TWISTED JACQUET MODULES: A CONJECTURE OF D. PRASAD
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ABSTRACT. In this note, we study the twisted Jacquet modules of sub-quotients of principal
series representations of GLa(D) where D is a division algebra over a non-archimedean local
field F. We begin with a proof of a conjecture of D. Prasad on twisted Jacquet modules of Speh
representations of GLo(D) when D is the quaternionic division algebra. For arbitrary division
algebras D over F', we focus on depth-zero principal series. We compute the dimensions of
twisted Jacquet modules of generalized Speh representations and investigate their structure
explicitly in the depth-zero situation.

1. INTRODUCTION

The multiplicity one result on Whittaker models has been a central result in the represen-
tation theory of quasi-split reductive groups over local fields. The dimension of the space of
generalised Whittaker linear functions on an irreducible smooth representation of a reductive
group over a local field can be greater than one. The dimensions of the space of generalised
Whittaker models for reductive p-adic groups is a useful invariant to describe the measure of
the representation. It is also intricately related with some well known branching problems,
for instance, Prasad conjectured that the space of generalised Whittaker linear functions of a
Speh representation of GLy(H), where H is quaternionic division algebra over F' is one dimen-
sional; this is related to the Gan—Gross—Prasad conjectures. However, the space of Whittaker
linear functionals seems to be far from being well understood. In this note, we focus on the
group GLs(D) where D is an arbitrary division algebra over a non-archimedean local field F’
and study non-degenerate Whittaker models, also known as the twisted Jacquet modules, of
sub-quotients of principal series representations of GLg(D).

To fix some notations, let 7 be an irreducible smooth representation of D*. Let v, be an
unramified character of D* such that the normalised induction 7v, 12 5 7‘1/71-/ 2 is reducible
and the generalised Steinberg representation St(7) occurs as the quotient. The irreducible
sub-representation of 7, V2 s vl 2, denoted by Sp(7), is the Speh representation associated
with 7. Let B be the minimal parabolic subgroup of GLy(D) consisting of upper triangular
matrices with unipotent radical N. Let ¢ : I — C* be a non-trivial additive character on F,

viewed as the character on N via

v ((é ‘"f)) = §(Trpr(x)),

where Trp/p is the reduced trace. The twisted Jacquet module of a smooth representation

(m, V') of GLo(D) is the space 7y 4 of ¢)-coinvariants of N in V', and is naturally a representation
of D*.
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Based on a multiplicity one result of Rallis, D. Prasad made a conjecture for the quaternionic
division algebra D which predicts that Sp(7)y, is a character and precisely describes this
character as a D*-representation. We first prove this conjecture (see Theorem [3.1)):

Theorem 1.1. Let D be the quaternionic division algebra and T be a smooth irreducible
representation of D* of dimension > 1. Then the D* -representation Sp(T)n . is isomorphic
to wy o Nrp/p where w, 1s the central character of T and Nrp,p is the reduced norm map of D.

The above theorem is proved by comparing the germ expansions of representations of
GL2(D) and GL4(F') which correspond to each other under the Jacquet-Langlands corre-
spondence. This gives that the twisted Jacquet module Sp(7)y, is one-dimensional. The
explicit action of D* on this one-dimensional space is given by a result of Gan and Takeda on
Shalika models of GLg(D). The idea of comparing local character expansions of representa-
tions to study twisted Jacquet modules for non-quasi-split groups has been recently used by
Y. Cai to construct a family of Speh representations having unique models of degenerate type
[Cai23].

For an arbitrary division algebra D, we focus on depth-zero principal series of GLy(D).
Let I be the standard Iwahori subgroup and I(1) be the pro-p radical of I. Assume that
restricts to a non-trivial character ¢y on I(1)NN. For any smooth representation (o, W) of I,
let W!(M¥o denote the space {w € W : o(g)w = ¥o(g)w,Vg € I(1)}. We prove the following
theorem which can be considered as the analogue of the result of Moy and Prasad on the
compatibility of I(1)-invariants with Jacquet modules (see Theorem {4.1)).

Theorem 1.2. Let 7 and 15 be two irreducible depth-zero representations of D*. Then the
natural map

(7’1 X T2>I(1)’¢0 — (7'1 X Tg)Nﬂ/,
1 an isomorphism.

Using the above theorem, we prove that the natural maps
Sp(T)I(l)’d’O — Sp(T)Nﬂ/,

and
St(T)I(l)’wO — St(T)Nﬂ/,

are isomorphisms. The results of Minguez and Secherre [MS14] on the k., functor describe
a crucial part of the space of invariants for the first principal congruence subgroup K(1).
Putting together the results of Minguez and Secherre with the above isomorphisms, we obtain
for depth zero 7 that the dimension of Sp(7)y . is equal to d(d —1)/2 where d is the dimension
of 7 (see Corollary [£.5). Note that the dimension of Sp(7)y,, does not depend on the index
of the division algebra D and the Speh representations no longer support unique Whittaker
models when d > 2. In the case where d is odd, we show that the D*-representation Sp(7)y
is isomorphic to the exterior square representation (see Proposition. The case where d = 2
is arithmetically more involved and we use some computations on Gauss sums to determine
the explicit structure of the twisted Jacquet module of Sp(7). In this context, we generalize
Theorem to arbitrary division algebras and obtain a different proof of it in the situation
of the quaternionic division algebra (see Theorem . The key here is to carefully analyze
the action of D* (sitting diagonally in the subgroup of diagonal matrices) on V(1) for a
depth-zero irreducible non-cuspidal representation V' of GLy(D).
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2. PRELIMINARIES

We fix some notation and recall some facts.

2.1. Let F be a non-archimedean local field of residue characteristic p, o be the ring of
integers in F', pr C op be the maximal ideal, and F, be the residue field of F' of cardinality q.
Let D be a central division algebra over F' index n. The maximal order of D is denoted by
op and the maximal ideal of op is denoted by pp. For a central simple algebra A over a field
k, the reduced norm map (resp. the reduced trace map) is denoted by Nru,, (resp. Trax).
Similarly, for a finite field extension [/k, the field norm map (resp. the field trace map) is
denoted by Nr;, (resp. Trj). For 2 € C* we denote by s, the unramified character of D>
which sends a uniformizer wp of D to z. Let wp = w}. Then Nrp/p(wp) = (—1)" wp.

2.2. For a divisor d of n with n = md, let F,; denote the unramified extension of F' of degree d
viewed as a subfield of D, and D,,, denote the centralizer of F,; in D. The algebra D,, is a central
division algebra over Fy; of index m. Let 6 : F; — C* be a tamely ramified character all whose
Galois conjugates are distinct. Composing it with the reduced norm Nrp, /g, @ D) — Ef
and extending it to D, D(1) by declaring it to be trivial on D(1) = 1 + wpOp, we have a
character 6 : DX D(1) — C*. Note that DXD(1) = 0}, x @%. Inducing § to D*, we obtain
a smooth tamely ramified irreducible d-dimensional representation Indg; D(l)é of D*. All
smooth tamely ramified irreducible representations of D* are obtained in this fashion [SZ05].

2.3. Let G be the group GLy(D). Let B C G be the subgroup of upper triangular matrices
(the standard minimal parabolic subgroup), N C B be the subgroup of upper triangular
unipotent matrices (the unipotent radical of B), and T C B be the subgroup of diagonal
matrices (the Levi quotient of B). The group D* is viewed as a subgroup of T sitting
diagonally in it. We denote by K the maximal compact subgroup GLs(op) of G. Let I denote
the standard Iwahori subgroup of G and K(1) and I(1) be the pro-p radicals of K and [
respectively. Let To = T'N K. A non-trivial additive (smooth) character ¢p : F' — C* gives
rise to a non-trivial additive character ¢ = 1p o Trp,r on D which is to be considered as a
character of N. For a smooth representation (m,V’) of G, the space spanned by the set of
vectors {m(n)v —(n)v : v € V,n € N} is denoted by V (N, ). The twisted Jacquet module
Vi, of V' is the quotient V/V (N, ) considered as a representation of stabr(¢) = D*. Recall
that the Jacquet-Langlands lemma says that a vector v € V (N, ) if and only if

/ Y (n)m(n)vdn = 0,
N
for some compact open subgroup N of N (see [BZ76, Lemma 2.33]).

2.4. For an irreducible smooth representation 7 of D*, there exists an unramified character
v, such that the normalized principal series representation 7v, 2 5 Tyi/ ? of G is reducible of
length 2 and has a unique square-integrable quotient, the Steinberg representation, denoted
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by St(7). The subrepresentation Sp(7) of T Y2 5 702 is called the Speh representation. We

have the following short exact sequences of G-representations:
0 — Sp(1) — -2 x 72— St(1) = 0

and

0 — St(1) — 7022 x 7v7Y% — Sp(r) — 0.

T

We refer to Tadic for the above results [Tad90]. For a principal series 71 X 75 of G, there is a
natural isomorphism of D*-representations

(1 X )Ny =T @ Ty,

see [PRO0, Theorem 2.1]. We note that Sp(7)n,, # 0 if and only if 7 has dimension > 1.

3. PROOF OF THE CONJECTURE OF D. PRASAD
In a note [Pra], D. Prasad conjectured that

SP(T) Ny >~ wr o Nrp/p

as D*-representations when D is the quaternionic division algebra and 7 is a smooth irre-
ducible representation of D* of dimension > 1. We first prove this conjecture:

Theorem 3.1. Let D be the quaternionic division algebra over F' and let 7 be a smooth
irreducible representation of D* of dimension > 1. Then

Sp(T)N,’l,Z) ~ (,OT (@] NrD/F

as D> -representations.

Proof. It is enough to show that Sp(7)y 4 is one-dimensional because a result [GT10, Theorem
8.6] of Gan and Takeda on the Shalika models of Speh representations then implies that the
D*-representation Sp(7)y,y is isomorphic to w; o Nrp/p.

Denote by o the Jacquet-Langlands lift of 7. Let A be the segment [ov~'/2 ov'/?] and
let (A) be the irreducible subrepresentation of GL4(F') associated with the segment A in
[Zel80), Section 3]. The Jacquet-Langlands correspondence between G = GLy(D) and GL4(F),
and its extension to the Grothendieck groups of irreducible smooth representations, takes
the representation Sp(7) to (A). Note that the coefficient of the leading term in the germ
expansion of Sp(7), denoted by co(Sp(7)), is the dimension of Sp(7)y,,. Now, comparing the
germ expansions of Sp(7) and (A), we get that

co(Sp(7)) = cor({A)),

where O’ is the nilpotent orbit of gl,(F') corresponding to the partition (2,2) (see [Pra00l
Theorem 2]). Using [Zel80), Proposition 3.4]), we get that (2,2) is the maximal element in the
Whittaker support of (A). Then using [MgW87, Theorem 1.16], the nilpotent orbit (2,2) is
the maximal nilpotent orbit in the germ expansion of (A) and thus cor((A)) is 1. O

Remark 3.2. Note that the above argument does not work when D 1is not the quaternionic
division algebra because the non-trivial nilpotent orbit of gly(D) corresponds to the nilpotent
orbit of gly, (F') associated with the partition (n,n) of 2n, where as the mazximal element in
the Whittaker support of (A) corresponds to the partition (2,2,...,2) of 2n.
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4. FURTHER RESULTS IN THE TAME CASE

To understand the structure of twisted Jacquet modules of Speh representations for arbitrary
division algebra, we restrict ourselves from now on to tamely ramified (depth-0) representa-
tions. A generalization of Theorem is obtained for an arbitrary division algebra in the
tame case.

4.1. Dimension formulae. Fix an additive character ¥p : F' — C* such that ¢z is non-
trivial on o but trivial on pr. Then ¢ = 9p o Trp,/r is non-trivial on op and trivial on pp.

The map
a b
(are )t

defines a non-trivial character ¢y on the group /(1). For any smooth representation V' of (1),
the space of 1p-semi-invariants is

VIWY — Ly e Vi gov = aho(g)v for all g € I(1)}.

If V is a smooth G-representation, then we note that V/(D%0 is stable under the action of D*.
This is because 1 is trivial on pr and factors through Trp,p.

Let 7, and 75 be two irreducible smooth depth-zero representations of D* of dimensions d;
and dy respectively. In this subsection, we prove the following theorem.

Theorem 4.1. The restriction of the natural map 71 X T2 — (71 X T2)Ny to the subspace
(11 X 7o) (W:¥o.;
(7'1 X ’7'2)1(1)’1[}0 — (7'1 X Tg)Nﬂ/, (41)

1s an isomorphism of D> -representations.
Note that
(7’1 X 7'2)1(1)’¢O = HOm[(l) <w0, T X 7'2) = Homl(l) (wo, (7'1 X TQ)K(I)) = Homl(l) (wo, Ind?(ﬁ ®T2)).

Thus the space (71 x 75)/ ()% has dimension d;ds.
Before we begin the proof of the theorem, we prove some lemmas. For an integer r, let

1 T
N(T’) = <O p]_D) . Note Q/J|N(0) = w0|N(0)'
Lemma 4.2. Let f be a non-zero element of (1, x 75)(M¥0 | then we have

Y~ (n) f(sn)dn = vol(N(0)) f(s) # 0.

N(0)

Proof. The function f is nonzero if and only if f|x is so. We have K = I U IsI. Observe
that f(1) = 0 because 9|y(g) is non-trivial. From this, we get that f(i) = 0, for all i € I =
(k5 x kj)I(1). The double coset IsI is equal to the set (I N B)sI(1). If f(s) = 0, then the
function f is identically zero on the double coset Is/, and hence on K. Thus f(s) # 0. OJ

Lemma 4.3. For any smooth representation V of N, and v € V, the image of v in Vi, is
non-zero if and only if

/N(_r) Y (n)m(n)vdn

is non-zero for all r >> 0.
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Proof. Assume that the image of a vector v € V' in Vi, is zero. Then there exists a compact
open subgroup A such that
/ Pt n)vdn = 0.

Since {N(—r) : r > 0} is an increasing filtration of N, there exists an r such that N C N(—r).

Thus,
—1 o _
/N(T)@D (n)m(n)vdn = g / U n)vdn = 0,

geN(—r)/J\/'

for all r such that N/ C N(—r). Conversely, if the above integral is zero for any r > 0, then
the image of v in Vi is zero. OJ

Proof of Theorem[.1. For any positive integer r and u € o0}, we have the following matrix

identity:
0 N\ (1 wyul (0 1\ [—wyu 1\ '[1 0 (42)
1 0)\0 1 S\l wpu) 0 wh wp u)’ '

Let f € (1 x 75)!()¥0 be a non-zero function and f, := fN(_T) Y~ (n)m(n)fdn. Then
o) = [ e = [ o f( (1 y))d
)= [ v e oman Wi (s(y 4))as

5 L )

acpp,"/pp !
1 (a+vy)
=fr-1(s +Z/_T1 a+yf(s(0 ] ))dy.
e
If » > 0, then using the identity (4.2) and that f(i) = 0 for i € I (cf. the proof of Lemma

4.2]), we get that
/ w_l(cH—y)f(s((l) (a—{y)>)dy:0fora7é6.
p5r+l

Thus, we obtain f,(s) = f,_i(s) for all » > 0. By Lemma [1.2] we get that f, is non-zero for
all » > 0. Hence, by Lemma [£.3] the natural map

(Tl X 72)[(1)’w0 — (7’1 X Tg)Nﬂp (43)

is injective. However, (11 X T2)ny =~ 71 ® 7o [PRO0, Theorem 2.1]. So, dime (7 x 7o) M¥0 =
dime(7y X 7o) N, = didy. Thus, the map in (4.3)) is an isomorphism. O

Proposition 4.4. Let 7 be a tamely ramified irreducible representation of D*. The natural
maps

Sp(7) W% 5 Sp(7) N
and

St(7) W0 5 St(7) n

are 1somorphisms.
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Proof. We have the following commutative diagrams:

0 —— Sp(T)Nﬂ/, e (TV;l/ X TV'}/ )Nﬂb e St(T)Nﬂ/, — 0

d d ]

0 — Sp(r)[Mvo (TVT_l/2 X 7'1/1/2) T LA —

and

0 —— St(1)yy — (r12"? x TI/7—_1/2)N7¢ — Sp(T)ny —— 0

hT Q’T fT
0 — St(r)IMo (7'Vi/2 X TVT_I/2)I(1)’1/’° — Sp(r) ¥ — 0
where f, g, ¢ and h are the natural maps. Since g and ¢’ are isomorphisms from Theorem
.1} we get that f is injective and h is surjective from the first diagram and f is surjective and
h is injective from the second diagram. [

Corollary 4.5. Let 7 = IndgiD(l)é be a d-dimensional tamely ramified irreducible represen-

tation of D*. We then have

d(d—1)

d(d — 1)
> fxe=2

dimc St(T)Nﬂ/, = 9

+ d and dlmc Sp(T)Nﬂp =

Proof. From the work of Minguez and Secherre [MS14], we find that as K-representations

St(r)*M ~ P Indf (0" ®67) & P st(f”) and

i,j€Z/dZ i€Z/dzZ
i#]
Sp(n) W~ P Indf (0" @67) & P 07 odet(~
i,jez/dz i€z/dz
i7#]

where det(~) is the composition of the determinant character of GLa(F4) and the natural
surjection K — GLy(Fgn), and 69 o det(%) and st(6”) are the two simple factors of the
reducible induction Ind¥ (67 ® 6¢') (see [NS24, Lemma 4.5]). Hence,

dime St(7)" ™0 = dime Homy) (10, St(7)¥W) = @ +d
and
dime Sp(r)! ) = dimg Hom (4, Sp(r) <) = 11
The corollary now follows from Proposition (4.4} O

Remark 4.6. Twisted jacquet modules for irreducible principal series representation 11 X To
of arbitrary depth is clearly isomorphic to 71 ® 15 as D> representation. The dimensions of
tiwsted Jacquet modules for cuspidal can be related to the inducing datum (see...).
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4.2. The D*-action on the twisted Jacquet module. Let 7 = IndgiD(l)é be a d-

dimensional tamely ramified irreducible representation of D*. Using Proposition , we
now find the explicit structure of the D*-representation Sp(7)y.. The analysis depends on
the parity of d.

The space of K (1)-invariants of the principal series Tv; S22 TV-}/ asa K D*-representation
is isomorphic to

IndIDx (7— ® 7_) — IndeDx (@yGZ/dZWy) ;
where W, is an irreducible representation of I D> such that
Res; W, = @ 07 © 07,
z€z/dz
Lemma 4.7. Let y € Z/dZ. If 2y # 0, then the representation Ind¥2" W, is irreducible;
otherwise it has two distinct irreducible subrepresentations p1 and ps. When y # 0 (and
2y = 0), we have Resk p1 =~ Resk pa. Moreover,
Indf2 W, ~ mdE2 W,

for all 2y # 0.

Proof. Applying the Mackey decomposition, we get that
HOIHKDX (IHdIDX Wy,l dIDX Wy/) = HOIIITODX (Wy, Wy/) D HOHITODX (Wy7 Wysl),

where W' is a ToD*-representation on the space W, equipped with the 7pD*-action con-
jugated by s = (% ). For y € Z/dZ, the representations W, of TyD* are distinct and
irreducible. As W is equal to W_,, the lemma follows. O

Let {ei 11 € Z/dZ} be a basis of 7 consisting of functions e; : DX — C such that supp(e;) =
05, ¥ wwp and e;(wp) = 1. The (diagonal) character of o}, on the 1-dimensional space

spanned by the vector e; ® e;4, is (0'+9)¢' . For y € Z/dZ, Respx W, is a representation of
D> such that
Res,x W,
D

L~ @ (§1+qy)qi

i€z/dz
with @wp mapping e; ® €4, to €;_1 ® €;_14, for i # 0 and ey ® e, to é(w%d)e_l @ e_14y.
4.2.1. d = dimg(7) is odd.
Proposition 4.8. If d = dimc(7) is odd, then the D*-representation Sp(T)n.y s isomorphic
to N> 7.

Proof. Let S C Z/dZ be the subset consisting of elements y’s defined by the condition that
2y # 0 and y € S if and only if —y ¢ S. By the proof of Corollary and Lemma [£.7 we

have as K D*-representations,
Sp(7)* W = V' & P Indp W,
yeS

where Resg V' = @7 /42 07 o det(7). Considering the ty-semi-invariants for the action of
I(1), we get that

Sp(7)!(M¥o ~ @ RespxW,,.

yeS
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The set {e; ®e; —e;®e; 14,j € Z/dZ and i # j} is a basis for /\2(7), whereas the space W,
is spanned by vectors e; ® €;4,,1 € Z/dZ. The map

e; X City F7 €4 ® €ity — City X e;

Respx W, with \* 7. O

defines an isomorphism of P, ¢

4.2.2. d = dimc(7) is even.
As in the proof of Proposition 4.8, we have

Sp(T) Ny = Sp(r)/ W0 ~ V @ @ Resp« W, where Resgx V' ~ @(§1+q§)ql. (4.4)
yes i=0

~ d ~ d
Suppose (QH‘]j)qk = 0119° with k&' = %l. By Frobeniuds reciprocity, the D*-representation V'
is a sum of k' copies of the induction Indf)xxxwkz (0'9%). When k = 1, the induction is the
D D

g . d
character 8'*9° and one needs to analyze the action of @wp on the underlying space of 919,
We do this for d = 2 in the remaining part of this subsection.

Let d = dimc(7) = 2 from now on. We also assume that p > 2. As d = 2, the index of
D is n = 2m and the set S is empty. By or by Corollary we know that Sp(7)y .
is a character of D*. The following theorem precisely describes this character generalizing
Theorem B.11

Theorem 4.9. The D*-representation Sp(T)n,y is the character (0 o Nrp/p)py—1ym+1.

Proof. Let f be a non-zero function in Sp(7)¥® such that k.f = §(det(k))f for all k € K and

let
_(wp O
t.—(o 1).

Note that tit™! € K for i € I and thus, it~'f = 6(det(tit=1))t~'f, which implies that
t=1f € Sp(7)19"®% From the decomposition of Sp(7)X™) given in the proof of Corollary
we find that the K-representation (K -t71 f) is stable under the action of D*. We are interested
in the D*-representation on the space (K - =1 f)()-vo,

The Frobenius reciprocity induces an isomorphism of K-representations
®:Ind¥(07®0) = (K -t71f)

such that ®(p) = 3", iy oy (B )kt f. Here, {1,5n, = () (§51) : 2 € Fm} is a set
of representatives for I\ K. Let 1; € IndX (94 ® 6) be the function such that ®(1;) =t~ f. It
is the function supported on I mapping 1 to 1. Using the operator

O(—1)"0(wp)

T(p)(k) = p

Z o(sn,wpkwpy')

yqu2m

we make Ind% (47 ® ) into a representation of K D* such that wp, acts by T. We claim that
® is then an isomorphism of K D*-representations. Indeed, we note that 7°" = 6(wy)*Id
and T corresponds to an intertwining operator in Homg (Ind% (67 ® 8), IndX ( © 7)) ~ C. As
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wH™ acts on (K -t7'f) by the scalar-multiplication by 6(wr)?, there exists a scalar (in fact,
an m-th root of unity) e such that

®(T(1y)) = ewpt ' f.
Expanding the left-hand side of the above, we find that

= Y Tk kS

ke{l,sn.}

D @E) NS S anywph e ke f

qm
ke{l,sna} y<€F 2m

:0(_1)m+ 0(wr) Z Z 17(snywpn.swp')sn_ t ' f

qm
zeF 27n yGF 2m

_9( m+19 (@r) Z Z 1;(snyqqpas)st™ Ly

zeF ¢2m yGF 2m

Ze(_l)mﬂe(w) S0 st = 01" 0wt

m
q IEFqu

Thus, we have (—1)""0(wp)q™t ™' f = ewpt~! f. Evaluating both sides on 1, we obtain that
O(—1)" " 0(wp)q™st 1 f(1) = ewwpt * f(1) as det(3) = 1.

wornears( 29) (6 2))

Using that f € 7o 1/2 x 7012, we get
0(—1)""'0(wr ) "(ider(wp)wplV!) (1) = e(id@7(wp)|wp| ") f(1),
and using that |wp| = ¢~?™ and 7(wp') = 7(wp)d(—1)"*10(wwr) "}, we conclude

¢"*([d@7(wp)) f(1) = e¢™*(id @7(wp)) f(1)-

This gives

Hence, e = 1 and thus
(I)(WD:L]) = (I)(T(lj)) = th_lf = wD(I)<1[)

It follows that the K D*-representation (K -t 1f) is isomorphic to IndX (07 ® ) with the
wp-action on the latter given by 7.

By [Garl, Proposition 2.0.10], the D*-representation on the space (K -t~ LAWY g isomor-
phic to #9t1y,., where

0(—1 m+10 ~
C = ( ) (wF) G(eqilv w0)7
qm

and G971, 1) = erqum 091 (z)1po(z) is the Gauss sum. On the space of the character
07 ., o) acts via the character 77! and wp acts as the scalar-multiplication by c¢. To
compute the constant ¢, we need to compute the Gauss sum. Note that, in the Gauss sum,




TWISTED JACQUET MODULES: A CONJECTURE OF D. PRASAD 11

g is viewed as a non-trivial additive character on Fgm factoring as ¢g, o Tr,:qu JF, Where
Yr, = Yrlop- By Hasse-Davenport lifting relation,

G, o) = (—1)™ GO, g, o Tre, e, )"
To compute G(6%7 1, 9g, o Tre ,/F,) = D wcF o qul(m)@bpq(Trqu/Fq(x)), let us fix a set {z;} of

coset representatives for F’, /F. We abbreviate Tre ,/r, as Tr. Then

¢
GO e, 0 Tr) =D Y 07 (ay)te, (Tr(ziy))
Ti yeFy
:Z Z eqil(xi)qu(Tﬂxi)y)
Ti yeFy
= > @) Y 07w
xq,Tr(z;)=0 i, Tr(z;)#0
= ) @M @) =)0 ()
x;,Tr(z;)=0 z;
= Z g0 (z;).
zi,Tr(xz;)=0

Note that if Tr(z) = Tr(y) = 0 for some z,y € F), then 2 and y belong to the same coset in
Fr2/Fq, e, ¥ € F. This is clear because if Tr(z) = Tr(y) = 0 then (%)q*1 =2

xy? -y
There always exists an element zy € F; with Tr(zg) = 0: for F; = (), xo = o’z . Hence,

[

F;} / F; has a unique coset of trace 0 elements. Therefore

G0 Yr, 0 Tr) = gf(zfzg ') = qb(—wozg ') = gB(—1).
Thus,
G0 o) = (1) 1g"0(=1)™ and ¢ = (=1)" "' 0(—awp).

An easy computation then gives that the character 0~q+1,uc is the character ¢ o Nrp,r mul-
tiplied with the unramified character pi_yym+1. Hence, the D*-representation Sp(7)n, is
isomorphic to (6 o Nrp/p)p—1ym+. O

Remark 4.10. We remark that in contrast with odd d, for d = 2, the above theorem implies
that the D*-representation Sp(T) ., is isomorphic to N*(7) if and only if (—1)™ = w.(—1) =
(—=1)™ = (—=1)2. In particular, for the quaternionic division algebra D (i.e. n = 2), the twisted
Jacquet module of Sp(t) is the exterior square representation N\>(7) if and only if the central
character of T is odd.
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