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Abstract

In this paper, we propose and analyse a mathematical model to study the dynamics of a fishery
resource system in an aquatic environment that consists of two zones: a free fishing zone and
a reserve zone where fishing is strictly prohibited. Biological and bionomic equilibria of the
system are obtained, and criteria for local stability, instability and global stability of the system
are derived. It is shown that even if fishery is exploited continuously in the unreserved zone,
fish populations can be maintained at an appropriate equilibrium level in the habitat. An optimal
harvesting policy is also discussed using the Pantryagin’s Maximum Principle.
© 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

In a renewable resource (e.g. fishery and forestry) management, maximizing the
present value of benefits derived from the resources and its conservation are important
problems to be studied. During the last few decades several investigations regarding
fishery resource have been conducted [1,5-11,17,21-24]. In particular, Leung and Wang
[21] presented a mathematical model for commercial fishing to study the phenomena
of non-explosive fishing capital and non-extinctive fishery resources. Clark et al. [10]
studied the effects of irreversibility of capital investment upon optimal exploitation
policies for renewable resource stocks. Kitabatake [19] developed a dynamic model
for fishery resources with predator—prey relationship based on observational data for
Lake Kasumigaura in Japan. Ragozin and Brown [30] studied the optimal harvesting
policy for predator—prey system in which the prey has no commercial value and the
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predator is selectively harvested. Based on the work of Clark [6, p. 303—314], Chaud-
huri [12] proposed a model to study the combined harvesting of two competing fish
species and showed that the open-access fishery may have a bionomic equilibrium
and one species may be driven to extinction. Mesterton-Gibbons [22] extended the
work of Clark [6, p. 303-314] and found criteria for the survival of less productive
species as a function of the system parameters and initial stocks. Mesterton-Gibbons
[23] also investigated an optimal policy to maximize the present value from the com-
bined harvest of predator and prey. He found an estimate to the true loss of resource
value due to catastrophic fall in stock level. Chaudhuri [13] developed a mathematical
model to study the dynamic optimization of combined harvest of two competing fish
species. Ganguli and Chaudhuri [16] studied the regulation of single-species fishery
with taxation as a control variable. Mesterton-Gibbons [24] described a different tech-
nique to find the solution of Chaudhuri’s model [12] and showed that this technique
may be widely applicable in ecological modelling. Chattopadhyay et al. [4] obtained
conditions for persistence and global stability in three-species fishery. Mukhopadhyay
et al. [25] also studied the selective harvesting of two-species fishery by incorporating
discrete time delay in harvesting both the species. Fan and Wang [15] proposed and
analysed a model to study the exploitation of a single-fish population modelled by
logistic equation with periodic coefficients. Hanson and Ryan [18] investigated effects
of large inflationary price fluctuations on the computed harvest strategy for a stochastic
Schaefer model. They found that inflationary effects have a pronounced influence on
the optimal return. However, optimal harvesting effort levels are much less sensitive
to inflationary effects. Pradhan and Chaudhuri [26] discussed the optimal harvesting
policy of a single-species fishery with the Gompertz law of population growth. Prad-
han and Chaudhuri [27] also studied the growth and exploitation of a schooling fish
species. Pradhan and Chaudhuri [28] further developed a dynamic model of two com-
peting fish species with taxation as a control instrument. Pradhan and Chaudhuri [29]
also proposed a model to study the selective harvesting in an inshore—offshore fishery.
Zhang et al. [32] proposed and analysed a model to study the optimal harvesting policy
of a stage structured problem and derived necessary and sufficient condition for the
coexistence and extinction of species. Recently, Song and Chen [31] discussed the op-
timal harvesting policy and stability for a two-species competitive system and derived
conditions for the existence of a globally asymptotically stable positive equilibrium
and a threshold of harvesting for the mature population. Dubey et al. [14] proposed
a dynamic model for a single-species fishery which depends partially on a logistically
growing resource. They showed that both the equilibrium density of fish population
as well as the maximum sustainable yield increase as the resource biomass density
increases.

From the above-mentioned brief literature survey it may be noted here that the effect
of a reserve zone in an aquatic habitat on the exploitation of fishery resource has not
been modelled and analysed. We model this phenomenon in an aquatic habitat that
consists of two zones: one free fishing zone and the other a reserve zone where fishing
is not permitted. We derive conditions for the existence of biological and bionomical
equilibria and study their stability behaviour. Finally, we discuss the optimal harvesting
policy using the Pantryagin’s Maximum Principle [3].
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2. The model

Consider a fishery habitat, in an aquatic ecosystem, consisting of reserved and unre-
served areas. In modelling the system, it is considered that no fishing is permitted in
the reserved zone while the unreserved area is an open-access fishery zone. Let x(7)
and y(¢) be the respective biomass densities of the same fish population inside the
unreserved and reserved areas, respectively, at a time . Let the fish subpopulation of
the unreserved area migrate into reserved area at a rate ¢; and the fish subpopulation
of the reserved area migrate into unreserved area at a rate g,. Let E be the total effort
applied for harvesting the fish population in the unreserved area. We assume that in
each zone growth of fish population follows logistic model. Keeping these in view, the
dynamics of fish subpopulations in unreserved and reserved areas may be governed by
the following autonomous system of differential equations:

d

d—f:rx (l — %) —o1x + 02y — qEx,

d

d—);:sy (1—%)+01x—02)” x(0) > 0, y(0) > 0. (2.1)

In the above model, » and s are the intrinsic growth rates of fish subpopulation inside
the unreserved and reserved areas, respectively, K and L are the carrying capacities
of fish species in the unreserved and reserved areas, respectively, ¢ is the catchability
coeflicient of fish species in the unreserved area. The parameters r, s, ¢, o1, g2, K and
L are assumed to be positive constants.

We note that if there is no migration of fish population from reserved area to un-
reserved area (i.e. 0, =0) and » — g — gE < 0, then X < 0. Similarly, if there is no
migration of fish population from unreserved area to reserved area (i.e. g; = 0) and
s — o0y < 0, then y < 0. Hence throughout our analysis we assume that

r—o—qgkE >0, s—o0y>0. (2.2)

3. Existence of equilibria

Equilibria of model (2.1) is obtained by solving X = y = 0. It can be checked that
model (2.1) has only two nonnegative equilibria, namely Py(0,0) and P*(x*, y*). Here
x*, y* are the positive solutions of the following algebraic equations:

2

oy ="n —(r— a1 —gE)y, (.1a)
K
sy?
o1x = (0, —8)y+ I (3.1b)

Substituting the value of y from Eq. (3.1a) into Eq. (3.1b), we get a cubic equation
in x as

ax® +bx* + ex +d =0, 3.2)
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where
sr?
a=——,
Lo3K?
2sr(r — o1 — qE)
b=———em——,
LozK
s(r—o1—qEY  (s— o)
c= — ,
Lo% Ko,
I Gl ) P (3.3)
02

The above equation has a unique positive solution x =x* if the following inequalities
hold:

s(r — oy — gE)? - (s —a2)r
L62 K ’

(s —ox)r — 0oy —gF) < g10,. (3.4b)

(3.4a)

Knowing the value of x*, the value of y* can then be computed from (3.1a). It may
be noted here that for y* to be positive, we must have

*

rx
K

>r—o —qE. (3.4¢)

4. Dynamical behaviour of equilibria

The dynamical behaviour of equilibria can be studied by computing variational ma-
trices corresponding to each equilibrium. Keeping in view Eq. (2.2), we note that the
trivial equilibrium Py is unstable. Using the Routh—Hurwitz criteria, it is easy to check
that all eigenvalues of the variational matrix corresponding to P* have negative real
parts, and hence P* is locally asymptotically stable in the x—y plane. This implies that
we can find a small circle with centre P* such that any solution (x(#), y(¢)) of system
(1), which is inside the circle at some time ¢ = ¢, will remain inside the circle for all
t = t; and will tend to (x*, y*) as t — oo.

In the following lemma we show that all solutions of model (2.1) are positive and
uniformly bounded. The proof of this lemma is deferred to Appendix A.

Lemma 4.1. The set
Q= {(x,y)eR;:w:x—&—y < ':}

is a region of attraction for all solutions initiating in the interior of the positive
quadrant, where n is a positive constant and

K L
p=—(r+n—qEyY+ = (s+n)
4r 4s
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In the following theorem we show that the positive equilibrium P* is globally asymp-
totically stable.

Theorem 4.1. The nontrivial equilibrium P* is globally asymptotically stable with
respect to all solutions initiating in the interior of the positive quadrant.

Proof. Consider the following positive definite function about P*:

V:(x—x*—x*ln%)erG2 <yy*y*1ny*>. (4.1)
X y

x*o

Differentiating ¥ with respect to time ¢ along the solutions of model (2.1), a little
algebraic manipulation yields
dv yrass .
- r=yr-

__L _*)2
dr K(x *") x*oL xX*xy

This shows that dV/dr is negative definite, and hence by Liapunov’s theorem on sta-
bility [20], it follows that the positive equilibrium P* is globally asymptotically stable
with respect to all solutions initiating in the interior of the positive quadrant. [

02

(xy* —x*y)* <. (4.2)

The above theorem implies that in an open-access fishery region, if a subregion is
reserved where fishing is not allowed and fish populations are harvested only outside
the reserved subregion, then in both the reserved and unreserved zones fish species
settle down to their respective equilibrium levels, whose magnitudes depend upon the
intrinsic growth rates of fish species, their migration coefficients and carrying capacities.
This implies that fish populations may be sustained at an appropriate equilibrium level
even after continuous harvesting of fish populations in unreserved area.

In the following theorem, we show that system (2.1) does not have any periodic
solution.

Theorem 4.2. System (2.1) cannot have any limit cycle in the interior of the positive
quadrant.

Proof. Let

1
H(xay)zaa

hx,y)=rx (1 — %) —o1x+ a2,y — qEx,

h(x,y) = sy (1 - %) +01x — 02y
Clearly H(x, y) > 0 in the interior of the positive quadrant of xy-plane. Then we have,

0 0
A, y) = 3 () + 5 ()

1r1r azy} 1{s ox
=—— |4+ = -=-|-+—]| <.
y {K—i— x2 x L+ »?
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This shows that A(x, y) does not change sign and is not identically zero in the positive
quadrant of xy-plane. By Bendixson—Dulac criteria, it follows that system (2.1) has no
closed trajectory, and hence no periodic solution in the interior of the positive quadrant
of xy-plane. Thus, the theorem follows. [J

5. Bionomic equilibrium

In the fishery literature, the bionomic equilibrium is said to be achieved when the
total revenue obtained by selling the harvested biomass equals the total cost utilized in
harvesting it. In such a case, the economic rent is completely dissipated. Let ¢ be the
fishing cost per unit effort and p the price per unit biomass of the landed fish. Then
net economic revenue at any time ¢ is given by

n(x,E,t) = (pgx — c)E. (5.1)

The bionomic equilibrium i Poo(Xoo, Voos Ecc ), Where Xoo, Voo, Eso are the positive
solutions of

X=y=mn=0. (5.2)

It may be noted here that if ¢ > pgx, i.e. if the fishing cost exceeds the revenue
obtained from it, then the economic rent obtained from the fishery becomes negative.
Hence the fishery will be closed and no bionomic equilibrium exists. Therefore, for
the existence of bionomic equilibrium, it is natural to assume pgx > c. We then have

Xoo = —, (5.3a)
rq
L dsoc 1/2

Yoo = o [(s—02) + (s — @) + —— , (5.3b)
2s Lpgq

Eoozr(l— ¢ )—‘“Jr‘w"’. (5.3¢)
q p9K q c

It is clear that E,, > 0 if
r<1_ C)>61_62py°°_ (5.4)
q P9k q c

Thus, the bionomic equilibrium P, (Xso, Yoo, Eoo) €Xists if, in addition to the second
inequality of Eq. (2.2), inequality (5.4) holds. We note that £, increases as g, in-
creases and it decreases as g increases. Also, y., increases are ¢; increases and it
decreases that o, increases. From Eq. (5.3¢) it may be noted that bionomic equilibrium
effort does not depend upon the growth rate and carrying capacity of the reserve area.

If £ > E, then the total cost utilized in harvesting the fish population would exceed
the total revenues obtained from the fishery industry. Hence some of the fishermen
would be in loss and naturally they would withdraw their participation from the fishery
industry. Hence £ > E., cannot be maintained indefinitely. If £ < E ., then the fishery
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is more profitable and hence in an open-access fishery it would attract more and more
fishermen. This will have an increasing effect on the harvesting effort. Hence £ < E
also cannot be maintained indefinitely.

6. Optimal harvesting policy

In this section we employ the Pontryagins’s Maximum Principle to obtain a path of
optimal harvesting policy so that if the fish populations inside and outside the reserve
zones are kept along this path, then the regulatory agency is assured to achieve its
objective. The present value J of a continuous time-stream of revenues is given by

J= / h e % (pgx(t) — ¢)E(1)dt, (6.1)
0

where 0 is the instantaneous rate of annual discount. Thus, our objective is to maximize
J subject to state equations (2.1) and to the control constraints

0 < E < Emax~ (62)
The associated Hamiltonian is given by

H =e¢ % (pgx — ¢)E + J1(1) [rx (1 - %) —01x + 02y — qEx
+ 22(1) [sy (l — %) +o1x — azy}
=a()E + A41(¢t) {rx (1 — %) —ox+ azy}

+ Aa(0) [sy(l . %) +01x—02y}, (6.3)

where 21,7, are the adjoint variables and a(¢) = e %(pgx — c) — A1gx is called the
switching function [6].

Since H is linear in the control variable E, the optimal control will be a combination
of bang—bang control and singular control. The optimal control £(#) which maximizes
H must satisfy the following conditions:

E = Ema,  when a(t) > 0, ie. when 4,(r)e < p — qix. (6.42)

E=0, when a(t) <0, ie. when 4 (r)e” > p — qix. (6.4b)
J1(t)e® is the usual shadow price [6] and p — (c/qx) is the net economic revenue on
a unit harvest. This shows that £ = E\,,x or zero according to the shadow price is
less than or greater than the net economic revenue on a unit harvest. Economically,
condition (6.4a) implies that if the profit after paying all the expenses is positive, then
it is beneficial to harvest up to the limit of available effort. Condition (6.4b) implies
that when the shadow price exceeds the fisherman’s net economic revenue on a unit
harvest, then the fisherman will not exert any effort.
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When ¢(¢) =0, i.e. when the shadow price equals the net economic revenue on a
unit harvest, then the Hamiltonian H becomes independent of the control variable E(t),
i.e. 0H/OE = 0. This is the necessary condition for the singular control E*(z) to be
optimal over the control set 0 < E* < Ejx.

Thus, the optimal harvesting policy is

Emam O-(t) > O’
E(t)=4 0, a(t) <0, (6.5)
E*, a(t)=0.

When o(¢) =0, it follows that

—or 0T

- (6.6)

higx =e¢(pgx —c)=e
This implies that the user’s cost of harvest per unit of effort equals the discounted
value of the future marginal profit of the effort at the steady-state level.
Now in order to find the path of singular control we utilize the Pontryagin’s Max-
imum Principle. Using this principle, we obtain (see Appendix B) an equation to the
singular path as

Bz C

o , 6.7
Bi+9 p gx* (6.7)
where
e O'Qy* A261
Bi=—+4+ — By = pgE
1 K+x*’ 2PC]+A1+5,
sy*  ox* c
A= 0T A2=02<p— ) (6.8)
L y qx
Using (3.1a) and (3.1b), 4,45, B, B, can be written as
2 * *
Ay =03 —5+ ;;CZ [r[x( (rqu)],
O— *
Ay = i(pqx — o),
qx
2 *
Bi=" —(r— o1 — gE),
C
By = pgE + —-, (6.9)
qx
where
c, = 1opgx” —c)

A+
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Thus, Eq. (6.7) can be written as

pgx* —c=h(x"), (6.10)
where
2 *
w_ POEX" + C
h(x*) = B
Let
F(x*)=h(x") — (pgx* —¢). (6.11)

Then positive root of F(x*) =0 gives the optimal level of fish population x* = x;.
It may be noted that there exists a unique x* = x;s in the interval 0 < x5 < K if the
following inequalities hold:

F(0)<0, F()>0, F(x*)>0 forx*>0. (6.12)

Knowing the value of x* = x;, the optimal level of fish population y* = y; in the
reserved zone and the optimal level of effort are given by, respectively,

§ 1

y = y(j = 2—S[L(S — 0'2) + {Lz(S — 62)2 —|— 4SLO'1X(5}1/2], (613)
1 X,

E=Ey= - [rxé (1 _Eé) —alxa—&-azy(s}. (6.14)

It may be noted here that ys; > 0 if the second inequality of (2.2) is satisfied, and
Es >0 if

rXs (1 — %) + a2y5 > 01X5. (6.15)

From Egs. (B.5) and (B.7) of Appendix B, we note that 4,(¢)e” (i=1,2) is independent
of time in an optimum equilibrium. Hence they satisfy the transversality condition at
o0, i.e. they remain bounded as ¢t — oo.
From Eq. (6.7) we also note that
Bogx*
N
B+ 6

Thus, the net economic revenue n(x~, ¥, E,t) = 0.

This implies that in case of infinite discount rate, the net economic revenue to the
society becomes zero and hence the fishery would remain closed. This shows that high
interest rate will cause high inflation rate. If the inflation rate increases rapidly, the
real value of the resource decreases. Hence the owner of the resource stock prefers to
exploit it at no-profit-no-loss basis.

pgx* —c= 0 as d— oo.

7. Conclusions

In this paper, a mathematical model has been proposed and analysed to study the
dynamics of fishery resource. In modelling the system it has been assumed that the
aquatic ecosystem consists of two zones: one free fishing zone and the other reserved
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zone where fishing is strictly prohibited. It has also been assumed that fish populations
are growing logistically inside and outside the reserved zone and they migrate from
reserved zone to unreserved area and vice verse.

Using stability theory of ordinary differential equations it has been proved that the
interior equilibrium exists under certain conditions and it is globally asymptotically
stable. It has also been shown that the system under consideration does not have any
limit cycle. It has been found that the bionomic equilibrium effort is independent of
the growth rate and carrying capacity of the reserved zone. It has been further found
that if a reserved zone is created in an open-access fishery region where fishing is not
allowed and harvesting of fish populations is permitted only outside the reserved zone,
then the fish populations settle down at their respective equilibrium levels inside as well
as outside the reserved zone. The magnitudes of these equilibria mainly depend upon
intrinsic growth rates and migration coeflicients of the fish population and the carrying
capacities of the unreserved and reserved zones. It has been noted that even under
continuous harvesting of fish species outside the reserved zone, the fish population
may be maintained at an appropriate equilibrium level.

Using the Pontryagin’s Maximum Principle, the optimal harvesting policy has been
discussed. It has been found that the total user’s cost of harvest per unit of effort equals
to the discounted value of the future marginal profit of the effort at the steady-state
level. It has also been noted that if the discount rate increases, then the economic rent
decreases and even may tend to zero if the discount rate tend to infinity. Thus, it has
been concluded that high interest rate will cause high inflation rate.

Recently, ratio-dependent system interactions have attracted many researchers as
ratio-dependent models produce richer dynamics. The dynamics of ratio-dependent fishery
models is also an important area of research which is left for future investigations.
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Appendix A. Proof of Lemma 4.1

Let w(¢) =x(¢) + y(¢), and n > 0 be a constant. Then we have

er Sy2
—gE)x — — _
(r+n—qk)x K+(S+f1)y T

dw
dt

+nw

2
K r K L
— _ Ez_i _ _ E _ 2
4r(r+n qEk) X {x 2r(rJrn q )} +4S(s+17)

s L 2
I {y—zs(s+77)}

K L
—(r+n—gEV 4+ —(s+n)’=n
4r 4s

N
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By the theory of differential inequality [2], we have

0 <w(x(1), »(1)) < %(1 —e ")+ w(x(0), p(0))e ",

and when ¢t — oo, 0 <w < (u/n), proving the lemma. [

Appendix B. Derivation of Eq. (6.7)

According to the Pontryagin’s maximum Principle, the adjoint variables 4; and 4,
must satisfy

dh  H  dh  OH

—_7 - B.1
dt ox’  dt 0y (B.1)
The above set of equations can be rewritten as
dA _ 2rx
dl‘l = —C &pqE - /11 <}" — ? — 0] — qE) — )QO'], (BZ)
dA, 2sy
= — — I — . B'
dr 110'2 )»2 (S I 02) ( 3)

Considering the interior equilibrium P*(x*, y*) and Eq. (6.6), Eq. (B.3) can be
written as

dz,
dr

—A1Jy = —e%4,, (B.4)

where 4; and A, are defined in Eq. (6.9).
A solution of Eq. (B.4) is given by

A

I e (B.5)

Ja(t) =

Similarly, considering the interior equilibrium, Eq. (B.2) can be written as

d;u]

— B =—e B B.6
dz 141 € 25 ( )

whose solution is given by

B, —dt

=55 (B.7)

where B; and B, are defined in Eq. (6.9).
From (6.6) and (B.7), we get the desired Eq. (6.7) which is an equation to the
singular path.
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