thesis is concerned with the study of the
compatibility of Tate cohomology with local base change lifting from GL,(F) to GL,(E). It is
part of a conjecture on Langlands functoriality, made by D. Treumann and A. Venkatesh in their
seminal paper [TV16]. We also prove some compatibility results under close local fields in the

context of linkage.

1.1 Local Langlands correspondence

Let [ and p be two distinct primes. Let F' be a finite extension of @, and let F be an algebraic
closure of F'. Let F*" be the maximal unramified extension of F' contained in F. We have the

quotient map
Gal(F/F) — Gal(F'“"/F).

Let kp (resp. kpun) be the residue field of F' (resp. F“"). Then the group Gal(F*"/F) is
isomorphic to the Galois group Gal(kpun/kF). Since the field Kpun is an algebraic closure of the

finite field kg, we get a map
Gal(F/F) = Gal(kpun /kr) ~ Gal(F,/F,), (1.1)

where ¢ denotes the cardinality of kg and Fq is an algebraic closure of F,. Let Frob, be the
Frobenius automorphism of F, which sends an element x to z9. Let Wp be the inverse image

in Gal(F/F) of the group generated by Frob,. The group W is called the Weil group of F.
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The kernel of the map (1.1) is Gal(F/F"") and it has a natural pro-finite topology from Krull
topology. Declaring the open subgroups of Gal(F/F“") as open subgroups of Wr makes Wr a
topological group, whose topology is locally compact and totally disconnected. Moreover, there is
a multiplicative norm || || on Wpg, defined as follows: Let x be an element of Wg. Let r be the

integer such that the image of z under the map (1.1) is Froby. Then [[z|| = ¢~".

Fix an algebraic closure Q; of Q; and a square root of ¢ in Q;. Local class field theory gives
us a topological isomorphism ap : W& = F*, where W% is the quotient of Wy by the closure
of the derived subgroup of Wg. The isomorphism ap induces a bijective correspondence between
the set of Q;-valued characters of Wy (i.e., 1-dimensional representations with open kernel) and
that of the multiplicative group F'*. The local Langlands correspondence for the group GL,, is
a generalization of the local class field theory. Let G, (F) be the set of isomorphism classes of
n-dimensional semisimple Weil-Deligne representations of Wr—which are pairs (p, N), consisting
of a semisimple representation p : Wr — GL,,(Q;) with open kernel and a nilpotent n x n matrix

N with entries in Q, such that

p(x)Np(x)~t = ||z|IN,

for all x € Wpg. Let A, (F) be the set of isomorphism classes of irreducible smooth representa-
tions of GL,,(F) on Q-vector spaces, where smooth means every vector has an open stabilizer in
the topological group GL, (F)-whose topology is induced from that of F. The local Langlands
correspondence (see [HT01] and [Hen00]) gives a bijection

LLCg

which is uniquely characterized by the certain identities (see Subsection 2.6.1) of local constants
known as L-functions and e-factors that one attaches to elements of A, (F) and G, (F). The
constructions in [HTO01], [Hen00] are originally over C. By fixing an isomorphism ¢ : C = Q,
and twisting the original correspondence by an unramified character of GL,(F'), we get the I-
adic version of the classical local Langlands correspondence (see [Clo90, Conjecture 4.4, Section

4.2], [Hen01, Section 7]), which is independent of ¢.

In the article [Vig0l, Theorem 1.6], Vignéras constructed a mod-l version of local Langlands
correspondence-which gives a map from the set of isomorphism classes of irreducible, smooth,
Fj-representations of GL,,(F) to the set of isomorphism classes of n-dimensional, semisimple, F;-
representations of Wr. We denote this map by LLCr ¢, and it is compatible with the [-adic local

Langlands correspondence LLCg under reduction mod-I.
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Local base change lifting

Let E be a finite Galois extension of the p-adic field F' of degree I. The base change lifting
is a transfer map from the set of irreducible smooth Q-representations of GL,(F) to the set
of irreducible smooth Q;-representations of GL,(E)-which is constructed by Arthur and Clozel
in their seminal work [AC89]. The base change lifting of smooth irreducible representations of

GL,(F) to GL,,(F) is defined by a character identity (see [AC89, Chapter 1, Section 6]).

The local base change lifting is also related to the local Langlands correspondence ( [ACS89,
Chapter 3, Section 6]). Say 7r is an irreducible smooth Q;-representation of GL, (F). Let mx be
the irreducible smooth Q,-representation 7z of GL,,(F) obtained as a base change lift of 7p. If
(pr, Nr) and (pg, Ng) are the corresponding semisimple Weil-Deligne Q;-representations of Wg

and Wpg respectively, then we have

Ng = Np and pg =~ resw, (pr)-

1.2 Treumann-Venkatesh’s Conjecture

In the article [TV16], Treumann—Venkatesh proved a special instance of Langlands functoriality
mod-l. When F' is a number field and G is a connected reductive group defined over F' with an
automorphism v of G of order [, they established a functoriality lifting from the mod-I Hecke
eigenclass of G7(F) to the mod-l Hecke eigenclass of G(F'). They also made some conjectures
for the representation theory of p-adic groups ( [TV16, Conjecture 6.3]), which predicts that the
functoriality lifting at ramified places is related to Tate cohomology for the action of (v). A
precise formulation of the conjecture was made by T. Feng ( [Fen23, Conjecture 1.2.3]) using the

Fargues—Scholze correspondence in [FS21].

We now discuss this conjecture in the case, where G = Resg/r(GL, /E) for a finite Galois ex-
tension F/F of p-adic fields with degree of extension [. Fix a generator v of the cyclic group
Gal(E/F). There is a natural action of v on G and we have G” ~ GL,,/F. In this setup, we
state the Treumann—Venkatesh’s conjecture using Vignéras’s mod-I semisimple local Langlands
correspondence-which is equivalent to [Fen23, Conjecture 1.2.3] as the Fargues—Scholze’s corre-
spondence (see [Fen23, Subsection 1.3] for the correspondence) for GL,, is compatible with the

Vignéras’s local Langlands correspondence.

Let (I, V) be an irreducible smooth F;-representation of GL,(E) such that II is isomorphic
to the twisted representation II". Fix a GL,(E) equivariant isomorphism T : II — II7 with
Té = id. Thus, the space V is equipped with an action of Gal(E/F) via the map T,. Set
N:=1+T,+---+T."". Then, we have the following chain complex of Gal(E/F) modules:
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id—T. N id—T. N
=V —2V SV —3V =V —..

Associated with the above chain complex, we have the Tate cohomology groups H ¢(~,10), for

i € {0,1}, defined as

AO(y,11) = W, (1.3)
A1) = M (1.4)

For each i € {0, 1}, the action of GL,,(F) on the space V induces a smooth F;-representation of
GL,(F) on the Tate cohomology space H ¢(v,II). The precise conjecture of Treumann—Venkatesh

is as formulated in [Fen23, Conjecture 1.2.3].

Conjecture 1.2.1. Let F' be a finite extension of Qp, and let E be a finite Galois extension of F
of degree 1, where | and p are distinct primes. Let I1 be a smooth, irreducible F;-representation of

GL,.(F) such that Il ~TI7. Then for each i € {0,1}:
1. The Tate cohomology group ITIi(’y,H) has finite length as a representation of GL,,(F).

2. For each irreducible sub-quotient T of ﬁi(’y,ﬂ), the restriction of the semisimple repre-
sentation LLCp(T) to the Weil group Wg is isomorphic to LLCEVZ(H(Z)), where IV =
H ®F, Frob, F, is the Frobenius twist of 11, and LLC 4 is the mod-l local Langlands correspon-

dence, constructed by Vignéras in [Vig01, Theorem 1.6].

In the article [Ronl6], Ronchetti formulated an integral version of the above conjecture for a
subclass of irreducible Q;-representations of GL, (F), called cuspidal representations, in terms of

the local base change liftings. This is what we will discuss next.

Integral version of Treumann—Venkatesh’s Conjecture

We now introduce some notation. Let Z; be the ring of integers of Q;. Let (7, W) be a smooth
integral Q;-representation of GL,(F), where integral means that 7 is of finite length and there
exists a GL, (F) stable Z;-lattice £ in W. The GL, (F) action on the F;-vector space Lp ®7, F,
is a finite length representation of GL, (F). The semi-simplification of this F;-representation is
independent of the choice of £ ( [Vig96b, Chapter 1]) and it is called the mod-I reduction of 7,
denoted by (7). We further assume that 7 is cuspidal, i.e., 7 is irreducible and rp(7) = 0 for all
proper parabolic subgroups P = M x U of GL,(F), where rp is the Jacquet restriction functor
(see [BZ77, Section 1] for the definition). In this case, the mod-I reduction r;(7) is also cuspidal
( [Vig96b, III 4.25 and 5.10]).

Let (IT,V) be a smooth cuspidal Q,-representation of GL, (E), obtained as base change lift of
(m,W). Then II is integral (Lemma 2.7.1) and there exists a GL,,(E) equivariant isomorphism
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T, : II — II” such that T,ly = id. Thus, the space V has an action of the group () via the
isomorphism T’,. From Proposition 3.3.1, we get that the Tate cohomology Ig'o('y,rl(H)) is an

irreducible F;-representation of GL,, (F).

Conjecture 1.2.2. [Ronl6, Conjecture 2] Let F be a finite extension of Q,, and let E be a finite
Galois extension of F of degree |, where | and p are distinct odd primes and | does not divide n.
Let m be an integral, cuspidal Q;-representation of GL,,(F), and let I1 be the base change lifting
of m to GL,(E). Then the Tate cohomology group f]o('y, r1(I1)) isomorphic to the Frobenius twist
r(m)®.

1.3 Known results

In [Ron16, Theorem 1], the author proved the above conjecture for cuspidal Q;-representations of

GL,(F) of “level zero and minimal-maximal type”, i.e., those of the form

. GL.(F)
ind 7 Gl (o) (ox),

where op is the ring of integers of F, ¢ is an irreducible representation of the compact open
subgroup GL,,(0F), inflated from a cuspidal Q-representation of the finite group GL, (F,) via the
canonical surjection GL,(0p) — GL,(F,), and x is a character of F*, inflated from the central
character of o via the quotient map oy — Fy. The condition ‘I does not divide n’ ensures that

the base change lift II is cuspidal, and it is also of level zero and minimal-maximal type.

When F is a local function field, the work of T. Feng ( [Fen24]) proved Conjecture 1.2.1 using
Genestier—Lafforgue correspondence ( [GL17]) in the context of cyclic base change. In a recent
preprint [Fen23], a generalized version of part (2) of Conjecture 1.2.1 for arbitrary connected
reductive groups over a local non-Archimedean field has been studied by the author, using recent

advances of [FS21].

1.4 Organization of the Thesis

This thesis is concerned with the study of Conjecture 1.2.2 for the local base change lifting of
integral generic Q-representations of GL, (F) (i.e., those possessing Whittaker models) and a
subclass of non-generic representations, namely Zelevinsky subrepresentations of GL,(F). The
results, in particular, verify Conjecture 1.2.1. Our method is different from those of Ronchetti
and Feng. We use the machinery of Rankin—Selberg zeta integrals, local € and v-factors associated
with the representations of both p-adic group and the Weil group. The machinery of local € and

~-factors for both l-adic and mod-I smooth representations of GL, (F) as well as over arbitrary
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Noetherian rings are available by the seminal works of N. Matringe, R. Kurinczuk, D. Helm and
G. Moss (see [KM17], [KM21], [HM18], [Mos16]). We also prove some compatibility results under
close local fields. We now give a brief overview of each chapter. The goal is to discuss the results

and the method of proof.

1.4.1 Contents of Chapter 2

This chapter is a basic introduction regarding the various notions in the theory of smooth repre-
sentations of p-adic groups and the Weil-Deligne groups over arbitrary rings. We recall various
notations and conventions on Whittaker and Kirillov models. Then, we review Rankin—Selberg
theory for smooth representations of GL,(F') and the l-adically continuous representations of the
Weil group over Noetherian rings. We also collect some results on local constants in [-adic and
mod-/ settings, which are essential for the later chapters. Then, we review the local Langlands
correspondence and the local base change lifting of smooth irreducible representations of GL,,(F).

We also recall and set up some initial results on Tate cohomology.

1.4.2 Results of Chapter 3

In this chapter, we prove Conjecture 1.2.2 for integral cuspidal representations of GLo(F). It
is a special case of the main results of chapter 4 and 5. Let mr be a smooth integral cuspidal
representation of GLo(F) on a Q-vector space and let mg be the base change lifting of 7 to
GL2(E). We further assume that the primes [ and p are odd. Then, the base change lift 7g is
cuspidal, and so is its mod-I reduction r;(7g).

Let us consider the Kirillov model of r;(7g), which is a realization of r;(7g) in the the space
of smooth and compactly supported F;-valued functions on E*, denoted by C°(E*,F;). It is
equipped with an action of GLy(E) (see Section 3.2). If we denote this action by K, (), then
Y, O (F*,Fy))

ri(mg) is isomorphic to K Similarly, we have the Kirillov model (K

ri(rE)- Ti(TF

associated to the cuspidal representation ry(7r)"). Fix a generator v of Gal(E/F). The space
C>°(E*,F,) has a natural action of (v), by setting

(v-)(@) = f(y~H (@),

for all x € E* and f € C°(E*,F,). The above action is compatible with the action of {y) on
GLy(E). Consider the Tate cohomology group HO(v,C>(E*,F,)), defined as (1.3) and (1.4). It
is an irreducible F;-representation of GLy(F). For n = 2, Conjecture 1.2.2 is then equivalent to

the following theorem:

Theorem 1.4.1. The Tate cohomology group ﬁo(%CCOO(EX,E)) s 1somorphic to the Kirillov

space (K )(l),C’fO(FX,E)), as a representation of GLa(F).

’l’l(ﬂ'F
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To prove the theorem, we first consider the restriction to F'* map
O (B, )0 EE) — O (F*, ),

which factorizes through the Tate cohomology space H° (7,C*(E*,F))) and induces the Py(F)

equivariant isomorphism

H(y,C(E*,Fy)) = (K C>(F*,F)),

ri(mr) s

where P,(F) is the mirabolic subgroup, as defined in Section 2.1. To get the required GLay(F)

isomorphism, we need to check the following identity

KTL(WE)(w)(f) = KT[(WF)(L) (’LU)(f), (15)
= . . 0 1 . . . .
for all f € C*(F*,F;), where w is the matrix . Using the explicit action of the linear
-1 0

operators K, (r,)(w) and K, -, o (w) (see equation (3.2)) in terms of local e-factors, it follows
that the assertion (1.5) is equivalent to an identity of local e-factors. The required identity is

obtained using various congruence properties of local e-factor.

1.4.3 Results of Chapter 4

In this chapter, we prove Conjecture 1.2.1 for the base change liftings of integral generic Q-
representations of GL,(F) and a subclass of non-generic representations of GL, (F'), namely
Zelevinsky subrepresentations Z(A), where A is a Zelevinsky segment. The generic case, in par-
ticular, proves Conjecture 1.2.2 under the hypothesis that the prime [ does not divide the order of
the finite group GL,,_1(Fy) for n > 2. When n = 2, we do not require the hypothesis on [ (see
Theorem 1.4.1 for instance). Here, the strategy of the proof is similar to that of Theorem 1.4.1.

Let us introduce some notions to state the precise results. As before, we let E be a finite Galois
extension of a p-adic field F' of degree [, where [ and p are distinct odd primes. Let I be the
maximal unramified extension of Q; in Q;, and let A be the ring of integers of K. We fix a non-
trivial additive character yr : ' — A*. Let g be the composition yr o Trg,/p, where Trg,/p
denotes the trace function. Let N, be the group of unipotent upper triangular matrices in GL,,.
Let ©F be the non-degenerate character of N, (F) associated to ¢p. Let (7, V) be an integral
l-adic generic representation of GL,, (F'), where “generic” means 7 is irreducible and the space of

N, (F) equivariant linear maps

Homy, (7 (7, OF)
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is non-zero. In general, the mod-I reduction r;(7) is not irreducible, and in this case, r;(7) is
non-generic but it admits a unique generic sub—quotient, denoted by J;(7) (see [Vig01, Section
1.8.4]).

Let II be the base change lifting of m to GL,(E). Then II is also integral (Lemma 2.7.1) and
generic, and there exists a GL,(E) equivariant isomorphism T, : I = II7, v € Gal(E/F). Then
the generic sub—quotient J;(IT) of the mod-I reduction of I is also stable under the action of

Gal(E/F) via the isomorphism T7,. The first main result is as follows:

Theorem 1.4.2. Let F' be a finite extension of Qp, and let E be a finite Galois extension of F
with [E : F] =1, where p and | are distinct odd primes such that | does not divide |GL,,_1(F,)|
whenever n > 3. Let w be an integral, l-adic generic representation of GL,(F), and let I be the
base change lifting of m to GL,,(E). Then, the Frobenius twist Jy(7)1) occurs as a sub—quotient of
HO(v, Jy(11)).

We note some immediate remarks on the hypothesis in the above theorem. As a consequence
of Proposition 4.3.3, the representation J;(7)(") is the unique generic sub-quotient of the Tate
cohomology group ﬁo(%Jl(H)). The hypothesis that | does not divide |GL,—1(Fy)|, for n > 3,
is required in the proof of a vanishing result of Rankin-Selberg integrals on GL,,_1(F), which is
the analogue of [JPSS81, Lemma 3.5] or [BHO03, Proposition 6.2.1]. If 7 and II are both cuspidal,
then using Kirillov model for cuspidal representation, one observes that the Tate cohomology
fIO(%rl(H)) is an irreducible mod-! representation of GL, (F'). Thus, it follows from the above
theorem that H(v,r;(I)) is isomorphic to the Frobenius twist r;(r)®, which proves Conjecture
1.2.2 under the given hypothesis on [.

When [ does not divide the pro-order of GL,,(F'), we obtain a much more precise version of
Theorem 1.4.2. Note that the mod-I reductions 7;(7) and 7;(II), in this case, are both generic

representations, and we have the following result.

Theorem 1.4.3. Let E/F be a finite Galois extension of p-adic fields with [E : F| =1, where
and p are distinct primes, and | does not divide |GL,,(F,)|. Let m be an integral, l-adic, generic

representation of GL,,(F), and let II be the base change lifting of 7. Then:

1. The Tate cohomology group HO(v,r(IT)) is isomorphic to the Frobenius twist r; ().

2. For any Z;-lattice L in TI, stable under the action of GL,(E) x Gal(E/F), the first Tate
cohomology group ﬁl('y,ﬁ) 18 trivial.

We now briefly discuss the proof of Theorem 1.4.2. Since J;(II) is generic, it can be realized

as the space W(J;(I),9 ), contained in the smooth induction Ind%:?g)?) (©F), where ¢ is the

mod-/ reduction of 1 and O is the non-degenerate character of N, (FE) corresponding to v 5
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(see (2.1) for the definition of ©g). The space W(J;(I), ) is called the Whittaker model of
Ji(I). From Lemma 2.3.3, we get that W(J;(II),¢ ) is stable under the action of Gal(E/F).
Consider the Kirillov model K(J;(I), %), which is the image of W(J;(II), ) under restriction
to P,(E) map (see Theorem 2.4.3). The space K(J;(I), ) contains the compactly supported
functions in Indﬁ’;((?) (©g). We have the Tate cohomology group HO (v, K(J;(I), %)), defined as
[Fi-representation of the mirabolic subgroup P, (F). Let ® be the restriction to P, (F') map

~ - P, (F) /=l
® 1 HO (v, K(Ji(I1), ¥ 5)) — Ind ") (O),

where O is the mod-I reduction of ©. Using compactly supported functions, one can show that
the inverse image of the Kirillov model K(Jl(ﬂ')(l),alF) under the map ® is non-zero, and it is
denoted by M(¢r). To prove Theorem 1.4.2, we show that M(¢r) is stable under the action
GL,(F) and the map

B M(r) — K(Ji(m)D, Fh)

is GL,,(F) equivariant. These are equivalent to proving the following identity
(X, @I (w, )W), o (wn—1)W') = I(X, Ji(m) D (w,)@(W), o (wn—1)W'), (1.6)

for all W € M(yr) and W' € W(o, E;l), where wy,_1,w, are defined in the subsection (2.1)
of Chapter 2; and o is arbitrary mod-I generic representation of GL,_1(F). Here, I(X, W, W)
is a mod-l Rankin—Selberg zeta function written as a formal power series in the variable X in-
stead of the traditional ¢—* ( [KM17, Section 3]). We use induction on n to transfer the local
Rankin-Selberg zeta functions I (X, ®(II(w,)W),o(w,—1)W’) made from integrals on the ho-
mogeneous space GL,_1(F)/N,_1(F) to Rankin—Selberg zeta functions defined by integrals on
GL,—1(E)/N,_1(E). Then, using local Rankin—Selberg functional equation, we show that the
equality (1.6) is equivalent to certain identities of local 7-factors, such as (4.15), which again
follows from congruence properties of local v-factor.

Using the same ideas, we also prove an integral version of Theorem 1.4.2. Recall that K is
the maximal unramified extension of Q; in Q;, and A denotes the ring of integers of K. Let II
be an integral generic K-representation of GL,, (F) which is absolutely irreducible (i.e., Il ®x Q,
is irreducible). We further assume that II ~ II7. Let Wx(II,+)g) be the space of all A-valued
functions in the Whittaker model of II. In view of [Vig04, Theorem 2| and Lemma 2.3.3, we get
that W (I1, ¢g) is stable under the action of GL,(FE) x Gal(E/F). Then we have the following

theorem.

Theorem 1.4.4. Let F' be a finite extension of Qp, and let E be a finite Galois extension of F

with [E : F] =1, where | and p are distinct primes, and | does not divide |GL,,_1(Fy)| whenever
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n > 3. Let Il be an integral, generic K-representation of GL,,(E) which is absolutely irreducible.
We further assume that I1 ~ TI7. Let 7 be the integral, l-adic generic representation of GL,(F)
such that T1 ®x Q, is the base change lifting of ©. Then, the Frobenius twist of J,(r) occurs as a
unique generic sub—quotient of the zeroth Tate cohomology group FAIO('y,WA(H,dJE)).

Our method can also be extended to some non-generic representations as well. Especially for
those irreducible representations of GL, (E), which remain irreducible when restricted to the
mirabolic subgroup, denoted by P,(E). This class of representations is exactly the Zelevinsky
sub-representations. Assume that II is an integral cuspidal [-adic representation of GL,,(E) ob-
tained as a base change lift of an integral cuspidal representation m of GL,(F). Let A be a
segment (Subsection 2.3.3) on the cuspidal line of II. We apply Theorem 1.4.2 to compute the
Tate cohomology of Zelevinsky subrepresentations Z(A) (see Theorem 4.4.3).

1.4.4 Results of Chapter 5

Recall that the main result of Chapter 4 (i.e., Theorem 1.4.2) assumed that the prime [ does not
divide the pro-order of GL,_1(F), for n > 3. The main goal of this chapter is to remove the
hypothesis on [ by exploiting the theory of smooth representations over Artin local F;-algebras.
To be precise, we prove Theorem 1.4.2 for integral, cuspidal representations of GL3(F), where
we remove the hypothesis that [ does not divide |GLy(F,)|. We use the theory of nilpotent lifts
over Artin local F;-algebras—which are infinitesimal deformations of generic F;-representations (see
[Mos21, Definition 1.1]). The nilpotent lifts over Artin local F;-algebras deal with the nilpotents
in the mod-/ Bernstein center. When [ does not divide |GLy(F,)|, the mod-I Bernstein center is a
reduced ring (Lemma 4.3.5), and in this case, the proof is similar to that of Theorem 1.4.2.

We now state the main result. Let 7 be an l-adic cuspidal representation of GL3(F') such that
its central character wy : F* — @, is integral (i.c., it takes values in Z, ); which is equivalent to
saying that = is integral. Let E//F be a finite Galois extension with [E : F] = [, where [ and p
are distinct odd primes with | # 3. Fix a generator 7 of the cyclic group Gal(E/F). Let II be
the base change lifting of m. Then II is also cuspidal. Moreover, the central character wy of II is
also integral, as wy = wy o Nrg/p, where Nrg,p is the norm map of E/F. Since II is cuspidal
and its central character wyy is integral, it follows that II is also integral. Then we have the Tate

cohomology group H O(y,7/(I1)), which is an F;-representation of GL3(F). We prove the following:

Theorem 1.4.5. Let F' be a finite extension of Q, and let E be a finite Galois extension of F
with [E : F| = 1, where | and p are distinct odd primes and | # 3. Let m be a cuspidal, I-
adic representation of GL3(F') such that the central character w, of m is integral. Let II be the
base change lifting of m to GL3(FE). Then, the Frobenius twist Tl(ﬂ')(l) 18 isomorphic to the Tate
cohomology group H® (v, m (I0)).
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For proving the above theorem, we rely on the local converse theorem over local Artinian Fy-
algebras, established in [Mos21, Theorem 1.2]. To say more concretely, we first observe that the
Tate cohomology group HO(v,r;(IT)) is irreducible (Proposition 3.3.1). Then we use the local
converse theorem (see Theorem 5.2.4) for the representations HO(y,r(I1)) and ry(7)®), i.c., we

prove the following identity of ~-factors:

’V(Xv ﬁo(’yyrl(ﬂ))’ nvwF) = ’Y(Xa rl(ﬂ)(l)a 77»@1?)»

where 7 varies over the set of all co-Whittaker R[F*] modules (i.e., smooth R-valued characters
of F*) and R is an arbitrary Artin local Fj-algebra. To get the above identity of v-factors, we
use the machinery of Rankin-Selberg theory over Noetherian W (F;)-algebras, where W (F;) is the
ring of Witt vectors of F; (see [Mos16] for a reference). The proof also uses certain properties
of Deligne-Langlands vy-factors over Noetherian W (F;)-algebras, which are made available by the
seminal work of Helm—Moss ( [HM15]).

1.4.5 Results of Chapter 6

The content of this chapter is slightly different from that of the last three chapters. The main
objective of this chapter is to prove the compatibility of two maps between Hecke algebras with

coefficients in F;.

Let us introduce some notations to state the main results. Let G be a split connected reductive
group over Z. D. Kazhdan conjectured a link between the local Langlands correspondences for
G(F) and G(F’), where F is a p-adic field and F’ is a non-Archimedean local field of positive
characteristic which are sufficiently close ( [Kaz86]). Kazhdan’s approach is via isomorphisms
between the respective Hecke algebras (with complex coefficients), H(G(F), K) and H(G(F'), K'),
for some specific choice of compact open subgroups K and K’ of G(F) and G(F") respectively.
Here the space H(G(F), K) consists of all locally constant, compactly supported functions on
G(F) which are bi-K-invariant. To be more precise, let K,,(F) be the congruence subgroup of

G(F) of level m, i.e.,

mod—p'p m
K, (F) = Ker(G(UF) — G(OF/]:IF))7

where o is the ring of integers of I’ and pp is the unique maximal ideal of op. Similar notations

follow over F'. Kazhdan ( [Kaz86, Theorem A]) proved that there exists an integer r > m such

that if F and F” are r-close (i.e., there exists a ring isomorphism op/p% = 0p//p%), then there

is a Hecke algebra isomorphism

Kazy, : H(G(F), Ky (F)) — H(G(F'), K (F")).
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The construction of the algebra isomorphism Kaz,, relies on the finiteness of complex Hecke al-
gebras. For arbitrary Noetherian Z;-algebras R, where [ and p are distinct primes, the work
of [DHMK?24] gives the finiteness of Hecke algebras over R. Following the ideas of Kazhdan and
using the finiteness of Hecke algebras over F;, we formulate a mod-I version of the Kazhdan iso-
morphism (see Theorem 6.4.5).

Let E/F be a finite Galois extension of prime degree ! with I # p. Let K,,(F) be the m-th
congruence subgroup of G(E). Since K,,(FE) is a pro-p subgroup, it is stable under the action
of Gal(E/F). We have K,,(F) = Ken(E) N G(F), where e denotes the ramification index of
the extension E/F. In the article [TV16, Section 4], Treumann—Venkatesh defined an F-algebra

homomorphism
Br: H(G(E), Ko (E))CMEF) — H(G(F), K, (F)),

which is the restriction of functions on G(E) to G(F). The map Br is called the Brauer homo-
morphism and is conjectured to be compatible with Langlands functoriality.

Given an extension E/F as above. Following Deligne’s construction in [Del84], we get a finite
Galois extension E'/F’ such that the fields F and E’ are em-close (see Lemma 6.4.6), where e
denotes the ramification index of the extension E/F. The Kazhdan isomorphism Kaz.,, is then

equivariant under the Galois actions (Proposition 6.4.9), and this leads to the following diagram:

Kazem

H(G(E), K (B)) S F/F) H(G(E'), K (E')S1ETE) (L.7)
Br Br’
H(G(F), Kn(F)) — H(G(E'), K (F))

It brings up the obvious question of commutativity of the above diagram, which we prove in this

chapter. The precise result is as follows:

Theorem 1.4.6. Let F and F' be two non-Archimedean m-close local fields. Let E be a finite
Galois extensions of F of prime degree 1, and let E' be the Galois extension of F', as indicated

above. Then, for any connected split reductive group G defined over Z, we have
Br’ o Kaz”, = Kaz”, o Br.

As a consequence of the above theorem, we get a compatibility of Kazhdan isomorphism with
linkage—which is the representation theoretic version of Brauer homomorphism ( [TV16, Section
6]). Let us explain it briefly. Say (I, V) is an irreducible F;-representation of G(E) such that
IT is isomorphic to the twisted representation II7, for all v € Gal(E/F). Then, any irreducible



1.4 Organization of the Thesis 13

sub—quotient of the Tate cohomology groups ﬁi(’y, V), for i € {0,1}, is said to be linked with II.
Let (p,U) be an irreducible smooth Fi-representation of G(F) such that p is linked with IT. Let
us further assume that the space of K,,(F) and K,,,(E)-fixed vectors UX=(F) and VEKem(E) are

non-zero.

Recall that for any compact open subgroup K of G(F), there is a one-to-one correspondence
between the set of all simple H(G(F), K) modules and the set of all irreducible smooth F;-
representations (m, W) of G(F) with the space of K-fixed vectors WX # 0 ( [Vigd6b, Chapter
1]). Using this bijective correspondence and the Kazhdan isomorphism, we get an irreducible F;-
representation p’ (resp. IT') of G(F’) (resp. G(FE’)) associated with p (resp. IT). Then, using
Theorem 1.4.6, we show that p is linked with IT if and only if p’ is linked with IT' (see Theorem
6.6.2).
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Chapter 2

Preliminaries

In this chapter, we recall a few basic notions of representation theory of GL,(K) and the Weil—

Deligne group over K, where K is a non-Archimedean local field. We review the following:

1. Integral representation and mod-I/ reduction.

2. Whittaker and Kirillov models.

3. Rankin—Selberg zeta integrals and local constants.

4. Weil-Deligne representations and Deligne-Langlands ~-factors.
5. Local Langlands correspondence and local base change.

6. Tate cohomology.

2.1 Notations

Let K be a non-Archimedean local field, and let ok be the ring of integers of K. Let px be the
maximal ideal of 0k, and let wx be a uniformizer of K. We denote by ki the finite residue field
ok /pr. Let g be the cardinality of k. Let vk be the normalized valuation on K, and let
vk be the normalized absolute value of K corresponding to vg. Let [ and p be two distinct odd
primes. Let I be a finite extension of Q,, and let £ be a finite Galois extension of F' with degree
of extension I. We denote by I' the Galois group Gal(E/F).

For a commutative ring R with unity, let M, xs(R) denote the ring of all » x s matrices with
entries in R. Let GL,,(K) be the subgroup of all invertible elements in M, x,(K). We use the
notation G, (K) (or simply G,, when the underlying field K is understood) for GL,,(K). Recall
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that G,,(K) is equipped with locally compact topology induced from the local field K. We set
P, (K), the mirabolic subgroup, defined as

A M
{ A€ G 1(K), MeK"‘l}.
0 1

Let B, (K) denote the group of all upper triangular matrices in G, (K) and let N, (K) be the
unipotent radical of B, (K). We sometimes simply write Py, B,,, N,, when the underlying field K

is understood from the context. We denote by w,, the following matrix of G,,(K):

Wy =

We fix an algebraic closure Q, of the field Q;. Let Z; be the integral closure of Z; in Q;, and let
B; be the unique maximal ideal of Z;. We have Z, /B~ F;. Fix a square root of ¢x in @l, and
it is denoted by q}(/Q. The choice of q}{/Q is required for transferring the complex local Langlands
correspondence to a local Langlands correspondence over Q; (see [BH06, Chapter 8]). Let K be
the maximal unramified extension of Q; in @Q;, and let A denote the ring of integers of K. Let
W (F;) be the ring of Witt vectors of F;. A prime number !’ is called banal for GL,,(K) if I’ does

not divide |GL,(kx)|-

2.2 Smooth representation

Let R be a commutative ring with unity. Let G be a locally compact and totally disconnected
group. An R|[G] module V is called smooth if, for every vector v € V', the stabilizer of v in G is an
open subgroup of G. When R is a field, an R[G] module V is usually called an R-representation
of G. We interchangeably use these terminologies throughout the thesis. We use the notation
(m, V) (or simply m) for an R[G]-module V', where 7 denotes the action of G on the space V. All
the representations are assumed to be smooth, and the representation spaces are modules over R.
Moreover, a smooth R[G] module V is called admissible if for each compact open subgroup H of
G, the space of all H-fixed vectors V' is finitely generated as an R module.

A character is a smooth one-dimensional representation x : G — R*. For G = G,(K), any
character y : K* — R* induces a character x odet : G,,(K) — R*. By abuse of notation, y o det
is also denoted by x. In particular, the normalized absolute value vi of K gives a character of

G (K), which is also denoted by vg. A representation (m, V) is called l-adic when R = Q;, and
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(m, V) is called l-modular when R = F;,. We denote by C°(G, R) the space of all locally constant

and compactly supported R-valued functions on G.

2.2.1 Integral representation and mod-/ reduction

Let (7, V) be a smooth [l-adic representation of G. A Z-lattice in V is a Z; submodule £ such
that, for each finite dimensional subspace U of V, the space LN U is a free Z; module with rank
equals the dimension of U. The representation (m, V') is said to be integral if it has finite length
as a representation of G and there exists a G stable Z;-lattice £ in V. Such a lattice £ is called
an integral structure of (w, V). We say that a character x : G — @ZX is integral if x takes values in

the ring of integers Z;.

Let (7, V) be an integral l-adic representation of G. Choose a G-stable lattice £ in V. Then
the group G acts on the Fj-vector space £ Q7 F;, and this gives an [-modular representation,
which depends on the choice of the G-stable lattice £. By [Vig96b, II. 5.11.a and 5.11.b], the
representation (7T,£ ®z, Fl) is of finite length and its semi-simplification is independent of the
choice of L. We denote by r;(r) the semi-simplification of the representation (r,L ®7 F;). The
representation r;(m) is called the mod-l reduction of the l-adic representation 7. We say that an
[-modular representation o lifts to an [-adic integral representation 7 if there exists a G-invariant

lattice £ C 7 such that £ ®z, F, is isomorphic to o.

2.2.2 Parabolic induction

In this subsection, we discuss the parabolic induction of smooth R-representations, where R = Q,
or F;. We follow [BZ77] for the definitions. Let H be a closed subgroup of G, and let Ind$, and

indg be the smooth induction functor and compact induction functor, respectively.

Let A = (n1,ng,....,n;) be an ordered partition of the integer n. Let @y be the subgroup of

G, (K), consisting of matrices of the form

where A; € G, (K), for all 1 < i < t. Then Q) = M) x Uy, where M) is the group of block

diagonal matrices of the form
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Ay
As
9 AZ S Gnl (K)7

Ay

for all 1 <i <t, and U, is the unipotent radical of @} consisting of matrices of the form

Uy = Cox x|,

where I,,, is the n; X n; identity matrix.

Let 7 be an R-representation of M. Then 7 is considered as a representation of @, by inflation
via the map Qx — Qx/Ux =~ M). The induced representation indg:(K)(T) is called the parabolic
induction of 7. We denote by ig;‘(K)(T) the normalized parabolic induction of 7 corresponding
to the partition A. For each 1 < i < ¢, let 7, be an R-representation of G, (K). The parabolic

(K)(

induction zg;‘ T1 ® -+ ® 7¢) is denoted by the product symbol 71 X -+ X 7.

Let 7 be an integral l-adic smooth representation of My, and let £ be an integral structure of

7. Then the space ig;’(K)(ﬁ), consisting of functions in ig’;’(K) (1) taking values in £, is also an

integral structure of ig;(K)(T> (see [Vig96b, 1. 9.3]). Moreover, we have
G (K = G (K =
ZQ,\( )(E ®Z ]Fl) ~ zQ/\( )(E) ®Zl IF;.
Hence, the parabolic induction commutes with mod-/ reduction, i.e.,
G (K G (K
riliy "™ (r) = [ig;" (r(m)],

where the square bracket denotes the semi-simplification of igz(K)(m (7).

2.2.3 Cuspidal and Supercuspidal representation

Keep the notations as in the preceding subsection. Here, R = Q, or F;. An irreducible R-
representation 7 of G, (K) is called a cuspidal representation if for all proper subgroups Q) =

My x Uy, of G,,(K) and all irreducible R-representations o of My, we have

Homg, () (7, ig: " (0)) = 0.
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The representation 7 is called supercuspidal if for all proper subgroups @) = M)y x Uy of G,,(K)

and all irreducible R-representations o of M), the representation (w,V) is not a subquotient of

Go(K
ZQA( )(0').

Remark 2.2.1. Let k be an algebraically closed field and let 7 be a k-representation of G, (K).
If the characteristic of k is 0, then 7 is cuspidal if and only if 7 is supercuspidal. But, when
the characteristic of k is [ > 0, there are cuspidal k-representations of G, (K) which are not

supercuspidal. For details, see [Vigd6b, Section 2.5, Chapter 2].

2.3 Generic representation

In this section, we recall the notion of generic representations of G, (K). We first discuss the
notion of R-representations of Whittaker type, where R denotes either Q, or K or a Noetherian

W (FF;)-algebra. For a reference, see [EH14, Section 3].

We fix a non-trivial additive character ¥ : K — A*, where A is the ring of integers of the
maximal unramified extension K. For any A-algebra R, we denote by vk r the composition
K Y55 AX — RX. Let O r be the character of N, (K), defined by

n—1
Ox.r((uig)}j=1) =Y. r(D_ wigit1) (2.1)
i=1
for all (u;;)7;—y € Ny. Let (7,V) be a smooth R[G,] module. We denote by V(™ the quotient
space V/V(N,,Ok r), where V(N,,Ok r) is the R-submodule generated by the set of vectors
{m(u)v — Ok r(w)v:v e V,ueN,}.

Definition 2.3.1. A smooth R[G,] module (7, V) is said to be of Whittaker type if V(") is free
R-module of rank one. When R is a field, an irreducible R-representation of Whittaker type is

called generic.

2.3.1 Whittaker and Kirillov model

Let (m,V) be a smooth R[G,] module of Whittaker type. By definition, Hompy, (V, Ok r) is a
free R-module of rank one. We choose a generator of Hompy, (V,©k r), denoted by W,. Let

W(r, ¥ r) C Indﬁz (Ok,r) be the space consisting of functions W,, v € V, where

for all ¢ € G,,. Then the map v — W, induces a G,-equivariant homomorphism from V to

W(rm,¢¥xk). The space W(m, ¢k r) is called the Whittaker model of (w,V). When R is a field
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and (m,V) is irreducible, the map V. — W(m, ¥k r) is an isomorphism. In general, the map
V — W(m, ¥k r) is surjective but not necessarily an isomorphism. Two different R[G,] modules
of Whittaker type can have the same Whittaker model.

The identification V(™ ~ R also induces a P,-equivariant map V — Indﬁ’; (®k r). The image
of this map is called the Kirillov model of (w,V), and it is denoted by K(m, ¥k r). Moreover,
K(m, 9K, r) contains indﬁ’; (Ok,r) as R[P,]-submodule. We use the notation (¢ gr) for the
compact induction indg’; (©k r). We have the following result, due to [MM22, Theorem 4.2].

Theorem 2.3.2. The restriction map W — resp, (W) gives an isomorphism

W(r, YK ,r) — K(m, ¥k, R)-

The above theorem follows from the Rankin—Selberg functional equations and the completeness
of Whittaker models over arbitrary Noetherian W (F,)-algebras (see [HM18, Corollary 3.6]). We
will recall the proof in the subsection (2.4.1), where the Rankin—Selberg theory over families is

discussed.

2.3.2 Galois invariance of Whittaker models

Here, R will denote either @, or K or F;. We fix a generator v of I', where I is the Galois group
of the extension E/F. Let (m, V) be an R-representation of G,,(E). The group I' acts on G, (E)

componentwise, i.e., for any g = (a;;);' ;-1 € Gn(E), we set

v(g) = (V(%j))ﬁj:l-

Let 77 be the representation of G,,(E) on V, defined by

77 (g) == m(v(g)), for g € Gy (E).

We say that 7 is I'-equivariant if the representations m and 77 are isomorphic. We now prove
a lemma concerning the I'-invariance of the Whittaker model of a I'-equivariant representation m
of G,(F). We fix a non-trivial additive character ¢ : F — A*. Let g be the composition
Y o Trg/p, where Trg,p is the trace map of the extension E/F. The mod-I reductions of ¢
and ¢p are denoted by ¥ and vy respectively (Recall 9 = wK,E)' Let O and ©f be the
non-degenerate characters of N, (F) and N, (E), respectively (see Section 2.3 for the definition).
The mod-/ reduction of O (resp. Op) is also denoted by O (resp. ©g). We now consider the

action of I on the space Indg:ggg(@E7R), given by

(v-0)(9) = (v (9)),
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for all g € G,,(F) and ¢ € Ind%:gg;(@E,R).

Lemma 2.3.3. Let m be a generic representation of Gy, (E) on an R-vector space V', such that
(m, V) is T-equivariant. Then the Whittaker model W(m, v g r) of m is stable under the action of
Ir.

Proof. Let W, be a Whittaker functional on the representation (mw,V). For all v € V and u €
N, (E), we have

Wi (7 (u)v) = Op,r(1(u)Wr(v) = ($r,r 0 Triyp) (72 1(uiir1)) W (v) = Op,r(u)Wr(v),

Thus, W, is also a Whittaker functional for the representation (77,V). Let W, € W(rm, ¥ g Rr).
Then

(VL Wo)(g) = Wr(m (g)v).

From uniqueness of the Whittaker model, we have v~1.W,, € W(r, ¥, r). Hence the lemma. [

For a smooth R-representation (m,V) of G, (F), we denote by Vy, (p)e, the quotient space
V/V(N,(E),Og), where V(N,(E),Og) is the space of all v € V such that

/ Op(n) 'r(n)vdn =0
Ny

for some compact open subgroup N, (depending on v) of N, (E). Here dn is a Haar measure on
N, (E). Since N,(E) is I'-stable, the compact open subgroup N, can be chosen to be I'-stable.

Then we have the following lemma.

Lemma 2.3.4. Let m be a generic R-representation of G,(E). Then T acts freely on the space
W(m, ¥5,R)N, (E),05-

Proof. Let W, be an arbitrary element of W(rw,v¥g r). We have to show that v.W, — W, €
W(m,vYE r)(N,(E),OF) for v € I'. Choose a I'-stable compact open subgroup N' C N,,(E). Then

/ O(n) (7. W, — W) (n) dn = / Oy () Wo(y (n)) dn — / Op(n) "W, (n) dn
N N N

c(v)/NGE(n)WU(n)dn—/j\f@E(n)Wv(n)dn,

where ¢(y) € R*. Since N is compact, we have ¢(y) = 1. Hence the lemma. O

2.3.3 Segments

In this subsection, we recall the notion of segments and its associated representations. Here, R

denotes either Q; or ;. For a precise reference, see [Zel80] for R = Q;, and [MS14], [KM17] for
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R =TF,. Let r, t be two integers with r < t. A segment is a sequence A = (v}.0, 1/?'10, e Vheo)

with o, a cuspidal R-representation of G, (K). The length of A is defined to be t — r + 1. The

parabolically induced representation

T:V}"(ny;;rlaxu-xyﬁ(a.

has a quotient £(A) such that its normalised Jacquet module with respect to the opposite of the
parabolic subgroup P, ... ») is equal to vgo ® - ® vi.o. Moreover, there is a unique generic
sub-quotient of 7, denoted by St(o, [r,t]) and it is called the generalised Steinberg representation

associated to A. We denote by St(o, k) the representation St(o, [0,k — 1]), for k& > 1.

Let o be a cuspidal R-representation of G,,(K). The set {v} 0 : r € Z} is called the cuspidal line
of o and the cardinality of this set is denoted by o(c). Recall that [MS14, Section 5.2] defines a

positive integer e(o) as follows:

e(0) = o(0) if R=T, and o(0) > 1; (2.2)

l if R=T; and o(0) = 1.

For a segment A = (vi.0,...,vk o) with r < ¢, the representation £(A) is equal to St(o, [r,t]) if
and only if the length of the segment A is less than e(o)( [MS14, Remarque 8.14]). In this case,

the segment A is called a generic segment. For R = Q,, every segment is generic.

Two segments A; and Ay are said to be linked if Ay g Ao, Ay SZ A and A7 U A5 is a segment.
Let m be an R-representation of G, (K) of the form L£(A;) x --- x L£(A;), where each A; is a
generic segment. Then we have a necessary and sufficient condition for the irreducibility of =

(see [Zel80, Theorem 9.7] for R = Q;, and [MS14, Theorem 9.10] for R = F}).

Theorem 2.3.5. The representation 7 is irreducible if and only if the segments A; and A; are

not linked for all i,j with i # j.

In the articles [BZ77, Theorem 9.7] and [Vig98, Proposition V.3, it is shown that

Theorem 2.3.6. An R-representation m of G, (K) is generic if and only if © is an irreducible

R-representation of the form L(A1) X -+ X L(Ay) with each A; a generic segment.

2.3.4 Generic lift

In this subsection, we fix a standard lift of an /-modular generic representation of G,,(K). First

recall that any l-modular cuspidal representation of G,,(K) can be lifted to an l-adic cuspidal



2.4 Local constants of p-adic representations 23

representation of G, (K) (see [Vigd6b, Chapter 3, 4.25]). Let p be an l-modular cuspidal represen-
tation of G, (K) and let A = (p,Ukp, ...,V 'p) be a segment associated with p, where Ty is the
mod-/ reduction of vi. Let o be a cuspidal lift of p. Then the segment D = (o,vko0, ..., 1/;{10)
is called a standard lift of A. When £(A) = St(p,r), then the mod-I representation £(A) lifts to
L(D) = St(o,r) ( [KM17, Proposition 2.16]).

Let m be a generic [-modular representation of G, (K). Then 7 is of the form £(A;) x -+ x L(Ay),
where each A; is a generic segment. For each 1 < i < t, let D; be a standard lift of A;. Then the
l-adic representation 7 = L£(D1) X - -+ x L(Dy) is generic, and 7 lifts to 7 ( [KM17, Remark 2.31]).

The representation 7 is a standard lift of 7.

2.3.5 Whittaker lattice and Integral Kirillov model

Let (m,V) be an integral l-adic generic representation of G,,(K). Consider the space W(mr, k)
consisting of W € W(r,), taking values in Z;. The work of [Vig04, Theorem 2] shows that
WO(7,vg) is a G, (K)-invariant lattice in W(m,vg). The lattice WO(r, k) is also called the
integral Whittaker model or Whittaker lattice. Let 7 be an l-modular generic representation of
Gn(K). An integral [-adic generic representation 7 of G, (K) is called Whittaker lift of T if there
exists a lattice £L C W9(rr, ¢ k) such that

L ®z, F = W(r, ¢),

where v is the reduction mod-I of ¥. Note that any standard lift of a generic I-modular
representation 7 is a Whittaker lift (see [KM17, Theorem 2.26]). Let (7, V) be an integral l-adic
generic representation of G, (K) defined over the field K. Let Vj be a K-structure in V. There
exists a G, (K) invariant A-lattice in Vp. It follows from [Vig04, Theorem 2] that the set of A-
valued functions in the Whittaker space W(m, ¥k ), denoted by Wy (7, ¥ k), is a G,,(K) invariant
A-lattice.

2.4 Local constants of p-adic representations

In this section, we first review Rankin-Selberg theory over arbitrary Noetherian W (IF;)-algebras.
For precise reference, see [Mos16, Section 3]. This is analogous to the Rankin—Selberg theory over
the fields Q; and F; (see [JPSS83] for Q; and [KM17] for F;). Then we recall and put up some
initial results on local constants associated with [-adic and [-modular generic representations of

Gn(K).
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2.4.1 Rankin-Selberg gamma factors in families

To define the Rankin—Selberg gamma factors in families, we need to recall the notion of co-

Whittaker modules.

Definition 2.4.1. Let R be a Noetherian W (F;)-algebra. A smooth admissible R[G,,(K )] module
(7, V) is called co- Whittaker if V(™) is a free R-module of rank one, and for any non-zero quotient

W of V, the space W™ is non-zero.

A co-Whittaker R[G,,(K)] module (7w, V) admits a central character, denoted by w, : F* — R*.
By definition, the module (7, V) is of Whittaker type and hence admits a Whittaker model.

We now introduce some notations. Let Xx be the coset space Np_1(K) \ Gn—1(K). For each
positive integer r, we set G7_,(K) = {g € G,—1(K) : vi(det(g)) = r}. We denote by X7 the

n—1

coset space

{Nn_l(K)g g€ G;;_l(K)}.

Let A and B be two Noetherian W ([F,)-algebras. Let (m,V) and (7', V') be two co-Whittaker
A[G,(K)]- and B[Gy—1(K)]-modules, respectively. For W € W(m, ¢k 4) and W' € W(’]T/,'I/J;(}B),

0
the function g — W g ® W'(g) is compactly supported on each X}, and takes values in

0 1
A Ow ) B- The following integral

1

= [ w @ W' (g)dg
K 0 1
is well-defined for all integers r, and it is zero for r << 0 (see [Mosl6, Section 3]). The formal

Laurent series

> el (WX,

rez
is an element of S~1((A Ow e, BIX, X 1), where S is the multiplicative set consisting of poly-
nomials Zi:t a,X" with a; and as being units in A Ow (F,) B. In this thesis, we deal with base
change where two different p-adic fields are involved. So, to avoid confusion, we use the notation
cE(W,W') instead of ¢,.(W,W’), used in the article [Mos16, Section 5]. Now, let us consider the
functions W and VIA;’, defined as
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for all g € G,,(K) and = € G,,—1(K). Making a change of variables, we get the following identity:
KW, W) = & (n(w,)W, 7 (w1 )W'. (2.3)

In [Mosl6, Theorem 5.3], the author proved the following functional equation for pair of co-

Whittaker modules.

Theorem 2.4.2. Let m and 7' be two co-Whittaker A|G,(K)]- and B[G,—1(K)|-modules respec-
tively. Then, there is a unique element (X, m, 7', vk) in the ring of fraction S~1((A Ow F,)
B)[X, X 1) such that

DKW, WX = wo ()" (X, k) D el (W, W)X, (2.4)
re’Z reZ

for all W € W(m,v.4) and W' € W(x', ).

The notation in the above theorem is slightly different from that in [JPSS83]. With these, we

now recall the proof of Theorem 2.3.2.

Theorem 2.4.3. The restriction map W — resp, (W) gives an isomorphism
W(r, ¥r,r) — K(m, 9K R)-

Proof. Let W be an arbitrary element of W(r, ¢k g) such that resp, (W) = 0. Then, from func-
tional equation (2.4), we get

S efEwwnxT =0,

rez
for all W' € W(r/, wg}R), where 7’ varies through all co-Whittaker R'[G,,] modules and R’ varies
through all finitely generated Noetherian A-algebras. This shows that cX (W, w’ ) = 0, for each
r € Z. Since the restriction W to GJ,_; is compactly supported, it follows from [HM18, Corollary
3.6] that W =0 on the coset space G, _,, for each integer 7.

Thus, W vanishes on G,—1 and hence on P,, as P, = N, x G,,_;. Using the same argument
in other direction, we get that W vanishes on P, if and only if W vanishes on P,,. Then the
R-submodule M, consisting of Whittaker functions in W(rm, ¢k r) with resp, (W) = 0, is stable
under both P, and the subgroup P,,, opposite to P,. It implies that M is stable under the action
of G,,. Hence, we get that M = (0). O

Next, we define the local constants such as L-factors and e-factors associated with pair of R-
representations of Whittaker type, where R = Q, or F;. We follow the notations of [JPSS83]
and [KM17].
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2.4.2 L -factors

Let 7 and 7" be two R-representations of G, (K) and G,_1(K) respectively, both of Whittaker

type. For any W € W(r, ¢k g) and W' € W(n', w;(’lRL consider the following power series:

I(X, W, W) = > K (W, W) g2 X
el

Note that I(X, W, W’) is a rational function of X ( [KM17, Theorem 3.5]). Then the R-subspace
generated by I(X, W, W') as W varies in W(r, ¥x r) and W’ varies in W(x’, 1/);(711%), is a fractional
ideal of R[X,X~!]. It has a unique generator, which is an Euler factor denoted by L(X,n, 7).
The generator L(X, 7, 7’) is called the L-factor associated with 7, 7’ and . When R = Q;, then
1/L(X,m,7") € Zy[X].

We conclude this subsection with a result [KM17, Theorem 4.3], which describes L-factor of

cuspidal representations.

Theorem 2.4.4. Let m; and my be two cuspidal R-representations of Gp(K) and Gy, (K) respec-
tively. Then L(X,m,m) is equal to 1, except in the following case : m is banal in the sense

of [MS14] and o is isomorphic to xmy, for some unramified character x of K*.

In particular, when m = n — 1, it follows from the above theorem that L(X, m,my) associated

with the cuspidal R-representations 7, and 75 is equal to 1.

2.4.3 Functional Equation and Local e-factors

Let m and 7’ be two R-representations of Whittaker type of G,,(K) and G,,_1(K), respectively.
Then, there exists an invertible element (X, 7, 7', 1) in the ring R[X, X ~!] such that for all

W e W(r,¥x r), W e W, 1/’;(.,113)7 we have the following functional equation:

g X—L W, W)
Lt X1, 7, 7)

1(X, W W)
L(X,m, @)’

= Wr (_1)n726(X7 T, 7T/7 d)K)

where w, denotes the central character of ©’. The element e(X,m, 7', ¥k ) is called the local e-
factor associated to 7, 7’ and Y. If 7 and 7" are l-adic, then the factor e(X, 7, 7', 9 k) is of the

form c¢XF, for some ¢ € ZX . In particular, there exists an integer n(mw, 7', ¥ k) such that
1 ’
(X, m i) = (g X)"OTVOe(m, 7 i), (255)

The local y-factor associated with m, 7" and ¢k is defined as

Ligg' X1, 7, 7')

X, 7,7 i) = (X, m, 7
’Y( vﬂ-vﬂawK) 6( ,77"77,1[11() L(X,TF,’]T/)
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2.4.4 Compatibility with reduction modulo

Here, we recall the compatibility of gamma factors under mod-l reduction. For reference, see
[KM17, Section 3.3]. Let 7 and 7/ be two l-modular representations of G,(K) and G,_1(K)
respectively, both of Whittaker type. Let m and 7’ be the respective Whittaker lifts of 7 and 7'.

Then we have

Tl((’}/(X,W,’]T/, ¢K)) = ’Y(Xv T, T/v@K)'

2.4.5 Generic part of mod-/ reduction

Let m be an integral [-adic generic representation of Gy (K). The mod-I reduction r;(7) has a
unique generic sub-quotient and it is denoted by Ji(w) (see [Vig01, Section 1.8.4]). Let o be an
integral [-adic generic representation of G, _1(K). The functional equation associated with the

pair (Ji(7), Ji(0)) gives
g X7 W W) = w0 (< 1) 25 (X, (), (o). 00 )T W, W),

for all W € W(Jy(7),v ) and W' € W(Jl(a),@;). Let us consider the following commutative
diagram:
A" ’ J—
WO(, i) ———= Ind {37 () Bk

TeSpPy (K) TeSPy (K)

™

Note that that restriction to P,(K) map on W (w, k) is an isomorphism. Here A, and )\, are
pointwise mod-I reduction maps. Since K°(¢f) is contained in K°(7, 1 x) and A\, maps K° ()
onto K(), the P,(K) equivariant map A, is non-zero. Then, it follows from the commutativity
of the above diagram that A, is non-zero. Since Jj(w) is the unique generic sub-quotient of
7(m), the image of A, contains the Whittaker space W(J;(r),% ). Similarly, the image of A,
contains W(J (o), ). Let U (resp. U’) be an element of WO(m, ¢k ) (resp. W°(o, 1)) such
that Ar(U) = W (resp. A,(U’) = W’). From functional equation for the pair (7, o), we get the

following relation

Hqd XN U,U") = wo(—1)" " 2y(X, 7, 0,0x) (X, U, U").
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After reducing the above identity mod-I, we have
Ha' XL W W) = g (= )" ri(y (X, 7, 0, i) ) T(X, W, W),

Thus, we get that

T‘l(’y(X,ﬂ',O', wK)) = ’V(X7 Jl(ﬂ)“]l(U)J"/JK)' (26)

2.4.6 Frobenius Twist

Let G be a locally compact and totally disconnected group. Let (7, V) be an [-modular represen-
tation of G. Consider the Fj-vector space V), where the underlying additive group structure of

V" is same as that of V but the scalar action * on V) is given by
1
Cxvi=CT,

for all ¢ € F; and v € V. Then the action of G on V induces a representation of G on the space

V) denoted by (V). The representation (7(), V() is called the Frobenius twist of (m, V).

Lemma 2.4.5. Let ¥ be a non-trivial I-modular additive character of K, and let © be the non-
degenerate character of N,(K) corresponding to 1. If (w1,V1) and (mwa,Va) are two l-modular
generic representations of Gy, (F) and G, _1(F) respectively, then

q
7(X7 1, T2, l/))l = FY((TK)XZa ,/Tgl)7 Wél), L l)v
where (qTK) is the Legendre symbol.

Proof. Let W;, be a Whittaker functional of m;. Then the composition

Wr, — giogt —
i —%F 25 F,

7l —
denoted by W_a), is a Whittaker functional (with respect to ¢ : K — le ) of the representation
1
F%l), as we have
1
W_a (e xv) = Wr, ((c ) = W_w (v)
1 1

and

l

W (m (@)0) = (O(@)Wr, (1)) = O@)'W, 0 (v),

for all v € V4, ¢ € F; and € N, (K). Therefore, the Whittaker model W’(wgl)7 1y consists of
the functions W!, where W, varies in W(7,%). Similarly, the Whittaker model W(ﬂ'él),z/}l) of

Fél) consists of the functions U!, where U, varies in the Whittaker model W(ma,1). From the
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Rankin—Selberg functional equation (see Subsection 2.4.3), we have

ST B W, Un) g X7 = wry (< 1) 2y (X, iy, o, )Y K (W, U gy X (2.7)

re’ re’

and
Zc Ul qKT/zX_T—w u)( 1" 2y(X, 71'%1 ,7r Zc W, Ul)q T/2 : (2.8)
reZ reZ

Using the identity q%z = (T) 1/ to the equation (2.7), we get

> el (W U (XY ™ = (1) 2y (X m o) Y eff (Wi, U) g3 ()X

reZ rEL
(2.9)
Replacing X by ( ;i )Xl to the equation (2.8), we have
S e WL U g ()
rer (2.10)

= w o ()" (FX L m m ) Y e (WL U ()XY
reZ

Since ¢k = qr, we have c&(W,,U,)! = cE(WL U!) for all r € Z. Similarly, cf.((ﬁ/v,,,Uv)l =
(Wl U}) Then, it follows from the identities (2.9) and (2.10) that

v

q
VX mme,0) = ()X m m) ),

This completes the proof. O

2.5 Review of Weil-Deligne representations

This section discusses the notion of Weil group and the Weil-Deligne representations. We also
review the local constants associated with Weil-Deligne representations. For precise references,

see [BHO06, Chapter 7], [Del73, Chapter 4].

We choose a separable algebraic closure K of K. Let Qx denote the absolute Galois group

Gal(K/K). We have the quotient map
Gal(F/K) — Gal(EK/nK) (211)

where R is an algebraic closure of the finite field kx. The kernel of the map (2.11) is called the
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inertia subgroup of Q, denoted by Zx. Let Frobgx denote the Frobenius automorphism of Fg.
Let Wk be the inverse image in Qg of the group generated by Frobg. The group Wy is called
the Weil group of K, and we have

Wi = I x Frob%.

There is a natural Krull topology on the absolute Galois group Qx and the inertia group Zg, as
a subgroup of Qf, is equipped with the subspace topology. Declaring the open subgroups of Zg
as open subgroups of Wy makes Wpg a topological group, whose topology is locally compact and
totally disconnected. If K7 /K is a finite seperable extension with K; C K, then the Weil group

W, is considered as a subgroup of W.

2.5.1 Semisimple Weil-Deligne representation

In this subsection, R will denote either Q; or F;. A smooth R-representation p of Wy is called
unramified if p is trivial on the inertia subgroup Zx. Let vk be the unramified character of Wy,
which satisfies vx (Frobg) = "

An Weil-Deligne R-representation of Wy is a pair (p,U), where p is a finite-dimensional R-
representation of Wk and U is a nilpotent endomorphism of the vector space underlying p, in-
tertwining the actions of vk p and p. Moreover, the representation (p,U) is called semisimple if
p is semisimple as a representation of Wy . Note that any semisimple representation p of Wy is
considered as a semisimple Weil-Deligne representation of the form (p,0). For two Weil-Deligne

representations (p, U) and (p',U’) of Wy, set

Hom((p, U), (p',U")) = {f € HomWK(p, p)ifolU=U"o f}7

We say that (p,U) and (p’, U’) are isomorphic if there exists a map f € Hom((p,U), (p’,U’)) such
that f is bijective.

2.5.2 Local Constants of Weil-Deligne representation

In this subsection, we consider the local L-factors and local e-factors for l-adic semisimple Weil-

Deligne representations of Wy . We follow the notations of the previous subsection.

Let (p,U) be an l-adic semisimple Weil-Deligne representation of Wy . Then, the L-factor asso-

ciated with (p,U) is the following rational function in X:
L(X. (p.U)) = det((id ~ X p(Frob)) cervyc )

We choose a self-dual additive Haar measure on K with respect to the character ¥ : K — @lx .

Let p be a smooth l-adic representation of Wy . The epsilon factor €(X, p, ¥ ) associated with p
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and 1 is defined in [Del73, Theorem 6.5]. Let K'/K be a finite seperable extension contained
in K. Let ¢ be the composition g o Trgr k. Then, the epsilon factor satisfies the following

properties:

1. If p; and ps are two l-adic representations of We, then
€(X, p1 @ p2, Vi) = €(X, p1, VK ) €(X, p2, YK ).

2. If p is an l-adic representation of Wy, then

. . dim(p)
€(X7 lndwlé/ (P)ﬂbK) . G(Xa lndxi,(lK’)/(/)K) g (2 12)
E(XapawK/) B E(leK’az/}K’) ’ .
where 1g+ denotes the trivial character of Wy
3. If p is an [-adic representation of Wy, then
G(XapawK)e(q;(lX_lapv7wK) = det(p(_l))5 (213)
where pV denotes the smooth dual of p.
4. For an l-adic representation p of Wi, there exists an integer n(p, ¢ x) for which
3 (i)
6(X7 12 1pff) = (QIQ(X)n pwK 6<p7 wK)
Now, for an l-adic semisimple Weil-Deligne representation (p, U), the e-factor is defined as
Ligg' X" pY)  L(X,(p,U))
€ Xv(va)awK :e(Xap7wK) — )
( ) L(X.p)  Ligxg' X1, (p,U)Y)
where (p,U)Y = (p¥,—U") and the representation p" is contragradient to p. Set
L(X, (p,U))
V(Xa (pv U)ﬂva) :G(X, (pv U)7¢K) — . (214)
L(QKlXila (pa U)\/)

The element v(X, (p,U),¥k) is called the y-factor of the semisimple Weil-Deligne representation
(p,U).

Now, we state a result which concerns the fact that the ~-factors are compatible with mod-
[ reduction ( [KM21, Proposition 5.8]). For any P € Z;[X], we denote by r;(P) € F,;[X] the

polynomial obtained by reduction modulo the maximal ideal ; to the coefficients of P. For

Q € Zi[X] with 7(Q) # 0, we set 7 (P/Q) = r(P)/r(Q).
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Proposition 2.5.1. Let ¢, be the mod-l reduction of V. Let p be a smooth, integral, l-adic

semisimple representation of Wy . Then
8 (’Y(X7 P 1pl()) = IV(X’ Tl(p)v@K)'

We end this subsection with a lemma, which is crucial for the proof of the main theorems.

Lemma 2.5.2. Let E/F be a finite Galois extension of prime degree . We further assume that

is odd. Let p be an l-adic semisimple representation of Wg of even dimension. Then

(X, p,¥p) = (X, ind)yT (p), vr).

X,' dWF 1 ,
Proof. Let Cpp(Yr) = ! El(ani,;( jzj)W)

Cg/r(tr) is independent of X (see [BHO6, Corollary 30.4, Chapter 7]). Using the equality (2.12),

, where 1g is the trivial character of Wg. Then

we get

e(X, ind\yE (p), ¥r)
6(X7 P, wE)

= (Cp/r(vp))dme.

In view of the functional equation (2.13), we have

Cpr(VYr)? =Ep/r(-1),

where &p/p = det(ind}y" (1)), a quadratic character of Wp. Note that {p/r factorizes through
the quotient group Wg/Wg—which is a group of prime order [, and this implies that Eg IF = 1.

Since [ is odd, we get that g, is trivial. Hence the lemma. O

2.5.3 Deligne-Langlands gamma factors in families

In this subsection, we briefly recall Weil-Deligne representation over Noetherian W (F;)-algebras
and its associated y-factors. For details, we refer to [HM15]. The contents of this subsection will

be used in Chapter 5.
Let R be a Noetherian W (IF;)-algebra. For each non-negetive integer m, let 7, be the kernel of

the map GL,(R) — GL,(R/I™R).

Definition 2.5.3. A representation p : Wx — GL,,(R) is said to be [-adically continuous if, for
all m, the preimage set

p N Tm) = {x € Wk : p(x) € T}

is an open subgroup of Wy
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In particular, any smooth representation p : Wx — GL,,(R) is l-adically continuous. For the
above families of representations, Helm in [HM15, Theorem 1.1] defines the Deligne-Langlands
gamma factors as follows: Let S be the multiplicative subset of R[X, X ~!] consisting of Laurent
polynomials whose first and last coefficients are units. Then, for any l-adically continuous repre-
sentation p : Wx — GL,,(R), there exists an unique element vz (X, p,¥r) € STH(R[X, X 1]) with

the following properties :

1. For any Noetherian W (IF;)-algebra R’ and morphism f : R — R’, we have

F(r(X, p,vk)) =R (X, p ®r R, k).

2. If R is the field of fractions of a complete local domain of characteristic zero with residue
field F;, then the gamma factor vr(X, p,¥x) coincides with the classical Deligne-Langlands
gamma factor, defined as (2.14).

Moreover, the association (R, p, i) — Yr(X, p, ¥k ) satisfies

1. For any exact sequence 0 — p; — p2 — p3 — 0 of l-adically continuous representations of
Wik, we have

IYR(X7 szwK) = ’yR(Xu Pl7¢K) IYR(X> p?nwK)-

2. If L/K is a finite seperable extension and p is a virtual smooth representation of Wy, of

virtual degree zero in the sense of [Del73, Section 1], then

YR(X, p, K 0 Trr i) = vr(X,ind)) (p), ¥ ).

2.6 Local Langlands Correspondence

In this section, we discuss the local Langlands correspondence of GL,(K), where K is a finite
extension of Q,. Here R denotes either Q, or F;. For each integer n > 1, let Irrg(n, K) be
the set of all irreducible smooth R-representations of G, (K). Let A%"(n, K) be the subset of
Irrp(n, K), consisting of all generic R-representations of G, (K). We denote by gg’ (n, K) the set
of isomorphism classes of n-dimensional, l-adic, semisimple Weil-Deligne representations of Wy .
The set of isomorphism classes of n-dimensional, semisimple, I-modular representations of Wy is

denoted by ggf (n, K).
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2.6.1 The [-adic local Langlands correspondence

Here, we recall the local Langlands correspondence over R = Q,. As before, we fix a non-trivial

additive character ¥ : K — @lx . For each integer n > 1, there exists an unique bijection
g o Irrg, (n,K) — Q%i(n, K)

such that, for all 7 € Irrg (n, K) and 7" € Irrg (m, K) with m < n, we have
6(X7 ™, 71-/7 wK) = E(Xa HK,’I’L(TF) ® HK,’m(ﬂJ)a wK)

and

L(X,m,7") = L(X, Uk .n(m) @ Mg m (7).

Moreover, the set of all l-adic cuspidal representations of G, (K) is mapped onto the set of all
irreducible, n-dimensional, [-adic representations of the Weil group Wg via the bijection Ilg ,
(see [HTO01], [Hen00] or [Sch13]). Note that the classical local Langlands correspondence is a
bijection between Irre(n, K) and the isomorphism classes of n-dimensional, complex, semisimple
Weil Deligne representations of Wg. To get a correspondence over Q;, one twists the original
correspondence by the character 1/2_")/ . For details, see [Clo90, Conjecture 4.4, Section 4.2],

[Hen01, Section 7] and for n = 2, see [BH06, Theorem 35.1].

2.6.2 Mod-/ semisimple local Langlands correspondence

This subsection belongs to the discussion of the local Langlands correspondence over F;. Recall
that if 7 is a generic R-representation of G, (K), then there exists a multiset {71, 72,..., 7},
consisting of supercuspidal R-representations of G,,,(K) with >_'_, n; = n, such that 7 occurs as
a sub—quotient of the normalized parabolic induction 71 X --- X w.. If M) is the Levi subgroup
associated the partition A = (n1,n9,...,n,) (see Subsection 2.2.2 for the definition), then the
pair (M), 71 ® --- ® m,) is unique upto G, (K) conjugacy ( [Vigd8, Section V.4]) and is called
the supercuspidal support of 7, denoted by scs(w). In [Vig01, Theorem 1.6], Vignéras proves the

existence of a sequence of bijections
Mgt AL (0, K) — G&'(n, K),n>1
l l

which is compatible with the [-adic local Langlands correspondence Ilx , under mod-/ reduction,

in the sense that if o and ¢’ are two integral l-adic cuspidal representations of G,,(K), then

1. Ik n(0) is integral.
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2. ?"l(CT) ET‘[(J/) < TI(HKJL(O')) ZTZ(HK’H(J')).

3. If ses(ri(0)) = {o1,..., 0.}, then ri(Ilx (o)) = ﬁK,n((ﬁ) D--- @ﬁK,n(or).

2.7 Local base Change for the extension E/F

Now, we recall local base change lifting for a cyclic extension of a p-adic field. The base change
operation on irreducible smooth representations of G, (F) over complex vector spaces is charac-
terized by a character identities (see [AC89, Chapter 3]). Let us recall the relation between l-adic
local Langlands correspondence and local base change lifting of G,,(F).

Let mp be an irreducible [-adic representation of G, (F'). Let (pp,Ur) be the l-adic semisim-
ple Weil-Deligne representation of Wg such that g, (7r) = (pr,U), where IIp,, is the l-adic
local Langlands correspondence. Let mg be the irreducible [-adic representation of G, (F) with

lg.(mE) = (pE, Ur) such that

resy, (pr) ~ pg and Up = Ug.
The representation mg is the base change lifting of wp, and it is is isomorphic to the twisted
representation 7, for all v € I'. If 7p is generic, then so is the base change lifting 7.

2.7.1 Base change for L(A)

Let 77 be an l-adic cuspidal representation of G,,(F'). Let k be a positive integer, and let A =
{7F, TFVF, ..., TPV '} be a segment. Then we have the generic representation L£(A) of G (F)
and

Ip(L(A)) = He(re) @ Spp(k), (2.15)

where Spp(k) is the semisimple Weil-Deligne representation of Wg (see [BH06, Chapter 7, Sub-
section 31.1] for the definition). If [ does not divide m, then there exists a cuspidal representation

7g of Gy, (E) such that 75 is the base change lifting of 75, i.e.,
resy, (Ilp(7p)) ~ Hp ().
Let D be the segment {7g, Tpvg, ..., TEV,]ffl}. Using the identity (2.15), we get
resy,, (ITp(L(A))) ~ (1) @ Spg (k) = g (L(D)).

Thus, the representation L(D) of Gy, (F) is the base change lifting of £(A). Next, we prove a

lemma about base change lifting and integrality.
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Lemma 2.7.1. Let wp be an irreducible l-adic representation of G, (F), and let g be the base
change lifting of mr to G,(FE). Then wp is integral if and only if the base change lifting mg is

integral.

Proof. Let m be an irreducible [-adic representation of G, (K). Let scs(w) be the supercuspidal
support of 7 (see [Vig98, I11.3.] for the definition). The representation 7 is integral if and only
if scs(m) is integral (see [Vig01, Section 1.4], and for general reductive groups, see [DHMK24,
Corollary 1.6] for a reference). The representation scs(w) is integral if and only if the central
character of scs(r) is integral.

Assume that 7p is integral. Let (pp,U) be the l-adic, semisimple Weil-Deligne representation
of Wp associated with mp under the local Langlands correspondence (LLC) IIp. Under LLC,
the representation scs(mp) corresponds to We-representation pr. Note that the central character
of scs(mp), under LLC, corresponds to the product of the determinant characters of irreducible
components of pr (see [Hen01, Theorem 1.3] for instance). Since the central character of scs(mr)
is integral, the determinant character of each irreducible component of pg is integral, and hence
pr is integral (by [Vigd7, Lemma 1.9]). This implies that the restriction resyy, (pr) is integral.
Under LLC, the supercuspidal support scs(mg) corresponds to the restriction resyy,(pr). Thus,
the supercuspidal support scs(ng) is integral and we get that 7 is integral.

Conversely, assume that 7g is integral. Let (pg,Ug) be the l-adic, semisimple Weil-Deligne
representation of Wpg associated with mp under LLC. Since the supercuspidal support of 7y is
integral, the Wg-representation pg (which is resy,(pr)) is integral. Let Lr be a Wg-stable

lattice in pg. Then,

Z pr(x)LE.

:EGWF/WE
is a Wp-stable lattice in pp. Thus, the representation pp is also integral, which implies that the

supercuspidal support scs(rr) is integral. Hence, 7 is integral. O

2.8 Tate Cohomology

In this section, we recall the definition of Tate cohomology groups, and some useful results on
I'-equivariant [-sheaves of A-modules on an [-space X equipped with an action of I'. For precise
reference, see [TV16, Section 3]. Fix a generator v of I. Let M be a A[I'] module, and let T, be

the automorphism of M, defined by
T,(m) =~v.m, foryeI, me M.

Let N =id + T, + T2 + -+ + T,1—1 be the norm operator. Then the Tate cohomology groups
HO(M) and H(M) are defined as
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~ B Ker(id — TY)

HO(M) = Tg(V) 20 At = — By

- Img(id - T,)°

The above definition is independent of the choice of v in T'.

2.8.1 Tate Cohomology of sheaves on [-spaces

Let X be a Hausdorff, locally compact and totally disconnected topological space (in short “I-
space”) equipped with an action of a finite group (v) of order I. Let C°°(X,A) be the space of
locally constant A-valued functions on X and C$°(X, A) the space of functions in C*° (X, A) with

compact support.

Definition 2.8.1. An [-sheaf of A-modules on X consists of the following data:

1. for each z € X, there is associated a A-module F,,

2. there is defined a family F of cross-sections, i.e., mappings ¢ : X — (J F. such that

zeX
p(x) € Fy for each z € X,

satisfying the following conditions:
1. F is invariant under addition and multiplication by functions in C*°(X, A).

2. If p is a cross-section that coincides with some cross-section in F in an open neighbourhood

of each point of X, then ¢ € F.

3. Ifpe F,ze X, and p(x) = 0, then there exists an open neighbourhood U of x such that
p=0onU.

4. For any = € X and v € F, there exists a ¢ € F such that ¢(z) = v.

Let T'.(X;F) be the space of compactly supported sections of F, that is, those sections ¢ € F
for which the set {z € X | p(x) # 0} is compact. In particular, if F is the constant sheaf with
stalk A, then I'.(X; F) = C°(X,A). The assignment F — T'.(X;F) is a covariant exact functor.
If F is (y)-equivariant, then + can be regarded as a map of restricted sheaves F|x» — F|x~» and

the Tate cohomology is defined as

HO(F|x+) = Ker(1 — ) /Img(N),
HY(F|x~) := Ker(N)/Img(1 — 7).

A compactly supported section of F can be restricted to a compactly supported section of F|x~.
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2.8.2 Tate cohomology of compact induction

Let G be a locally profinite group and - an automorphism of G of order I. Let H be a closed
subgroup of G such that v(H) = H and (G/H)Y = GY/H". Let p be a smooth A[H] module
equipped with an isomorphism 7" : p =+ p” such that 7% = id. Then we have an isomorphism of

the compactly induced representations 7T : ind§ (p) = (indg(p))v, defined by

T(f)(9) :=T(f(v""9)),

for all g € G and f € ind$(p). Thus, there is an action of (y) on ind$ (p)-induced by T', and we
consider the Tate cohomology groups H'(ind%(p)), i € {0,1}, with respect to this action. Note

that the restriction to G7 map:

(ind§(p)) " — md$5 (H'(p)), f = resca (f) (2.16)

factorizes through

(0§ (p) —> nd$ (' (p)).
Then we have the following result, due to [TV16, Proposition 3.3.1].

Proposition 2.8.2. Let G be a locally profinite group and H a closed subgroup of G. Let vy be an
automorphism of G of order 1 such that v(H) = H. We further assume that (G/H)Y = G7/H".
Let p be a smooth A[H| module equipped with an isomorphism T : p — p7 such that T' = id.
Then, for each i € {0,1}, the restriction map (2.16) induces the following isomorphism of G7-

representations:
Hi(ind (p)) = indf (H'(p)).

Remark 2.8.3. The above proposition is often useful to calculate the Tate cohomology groups
of compactly induced representations. We will now discuss a particular instance of the above
proposition, which is crucial for the later chapters. Let E/F be a Galois extension of degree I
with Galois group I'. Let ¢p : F — @lx be a non-trivial additive character, and let g be the
character 9p o Trg, p, where Trg,p is the trace function. Let ©x (resp. © ) be the non-degenerate
characters of N, (E) (resp. N, (F)) associated with ¢¥p (resp. 1g) (see Subsection 2.3). We will

use the notations ¥, ¥, O, O for the respective mod-I reductions. Recall the notation K (v x)

Pn(K)

Nn(K)(G)K)' Note that I' acts on K(¢ ), by setting

for the compact induction ind

(vH)(@) = f(y~H (@),

forally €I, 2 € P,(E) and f € K(¢g). Set Yx = P,(K)/N,(K). Since N, (E) is a I-stable

subgroup of P,(E), we have the following exact sequence of non-abelian cohomology (see [Ser,
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Chapter VII, Appendix]):
0 — No(F) — Po(F) — Y — H'(I',N,,(E)) — H'(T', P,(E))

Note that the pointed set H(T', N,,(E)) is trivial. Thus, we get the equality Y. = Y. Then,

applying Proposition 2.8.2, we get that the restriction to P, (F’) map:

K@ 5" = K@r), frresp, o f

induces an isomorphism

BO(K(@Dp)) = K(@p). (2.17)

Proposition 2.8.2 also shows that H'(K°(¢g)) is trivial. Here, K°(¢g) is the space of Z;-valued

functions in the l-adic representation K(¢g).

2.8.3 Comparison of integrals of smooth functions

In this subsection, we set up an important identity of the integrals on the homogeneous space of
F with those on the homogeneous space of E. Let R be an Artin local Fj-algebra and mp be its
unique maximal ideal. Let X be a set, endowed with an action of the group I'. Then I' acts on
the space C°(X, R), by setting

(v)(x) == p(y ),

for all z € X and ¢ € C°(X, R). We denote by C>°(X, R)I' the space of functions in C°(X, R)
fixed under I". Let Xk be the coset space Gp,—1(K)/Np—1(K). We have the following result.

Proposition 2.8.4. Let R be an Artin local Fi-algebra. Let dugp (resp. dvg) be the Haar measure
on Xg (resp. M.«s(E)), and let dup (resp. dvg) be the corresponding object over F. Then there
exists c € R* such that

/ / pdupdvp :C/ / odup dvp,
M, o (E) X5 M, yo(F) X5

for all p € C°(M,«s(E) x Xg, R)".

Proof. Since N,_1(F) is stable under the action of I, we have the following long exact sequence

of non-abelian cohomology (see [Ser, Chapter VII, Appendix]):

0— Noo1(BE) — Gt (B) — X — HY Ty N1 (B)) — HY (TG (E)).
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Note that H! (I‘,Nn_l(E)) is trivial. Then the above long exact sequence gives the equality
XL = Xp. Let Y denote the ring of matrices M,y (K). Since Xr (resp. Yr) is closed in Xp

(resp. Yg), we have the following exact sequence of I'-modules:
0— C2((Yg x Xg)\ (Yr X Xp),R) — C*(Yg x Xg,R) — C(Yr X Xp,R) — 0. (2.18)
Since the action of T on (Yg x Xg) \ (Yr x Xr) is free, Proposition 2.8.2 gives
H' (I, C®((Ye x Xg)\ (Yr x Xp),R)) =0 (2.19)
Using (2.18) and (2.19), we get the following exact sequence:
0 — C((Yi x Xp) \ (Vi x Xp),R)" — C2°(Yig x Xpg, R)¥ — C°(Yp x Xp, R) — 0.

The free action of I on (Yg x Xg) \ (Yr X Xp) gives a fundamental domain I such that
-1
(Ye x Xp)\ (Yr x Xp) = | J7'U.
i=0

Then, for any ¢ € C°((Ye x Xg) \ (Yr X XF), R)F7 we have

-1

/ gad,uEdl/E:Z/ pdupdvg =0,
(YexXe)\(YrxXr) i=0 77U

Therefore, the linear functionals dug and dvg induces a (Yr x G, —1(F))-equivariant linear func-

tional on the space C°(Yr x Xp, R), and we get following identity:

// gpdudugzc// pdup dvg,
YE XE YF XF

for some non-zero ¢ € R. Now, we will show that ¢ € R*. Under mod-mpg reduction, the above

integral reduces to the following identity

/ / Pdugdvg = 5/ / Ddup dvp, (2.20)
YE XE YF XF

where the function @ is the pointwise mod-mp reduction of . Following [Vig96b, Chapter 1,
Section 2.8], we get a surjection ¥ : C°(Yg x G,,_1(E),F;) — C*(Yg x Xg,F,), defined by

Y(f)(z.g) = /N L Jmodn
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for all f € C>®°(Yg x G,—1(E),F;). Here dn is a Haar measure on N,,_1(FE). There exists a I'-
invariant compact open subgroup I C G, (E) such that W(1as,  (op)x1) # 0, where 1ys  (op)xr1
denotes the characteristic function on M, xs(0g) x I. So the Haar measure dup is non-zero on

C>(Yg x Xg,F))F, and we have ¢ # 0. This completes the proof. O

Remark 2.8.5. From now onwards, the Haar measures dug, dur, dvg, and dvp on the respective

spaces are chosen so as to make ¢ = 1. In this case, we have

//@d/JEdVEZ/ / pdup dvp.
Yg JXE Yr J XF

Let e be the ramification index of the extension E/F. Then, for all r ¢ {te : t € Z}, we have

/ / (Pd/‘E dvg = 0,
Ye J(Xp)F

and for all r € {te:t € Z}, we have

/ / @dﬂEdVE:/ /l@dﬂFdVF.
Ye J(Xp)T Yr /X5

In particular, when R = [F;, the following result is a consequence of the above proposition and

will be used in the proof of the main result of Chapter 4.

Corollary 2.8.6. Let dug and dup be two Haar measures on Xg and Xp respectively. Then,

there exists a non-zero scalar ¢ € Fy such that for all ¢ € C=(Xg,F))T', we have

/ ‘PdﬂE:C/1¢dﬂF
(X" Xz
ifre{te:teZ}, and
/ pdup =0
(XE)T

if r ¢ {te:t € Z}. Moreover, the Haar measures can be chosen so that ¢ = 1.
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Chapter 3

Tate cohomology of cuspidal

representations of GLo

3.1 Introduction

The main objective of this chapter is to prove Theorem 1.4.2 for the integral l-adic cuspidal
representations of GLo(F), where F is a p-adic field. Our method relies on Kirillov models of
mod-/ cuspidal representations of GL2(F') and the explicit action of GLa(F') on these models. Let
us briefly discuss the results of this chapter. Let E be a finite Galois extension of the p-adic field
F with [E : F] = I, where [ and p are distinct odd primes. Let w be an integral [-adic cuspidal
representation of GLy(F') and let II be the base change lifting of 7 to GLo(E). Then II is also
cuspidal and integral (by [AC89, Lemma 6.10] and Lemma 2.7.1). Using Proposition 3.3.1, the
zeroth Tate cohomology group of the mod-l reduction r;(II) is an irreducible representation of
GLy(F) and it is isomorphic to the Frobenius twist r;(7)(!) as a representation of the mirabolic
subgroup Py(F). Comparing the actions of both r; (7)) and r(TT) on the respective Kirillov spaces
and using some congruence relations of local e-factors, we get that the Frobenius twist rl(w)(l) is

isomorphic to the zeroth Tate cohomology group of 7;(II) (Theorem 3.3.2).

3.2 Kirillov model for GL,

In this section, we recall the Kirillov model for n = 2 and some of its properties. For a precise
reference, see [BHO6, Chapter 9] and [Vig96a]. We follow the notations of the preceding chapter.

Let K be a non-Archimedean local field. Up to isomorphism, any irreducible representation of
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Py(K), which is not a character, is isomorphic to the compactly induced representation

. Py (K
Ty = ind 2 (), (3.1)

for some non-trivial additive character ¥ of K, viewed as a character of No(K) via the iso-

- 1 =x
morphism Ny(K) — K, — 2. Two different non-trivial characters of No(K) induce

0 1
isomorphic representations of Py(K). The space (3.1) is identified with the space of all locally

constant, compactly supported functions on K>, to be denoted by C°(K*,Q,;). The action of
P>(K) on the space C°(K*, Q) is given by

S
o

|:J'¢'K

[JW 5N ) = et £,
0 1

for all a,y € K* and € K. For any l-adic cuspidal representation of (m, V) of Go(K), we
get a model for the representation (m,V) on the space C°(K*,Q;). The action of Go(K) on
C*(K*,Q) is denoted by K7, ; by definition the restriction of K7, to P2(K) is isomorphic to
Jy - The operator K7, - (w) and the restriction of K7, to P,(K) completely describe the action of
G2(K) on C*(K*,Q,), where

0 1

-1 0

Here, we follow the exposition in [BH06, Section 37.3]. Let x be a smooth character of K* and
let k is an integer. Define a function &{x,k} in C°(K*,Q,) by setting £{x,k}(z) = x(z), for
vk (x) = k and zero otherwise. Recall that vk is the normalized discrete valuation on K. Then

we have

K7, (w)é{x, k) = e(x'm v )6 {x ™ oo, —n(x ', i) — K, (3.2)

where w, is the central character of m. Here e(m, ¢k ) is the Godement—Jacquet local e-factor

associated with a cuspidal representation 7 and the additive character ¥y of K.

3.3 Tate cohomology of cuspidal representations of GL,

In this section, we compute the zeroth Tate cohomology group of mod-I reduction of base change
lifting of integral l-adic cuspidal representations of GLy(F'), where F is a p-adic field. We first

demonstrate the irreducibility of the zeroth Tate cohomology group of cuspidal representations of
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GL,,(F), for arbitrary n.

Let E/F be a finite Galois extension with [E : F| = [, where [ and p are distinct odd primes.
We denote by I' the cyclic group Gal(E/F). Fix a non-trivial additive character ¢p : F — A*.
Let ¢p be the character ¢p o Trg,p, where Trg/p denotes the trace map of the extension E/F.
As before, we use the notation G,, to denote the group GL,,. From now onwards, for an arbitrary

A[T'] module M, the Tate cohomology group ﬁi(F, M) is simply denoted by }AF(M)

Proposition 3.3.1. Let I be an integral, cuspidal K-representation (or an l-modular cuspidal
representation) of Gn(E). We further assume that 11 is stable under the action of T'. Then, the

Tate cohomology group ﬁO(H) is an irreducible representation of Gy, (F).

Proof. Case 1. Here, we consider the case where II is integral cuspidal K-representation. Let £
be a Gn(E) x T stable lattice in II. Using [Ron16, Theorem 6], we get that H'(£) = 0. Then,

from the following short exact sequence of I'-modules

mult.l

0—L —>L—L/IL—0,

we have HY(L) ~ H°(L/IL). Since II is cuspidal, the mod-I reduction £/IL is irreducible (see
[Vig96b, Theorem 1.1, Chapter III]), and hence it is independent of the choice of £ by [Vig04,
Theorem 1]. Thus, H (L) is independent of the choice of £, and it is denoted by H 9(IT). Therefore,
it is enough to prove the irreducibility of HO(IT) for some specific choice of £. Let W (IL, /) be
the space of all A-valued functions in the Whittaker model W(II, ¢ g). From [Vig04, Theorem 2]
and Lemma 2.3.3, it follows that W, (II, ¢¥g) is G,,(E) x I" invariant A-lattice in W(II, v g). As II

is cuspidal, the restriction map W + resp (g (W) gives the isomorphism

W(IL, vp) = ind () (O).

Moreover, the above isomorphism induces the following isomorphism ( [MM22, Theorem 4.2]) of

A|Gp(E)]-modules
~ . X 0
WO(IL ) = (indy (7 (O8))",

where (indﬁz((?) (G E))O denotes the space of all A-valued functions in indf;;((?)((a g). Then, using

Proposition 2.8.2, we get that

ES S . P, (E . P, (F) /=l

HO(WA(ILyp)) ~ B ((indy (7 (0£))°) ~ ind 7 (@),
as representations of P, (F'). Since the compact induction ind;:((?) (@lp) is irreducible ( [Vig96b,
Theorem 1.1, Chapter ITI]), the Tate cohomology H (W, (IL,9g)) is an irreducible representation

of P,(F), and hence of G, (F).
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Case 2. Assume that IT is an [-modular cuspidal representation of G, (F). Since the mod-
[ reduction r;(II) is cuspidal, the restriction resp, g)yri(Il) is isomorphic to compact induction
indﬁ’;’((?) (©g), which is an irreducible representation of P,(E). Then, using Proposition 2.8.2, we
get that
HO(ry(10)) ~ indjy () (87),
as a representation of P,(F'). This implies that H O(r(IT)) is irreducible as a representaton of

G, (F). This completes the proof. O

Theorem 3.3.2. Let F' be a finite extension of Qp, and let E be a finite Galois extension of F
with [E : F| = I, where | and p are distinct odd primes. Let mp be an integral l-adic cuspidal

representation of Go(F) and let g be the base change lift of mp to Go(E). Then

~

HO(Tl(ﬂ'E)) ~ Tl(ﬂ'F)(l).

Proof. First, note that the base change lifting g is integral and cuspidal, and hence its mod-I

reduction r;(7g) is also cuspidal. Let ( g(m), C;X’(EX,E)) be the Kirillov model of the repre-
E

sentation 7 (7). We denote by H°(ri(mg)) the Tate cohomology group H°(C°(E*,F;)). Using

Proposition 2.8.2, we have

HO(ry(np)) ~ C=(F*,F).

P> (F)

No F)(@IF) as a representation of P(F'), where

Thus, the space f[o(rl(ﬁE)) is isomorphic to ind

Y is the mod-I reduction of 1x; and the induced action of the operator K%(”)

- @ E

HO(ry(ng)) is denoted by K%(”E)(w). The theorem now follows from the following claim.
E

(w) on the space

(O]

Claim. K%(”E)(w)(f) =K (w)(f), for all f € C=(F*,F)).
E

g
Now, for a function f € C(F*,F;), any covering of supp(f) by open subsets of F* has a
finite refinement of pairwise disjoint open compact subgroups of F*. So we may assume that

supp(f) C whaU}, where r € Z and z is a unit in k embedded in F*. Therefore, it is sufficient

to prove the claim for functions f € C°(F*,F;) with supp(f) C Ux, and we have

f: Z CXFg{XFvO}’

xreUL

where ¢, ,. € F; and U}, is the group of smooth characters of F* = (wp) x kj x Ur, which are
trivial on k and wp. We now prove the claim for the functions £{xr,0} for xp € Ut. There
exists a character xo € UL such that Xb = xr-. Let Xo be the l-adic lift of yo. Define the characters

XE and yg of E* as follows :

XE(T) = XO(NI"E/F(x))a
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xe(r) = XO(NrE/F(x))a

for x € E*. Here Nrg,p : E* — F* denotes the norm map. Note that both g and xg extend

the character xp. We have the following relations:

- - —n(xatr(r 7@
%:TE)(w)(f{XFaU}) —e(XElrl(ﬁE)’d)E)g{XF’ . ;( - E)} Y
and
H%léwF)(” (w) (¢{xF,0}) = €(X;‘17"l(’/TF)(l)7@lF)£{XF’ —n(XﬁlTl(WF)(l),Eim)}, (3.4)

where e is the ramification index of the extension E/F. Next, we aim to prove the following

identity of e-factors

_ _ —l
E(XfaXElrl(ﬂ-E)?,(/JE) = e(Xl7XF1Tl(7TF)(l)awF)a

where f is the residue degree of the extension E/F. From Theorem 2.4.4, it follows that the
e-factor is the same as the ~-factor in both l-adic and [-modular cases. Now, using the identity

in [AC89, Proposition 6.9], we get

(X7, Xp'me, vp) = [[ (X, X5 ' mr @, 00), (3.5)
n

where 7 runs over the characters of the group I'* /Nrg,r(E>), which is isomorphic to I' via the

local class field theory. Using the identity (2.6), we have
T (G(Xf, %Elﬂ-EU ’(/}E)) = 6()(f7 XEITZ(FE)a @E)

and

T (€(X7 5(/(;17717 02y m, wF)) = G(Xv X(;lTl(TrF)v wF)a
for each character 7. Using the above relations, it follows from (3.5) that

G(Xf7XE‘1Tl(7TE)7¥E) = €(Xa Xalrl(WF)a 1/}F)l'

In view of Lemma 2.4.5, we obtain the following identity

(X! X' i) Bp) = (A X! x5 () D ),

1)

where ( i denotes the Legendre symbol, valued in {—1,1}. Now, using the identity (2.5) and
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comparing the degree of X from the above relation, we get

n(Xﬁlrl(WE)ﬂ/JE)
e

= n(xp'ri(rr) D, % p)

and

(X ri(me), ¥p) = e(xp ri(rr) O, Pp).

Thus, it follows from (3.3) and (3.4) that

W@{xn 0}) = ]I%lé”)m (w)(¢{xr, 0}).

Hence the theorem. O



Chapter 4

Tate cohomology of Whittaker
lattices and Base change of generic

representations of GLj,

4.1 Introduction

In this chapter, we study the Tate cohomology groups of base change lifts of more general irre-
ducible l-adic representations of GL,,(F'), namely generic representations and Zelevinsky subrep-
resentations. The results are precisely a generalization of Theorem 3.3.2 in the previous chapter.

A similar strategy as that of Theorem 3.3.2 has been adapted to prove the main theorem.

Let E be a finite Galois extension of the p-adic field F' with [E : F| = [, where [ and p are
distinct odd primes. Let mp be an integral l-adic generic representation of G,,(F'), and let mg be
the base change lifting of mp. Then, 7g is generic and is equipped with an action of Gal(E/F)
via the isomorphism 7p ~ 7}, for all v € Gal(E/F). Moreover, the base change lift 7 is also
integral (Lemma 2.7.1). Consider the unique generic sub—quotient J;(7g) of the mod-I reduction
of mg. Then, the representation J;(7g) is stable under the action of Gal(E/F), and we have the
Tate cohomology groups H'(J,(7x)), i € {0,1}, which are mod-I representations of G, (F). We
show that each H'(J;(m)) has finite length as a representation of Gy, (F) (see Proposition 4.2.2).
In Subsection 4.3.1, we set up some initial results on compatibility of (twisted) Jacquet modules
with Tate cohomology—which implies that the zeroth Tate cohomology group H O(Jy(rg)) admits

a unique generic sub—quotient (Proposition 4.3.3). The main result of this chapter is as follows.
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Theorem 4.1.1. Let F' be a finite extension of Qp, and let E be a finite Galois extension of F'
with [E : F] = I, where p and | are distinct primes such that | does not divide |G,,—1(kF)|. Let
r be an integral, l-adic generic representation of G, (F), and let mg be the base change lifting of
mr to Gn(E). Then, the Frobenius twist J)(mp) ) is the unique generic sub—quotient of the Tate
cohomology group ﬁO(Jl(WE)),

To prove the theorem, we rely on Rankin—Selberg integrals and use various properties of local
€ and ~y-factors both in l-adic and mod-I situations associated with representations of the p-adic
group and the Weil group. Using similar ideas, we also prove an integral version of the above
theorem (Corollary 4.3.7) by considering the Whittaker lattice of g over A. When ! does not
divide the pro-order of G, (F'), we obtain a much more precise version of the above theorem. We
can show that the Tate cohomology group H O(r(rg)) is an irreducible mod-I representation of
G.(F) (Theorem 4.5.3 and Corollary 4.5.4) and hence isomorphic to r(7x)(). We also prove
that the first Tate cohomology group of any Gal(E/F) stable integral structure £ of the generic
representation 7y is trivial. Our method can also be extended to Zelevinsky subrepresentations
as well. This is the class of irreducible representations of GL, (E) which remain irreducible when
restricted to the mirabolic subgroup denoted by P, (F) (see [Zel80, Remark 3.6] for instance). We
apply Theorem 4.1.1 to compute the Tate cohomology groups of Zelevinsky subrepresentations

(Theorem 4.4.3).

4.2 Finiteness of Tate cohomology

In this part, we prove some finiteness results of the Tate cohomology groups of irreducible rep-
resentations of GL,. First, we recall the Bernstein—Zelevinsky derivative functors. For precise
reference, see [BZ77, Section 3] for R = Q;, and [Vig96b, Chapter III, Section 1] for R = F;. Let
U, (K) be the subgroup of G,,(K), given by

1 C

U"(K):{ 0 1

:CeK ”71}

respectively. Note that U, (K) is contained in the mirabolic subgroup P,(K). We use the
short notation Zk ,, for the coset space P,(K)/P,—1(K)U,(K). We denote by 0 the restric-
tion resy, (k) (O k), where Ok is the character of N, (K), defined by (2.1). Let Repgr(G) be the

category of smooth R-representations of a locally profinite group G, where R = Q; or F;.

1. For 7 € Repg(Pn-1), let iy, k)0, (7) denote the representation of P,(K), defined as the

normalized compact induction igﬁ(f()x)un ( K)(T ® Ok).
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2. For any p € Repr(Gn_1), we denote by iy, (k),id, (p) the normalized compact induction

P, (K)

ZGTHI(K)U”(K)(T ® idg ), where idg is the trivial character of U, (K).

3. For (m,V) € Repr(Py), let V(U,(K),0k) be the space generated by the set of vectors
{m(u)v — O (u)v : v € V,u € U,(K)}. We denote by ry, (k),0, (m) the representation of
P,_1(K), defined on the quotient space V/V (U, (K),0k), by setting

rU, (5,05 (1) (D) (@) = 61/ % o) @) 7 (D)0, (4.1)

for all v € V and p € P, 1(K). Here 6y, (k) is the modulus character of U,(K), and ©
denotes the class of v in the quotient space V/V (U, (K),0k).

4. For (m,V) € Repgr(Py), we denote by ry, (k),id, (7) the representation of G, _1(K) on the
quotient space V/V (U, (K),idk), defined as (4.1).

Then we have four fundamental functors
U~ :Repp(Pn) — Repr(Gr_1), ¥ :Repr(Gn_1) — Repgr(P,)

®~ :Repg(P,) — Repg(Pn_1), @' :Repp(P._1) — Repgp(P,).

where U~ = TUL(K),idg o™ = TU.(K),0k > Ut = iUn(K),id1<7 and ¢F = iUn(K),HK-
Let 7 be a smooth R-representation of P,(K). The m-th derivative of 7, denoted by 7(m) g
defined as the representation ¥~ (®~)™~1(7) of G,,_,,(K). There is a functorial filtration on T,

given by

where 7, = (&)™~ YD) (1) and Ty /Tmy1 = (&)™ (UT) (™). We have the following

lemma.

Lemma 4.2.1. Let p be a finite length R-representation of G¢(K), where 1 < ¢ < n. Then
()" ~t=1(U*)(p) has finite length as a representation of P, (K).

Proof. Tt is an immediate consequence of [Vig96b, Chapter III, Subsection 1.5] and the exactness

of the functor (@)~ t=1(¥+). O

Now, we prove

Proposition 4.2.2. Let II be a finite length l-modular representation of G,,(E) with an isomor-
phism T : 11 — II7 and T' = id. Then the Tate cohomology ﬁi(H), with respect to the operator T,
is a finite length representation of G, (F).
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Proof. We prove the proposition using induction on the integer n. The case n = 1 is clear. So
assume that the proposition is true for all finite length [-modular representations of G;(E) and for
all t < n. Now, we consider II as a representation of P,(E). Since ¢ (y(z)) = ¥ p(z), for x € E,
we get the isomorphism

O (I17) ~ & (11)7, (4.2)
as representation of P,_1(F). Similarly, for any smooth [-modular representation 7 of P,_1(F),
we have P, (F)-equivariant isomorphism

QT (77) ~ OF (7). (4.3)

Using (4.2) and (4.3), and the isomorphism T, we get an isomorphism between II,, and II},, and

also between the representations TI™) and (IT™)7, for all m < n.

Recall that Zg ., denote the coset space P, (E)/Pyn—1(E)Un(E). Since Pp_1(E)Un(E) is a
I'-stable subgroup of P,,,(F), we have the following long exact sequence of non-abelian cohomology

( [Ser, Appendix, Proposition 1]):
0 = Pt (F)Un(F) = P(F) = Zp y = H(T, Pt (E)Un (E)) = H' (I, P (E)).  (4.4)

Since P (E) = Gm-1(E) x Uy, (FE), we have the following exact sequence by [Ser, Appendix,

Proposition 1]:
0 = Un(F) = Pp(F) = Gp_1(E) = HY(T,Up(E)) = H' (T, P,,(E)) — H' (T, Gy 1(E)).

Using Hilbert’s theorem 90 ( [Ser, Proposition 1 and Proposition 3]), we get that the pointed
sets H(I',U,,,(E)) and fIl(I‘,Gm,l(E)) are trivial. Therefore, it follows from the above exact
sequence that H*(T', P,,(E)) = 0 for all positive integers m. Now, consider the following short

exact sequence of non-abelian I'-modules
0—Un(E) — Pp_1(E)Un(E) — Pp_1(E) — 0. (4.5)

Since the pointed sets H(T',U,,(E)) and HY(T, P,,(E)) are trivial, it follows from the long ex-
act sequence of non-abelian cohomology corresponding to (4.5) that H*(T, Py,—1(E)U,(E)) = 0.
Hence, the long exact sequence (4.4) gives the equality Z}Eﬂ’m = ZFm- Now, applying Proposition

2.8.2 repeatedly (m — 1)-times, we get the P, (F) equivariant isomorphism

ﬁi(n’m/HnH—l) ~ (¢+)m71(\11+) (f[l(H(m))) .
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Using Leibniz forumula for derivatives ( [Vig96b, Lemma 1.10, Chapter 3]), we get that the m-
th derivative TI'™ is a finite length representation of G,_,,(E). By induction hypothesis, the
G- (F)-representation ﬁi(H(m)) is of finite length, for all m < n. In view of Lemma 4.2.1,
it follows from the above isomorphism that the P, (F)-representation H(Il,, /I, 1) is of finite
length, for all m < n. Now, for each m € {1,2,...,n — 1}, consider the short exact sequence of
P, (E)-representations

0— I+ — ,,, — I, /T, 1 — 0.

Since I is cyclic, the corresponding long exact sequence of Tate cohomology gives the following
diagram:

HO(I41) —— HO(IL,,)

ﬁl(nm/HnL+1) ﬁO(Hm/Hm+1)

H\(W,,) +—— H'(I541)

We denote the above exact sequence by S(m). Consider the largest integer r for which II,. is
non-zero. By induction hypothesis, each Tate cohomology group H {(I1,) has finite length as a
representation of P,(F). Now, from the hexagonal diagram S(r — 1), we get the following two
exact sequences:

HO(HT) — HO(HT—l) — HO(HT—]./HT)

and

HO(11,) — H(IT,_) — H (1L, /T1,.).

Since both the representations H*(II,_y/II,) and H'(IL,), for i € {0,1}, have finite length, the
Tate cohomology group H {(I1,_1) is a finite length representation of P,(F). Again, using the
finiteness of both ﬁi(Hr,l) and lffi(l'l,«,g/l'lr,l)7 it follows from the hexagonal diagram S(r — 2)
that H {(I1,_5) is a finite length representation of P, (F). Thus, inductively, we finally get that
H'(II) has finite length as a representation of P,(F), and hence of G, (F). O

As a consequence, we have

Corollary 4.2.3. Let (mw,V) be an integral KC-representation of G, (E) with an isomorphism T :
(7, V) = (77, V) and T' = id. Then, for any G, (E) x T stable lattice L in V (Here, I acts on V

via T'), the Tate cohomology group fll(ﬁ) has finite length as a representation of G, (F).
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Proof. Consider the short exact sequence of Gy, (E) x I'-modules

mult.l

0—L —>L—L/IL—0.

Since 7 is of finite length, the I-modular representation L£/IL is of finite length (see Subsection
2.2.1). Then, using Proposition 4.2.2, we get that fli(ﬁ/lﬁ) has finite length as a representation of
Gn(F). Now, the long exact sequence of Tate cohomology corresponding to the above short exact

sequence gives

0— H(L) = HO(£/IL) — HY (L) — 0.

and

0— H'(L)— HY(L/IL) — HO(L) — 0.

Thus, we get that fli(ﬁ) is of finite length. O

4.3 Tate Cohomology of Whittaker Lattice

Let (m,V) be a generic R-representation of G,,(E), where R denotes either Q; or K or F;. We
further assume that m ~ 77, for all v € I'. Let W(w,¢¥g r) be the Whittaker model of 7. For

W € W(n,¢¥g r), we recall that v.W is a function given by

(- W)(g) = W~ (9)),
for all g € G,,(E). Note that v W € W(r,¢¥g r) (by Lemma 2.3.3). We define

T, : W(m, ¢Ygr) = W(r,¢YE R)

by setting T, (W) = ~.W, for all W € W(rm,vg ). The map T, gives an isomorphism between
(m,V) and (x7,V), as we have

[T (w(g)W)](h) = [ (9)T(W)](R),
for all g,h € G, (E). In particular, when R = K, the lattice W (7,9 ) is also stable under the
action of I', where «y € I" acts via the isomorphism T,.
4.3.1 Jacquet-functors and Tate cohomology

In this subsection, we establish some elementary results on the compatibility of Jacquet (twisted

Jacquet) functors with Tate cohomology. Let (m,L£) be a smooth A[G,(F) x I'-module. Let



4.3 Tate Cohomology of Whittaker Lattice 55

A = (n1,n2,...,n,) be a partition of n and let Py = M, N be a parabolic subgroup of G,, with
Ny its unipotent radical and M) a standard Levi subgroup. Let ¢ : FF — A* be an additive
character, and let ¢ be the composition ¢p o Trg,p. Let O (resp. ©p) be the character of
Ny (F) (resp. Nn(E)), defined as (2.1) . Let L(Nx(FE),Og) be the space spanned by the set of
vectors

{Op(n)v—m(n)v:ve L ,ne N\(E)}.

Note that the space L(Nx(E),Og) is stable under the action of I'. Then the natural inclusion
L(NA(E),®g) < L induces a map H°(L(N\(E),Og)) — H(L), denoted by ¢.

Lemma 4.3.1. The image of the natural map ¢ is equal to EIO(L)(J\T,\(F)7 o).

Proof. Let v be an element in the image of ¢. Let © be a lift of v in L(Ny(E),Og)". There exists
a compact open subgroup N of N, (E) such that

/ Or(n) 'r(n)vdn = 0. (4.6)
N

Since m and O are both smooth, there exists a compact open subgroup N’ C A of finite index

such that

/A[@E(n)_lﬂ'(n)f)dn: Z O (n) tn(n)v.

neN /N’

Since N, (F) has a filtration of I'-stable compact open subgroups, we may assume that A is -

stable. If X denotes the coset space N'/N’, then we have

Y Op() tr@i= Y Or@) 'rl)v + > Opz)'a(2)i. (4.7)
reX yeXxTl ze€X\XT
Since the I'-action on X \ X! is free, there exists a subset I such that X \ X' is the disjoint union
of th 1 <i <. As ¥ is I'-invariant, we have

l

Z Op(2) tn(z)o = Z Z Op(u)'r(v (u)o = N( Z Op(u) 'r(u)d),

zeX\XT i=1 uel uel

where N =1+ + --- 4+ ~/~1. This shows that

Z Op(2) 'r(z)v =0

zeX\XT
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in H°(L). Therefore, it follows from (4.6) and (4.7) that

> (O% ) r(y)v =0.

yeXTl

This implies that v belongs to H° (L)(NA(F),0%). Conversely, let w be an element of the space
fIO(E)(NA (F),0%). Let N be the compact open subgroup of Ny (F) with

Or(n)~'m(n)wdn = 0.
Nr

Choose a compact open subgroup N}, C N of finite index such that

Op(n) 'r(n)wdn = Z Or(n)~'n(n)w.
Nr neNF /N

Let @ be a lift of w in £L. Consider the element

1 1
R — Op(n)i — — .
T N NG neNZF;N;D p(n)w A ne/\/XF:/NZV m(n)w

Then w; belongs to L(Nx(E),Ox)" and ¢(i1) = w. Moreover, we have

/N Op(n) 'r(n)indn= > Op(n) 'r(n)iy = 0.

This completes the proof. O

Lemma 4.3.2. Let (m,V) be an l-modular representation of G,(E) x I' such that ﬁ[l(VNA(E)) =
0, I/{TO(V)NA(F) is non-zero and I?O(VNA(E)) is irreducible under My(F). Then, the My(F)-

representation ﬁO(V)NA(F) is isomorphic to fIO(VNA(E)).

Proof. The long exact sequence of Tate cohomology groups corresponding to the short exact se-
quence

0— V(N)\(E)) —V — VNA(E) — 0,
gives the following exact sequence

0 — HO(V(NA(E))) & BOV) — BO(Viy () — B (V(NA(E))) — H'(V) — 0.
Using Lemma 4.3.1 for )y = 1p, the trivial character of F, we get that qﬁ(fIO(V(NA(E)))) is
equal to HO(V)(Ny(F)), and therefore the Ny (F)-coinvariants fIO(V)NA(F) is isomorphic to a

subrepresentation of ﬁO(VNA(E)). Since I;TO(V)NA(F) is non-zero, the lemma follows from the
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irreducibility of H (Vi (m))- O

Using similar ideas, we can prove that the zeroth Tate cohomology group of a generic repre-
sentation has a unique generic subquotient. For any integral l-adic generic representation (m, V)
of G, (K), defined over K, we recall that W (7,1 k) denotes the set of all A-valued functions in
W(rm, k). The A-module Wy (7, ¢k ) gives a A-structure of m (see Subsection 2.3.5).

Proposition 4.3.3. Let mg be an l-modular generic representation (or an integral l-adic generic
representation defined over K) of G,(E). Assume that wg is stable under the action of T'. Then,
there ezists a unique generic G, (F') sub-quotient of the Tate cohomology group ﬁO(W(ﬂE,¢E))

(resp. HO(Wa(mp,¥5))).

Proof. We consider only the l-adic case. The mod-I case is similar, where the character ¥ g is
replaced by its mod-I reduction 1. Let W be the A-lattice Wy (g, vg) (resp. W(rg, ). Let
W(N,(E),OFg) be the A-span of the set of vectors

{Op(n)v—mg(n)v:veW,ne Ny(E)}.
We have the following exact sequence of I'-modules :
0— W(NH(E),@E) — W — WN,,L(E),GE — 0.

Note that Wy, (g)e, is a free A-module of rank one. Then the long exact sequence of Tate

cohomology gives

~ ~

HYOW(N,(E),08)) L HOW) % B Wy, (2).0,) = H W(N.(E),0p)) — H (W).

Using Lemma 4.3.1, the image of the homomorphism f is equal to I?O(W)(NH(F),@%). The
Tate cohomology of the A-lattice Ka(7g,¥g) contains IC(@ZF) as P, (F) subrepresentation (see
4.3.3, Part 1 of Theorem 4.3.6). Since I' acts trivially on Wy, (py,e, (Lemma 2.3.4), the Tate
cohomology space H O(WNn( £),05) is a one dimensional vector space over F,;. Hence, the map ¢

induces the isomorphism:

HO(W)NR(F),@ZF ~ H' (W, (5)05)-

Now, it follows from the exactness of twisted Jacquet functors and Corollary 4.2.3, that HO W)

admits a unique generic sub-quotient. O

Remark 4.3.4. The above lemmas will be used to compute the Tate cohomology group of base

change lift of mod-I the Zelevinsky sub-representation Z(A). The Jacquet functor of Z(A) with
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respect to the parabolic subgroup of type (n/k,n/k,...,n/k), where k is the length of A, is an
[-modular cuspidal representation and the hypothesis in Lemma 4.3.2 are applicable. The precise

definition will be recalled in the next section.

4.3.2 Completeness of Whittaker models

Our main result uses the following lemma, which is the analog of the completeness of Whittaker

models in the complex case.

Lemma 4.3.5. Assume that | does not divide |G, (k)| and let 1y be the mod-l reduction of
Yr. Let Ok be the non-degenerate character of N,,(K) associated with 1y (see Section 2.3). Let
pE 1nd§"§§§ (OK). If

/ P(OW (1) dt =0,
Np (K)\Grn(K)

for all W € W(o, E;(l) and for all l-modular generic representations o of G, (K), then ¢ = 0.

Proof. We will prove the contrapositive. Suppose ¢ is non-zero. Let Z be the integral Bernstein
center, i.e., the center of the category Repy g, (Gn(K)), consisting of smooth W (F)[G(K)]-
modules (see [Hell6b] for details). Let W, be the smooth W (TF;)[G,,(K)]-module indgzgg(@;().
Recall that for any primitive idempotent e in Z, the space eW,, is a co-Whittaker eZ,[G,(K)]
module. According to [Mos21, Corollary 4.3], there exists a primitive idempotent ¢’ in Z and an

element U € W(e'W, Ow F,) E,E;) such that the integral

wvwz/ o(t) © U (1) dt
N (K)\Grn(K)

is non-zero in F; Sw(F,) ¢’Z,. We use the notation A for the ring F Dw @) e Z,. The work
of [Hell6a] shows the primitive idempotent e’ corresponds to an inertial equivalence class [M, 7],

where M is a Levi subgroup of G,,(K) and 7 is an l-modular supercuspidal representation of M.

For the inertial equivalence class s = [M, x|, consider the subcategory Rep, (G, (K)), consisting
of objects IT in Repyy ,)(Gn(K)) such that the irreducible sub-quotients of IT have mod-I inertial
supercuspidal support s (see [Hell6a, Definition 4.12] for the definition). Let Az . denote the
center of Rep, (G, (K)). We have Ay = €' Z,. Since [ does not divide |G, (rx)|, it follows
from [Hell6a, Example 13.9] that

Anrx) = Ciaayrs

where Cpz 7 is a W (F;)-subalgebra of A{r,x); as defined in [Hell6a, Theorem 12.5]. There is an
isomorphism of Car,x) @y F,) F;, with the reduced quotient of A (see [Hell6a, Corollary 12.13]).
Hence, we get that the W (F;)-algebra A is reduced. In particular, the element (¢,U) is not
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nilpotent. Therefore, the basic open set D({¢,U)), being non-empty, intersects the dense set of
closed points of the affine W (F;)-scheme associated with A, and this implies that there exists a
map f : A — F; such that the image of (¢,U) under f, which equals

/ B(OWo(t) dt

Nu(K)\Gn(K)

for some Wy € W(e' W, @a,z FZ,E;), is non-zero in F;. Note that the co-Whittaker module
€W, @A r F;, as mod-I representation, admits a generic quotient with same Whittaker space.

Hence, the lemma. O

4.3.3 The general case

We will now prove the first main result of this chapter.

Theorem 4.3.6. Let F' be a finite extension of Qp, and let E be a finite Galois extension of F
with [E : F] = [, where p and | are distinct primes such that | does not divide |G,,—1(kr)|. Let
7w be an integral, l-adic generic representation of G, (F) and let mg be the base change lifting of
7 to Gn(E). Then, the representation Jy(mp)®) is the unique generic sub—quotient of the Tate

cohomology group ﬁO(Jl(wE)).

Proof. We begin with a summary of the proof. We prove the above theorem using induction
on the integer n. The proof is divided into four parts. In the first part, we isolate a subspace
M(rmp, ) of the Tate cohomology of the Kirillov model of J;(rg) which will eventually give
J (71'F)(l) as a quotient. In the second part, we set up a comparison of Rankin—Selberg integrals
on homogeneous spaces of ' with those on homogeneous spaces of E. In the third part, we reduce
the theorem to an identity of local y-factors. In the fourth part, we deal with these local ~-factor
identities, and we show that M(7p,p) is stable under the action of G, (F). At the end of the
fourth part, we get a natural surjection from M(7p,r) to the Kirillov space K(J; (WF)(l),ElF) as
G, (F)-representations.
Part 1.

Notations on Whittaker and Kirillov models are defined in subsection (2.3.1). Consider the
Whittaker model W(J;(7g), %) of the unique generic sub-quotient J;(7z). The restriction map
W+ Resp, () (W) is an isomorphism from W(J;(7g), ¢ g) onto K(Ji(7g), ¥g) ( [MM22, Theo-
rem 4.2]). Recall that K(¢)5) denotes the compactly induced representation ind;z((?) (Or). Let I,

be the following natural map:

I, : H(K(p)) = H (K (Ji(7p), ¥p))-
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Let @, : K(J,(mg),vg)T — Ind;:((};)) (@lF) be the restriction to P,(F) map. Note that the map
®,, factorizes through

= — —
®, : HO(K(Ji(mr), ¥g)) — Indy (7 (0).

The composition ®,, o I,, is induced by the restriction to P,(F) map from K(¢z)! to IC(E;),
and hence, ®,, o I, is an isomorphism onto the space IC(@;) by Proposition 2.8.2 (see Remark
2.8.3). This implies that the image of ®,, contains the space IC(E;) Let M(wp,¢r) be the
space @;I(K(JI(TF)(l)7@lF)). The space M(np,9r) is a non-zero P, (F) sub-representation of
fIO(K(Jl(wE),EE)), and the map

®, : M(7mp,hp) — K(Jl(WF)(l)7@;)

is non-zero. Then, using induction on the integer n, we will show that the space M(mwp, ) is
stable under the action of G,,(F') and the map ®,, is G,,(F) equivariant.

Part 2.

Let J;(7g)(wy) denotes the induced action of J;(mg)(w,) on HO(K(J)(7g),¥y)). Let V be an
element in M(7p,%r). Then there exists W € W(J)(7g), ¥ )" such that W is mapped to V

under the map
W(A(rE),¥p)" — K(i(re),¥p)" — H(K(Ji(rp), ). (4.8)

Let T be an arbitrary [-modular generic representation of G,,—1(F), and let o be its l-adic lift.
In this case, the generic mod-l representation J;(or) is equal to op. Let o be an l-adic generic
representation of G,,_1(FE) obtained as a base change of or. Note that the map

~ ~ —1 1 ot
(I)n—l ZHO(W(Jl(UE)7wE )) — Indgzilgig(@F )

nfl(E)
nfl(E)

induction hypothesis for n — 1 and using the fact that H O(W(JZ(UE),E;)) admits an unique

is non-zero. Here, ®,_; is the restriction to G,_;(F) map on Indg (Op). Assuming the

generic sub-quotient (Proposition 4.3.3), the image of ®,,_1 contains W(E%%E;S. Thus, for any

W' e W(Eg),@;l), there exists an element S € W(Jl(UE),@;l)F such that ®,,_(S) = W’ and

&, 1 (Ti(0m) (wn-1)S) =7V (w,_1)W".

Now, the functional equation in (2.4.3) gives the following relation

S W.8)ap ™ X7 = wion) (-1 (X7 Ji(wi), Ji(op) p) Y el (W, S)ap! X7, (4.9)
re’ re’
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where f denotes the residue degree of the extension E/F. Note that wj,(;,)(—1) = wz,(—1) as I
is an odd prime. Applying Corollary 2.8.6, we have

g 0 g 0
w S(g)dg= [ , W S(g) dg,
(Xp)T 0 X 0

—_

(4.10)

—~ (g 0\ ~ ~ (g 0} ~
/ w 8(9)d9=/ . W S(g) dg,
(XT)T 0 1 5 0 1

for each r € Z. Using the above equalities, the functional equation (4.9) after reduction mod-I,

becomes

~ ~ _lr lr
> W, 8)ap* X7 = we (1) 2y (X, Ji(m), Ji(or), ¥p) Y cE(W,S)qgz X
rEL reZ

Using the formula ¢, Yz — (T) qllr/2 (mod—{) and the modification as in (2.3), the above identity

becomes

> e (Rme) (wa) W, (wn )W) * ()X =

reZ
wep ()" 2y (X Ji(mg), Ji(om), ¥g) D el (W, W) q}i((qTF)Xl)’”-
< (4.11)
Part 3.
For any V € M(mp,v¥r), we show that
@, (Jy(75) (w,)V) = Jy(7p) Y (w,) @, (V). (4.12)

Let U be an element of W(JZ(WF)(I),E;) such that the restriction of U to P,(F') maps to the

element ®, (V). By Lemma 4.3.5, the assertion (4.12) is equivalent to the following equality:

> e (Time) (wa)W, 7 (w1 )W) g X7 =

re l , (4.13)
S (Dimp) D (wa)U, T (wa )W) g 2X T,
rez

for all W’ € W(EF,@;Z) and for all I-modular generic representations ¢ of G,_1(F). Now,
consider an l-modular generic representation oz of G,_1(F) and take the l-adic lift of T, say
o (see Subsection 2.3.4). Note that J;(cp) = @r. Let o be the l-adic generic representation of

Grn—1(F) obtained as a base change of op. From the functional equation with its modifications as
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in (2.3), we have

> e () (wa)U, 7 ()W) () (A X T
reZ

n— q — — z q
= wo (~1)" ()X Imwr) V7 Tp) Y e (U W) g ()X
rez

where we replace the variable X by (qTF)X !, Note that the mod-I reduction of the function
resp, (py (W) is equal to resp, () (U). Thus, comparing the above functional equation with (4.11),

the relation (4.12) is now equivalent to the following identity of gamma factors:
,-y(Xf’ Jl(ﬂ-E)a Jl(O-E)v wE) = V((TF)le Jl(TrF)(l)a 0'%); ?wa)

Part 4.
Recall that

L(gg' X7, m, o)

VX 7p,0m,98) = (X! 7R, 08,¢p) LX), 7p,0m)

Now, using the identity in [AC89, Proposition 6.9], we have

L(Xf’wE7JE) = HL(X,T&'F,JF ®7})
n

and

G(vaﬂ-E70-E’awE) = CE/F(wF)n(n_l) H€(X, TF,0F & 77>¢F)7
n

where 7 runs over all the characters of the group F*/Nrg,p(E*)-which is isomorphic to I' via
the local class field theory. Here Cp,/p(¢r) is the Langlands constant, defined as in the proof
of Lemma 2.5.2, and the proof of the lemma shows that CE/F(¢F)2 = 1. Therefore, we have

CE/F(wF)”("_U = 1. From the above relations, we get

’Y(Xf77TE7O-E7wE):H/V(X77TF70F®7771/JF)' (414)
n

Now, using the identity (2.6), we have
Tl(’Y(Xfa TE,OFE, ¢E)) = W(Xfa Jl(ﬂ-E)y JZ(UE)aEE)a

’l"l('Y(X, TF,0OF ®77>’(/}E)) = ’Y(X7 JZ(WF)76F7JF)7

for each character n of I'. Now, taking mod-I reduction to the identity (4.14) and using these
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relations, we get

VX Di(mE), Ji(or), ¥r) = ¥(X, Ji(7F),5r, ¥p)". (4.15)

Finally, it follows from Lemma 2.4.5 that
(X1, J(m), J(ow), ¥p) = (X)X Ji(mr) 0,54 )
Y s JINTE ), lO-E7,(/)E Y I y JINTTR O VE)-

The identity (4.12) shows that the space M(7p,1r) is stable under the action of G,,(F') and the

map
O, : M(rp,or) — K(Jy(mp) D, )

is surjective. Using Proposition 4.3.3, we get that the G, (F) representation HO(W(J;(7g), ¥ y))
has a unique generic sub-quotient, which is necessarily equal to J (WF)(Z). This completes the

proof. O

Now, we deduce some corollaries of Theorem 4.3.6. We keep the same assumptions that E/F
is a finite Galois extension of p-adic fields with [E : F] = I, where | # p and [ does not divide
|Gn1(kr)l.

Corollary 4.3.7. Let mg be an integral generic K-representation of G, (E) which is absolutely
irreducible. Assume that 7}, ~ 7g, for all v € T. Let Wx(mp,¥E) be the space of all A-valued
functions in the Whittaker model of mg. Let wr be the integral, l-adic generic representation of
G, (F) such that 7 @k Q, is the base change lifting of . Then, the Frobenius twist Jy(mwp)®

occurs as the unique generic sub—quotient of the zeroth Tate cohomology group ﬁO(WA(ﬂE,wE)).

Proof. The outline of the proof is the same as Theorem 4.3.6. For completeness, we discuss some
crucial steps. As one can observe, the previous and the present theorems are similar in spirit to

the local converse theorem for (n,n — 1), we precisely use Theorem 4.3.6 at the (n — 1) step.

It follows from [Vig04, Theorem 2] and Lemma 2.3.3 that the A-lattice Wy (7g, ¥ g) is invariant
under the action of G, (F) x I'. Consider the integral Kirillov model Kx(7g,%g). Then the
restriction map W+ resp, (g)(W) is a bijection between Wy (7, v g) and Kx(7g, ¥E). Let @, be
the following P, (F') equivariant map, defined as the composition of restriction to P, (F) map and

(pointwise) mod-! reduction map
—l
O, Ka(me, vm)" — K(Ji(wr) Y, ).

Then ®,, is non-zero, and it factorizes through the Tate cohomology space fIO(KA(ﬂE,wE)). As
before, we consider the non-zero space @;1(K(JZ(WF)(Z),@ZF)) and denote it by M(nwp,9r). To
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prove the above corollary, it is sufficient to prove that
P (mp(wn)V) = Jl(WF)(l)(wn)(I)n(v)v

for all V € M(xp,¢p). Here, mg(w,) denotes the induced action of 7z(wy,) on HO (K (7g,¥5)).

Because of Lemma 4.3.5, it is enough to prove the following identity of Laurent series

S (@n(mpwa) V), W) X =3 F (Ji(mp) O (wa) @0 (V), W) g X7, (4.16)
reZ rez

for all W’ € W(a%), P ) and for all I-modular generic representations oz of G,,_1(F). Take such
mod-I generic representation g of G,,—1(F). Let o be an l-adic lift of @z and let o be the base
change of oF to G,_1(F). Theorem 4.3.6 gives a G,,_1(F') stable subspace N (oF, % r) of the Tate
cohomology group H° (W(Ji(og),¥)) with the following G, (F) equivariant surjection

q)n—l :N(UFawF) — W(E%)’ng)

Now, lifting W' via ®,,_; and the function V to the respective I-invariant Kirillov models and
using the identities (4.10), the relation (4.16) is then equivalent to the following identity local

~-factors

rn(y(X' 75, 08,VE)) ZW(( ] X Ji(rp) D, 7% 7¢F)

where f is the residue degree of the extension E/F. This follows from the arguments of the

subsection (4.3.3) in the proof of Theorem 4.3.6. O

Corollary 4.3.8. Let E/F be a finite Galois extension of p-adic fields with [E : F] = 1, where
[ and p are distinct odd primes. Let mp be an integral, l-adic cuspidal representation of G, (F),
where n > 3. We further assume that I does not divide |Gp—1(kr)|. Let mg be the base change

lifting of 7 to G (E). Then we have
H(ry(mp)) = i (mp) V.

Proof. Since [ does not divide n, the base change lift mg is cuspidal. As the Kirillov model

K(ri(7mg),vg) is equal to K(vy), we get that I?O(K(TZ(WE),@E)) is equal to IC(E;) (Remark
2.8.3). Thus, the action of G, (F) on HO(K(r;(ng),¥y)) is irreducible, and the corollary follows
from Theorem 4.3.6. O
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4.4 Tate cohomology of Z(A)

In this section, we study the Tate cohomology of the base change of the Zelevinsky subrepresen-
tations of the form Z(A). In [Zel80], Zelevinsky uses the notation (A) for Z(A). In this section,
we continue with the assumptions in Corollary 4.3.8, i.e., I # p and [ does not divide |G, —1(F,)]
and the integer n. Recall that ¢ is the cardinality of the residue field of F. We will crucially use

the fact that Z(A) remains irreducible under the restriction to P,, and is characterized by this

property.

4.4.1 Zelevinsky subrepresentation

Keeping the notations as in Subsection 2.3.3, let A = {a, OVK, ... ,UV}’{I} be a segment, where
K is a finite extension of Q, and ¢ is an [-adic cuspidal representation of G,,(K). We denote by

£(A) the length of A, i.e., the integer r. The parabolic induction

o X ovg X ~~~01/;(_1
admits a unique irreducible subrepresentation, denoted by Z(A). Moreover, Z(A) can be charac-
terised as those irreducible representation of G, (K) that remain irreducible after restricting to
P, (K), and the restriction is isomorphic to (®+)™~! o U+ (Z(A7)), where A~ = A\ {ovj '}
For definitions of the functors ®* and WU*, we refer to [BZ77, Section 3] and [Vig96b, Section
1.2, Chapter III]. For the definition of Zelevinsky sub-representation Z(A) and its restriction to
P, (K), we refer to [Zel80, Section 3].

4.4.2 Base change for Z(A)

Let F be a finite extension of Q,, and let E/F be a finite Galois extension of prime degree [ with
I # p. Let T be the cyclic group Gal(E/F) with generator, say v. Let or and og be the integral
l-adic cuspidal representations of G,,(F') and G,,(E) respectively such that og is a base change

lifting of op. Consider the segments
AF == {O'F,UFVF,...,O'FV??l}

AE = {O'E,UEVE,...,O'Ellgil}.

Then we have the irreducible l-adic representations Z(Ap) and Z(Ag) of G,(F) and G, (E)

respectively, where n = km. If we let o, (resp. o%) to be the representation opvk ' (resp.
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opve 1), then we have

HF(Z(AF)) = HF(CT};) S HF(J;:l/El) D---D HF(CTF)

and

Ng(Z(Ag)) = Hp(oy) ®Mplopry') @ - @ Ur(ok),

where IIp and IIg are the [-adic local Langlands correspondences defined as in Subsection 2.6.1.
This shows that
Resw,, (Tr(Z(AR))) ~ p(Z(AER)).

Thus, the representation Z(Ag) is the base change lift of Z(Ap).

4.4.3 Integral structure of Z(A) and mod-/ reduction

Let Ly be a G, (E) invariant lattice in o, and let S, : 05 — 0, be an isomorphism with S’f/ =id
and S, (Lo) = Lo. Recall that the representation 7g := o X ogvg X - - - X aEyg_l admits a G, (E)
invariant lattice, say £, which is induced via L£o. Then £ = L' N Z(Ag) is a G,(E)-invariant
lattice in Z(Ag). Now, the map S, induces an isomorphism T, : Z(Ag) = Z(Ag)” such that
T é = id and T, stabilizes £. Moreover, choosing a G,,(FE) invariant, S,-stable lattice in og is
equivalent to choosing a G, (E) invariant, T,-stable lattice in Z(Ag).

Remark 4.4.1. Since op is cuspidal, the restriction resp, (gy(0g) is isomorphic to the compact
induction K(ig) as Q-representations. So, the restriction of Ly to the subgroup P,,(E) is iso-
morphic to the space of Z;-valued functions in K(vpg). This implies that H L(Ly) = 0. For details,

see [Ron16, Theorem 6]. From this, we now deduce the following result.

Proposition 4.4.2. Let £ be a Z;-lattice in Z(Ag) that is stable under the action of G, (E) and
the isomorphism T.,. Then we have H! (L) =0.

Proof. We prove the above claim using induction on ¢(Ag). If the length of Ag is 1, then the
proposition clearly follows from Remark 4.4.1. Recall that

resPn(E)(Z(AE)) ~ (<I>+)m71 o \Il+(Z(A}_3)).

Here, Z(Ag)~ is identified with the m-th derivative of Z(Ag), which is the composition of the

following maps:

T n—m,m — id®'f‘ m ) —
Z(Ap) —— Z(Ap) ® o5 — 08, Z(AL),

where ry, . (g) and id ® rn,, ()0, are the natural quotient maps of corresponding Jacquet

module and twisted Jacquet module. Note that the maps ry, (&) and ry, (p)e, Dreserve
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integral structures (see [Dat05, Proposition 1.4(i)] for 7y, _, . . (&), and [Vig04, Theorem III.2] for
TN,,(E),0z). Lhus, we get that £~ defined as

L™ =T o(®)" Hresp,(r)(L))

is a lattice in Z(AZ). We have the following isomorphism of P, (E) x I'-modules
vesp, () (£) = (@) Lo WH(L).

Applying Proposition 2.8.2 repeatedly (m — 1)-times, we get that

~

H'(resp, (p)(£)) = (@)™ 1o T (Efl(ﬁ_)). (4.17)

When k£ is 2, we have Ag = {UE7O'EVE} and in this case, the representation Z(AE) is equal to
op and L™ is a G,,(F) x I-stable lattice in og. Then, it follows from Remark 4.4.1 and the
isomorphism (4.17) that f[l(respn(E)(E)) = 0. Suppose the result is true for all Z(A)’s where the
length of A is strictly less than k. Recall that {(A;) = k — 1. By induction hypothesis, we get
that H*(£~) = 0. Then, using the isomorphism (4.17), we have H*(L) = 0. O

We now recall the mod-! reduction of the integral representation Z(Ap). Let us introduce the

following notations :

T[(AF) = {Tl(OF), Tl(O'F)PF, ... ,’I“l(O'F)P];w_l}

and

r(AF)D = {r(op) Y, (ri(op)or)V, ... (n(op) P D],

where (o r) is the mod-I reduction of o5 and r;(ocr)® is the Frobenius twist of 7;(0x). Then the

mod-/ reduction of Z(Ap) ( [MS14, Theorem 9.39)) is given by
r(Z(Ar)) = Z(r(Ar)).

This shows, in particular, that r;(Z(Ap)) is irreducible. Moreover, the Frobenius twist of the

representation 7;(Z(Ar)) equals Z(r;(Ar)?). We end this section with the following theorem.

Theorem 4.4.3. Let E/F be a finite Galois extension with [E : F| = 1, where | and p are
distinct primes such that | does not divide |Gp—1(kp)|. Let op be an integral, l-adic cuspidal
representation of G, (F), and let og be an integral, l-adic representation of G,,(E) obtained as
a base change lift of o (Note that o is also cuspidal). Let Ap = {UF,UFVF, .. .,Upuﬁfl} and

Ap = {UE,UEVE, .. .,aEyg_l} be two segments (Here n = km). Then we have

H(r(Z(AR))) ~m(Z(Ar))©.
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Proof. We use induction on ¢(Ag). For k = 1, we have Z(Ag) = og and Z(Ap) = op, and
the theorem follows from Corollary 4.3.8. Suppose the result is true for all segments A% and A'g
with ¢(A%) = ¢(Ay) < k. Let 7 and 75 be the mod-l Zelevinsky representations Z(r;(Ar)) and
Z(ri(Ag)), respectively. We denote by 7 and 75 the representations Z(r;(Az)) and Z(r(A%g))
respectively. Since resp, (g)(7g) is isomorphic to (&)™~ o UF (), it follows from Proposition
2.8.2 that

O (resp, () (7)) = (@)1 0 W (HO(5 ). (4.18)

By induction hypothesis, we have

~

H(r) = ().

Thus, it follows from (4.18) and [Vig96b, Chapter 3, 1.5] that the Tate cohomology group H%(rz)
is an irreducible as a representation of P,(F') and hence of G, (F'). Let A = (m,m,...,m) be the
partition of n and let Py = M), N, be the parabolic subgroup of G,. The isomorphism implies
that ﬁO(TE)NA(F) is non-zero. Then, using Lemma 4.3.2 and Corollary 4.3.8, we get the following

isomorphism of M) (F') representations

HO(me) Ny ) = (T7) D) vy () -

This isomorphism and the irreducibility of H°(75) together implies that H(rx) is isomorphic to

TI(;Z), as a representation of G, (F') (see [Vig98, Proposition V.9.1]). This completes the proof. [

Remark 4.4.4. Additionally, we now give a proof of the fact that ik O(7g) is a sub-representation

)

of rl(ap)(l) X oo X rl(ap)(l)igk71 . We again use induction on the length of Ag and Ag. For

k = 1, the result follows from Theorem 4.3.8. Assume that the result is true for all Z(A)’s with

£(A) < k. By induction hypothesis, we have
HO(r5) = ()P x - x (ry(op) P3O, (4.19)

Applying the composition functor (7)™~ o UT to (4.19), and then using Proposition 2.8.2, we
get

resPn(F)(ﬁo(TE)) — TeSp, (F) (Tl(O'F)(l) X oo X (rl(ap)ﬁ’;fl)(l))

Now, the irreducibility of the Tate cohomology group H O(7g) shows that
H(rp) < ri(or)® x - x (r(or)P ). (4.20)

Moreover, the relation (4.20) directly concludes the above theorem under the assumption that !

does not divide |Gy, (kF)|-
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4.5 Irreducibility of Tate Cohomology of generic represen-

tations

In this section, we discuss the Tate cohomology of representations of the form L(A), where L(A)
is defined in Subsection 2.3.3. We assume that [ does not divide the pro-order of G,(F). It is
important for the induction step in the proof of the main theorem. We continue with the notations
that op is an integral l-adic cuspidal representation of G,,(F') and o is the base change lifting of

op to Gy, (E), where n = km.

4.5.1 Integral structure of L(A)

Keep the notations as in Subsection 4.4.2. Recall that the representation L(Ag) is the unique
generic quotient of the parabolically induced representation o X ogvg X - -+ X O’EV§71. Now fix
a G, (E) invariant lattice £y in og. Then, we have the G, (E) invariant lattice Lo x -+ X Ly in

O X -++ X O'Eljg_l. The image of Ly X - -+ X L under the surjection
Op X OpVE X -+ X UEVgil — L(AE),

say L, is again a G, (F) invariant lattice in L(Ag) that is stable under action of G, (F). As in
Subsection 4.4.3, an isomorphism between og and o}, induces an isomorphism 7, : L(Ag) —

L(Ag)" with T! = id and T,(L) = L. Here, the group I acts on £ via the isomorphism T’,.
Proposition 4.5.1. Let £ be a Z;-lattice in L(Ag) that is stable under the action of G,,(E) and

the operator T,,. Then we have ﬁl(ﬁ) =0.

Proof. We proceed by induction on ¢(Ag), which equals k. When ¢(Ag) =1, then L(Ag) = og,
and in this case the proposition follows from [Ronl6, Theorem 6]. Suppose the result is true for
all representations L(A), where £(A) is strictly less than k. Let 7 = resp, (g)(L(Ag)). Consider
the filtration of P, (E)-representations:

0Cmc---CnCn=r,

where 7;/7;41 = (@)1 o U (7)) and 7() is the i-th derivative of 7. According to [Zel80,

Proposition 9.6], we have
7() = 0, if j is not divisible by m, and

r(rm) — L({GEV}"E, . 70'EV§_1}), forr=0,1,...,k— 1.
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For 1 <7 <k —1, let A}, and A% be the segments {ogvl,...,opvy '} and {op,...,opv) '}

respectively. The rm-th derivative of 7 is the composition of the following maps:

TN,

T 'nfrm,r'm(E) L(A/Ev) ® L(A%)

WA®T N (B).05 _(rm)
T b)

where 7y gy and id @ ry, (E),e, are the quotient maps of corresponding Jacquet module

n—rm,rm

and twisted Jacquet module. Note that the maps ry, . (g and ry,, (m),e, pPreserve integral
structures (see [Dat05, Proposition 1.4(i)] and [Vig04, Theorem II1.2]). Thus, we get that £,
defined as

L™ =0~ o (7)™ (vesp, () (L)),

is a Gy_pm(E) x T-stable lattice in 70"™). Let £; C 7; be the P, (FE) x I-invariant Z;-lattice
Li= () o (d7) H(resp,(m) (L)),

forall 1 <i<n. For 1 <r <k-—1, we have the short exact sequence of P, (E) x I'-modules
0 — Liryiym — Lym — (7)™ Lot (L™ — 0 (4.21)

By induction hypothesis, we have Ht (£(’“m)) = 0. Then the long exact sequence of Tate cohomology
corresponding to (4.21) gives

s HY(Lpsrym) — HYLom) — 0 — HY Ly 1ym) — -+

For s = k — 1, we have the representation 7,,, which equals indgzgg (©g). Using Proposition 2.8.2,
we have ﬁl(ﬁn) = 0. Then, from the above long exact sequence, we get that ffl(ﬁ(k_l)m) = 0.
Again, using the above long exact sequence for s = k — 2, we get ﬁl(ﬁ(k,g)m) = 0. Thus, an

inductive process gives

This completes the proof. O

4.5.2 Tate cohomology of L(A)
Let g be an integral [-adic generic representation of G,,(E). Then mg is of the form

L(A1) X L(Ag) X -+ x L(A),

where for each 1 < j < t, the representation £(A;) is integral. Let £; be a lattice in L(A;),
defined as in Subsection 4.5.1. Let T’, ; be the isomorphism between L(A;) and L(A;)” such that
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T, ;(L;) = L;. Now consider the Z;-module £ = £ X --- x L£;. Then £ is a lattice in 75 that
is stable under the action of G, (E). Moreover, we have an isomorphism 7, : 7 — ), induced
by {T,,; };:1, such that T',(£) = L. Note that the prime [ is banal for G,,(E). Since the mod-I

reduction of 7y is irreducible, any lattice in 7g is homothetic to L.

Corollary 4.5.2. Assume that | does not divide |G, (kr)|. Let g be an integral, l-adic generic
representation of Gn(FE) as above. Let L be a Zy-lattice in wg that is stable under the action of

Gn(E) and Ty. Then HY(L) =0.

Proof. Using Proposition 2.8.2, we have
HY(L) = HY(Ly) x -+ x HY(L,).

Now, applying Proposition 4.5.1, we get that PAIl(ﬁi) = 0 for each i. Hence, the theorem. O

Next, we aim to prove the following

Theorem 4.5.3. Let E/F be a finite Galois extension with [E : F] =1, where l and p are distinct
primes such that | does not divide |G, (kp)|. Let op be an integral, l-adic cuspidal representation
of G (F), and let o be an integral, l-adic cuspidal representation of G.,(E) obtained as a base
change lifting of op. Let Ap = {JF,UFI/F,...,UFl/ffl} and Ap = {JE,UEVE,...,JEVEA} be

two segments (Here n = km). Then
HO(r(L(Ag))) = ri(L(AF)".

Proof. We prove the theorem using induction on ¢(Ag). Since | does not divide |G, (kF)|, the
mod-I reductions of the irreducible integral representations L(Ar) and L(Ag) are also irreducible,

and we have

ri(L(Ar)) = L(ri(Ar))

and

r(L(Ag)) = L(ri(Ag))

where 7(A) is defined as in Subsection 4.4.3. Using the same short exact sequence (4.21) for

ri(L(Ag)), the corresponding long exact sequence in Tate cohomology gives a filtration
resp, (m) HO(i(L(Ap))) = m 212 2 -+~ 2,

such that the quotient 7;/n;+1 # 0 if and only if ¢ is a multiple of m. By induction hypothesis,
we get that 7),s/mm(s+1) is an irreducible representation of P,(F). Theorem 4.3.6 says that the
Frobenius twist r;(L(Ar))® is the generic sub-quotient of HO(r/(L(Ag))). Since the lengths of
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P, (F)-representations H°(r;(L(Ag))) and r(L(Af)) are the same, we get that r(L(Ap))® is
isomorphic to H(r/(L(Ag))). O

Let us continue with the hypothesis as in Theorem 4.5.3. Let 7 be an integral l-adic generic
smooth representation of G, (FE). Since ! does not divide |G, (kr)|, the mod-I-reduction r;(7) is

irreducible and hence generic. Then, we have the following immediate corollary.

Corollary 4.5.4. Let E/F be a finite Galois extension of degree l, where | and p are distinct
primes and | does not divide |Gy (kr)|. Let mp be an integral, l-adic generic representation of

Gn(F), and let mg be the base change lifting of 7 to Gy (E). Then
HO(ry(ng)) =~ r(np)®.

Proof. This follows from Proposition 2.8.2 and Theorem 4.5.3. O



Chapter 5

Compatibility of Tate cohomology
with local base change for cuspidal

representations of GlLs

5.1 Introduction

The main result of the previous chapter (i.e., Theorem 4.3.6) assumed that ! does not divide the
pro-order of GL,,_1(F), for n > 3. The main objective of this chapter is to prove the theorem
without the hypothesis on [. The proof of Theorem 4.3.6 was in the spirit of the proof of local
converse theorem over F;, and the hypothesis on [ is required in the proof of a vanishing result
(Lemma 4.3.5), which in general fails for arbitrary prime [. This vanishing result is essential for
proving the local converse theorem over F;. The hypothesis on ! may be removed using local
y-factors over Artin local Fj-algebras as defined in the work of Matringe-Moss ( [MM22]). In
this chapter, using the local converse theorem over Artin local F;-algebras (see Theorem 5.2.4
for the precise statement), we prove Theorem 4.3.6 for the base change liftings of l-adic cuspidal

representations of GLg(F').

5.2 Rankin—Selberg gamma factors in families

In this part, we recall the Rankin-Selberg theory over arbitrary Noetherian W (F;) for smooth
representations of GL3(K) x GL1(K), where K is a p-adic field and W (F;) is the ring of Witt
vectors of F; (see Subsection 2.4.1 for general GL,(K)). We start by recalling the definition
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of co-Whittaker modules. Then we discuss the notion of nilpotent lifts for I-modular generic
representations of GL,,(K). For precise references, we refer to [HM18] and [Mos21]. We also put
up some initial results on local y-factors over Noetherian W (IF;)-algebras, which are essential in

the proof of the main theorem.

5.2.1 Co-Whittaker modules

We fix a non-trivial additive character 15 : K — W(F;)*. Let R be an arbitrary Noetherian
W (FF;)-algebra, and let (7,V) be a smooth R[G,,(K)] module. The space of co-invariants of V'
with respect to the character ¢ is denoted by V(") (see Section 2.3).

Definition 5.2.1. A smooth admissible R[G,,(K)] module (m, V) is called co- Whittaker if
1. V" is a free R-module of rank one,
2. for any quotient W of V with W) = 0, we have W = 0.

In particular, a co-Whittaker module (7,V) is also of Whittaker type (see Section 2.3 for the
definition) and hence admits a Whittaker model. It follows from [Hell6b, Proposition 6.2] that

(m, V) admits a central character, denoted by w, : F* — R*.

5.2.2 Nilpotent lifts of Generic representations

Let R be an Artin local Fj-algebra. By definition, R is a finite dimensional local F;-algebra with
unique non-zero prime ideal, say mg, such that the quotient R/mp is isomorphic to F; and the

composition F; < R — F; is the identity map.

Definition 5.2.2. Given an [-modular generic representation 7 of G, (K). A nilpotent lift of =
to an Artin local Fj-algebra R is a smooth admissible R[G,,(K)] submodule 7 C Indg:gg(@[(ﬂ),

such that
TOrF ~ W(m, ).

For an Artin local Fj-algebra R, we denote by Aﬁfl(n,K ) the set of isomorphism classes of all
nilpotent lifts of objects in .A%j‘"(n, K). For n = 1, the objects in A%f"(l,K) are the Fj-valued
characters of K*, and the nilpotent lift of one such character ¥ to an Artin local Fj-algebra R
is given by a free R-module M on which K* acts via a character y : K* — R* such that the
reduction of Y modulo the maximal ideal mp is equal to X¥. An Artin local F;-algebra R is an
l-adically seperated (i.e., ;5 I'R is zero ideal) Noetherian W (FF;)-algebra. So, the theory of co-
Whittaker modules and local ~-factors is also valid over R. It follows from the work of [EH14,
Lemma 6.3.2, Proposition 6.3.4] that a nilpotent lift 7 € A%!(n, K) is a co-Whittaker R[G,,(K)]

module.
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5.2.3 Rankin—Selberg functional equation for GL3 x GL;

In this part, we recall the Rankin-Selberg theory over arbitrary Noetherian W (F;)-algebra for
GL3 x GL;. We follow the notations of the subsection 2.4.1. Let A and B be two Noetherian
W (FF;)-algebras, and let R = A ®w ) B- Let 7 be a co-Whittaker A[G3(K)] module, and let x
be a B-valued character of K*. For W € W(m, ¢ ), the integrals

0 0
Cy{((WJGO):/ Wilo 0| ®x(g)dg
Wi oK
0 0 1
and
g 0 0
cf(m/]x;l):// Wlz 1 0| ®x(9)dgdx
K Jwh 0k
0 0 1

are well defined. For each 0 < j < 1, the following Laurent series

> KW )X

=y
lies in S™'(R[X, X~ !]) ( [Mos16, Theorem 3.2]), where S is the multiplicative subset of the ring
R[X, X 1] consisting of all polynomials whose leading and trailing coefficients are units. For any
function W on G3(K), let W be the function on Gs(K), defined by W(g) = W (ws(g1)!), for
g € G3(K). The following result is due to [Mosl6, Theorem 5.3]-which gives the existence of
~-factors for the pair (7, x).

Theorem 5.2.3. Let 7 be a co- Whittaker A[G5(K)] module and let n be a B-valued character of
K*. Then, there exists an unique element yr(X,m,n,vx) € STH(R[X, X1]) such that

> e (wsa W, 1) qp X7 = yR(X m i) D el (W 0) X7 (5.1)
reZ re’

and
> el (ws W, 0) g5 X7 = yr(X,mn, k) Y e (W )X, (5.2)
rel reZ

for all W € W(m, vk).

We now state the local converse theorem over Artin local [F;-algebras. Over algebraically closed
fields of characteristic zero, the converse theorem was proved by several authors (see [Hen93],
[JPPST79]). In general, the local converse theorem fails over the field F;. To be more precise, say

m and 7 are two [-modular generic representations for G, (K). Suppose we have the following



76 Tate cohomology of cuspidal representations of GLs3

equality of y-factors:
7(X7 1, T, EK) = ’Y(X7 2, T7@K)7

for all 7 € A%e"(t, K) with 1 <t < n — 1, then it may happen that 7; is not isomorphic to
1

7o (see [Mos21, Section 2]). In [Mos21, Theorem 1.2], the author proved that the local converse

theorem over F; can be recovered if we vary the representations 7 over A%!(¢, K), for all Artin

local Fj-algebras R and all 1 <t < [%] We now state the theorem in our context.

Theorem 5.2.4. Let m and mo be two l-modular generic representations of Gs(K). Suppose

’YR(X7 7T17{’77@K) = ’YR(Xu 7T27777@K)7

for all nilpotent lifts n € A% (1, K) and for all Artin local F;-algebras R. Then w1 is isomorphic

to mo.

We end this section with the following lemma, which is crucial for the arguments of the main

result. It is analogous to Lemma 2.4.5 in Chapter 2, and the proof is exactly similar.
Lemma 5.2.5. Let (m,V) be an l-modular generic representation of G3(K). Let R be an Artin
local Fy-algebra, and let n be an R-valued character of K*. Then we have

— —1
'YR(X,WJ]M/JK)I = ’YR(XZ77T(Z)777I7’(/}K)'

Proof. Let W, be a Whittaker functional on (7, V) and let W, ) be the composite map

We = a—zl =
vV —7= Fl‘f44£$ FL

Then W,y is a Whittaker functional on 7() with respect to the character EZK, and the Whittaker
model W(ﬂ'(l),ﬁlK) consists of the functions W', where W, varies in W(r, v ). Using functional

equations (5.1) and (5.2), we have

S KW 51— ) g XTI = yr(X,mn, ) D e (W, 5) X (5.3)
rel re’l
and
(171 - S\ T —-r —l . T
S KWl - i) X T = r(X, 7O 0 Pi) > K (Wit X (5.4)
rEL reZ

for each j € {0,1}. Replacing X by X' to (5.4) and comparing the resulting relation with the
identity (5.3), we get
— —l
rYR(X77Ta7771/)K)l = ’YR(Xlaﬂ(l)7nl7wK)'

Hence, the lemma. 0
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5.3 Characterization of mod-/ local Langlands correspon-

dence via nilpotent lifts

Recall that the mod-I local Langlands correspondence is a sequence of bijections

(M : AL (0, K) = G52 (n, K) |

n>1

and it is uniquely characterized by its compatibility with /-adic local Langlands correspondence
under reduction mod-I. Moss in his work [Mos21, Theorem 1.4] gave a characterization of the

sequence {ﬁK’n}n21 directly, by extending {ﬁK,n} to a correspondence on nilpotent lifts.

n>1
To state it more precisely, we need to recall the notion of nilpotent lifts for mod-I Weil-Deligne

representations.

5.3.1 Nilpotent lifts of Weil-Deligne representations

Let R be an Artin local F;-algebra. Let p be a smooth n-dimensional semisimple -modular rep-
resentation of Wy. A nilpotent lift of p to R is a smooth R[Wgk]-module p such that p is free

R-module of rank n, and there is an isomorphism

porF =~ p.
The set of all isomorphism classes of nilpotent lifts of objects in gg(n, K) to the Artin local F;-
algebra R is denoted by Gr(n, K). For n = 1, the objects in g%“(l, K) are precisely the F;-valued

characters of Wg. Say n is a mod-l character of Wg. A nilpotent lift of 1 to R is a character

7 : Wi — R* such that the mod-I reduction 1) ® g F; is equal to 7.

5.3.2 Local Langlands correspondence on nilpotent lifts

Let R be an Artin local Fj-algebra. In particular, R is a Noetherian W (F;)-algebra. The seminal

work of [HM18, Section 7] gives the existence of a sequence of maps
7%, : Gr(n, K) — A¥'(n,K).

For n = 1, the map H%l is given by the local class field theory, and is a bijection. We now
recall the characterization of the sequence of bijections {ﬁKm}n>1 (see Subsection 2.6.2) via the

sequence of maps {Hﬁ n}n>1'

Theorem 5.3.1. For each n > 1, there is a unique bijection

)

ﬁKn : g%ls(n’ K) — A%jn(n7K)
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such that, for every Artin local F-algebras R and for all p € Gr x(n), p € Gr k(M) with m < n,

the following equality holds

in the ring of Laurent series (R @, R')[[X]][X~'].

5.4 Tate cohomology of cuspidal representations of GLj3

Let F' be a finite extension of @), and let ' be a finite Galois extension of F' of degree [, where
[ and p are distinct primes. In this section, we compute the Tate cohomology group of base
change liftings of integral l-adic cuspidal representations of G3(F') to Gs(E). We first discuss an
important consequence of the base change liftings of integral l-adic cuspidal representations of
Gn(F) to G (E).

Let us assume that [ does not divide n. Let mr be an integral l-adic cuspidal representation of
G,(F), and let mg be the base change lifting of mr. Note that 7g is also cuspidal. From the

definition of base change lifting (see Section 2.7), we have

resy, (Upn(mr)) = 1lg W (7E).

Note that the l-adic representations Ilg, (7mr) and Ig ,(7g) are both integral. Taking mod-

reduction to the above identity, we get

resyy (TI(HF,n(T"F))) ~ rl(HE,n(WE))~ (56)
Let {7},7%,...,7h} and {7}, 7%,..., 75} be the supercuspidal supports of ri(7p) and r(7g)
respectively, where r,s € {1,2,...,n}. Let p% (resp. p%) be the n-dimensional semisimple I-

modular representation of W (resp. Wg) that corresponds to 7% (resp. Tfy) under the mod-I
local Langlands correspondence IIf,, (resp. Ilg,,). Then, it follows from (5.6) and property—(3)
of Subsection 2.6.2 that

resywy, (0p © -+ ® pfp) = pp © -+ @ p.
Thus, we get that the restriction resyy, (IIgy, (ri(7p))) is isomorphic to Ilg,(r(7g)). Now, we

prove our main theorem.

Theorem 5.4.1. Let F' be a finite extension of Qp, and let E be a finite Galois extension of F'
with [E : F| =1, where p and 1 are distinct odd primes. Let mp be an integral l-adic cuspidal

representation of G3(F), and let mg be the l-adic cuspidal representation of G3(F), obtained as a
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base change lift of . Then the Frobenius twist r(np)® is isomorphic to HO(r)(7g)).

Proof. We rely on the local converse theorem over local Artinian F;-algebras (Theorem 5.2.4) to
prove the theorem. Say R is an Artin local Fj-algebra and let nr be an element in AX(1, F).

Then, we show that

yr(X, HO(ri (7)), s ¥) = Yr(X, i (mr) D, ne, §). (5.7)

Since np is co-Whittaker R[F*] module, it is enough to prove the above identity for all R-valued
characters of F*. The proof is divided into three parts. In the first part, we show that (5.7) is

equivalent to the following identity of y-factors:

-~ — —
(X, HO(ri(mE)), b, ¥p) = vr(X,ri(mp) Y nb, ¥ p),

where 7 is a character of F'*, trivial on the [-torsion part of x%. In the second part, using lifting
of integrals on homogeneous space over F' to that on homogeneous space over E, we obtain the

following identity of ~-factors
(X, BO(ri(mp)), 1y 0p) = Ya(X,mi(ms), M0 0 Nvgyp, V).
Thus, the assertion (5.7) reduces to prove the following equality:
Yr(X,m1(7E),n0 o Nrg/p, ¥ ) = Yr(X, ri(re)®, b, T,

In the last part, we prove the above identity using congruence properties of local ~y-factors.

Part 1.

Let R be an Artin local Fj-algebra and let nr be an R-valued character of F*. For W €
W(f[o(rl(ﬁE)),ElF) and U € W(rl(WF)(l),ElF), we have the functional equations

7 —-m 77 —l m
> W i Dgp X ™™ = yr(X, H(r(mg)),np Ur) > ch (Wnr;0)X (5.8)

meEZ meZ
and
r7 - m Yy —m — m
Z em(U,np DR = Yr(X, (7)) np, Pp) Z ch (U,np; 0)X™. (5.9)
meZ meZ

Let kj[l] be the I-torsion part of kj of order, say (%, and let Y be the subgroup of oy whose
pro-order is coprime to . Then o} is the direct product of k;[l] and Y. Let z be a generator of
the cyclic group k3 [l]. Since (nr(xo) — 1) = 0, the element np(zo) — 1 belongs to the maximal
ideal mg C R. Let u be the element of mg such that ng(x9) = 1 + u. Let 1y be an R-valued
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character of F* such that 7 is trivial on the [-torsion part k[l] and 1} coincides with 7 on the

subgroup generated by Y and the uniformizer wg. Then

a g 0 0
l B .
~ ~ i —~ sk
cg(W,nFlg):cg(W,nol;l)+ZZ(—1)’f(k)// W la 1 0| ®@nygHudgda.
i=1 k=1 FJ/wgayy
0 0 1
(5.10)
and
I . g 00
~ _ ~ _ /L ~
cﬂ(U,nFl;l):cf;(U,nOl;l)+ZZ(—1)k(k>// ~Ulz 10 @ nb(g)u” dg d.
i=1 k=1 FJogaY 00 1
(5.11)

Take ¢ to be the characteristic function of Uf. Since the Tate cohomology group H O(ri(mg))
is isomorphic to r;(7r), as a representation of P3(F) (Proposition 3.3.1), there exists Wy €

W(ﬁo(rl(ﬂE)),@lF) and Uy € W(Tl(ﬂ'F)(l),ElF) such that

g 0 0 g 0 0
Wolo 1 0l =Uo|0 1 0] =c¢(9)-
00 1 0 0 1

From the functional equations (5.8) and (5.9), we get the following relation

> Wonp Dae X~ = ek (Uo, s Dgp X~
meZ meZ

= (X, (o1 () ) = v (Xra(m) Ve 50) S ([

mezZ @rOoF

Again, using functional equations, we have

> b Wong i DgE X ™ = b (Uo,mg s g X~
meZ MmEZL

= (X, (o1 ()b, T) = X)) S ([

X
meZ @WEOoF

©(g9) @ nh(9) dg) xm

(5.13)

Since the restrictions resp,py(Wo) and resp,r)(Up) are compactly supported, then for each i €
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{1,2,...,1%}, we have the following relations:
g 0 0
Z(// CWolz 10 ®né(g‘1)dgdw)q}1‘X‘m
mez FJwpalY
0 0 1
~ —1
— (X B ) X ([ elo) @ g dg) X
mez wpayY
and
g 0 0
Z(// CTOol|e 1 0| @uble ) dgdz)gpx
mez F JoizlY
0 0 1

:f)/R(X,Tl(WF)(l)ané)?Ei’) Z (/m i

mez wpxyY

e(9) ®1b(g) dg)X’"-

Using relations (5.10) and (5.11) together with (5.13) and the preceding two equations, it follows
from (5.12) that the assertion (5.7) is equivalent to the following identity:

~ —1 —1
(X, H(r(mE)),mb, ¥ ) = vr(X, ri(mr) W, 1b, ).

Part 2.
Let W € W(H(r, (WE)),@;) Using functional equation for the pair (H%(r;(7g)), 7)), we get

T = m oy —m Ty — m
> b Wong s DR X ™ = yr (X, HO(r(me)),nb, %) Y el (Wonh; 0)X™, (5.14)
MmEZL meZ

Let V be an element in W(ri(7g), ¢ 5)" such that V is mapped to resp, s (W) under the map

— res - =l
O W(ri(rp), vg) —2 Indffi,((?)(@F)'

Let ng be the composition 79 o Nrg,p, where Nrg/p : E* — F* is the norm map. Now, the

functional equation for the pair (r;(7g),ng) gives

D em(Vong i Vel X ™ = yr(X,ri(mp), e, ¥p) Y o (Vo 0) X ™.
meZ meZ
Using Remark 2.8.5, followed by the map &, we get

> e (Wong i) X = yp(X, rilme), e, 0r) Y ek (Wonh; 0) X',

meEZ meZ
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Hence, it follows from (5.14) and the above relation that

Yr(X,r(7E), e, Og) = vr(X HO(r(me)), 1, Tp)-

Part 3. In this part, we aim to show that

Yr(X,ri(mE),nE,VE) = ’YR(Xl,Tz(WF)(Z),TZ&@;)

Foreach 1 < i < sand 1 < j < r with r,s < 3, let pﬁp and p% be the irreducible mod-I

representations of Wy and Wg respectively, such that the representation r;(mg) (resp. 7(7F))

is associated with the semisimple representation @;_, pi (resp. EB;ZI ij), under mod-/ local

Langlands correspondence. Since g is the base change of 7mp, Remark 5.6 gives the following

isomorphism:
S T
i\~ J
resv (D) i) = D)
i=1 j=1

Now, using the identity (5.5), we get

YR(X,1(7E), e, V) = @PE ® 15, Vp)

In view of the isomorphism (5.15), we have the following relation

YR(X,m(7E), 18, V) H’m (P ®@m0) ® ind)yF (R), Pp).

For each 1 < i < s, we consider the R-linear map
(P @m0) @& Ind)yE (R) %5 (pfp @ mo) @ ind )y (),

e f)— wef),

where f is induced by f via the natural quotient map R — F;. Then:

(5.15)

(5.16)

1. Take v € p& ® 1o and f € indxg (F;). Since the composition F; < R — T, is the identity

map, the element f € indwg (R) and

pve f)=ve f

This implies that ¢ is surjective.
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2. dimp((pl @ no) @r ind)y (R)) = dimpg ((pk ©no) ©r ind)y (1))
3.  is compatible with the action of Wp.

Thus, (1) — (3) shows that ¢ is an Wp equivariant isomorphism. Now, the Jordan-Holder series

of Fy[T'] gives the relation
Yr(X, P @m0 ® ind%; (F1), ¢¥r) = vr(X, Pl @10, Y )

Using above relation and the identity (5.5), it follows from (5.16) that
VR(X,i(nB),nE,¥p) = YR(X, 1i(TF), M0,V F)"-
Finally, Lemma 5.2.5 gives
(X, ri(me), e, V) = (X! ri(mwe) O, Bp).

This completes the proof. O
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Chapter 6

Compatibility of Kazhdan and

Brauer homomorphism

6.1 Introduction

The local Langlands correspondence relates the set of all irreducible smooth complex representa-
tions of the group of rational points of a connected reductive group over a local field—with the
representation theory of its Weil-Deligne group. For a connected split reductive group G defined
over Z, Kazhdan conjectured a link between the local Langlands correspondences for G(F') and
G(F’), where F is a p-adic field and F’ is a non-Archimedean positive characteristic local field,
which are sufficiently close. Kazhdan’s approach ( [Kaz86, Theorem A]) is via isomorphisms be-
tween the respective Hecke algebras with complex coefficients, H(G(F'), K) and H(G(F"), K'), for
some specific choice of compact open subgroups K and K’ of G(F') and G(F") respectively. Kazh-
dan isomorphism and its various properties have been further studied by several others, notably

by R. Ganapathy (see [Ganl5], [Gan22] for instance).

The method of close local fields is crucial in obtaining analogous results for reductive groups
over non-Archimedean local fields of positive characteristic, which are known for reductive groups
over p-adic fields. Using the close local fields approach, A.I. Badulescu ( [Bad02]) proved the
Jacquet-Langlands correspondence for GL,, (F’). A similar technique was also used by Badulescu—
Henniart-Lemaire—Sécherre ( [BHLS10]) to classify the smooth unitary dual of GL,, (D), where D

is a central division algebra over F”.

Let L be a non-Archimedean local field with residue characteristic p and assume that K is a

nice compact open subgroup of G(L)—for instance, a congruence subgroup of positive level. When



86 Compatibility of Kazhdan and Brauer homomorphism

G(L) has an automorphism o of prime order ! with | # p such that o(K) = K, Treumann—
Venkatesh ( [TV16, Section 4]) define an F;-algebra homomorphism between the Hecke algebras
H(G(L),K) ® F; and H(G?(L), K°) ® F;, which is called the Brauer homomorphism. In this
chapter, we formulate Kazhdan isomorphism over F;-which was originally constructed over C
(see Section 6.4). Then we prove that the Kazhdan isomorphism is compatible with the Brauer
homomorphism (Theorem 6.5.1) in the local base change setting. In [TV16], the authors defined
the notion of linkage (see Subsection 6.6.1 for the definition), which is the representation theoretic
analogue of Brauer homomorphism. Using Theorem 6.5.1, we prove the compatibility of linkage

under the close local fields F' and F’ (see Theorem 6.6.2).

6.2 Hecke Algebra

In this section, we review the notion of Hecke algebra on any locally profinite group. We refer

to [TV16, Subsection 2.10] for more details.

Let k£ be an algebraically closed field of positive characteristic . Let G be a locally profinite
(i.e., locally compact and totally disconnected) group. Let K be a compact open subgroup of G.
We denote by G/K the set of all distinct left cosets of K in G, and it is a discrete set with a
left action of G. For any g € G, we sometimes use the notation [g] to denote the left coset gK.
There is a natural action of G x G, via left translation, on the space of all k-valued functions on
the discrete set G/K x G/K. We denote by F(G//K) the space of all such k-valued functions on
G/K x G/K that are invariant under the action of the diagonal subgroup AG = {(g,9) : g € G},
and whose support is a union of finitely many G-orbits. There is a multiplicative structure in the

space F(G//K), given by

(i f) (el ) = Y fllal ) fa(lyl, [2]),

yeG/K
for all [z],[z] € G/K and fi, fo € F(G//K). The space F(G//K) with the above multiplicative
structure is a k-algebra, and it is called the Hecke algebra of G associated with K.

We now describe another equivalent formulation of the Hecke algebra relevant to our context. Let

us first consider the equivalence relation ~ on the set G/K x G/K, where

([2], []) ~ (=], [y')

if and only if there exists g € G such that [gz] = [g2] and [gy] = [gy’]. Then, for any elements
[9], [h] € G/K, the map ([g], [h]) = Kg~*hK induces a bijection from the set of equivalence classes
(G/K x G/K)/ ~ onto the double coset space K \ G/K. Let H(G,K) be the space of all k-
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valued functions which are bi-K-invariant, i.e., f(k1gks) = f(g), for all k1,ke € K, g € G and
f € H(G, K). Then, the preceding bijection gives the following map

F(G//K) — H(G,K)

¢ — ¢, (6.1)

where the function ¢ : G — k is defined as ¢(g) := ¢([1],[g]), for all g € G. The map (6.1)
is a bijection, and it induces a k-algebra structure on the space H(G, K). In the literature, the

k-algebra H(G, K) is referred as the Hecke algebra of G associated with K.

6.3 Brauer Homomorphism

Let G be a locally profinite group, and let ¢ be an automorphism of G of order I. Let K be a
compact open subgroup of G with o(K) = K. Let G° (resp. K?) be the the fixed subgroup of G

(resp. K) under the action of o. Moreover, the compact open subgroup K is called o-plain if
1. The inclusion G°/K? — (G/K)’, sending gK° to gK, is a bijection.

2. There exists a subgroup K’ of K of finite index such that K’ is an inverse limit of finite

subgroups, each of which has order coprime to .

For any o-plain compact open subgroup K of G, the discrete set G/K x G/K is equipped with an

action of the group (o), defined as

for all [¢], [h] € G/K. This action further factorizes through the quotient space G/K x G/K/ ~,

and it is given by

where ([g], [h]) denotes the equivalence class of the element ([g], [h]). The space F(G//K) carries

a natural action of (¢), defined by

(e.0) (2], [y]) = (o™  (@)]. [0 ()]),

for all z,y € G and ¢ € F(G//K). In [TV16, Section 4], the authors proved that the Brauer
homomorphism Br is a k-algebra homomorphism from F(G//K)? to F(G?//K7), and it is defined
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by the following the restriction map

Br(¢) :=res(ge koo /xe)(9). (6.2)

6.3.1 Equivalent formulation of Brauer homomorphism

Now, we give an equivalent formulation of the map (6.2) for the k-algebra H(G, K), defined as in
the preceding section. First, let us consider the action of the group (o) on the double coset space
K\G/K :

0.(KgK) := Ko(g)K,

for all g € G. Then, we have a natural induced action of (o) on the space H(G, K), defined as

(0.)(9) = f(o7 (9)),

for all g € G. Note that the bijection (6.1) preserves the action of the group (o). Then, we have a

commutative diagram

F(G//K)” H(G, K)7
Br Br
F(G7//K?) H(G7, K7)

The horizontal arrows in the diagram are the bijections induced by (6.1). We observe that the
k-algebra map Br : H(G, K)? — H(G?, K?), induced by the above diagram, is the restriction map
to subgroup G¢, i.e., for all f € H(G, K)?, we have

Br(f) :=resgo (f)-

6.4 Kazhdan isomorphism

In this section, we review Kazhdan isomorphism over complex numbers and establish a mod-I
version of Kazhdan isomorphism. We also set up some initial results. Let F' and F’ be two non-
Archimedean local fields with the same residue characteristic, say p. Let o be the ring of integers
of F' and let pr be its unique maximal ideal. Similar notations follow for F’. The fields F' and F’
are called m-close if there exists a ring isomorphism A : op/p — o/ /p:. We choose uniformizer
w (resp. w’) of the field F' (resp. F’) such that the class of w corresponds to the class of @’ via

the map A.
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Let G be a connected split reductive group defined over Z. We fix a Borel subgroup B of G,
defined over Z. Let B = TU be a Levi decomposition over Z with split maximal torus T and
unipotent radical U. We denote by X*(T) and X,.(T) the character lattice and the cocharacter

lattice of T respectively. There is a natural Z-bilinear pairing
X*(T)x X.(T) — Z

(a, \) — {(a, \),

where (Ao a)(z) = z(*N | for all z € G,,. Let ® C X*(T) be the set of roots of T in G, and let
®T be the set of positive roots of T in B. For any Z-algebra R, we denote by G the group of
R-points G(R). Consider the subgroup

Krp = Ker(G(oF) — G(OF/]J}?))

Then Kpg is a compact open subgroup of Gp. We fix a Haar measure pp on the group Gg such
that pp(Kp) = 1. For each g € Gp, let ¢, be the characteristic function on the double coset
KpgKp. Then, the Hecke algebra H(Gr, Kr) is generated as a k-vector space by {t,: g € Gr}.
We denote by Hz(Gr, Kr) the space generated by {t, : g € Gr} over Z. Set

X(T)” = {)\ € Xu(T) : {a,\) <0,V € <I>+}.
We have the Cartan decomposition

GF = H G(OF)ZUHG(UF), (63)
HEX . (T)~
where w, = p(w). For each p € X,(T)~, the double coset Gp(n) := G(op)w,G(op) is a

homogeneous space under the action of the group G(or) x G(or), defined as

(z,9).9 :=zgy™",

for all z,y € G(or) and g € Gp(p). Then, the finite group Hy, := G(or/pF) x G(op/pR) acts
transitively on the set of double cosets { KpzKp : © € Gp(u)}. Let I'y(F) be the stabilizer of
Krw,Kp in Hy,. Let T,,(F) C G(op) x G(or) be the set of representatives of the coset space
H,,/T',,(F) under the composition

mod—p

G(op) x G(op) H,, — H,,/T,(F).
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Then the decomposition (6.3) can be re-written as

Gr= ] [T Krbiwub; ' Ke. (6.4)

HEX . (T)~ (bi,b;)ET,(F)

For each p1 € X, (T)~, the map A induces a bijection T},(F) — T, (F"'). Under this bijection, there

is an isomorphism ( [Kaz86, Section 1]) of Z-modules:
Hz(Gr, Kr) — Hz(Grr, Kpr)

>t , _, -
. )
a;wxa; ajwia;

and this induces a C-vector space isomorphism
Kaz), ¢ : Ho(Gp, Kp) — He(Gpr, Kp),

where A € X.(T)7, (ai,a;) € TA(F) and (aj, a) is the corresponding element in T)\(F'). For F

and F’, sufficiently close fields, the following result is due to Kazhdan ( [Kaz86, Theorem A]).

Proposition 6.4.1. Given a positive integer m. There exists an integer r > m such that, if F'

and F' are r-close, the vector space isomorphism Kazf;yc is a C-algebra isomorphism.

In order to establish that the vector space isomorphism Kazﬁ’c is compatible with algebra struc-
tures, the fields need to be a few levels closer. Kazhdan conjectured that one could take r = m
in Proposition 6.4.1- which was proved by R. Ganapathy ( [Ganl5, Conjecture 3.15]), using the

finite presentation of the Iwahori Hecke algebras of level m.

6.4.1 Kazhdan isomorphism over positive characteristic

In this section, we formulate a mod-I version of Proposition 6.4.1. Recall that H(Gr, Kr) denotes
the Hecke algebra, consisting of all k-valued smooth, compactly supported and bi-K p-invariant
functions on Gg. Suppose F and F’ are m-close. We denote by X,,,(F) the set of all K double
cosets in Gp. Similar notations are followed for F’. The bijection ¢ : X, (F) — X, (F”) gives the

Z-module isomorphism (see [Kaz86, Section 1)) of integral Hecke algebras
Hz(Gr, Kr) — Hz (G, Kpr)

to ¥ (),
which induces an isomorphism of k-vector spaces

Kazfjl : H(GF,KF) — H(GF/,KF/).
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Kazhdan’s approach in proving the Hecke algebra isomorphism over C, relies on the fact that
Hc(Gr, KF) is finitely presented—which follows from the work of [Ber84]. So, in order to establish
that Kazﬂ is an algebra map, we need the finiteness of Hecke algebras over k—which is made

available due to seminal work of Dat—Helm—Kurinczuk—Moss ( [DHMK?24)).

Lemma 6.4.2. For any compact open subgroup K of Gg, the Hecke algebra H(Gp, K) is finitely

presented.

Proof. Note that an algebra A is finitely presented if A is finitely generated and Noetherian. Then
the above lemma follows from [DHMK24, Theorem 1.1 and Corollary 1.4]. O

Remark 6.4.3. We now recall some results from [Kaz86]. Let C' be a finite subset of X, (T)~ and

we set

Ge=J Gr(w.

pneC

By [Kaz86, Lemma 1.3], there exists a positive integer ne > m, such that for all g € G¢, we have
9K (F)g™" C Kp,

where K, (F') is the nc-th usual congruence subgroup of Gp. Moreover, if F' and F' are nc-close,

then
Kaz! (f1 * fo) = Kaz! (f1) * KazL (f2), (6.5)

for all f1, fo € H(Gp, Kr) supported on G¢. The next lemma, which was essential for [Kaz86,

Theorem A], is valid over k as well.
Lemma 6.4.4. For all A\, € X, (T)~, we have
Ex@) * tu(e) =t ()

Moreover, if C is a finite subset of X.(T)~, then for all 1,24 € G¢, we have

Loy A(w)ze = tay * Ex(w) * Lay-

Proof. This follows from [All72, Theorem 2] by extension of scalars. O

From these, we obtain Kazhdan isomorphism of mod-I Hecke algebras. The proof follows the

same line of arguments of [Kaz86, Theorem A].

Theorem 6.4.5. Given an integer m > 1. There exists a positive integer v > m such that if F

and F' are r-close, the map Kazﬂ is an isomorphism of k-algebras.
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Proof. We will show that Kaz’ preserves the ring structures. Fix a finite subset C' C X, (T)~

containing 0, such that C generates X, (T)~ as a semigroup. Consider the finite set

Xo=J X,
reC

where X\ = {KpgKr | g € G(op)\@)G(op)}. It follows from Lemma 6.4.4 that the algebra
H(GF,Kr) is generated by the set {tg 1 g € Xo}, where t, denotes the characteristic function
on the double coset KpgKp. Assume that Xo = {x1,...,25}. Let k(Xy,...,Xs) denote the
non-commutative polynomial algebra (free algebra) with generators Xi,---, Xs. Since the Hecke

algebra H(Gr, KF) is finitely presented, there exists a surjective k-algebra homomorphism
pk(X1...,X,) > H(Gp, KF)

such that Ker(y) is a two-sided ideal generated by non-commutative polynomials fi, fa,..., fa €
kE(X1,...,Xs). Let
M:max{aizlgigd},

where a; is the degree of the polynomial f;. Then there exists a finite set B C ®* such that

Xp = U X,
AEB

contains a compact set of the form {glgg ... gM  Gi € Xo}. By Remark 6.4.3, there is an integer

r =rp > m, such that if F" and I’ are r-close, we have
Kaz! (i * f2) = Kazl, (f1) * Kaz}, (f2),
for all functions f1, fo supported on Gg. Now, for each 1 < i < d, the above identity gives
fi (Kazf;(tml), e 7Kauzf;(tggs)) =0

or, equivalently
Filto@ns-- o to(e.)) =0,
Consider the homomorphism ¢’ : k(Xy,...,Xs) — H(Gp,KF/), sending X; to the function

ty(z,)- Note that ¢ factors through Ker(y), and hence, we get a unique algebra morphism

¢ H(Gp,Kp) — H(Gpr, Kp)
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such that c;’(txj) = tg(s,), for each j. Since the finite set C' generates X.(T)™ as a semigroup,

using the identities in Lemma 6.4.4, we get that

(,D/(tr) = t¢($) = Kazf; (tm)7

for all z € X,,,(F). This shows that <;’ = Kaz® | which is an algebra morphism. Hence, the

m?

theorem. O

6.4.2 Galois extension of close local fields

Let F and F’ be two non-Archimedean m-close local fields of residue characteristic p. In the

seminal work [Del84, Section 3.5], Deligne proved that there is an isomorphism

Gal(F/F)/Tp 22 Gal(F7/F') /T3,
where F (resp. F’) denotes the seperable closure of F (resp. F’), and Z% (resp. Z1%) denotes
the m-th higher ramification subgroup of the inertia group Zr (resp. Zp/). Let E be a finite
Galois extension of F' of prime degree [ with [ # p. Following the description of the map Del,,
(see [Del84, Section 1.3] and [Ganl5, Section 2.1]), we have a finite Galois extension E’ of F’ of
the same degree [. Moreover, the extension E’'/F’ can be so constructed that the fields E and E’

are also sufficiently close.

Lemma 6.4.6. Let F' and F' be two m-close non-Archimedean local fields. Let E be a finite Galois
extension of F of prime degree l. Then, there exists a finite Galois extension E' of F' of degree
l such that E' is m-close to E if E/F is unramified and E' is lm-close to E if E/F is totally

ramified.

Proof. The lemma follows from [Del84]. For completeness, we give a sketch of the proof. The
argument is divided into two parts. In the first part, we consider the case where E is unramified
over F'. The second part deals with totally ramified case. Note that the extension F/F is tamely
ramified as [ # p. Let A, and A}, denote the quotient rings op/p% and op /p, respectively.

Recall that the isomorphism A : A,,, — A/, takes the class of @ to the class of @’.

Part 1 : Unramified case
Suppose E/F is unramified. In this case, E is of the form F[T]/(f), where f is an irreducible
monic polynomial with coefficients in op such that its mod-pr reduction, say f, is irreducible.
Moreover, the quotient ring oz /p7% is isomorphic to A,,[T]/(f). Let ?l be the image of f under
the ring isomorphism A. Then we have the ring isomorphism og/pn — A, [T}/(?I) Let f’ be

an irreducible polynomial in o/ [T] with its mod-p% reduction ?/. Let E’ be the field extension
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F'[T]/(f"). Then E' is unramified over F’ and there is a ring isomorphism

/

o /Py = AL [T1/(F)-

Thus, we have a ring isomorphism oz /p% — o/ /p',. Hence, E and E’ are m-close.

Part 2 : Totally ramified case
Suppose E/F is totally ramified. Since [ # p, the field E is of the form F[T]/(T'! — w) and the
ring of integers op is given by op[T]/(T! — @). Recall that the class of @ corresponds to that of

w’ under the isomorphism A. Consider the field extension
E' = F[T)/(T" - =').

l

Then E’ is also totally ramified over F’ with the ring of integers o = o [T]/(T" — w’). Let @

be the image of o under mod-p. Then, the natural surjection
op[T]/(T" — @) — An[T)/(T" - =)
factorizes through the quotient p?[T]/(T" — @), and it gives the ring isomorphism
op /P = Am[T]/(T' - @)

Similarly, there exists a ring isomorphism og: /pi% = Al [T]/(T' — @’), where @’ is the image
of the uniformizer @’ under the mod-p%, reduction map. On the other hand, A induces the ring
isomorphism

A[T)/(T" =) = AL[T)/(T" = =).

This shows that the ring og/p' is isomorphic to og//p, and hence the fields E and E’ are

Im-close. O

Remark 6.4.7. Let F, F', F and E’ be as in Lemma 6.4.6. For simplicity, we write F and E’ are
em-close, where we define e = 1 if E/F is unramified and e = [ if E/F is totally ramified. We fix
a ring isomorphism II : o /pE" = o/ /p%r as in the above lemma— induced by A, which makes

commutative the following diagram:

A
op/pp ————— o /P

0B /P 0 [P
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Here the vertical arrows are the natural inclusion maps. We choose uniformizer 7 (resp. 7') of the
field E (resp. E’) such that the class of 7w is mapped to the class of 7’ under the isomorphism II.
For any @ € op /p (or og/p$"), we write @ for the image A(a@) (or II(@)), whenever no confusion

arises.

Remark 6.4.8. Let I and IV denote the cyclic groups Gal(E/F) and Gal(E’/F’) respectively. We

choose a generator o (resp. ¢’) of T' (resp. I") such that the following diagram

op/pEr ————op/pY"

0B /PR ——— > o [P

commutes. We now describe o and ¢’ in the totally ramified case. One can similarly describe o
and ¢’ in the unramified case. So, assume that F/F is totally ramified. From Lemma 6.4.6, we
get that E'/F’ is totally ramified and E’ is Im-close to E. Then

FIT) o P

R T

We have the isomorphism (see Part 2 of Lemma 6.4.6)

_An[T] AnlT]
HxW—@_ﬁm—EY

induced by the ring isomorphism A : A,, — A’ and it is given by

-1

-1
H( S mT (T - ﬁ)) =3 AT+ (T' - ),
=0

=0

where T; € A,,, for each i. Let ¢ and ¢’ to be the automorphisms of E and E’ respectively, that

sends the class of T to the class of T2, i.e.,
o(T+ (T —w)) =T + (T' — @),

T+ (T —=')=T*+ (T — =),

Then o (resp. ¢’) is a generator of I' (resp. I). Moreover, the automorphism ¢ induces a ring
isomorphism op/pg" = 0p/ps", and the induced map is again denoted by o. Similarly for o”.
Then we have the identity

Moo =0"oll
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6.4.3 Compatibility of Kazhdan isomorphism with Galois action

We follow the notations of the preceding subsection. Fix two generators ¢ and ¢’ of the cyclic
groups Gal(E/F) and Gal(E'/F’) respectively, as discussed in Remark 6.4.8. Then we have the
commutative diagram

op/pyt ————op/pH"

0B [PE ——— > op [P

where e = 1 if E/F is unramified and e = [ if E/F is totally ramified. Here the horizontal maps
are the ring isomorphisms induced by ¢ : F — E and ¢’ : B/ — E’. To be more precise, for any

a € og, we have the relation

/

o(a) =o(@) =o'(a)=d(a), (6.6)

where a’ € op is the preimage of @’ under the reduction mod-p%. Note that o can be regarded

as an automorphism of Gg via its natural action on Gg. Consider the compact open subgroup
KE = Ker(G(oE) — G(GE/p‘iEm))

Since Kg is a pro-p subgroup of Gg, the arguments of [Fen24, Lemma 6.6] shows that Kg is
o-plain. There is an induced action of (o) on the Hecke algebra H(Gg, Kg), given by

for all x € Gg and f € H(Gg,Kg). Similarly, there is an action of Gal(E’/F’) on the Hecke
algebra H(Gg, Kg'). We now prove that the Kazhdan isomorphism is compatible with these

Galois actions.

Proposition 6.4.9. For all f € H(Gg,Kg), we have

Kaz? (0.f) = o' KazZ (f).

em

Proof. In view of the Cartan decomposition (6.4), it is enough to show that

E
Kaz,, (0. aima

. 1) = J'.Kazfm(taim -1),

a
J

for all (a;,a;) € T,,(E) and for all p € X,.(T)~. By definition, we have

O-'taiﬂ'Ha;I = to-(aqz)a'(ﬂ'u)lf(a;l) .
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Using Cartan decomposition (6.4), we get an element (c;,c;) € T,,(E) such that the double coset

KEa(ai)o(ﬂu)U(ajl)KE is of the form KEcincleE, and we have the following relations

Kazfm (U.tam“a—ﬂ = Kazfm (tU(ai)U(wu)g(%)—l) = KazeEm (tcmucj_l) = tc,ﬂ, o1 (6.7)

J it pTg

Consider the Galois conjugate o(m) = nt = mwo(s), where t,s € oy. Using the identity o(u(x)) =

w(o(zx)), for & € E*, we observe that

KECiﬂ'ch_lKE = KEa(ai)a(wﬂ)a(aj_l)KE
= Kgo(a;)muo(sua; ) Kp

= KEU(ai)7rua(d;1)KE7

where s, = p(s) and d; = a;s;,' € G(og). Then (c}_lo(ai),a(d;l)c’j) € I'y(E), and from the

bijection I'y,(E) — T',(E'), we get

(&' o(ar) ,o(d; ) &) € Du(E).

Recall that the image of d; under the reduction map G(og) — G(og/p%") is denoted by d;, and
d?l is the image of d; under the isomorphism G(op/p§") = G(og /p#'). Let d; € G(og) be a
preimage of d?l under reduction mod-p%”. Then, the commutative diagram

Gu(op/pg") ———=T(op/pg")

gives the relation

g T—=—1—1 _ 71
dy =a}s, " = aj(su) ,

where s € op/ is a preimage of 3 under reduction mod-p§. Now, the relation o(7) = mo(s)

together with the identity (6.6) implies that
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This implies that (o’(n")),;*(x'0’(s')), € Kgs. Using the normality of Kp in G(ogs) and the

relation o(u(z)) = p(o(x)), for z € E*, we get

11 o1—1 _ 1INt 1y g—1
KE/CZ-WMCJ- KE/—KE/O' (ai)wua (dj )KEI

= KE/O'/(a;)O'/(’iTL)O'/(a;71)KE/.

This implies that

tC'TI" C/_—l = t

r—y =1
i a

_ /
,(a;—l) =0 .tai La

o’(aj)o’(m},)o

Thus, it follows from the above relation and the identity (6.7) that

E
Kaz

E
Em(a'taiﬂ'pajfl) = g/_Kazem (t

1),
;T a;

This completes the proof. O

6.5 Compatibility of Brauer homomorphism and Kazhdan

isomorphism

In this section, we prove Theorem 1.4.6. We follow the same notations of the preceding sections.
Fix a positive integer m. Let F and F’ be two m-close non-Archimedean local fields with the
same residue characteristic p. Let E be a finite Galois extension of F' of prime degree | with
I # p. According to Lemma 6.4.6, there exists a finite Galois extension E'/F’ of degree [ and E’
is em-close to E, where e = 1 if E/F is unramified and e = [ if E/F is totally ramified.

Let G be a connected split reductive group defined over Z. It follows from [KP23, Proposition
12.9.4] that the fixed point subgroups K¢ and Kgl, are the m-th congruence subgroups of G(or)

and G(op/) respectively, i.e, K% = Kp and K}’E/, = K, where
Kr =Ker(G(or) = G(op/pF)),

Kpr = Ker(G(op) = Glop /p)).

Proposition 6.4.9 gives an isomorphism between #(Gp, Kg)® and H(Gg/, Kg/)? , induced by
Kaz”

em:*

H(Gg,Kg)° (vesp. H(Gpr, Kg/)?') to the Hecke algebra (G, Kr) (resp. H(Gpr, Kgr)). With

On the other hand, we have the Brauer homomorphism Br (resp. §/) from the space

these setup, we now prove

Theorem 6.5.1. Let F,F',E and E’ be as above. Then, for any split connected reductive group
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G defined over 7, we have

F _f. B E
Kaz,, o Br = Br o Kaz

em)

where e = 1 if E/F is unramified and e =1 if E/F is totally ramified.

Proof. The proof is divided into two parts. In the first part, we consider the case where the
extension E/F' is unramified. The second part deals with the case where E/F is totally ramified.

To begin with, let us recall that an arbitrary h € H(Gg, Kg)? can be written as

h = Z Z O‘M(ai?aj)taﬁr“a;l’

HEX.(T)~ (ai,a;) €T, (E)

where each o, (a;,a;) € k. Then

(Kaz’ o Br)(h) = Z au(a;, a;)(Kazk o Br)(ty,r,0-1) (6.8)
(ai,a_,’)GTH(E')
and
(Br' o Kaz,)(h) = > (e ap)Br (ty, o). (6.9)
pEX«(T)~ (ai,a;)€TL(E’)
For each p € X,(T)~ and (a;,a;) € T,(E), we have ﬁ(taimagl) = 1GpﬂKEama;1KE' Then
Cartan decomposition (6.4) gives
KEaiﬂ'M(lj_lKE NGp = H H KEaiﬂ'uaj_lKE N KFbﬂD)\bj_lKF. (610)
AEX.(T)™ (bi b )ETA(F)
Similarly, we have
Kpam,ai ' Kp nGr =[] [l EKedrd 'KenKpdw,d ' Ke. (6.11)

veX.(T)~ (d},d})eT, (F’)

i

Part 1 : Unramified case

Suppose E is unramified over F. Then, the field E’ is also unramified over F’ and it is m-close

to E (Lemma 6.4.6). In this case, 7 = w and 7’ = w’. For any A € X, (T)~ and (b;,b;) €

T\(F), it follows from (6.10) and (6.11) that biw)\b;1 € KEaiw#ajflKE if and only if w) €
-1

KEbflaiwuaj b;Kg , and this will happen only if A = y. Then

—1 —1
Ty EKEbi ;W0 ijE

if and only if
(bi_lai,bj_laj) S FH(E)
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Using the bijection ', (E) — I'),(E’) (@ — @), we have
(b @b, @) € Tu(E)

if and only if

(b—ilflaiicbfj/flaij/) _ (Fz_la y—lafg) c FH(E/)g

l’]

where (b},0%) € T,,(F"). Therefore, we have

R ]

biwub; ' € Kpaiwuay ' Kg <= bjw, b € Kpajw,d; " Kg (6.12)

In view of (6.12), it follows from (6.8) and (6.9) that
(Kazl, o Br)(h) = (Br oKazZ)(h).

Part 2 : Totally ramified case

Here, we assume that the extension E/F is totally ramified. Then Lemma 6.4.6 says that the
extension E'/F’ is also totally ramified and E’ is Im-close to E, where | = [E : F| = [E' : F'].
Note that

Im

mod—p

Kp = Ker(G(og) =22, G(op/pi"))

and

mod—p

Kr = KeI‘(G(UF) G(OF/]J;?))

Let £ € X,(T)~ and (¢;,¢;) € Te(F). From the decompositions (6.10) and (6.11), we get that

; 1chE, and it is possible only if

c,-w5cj_1 S KEamuaj_lKE if and only if w, € KEci_laﬂr“a

1§ = p. Therefore, it follows that
e € KEczflaimgajflchE

if and only if
(G '@, @ '5) € Tig(E).

Under the bijection I'y¢(E) — I'j¢(E’), we have
(@ '@, a5 ') € Dig(E)

if and only if
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where (¢}, c}) € Tig(F'). Thus, we have

ciwgcj_l IS KEam#aj_lKE = cgwéc;_l c KE/agwila;_lKE/. (6.13)

From the relations (6.8), (6.9) and (6.13), we get
(Kazl, o Br)(h) = (Br oKazZ)(h).

This completes the proof. O

6.6 Linkage over close local fields

This section gives an application of Theorem 6.5.1 in the context of representation theory. In
the article [TV16], Treumann—Venkatesh defined the notion of linkage, which is conjectured to be
compatible with the Langlands functorial transfer. Using Theorem 6.5.1, we show that linkage is
compatible under close local fields. To prove this, we first formulate the compatibility of linkage
with Brauer homomorphism, as described in [TV16, Section 6.2]. To begin with, we recall the

notion of linkage and Tate cohomology. For reference, see [TV16, Section 3 and 6].

6.6.1 Linkage

Let F' be a non-Archimedean local field and G be the F-points of a connected reductive group
defined over F. Recall that a representation (p,V) of G is said to be smooth if, for each vector
v € V, the G-stabilizer of v is a compact open subgroup of G. Moreover, the representation p
is called admissible if for each compact open subgroup K of G, the space of K-fixed vectors V&
(sometimes denoted by pX) is finite-dimensional over k. In [Vigd6b, Chpater II, Section 2.8],
Vignéras proved that any smooth irreducible k-representation of G is admissible. In this section,

the underlying vector spaces of all representations are defined over k.

Let o be an automorphism of G of prime order I. An irreducible representation (2, W) of G is
called o-fized if = is isomorphic to = o o. Using irreducibility and admissibility of =, we get an
unique action of (o) on W-which is compatible with the (o)-action on G ( [TV16, Proposition
6.1]), and we have the Tate cohomology spaces lf\]i(VV)7 i € {0,1}, defined as k-representations
of G°. We denote it by H*(Z). In [TV16, Section 6.3], the authors conjectured that each Tate
cohomology group H {(Z) has finite length as a representation of G°. A proof of this conjecture
is given for the group GL, (F'), where o is an automorphism of a finite Galois extension E/F of
degree [ (see Proposition 4.2.2). So, it is reasonable to expect the validity of the conjecture for

arbitrary reductive groups defined over F.
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Definition 6.6.1. An irreducible representation p of G is said to be linked with the o-fixed

—_

representation = if the Frobenius twist p) := p ®k,Frob, k occurs as a sub-quotient of the Tate

cohomology group H°(Z) or H'(Z).

In the next section, we give a formulation of the compatibility of Brauer homomorphism with
linkage—which enables us to study linkage from the module theoretic point of view via Brauer
homomorphism. Then, using Theorem 6.5.1, we show that the formulation is compatible with the

Kazhdan isomorphism.

6.6.2 Compatibility of Brauer homomorphism with linkage

Let = be an irreducible o-fixed representation of G, and let T : = — = o ¢ be an isomorphism
such that T = id. For any o-plain compact open subgroup K of G, the inclusion map =X — =
is o-invariant and it induces a map H(EX) — H(Z), taking values in the (G, K”)-module
H(Z)K7. In [TV16, Section 6.2], the authors proved that for all b € H(G, K)°, the Brauer

homomorphism Br(h) induces the following commutative diagram

(=)~
‘Br(h)

(=)

and it is compatible with linkage in the following sense: An irreducible representation p of G is

H?,(EK) ﬁi

H(EK) = H

linked with = if and only if there exists a composition factor A" of the H(G, K)?-module H*(ZK)
such that
H(G", K°) @y ax)r N = (p)E". (6.14)

6.6.3 Compatibility of Kazhdan isomorphism with linkage

Let F and F’ be two m-close non-Archimedean local fields with the same residue characteristic
p. Let E be a finite Galois extension of F with [E : F] = [, where [ and p are distinct primes.
By Lemma 6.4.6, there exists a finite Galois extension E’ of F’ with [E’ : F'] = [ such that E’
is em-close to E, where e = 1 if E/F is unramified and e = [ if E/F is totally ramified. We fix
generators o and o’ of Gal(E/F) and Gal(E’/F') respectively, as discussed in Remark 6.4.8.

Let G be a connected split reductive group over Z. Let Kp (resp. Kg) be the congruence



6.6 Linkage over close local fields 103

subgroups of G (resp. Gg) of level m (resp. em) (see Section 6.5). Then we have
Kaz’, o Br = Br oKaz?, (6.15)
Moreover, we have the following bijections ( [Ganl5, Section 2.3])
{(pE, Vg) € Ir(Gp) : VEP # o} PN {(pE/,VE/) € Ir(Gpr) : VEP £ o} (6.16)

and

{(pF,VF) S IIY(GF) : VFI‘(F 7é 0} — {(pF/,VFI) € ITI“(GF/) : V;fFl 75 0}7 (617)

induced by the Kazhdan isomorphisms Kaz” and Kaz’

m?

respectively. With these notations and

terminologies, we now prove

Theorem 6.6.2. Let (pr, Vi) be an irreducible o-fized representation of Gg with VgE # 0, and
let (pr, V) be an irreducible representation of G with V;(F #0. Let (pg,Ver) and (pp/, VE) be
the corresponding objects under the bijections (6.16) and (6.17). Then, the representation pr s
linked with pg if and only if pg: is linked with pg .

Proof. We divide the proof into two parts. In the first part, we show that the irreducible repre-
sentation pg: is o’-fixed. The second part proves that the linkage between pr and pg implies the

linkage between prs and pgr, and vice versa.

Part 1.
Recall that the space of Kg-fixed vectors Vé{E is a simple H(Gg, Kg)-module and it can be

regarded as H(Gg', Kp/)-module via Kazhdan isomorphism. Consider the H(G g/ )-module
M =H(G ) @Gy i) Vi "
Note that the action of (¢’) on H(Gg) induces an action of (') on M’, by setting
o (f @v)=(o.f) @,

for all /' € H(GEg) and v € VE{(E. Following the construction of [Vig96b, Chapter I, Subsection

4.4], the H(G g/ )-module M’ gives the irreducible representation pgs, defined as

pe(9) (&) =gk, * o,

for ¢ € Gg and 2/ € Vg, Here % denotes the action of the Hecke algebra H(Gg/) on Vg and

1g/k,, is the characteristic function of the left coset g Kg:. Since pg is o-fixed, there exists an
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isomorphism T, : pg — pg o 0. Then the map T,/ : M’ — M’, defined by
T (f @)= (0. f) @ T, (v),

induces an isomorphism pgr — pgr o o’. Hence, the representation pp is o’-fixed.

Part 2.
Suppose the representation pp is linked with pg. Then, the H(Gp, Kr)-module (V;l))KF is a
composition factor of H(Vg)Er for some i € {0,1}. If we regard these as H(Gg, Kg)°-modules
via the Brauer homomorphism Br, then the formulation (6.14) gives a composition factor A" of
fI’(VgE) such that
H(Gr, Kr) @n(cp.icpy N = (VKT (6.18)

Note that the isomorphism VEKE — VEIfE' of H(GEg, Kg)-modules induces a H(Gg, Kg)?-module
isomorphism @ : ]?IZ(Vb{(E) — I/i:i(VgE'), which is also a H(G g/, Kg:)? -module isomorphism via
Kaz? .

Let N’ be the image of N’ under ®. Then N’ is a composition factor of fli(VgE’), and the
H(GF:, Kp:)-module

H(GF/7 KF’) ®’H(GE/,KE/)G/ Nl

is a composition factor of H {(Vg)Er’. We also have an isomorphism ¢ : VP{( = V;fp ", which
is equivariant under the action of H(Gr, Kr) and hence of H(Gp/, Kr/), via the Kazhdan iso-
morphism Kazﬂ. Using the isomorphisms ®, ¢ and the relation (6.15), it follows from (6.18)
that

H(Gr, Kp) @y, 10y N o= (VI

This implies that pps is linked with pg/. A similar argument also shows that if pp/ is linked with

pE', then pp is linked with pg. Hence the theorem. O
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