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1. Give complete and precise definitions for the following. [5]

a. Algebraic Closure b. purely-inseparable extension c. Normal Extensions d. Separable extensions e.
Galois Group

Done in class.

2. Give an example of each of the following. [3]

a. An inseparable extension.

The extension Zp(x) ⊂ Zp(x
1/p) is inseparable.

b. An extension of Q of degree 7.

The polynomial x7 − 2 is irreducible by Eisenstein criterion. Let α be a root, then Q(α) is of degree 7 over
Q.

c. A field with 4 elements.

The polynomial x2 + x+ 1 is irreducible over Z2. Let α be a root, then Z2(α) is a field of order 4.

3. Let F be a field and let F (x) be the field of rational functions. Let L ) F be a subfield of F (x). Show
that F (x) is an algebraic extension of L. [3]

Let y = f(x)/g(x) ∈ L \F , then f(x)− yg(x) = 0. So x is algebraic over L. Hence F (x) is algebraic over L.

4. Prove that in any finite field any element can be written as the sum of two squares. [4]

If char(F ) = 2, then the map x 7→ x2 is a surjective map. So every element a ∈ F is a square.

If char(F ) 6= 2, then the cardinality of the set A := {x2 : x ∈ F} is (|F |+1)/2 because F \ {0} is cyclic and
exactly half of elements of F \ {0} are even powers of the generator and 0 is a square as well. Similarly for
a ∈ F , the set B := {a− x2 : x ∈ F} has cardinality (|F |+ 1)/2. So A ∩B 6= ∅.

5. Prove that the polynomial xp − x− 1 is irreducible over Zp and find the splitting field of this polynomial
over Zp. [4]

If α is a root of xp − x− 1, then α+ k is also a root, for k ∈ Zp. If α ∈ Zp, then αp = α and we get −1 = 0,
which is absurd. If f = gh, then g(x) =

∏
i∈S(x− (α+ i)) where S is a proper subset of Zp. Sum of the

roots of g(x) is in Zp. So deg(g).α+ t ∈ Zp for some t ∈ Zp. So α ∈ Zp which is not possible by above.

6. State and prove the theorem of primitive element. [6]

Done in class

7. State precisely the fundamental theorem of Galois theory. Show that the Galois group of xn − a ∈ Q[x]
over Q(η) is a cyclic group, where η is a n’th root of unity. [5]

Note that the roots of xn − a are a1/n, a1/nη, a1/nη2, · · · a1/nηn−1. So the splitting field over Q(η) is
Q(η, a1/n). Let G be the Galois group. Then define a map σ 7→ i from G to Zn if σ(a1/n) = a1/nηi. Then
this map is an injective homomorphism.
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