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ABSTRACT

Equivalent mechanical model for rigid intze type tanks for horizontal vibration is developed.
Parameters of the model are evaluated for a wide range of shapes of the tank and compared with those of
the equivalent cylindrical tanks. It is shown that the errors associated with the use of equivalent
cylindrical tank model in place of the intze tank model are small. Therefore, for design purpose the values
available for equivalent cylindrical tank may be used.
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INTRODUCTION

Equivalent mechanical model offers a convenient approach for estimating hydrodynamic forces on
containers, and hence the approach has become an integral part of the routine design procedures for liquid
storage tanks. Although the early investigations considered tanks to be rigid (Jacobsen, 1949; Housner,
1957), later investigations showed that the hydrodynamic pressure is significantly influenced by the
flexibility of the tank walls, and the mechanical model, originally developed for rigid tanks, was
subsequently modified to account for the effect (Veletsos, 1974; Fischer, 1979, Haroun, 1983; Haroun
and Housner, 1981a, 1981b, 1982; Gupta and Hutchinson, 1988, 1989). However, tanks with regular
shapes only, rectangular and cylindrical, have been studied extensively and containers with irregular
shapes have received little attention. Abramson (1966) reviews models for tanks with various shapes for
acrospace applications, and therefore, shapes frequently used for elevated water storage tanks do not
appear in his work.

Intze tanks, because of their optimal load balancing shape, are extensively used for storing water for
civic purposes. The objective of this paper is to develop a mechanical model for intze type tanks and
explore the possibility of using for their design the procedure already available for cylindrical tanks with
necessary modifications. To this end, mechanical model parameters for intze tanks of different shapes are
evaluated and compared with those of the equivalent cylmdrical tanks, and the associated error is
quantified.

While evaluating model parameters, following assumptions arc made. The tank is assumed rigid.
Fluid pressure is evaluated using linearized potential flow theory in which the fluid is assumed inviscid
and incompressible and the sloshing wave height is assumed small. Only first sloshing mode is
considered in the mechanical model, and the mass values and other parameters of the mechanical model
are not adjusted to account for the missing mass corresponding to higher sloshing modes.

PROBLEM FORMULATION

1. Boundary Value Problem

The small amplitude, irrotational motion of an incompressible and inviscid fluid is governed by the
Laplace equation {Lamb, 19435),

Vip(x,0)=0 0

subject to boundary conditions
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on the free surface I"f. In Equations (1) to (3), E(x,a)) is the frequency response function for

hydrodynamic pressure at point X in the three dimensional fluid domain €2, E(x, @) is the amplitude of
harmonic acceleration of the tank wall-fluid interface I, along its normal direction, @ is the excitation

frequency, # is the outward normal direction to I, , o is mass density of fluid, and g is the gravitational
acceleration.

According to linearized potential flow theory, the hydrodynamic pressure can be expressed as a sum
of “convective” and “impulsive” pressures. Convective pressure results from vibration of the free surface
and is frequency-dependent. Motion of the fluid that vibrates with the container walls gives rise to
impuisive pressure. Convective pressure can be further expanded into contributions from different natural
vibration modes of free surface which are evaluated by solution of the eigenvalue problem associated
with the above boundary value problem. For large values of excitation frequency @, the oscillations of
the free surface diminish, and in the limit as @ — oo, the convective pressure disappears completely and
only frequency independent impulsive pressure remains. Thus, the impulsive pressure distribution is
obtained by solution of the boundary value problem with the boundary condition of Equation (3) modified
as

p=0 on I, “)

2. Numerical Evaluation Procedure

The fluid domain is axisymmetric about 7 axis. Additionally, the acceleration a along the normal
direction of the tank wall-fluid interface due to rigid body motion of the tank along horizontal direction
varies as cosine of the angle along the circumferential direction of the tank. These facts have been used to
advantage to convert the original three-dimensional problem into a two-dimensional problem in »-z plane.
Definitions of the quantities used hereafter remain same except that they are now defined on r-z plane and
have one dimension less.

The natural frequencies @, and the pressure distribution p, associated with the »-th natural
vibration mode render the following functional minimum.

I1= [rVp, Vp,d0+ I(p;)z dQ- (‘;’")z [r(p.yar ©

g r,

Similarly, g, , the pressure duc to unit rigid body harmonic acceleration of the tank along horizontal
direction renders the following functional minimum.

n:jrv;so-v;)odg+j‘(ﬁ—')2da+ [prpon dr ©)
Q T

Q r

»

In the above equation, #, is the direction cosine of the normal » with respect to direction ». Standard

finite element analysis is used to evaluate the pressure distributions (Zienkiewicz and Taylor, 1989).
Discretization of the fluid domain using nine-node element is shown in Figure 1(b). While evaluating p,,

shape functions that satisfy the Dirichlet condition of Equation (4) explicitly are used.
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Fig. 1 Equivalent mechanical model and FEM discretization of fluid
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3. Equivalent Mechanical Model

The mechanical behavior of a fluid domain in rigid containers can always be represented by a series
of spring connected masses (Abramson, 1966). In an equivalent mechanical model, each stoshing mode is
represented by a spring-mass system whereas a rigidly connected mass represents impulsive pressure. In
this paper, only two-mass model is considered, each, respectively, corresponding to the impulsive
pressure and the fundamental sloshing mode (Figure 1(a)). The mechanical model parameters are
evaluated by equating force exerted by mechanical system on the tank walis to the hydrodynamic force
evaluated by analysis of fluid domain using linearized potential flow theory. If @, and p_ are the natural
frequency and pressure distribution corresponding to n-th sloshing modes, the mass and spring stiffness in
the mechanical model and their location are given by the following expressions.

wnea] fpure :
K, =(@,FM, ®)

5 =ljrp,(:r{n,+4m{)dr/jrp, 7, dl ©
Zr, L,

In the above equation, n, is the direction cosine of the normal » with respect to z-axis. Similarly, if Dbo 18

the pressure distribution due to unit horizontal acceleration of the tank with free surface waves ignored,
the rigidly connected mass and its location are given by the following equations.

Mo =~ [r pon,dl (10)
T,

»

n

by = 1 I,po(irgn,. +4ra{)dr/jrpon, drr (1)
T, L,

MECHANICAL MODEL PARAMETERS

As mentioned earlier, the objective of the paper is to quantify the errors associated with the use of
cylindrical tank results for design of intze tanks. To this end, mechanical model parameters for a wide
range of shapes of intze tank are evaluated and compared with those of the equivalent cylindrical tank.
The shape of the intze tank considered here can be uniquely defined using four parameters: depth of the
tank D, slope of the bottom slab {s in 1}, radius R, and rise d of the bottom slab (Figure 1(b)). The
equivalent cylindrical tank is defined as a cylindrical tank having radius and volume equal to that of an
intze tank. Thus, an equivalent cylindrical tank has only onc shape parameter: equivalent depth D, .

As a first step, impulsive and convective pressure distributions for an intze tank of typical dimensions
and the equivalent cylindrical tank are plotted for comparison in Figure 2. It is seen that the two pressure
distributions are almost identical for the vertical portion of the tank walls,

Next, mechanical model parameters are evaluated for a wide range of shapes, and results are
compared with those of equivalent cylindrical tanks. The range of shape parameters considered is as
follows: D/R=05t02, s=061t01.7, R,/R=05t010, d/R=0t00.4. The mechanical
model parameters are plotted against normalized effective depth using scatter plots in Figure 3. Thus,
each shape of the tank is represented by a ‘dot’ in the plots. Similar analysis is performed for equivaient
cylindrical tanks and the results are plotted in the same figure using solid lines. Thus, any departure of the
scattered points from the solid line is attributed to the nonflatness of the intze tank bottom.
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Fig. 2 Pressure distributions for intze and equivalent cylindrical tanks
(a) impulsive and {b) convective



Equivalent Mechanical Mode! for Horizontal Vibration of Rigid Inize Tanks

44

sYUe} [eOLIPUIAD
jua[eAmbs pue 9zjur jo siajewesed [PpowW [BIIUBYIIW UI[RAINDS Jo osLredwo)) ¢ F1g

¥ /°a :sniavy OL H1d434a INTIVAINDI 40 OLLYVY

62 oz g1 0l S0 Sz 0z 1 ol 50
g0 80
— 00
g0 \\\l\ g0
Vs \\\ 7
{ sniaw 01 aazivwuoN -q ( sniavd o1 a3ZITYWYON ocul
| I o1 _ | gl
_ _ 60 000
MNNYL TWIHONAD DY

| WNVL IZIN lll.l.llll..llnlllll.l cZ0

.. - —: / -

l/ -

il > 050

\ oL

\q\
(‘DI INVL . ) 1 7 520
TVOINANINAD 'ND3 OL A3ZITVWHON p—— |
ASNINDIUL ONIHSOTS TVINIWVANNS ; ||ﬁ SSVW TVLO1 O Q3ZITYWHON SASSYIN
0 . : (IVLNIWVANNAL) JALLOIANOD 2 SAISTINANI

R I X T 00




ISET Journal of Earthquake Technology, March-September 2000 45

Maximum absolute values of the departures from equivalent cylindrical tank results are presented in
Table 1 for extremely low value of D, /R = 0.5 as well as for moderate values of D, /R =1.0,1.5, 2.0.
It can be seen that for the latter cases, the error in both the mass values, impulsive and convective, is less
than one percent of the total mass of the flnid. Departure from the fundamental sloshing frequency of the
equivalent cylindrical tank is also of the same order. Similarly, maximum difference of 7% of the radius
is found between the locations of masses in intze tank and the equivalent cylindrical tank. Therefore,
since the two models do not differ significantly, the hydrodynamic forces for design of intze tank may be
evaluated using equivalent cylindrical container without introducing significant error.

Table 1: Model Parameters for Intze and Equivalent Cylindrical Tanks - Maximum Absolute Error

Maximum Absolute Error
M, ho M, @, b
D,/R>05 0.048 M™ 0.198R 0.057 M™ 0.043 7 0.112R
D,/R>10 0.006 M™ 0.061R 0.006 M™ 0.007 " 0.034R
D,/R>15 0.001 M*™ 0.040R 0.001 M™ 0.001 a),c" 0.015R |
D,/R>20 0.001 M™ 0.026 R 0.001 M™ 0.000 @™ 0.006 R

M*™ = Total mass of water; w7 = Fundamental sloshing frequency for equivalent cylindrical tank
CONCLUSIONS

Equivalent mechanical model for the horizontal motion of an intze tank has been evaluated. By
analyzing intze tanks of a wide range of shapes, it has been shown that the values of mechanical medel
parameters for intze tank and equivalent cylindrical tank are only slightly different. Therefore, for design
purpose, the values available for equivalent cylindrical tank may be used.
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