


ASSIGNMENT 2
MTH441: Regression Analysis and Analysis of Variance
Question 1. Multiple Regression for House Prices
Consider the house-price data below. The response y is selling price in thousands of dollars. Fit a multiple linear regression model relating y to all nine regressors x₁,…,x₉.
Variable descriptions: x₁ = taxes/1000; x₂ = number of baths; x₃ = lot size (sq ft × 1000); x₄ = living space (sq ft × 1000); x₅ = number of garage stalls; x₆ = number of rooms; x₇ = number of bedrooms; x₈ = age of home (years); x₉ = number of fireplaces.
	y
	x₁
	x₂
	x₃
	x₄
	x₅
	x₆
	x₇
	x₈
	x₉

	25.9
	4.9176
	1.0
	3.4720
	0.9980
	1.0
	7
	4
	42
	0

	29.5
	5.0208
	1.0
	3.5310
	1.5000
	2.0
	7
	4
	62
	0

	27.9
	4.5429
	1.0
	2.2750
	1.1750
	1.0
	6
	3
	40
	0

	25.9
	4.5573
	1.0
	4.0500
	1.2320
	1.0
	6
	3
	54
	0

	29.9
	5.0597
	1.0
	4.4550
	1.1210
	1.0
	6
	3
	42
	0

	29.9
	3.8910
	1.0
	4.4550
	0.9880
	1.0
	6
	3
	56
	0

	30.9
	5.8980
	1.0
	5.8500
	1.2400
	1.0
	7
	3
	51
	1

	28.9
	5.6039
	1.0
	9.5200
	1.5010
	0.0
	6
	3
	32
	0

	35.9
	5.8282
	1.0
	6.4350
	1.2250
	2.0
	6
	3
	32
	0

	31.5
	5.3003
	1.0
	4.9883
	1.5520
	1.0
	6
	3
	30
	0

	31.0
	6.2712
	1.0
	5.5200
	0.9750
	1.0
	5
	2
	30
	0

	30.9
	5.9592
	1.0
	6.6660
	1.1210
	2.0
	6
	3
	32
	0

	30.0
	5.0500
	1.0
	5.0000
	1.0200
	0.0
	5
	2
	46
	1

	36.9
	8.2464
	1.5
	5.1500
	1.6640
	2.0
	8
	4
	50
	0

	41.9
	6.6969
	1.5
	6.9020
	1.4880
	1.5
	7
	3
	22
	1

	40.5
	7.7841
	1.5
	7.1020
	1.3760
	1.0
	6
	3
	17
	0

	43.9
	9.0384
	1.0
	7.8000
	1.5000
	15
	7
	3
	23
	0

	37.5
	5.9894
	1.0
	5.5200
	1.2560
	2.0
	6
	3
	40
	1

	37.9
	7.5422
	1.5
	5.0000
	1.6900
	1.0
	6
	3
	22
	0

	44.5
	8.7951
	1.5
	9.8900
	1.8200
	2.0
	8
	4
	50
	1

	37.9
	6.0831
	1.5
	6.7265
	1.6520
	1.0
	6
	3
	44
	0

	38.9
	8.3607
	1.5
	9.1500
	1.7770
	2.0
	8
	4
	48
	1

	36.9
	8.1400
	1.0
	8.0000
	1.5040
	2.0
	7
	3
	3
	0

	45.8
	9.1416
	1.5
	7.3262
	1.8310
	1.5
	8
	4
	31
	0


(a) Fit the multiple linear regression model and report the estimated regression equation, standard errors, t statistics, and p-values for all coefficients.
(b) Test for significance of regression using the overall F test. State the hypotheses, test statistic, degrees of freedom, p-value, and conclusion.
(c) Use individual t tests to assess the contribution of each regressor. Discuss which variables appear to contribute after the other regressors are included.
(d) Interpret the estimated coefficients of lot size (x₃) and living space (x₄), taking care to interpret each coefficient while holding all other regressors fixed.
Question 2. Oil Extraction from Peanuts
An engineer performed an experiment to determine the effects of CO₂ pressure, CO₂ temperature, peanut moisture, CO₂ flow rate, and peanut particle size on the total yield of oil per batch. The data are:
	Pressure
(bar)
	Temp.
(°C)
	Moisture
(% by weight)
	Flow Rate
(L/min)
	Particle Size
(mm)
	Yield

	415
	25
	5
	40
	1.28
	63

	550
	25
	5
	40
	4.05
	21

	415
	95
	5
	40
	4.05
	36

	550
	95
	5
	40
	1.28
	99

	415
	25
	15
	40
	4.05
	24

	550
	25
	15
	40
	1.28
	66

	415
	95
	15
	40
	1.28
	71

	550
	95
	15
	40
	4.05
	54

	415
	25
	5
	60
	4.05
	23

	550
	25
	5
	60
	1.28
	74

	415
	95
	5
	60
	1.28
	80

	550
	95
	5
	60
	4.05
	33

	415
	25
	15
	60
	1.28
	63

	550
	25
	15
	60
	4.05
	21

	415
	95
	15
	60
	4.05
	44

	550
	95
	15
	60
	1.28
	96



(a) Fit a multiple linear regression model relating yield to the five experimental variables. Decide how you will represent the predictors in the model, and clearly state your coding or scaling choices.
(b) Test for the significance of the regression. What conclusions can you draw about the collective contribution of the predictors?
(c) Use t-tests to assess the contribution of each regressor to the model and discuss the findings in light of the experimental design.
(d) Calculate R² and adjusted R² for the full model. Compare these values with those from a reduced multiple regression model containing only temperature and particle size. Discuss what the comparison implies about adding predictors.
(e) Find and interpret a 95% confidence interval for the regression coefficient associated with temperature in both the full and reduced models. Discuss why the intervals may differ.




Question 3. National Football League Team Performance
Consider the National Football League data in the Table below. Here y is games won in a 14-game season; x₂ is passing yards; x₇ is percentage rushing; and x₈ is opponents’ rushing yards.
	Team
	y
	x₁
	x₂
	x₃
	x₄
	x₅
	x₆
	x₇
	x₈
	x₉

	Washington
	10
	2113
	1985
	38.9
	64.7
	+4
	868
	59.7
	2205
	1917

	Minnesota
	11
	2003
	2855
	38.8
	61.3
	+3
	615
	55.0
	2096
	1575

	New England
	11
	2957
	1737
	40.1
	60.0
	+14
	914
	65.6
	1847
	2175

	Oakland
	13
	2285
	2905
	41.6
	45.3
	−4
	957
	61.4
	1903
	2476

	Pittsburgh
	10
	2971
	1666
	39.2
	53.8
	+15
	836
	66.1
	1457
	1866

	Baltimore
	11
	2309
	2927
	39.7
	74.1
	+8
	786
	61.0
	1848
	2339

	Los Angeles
	10
	2528
	2341
	38.1
	65.4
	+12
	754
	66.1
	1564
	2092

	Dallas
	11
	2147
	2737
	37.0
	78.3
	−1
	761
	58.0
	1821
	1909

	Atlanta
	4
	1689
	1414
	42.1
	47.6
	−3
	714
	57.0
	2577
	2001

	Buffalo
	2
	2566
	1838
	42.3
	54.2
	−1
	797
	58.9
	2476
	2254

	Chicago
	7
	2363
	1480
	37.3
	48.0
	+19
	984
	67.5
	1984
	2217

	Cincinnati
	10
	2109
	2191
	39.5
	51.9
	+6
	700
	57.2
	1917
	1758

	Cleveland
	9
	2295
	2229
	37.4
	53.6
	−5
	1037
	58.8
	1761
	2032

	Denver
	9
	1932
	2204
	35.1
	71.4
	+3
	986
	58.6
	1709
	2025

	Detroit
	6
	2213
	2140
	38.8
	58.3
	+6
	819
	59.2
	1901
	1686

	Green Bay
	5
	1722
	1730
	36.6
	52.6
	−19
	791
	54.4
	2288
	1835

	Houston
	5
	1498
	2072
	35.3
	59.3
	−5
	776
	49.6
	2072
	1914

	Kansas City
	5
	1873
	2929
	41.1
	55.3
	+10
	789
	54.3
	2861
	2496

	Miami
	6
	2118
	2268
	38.2
	69.6
	+6
	582
	58.7
	2411
	2670

	New Orleans
	4
	1775
	1983
	39.3
	78.3
	+7
	901
	51.7
	2289
	2202

	New York Giants
	3
	1904
	1792
	39.7
	38.1
	−9
	734
	61.9
	2203
	1988

	New York Jets
	3
	1929
	1606
	39.7
	68.8
	−21
	627
	52.7
	2592
	2324

	Philadelphia
	4
	2080
	1492
	35.5
	68.8
	−8
	722
	57.8
	2053
	2550

	St. Louis
	10
	2301
	2835
	35.3
	74.1
	+2
	683
	59.7
	1979
	2110

	San Diego
	6
	2040
	2416
	38.7
	50.0
	0
	576
	54.9
	2048
	2628

	San Francisco
	8
	2447
	1638
	39.9
	57.1
	−8
	848
	65.3
	1786
	1776

	Seattle
	2
	1416
	2649
	37.4
	56.3
	−22
	684
	43.8
	2876
	2524

	Tampa Bay
	0
	1503
	1503
	39.3
	47.0
	−9
	875
	53.5
	2560
	2241



Definitions: x₁ = rushing yards; x₂ = passing yards; x₃ = punting average; x₄ = field-goal percentage; x₅ = turnover differential; x₆ = penalty yards; x₇ = percentage rushing; x₈ = opponents’ rushing yards; x₉ = opponents’ passing yards.
(a) Fit a multiple linear regression model relating the number of games won to x₂, x₇, and x₈.
(b) Construct the analysis-of-variance table and test for the significance of the regression.
(c) Calculate t statistics for H₀: β₂ = 0, H₀: β₇ = 0, and H₀: β₈ = 0. What conclusions can you draw about the roles of x₂, x₇, and x₈?
(d) Calculate R² and R²_adj for this model.
(e) Using the partial F test, determine the contribution of x₇ to the model. How is this partial F statistic related to the t-test for β₇ calculated in part (c)?
(f) Find a 95% confidence interval for β₇.
(g) Find a 95% confidence interval for the mean number of games won by a team when x₂ = 2300, x₇ = 56.0, and x₈ = 2100.
Question 4. Gasoline Mileage Performance
Consider the gasoline mileage data in the Table below. The response y is miles per gallon; x₁ is engine displacement (cubic inches); and x₆ is the number of carburetor barrels.
	Automobile
	y
	x₁
	x₂
	x₃
	x₄
	x₅
	x₆
	x₇
	x₈
	x₉
	x₁₀
	x₁₁

	Apollo
	18.90
	350
	165
	260
	8.0:1
	2.56:1
	4
	3
	200.3
	69.9
	3910
	A

	Omega
	17.00
	350
	170
	275
	8.5:1
	2.56:1
	4
	3
	199.6
	72.9
	2860
	A

	Nova
	20.00
	250
	105
	185
	8.25:1
	2.73:1
	1
	3
	196.7
	72.2
	3510
	A

	Monarch
	18.25
	351
	143
	255
	8.0:1
	3.00:1
	2
	3
	199.9
	74.0
	3890
	A

	Duster
	20.07
	225
	95
	170
	8.4:1
	2.76:1
	1
	3
	194.1
	71.8
	3365
	M

	Jenson Conv.
	11.2
	440
	215
	330
	8.2:1
	2.88:1
	4
	3
	184.5
	69
	4215
	A

	Skyhawk
	22.12
	231
	110
	175
	8.0:1
	2.56:1
	2
	3
	179.3
	65.4
	3020
	A

	Monza
	21.47
	262
	110
	200
	8.5:1
	2.56:1
	2
	3
	179.3
	65.4
	3180
	A

	Scirocco
	34.70
	89.7
	70
	81
	8.2:1
	3.90:1
	2
	4
	155.7
	64
	1905
	M

	Corolla SR-5
	30.40
	96.9
	75
	83
	9.0:1
	4.30:1
	2
	5
	165.2
	65
	2320
	M

	Camaro
	16.50
	350
	155
	250
	8.5:1
	3.08:1
	4
	3
	195.4
	74.4
	3885
	A

	Datsun B210
	36.50
	85.3
	80
	83
	8.5:1
	3.89:1
	2
	4
	160.6
	62.2
	2009
	M

	Capri II
	21.50
	171
	109
	146
	8.2:1
	3.22:1
	2
	4
	170.4
	66.9
	2655
	M

	Pacer
	19.70
	258
	110
	195
	8.0:1
	3.08:1
	1
	3
	171.5
	77
	3375
	A

	Babcat
	20.30
	140
	83
	109
	8.4:1
	3.40:1
	2
	4
	168.8
	69.4
	2700
	M

	Granada
	17.80
	302
	129
	220
	8.0:1
	3.01:1
	2
	3
	199.9
	74
	3890
	A

	Eldorado
	14.39
	500
	190
	360
	8.5:1
	2.73:1
	4
	3
	224.1
	79.8
	5290
	A

	Imperial
	14.89
	440
	215
	330
	8.2:1
	2.71:1
	4
	3
	231.0
	79.7
	5185
	A

	Nova LN
	17.80
	350
	155
	250
	8.5:1
	3.08:1
	4
	3
	196.7
	72.2
	3910
	A

	Valiant
	16.41
	318
	145
	255
	8.5:1
	2.45:1
	2
	3
	197.6
	71
	3660
	A

	Starfire
	23.54
	231
	110
	175
	8.0:1
	2.56:1
	2
	3
	179.3
	65.4
	3050
	A

	Cordoba
	21.47
	360
	180
	290
	8.4:1
	2.45:1
	2
	3
	214.2
	76.3
	4250
	A

	Trans AM
	16.59
	400
	185
	NA
	7.6:1
	3.08:1
	4
	3
	196
	73
	3850
	A

	Corolla E-5
	31.90
	96.9
	75
	83
	9.0:1
	4.30:1
	2
	5
	165.2
	61.8
	2275
	M

	Astra
	29.40
	140
	86
	NA
	8.0:1
	2.92:1
	2
	4
	176.4
	65.4
	2150
	M

	Mark IV
	13.27
	460
	223
	366
	8.0:1
	3.00:1
	4
	3
	228
	79.8
	5430
	A

	Celica GT
	23.90
	133.6
	96
	120
	8.4:1
	3.91:1
	2
	5
	171.5
	63.4
	2535
	M

	Charger SE
	19.73
	318
	140
	255
	8.5:1
	2.71:1
	2
	3
	215.3
	76.3
	4370
	A

	Cougar
	13.90
	351
	148
	243
	8.0:1
	3.25:1
	2
	3
	215.5
	78.5
	4540
	A

	Elite
	13.27
	351
	148
	243
	8.0:1
	3.26:1
	2
	3
	216.1
	78.5
	4715
	A

	Matador
	13.77
	360
	195
	295
	8.25:1
	3.15:1
	4
	3
	209.3
	77.4
	4215
	A

	Corvette
	16.50
	350
	165
	255
	8.5:1
	2.73:1
	4
	3
	185.2
	69
	3660
	A



Definitions: x₁ = displacement; x₂ = horsepower; x₃ = torque; x₄ = compression ratio; x₅ = rear axle ratio; x₆ = carburetor barrels; x₇ = transmission speeds; x₈ = overall length; x₉ = width; x₁₀ = weight; x₁₁ = transmission type (A = automatic, M = manual).
(a) Fit a multiple linear regression model relating gasoline mileage y to engine displacement x₁ and number of carburetor barrels x₆.
(b) Construct the analysis-of-variance table and test for the significance of the regression.
(c) Calculate R² and R²_adj for this model. Compare these with the R² and R²_adj for the simple linear regression model relating mileage to engine displacement in Problem 2.4.
(d) Find a 95% confidence interval for β₁.
(e) Compute the t statistics for H₀: β₁ = 0 and H₀: β₆ = 0. What conclusions can you draw?
(f) Find a 95% confidence interval on the mean gasoline mileage when x₁ = 275 in.³ and x₆ = 2 barrels.
(g) Find a 95% prediction interval for a new observation on gasoline mileage when x₁ = 257 in.³ and x₆ = 2 barrels.
Question 5. Life Expectancy Models
Rossman [1994] presents a study of the average life expectancy of 40 countries. The table below gives the data. LifeExp is the overall average life expectancy; LifeExpMale and LifeExpFemale are the average male and female life expectancy. The regressors are People-per-TV and People-per-Dr.
	Country
	LifeExp
	People-per-TV
	People-per-Dr
	LifeExpMale
	LifeExpFemale

	Argentina
	70.5
	4
	370
	74
	67

	Bangladesh
	53.5
	315
	6,166
	53
	54

	Brazil
	65
	4
	684
	68
	62

	Canada
	76.5
	1.7
	449
	80
	73

	China
	70
	8
	643
	72
	68

	Colombia
	71
	5.6
	1,551
	74
	68

	Egypt
	60.5
	15
	616
	61
	60

	Ethiopia
	51.5
	503
	36,660
	53
	50

	France
	78
	2.6
	403
	82
	74

	Germany
	76
	2.6
	346
	79
	73

	India
	57.5
	44
	2,471
	58
	57

	Indonesia
	61
	24
	7,427
	63
	59

	Iran
	64.5
	23
	2,992
	65
	64

	Italy
	78.5
	3.8
	233
	82
	75

	Japan
	79
	1.8
	609
	82
	76

	Kenya
	61
	96
	7,615
	63
	59

	Korea, North
	70
	90
	370
	73
	67

	Korea, South
	70
	4.9
	1,066
	73
	67

	Mexico
	72
	6.6
	600
	76
	68

	Morocco
	64.5
	21
	4,873
	66
	63

	Burma
	54.5
	592
	3,485
	56
	53

	Pakistan
	56.5
	73
	2,364
	57
	56

	Peru
	64.5
	14
	1,016
	67
	62

	Philippines
	64.5
	8.8
	1,062
	67
	62

	Poland
	73
	3.9
	480
	77
	69

	Romania
	72
	6
	559
	75
	69

	Russia
	69
	3.2
	259
	74
	64

	South Africa
	64
	11
	1,340
	67
	61

	Spain
	78.5
	2.6
	275
	82
	75

	Sudan
	53
	23
	12,550
	54
	52

	Taiwan
	75
	3.2
	965
	78
	72

	Thailand
	68.5
	11
	4,883
	73
	66

	Turkey
	70
	5
	1,189
	72
	68

	Ukraine
	70.5
	3
	226
	75
	66

	United Kingdom
	76
	3
	611
	79
	73

	United States
	75.5
	1.3
	404
	79
	72

	Venezuela
	74.5
	5.6
	576
	78
	71

	Vietnam
	65
	29
	3,096
	67
	63



(a) Fit separate multiple linear regression models for each response using People-per-TV and People-per-Dr as predictors.
(b) Test each model for the significance of the regression. What conclusions can you draw?
(c) Use t-tests to assess the contribution of each regressor to each model. Discuss your findings.
(d) Calculate R² and R²_adj for each model.
(e) Find a 95% confidence interval for the People-per-Dr regression coefficient in each model.
Question 6. Comprehensive Analysis of Wine Quality
Consider the wine quality data in the table below. For the purposes of this exercise, ignore regressor x₁ (wine varietal). Perform a thorough analysis of these data. What conclusions do you draw from the analysis?
	y
	x₂
	x₃
	x₄
	x₅
	x₆
	x₇
	x₈
	x₉
	x₁₀

	19.2
	3.85
	66
	9.35
	5.65
	2.40
	3.25
	0.33
	19
	0.065

	18.3
	3.73
	79
	11.15
	6.95
	3.15
	3.80
	0.36
	21
	0.076

	17.1
	3.88
	73
	9.40
	5.75
	2.10
	3.65
	0.40
	18
	0.073

	17.3
	3.86
	99
	12.85
	7.70
	3.90
	3.80
	0.35
	22
	0.076

	16.8
	3.98
	75
	8.55
	5.05
	2.05
	3.00
	0.49
	12
	0.060

	16.5
	3.85
	61
	10.30
	6.20
	2.50
	3.70
	0.38
	20
	0.074

	15.8
	3.93
	66
	4.90
	2.75
	1.20
	1.55
	0.29
	11
	0.031

	15.2
	3.66
	86
	6.40
	4.00
	1.50
	2.50
	0.27
	19
	0.050

	15.2
	3.91
	78
	5.80
	3.30
	1.40
	1.90
	0.40
	9
	0.038

	14.0
	3.47
	178
	3.60
	2.25
	0.75
	1.50
	0.37
	8
	0.030

	14.0
	3.91
	81
	3.90
	2.15
	1.00
	1.15
	0.32
	7
	0.023

	13.8
	3.75
	108
	5.80
	3.20
	1.60
	1.60
	0.38
	8
	0.032

	13.6
	3.90
	92
	5.40
	2.85
	1.55
	1.30
	0.44
	6
	0.026

	12.8
	3.92
	96
	5.00
	2.70
	1.40
	1.30
	0.35
	7
	0.026

	18.5
	3.87
	89
	9.15
	5.60
	1.95
	3.65
	0.46
	16
	0.073

	17.3
	3.97
	59
	10.25
	6.10
	2.40
	3.70
	0.40
	19
	0.074

	16.3
	3.76
	22
	8.20
	5.00
	1.85
	3.15
	0.25
	25
	0.063

	16.3
	3.76
	77
	8.35
	5.05
	1.90
	3.15
	0.37
	17
	0.063

	16.0
	3.98
	58
	10.15
	6.00
	2.60
	3.40
	0.38
	18
	0.068

	16.0
	3.88
	85
	6.85
	4.10
	1.50
	2.60
	0.33
	16
	0.052

	15.7
	3.75
	120
	8.80
	5.50
	1.85
	3.65
	0.39
	19
	0.073

	15.5
	3.98
	94
	5.45
	3.05
	1.50
	1.55
	0.41
	8
	0.031

	15.3
	3.69
	122
	8.00
	5.05
	1.90
	3.15
	0.27
	23
	0.063

	15.3
	3.77
	144
	5.60
	3.35
	1.10
	2.25
	0.36
	12
	0.045

	14.8
	3.74
	10
	7.90
	4.75
	1.95
	2.80
	0.25
	23
	0.056

	14.3
	3.76
	100
	5.55
	3.25
	1.15
	2.10
	0.34
	12
	0.042

	14.3
	3.91
	73
	4.65
	2.70
	0.95
	1.75
	0.36
	10
	0.035

	14.2
	3.60
	301
	4.25
	2.40
	1.25
	1.15
	0.42
	6
	0.023

	14.0
	3.76
	104
	8.70
	5.10
	2.25
	2.85
	0.34
	17
	0.057

	13.8
	3.90
	67
	7.40
	4.40
	1.60
	2.80
	0.45
	13
	0.056

	12.5
	3.80
	89
	5.35
	3.15
	1.20
	1.95
	0.32
	12
	0.039

	11.5
	3.65
	192
	6.35
	3.90
	1.25
	2.65
	0.63
	8
	0.053



Definitions: y = quality rating (20 maximum); x₂ = pH; x₃ = total SO₂ (ppm); x₄ = color density; x₅ = wine color; x₆ = polymeric pigment color; x₇ = anthocyanin color; x₈ = total anthocyanins (g/L); x₉ = degree of ionization of anthocyanins (%); x₁₀ = ionized anthocyanins (%).
Specify the multiple linear regression model and the inferential assumptions.
Examine descriptive summaries and pairwise relationships between the response and predictors.
Fit the full model using x₂,…,x₁₀; assess overall significance and report R² and adjusted R².
Use individual t tests and appropriate joint tests to identify important predictors, while considering multicollinearity.
Assess model adequacy using residual plots, normal Q–Q plots, leverage/influence diagnostics, and other appropriate checks.
Discuss whether transformations, variable reduction, or alternative modeling strategies are warranted.
Give a concise substantive conclusion about which wine characteristics are associated with quality after adjustment for the other variables.

Question 7. Linear Restriction in a Multiple Regression Model	
For the data (X₁, X₂, Y) = (−1, −1, 7.2), (−1, 0, 8.1), (0, 0, 9.8), (1, 0, 12.3), (1, 1, 12.9), the least-squares fitted model is  Ŷ = 10.6 + 2.10X₁ + 0.75X₂, and the residual mean square is 0.107 with 2 degrees of freedom. Test H₀: β₁ = 2β₂ versus H₁: β₁ ≠ 2β₂.
(a) Express the null hypothesis as a general linear restriction Rβ = r, where β = (β₀, β₁, β₂)ᵀ.
(b) Construct the appropriate test statistic using the estimated regression coefficients and their covariance matrix. Clearly state the degrees of freedom.
(c) Carry out the test at the 5% significance level and state your conclusion in the context of the restriction on the regression coefficients.
(d) Explain why this is a test of a linear restriction rather than two separate tests on β₁ and β₂.
Question 8. Prediction and Uncertainty in Multiple Regression
Suppose a multiple linear regression model for annual energy consumption (Y, in MWh) is
Ŷ = 18.5 + 0.42X₁ + 1.80X₂ − 0.30X₃,
where X₁ is floor area (100 m²), X₂ is the number of occupants, and X₃ is the average outdoor temperature (°C). The estimated error variance is s² = 16.0. For a new building, x₀ = (1, 12, 4, 18)ᵀ, where the first component corresponds to the intercept. The fitted design matrix has (XᵀX)⁻¹ available, and for this x₀ the value x₀ᵀ(XᵀX)⁻¹x₀ = 0.045.
(a) Calculate the point prediction of annual energy consumption for the new building.
(b) Construct a 95% confidence interval for the mean annual energy consumption of buildings with these predictor values. Use the appropriate t critical value with n − p − 1 degrees of freedom, where n = 50 and p = 3.
(c) Construct a 95% prediction interval for the annual energy consumption of one future building with these same predictor values.
(d) Explain mathematically why the prediction interval is wider than the confidence interval for the mean response.
(e) Suppose the new building has a floor area substantially outside the range observed in the original sample. Explain why the numerical prediction interval alone may not adequately communicate the reliability of the prediction.
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