1.

MTH101A (2016), Tentative Marking Scheme - End sem. exam

(a)

Let f(z,y,2) = xyz and S be x* + y* + 2% = 6. Using Lagrange multipliers

method, find the maximum and minimum values of f on S. [7]
Solution:
Lag. Eqns.: yz = 2 \x, 22 = 2 \y, 2y = 2Xz, 22 + 4> + 22 =6 1]
Case I: A = 0 = the candidates (++/6,0,0), (0, ++/6,0), (0,0, ++/6) 2]
Case II: X # 0 = 3zyz = 12X 1]
Hence 2\z? = 4\ which implies 2 = £v/2 1]
Similarly y = +v/2 and z = +£/2.
The candidates are (£v/2, £v/2, £v/2). 1]
The max value is 2v/2 and min value is —2/2 1]

(This one mark is not to be released if Case I is NOT considered)

Evaluate the volume of the solid which is common to the cylinders x*+y? = 4
and y? + 2* = 4 using the method of double integrals. [5]

Solution:

2 \i-y?
V= [ [ 2y4—yidzdy 3]

/a2
2
= [ 44 —y")dy 1]
22
= 1
Let [ [3,3] — R be differentiable. Show that there exist c1, ¢ € [3,3] such
that f'(c2) = c2f'(c1). [5]
Solution:
By CMVT [ = fa) ¢, e [L, 4] 2]
- _ fl(e2) 3
and (52 (%?2 — 2cy ,C2 € [575] [2]
Therefore £ (C) = [l [1]

2co

Let the surface S be part of 2x+3y—z = 0 which lies inside the region bounded
byr=1,2=2,y=0 and y = x. Evaluateffs\/Z—er [6]

Solution:

Let R be the projection of the given region and f(z,y) = 2z + 3y.

Then [ s = [ YOl = | e 2

7T/42so(:0
= [ [ @Td?"d@ (See Figure 2(a)) [3]
0 sech

= V1dlog(1 +v2) 1]



(b)

Let Xo,U € R? where |U]| =1 and f : R? = R be differentiable at Xy. Prove
that the directional derivative Dx,f(U) of f at Xy in the direction U exists

Solution:

Since f is differentiable at Xy, [(Xot H)=f(Xo)-VI(Xo)H _y () o5 I — () 1
1]

For H=tU te R, ||U|| =1 1]

and ¢ — 0, f(Xo-i-tU)—f(‘);o)—Vf(Xo)‘tU 0. [1]

Ast — 0, f(Xo-l-tU)—f()t(O)—Vf(Xo)'tU 0. [1]

As t — 0, LEHOIE) g r(x) - U. [1]

Let a, >0 and Y7 (n*a? — 1) converge. Verify whethery -, & converges.

[6]

Solution:

Observe that na? — 1 2]
LCT with ) = : [1]
al"//—n*éﬁ = n2a, — 1 2]
The series converges. 1]

Let the curve C be described by R(t) = ((sin 3t) cost, (sin3t)sint),0 <t < .
Sketch C. Evaluate §,ydx + xdy and §, —ydx + xdy where C' is oriented

counterclockwise. /8]
Solution:

Note that C'is r = sin36, 0 < 6 < 3. 1]

For the curve (see Figure 3(a)). 1]

Observe that §, ydx + xdy = ¢, V(zy) - dR = 0 by FTC of line integrals [2]

Observe that §,, —ydx + xdy = 2(Area enclosed by C). 2]
%

Area =1 [ sin*(36)d0 [1]
0

-5 1]

Let D be the region that lies below the surface x> +y*+ 2% = 4z and above z =

V/3(x% 4 y?). Using the spherical coordinates express [[ [, \/a? +y? + 22dV

as three iterated single integrals. [4]
Solution:

The sphere is p? = 4pcos ¢, i.e., p = 4cos ¢. 1]
The cone is pcos ¢ = /3r = V/3psin ¢, i.e., ¢ = e 1]

27 % 4cosp

Therefore [[[, /a2 +y>+22dV = [ [ [ pp®sinedpdeds. 2]
00 0



()

Let (ay) be in (0,1) and 4a,(1 — any1) > 1 for alln > 1. Discuss the conver-

gence/divergence of the series Y - (a2 — 1). [5]
Solution:

If a,, — ag for some ag, then 4ag(1 — ag) > 1. 2]
Since (2a9 —1)* <0, ap = 3. 2]
Since a? » 1, > (a? — 1) does NOT converge. 1]

Consider the arc (x — 2)*> +y? = 4,y > 0. Using a theorem of Pappus, find

the surface area of the surface generated by revolving the arc about the line

Y+ 22 = 0. /6]
Solution:

Let the coordinate of the centroid of the arc be (2, y). 1]
By Pappus theorem, 4722 = 2myo27 2]
Hence yo = 2. 1]
Distance of the line from the centroid is p = QXE:Q%O 1]
By Pappus theorem, the required area is 2mp72. 1]

Find the equation of the surface generated by the normals to the surface y +

222 + zy2* = 0 at all points on the z-axis. [5]
Solution:

Normal is (22 4+ yz2, 1 + 222, 2z + 22y2). 1]
Normal at (0,0, zo) is (220, 1,0). 1]
If (2, y,z) lies on the surface then, 5= = ¥, 2 = 2. 2]
The equation of the surfaces is z = 2zy. 1]

Let f :[0,00) — [0,00) be such that f"(z) > 0 for every x > 0 and [;° f(x)dx

converges. Show that [ f(z)dx > nf(%) and f(%) — 0. [6]
Solution:

By Taylor’s theorem, for = € [0,n], f(z) > f(5) + f'(5)(z — %). 2]
Henee [ f(a)de > nf(3) + F(3)5 ~ (3% 2

Since [ f(x)dx converges, there exists M > 0 such that f(2) < X v n.  [2]
0

For p > 1, consider the curve C' : |z|P + |y|P = 1. Evaluate

S5 + e*(sinx))dx + (57 + y(siny))dy where C' is oriented counter-

clockwise. [6]

Solution:

Given integral is § ;%7 dx + =1sdy + $(e”(sinz))dr + (y(siny))dy.  [1]



By Green’s theorem, §,(e”(sinz))dz + (y(siny))dy = 0. 1]

Observe that %(xgiy )= d%(%) [1]
By Green’s theorem, §, 2%>dr + mdy = § winde + H1ady, 2]

where C). is a circle of radius r and C. lles inside the region enclosed by C.

21 . .

Hence the required value is [ =% t(r cos t}ﬂjr costd(rsint) _ o 1]
0

Consider the surface S : x> +y?> +22 =8,-1 < 2 < 2. [10]

i. Find a vector field F such that curlF = (0,0,2v/8).
ii. Find the unit (outward) normal to S.
iii. If Cy ds 2* +y?> =4,z = 2 then evaluate | §,, F - dR|.

iv. Buvaluate ffs 2zdo.

Solution:

(i) Fa,y,2) = (—yv/8,2V8,0). 1]
(ii) The normal n = \/Lg(% Y, 2). 1]
(iii) Parametrization of Cy is (2cos6,2sin6,2), 0 <0 < 27 1]

2
The value of the line integral is [ —2+/8 sin 6d(2 cos #) +2+/8 cos #d(2 sin 0)
0
— 8/8r 2]

(iv) Observe that [[;2zdo = [[¢curlF - ndo. 1]
By Stoke’s theorem, ([, curlF - ndo = f $)F - dR. 2]
C
where C': 2?2 +9y* =7,2 = —1.
$ F-dR = 14/87. 1]
c
Hence [[,2zdo = 6v/87 1]

Sketch the graph of f(x) = 3;‘;2__12 after finding the intervals of decreas-

ing/increasing, intervals of concavity/convezity, points of local mazimum and

asymptotes. [5]
Solution:

f(z) =34 % = 2 =1,2 = —1 and y = 3 are the asymptotes. 1]
fl(x) = (;% = fis T on (—o0,—1), (=1,0) and | on (0, 1), (1, c0). 1]
f(x) = 2(5’295 ;L)l) = convex on (—oo, —1), (1,00) and concave on (—1,1)  [1]
x =0 is a point of local maximum. 1]
For the graph (see Figure 6(a)). 1]



(b) Consider the surfaces [11]
St ={(z,y,x+100) : 2* + > < §} and
Sy = {(z,y,—100) : 2% +y* < §}.

Let the surface Ss be the part of the cylinder
2 +y? = % that lies between the surfaces Sy and Sy. Let D denote the region
enclosed by Sy, So and S3. Let F(xz,y,2) = p~3(x,y, 2) for (x,y,2) # 0 where

b= JE P
i. Find the unit normals to the surfaces Sy, 59 and Ss.
ii. Find DivF.

iii. Evaluate

(z—x)do —zdo 3(z2+y?)do
R

S1

Solution:

(i) Unit normal on Sy : ny = \/Li( 1,0,1)  or (—n) 1]
Unit normal on Sy : 7y = (0,0, —1) or (—ny) 1]
Unit normal on S3 : n3 = (3z, 3y, 0) or (—n3). 1]

.o o _ oz

(i) 5z(p) = P
wm(m) =5~ % 2]
divF =% -3 =0

(iii) The given integral I = [[ F-mydo + [[ F - nado + [[ F - nizdo. 2]

S1 Sa S3
By divergence theorem I = [[ F - ndo 1]
5
where S :2? + 32 + 22 =r? r < 3 and 0 = L(z,y, 2). 1]

I = 4r. 2]



