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ABSTRACT. In this paper we initiate a quantitative study of strong proximinal-
ity. We define a quantity €(z, t) which we call as modulus of strong proximinal-
ity and show that the metric projection onto a strongly proximinal subspace Y’
of a Banach space X is continuous at z if and only if €(z, t) is continuous at
whenever t > 0. The best possible estimate of ¢(z, t) characterizes spaces with
1% ball property. Estimates of €(x,t) are obtained for subspaces of uniformly

convex spaces and of strongly proximinal subspaces of finite codimension in

C(K).

1. INTRODUCTION

Let X be a Banach space and Y a closed subspace of X. The metric projection of
X onto Y is the set valued map defined by Py (x) ={y € Y : ||z — y|| = dist(z,Y)}
for x € X. If for every x € X, Py (z) # 0, we say that Y is a proximinal subspace
of X.

For a Banach space X, we denote the closed unit ball and the unit sphere by Bx
and Sx respectively. In general the open ball and the closed ball of radius r around
x € X will be denoted by B(xz,r) and Bz, r] respectively. We restrict ourselves to
real scalars. All subspaces we consider are assumed to be closed.

For z € X \'Y and given any t > 0, there exists y € Y such that ||z — y|| <
dist(x,Y)+t. If we call such a y as a nearly best approximation to z in Y, a natural
question is whether y is close to an actual best approximation of z in Y. Clearly
we are demanding more than proximinality of Y in X and in [5] the authors called

such a subspace as a strongly proximinal subspace.

Definition 1.1. Let Y be a closed subspace in a Banach space X and x € X. For

t > 0, consider the following set

Py(z,t)={y €Y : |z —y| <dist(z,Y) + t}.
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A proximinal subspace Y is said to be strongly proximinal at x € X if for given
€ > 0 there exists a t > 0 such that

Py(l‘,t) - Py(l') + EBy.

It is to mention here that Vlasov studied the same notion under the name H-set
[12]. Also [11] considered the notion of local U-proximinal subspaces and in [1] it

was established that the local U-proriminality is same as the strong proximinality.

One of the main motivations to study strongly proximinal subspaces is for many
natural classes of Banach spaces X, if Y is a strongly proximinal subspace of X,

then Py has nice continuity properties. We need the following definitions.

Definition 1.2. (a) Py is called lower Hausdorff semi-continuous (hence-
forth 1Hsc) at z if given € > 0, there exists § > 0 such that for every z
satisfying ||z — z|| < § we have Py (z) C Py(z) + By

(b) Py is called upper Hausdorff semi-continuous (henceforth uHsc) at x if
given £ > 0, there exists 6 > 0 such that for every z satisfying ||z — z|| < ¢
we have Py (z) C Py(z) + ¢By.

(¢) Py is called Hausdorff metric continuous at z if it is continuous as a
single valued map from X to 2Y with respect to the Hausdorff metric d,
defined as follows:

dn(A, B) = max{sup dist(x, B), sup dist(y, A)} A, B € 2Y.
zeA yeB

Remark 1.3. (a) It is a simple consequence of the definition that if ¥ is a
strongly proximinal subspace then Py is uHsc.

(b) If Y is proximinal in X, then Py is Hausdorff metric continuous if and
only if Py is both 1Hsc and uHsc.

(¢) Sometimes in the literature (see [3, 8]) lower Hausdorff semi-continuity

is referred as strongly lower semi-continuity.

Remark 1.4. For a subspace ¥ C X, let D(Y) denote the set {z €
Sx : dist(z,Y) = 1}. A simple normalization shows that to check the strong prox-
iminality of Y and the continuity of Py, it is enough to verify them for x € D(Y').

In [8] it was shown that if X C ¢g and Y C X is a strongly proximinal subspace
of finite codimension in X, then Py is Hausdorff metric continuous. More general
results were obtained in [3], where the authors showed that if X is a Banach space
with Property (%) (see [3] for the definition of Property (%)) and ¥ C X is a
proximinal subspace of finite codimension, then Py is IHsc. By [3], every separable
polyhedral space has a renorming with Property (x). In particular, if 1 < a < wy is
a countable ordinal then the space C(w®) is an £;-predual and hence isomorphically

polyhedral space. Thus C(w®) has a renorming with Property (x) (see [7]).
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In [2], it was shown that if YV is a strongly proximinal subspace of finite codi-

mension in C(K), then Py is continuous in Hausdorff metric.

However, a recent result by Indumathi in [9], shows that if Y is a proximinal
subspace of X of finite codimension such that Y is polyhedral, then Py is 1Hsc.
Hence, by Remark 1.3(a), it follows that for a strongly proximinal subspace Y of
X, if Y+ is polyhedral then Py is continuous. Thus the results mentioned above

now follow as corollaries to the result in [9].

In this paper we initiate a quantitative study of strong proximinality. Taking cue
from [11] and a result from [1] (see below), we define a local modulus of strong prox-
iminality and establish that the continuity of Py on strongly proximinal subspaces
is equivalent to the continuity of this modulus. Further, we estimate the values of
this modulus on certain spaces. Also, we show that the best possible estimate of

modulus of strong proximinality characterizes spaces with lé—ball property.

In [11], (local) U-proximinality was defined through a function e : X \ Y x Rt —
R*. If Y is locally U-proziminal, by [11, Theorem 3.3], a sufficient condition for

continuity of Py is that e(-,t) is upper semi-continuous on X \ Y for each ¢ > 0.

However, in [1, Proposition 3.1] it was noted that the function ¢ defined by Lau
coincides with dy(Py (x), Py (z,t)) on D(Y). As a consequence it follows that Y is
locally U-proziminal if and only if Y is strongly proximinal. Taking cue from this
observation and the above mentioned result of Lau, we define the following quantity

which we call as modulus of strong proximinality.

Definition 1.5. Let Y C X be a proximinal subspace. The modulus of strong
proziminality € : X \'Y x RT — R is defined by

g(xz,t) =inf{r >0: Py(z,t) C Py(z)+rBy}.

Intuitively, (z, t) measures how close a nearly best approximation of z in Y is

to an actual best approximation of x in Y.

In Section 2 we first show that for each z, e(x,-) is continuous at ¢ > 0 and it
is continuous at ¢ = 0 if and only if Y is strongly proximinal. Our main result in
Section 2 is that if Y is a strongly proximinal subspace then Py is continuous at
x if and only if e(-,t) is continuous at x for each ¢ > 0. This will be done in two
parts: First we show that for any proximinal subspace Y C X, if Py is uHsc at x
then e(-, %) is Isc at = and if Py is IHsc at « then e(-, %) is usc at z. Next we show
that if e(z,-) is continuous at 0 and £(-,¢) is usc at x for each ¢ > 0, then Py is
IHsc at 2. Since continuity of e(x,-) at 0 already implies Py is uHsc, we conclude
our result. Note that in the process we also recover [11, Theorem 3.3] which, in

combination of [1, Proposition 3.1], just gives the sufficient part.
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Section 3 is devoted to study of quantitative estimates of €(-,-). In particular
we consider subspaces with 1%—ball property, subspaces of uniformly convex spaces
with power type modulus of convexity and strongly proximinal subspaces of finite
codimension in C(K).

We show that the best possible estimates for € is e(x,t) < t, that is, e(x,t) is
proportional to ¢ for all x and this happens if and only if Y has 1%-ball property
in X.

Definition 1.6. Y C X is said to have the 1%—ball property in X ifx € X, y €Y,
Blz,r]NY # 0 and ||z —y|| < r+ s, then the intersection Y N Bz, r] N Bly, s] # 0.

From our result it follows, in particular, that if Y has 1%—ball property in X then
Py is 2-Lipschitz continuous which was observed in [10, Section 2.6].

For examples of subspaces with 1%—ball property see [13] and [10, Section 2.6].

For uniformly convex spaces with modulus of convexity §(¢) having power type p,
we show that there exists a function g such that e(z,t) < g(, d)t%, d = dist(z,Y),
where g is Lipschitz in first variable and locally Lipschitz in the second variable.
Since the local component depends only on dist(z,Y’), in particular, on D(Y), Py
is Lip% function.

We next consider strongly proximinal subspaces of finite codimension in C(K).
Here also we show that for f € C(K)\Y, there exists a constant C and tg, both
depending on f such that e(f,t) < Ct for all t < tg. However, we do not know if
in this case Py is locally Lipschitz.

For a closed subspace X C ¢y and proximinal subspaces of finite codimension in

X, the same technique as in the case of C(K) applies.

2. CONTINUITY PROPERTIES OF (-, -)
We start with the following lemma.

Lemma 2.1. Let Y C X be a proxziminal subspaces. Then for each fized x € X \Y,
e(z,+) is a continuous and increasing function of t whenever t > 0. Moreover if
dist(z,Y) = d and t > s, then e(z,t) —e(z,s) < (t — s) 2Lt

Proof. That e(z,-) is an increasing function of ¢ follows from definition. Let s > 0
and t = s +mn,n > 0. For any e1 > e(x,s), Py(z,s) C Py(x)+ e1By. We will
show Py (z,t) C Py (z,s) + (t — s) 22 By and hence Py (z,t) C Py (z) + (e1 + (t —
s)24t) By . Tt follows that e(z,t) < e(z,s) + (t — 5)2LtL,

Let y € Py (w,t). Since t = s+, ||z — y[| < d+ s +n. Choose yo € Py (z) and
consider § = (1—X\)y+Ayo, where A = —L-. Then ||[z—7| < (1=X)(d+s+n)+Ad =

s+n”
d+s+n—As— I =d+s. Hence § € Py(x,s).
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Also, [ly =gl = My = woll = 535 ly — 2l + lz = woll) < 535 d+s+n+d) =

2d+s+n
N=atn d

The following lemma is an easy consequence of the definition of strongly prox-

iminal subspaces.

Lemma 2.2. A subspaceY in a Banach space X is strongly proximinal if and only
if for each v € X \'Y, e(x,t) = 0 ast — 0.

The next two propositions determine the continuity of (-, ¢) from the continuity
of Py.

Proposition 2.3. Suppose Y is a proximinal subspace of X and Py is [Hsc at
x € X\Y. Then for every t > 0, e(-,t) is usc at x.

Proof. Let t > 0 be fixed and x,, — x. We need to show that limsupe(z,,t) <
e(xz,t). Let d, = dist(a,,Y).

Let o > e(x,t). Choose r > 0 such that o > a —r > e(x,t). Hence Py (x,t) C
Py(z) + (o — r)By. For any 8, with ¢t > 8 > 0 and n large enough we have
Py (zn,t—B) C Py(x,t) C Py(z)+ (o —1)By. Using the fact that Py is 1Hsc at z,
we have, for large n, Py (z) C Py (z,)+ 5 By. Hence we have a— § > e(xy,,t— ) >
e(xn,t) — B % - where the last inequality follows from Lemma 2.1. Note that
d, — d and taking limsup as n — oo we have a — § > limsupe(z,,t) — ﬂ@.

But 3 is arbitrary and hence the result follows. O

Proposition 2.4. Suppose Y is a proziminal subspace of X and Py is uHsc at
x € X\Y. Then for every t > 0, e(-,t) is lsc at x.

Proof. Let t > 0 be fixed and z,, — x. We need to show that liminfe(x,,t) >
e(x,t).

Let a < g(x,t). Choose r > 0 such that @ < a + r < &(z,t). If along some
subsequence, €(2y,t) < a then Py (2,,t) C Py (x,)+ (a+ §)By. Since Py is uHsc
at x, for large n, Py (x,) C Py(x) + § and hence Py (z,,t) C Py(z) + (o + §)By.
Now for any § satisfying ¢t > 8 > 0 and large n, Py (z,t — 3) C Py (x,,t). Thus we
have a4 § > e(x,t — ) > e(w,t) — ﬁ@. Since the choice of 3 is arbitrary, this

contradicts the choice of «. O
Combining Proposition 2.3 and Proposition 2.4 we have the following result.

Theorem 2.5. LetY be a proriminal subspace of X. If Py is continuous at x then

for every t > 0, (-, t) is continuous at x.

We now state our main result of this section.
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Theorem 2.6. Let Y be a strongly proziminal subspace of X. Then Py is contin-

uous at x if and only if for every t > 0, e(-,t) is continuous at x.

Proof. Only if part follows from Theorem 2.5. To show the if part, let Y be strongly
proximinal and € > 0. By continuity of e(x,-) at 0, there exists t; > 0 such
that e(z,t9) < §. Now let », — x. Since (-, ty) is continuous at x, we have
lime(xy,to) = (x,t9) and hence for n large e(xn, to) < e(z,t0) + 5.

Also for n large,
€
Py (z4) € Py(2,t0) © Py () + (e(2,t0) + ) By

and

Py () C Py (wm,to) C Py () + (an, t0) (1 + %)By.

Thus, dp(Py (z), Py (2,)) < max{e(z,to) + §,e(zn, to)(1 + 1)} < (e(z,t0) +
D+3)<e

This shows that Py is continuous at x. O

Remark 2.7. Note that for the if part, we only need to use that for every ¢ > 0,

(-, t) is usc at x. A similar result was obtained in [11, Theorem 3.3].

3. ESTIMATES FOR &(x,t)

We first take up the subspaces with 1%—ball property. We need the following

known result [6].

Theorem 3.1. Let Y be a proximinal subspace of X. Then the following statements
are equivalent.
(a) Y has the 13- ball property.
(b) Foreachz € X andy € Y we have ||z—yl|| = dist(z,Y)+dist(y, Py (x)).
(¢) For each x € X we have ||z| = dist(z,Y) + dist(0, Py (z)).

In the following theorem we characterize subspaces with 1%—ball property in

terms of the modulus of strong proximinality.

Theorem 3.2. Let Y C X be a proximinal subspace. Then'Y has lé—ball property
in X if and only if for allx € X \Y, e(x,t) <*t.

Proof. Suppose Y has the 1% - ball property. Let d = dist(z,Y) and y € Py (z,t).
Then, by Theorem 3.1, d+dist(y, Py (z)) = ||x—y|| < d+t. Therefore d(y, Py (z)) <
t and hence €(x,t) < t.

Conversely, suppose €(z,t) < t for any ¢t > 0. If 0 < 8 = ||z|| — d, then for any
€ > 0, we have ||z|| = ||z —0|| < d+ B+e¢. By the assumption there exists z. € Py (x)
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such that ||z¢|| < 8 + €. This implies that
|zl =d+ 8 >d+||ze]| — € > d+ d(0, Py (x)) — e.

Since € is arbitrary, this implies that ||z|| = d + d(0, Py (x)). By Theorem 3.1, X
has the 1% - ball property. (]

Corollary 3.3. Suppose Y C X and Y has 1%—ball property in X. Then Py is

2-Lipschitz continuous.

Proof. Let x,z € X \'Y and ||x — z|| < t for some ¢. If y € Py (2) then ||z —y| <
|z —2|| + |z — y|| < t+dist(z,Y) < t+dist(z,Y) +¢. Hence y € Py (x,2t) and by
Theorem 3.2, Py(z) C Py(z) + 2tBy. Similarly, Py(xz) C Py(z) 4+ 2tBy. Hence
dp(Py (x), Py (2)) < 2t. O

Remark 3.4. In [1, Corollary 3.6] it was shown that if ¥’ € X has 11-ball property
in X then C(K,Y) is strongly proximinal in C(K, X) and the metric projection is

2-Lipschitz continuous.

We now give estimate for (x,t) for uniformly convex spaces.

Proposition 3.5. Let X be a uniformly convex space with modulus of uniform
convexity satisfying 0x (t) > CtP, 2 < p < oo. Then for any subspace Y C X, there
exits a function g : RT x RY — RT such that for x € X \'Y and t sufficiently small,
we have e(x,t) < g(z, d)t%. The function g depends on'Y only through the distance
of x from Y. In particular, there exists a constant K depending only on X such
that for any subspace Y C X, and x € D(Y') one has e(z,t) < Ktr for sufficiently

small t.

Proof. Let € X and Y C X a subspace. Let dist(z,Y) = d and yo € Py (x).
There exists a unique f € Sx«, fly = 0 such that f(z + yo) = f(z) = d. Let
y € Py (z,t). Then
T+ %Yo Tty
+ = f
(RS PR
for sufficiently small .
Hence, 1—%||$Zy°+”ii'z“ | < 2. By definition of dx, it follows || £5# — Hiigl\ Il <
6% (t/2d). That is,

T+ Yo T+y ) =1+ d t
d [z +yll

>2- -,
[z + yll d

T+Yy T+ Yo —1
€ + 0% (t/2d)Bx,
forgl €@ TOx )
hence,
T+ z(||lx+y|| —d _
Yy € ! ] y”yo + ( dy” ) + || +y||5X1(t/2d)Bx.

Since ||z + y|| < d+t and |lyo|| < ||z|| + d, we have

2t -
ly = woll < ¢+ —llll + (d+1)dx" (t/2d).
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Therefore, e(z,t) < (14 2||z|)t + (d + )6 (t/2d).

we have (5;(1(i) <

Now if dx is of power type p € [2,00) then for K/ = oF

1

c@d)t/r’
1 1 1

K'tr. Since for t < 1 one has t < t» we conclude e(x,t) < g(x,d)t» where

g(z,t) =1+ 2||z|| + K'(d + 1). On D(Y), g is constant and hence there exists a

constant K such that e(x,t) < Ktv. O

Remark 3.6. (a) The function g defined in the proof of the previous the-
orem is Lipschitz in = (in fact depends only through ||z||) and locally Lip-
schitz in d.
(b) Same calculation as in the case of Corollary 3.3 now shows that if Y C X
where X is a uniformly convex space with modulus of convexity of power

type p, then Py is alocally Lip: function. In particular if x, z € D(Y), |lz—
2| < 1 one has [|Py(z) — Py(2)|| < (6 + )|z — 2|/7.

We now proceed to estimate e(x, t) for finite codimensional strongly proximinal
subspaces of C(K).

It was noted in [2, Corollary 2.3] that a subspace Y of finite codimension in
C(K) is strongly proximinal if and only if Y is contained in the set of so called
‘quasi-polyhedral’ (see [2] for definition) points of C'(K)*. Such points of C(K)* are
completely described in [2, Theorem 2.1] as the finitely supported measures on K.
Also, it is known that (see [5]) if Y1 is contained in the ‘quasi-polyhedral’ points
of X*, then Y1 and hence X/Y, are both finite dimensional polyhedral spaces.

Let E be an n-dimensional polyhedral space. If f € Sg«, we define Jg(f) =
{e € Sg : f(e) = 1}. For ® € Sg, consider the following sets:

Ay ={f € Bg- : f(®) =1}
Co = {f € extBy : f(®) = 1.

Then Cg is a finite set and Nica, Je(f) = NreceJe(f)- Let
{fi,fo,-, fr}, 1 < k < n be a maximal linearly independent subset of Cg.
Then the set N*_, J(f;) is a minimal face of Bg containing ®. It is easy to deduce
that if ® is an extreme point of Bg, then k = n and {f1, fa, -+ , fn} forms a basis
of E*.

We recall the following proposition from [5].

Proposition 3.7. [5, Proposition 2.4] Let E be an n-dimensional normed linear
space and ® € Sg \ ext(Bg). Let F be the minimal face of Sg to which ® belongs.
If F = nk_Jp(fi), k < n for some linearly independent set {f1, fa, -+, fr} in
Sp+, then the set {f1, fa, -, fx} can be extended to a basis {f1, fo, -+ , fu} of E*,
Ifill =1, i=1,---,n such that
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inf{fi(©) : f;(©) = f;(®) for 1 <j <i—1} < fi(®) <
sup{fi(©): f;(®)=fj(®)for1<j<i—1}fori=k+1,---,n.

We will also use the following two simple lemmas. The proofs are routine and

hence we omit them.

Lemma 3.8. Let E be ann dimensional normed linear space and {e},e5,--- jeX} C
Sp~ be a basis for E*. If e € Sg satisfies ef(e) =1, i = 1,--- ,n, then e is an

extreme point of Bg.

Lemma 3.9. Let pn € C(K)* be such that p = > ., ;0 where k; € K and
Dimy lea = 1.
(a) Let [ € Scky. Then u(f) = 1 if and only if f(k;) = sgnoy, i =
1, ,m.
(b) Let o =min {|a| : i=1,---,m} and 0 <t < 1. If f € Be(x) is such
that p(f) > 1 —at then |f(k;) — sgna;| <t, i=1,--- ,m.

We now have all the preparation to prove the following result.

Theorem 3.10. Let Y C C(K) be a strongly proximinal subspace of finite codi-
mension. Then given f € C(K)\'Y, there exist a constant C > 0 and to (both
depending on f) such that for t < to we have e(f,t) < Ct.

Proof. Let codim Y =n, f € C(K)\Y and dist(f,Y) = d. Let fo = f/d. We

consider the following two cases:
CASE 1: fyly+ is an extreme point of By 1«.

By the remark before Proposition 3.7, there exist p1, p2, - , un € Sy 1, a basis
for Y+ such that u;(fo) = 1, i = 1,--- ,n. Since Y is strongly proximinal in
C(K), pi’s are all finitely supported. We take U7_;supp(u;) = {k1, k2, -+ , ki } and
o = minf|p; (ki)| : ki € supppy, j=1,---,n}

We choose 6;, i =1,---,1, a neighborhood of k; such that 6; N6; =0, i # j.

Note that, by Lemma 3.9, if k; € suppp; then fo(k;) = sgnp;(k;).

We chooset < d. If g € Py (f,t) then || f—g|| < d+t. Weput h = ﬁ' For each
i, pi(h) = ﬁ > 1—t/d. Hence by Lemma 3.9 we have |h(k;) — sgnu; (k)| < &
whenever k; € suppp;.

We define further neighborhoods B; of k; as follows.

If h(k;) > 0 take B; =0, N{s € K : h(s) >1— £}

If h(k;) <0 take B; =6, N{s € K : h(s) < -1+ £}

Define a continuous functions 2’ € B (k) such that
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Zl(k)* fo(k) ika{kl,k‘Q,"' ,kl}
| h(k)  ifke K\UL,B;

Then take,

t
" A —
z 2P A( +da)

and

t
=2'"v(h—--=).
z=2"V( da)

It is straightforward to check that [|z]| = 1,2(k;) = fo(k;) and ||z — h|| < F.
Note that pj(z) =1, j=1,---,n.

Let us now put g1 = f —dz. Then g1 € Py (f). Also |lg—a1ll = If = If —gllh —
frdzll <dllz=hll+|If =gl —dl < L +t=(1+ )t

CASE 2: fply+ is not an extreme point of By 1+.

By Proposition 3.7 there exists £k < n and pq,po, -, € Syr such that
wi(fo) = 1 and the set {p1, o, -+ , ux} can be extended to a basis {u1, po, -+, tin}
of Y1 such that ||| =1, i=1,--- ,n and

gf pi(2) < pi(fo) < sup pi(z)

z€Ci—1 z€Ci_1
fori=Fk+1,---,n where Ci_y = {z € Sc(k) : w;(z) = p;(fo) for 1 <j<i—1}
For k+1 <1i<n we set
Bi =min{ sup p;(2) — pi(fo), wi(fo) — inf pi(2)}
z€Ci_1 z€Ci—1
and choose 8 > 0 such that 26 < min{g8; : i =k+1,--- ,n}.
Since the supports of py - - - , uy are all finite, as in CASE 1, let p; = ZT:l a?ék;

ad ﬁnfk'

and o = min{|u; (k;)| : ki € supppy, j=1,---,k}. Choose to < 5% 5.

Let t <ty and g € Py (f,t).
STEP 1: Let Y; = N¥_ ker y;. We will find g; € Py, (f) such that ||g — g1 <
(1+ ).

We first note that dist(f,Y1) = d and hence g € Py, (f,t). Since p;(fo) =1, i =

1,--- ,k, by Lemma 3.8, f0|yl¢ is an extreme point of BYIJ_*. Since t < tg, as in
CASE 1, there exists g1 € Py, (f) such that |lg — g1]| < (1+ 2)t.

STEP 2: Let Y3 = ﬁfill ker ;. Having obtained g1, we define hy = £=91. We will

d
find g2 € Py, (f) such that |lg — ¢2] < (1 + é)%

We note that ||hy|| = 1 and p;(h1) = pi(fo) = 1 for ¢ = 1,--- k. Therefore
h1 € Ck. Since g < 3 we have
Br+1

1 1.t
|Hk+1(h1*f0)|:\Nk+1(91/d)\:g|#k+1(91*9)|<(1+a)&<5< 5
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If pr+1(fo) > pr+1(h1) we choose w € Cy such that ppyi(w) > pri1(fo) >
prt1(hy) and |pgr1(hy —w)| > 8. If prg1(fo) < pr+1(h1) we choose w € Cy
such that pri1(w) < pr41(fo) < prs1(h1) and |pgr1(h1 —w)| > B. In any case,
we can find a A € (0,1) and hy = Ay + (1 — A)w such that pgy1(h2) = prr1(fo)-
This shows that p;(he) = pui(fo) for i =1,--- k4 1 and hence hy € Ciy;.

Define go = f — dho. Since dist(f,Y2) = d, g2 € Py, (f). Note that

1
lg — gall < llg — g1l + llg1 — gall < (1 + a)t+dllh1 — hall.

Let us now calculate ||h; — hgl|. Since

1.¢
(1+ a)g > pr1(ha = fo)l = [prs1(ha = h2)| = (1 = A) g (ha — w)
we have 1 — X < (1 + é)m <1+ é)% Hence

1.2t
I = hall = (1= WA = <200 2) < (L4 )55

Therefore [|g — go|| < (14 1)(t + %) <(1+ é)% This proves STEP 2.

Note that hy = £ —%2 By proceeding inductively as in step 2 we get hy =
hp—gs1 € Cp. If go = f — ho then go € Py (f) and ||g — go|| < Ct for some suitable
constant C. i

Note that in Theorem 3.10, though we get e(f,t) < Ct, the choice of C' depends

on f. An affirmative answer to the following question will be more satisfactory.

Question 3.11. Let Y be a strongly proximinal subspace of finite codimension in
C(K) and f € C(K)\Y. Is Py locally Lipschitz at f?

Remark 3.12. (a) From the proof of Case 1 in Theorem 3.10 it follows that
for a strongly proximinal hyperplane Y in C(K), the metric projection is
locally Lipschitz on D(Y').
(b) If X C¢p and Y C X is a proximinal subspace of finite codimension in
X, then from [8] it follows that Y- is contained in the ’quasi-polyhedral’
points of X* and hence Y is strongly proximinal. Such points in X* in turn
extend to 'quasi-polyhedral’ points of £;. But ’quasi-polyhedral’ points of
¢y are precisely the elements in ¢; which are finitely supported (see [2, 8]).

Thus as in the case of C'(K) above, same estimate for &(-, -) will hold for Y.
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