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Fuzzy Systems let us successfully
understand and handle real world
situations .



Is this a bowl of oranges?
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“Thinking fuzzy” about a bowl of oranges.
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Fuzzy bowl of apples.



Fuzzy bowl of apples
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Fuzzy bowl of apples
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Crisp
No Yes

Fuzzy
No Slightly Somewhat SortOf A Few Mostly Yes, Absolutely
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MAJOR UNCERTAINTIES

Stochastic Uncertainty:

\  The Prabgaliiity of Hitting the Target ILO‘_Sk in

¢/, Or'ify

table Currenges"

WC*We Will Probably Have a Successful Business Year.

The Experienceof Expert A-~Shows That B Is Likely to
Occur. However, Expert C Is Convinced This Is Not True.

Most Words and Evaluations We Use in Our Daily Reasoning
Are Not Clearly Defined in a Mathernatical Manner. This Allows
Humans to Reason on an Abstract Level!




FUZZY SET THEORY

Conventional (8oolaan) Set Thaory:

8.77C

fAMbreropLess’ RatheRThan Either-Orfl &
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THEN WHY FUZZY?

Becausepreci si on I s not al wa

Is It true?
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HISTORY

1965 Lofti A. Zadeh of University ofCaliforniaat Berkeley published Fu z z y
Setlo.

1970: Fuzzy logic research started in Japan.

1972: LoftiA. Z a d eLmduistic approacl¥

1974:S.Assilianand E. HMamdaniin United Kingdom developed the first fuzzy
logic controller,which wasfor controlling steam generator.

1976:Blue Circle Cement and SIRA in Denmark developegment kiln
controller- which is the first industrial application of fuzzy logic

19800s: Fuzzy b dodakagi and hik advisonNbugegna r t e d .
developed the first approach for constructing (not tuning) fuzzy rules using training
data.

1885: TSK Model was proposed
1986:First VLSI chip for performing fuzzy logiinferences

1987:Yasunobuand his colleagues at Hitachi designed fuzzy controller which is

used to operate the automatic subway trains of the Japanese city of Sendai. Another
industrial application of fuzzy logic is a watieeatment system developed by Fuji
Electric
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A1988: Fuzzy logic has also found its applications in the financial area.

AL990: Matsushita Electric Industrial Co. developed fuzzy controlled automatic
washing machine.

AL994: fAFuzzy L-ongcongongn foriMBTaABO add

AL994 Present: Osgoing research on Fuzzy.

10/5/2011 14



Fuzzy Theory

Uncertainty &
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Fuzzy logic
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Input
(Crisp)
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A Typical Fuzzy System

Fuzzifier

Fuzzy Rule Base

Fuzzy Inference
Engine

Defuzzifier

Output
(Crisp)
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Classical/Conventional
Mathematics

From Classical Sets to Fuzzy Sets

Let X be the universe of discourse and x< X.
then the classical set A can be defined as

A = {x| x meets cetain conditions and x € X}

For example: Consider a set of positive integers below 20) and more than 15. Here the universe
of discourse X is set of all positive integers i.e. I and the classical set A is as follows:

A= {x|15<x<20,x<c X}

Hence the classical set is represented by A = {16,17,18,19}

10/5/2011 17



Fuzzy set A in X is defined as a set of ordered Pairs:

A= {(x,ua ()| x € X}

Fuzzy sets with continuous universe of discouse X:

A= J‘L_,ur,‘ (x)/x

Fuzzy sets with Discrete universe of discourse X:

A=;_u_4[x)/x

10/5/2011
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Fuzzy Sets

A Sets with fuzzy boundaries

A = Set of tall people

Crisp set A

5010606 c~I’-Ieights

Fuzzy set A

Membership
function

56 1 BBR 0 6 Heights

10/5/2011
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Membership Functions (MFSs)

A Characteristics of MEs

MFsS otall 6 i n Asi a
8 ............................................................................................
5 / otall 6 i n the L
1 é,/

5061000 Heights
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Fuzzy Sets

A Formal definition:
A fuzzy sefAin Xis expressed as a set of ordered pairs:

A={(x, mO))Ix1 X}

Y. '
S—— Membe.rship Universe or
function universe of discourse
(MF)

A lfizzzyssetasotelallyscheirazddriged by a

meimilsresin b fenetion-(MF).

10/5/2011 22



Fuzzy Sets with Discrete
Universes

X ={Bangalore, Delhi, Mumba(fiscrete anchonordered

C ={(Bangalore.9),(Delhi,0.8),(Mumbai,0.6)}
A&OUUU OAO ' B OOAT OEAI A

X={0,1, 2, 3, 4, 5, 6} (discrete universe)

A={(0,.1), (1, .3), (2, .7), (3, 1), (4, .6), (5, .2), (6, .1)}

N A ® =

Membership Grades
o o o O

%
—

L

o

e |
X = Number of Children
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Fuzzy Sets with Cont.

Universes

A&OUUU OAO " B OAAI 66 ¥
X = Set of positive real numbers (continuous)
B = {(xm(x)) | x in X}

g 1
®
¢5 0.8¢
= 0.6}
s
@
-EDA-
LI E]
=02}
D .
0 50 100
X = Age

10/5/2011 24



Alternative Notation

A A fuzzy set A can be alternatively denoted as
follows:

= bE a M%) %

X Is discrete %

X is continuous > A= ryr(X)/ X
X

Note that S and integral signs stand for the union
of membership grades; o0/ 0 st
does not imply division.

10/5/2011 25




Fuzzy Partition

A Fuzzy partitions formed by the linguistic
OAIOAO OUIOICoh OIEA)

g 1-21 Young Middle Aged Old
5 1
2 08f \
@
s 0.6F
S 04f
(b
=0.2F
0 ] | ] ] I |
0 10 20 30 40 50 60 70 80 90
X =Age
lingmf.m
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Membership Functions

a) Triangular Membership Function:

A triangular membership can be defined by three parameters {_a,b,c} with (a<b<c)

determine the coordinates of the three corners of the triangular membership functions as follows:

0 x<a
;—a: a<x<h
triangle(x;a,b,c)=4""“
' c—X
, b<x<c
c=b
0 c<x
OR

b—a c—=b

triangle(x; a,b,c) = max [ min [ S \ i } [}J

10/5/2011
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Example

Example: Write a code in MATLAB for implementing Triangular MF,

MATLAB Code:

x = (0:0.1:10)";

vy = trimf(x, [5 7 9]);
plot(x,Vy);

axis([-inf inf 0 1.2]):

xlabel ('X"'"); ylabel ('Membership Grades');

Membership Grades

10/5/2011
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b. Trapezoidal MFs: A trapezoidal MF is specified by four parameters {a,b,c,d} as follows:

10/5/2011

-

[0, x=a

ix_ﬂ, asx=sh

| b-ﬂ
trapezoid(x;a,b,c,d) =11, h=x=r¢

4-X cr<d

|d—-c

[0, d<x

An alternative concise expression using min and max 1s

f’.t—a d—x} ﬂ\l

¢
trapezoid(x;a,b,c.d) = max| min | W1, J
\

wb=—a d-c
The parameters {a,!}, c,d} {_w:'rh a<hse {a’:}determine the x coordinates of the four

corners of the underlying trapezoidal MF.
Example: Write a code in MATLAB for implementing Trapezoidal MF.

MATLAB Code:

x = (0:0.1:10)"';

v = trapmf(x, [3 5 8 10]1});

:DlC-t {X, ':r} H

axis([-inf inf 0 1.2]);

xlabel ("X"); ylabel({'Membership Grades');

L¥

Membership Grades
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c. Gaussian MFs: A Gaussian MF 1s specified by two parameters {c, o}:

LY
i

e

=

gaussian(x;c,c)=e > 7

S —

A Gaussian MF 15 determined completely by c and o ; ¢ represents the MFs center and o

determines the MFs width.
Example: Write a code in MATLAB for implementing Gaussian MF.

MATLAB Code:

® (0:0.1:10%';

vy = gaussmI(x, [0.3 T1);

:Q_C't{}i, l‘rF] ’

axis([-inf inf 0 1.21});

xlabel ("X"); ylabel {"Membership Grades');

Membership Grades
T
i

10/5/2011
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d. Generalized bell MFs: A generalized bell MF (or bell MF) 1s specified by three parameters

{ﬂ,bﬁc'}:

bell {__r:_.:zﬁf:r,c} =;

where the parameter b i1s vsually positive. (If b 18 negative, the shape of this MF
becomes an upside-down bell.) Note that this MF 1s a direct generalization of the Cauchy
distribution used in probability theory, so 1t 1s also referred to as the Cauchy MF.
Example: Write a code in MATLAB for implementing Generalized bell MF.

10/5/2011

MATLAB Code:

® (0:0.1:10)";

v = goellmi(x, [1 £ &]1);
plot (xX, V)i

axis([-inf inf 0 1.2]);

-

xlzbel ("X"); wlabel ('Membership Grades');

12 T T T T T T T T T

[=]

i
L
i

(=3

da
¥
(1

Membership Grades
T
i
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e. Sigmoidal MFs: A sigmoidal MF 1s defined by

10/5/2011

l
|+6xp[-a[x-ﬁ'j:|

where a controls the slope at the crossover point x =c.

Depending on the sign of the parameter a, a sigmoidal MF 1s inherently open right or left
and thus 1s appropriate for representing concepts such as "very large" or "very negative.”
Sigmoidal functions of this kind are employed widely as the activation function of artificial
neural networks. Therefore, for a neural network to simulate the behavior of a fuzzy
inference system, the first problem we face is how to synthesize a close MF through a
sigmoidal funetion. Two simple ways for achieving this are shown in the following example.
Example: Write a code in MATLAB for implementing Sigmoidal MF.

sig(x;a,c)=

MATLAB Code:

*® (0:0.2:10)";

vy = sigmi(x, [-2 6]};
plot(x, ¥);

axis([-inf inf 0 1.21);

®label ('X'); ylzbel ("Membership Grades');

Membership Grades
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f. Left-right MF (L-R MF): A left-nght MF or L-R MF 1s specified by three parameters

{aJic%

'ﬁ{C_IL x<c
. L L
LR(xic,ee, B)=+ .
.F;LI_EW* i=c
| B

where F,(x)and F, (x)are monotonically decreasing functions defined on [0,2¢)with

F

.(0)

(0)=1land lim__ F, (x)=lim___ F,(x)=0.

=%~ L

Example: Write a code in MATLAB for implementing Left-right MF.

10/5/2011

MATLAB Code:

®x = 0:100;

mf = 1r mf(x, [70, 60, 10]);

plot (x, mi);

axis([-inf inf 0 1.21});

xlabel ('X'"); wvlabel ('Membership Gradss');

Membership Grades
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g. II_MFs: There are two M membership functions. The first M membership function 1s

defined with two parameters: gandb. The function has a membership value | at pointa,
membership value 0.5 at a-band a+brespectively. Unlike the function, the I function
decreases toward zero asymptotically as we move away from pointa.

I, (x:a,b) :+

The other membership function that has the “ 1" shape 1s given in Eq. This membership
function has four parameters.

w
x<ip
Ip+lw—x
I, (x:dhwdp,rp,rw) =11 lp=x<rp
rw
_— x> rp
X—rp+rw

This membership function was used to define the fuzzy set “Good Stopping Accuracy™ in
the Sendai Subway Train Control System:

[T V—— 4 E3 § P 6 = 20,20,30,30)
where x 1% the distance (1n em) between actual stopping position and target stopping
position . Based on this definition, a tramn stopped within 20 cm of the target position 15
considered 100 percent good stopping accuracy, while a train stopped at 50 cm away 18
considered to satisfy good stopping accuracy up to 50 percent.

34
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MATLAB Code:
®x = (0:0.1:10
vy = pimf (=, [

} L]
Z

5 B 10]):

E 0 1.21);

Example: Write a code in MATLAB for implementing IT MF.

Membership Grades
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h. Z-Shaped Curve MF (ZMF):
ZMF(X, PARAMS) returns a matrix which 1s the Z-shaped membership funetion evaluated at
X. PARAMS = [X1 X0] 15 a 2-element vector that determines the break points of this
membership function.
When X1 < X0, ZMF is a smooth transition from 1 (at X 1) to 0 (at X0).
When X1 >= X0, ZMF becomes a reverse step function which jumps from 1 to 0 at
(X0+X1)/2.
Example: Write a code in MATLAB for implementing Z-Shaped Curve MF.

MATLAB Code:

®x = 0:0.1:10;
plot (x, zmf(x, [3 71));
axigs([-inf inf 0 1.2]1);

i
fi
[
i
.
M
i

xlzbel ('X"); wlabel ('Membershi

(=]
[

(=)
I

Membership Grades

a2
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i. Product of two sigmoid MF (PSIGMF):
PSIGMF(X, PARAMS) returns a matrix Y which 1s the product of two sigmoid functions

evaluated at X. PARAMS is a 4-element vector that determines the shape and position of this
membership function.
Specifically, X and PARAMS are passed to SIGMF as follows:
PSIGMF(X, PARAMS) = SIGMF(X, PARAMS(1:2)).*SIGMF(X, PARAMS(3:4)):
Example: Write a code in MATLAB for implementing PSIGMF.

MATLAB Code:

paramsl = [3 B];
vl = sigmf(x, paramsl);
paramsZ = [-3 6];
vZ2 = sigmf(x, paramsZ);
v3 = psigmi(x, [paramsl params2Z]);
elotix, v1, =, v2);
axis([-inf inf 0 1.2]);
®lzbel ('H"); ylzbel ('Membership Erzades');

Membership Grades

10/5/2011
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j- S-shaped curve MF (SMF): The §membership function is a smooth membership function
with two parameters: sandb. The membership value is 0 for points below a,1for points above
b, and 0.5for the midpoint between sand 5. The name of this type of membership function,
comes from the * 5 shape of the function.

0 x<da
fx—ch s a+h
| =x=
\b—a/

S(x:a,b)=+ [y o
1-2| | <x<bh
Wh=a
l x=h

SMF(X, PARAMS) returns a matrix which 1s the S-shaped membership function
evaluated at X. PARAMS = [X0 X1] 1s a 2-element vector that determines the break points of
this membership function.

When X0 < X1, SMF 15 a smooth transition from 0 (at X0) to 1 (at X1).
When X0 >= X1, SMF becomes a step function which jumps from 0 to 1 at (X0+X1)/2.
Example: Write a code in MATLAB for implementing SMF.

MATLAB Code:

x = 0:0.1:10;
plet (x, smf(x, [3 51));
axis([-inf inf 0 1.21})
®xlabel ('X'"); ylzbel ('Membership CGrades');

Membership Grades
*

10/5/2011
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MFs of Two Dimensions :

Sometimes it 1s advantageous or necessary to use MFs with two inputs, each in a different
universe of discourse. MFs of this kind are generally referred to as two-dimensional MFs,
whereas ordinary MFs (MFs with one input) are referred to as one-dimensional MFs. One natural
way to extend one-dimensional MFs to two-dimensional ones 1s via cylindrical extension,
defined next.

Definition: Cylindrical extensions of one-dimensional fuzzy sets
If 4 15 a fuzzy set in X, then 1ts cylindrical extension m X x¥ 1s a fuzzy set ¢(4)defined by

e(4)=], u.(x)/(x)

(Usually 4 1s referred to as a base set.)

The concept of cylindrical extension 1s quite straightforward. The operation of projection, on
the other hand, decreases the dimension of a given (multidimensional) membership function.

Example: Write a code in MATLAB for implementing Cvlindrical extensions of one-

dimensional fuzzy sets.

MATLAB Code:

E (0:1:10)'; & = (0:z1:10)"';
o = gbe'_l_mf[a, [5, 2, 91):
[#,¥] = meshgridi{c, b);

subplet(2,1,1}); plotia, c);
xlzkbel ('X"); ylabel ('Membership CGrades');
title('({a) Fuzzy Set'}):

subplot(2,1,2); meshi{z, b, x);

view(-5, 10);

xlzbel ('X"); ylazbel ('Y'); zlabel|'Membershi
set{gca, 'obox', 'on');

i
i
14
fu
£,
M
i
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{a) Fuzzy Set
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More Definitions

A Support A Convexity
A Core é Fuzzy r_1umbers
A Normality A Bandwidth

A Symmetricity
A Open left or right, closed

A Crossover points
A Fuzzy singleton
A a-cut, stronga-cut




A Few Nomenclatures used in Fuzzy Set Theory

a) Support: The support of a fuzzy set 4 is the set of all points xin X for any associated
membership function such that 2, (x)>0;

Support 4 {x

H(x)> 0}

b) Core: The core of a fuzzy set A is the set of all points x in X such that p (x) =1:

Cr}re( A) = {.1‘

H_a(x): 1}

c) Normality: A fuzzy set 4 is normal if its core is nonempty. In other words, we can always
find a point x € X such that p,(x)=1.

d) Crossover points: A erossover point of a fuzzy set 4 is a point x € X at which p, (x) =0.5:

crossover(4) = {I|H.4 (x)= O.S}

10/5/2011
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e) Fuzzy singleton: A fuzzy set whose support is a single point in X with (x) =1 is called a

fuzzy singleton.

f) o -cut, strong a-cut: The a-cutor a-level set of a fuzzy set 4 is a crisp set defined by
A, ={x‘pﬂ (x) 2 {1}

g) Strong o -cut or strong o -level set are defined similarly :
A, ’={x‘uA (x) }{I}

Using the notation for a level set, we can express the support and core of a fuzzy set 4 as

support( 4 )= A '
and

k]

c‘r:rre(A) =4,,
respectively.

h) Convexity: A fuzzy set 4 is convex if and only if for any x,,x, € X and any A E[Gjl] .

b (2o +(1=20)x, ) > min g, (x), 1, (%)}

Alternatively, 4 is convex if all its a-level sets are convex.
10/5/2011 43



1) Fuzzy Numbers: A fuzzy number 4 is a fuzzy set in the real time (R) that satisfies the

condition for normality and convexity.
Most (noncomposite) fuzzy sets used in the literature satisty the condition for normality and
convexity, so fuzzy numbers are the most basic type of fuzzy sets.

1) Bandwidths of normal and convex fuzzy sets:
For a normal and convex fuzzy set, the bandwidth or width is defined as the distance between
the two unique crossover points:

where p,(x,)=p,(x,)=0.5

k) Symmetry: A fuzzy set 4 is symmetric if its MF is symmetric around a certain point x =c,
namely

U (c+x)=p(c—x) forall xe X

1) Open left, open right, closed: A fuzzy set 4 is open leftif m____ u,(x)=1 and
Im____u,(x)=0; openrightif lim____p (x)=0 and Iim____u, (x)=1;and closed if

llmx—}—r HA (I) = 0 E:'I.I'ld llInx—)—:c I"l:! (I) = 0

10/5/2011 44



BASIC OPERATIONS ON FUZZY SETS

a) Equality of Fuzzy Sets:

Let A and B be two fuzzy sets and they are equal if and only if p (x)=p,(x) forall xe X.

b) Containment (Subset) of a Fuzzy Set:

Fuzzy set B contains a Fuzzy set 4 denoted by A B if and only if p, (x)<p,(x) for all
xeX.

¢) Complement of a Fuzzy Set:

The complement of a fuzzy set A is fuzzy set 4 in X whose membership function is defined as

() =1—p,(x)
d) Union of a Fuzzy Sets:

Union of two fuzzy sets 4 and B in X . denoted by 4\UB whose membership function is
defined as:

Mg (x) = nax [“_4 (x): Mg (1‘)]
10/5/2011 45



d) Intersection of a Fuzzy Sets:

Union of two fuzzy sets 4 and B in X, denoted by AN B whose membership function is
defined as:

H_aim{i (I} = min [Hai (I), HB (I)]

10/5/2011 46



LAWS CRISP SETS FUZZY SETS
[Law of contradiction AnA=¢ ANA=g
Law of the excluded middle AUA=X AUA=X

Idempotency

AnA=A4, A0A=4

AnA=A4, AVA=4

Involution

A=A

A=A

Commutativity

AmnB=BMnA, A B=8BJA4

AnNB=BmA A JB=B_A4

Associativity

(4uB)UC=A4U(BUC)
(ANB)NC=AN(BNC)

(AUB)UC=A4U(BUC)
(ANB)NC=AN(BNC)

Distributivity

U(BNC)=(4AuB)n(4uC)
m(BuC)={AﬂB]u{_AﬁC}

AU(BNC)=(AuB)n(4uC)
AN(BUC)=(ANB)u(4ANC)

Absorption

u(4nB)=4
ANn(AUB)=4

Absorption of
complement

m4Amﬂ=AuB
A

r‘n(ﬁuﬁ]= AnB

De Morgan’s laws

10/5/2011
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Few Other Operations on Fuzzy Sets

Fuzzy Complement

Let c:[[}jl] —>[O,1] be a mapping that transforms the membership function of fuzzy set 4

into the membership function of the complement of 4, that is,
e[ (x)] = 15 ()

In the case of (1), cr[;{‘! (;s:}]:l—‘a{,4 (x). In order for the function ¢ to be qualified as a

complement, it should satisfy at least the following two requirements:

10/5/2011 48



a) Sugeno's class of compliments (Sugeno [1977]) defined by

l—a
C;'(a):1+ia

where 1 e(-1,)

when A =0 it becomes the basic fuzzy complement

b) Yager's class of compliment (Yager [ 1980]) defined by

c, (a) = (]_ _ au.)lfu..
where we(0,%)

Whenw=1 it becomes the basic fuzzy complement

10/5/2011
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Fuzzv Union or The S-Norms

Let 5:[0,1]x[0,1] —>[0,1] be a mapping that transforms the membership functions of fuzzy

sets 4 and B into the membership function of the union of 4 and B, that is,

SI:JHA (I)nﬂg (T)] = Hyop ("x)

‘basic s-norm [pA (x), 11, (x)] = rrm\l}g[pr:i (x), 11, (t)]

Axiom s1: Boundarycondition: s(1,1)=1, s(0,a)=s(a,0)=a .
Axiom s2: Commutative condition:s(a,b)=s(b,a).
Axiom s3: Non -decreasing condition: If « <a'and b <b',then s(a,b)<s(a"b")

Axiom s4: Associative condition :S(S(a,b),c) =s(a,s(b. c)) .

Any function s: [{J, l]x[{], l] —}[0, l] that satisfies Axioms s1-s4 is called an s-norm

10/5/2011 50
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a) Dombi's class of s-norm (Dombi [1982]):

)]

where the parameter 1 €(0,%).

s, (a,b)=

b) Dubois-Prade's class of s-norm (Dubois and Prade [1980]):

B ﬂ+b—ab—nzz'n(ﬂ,b,]—£r)

s, (a,b)=

max(1—a,1-b,a)

where the parameter « €[0,1].

51
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c) Yager's class of s-norm (Yager [1980]):
s, (a.b)=min [1,(&“ + b“')u“]

where the parameter w e (0,%).

d) Drastic sum s-norm:
(a if b=0
si(a,b)=<b if a=0

1  otherwise

e) Einstein sum s-norm:

f) Algebraic sum s-norm:

s, (a,b)=a+b—ab

52



. Fuzzv Intersection or The T-Norms

Let I:[Ojl]x[():,l] —}[0,1] be a function that transforms the membership functions of fuzzy

sets 4 and B into the membership function of the intersection of 4 and B, that is,
| 1, (%)t (%) | = 00 (%)
In the case of basic t-norm r[yA (x), 15 (x ] mm[ﬂA ), 1, (5 )J
Axiom t1: Boundary condition: I(U, U) =0; I(a,, l) =t (l, a) =a
Axiom t2: Communtativity :7 (ajb) = r(b?a)

Axiom t3: Non-decreasing: If a<a'and b<b', then t(a,b)<t(a'b")
Axiom t4: Associativity: r[f(a,b), c.*] = f[a,r (b,c‘)]

Any function t:[0,1]x[0,1| > [0,1]|that satisfies Axioms tl-t4 is called a t-norm.

10/5/2011 53



a) Dombi's class of t-norm (Dombi [1982]):

If.v(a,b):

where A €(0,%)

b) Dubois-Prade's class of t-norm (Dubois and Prade[1980]):

where o € [0, l]
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c) Yager class's class of t-norm (Yager [1980])

(. (a,b)=1-min [L((l_u)w . b)h.)un]

where we ( 0, w)

e Drastic product t-norm :
(a if b=1
t,(a,b)=b if a=1

0O otherwise

¢ Einstein product t-norm:
ab

r (H’b)zz—(mb—ab)

ep

e Algebraic product t-norm:

Lo (a,b)=ab
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Fuzzvy Relations and the Extension Principle

From Classical Relations to Fuzzyv Relations:

Classical Relations:

Let A and B be two arbitrary classical crisp or classical sets with universe of discourses X
and Y respectively. The Cartesian product of A and B, denoted by Ax B, is the classical or

crisp set of all ordered pairs (x, v) such that xe X and y €Y ; that is,

AxB={(x,y)

xeX andyEY}
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Note that the order in which 4 and B appears is important; that is, if 4= B,then AxB# Bx A
In general, the Cartesian product of arbitrary »n crisp sets 4.,4,,.....,4,, denoted by

XAy X x A4, is the crisp set of all n-tuples (X,.X,,.....x,)such that x, €X, for

i € {152, ..... ,} :and can be written as below:

A xA x..... x A ={(I],x2, ..... ,xﬂ)‘xl eX,.x,eX,,......X, EXH}

...... ,A 1s a subset of the Cartesian product

...... ,A4,) to denote a relation among, then
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Example 1: Let 4 ={l,2, 3,4} and B ={2,3,4}. Then the cartesian product of 4and B is the
set  AxB={(12).(1,3),(1.4),(2.2).(2.3).(2.4).(3.2).(3.3).(3.4).(4.2).(4.3).(4.4)} . A

relation between A and B is a subset of 4xB . For example, let Q(A,B) be a relation named

"the first element is greater than the second element," then

Q(A,B)={(3,2),(4,2),(4,3)}

Since a relation is itself a set, all of the basic set operations can be applied to it without
modification. Also, we can use the following membership function to represent a crisp relation:

Lif (%, %00 X, ) EQ( A, Aoy 4,)
X3 Xyyeeeens X, ) =
ﬂg( s ) _0 otherwise

Where u,, is the crisp membership function. For binary or crisp relation Q(A,B) defined over

Ax B which contains finite elements, we often collect the values of the membership function
1, into a relational matrix and can be understood by the following example.
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The relation Q(A,B) can be represented by the following

relational matrix:

B —
—_ = O O M
— o o o w W
o o o o &
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