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Notations and normal equations:
Let

** v treatments have to be compared
¢ b blocks are available
“* k:: Number of plots in it" block (i = 1,...,b)
¢ r;: Number of plots receiving j* treatment (j = 1,...,v)
** n: total number of plots
N=r+r+..+r =K +k, +...+k;
+* Each treatment may occur more than once in each block
or

may not occur at all.



Notations and normal equations:

n; : Number of times the j* treatment occurs in i*" block.

Similarly, n, =1 means that j™ treatment occurs ini™ block and

n; =0 means that j" treatment does not occurs in the i*" block.

Zvlnij =k i=1..Db
j=1
dong=r j=L..v

n:Z Zj:nij



Model:
Let y,;,: denotes the response (yield) from the m replicate

of jt" treatment in i*" block and

Yiim = p, T 7T T &ijn 1=1,...,b, J=1,..,v, m :1,...,nij

[Note: We are not considering here the general mean effect in
this model for better understanding of the issues in the
estimation of parameters. Later, we will consider it in the

analysis.]



Model:

Following notations are used in further description.
Block totals : B,B,,...,B, where B => >y,
joom

Treatment totals: V,,v,,...V, where v .=%%"y

Grand total : v => >y
i joom

Generally, a design is denoted by D(v,b,r,k,n) where v, b, r, k

and n are the parameters of the design.



Model: Example
Let us consider an example to understand the meaning of

these notations. Suppose there are 3 blocks (Block 1, Block 2
and Block 3) and 5 treatments (7, ,7,,75, 74, T5).

Sob=3and v=5.

These treatments are arranged in different plots in blocks as

follows:
Block 1: 5 plots Plot 1 Plot 2 Plot 3 Plot 4 Plot 5
Block 2: 4 plots Plot 1 Plot 2 Plot 3 Plot 4
. TZ 2-4 2-5 TS
Block 3: 2 plots | Plot1 | Plot2
7, 7,




Model: Example
k.

[
Number of plots in Block 1: k;, =5
Number of plots in Block 2: k, = 4
Number of plots in Block 1: k; = 2
ry

Number of times 7, appears in

e Block1=2
e Block2=0
e Block3=0.

Total number of times 7, appears in the entire design

is rp=2+0+0=2.

Block 1: 5 plots

Block 2: 4 plots

Block 3: 2 plots

Plot 1

Plot 2

Plot 3

Plot4

Plot 5

Plot 1
7,

Plot 2
Ty

Plot 3

Plot4

Plot 1

Plot 2




Block 1: 5 plots | Plotl | Plot2 | Plot3

Plot 4

Plot 5

Model: Example

Block 2: 4 plots | Plot1 | Plot2 Plot 3

Plot 4

r,

Block 3: 2 plots | Plotl | Plot2

Number of times 7, appears in

e Block1=2
e Block2=1
e Block 3 = 2.

Total number of times 7, appears in the entire design

is r,=2+1+2=5.




Block 1: 5 plots | Plotl | Plot2 | Plot3

Plot 4

Plot 5

Model: Example

Block 2: 4 plots | Plot1 | Plot2 Plot 3

Plot 4

r
3 Block 3: 2 plots | Plotl | Plot2

Number of times 7; appears in

e Blockl=1
e Block2=0
e Block3=0.

Total number of times 7; appears in the entire design

is r3=1+0+0=1_




Block 1: 5 plots | Plotl | Plot2 | Plot3

Plot 4

Plot 5

Model: Example

Block 2: 4 plots | Plot1 | Plot2 Plot 3

Plot 4

r
4 Block 3: 2 plots | Plotl | Plot2

Number of times 7, appears in

e Block1=0
e Block2=1
e Block3=0.

Total number of times 7, appears in the entire design

is r,=0+1+0=1.
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Block 1: 5 plots | Plotl

Model: Example

Block 2: 4 plots | Plotl

re Block 3: 2 plots | Plotl

Number of times 7, appears in

e Block1=0
e Block2=2
e Block3=0.

Total number of times 7; appears in the entire design

is ry=0+2+0=2.

Plot 2 Plot 3 Plot 4 Plot 5
z-1 4 7, 7, TB
Plot 2 Plot 3 Plot 4
TE T4 Ts Ts
Plot 2
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Model: Example

ny;
Total number of times
Total number of times
Total number of times
Total number of times

Total number of times

Block 1: 5 plots | Plotl Plot 2

Plot 3

Plot 5

Block 2: 4 plots | Plotl Plot 2

Plot 3

Block 3: 2 plots | Plotl Plot 2

4
TZ
3
T,

(&

appears in Block 1:
appears in Block 1:
appears in Block 1:
appears in Block 1:

appears in Block 1:

ny;,=2
ny,=2
n;=1
n,=0
n,:=0




Model: Example

n,;
Total number of times
Total number of times
Total number of times
Total number of times

Total number of times

Block 1: 5 plots | Plot1l

Plot 2 Plot 3

Plot 4

Plot 5

Block 2: 4 plots | Plotl

Plot 2 Plot 3

Plot 4

Block 3: 2 plots | Plotl

appears in Block 2:
appears in Block 2:
appears in Block 2:
appears in Block 2:

appears in Block 2:

n, =0
n,,=1
n,; =0
ny,,=1
Ny =2




Model: Example

ns;
Total number of times
Total number of times
Total number of times
Total number of times

Total number of times

Block 1: 5 plots | Plotl Plot 2

Plot 3

Plot 4

Plot 5

Block 2: 4 plots | Plotl Plot 2

Plot 3

Plot 4

Block 3: 2 plots | Plotl Plot 2

appears in Block 3:
appears in Block 3:
appears in Block 3:
appears in Block 3:

appears in Block 3:

n;; =0
n;, =2
n;; =0
n;,, =0
n;: =0




Model:

Example: y;,
Yim : response from the m™ replicate of j™ treatment in /"
block,i=1,2,3; j=1,23,45,m=1,2,.., n;

Following are the notations for for y;;, different treatments in

the blocks

Block1: | © b 7 7 2
Yin Yi12 Y121 Yi22 Y131
T T T
Block2: |% 4 5 5
Y221 Yaa1 Yas1 Yas2
Block3: | 3
Y321 Y322




° . 7, T T T T.
Model: Example Block1: |7, [T, | n o fn o n
. TE Ty s Ts
Block 2: Y221 Yau Y251 Y232
Block3: |2 = |%
Y321 Y32
Vi

B,
B,
B;

Yimr T Y2t Vi1 T V12 T Vi

Y2211 Y241t Vas1 T Yas2

Y3211 Y322

Vi= YtV

Vo= Vi1t V122t Va21 + V321 + Va2

V3= Va1

Vi= Yo

V= Vas1t Yos2
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Normal equations:
Minimizing § zxxygij%m with respect to 5, and r,, we obtain

i j m
the least-squares estimators of the parameters as follows:

S = ZZZ(yU‘m - b _Tj)2

op P
or B-4 > >1->17,>1=0 (1)
] m J m
or B=pgk+nz+n,z,+...+n,7, 1=1..D

B, =Bk +Y z,n, [bequations]
j



Normal equations:

s_jzo EZZ(yUm —-p—7;)=0

or Z;yijm—Zﬁi;l—rjizzmﬁ:o

VJ_ZIBinij_TjZnij =0 (2)
or V,=n,B+n,,B+.+n; G +r7, J=12,..V

or V, = Z,Binij +1,7; [V equations]
|

Equations (1) and (2) constitute (b + v) equations.



Normal equations:
Note that ' equation (1) = > _equation (2)
i j

iazzw
2zzw)-3(zow)

i j

Thus there are at most (b + v - 1) degrees of freedom for

estimates. So the estimates of only (b + v - 1) parameters can

be obtained out of all (b + v) parameters.

[Note: We will see later that degrees of freedom may be less

than or equal to (b + v - 1) in special cases. Also, note that we

have not assumed any side conditions like Y ¢, => 5. =0 as in
i i

the case of complete block designs.]



Estimation of parameters:

To obtain the estimates of the parameters, there are two
options-

1. Using equation (1), eliminate ,Bi from equation (2) to
estimate 7; or

2. Using equation (2), eliminate 7; from equation (1) to

estimate [. .



Estimation of parameters and treatment totals:

We consider first the approach 1., i.e., using equation (1),

eliminate S from equation (2).

o]

Vj = nlj,B1 +...+ nbj,Bb +1,7;

1 1
=Ny |:k_(Bl -y, nlvz-lv):|+ n,; {k_(Bz Ny Ty =Ny T v):|
I 2

1
bj kb

From equation (1),

Use it in (2) as follows.
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Adjusted treatment totals:

1 1
=Ny L(—(B1 — N, T = — nlvflv):|+ n,, L(—(B2 —N, 7, = — nzvrv)} +...

1 2

1
+n L(—(Bb —N, 7, —...— nvav):|+ Iz,

b
n.B. n.B n.B nn. n.n. n.n.
or Vj_ 171 2] 2_“._ bj —b =T1|:— 11y 721 21_“._ b1 bj:|_|_m
kl k2 kb kl k2 kb
n.n. n,.n,. n.n
17| = v '1j 2vi2j bv" "bj +r.r., J:L ,V
v k k |
1 2 b
or
& nu BI nllnlj nblnbj nlvnlj Iqbvnbj
=1 ki kl kb kl b
or
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Adjusted treatment totals:

n,.B n.B
S AL
kl I(b

where Q; =V, —{ }, ]=12,..,Vv

are called adjusted treatment totals.

[Note: Compared to the earlier case, the jt" treatment total V;is
b

n. B.
adjusted by a factor IIJ< -, that is why it is called “adjusted”.
i=l1 i

The adjustment is being made for the block effects because

they were eliminated to estimate the treatment effects.]



Adjusted treatment totals:
Note that

k: : Number of plots in it" block.

%; is called the average (response) yield per plot from ith

block.
n.. B.

';( ' . is considered as an average contribution to the jt"

treatment total from the it" block.
Q; is obtained by removing the sum of the average

contributions of the b blocks from the jt" treatment total V;.



