PP 38 : Stokes’ Theorem

. Let F,S and n be as in the statement of Stokes’ theorem. Show that

(a) [[g(curlF) i do = [[p(curlF) - (ry x ry) dudv if S is the parametric surface defined
by r(u,v), (u,v) € T.

(b) [[4(curlF) @ do = [[(curlF) - (—fusi — fyj + k) dady if S is the graph defined by
z=f(z,y), (z,y) € D.

. Consider the surfaces S; and Ss as given below. Let C' be the curve of intersection of 5]
and S5. Suppose C' is oriented counterclockwise when viewed from above. Parameterize

C.
(a) Spisa?+y?+22=4and Sy is 2?2 +y* = 1.
(b) S1isy+2z=2and Sy is 2% + 9% = 1.
(c) Syisa? +y?>+ 22 =25and Sy is z = 4.
. Let C be the curve of intersection of the plane y + z = 2 and the cylinder z? + 3% = 1.
Suppose C'is oriented counterclockwise when viewed from above.
(a) If F(z,y,2) = (z,2,y), find §, F -dR.
(b) If Fz,y,2) = (z,z +¢e¥,y +e7), find $o F - dR.
() If F(z,y,2) = —ay?i + axj + (2 + cos z)2k for some o € R and $o F - dR = 2x, find
.
(d) If curlF = ok for some « € R and $o F - dR = 2m, find a.
. Let F(z,y, 2) = (z,z,y) and S be the surface as described below. Let C be the boundary of
the surface which is oriented counterclockwise when viewed from above. Evaluate fc F-dR
using Stokes’ theorem.
(a) S is the part of the plane z = = + 4 that lies inside the cylinder z? + y? = 4.
(b) S is the part of the surface 222 + 2y? + 22 = 9 that lies above the surface z =
V% + 2
(c) S is the part of the plane that lies inside the triangle with vertices (1,0,0), (0, 1,0)
and (0,0,1).

(d) S = S1U Sy where S is the part of the cylinder 22 +y? = 1,0 < z < 4 and S, is the
disk 22 +¢y? < 1,z = 4.

. Let S be the upper hemi-sphere 22 + y? + 22 =1, z > 0.

(a) Find F such that curlF = ze¥i — eYj.
(b) Evaluate [[¢(z?e¥ — ye¥)do.

. Let C be the parameteric curve R(t) = (cost,sint,cost +4),0 < ¢ < 27 and
F(z,y,2) = (2* + €7, 4z, €* cos” z).
Evaluate § F - dR.

. Let F(z,y,2) = (y, —v,22% + 22) and S be the part of the sphere 2% + 32 + 22 = 25 that
lies below the plane z = 4. Evaluate [ g curlF - ndo where 7 is the unit outward normal
of S.



Practice Problems 38: Hints/Solutions

(a) Note that n = Xl

T lruxroll”

(b) Note that n = —fai=fyjtk

(a) R() = (cosh,sinh,/3), 0<0 <2

(b) R(#) = (cosb,sinf,2 —sinf), 0<0 <27.

(c) R(#) = (3cosf,3sinh,4), 0<0<27.

(a) Note that curlF = (1,1,1), 2z = 2 —y = f(x,y) and (—fz,—fy,1) = (0,1,1). By

Stokes’ theorem and Problem 1(b), §, F -dR = [[,(1,1,1)-(0,1,1)dzdy where D is
the disk 22 + 9% < 1.

(b) curlF = (1,1,1) and the rest is similar to the solution to Problem 3(a).
(c) Since curlF = a(l + 2y)k, by Stokes’ theorem, §, F - dR = [[,(0,0,a(1 + 2y)) -
(0,1,1)dzdy = afO% fol(l + 2rsin@)rdrdf = ar. Hence o = 2.

(d) Let D be the disk 22 +y* < 1 and z = 0. By Stokes’ theorem, ¢, F-dR = [[;(0,0,a)-
(0,1,1)dzdy = o [[, dedy. Hence o = 2.

(a) Since curlF = (1,1,1) and (—fz, — fy,1) = (1,0, 1), by Stokes’ theorem §, F'-dR =
0.

(b) Observe that C' is the circle 22 + y?> = 4 and z = 1. Moreover, C is also the
boundary for the surface S; which is the part of the plane z = 1 that lies inside
the cylinder #* + y* = 4. By Stokes’ theorem, ¢, F - dR = ffsl(cuTlF) -ndo =
[[5(1,1,1)-(0,0,1)dxdy where D is the disk 2 + 9% < 4.

(c) The equation of the plane is z = 1 — 2 — y and hence (—f,,—fy,1) = (1,1,1). By
Stokes’ theorem, ¢, F - dR = [[,3dzdy where D is the triangular region whose
vertices are (0,0), (0,1), (1,0).

e solution to this problem is similar to that ot Problem . Note that . =

d) The soluti hi blem is simil hat of Problem 4(b). N hat ¢ F-dR
ffS3 curlF - ido where Sz is the disk 2* + y* < 1 and z = 0. Hence §,F - dR =
I[5(1,1,1)-(0,0,1)dxdy where D = Ss.

(a) By observation F(z,y,z) = (0,0, zeY).

(b) Observe that [[(z%e¥ —ye¥)do = [[gcurlF - (z,y,z)do = [[4curlF-fado. By Stokes’
theorem, ffs(xzey —yeY)do = fCF - dR where C is the unit circle in the zy-plane.
Hence ¢, F - dR = §, zeVdz = 0.

6. Observe that C' is the boundary of the part of the surface z = x + 4 that lies inside the

cylinder 22 + y2 = 1. Note that curlF = (0,2z + €*,4). By Stokes’ theorem fCF -dR =
JJ5(0,22 4 €*,4) - (—1,0, 1)dxdy where D is the unit circle in the zy-plane.

7. The boundary C of the surface S is defined by (3sin6,3cos6,4). Note that C is oriented

clockwise when viewed from above. By Stokes’ theorem, ([, curlF -fdo = ¢, F - dR =
02W(3 cos, —3sin, 32 + 9sin? ) - (3cosf, —3sinh,0)df = 187.



