PP 31 : Method of Lagrange Multipliers

. Using the method of Lagrange multipliers, find three real numbers such that the sum of
the numbers is 12 and the sum of their squares is as small as possible.

. Let f(z,y) = 91”—2 + %, g(z,y) =z +y—1for all (v,y) € R? and D = {(z,y) € R? :
g(z,y) = 0},

(a) Show that the minimum value of f on D exists.

(b) Find the minimum value of f on D by reducing the problem to an unconstrained
problem in one variable.

(c) Does the maximum value of f on D exist?
(d) Find the minimum value of f on D by the method of Lagrange multipliers.

(e) A wire of length 1 meter is cut into two parts. A square and circle are formed with
the two pieces by bending them. Find the least value of the sum of the areas of the
square and the circle formed. Discuss whether the maximum value of the sum exists.

. Let f(z,y) =22 + 52 and g(z,y) = 2* + 5 — 2.

(a) Find the set of points satisfying the Lagrange system of equations 7 f = A 7 g and
g=0.
(b) Show that f achieves its maximum and minimum on the set {(z,v) : g(z,y) = 0}.

(c¢) Find the points of maxima and minima of the function f subject to the constraint
g(z,y) =0.

. Let f(x,y,2) = zyz and g(z,y, 2) = 2% + y*> + 2% — 12.

(a) Find the set of points (z,y, z) satisfying the equations Vf = AvVg and g = 0 when
A=0and X #0.

(b) Find the maximum and minimum values of f subject to the constraint g = 0.

. Find the maximum and minimum values of the function f(z,y, z) = 1’2+y2+22—4(x+y+z)
on D= {(r,y,2) € R3: 2% +y? + 22 < 16,2 > 0}.

. Let a,b,c and d be positive real numbers. Find the distance from the origin to the plane
ax + by + cz = d using

(a) the distance formula

(b) the method of Lagrange multipliers.

. Suppose that a,b and c are the lengths of the sides of a triangle and A be its area. Let
P be a point inside the triangle such that the sum of the distances from P to the sides of
the triangles minimum. Express this minimum in terms of a, b, ¢ and A.

(a) Forn > 2, let f : R® — R be given by f(x1, 22, ..., 72) = #323...22 and ¢ € R. Find the
maximum value of f subject to the constraint g(z1, 2, ..., 7,) = 22+ 23 +... 422 —c2 =
0.

(b) Using (a), prove the inequality (alag...an)% < @rtartetan for any positive real num-
bers ay, as, ..., an.



Practice Problems 31: Hints/Solutions

1. We minimize the function f(x,y,z) = 2% + y? + 22 subject to the constraint g(z,y,2) =
x4+ y+z—12 = 0. Solving the system of equations \7f = A3/ g and g = 0 imply that
20 =2y =2z = X and % = 12. Therefore we get A = 8 and x = y = z = 4. Note that the
function f achieves its minimum on the set {(x,y, 2) : g(z,y, 2) = 0} because the point of
minimum is the point on the plane x +y+ z = 12 which is nearest to the origin. Therefore
the required three real numbers are x,y and z where x =y = 2z = 4.

2. (a)

(b)

Let L denote the line segment joining (0,1) and (1,0). Then f(z,y) > f(1,0) = %
for all (z,y) € D\ L. Since f is continuous on the closed and bounded subset L, it
achieves its minimum on L and hence on D.

Since g(x,y) = 0 implies y = 1 — z, we minimize the unconstrained function fi(z) =
f@,1—2) = (&=[(m + 4)2* — 8z + 4],z € R. By the first and second derivative
tests for one variable we see that £ = 2= is a point of minimum for f; and hence

4+m
f(%%ﬂ, 1-— 4;%) is the minimum value of f on D.

If (z,y) € D and ||(x,y)|| — oo then f(x,y) — oo. Therefore maximum value of f
on D does not exists.

Solving the system of equations Vf = A7 g and g = 0 imply that A = ¢ +127r and

(8, 27\) satisfies the equations. Since f achieves its minimum value on D, the point
f (4;%, 1+-) is the point of minimum and f (4;%, 1+-) is the minimum value of the
function f on D.

If z and y are the lengths (in meters) of the pieces which are used to form a square
and a circle respectively. The problem is reduced to minimizing the function f(z,y) =
"f—g + % on the set T'= {(z,y,2) :x+y—1=0,2 >0 and y > 0}. From (b) or (d)
it is clear that f (4_%, 11=) is the minimum value of the function f on 7. From the
solution of (b) we observe that the largest value of f on T is either f(0,1) or f(1,0).
Since the points (0, 1) or (1,0) do not lie on the set T, the maximum value of f on T

does not exist.

3. The Lagrange system of equations are z* 4+ ¢5 = 2, 22 = 4\ 22 and 3y = 6)\1°.

(a)

By taking z = 0 in the second and first equations we obtain the points (0, £v/2)
which satisfy the system of equations (for some A). By taking y = 0 in the third and
first equations, we get the points (+v/2,0). If x,y # 0, from the second and the third
equations we get A = ﬁ = ﬁ which imply that 22 = 33. Substituting z? = 3? in
the first equation, we obtain either z* = 1 or 4% = 1 which implies either z + 1 or
y = +1. Since 22 = y3, the points (£1, 1) satisfy the system of equations.

Therefore (0, £+/2),(£+v/2,0) and (%1, 1) satisfy the system of equations.

Note that the set D = {(z,y) : g(x,y) = 0} C {(z,y) : © € [-2,2] and y € [-2,2]}.
Since f is continuous on the closed and bounded set D, it achieves its maximum and
minimum on D.

Comparing the values of f at the six points mentioned above we obtain that (0, —v/2)
is a point of minimum and (£1, 1) are the points of maxima.

In the case of A = 0, the six points (++v/12,0,0),(0,++v/12) and (0,0, ++/12) satisfy
the equations.

When X # 0, the equations imply that 3zyz = 2X\(z? + y? + 22) which imply that
xyz = 8. Since z,y,z # 0 and A # 0, we get 2z Az = 2y \y = 2z x = 8)\,. Therefore
the eight points (£2, £2, £2) satisfy the equations.



(b) Note that the continuous function f achieves its maximum and minimum on the
sphere 22 + 4% 4+ 22 = 12. Comparing the values of f at the fourteen points men-
tioned above we see that —8 and 8 are the required minimum and maximum values
respectively.

5. The maximum and minimum values of f on D exist as f is continuous on a closed bounded
set D. Note that D = Dy U Dy U D3 U Dy where Dy = {(z,y,2) : 22 +y%+ 2% < 16,z > 0},
o = {(z,y,2) : 22+ y* + 22 = 16,2 > 0}, D3 = {(z,9,0) : 2% + y*> < 16} and Dy =
{(x,y,0) : 22 +y? = 16}. We consider f on D;,i = 1,2,3,4. On D; and D3 we use the first
derivative test to find the critical points and Dy and D4 we use the method of Lagrange
multiplier.
On D, : Solving f; = f, = f. = 0 implies the critical point (2,2, 2).

On Ds : The function is f(z,y,0) = 22 + 32 — 4(x + y). Solving f, = [y = 0 implies the
critical point (2,2,0).

On D2 Solving the system of equations: Vf = AVg and g = 0 Where g(z,y,2) =
(\f V3 f)

On Dy : Solving the system of equations: Vf; = AVg; and g; = 0, where fi(x,y,z2) =
2?24+ y? —4(z +y) and g1(z,y,2) = 22 + y? — 16, implies \ = %
points (—2v/2, —2v/2,0) and (2v/2,2v/2,0).
Comparing the values of f at (2,2, 2), (2,2,0), (\[ 75 f) (—2v/2, —2+/2,0) and (2v/2,2v/2,0)

we see that the maximum value of f is f(—2v/2, —2v/2,0) = 16(v/2+ 1) and the minimum
value f(2,2,2) = —12.

2+ 1% + 22 — 16, implies \ = Qif and a corresponding (z,y, z) =

and the corresponding

. . . . d
6. (a) By the distance formula the required distance is Nt

(b) If (x, vy, 2) is in the plane then the distance between the origin and (x, y, ) is /22 + y? + 22.
To find the minimum distance we minimize f(x,y,2) = 22 + y? + 22 subject to the
constraint g(x,y, z) = ax+by+cz—d = 0. The equations Vf = AVg and g = 0 imply
that A = %, To = agfé%, Yo = azﬁf% and zg = cﬂﬁfﬁ satisfy the above
equations. Since the minimum distance is achieved, the point (zg, yo, 29) is the point

.. . . .. . . d
of minimum for f subject to g = 0. Therefore the minimum distance is Nt

7. Let R, S and T be the vertices of the given triangle and a, b and ¢ be the lengths of ST, RT
and RS. Let x,y and z be the distance between P to ST, RT and RS respectively. Now
the problem is reduced to minimizing the function f(z,y, z) = 2 4+ 32 + 22 subject to the
constraint g(z,y, z) = ax + by + cz — 2A = 0. The rest follows from Problem 6.

8. (a) The function f is continuous and the set {(z1,x2,...,z,) € R": g(x1, z2,...,x,) = 0}
is bounded in R™. Therefore f achieves its maximum and minimum on the given
constraint set. The equations vf = Ay g and g = 0 imply that 2z123..22 =
A2x1,2x1x2 :c = A2x9, ..., 2&01562 Ly = A2z, and g = 0. For A # 0, we have
2\z? = 2\23 = ... = 2\22 and g = 0 which imply that z; = :l:f fori=1,2,....,n

C2

Therefore the required maximum value is n—: Observe that the minimum value of
the function is 0 which is captured by A = 0.

(b) In (a), take 23 = a1,23 = ag, ..., 22 = a, and 2?2 + 23 + ... + 22 = ¢? for some c. We

. 1 2 24r24. a2
obtain that (aias...a,)» < & = =2 o= “1+a2: tan




