Topological Field Patterns in the Yang-Mills Theory

E. Harikumar Indrajit Mitra H. S. Sharatchandra

November 18, 2002

1. Introduction

2. Characterisation of Monopoles : New framework

3. ’t Hooft-Polyakov Monopole

4. Conclusion.

’t Hooft-Polyakov monopole. SO(3), a = 1, 2, 3.

L = −14GaμνGaμν + 12(DμΦ)a(DμΦ)a − λ4(Φ2 − F 2) Gaμν = ∂μW aν − ∂νW aμ − ϵabcW bμW cν (DμΦ)a = ∂μΦa − ϵabcW bμΦc Energy density H = 1 2 [Eai Eai + Bai Bai + ΠaΠa] + 1 2 (DiΦ)a(DiΦ)a + V (Φ) vacuum configuration Degenerate

• Gaμν = 0

• DμΦa = 0 H, any sols. GI

• V (Φ) = 0

Finite energy sols. (2), (3) r → ∞ Φ(θ, ϕ) ∂θΦa ≠ 0, ∂ϕΦa ≠ 0. ΦaΦa → F Sphys2 → Sint2 boundary conditions Monopole asymp. behavior . no gauge filed U(1) ⊂ SO(3) mag. charge ϵμνλσ∂νFλσ = Kμ ’t Hooft EM tensor Fμν = Φ̂aGaμν + 12ϵabcΦ̂aDμΦ̂bDνΦ̂c = ∂μ(Φ̂aW aν ) − ∂ν(Φ̂aW aμ ) + 12ϵabcΦ̂a∂μΦ̂b∂νΦ̂c = Mμν + Hμν

Kμ = 1 2 ϵμνλσϵabc∂νΦ̂a∂λΦ̂b∂σΦ̂c ∂μKμ = 0 topological Bi = 1 2 ϵijkFjk = ϵijk∂iak + ki. ai = Φ̂aW ai ki = 1 2 ϵijkϵabcΦ̂a∂jΦ̂b∂kΦ̂c ∂iBi = ∂iki = δ3(x − x0) ’t Hooft sol spherical symm

Φa = ra r2 H(F r) W ai = −ϵaij rj r2 (1 − K(F r)), W a0 = 0 Gaij = ϵijk rark r4 Fij = Φ̂aGaij = 1 r3 ϵijkrk, Bi = 1 r3 ri 4

Φa = r^ar_2 H(F r)

Φ̂a = 0 center 1 4π ∫ dσiki = Q only Φ̂a, NO gauge field

• Topological aspects using the center

• Characterisation of monopoles using gauge potential alone is possible

New framework Sij(x) = Bai Baj 3 × 3, Real, Symmetric tensor Eigenvalue Eqns. SijξAj (x) = λA(x)ξAi (x) ξAi ξBi = δAB orthonormal frame Sij, ξAi gauge invariant W ai , Bai 9 dof . 3 gauge degrees, 6 GI degrees λA(x) 3 degrees ξAi (x) 3 × 3 Orthogonal, 3 degrees λA, ξAi give complete GI description of W Ai , Bai

• By appropriate local gauge transformation, 3 × 3 matrix, Bai can be made symmetric. Its eigenvectors ξAi can be used.

• By local gauge transformation, columns of BAi can be made orthogonal. These columns serve as ξAi

topological aspects singularities of ξai

No ref. to asymptotic behavior is needed Asymptotic behavior of fields can be obtained

Sab(x) = Bai Bbi SabξaA = λAξaA, A = 1, 2, 3 ξAa ξBa = δAB ξaA → 3 sets of fields in place of the Higgs . Φ̂a of ’t Hooft-Polyakov monopole.

QA = 1 8π ∫ dσiϵijkϵabcξAa ∂jξAb ∂kξAc = 1 4π ∫ dσikAi

∂ikAi = 0 kAi = (∇ × )Ai

• 3 × 3, orthogonal matrices, ξAa generate local gauge transformations.

• pure gauge fields can be constructed using ξAa .

ωi = 1 2 ϵABCξBa ∂iξCa

Then kAi = 1 2 ϵijkϵabcξAa ∂jξAb ∂kξAc = 1 2 ϵijkϵABCωBj ωCk

ϵijk ( ∂jωAk − ∂kωAj − ϵABCwBj ωCk ) = 0 kAi = ϵijk∂jωAk

• kAi is the curl of a vector field

• ωAi is non-Abelian pure gauge, constructed from ξAa

’t Hooft-Polyakov Monopole

for ’t Hooft-Polyakov monopole, generic Sab is Sab = α(r)δab + β(r)rarb r is the distance from the center where all ξAa are degenerate ξ1a = r̂a r , ξ2a = θ̂a, ξ3a = ϕ̂a λ2 = λ3 = α(r) double degeneracy

k1i = r̂i r2 , k2i = cosθ r2sinθ r̂i, k3i = 0 1 4π ∫ dσik1i = 1 ∫ dσik2i = 0 k1i mag. field B of a Dirac monopole k2i ≠ 0 radial flux from −∞ → +∞ along z-axis without a source.

Now ’t Hooft-Polyakov solutions in terms of ωAi are ω1i = − cosθ rsinθ ϕ̂i, ω2i = 1 r ϕ̂i, ω3i = −1 r θ̂i

ω2i , ω3i flux without sources

ωAi is pure gauge everywhere BAi = 0 everywhere

Orthogonal matrices ξAa can be used for gauge transformations

Applying on Yang-Mills potential, aAi = ξAa W ai + 1 2 ϵABCξBa ∂iξCa ξAa W ai = Ãi is ’t Hooft’s Abelian gauge field, now constructed from ξAa Then aAi = Ãi + ωAi for ’t Hooft-Polyakov monopole, W ai = −ϵaij r^jr_2 (1 − K(r)) Ã1i = 0, Ã2i = −ϕ̂i(1−K(r))r , Ã3i = θ̂i(1−K(r))r at ∞, K(r) → 0 a1i = − cosθ rsinθ ϕ̂i, a2i = K(r) r ϕ̂i, a3i = −K(r) r θ̂i for Dirac monopole, we have AIi = 1r (1−cosθ)sinθ ϕ̂i AIIi = −1r (1+cosθ)sinθ ϕ̂i

AIi +AIIi 2 = a1i for A = 1 we get Dirac potential, A = 2, 3 Potential without sources and vanishes asymptotically.

CONCLUSION

• Using orthonormal frames ξAi or ξAa and corresponding eigenvectors λA, gauge invariant/covariant description of monopole is obtained.

• Topological aspects are defined using the behavior of fields at the center/interior of the monopole

• We have re-derived the ’t Hooft-Polyakov potential and winding no in this framework. We have constructed a pure gauge ωAi from ξAa and showed that the Abelian field strength of ωAi captures all the topological features of the monopole.

• Using the orthonormal frames ξAi , ξAa all possible topological configurations of Yang- Mills theory can be handled.