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.. finite element fornlulation for tI,e computatioll of ViSCOIIS, ullstead}' flows ill sllpersollic K'illd-tlllllle[\' i.\'
and implemented. The goverllillg equations are tI,e ullstelltl:v Navier-Stokes eqllatiolls ill tI,e col'.\'ervlltit)n

TIle implenlentation is based OIl tI,e implicit forlmllatioll of tI,e goverllillg eqllatiolls lllld nOll-linetlr
The eqllation systenls, resultillg fronl tI,e discretization,

GMRES teclllliqlle. Results are pre.\"ellted for flow throllgh tl tllllllel
_c . For a plirticillar diffilser geolllett:V. tI,e effect of

to exit pressure-ratio is investigated. In Olle of the simillatiolls the start-lip problenl of the wind-tull/lel
of small cross-section area is im'estigated.

finite-element fonnulations are employed to
viscous flows in supersonic wind tunnels. The

equations are cast in their conservation law
and the finite element method based on the

- variables fonnulation is utilised to solve the
equations on unstructured meshes with triangular
...~. The solution to the equation system from the
element discertization is computed via the GMRES. Minimal RESidual) method in conjunction

- ,. The tunnel consists of
block, test section and diffuser. A typical

'-'. inFigure I.

converging-diverging minimum-length nozzle is
by the method of characteristics for Mach 5

The test-section to nozzle throat area ratio is
: ,--- of the test-section is AI and the -length
The various parameters in the diffuser geometry

its perfonnance are A2/A] , Lc, Ls, and the
divergent angles. ~n the present study, the

are fixed to 10 deg. and the effect of
- is studied. In

cases that is considered the area ratio A2/A1 is
smaller than the critical value below, which the
fails to start. The effect of the exit-to-reservoir

ratio is also investigated. The present work is
. better understanding of the supersonic

and to a powerful tool for design of supersonic

Jorm, are

op X7+ ~.(p u) = 0 on n for (0, T)-
8t

~
of +V.(pu u)+Vp-V.T=O on n for (O,t:

2)

8(pe) + V.(pe u)+ V.(pu)- V.(Tu) + VQ =0

element fonnulations employed in this work are
proven and have been applied on many problems

. flows. For example, see the articles by
The fonnulations are being extended to the

flows. They have been tested on standard
problems (for example, supersonic flow

duct with two throats presented in a,GI\¥~
and produced satisfactory results. "There have

computational efforts in the past by various

- orl, (), for(O,'f)
1:91 -- - .

...(3)
Here p, u, p, T, e and q are the density, velocity, pressure,
viscous stress tensor, the total energy per unit mass, and the
heat flux vector, respectively. The viscous stress tensor is
defined as

T = ,Li(Vl1) + (VU)T, + A(V.U)/. ...(4)

Where /.l and A are the viscosity coefficients. It is assimled
that /.l and A are related by

2A = --II ...(5)

3"""
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other researchers relating to various components in tl1is
study. Polsky and Cambier [3] studied the transient flow
through a shock tunnel using Euler equations, Chen,
Chakravarthy and Hung [4] used the Reynolds-averaged
Navier-Stokes equations to study separated flow through
converging-diverging nozzles and Agrow and I:manuel [5]
investigated transonic flow field in a 2D minimum length
nozzle.

THE GOVERNING EQUATIONS

Let n c 9{n..J and (O,T) be spatial and temporal domains

respectively, where nsd is the nwnber of space dimensions,

and let rdenote the boundary of n. The spatial and
temporal co-ordinates are denoted by x and 1.. The Navier-
Stokes equations governing the fluid flow, in conservation
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sharp gradients. The stabilization coefficients & and or
defined as
r=max[O"a - '0]

~i1j~

[(~~ )2 ( ~ )2) , j + h2

'" ' )

.(23)

.(24)l.
h

£5
I

2(c+lluIIY ;,

II~+A~II
{!.)~qt 'g'~';~A;:

.:~~"~~J2Ic~~
11 j, iJxi!II,.,,-t II OX; ",,-1

v.11e;e c isth~wave Speed, h is the element length, J are
jt

;;." components of Jacobian transformation matrix from
physical to the local co-ordinates and Au -I is the inverse of

Reimannian metric tensor related to the transformation
between the conservation and entropy variables [6]. Matrix

I". is subtracted from Ta to account for the shock-capturing

term as shown in Eq. (23). The time discretization of the
variational formulation given by Eq. (22) is done via the

generalized trapezoidal r:ule.
RESULTS AND DISC.USSIONS

Figure I shows a typical wind tunnel that is simulated in
the present work. It also indicates the boundary conditions
used in the computations. At the upstream boundary the
stagnation pressure (Po) and total enthalpy (ho) are
specified along with the direction of the flow (along the x-
axis). The flow velocity at the inlet is unknown and so is
.:_- density. It is assumed that the flow between the
reservoir and upstream boundary is isentropic and this
condition is used to relate the density and pressure at the
upstream boundary to the ones at reservoir (stagnation
values). The walls of the tunnel are assumed to be
maintained at the stagnation temperature and the velocity
satisfies the no-slip condition. At the outlet, the exit
pressure is specified while the viscous stress vector is
assigned a zero value. In most of the calculations, to save
on the computational expenses, only one half of the tunnel
is simulated and symmetry conditions are imposed along
;;'1; tunnel centre-line: the vertical component of the
velocity is set to zero and so are the viscous and heat flux
vectors. All the boundary conditions are implemented in
an implicit manner that leads to their strong enforcement
and minimize the associated numerical instabilities. The
computations are initiated with zero flow condition and the
pressure in the entire domain in initialized to a value
corresponding to the exit pressure (Pe)' The pressure at the
inlet is ramped to its final value (= Po) in 100 time units
(non-dimensionalized with respect to the test-section half
height, At and the speed of sound at reservoir). Physically,
,;,;" corresponds to the linear opening of the valve
do~tream of the pressurized gas tank for the blow-down.

(25)

(26)

Typically, the time-step used in the computation is 0.1.
The Reynolds number, based on the test section half-height
(AJ, speed of sound, density and viscosity at reservoir
conditions, is 107. Equal-in-order-interpolation linear
elements are used for the computations. The finite-element
mesh consists of a few layers of structured mesh close to
the tunnel walls and the rest of the domain is filled with an
unstructured mesh obtained via Delaunays's triangulation.

Figure 2 shows the finite element mesh and the mach
contours at various time instants of a simulatioQ, with
A2/A1=0.3 and pJPe=500. It is well know that with this area
ratio, irrespective of the pressure ratio, the tunnel should
not start. Our computations lead to the same observation.
In the early stages of the simulation, as the upstream
pressure builds up, the flow develops in the nozzle and
appears like an overexpanded jet. The pulsating behaviour
of the flow and the attraction of the"jet towards the tunnel
wall due to Coanda Effect can be observed from the figure.
Figure 3 shows the variation of the centre-line pressure and
mach number for various times.
Next, for a fixed reservoir to exit pressure ratio (Po/Pe=25),
the effect of the diffuser to test-section area ratio (A2/A1)
is studied. Figures 4 and 5 show the time evolution of the
flow through the tunnel for a diffuser with A2/A)=O.6.
Beyond a certain time, the flow develops very slowly. The
computations have been carried out for a vety large non-
dimensional time. Not much change is observed between t
= 10,000 and t = 25,000. Therefore, it can be concluded
that the tunnel fails to start with this diffuser geometry too.
Figures 6 and 7 show the results of the computations for a
diffuser with A2/A1=0. 7. After the initial transience, the
flow in the tunnel is established. Since the nozzle is
designed for inviscid flow, it is not optimal for viscous
flows and weak shocks can be observed in the nozzle block
and the test section. The undulating boundary layer
thickness in the constant area section of the diffuser due to
the reflected oblique shock system can be noticed. The
present mesh is not fine enough to resolve the interesting
shock-wave/boundary-layer interaction. We are currently
working on adaptive methods to resolve these flow
structures in greater detail. From the variation of the
steady-state pressure along the tunnel centreline it can be
observed that most of the pressure recovery takes place in
the constant-area section of the diffuser before the
divergent section and very little contribution from the
downstream part. The centre-line outflow mach number is
approximately 1.1. However, the boundary layer is thick
and a significant portion of the outflow close to the wall is
subsonic. Results for A2/A)= 0.8 are shown in Figures 8
and 9. From these figures it can be concluded that the
efficiency of the diffuser for this area ratio is lower than
that for A2/A1 = 0.7. A shock in the nozzle block causes
the flow to separate and consequently the core of the flow
in the test section is far from being one-dimensional. From
the plot for steady-state variation of pressure and mach
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