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We have the following relations from the manipula-
tor kinematics and dynamics theory:

ẋ = Jθ̇ (1)
τ = JTF (2)

where, J is the Jacobian relating the joint veloci-
ties θ̇ with the end-effector velocities ẋ. The joint
torques are in the vector τ and the force load at the
end-effector is F. From Eq. (2), we can write:

τ Tτ = FTJJTF (3)

For all the joint torques to be in a unit hyper-sphere,
we have τ Tτ = 1. Therefore,

FT(JJT)F = 1 (4)

Here, JJT is a square, real symmetric matrix, and
therefore can be diagonalized as:

JJT = SΛST (5)

where, the diagonal matrix Λ contains the eigen
values on the diagonals, and the matrix S contains
the eigen vectors on its columns. Substituting this
back in Eq. (4), we obtain:

(STF)TΛ(STF) = 1 (6)

Let STF = f , which gives F = Sf . This implies,
that coordinates f of the force vector F are written
in the reference frame formed from the column vec-
tors of S i.e. the eigen vectors of the matrix JJT.
The substitution STF = f in Eq. (6) gives:

fTΛf = 1 (7)

which can also be written in the form:

λ1f
2
1 + λ2f

2
2 + ....+ λnf

2
n = 1 (8)

Thus, in the coordinate system formed by the eigen
vectors s1, s2 ..., sn (the column vectors of the ma-
trix S), the end-effector forces appear on the surface
of an ellipsoid with axes lengths as 1

λ1
, 1
λ2
, ..., 1

λn
, if

the joint torques are in a unit hyper-sphere. Here, n
is the dimension of the cartesian space (end-effector
space).
Now, let’s consider the velocity ellipsoid. Rewrit-

ing Eq. (1) as:

θ̇ = J#ẋ (9)
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Figure 1: Force ellipsoid in red, velocity ellipsoid in
blue for a two link-manipulator
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Figure 2: Force (red), velocity (blue) ellipsoids rel-
ative to a two link-manipulator: schematic

where, J# is the pseudo-inverse of J. Thus,

θ̇Tθ̇ = ẋJ#TJ#ẋ = ẋ(JJT)#ẋ (10)

For the joint velocities in a unit hyper-sphere,
ẋTẋ = 1. Hence,

ẋ(JJT)#ẋ = 1 (11)

This equation is similar to Eq. (4), with (JJT)#

appearing, which is inverse of JJT in Eq. (4).
Therefore, the eigen vectors of both the matrices
are identical, while their eigen values are inverse of
each other. Hence, proceeding as done previously
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for the force ellipsoid, we obtain:

ẏTΛ−1ẏ = 1 (12)
where, ẋ = Sẏ (13)

ẏ2
1
λ1

+ ẏ2
2
λ2

+ ....+ ẏ2
n

λn
= 1 (14)

Comparing the Eq. (14) with Eq. (8), we can say
that the lengths of all the axes of the two ellipsoids
are inversed. Specifically, in case of a two-link ma-
nipulator, if we say λ1 > λ2, we have:

ẏ2
1
λ1

+ ẏ2
2
λ2

= 1 (15)

f2
1

1/λ1
+ f2

2
1/λ2

= 1 (16)

Due to inversion of the lengths of the axes, the
two ellipsoids appear orthogonal to each other (Fig.
1). Figure 2 shows the schematic of ellipsoids rela-
tive to the manipulator.
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