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A Common Transceiver Design for Nonregenerative
Asymmetric and Symmetric Two-Way Relaying

With Relaxed Antenna Constraints
Rohit Budhiraja and Ajit K. Chaturvedi, Senior Member, IEEE

Abstract—We investigate a novel multiple-input multiple-output
common transceiver design for conventional symmetric and re-
cently proposed asymmetric two-way relaying (TWR). In conven-
tional symmetric TWR, a user exchanges data with a base sta-
tion. Both base station and user can cancel back-propagating in-
terference (BI). In asymmetric TWR, the base station performs
TWR with two different users—a transmit-only user and a receive-
only user, which experiences BI. The existing asymmetric TWR
transceiver designs constraints the number of relay antennas to
cancel the BI. The proposed transceiver relaxes these antenna con-
straints and works seamlessly for both asymmetric and symmetric
TWR. Furthermore, the design also enables TWR communication
between multiple users and a base station. The proposed design is
also shown to have lower complexity than the existing designs. For
the proposed transceiver, we maximize its sum rate using geomet-
ric programming for different TWR scenarios. We demonstrate
using exhaustive numerical simulations that the sum-rate of the
proposed design not only matches the best known designs in asym-
metric and symmetric TWR literature, but also outperforms them
for certain antenna configurations.

Index Terms—Asymmetric two-way relaying (ATWR), geomet-
ric program (GP), generalized QR decomposition (GQRD), joint
power allocation.

I. INTRODUCTION

COOPERATIVE communication is being investigated to
increase the coverage and rate, and to reduce the power

consumption in wireless systems [1]–[6]. Under the ambit
of cooperative communication, symmetric two-way relaying
(STWR) where two nodes exchange data using a half-duplex re-
lay is being studied extensively [7]–[9]. In the first channel use in
STWR, two source nodes transmit their data signals to the relay,
which receives the sum of two signals. In the second channel use
in STWR, the relay amplifies and forwards the sum-signal back
to both source nodes. Since each node knows its first-channel-
use self-signal, it can cancel self/back-propagating interference
(BI) from its received signal and detect its desired signal. In
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Fig. 1. Illustration of ATWR: In the first channel use (labeled ‘1’), both BS
and TUE transmit to the relay. In the second channel use (labeled ‘2’), the relay
broadcasts a function of the signal received in the first channel use to both BS
and RUE.

STWR, two channel uses are thus required by two source nodes
to exchange data between them self, which is half the number of
channel uses required in conventional half-duplex one-way re-
laying [10]–[12]. This increases the spectral efficiency of STWR
when compared with one-way relaying [7]–[9].

It is assumed in STWR that two source nodes exchange data
via a relay. In cellular systems, a user usually does not ex-
change data with a base station (BS) [13]–[16]. Consider two
examples: 1) a transmit-only user TUE that only sends data to
the BS e.g., user uploading data to a cloud; and 2) a receive-only
user RUE that only receives data from BS e.g., user watching
a Youtube video. We observe that neither TUE nor RUE ex-
changes data with the BS. The BS therefore cannot use STWR
to serve TUE or RUE. If the BS serves both users with spectrally-
inefficient one-way relaying, it will require four channel uses
(two for each user). By using the principles of asymmetric TWR
(ATWR)[13]–[16], the BS serves both users in two channel uses
as discussed next.

In the first channel use of ATWR as shown in Fig. 1, both BS
and TUE transmit data signals to the relay. The BS transmits
downlink data demanded by the RUE, while the TUE transmits
uplink data which it wants to send to the BS. The relay receives
a sum of these two signals. In the second channel use of ATWR,
the relay amplifies and broadcasts its received signal to both
BS and RUE. The BS in ATWR requires only two channel
uses to serve both TUE and RUE. We observe that the BS has
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necessary side-information, that is its self-data, to cancel BI
from its received sum-signal. The RUE does not have necessary
side-information, that is TUE’s transmit data, to cancel BI from
its received signal.

This asymmetric two-way relaying scenario is considered
earlier in [13]–[16]. In [13], [14], the RUE overhears TUE in
the first channel use and uses this side-information to cancel BI
from its receive signal in the second channel use. The authors in
[13], [14] design relay precoders to optimize sum-rate and min-
imize MSE, respectively. These studies consider single-antenna
nodes except relay which has multiple antennas. It is non-trivial
to extend their precoder design for the scenario when the BS
and users also have multiple antennas. The transceiver herein, is
contrast, is designed for all MIMO nodes. Also the RUE in [13],
[14] first overhears and then jointly processes both overheard
and desired signals, which complicates its receiver design. The
RUE in the proposed transceiver neither requires overhearing
nor joint processing which simplifies its receiver design. The
proposed approach is also relevant for practical cellular systems
wherein a user does not normally overhear another user’s trans-
mission. Further, the designs in [13], [14] consider only two
asymmetric users in the system whereas the proposed design
can also work for multiple such asymmetric users.

References [15], [16] assume that the RUE cannot overhear
the TUE and designed transceivers to cancel the BI and optimize
quality-of-service constrained sum-rate in [15] and sum-rate
alone in [16]. Transceiver designed in [15], [16] impose the
condition that the number of relay antennas Nr ≥ 2Nu , where
Nu is the number of user antennas. This condition is required
to cancel the back-propagating interference experienced by the
RUE. The proposed transceiver, in contrast, works for Nr <
2Nu antennas and therefore has relaxed antenna constraints
than the designs in [15], [16].

Many studies have similarly investigated multiple-input
multiple-output (MIMO) transceiver designs for one-way re-
laying and STWR [4]–[9], [17]–[28]. References [4]–[6] de-
velop unified transceiver designs for MIMO point-to-point and
relay communication scenarios. Xing et al. in [4] derive optimal
linear and non-linear transceiver structures under per-antenna
power constraints for multi-hop MIMO AF relay communica-
tions. They show that the transceiver designs under per-antenna
power constraints can be transformed into equivalent optimiza-
tion under weighted sum power constraint. Reference [5] pro-
poses a generic transceiver design framework for multi-hop
communications and show that the framework includes various
transceiver designs as its special cases e.g., linear transceiver de-
signs with additively Schur-convex/concave objective functions
and non-linear transceiver designs with multiplicatively Schur-
convex/concave objective functions. Xing et al. in [6] show that
for MIMO systems various optimization problems with matrix
variables can be transformed into matrix-monotonic optimiza-
tion problems After deriving the optimal transceiver solutions,
the authors also analyze set of Pareto optimal solutions based
on multi-objective optimization theory.

The authors in [7], [8] constructed space-time codes for
MIMO STWR. References [9], [17] constructed zero-forcing
(ZF) relay precoders and analyzed their sum-rate. Wang et al.

constructed joint source and relay precoders in [19] to mini-
mize sum-MSE. The authors in [18], [20] constructed source
and relay precoders to maximize sum-rate. Transceiver designs
to minimize the MSE, and maximize the sum-rate using MSE
duality are developed in [22] and [23], respectively. Application
of STWR to OFDM systems is considered in [26]. References
[27] proposed a transceiver that uses generalized singular value
decomposition and zero-forcing to orthogonalize the two end-
to-end MIMO STWR channels.

Both ATWR and STWR are extended to include multiple
users in [29]–[32]. Here receiving users experience both BI
and co-channel interference (CCI) from multiple users trans-
mitting/receiving on the same spectral resource.

Most of the transceiver designs reported in STWR and ATWR
literature are designed exclusively for either symmetric or asym-
metric scenarios. For example, STWR transceiver designs in
[7]–[9], [17]–[28] inherently assume that both source nodes
can cancel their BI; these designs are therefore unsuitable
for ATWR wherein the RUE cannot cancel its BI. Similarly,
ATWR transceivers in [15], [16], as mentioned before, require
Nr ≥ 2Nu antennas to cancel RUE’s BI. These designs can-
not work with Nr < 2Nu antennas, and are therefore restrictive
for STWR, for which the existing transceivers work for all Nr

values. Further, the single-user MIMO STWR and ATWR de-
signs in [7]–[9], [17]–[28], [32] are not applicable for multi-user
STWR and ATWR as they perform joint processing at the re-
ceiver nodes.

We next list the main contributions of this paper.
1) We propose a novel transceiver design that overcomes the

antenna constraints of existing designs which limits their
applicability. The proposed transceiver requires Nb ≥
Nr ≥ Nu antennas when compared with Nr ≥ 2Nu an-
tennas. The relaxed antenna constraints of the proposed
design enables it to work for symmetric, asymmetric
and multi-user TWR scenarios. The proposed transceiver
design utilizes generalized QR decomposition (GQRD)
[33], which jointly decomposes two matrices into a set
of unitary matrices and upper triangular matrices. For
Nr ≥ 2Nu , we show that with the GQRD of MIMO chan-
nel matrices, along with a novel anti-diagonal permutation
matrix, the proposed transceiver creates two spatially or-
thogonal end-to-end MIMO channels by cancelling the
BI experienced by the RUE. This configuration is there-
fore suitable for ATWR. For Nr < 2Nu , the proposed
design creates two end-to-end MIMO channels which ex-
perience BI, which makes this configuration suitable for
STWR where RUE can cancel its BI.
The proposed transceiver design is therefore more general
than the existing designs in [7]–[9], [16]–[28], [32] which
construct separate transceivers for symmetric, asymmetric
and multi-user TWR scenario. This design consequently
provides flexibility to a system designer as a single design
now works for different TWR scenarios. We note that
[4]–[6] design unified transceivers for point-to-point and
multi-hop one-way relaying scenarios whereas the current
work constructs a common transceiver for STWR and
ATWR. In ATWR, the receiving user experience BI which
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needs to be canceled – the proposed common design is
constructed with this constraint. This is unlike [4]–[6]
where the receiving user does not experience interference.

2) For the proposed transceiver design, we optimally allo-
cate power at the BS and relay to maximize its sum-
rate. We will show that the sum-rate can be maximized
as a series of convex geometric program (GP). We note
that the optimization programs, similar to the proposed
transceiver design, is applicable for symmetric, asymmet-
ric and multi-user TWR scenarios. The proposed design
is based on GQRD of MIMO channel matrices and em-
ploys geometric programming to optimize sum rate. This
is different from [4]–[6] wherein the authors construct op-
timal designs using Majorization theory that transforms
the objective as a function of the diagonal elements of
mean-square-error matrix.

3) We also show that the proposed design has signifi-
cantly lower computational complexity than the designs in
[15], [16].

4) We numerically demonstrate that the proposed design has
nearly similar sum-rate as that of existing transceiver de-
signs. We show that the proposed design also outperforms
the existing STWR designs for certain antenna configura-
tions.

To summarize, the proposed design has following advantages
over existing transceivers i) overcomes their antenna inflexibil-
ity which limits their applicability to different TWR scenarios;
ii) has lower computational complexity; and iii) matches their
sum-rate, and even outperforms them for certain antenna config-
urations. To the best of our knowledge, such a low-complexity
common design for symmetric, asymmetric and multi-user
TWR scenarios with optimal sum-rate power allocation has not
been considered earlier in the literature.

The rest of the paper is organized as follows. We discuss
the system model and the GQRD-based transceiver design in
Sections II and III, respectively. The optimization program to
jointly allocate power at the BS and relay to maximize sum-rate
is formulated in Section IV. We numerically compare the sum-
rate of the proposed design with the existing ones in Section V,
and conclude the paper in Section VI.

Our notation is as follows. Bold upper- and lower-case
letters are used to denote matrices and column vectors, re-
spectively. The symbols Tr(A), AT , AH , A∗ and [A]i,j
respectively the trace, transposition, conjugate-transposition,
complex-conjugate of the elements and the (i, j)th element of
matrix A. The A � B denotes the Hadamard product of two
matrices A and B. Further the symbol IN denotes an N × N
identity matrix, and diag(x1, · · · , xn ) denotes a diagonal matrix
with x1 to xn as its diagonal elements. The xn denotes nth
component of a vector x. The notation x � 0 implies that all
elements of the vector x are ≥ 0. The symbol E(·) represents
the expectation operator.

II. SYSTEM MODEL

A relay in two-way relaying is usually based on either regen-
erative technology [34], [35] or non-regenerative technology

[36]–[38]. A non-regenerative relay is easy to implement and
also has lower delay. We also assume a non-regenerative
amplify-and-forward relay in this work. We first describe the
system model for amplify-and-forward ATWR which we will
later extend to STWR. We consider MIMO ATWR where a
transmit-only user TUE sends data to the BS and another
receive-only user RUE demands data from the BS. Both users
communicate with the BS via a half-duplex relay; the direct
links between the users and the BS are assumed to be weak due
to shadowing and are ignored in this study. The BS and the relay
have Nb and Nr antennas respectively, while the users TUE and
RUE have Nu antennas each. In the first channel use of ATWR,
commonly known as multiple access (MAC) phase, both BS
and TUE simultaneously transmit their respective signals to the
relay. The relay receives a sum-signal yr ∈ CNr ×1 given as

yr = Husu + Hbsb + nr . (1)

Here matrices Hu ∈ CNr ×Nu and Hb ∈ CNr ×Nb denote the
MIMO channels of the TUE→RS and BS→RS links, respec-
tively. The vector nr ∈ CNr ×1 is circularly-symmetric complex
Gaussian noise at the relay with E(nrnH

r ) = σ2
rINr

. The BS and
user TUE generate their respective transmit vectors, sb ∈ CNb ×1

and su ∈ CNu ×1 by precoding normalized complex source vec-
tors as following.

sb = Bb s̃b and su = Bu s̃u . (2)

The matrices Bb and Bu are precoders used by the BS and TUE,
respectively. We assume that with Nu antennas, user TUE sends
Nu independent source streams to the BS. Similarly with Nu

antennas, user TUE demands Nu independent source streams
from the BS. We therefore have E(s̃b s̃H

b ) = E(s̃u s̃H
u ) = INu

.
The precoded vectors satisfy the total power constraint:

Tr(E(sisH
i )) = Tr(BiBH

i ) � Tr(Σi) ≤ Pi, (3)

for i ∈ {u, b}. The terms Pu and Pb denote the maximum trans-
mit power of the TUE and BS, respectively.

In the second channel use of ATWR, commonly known as
broadcast (BC) phase, the relay generates its transmit signal
sr ∈ CNr ×1 by amplifying its received signal using a precoder
matrix W ∈ CNr ×Nr such that

sr = Wyr . (4)

The precoder W is designed to satisfy the inequality

Pr ≥ Tr
(
E(srsH

r )
)

= pr (W)

= Tr
(
W(HuΣuHH

u + HbΣbHH
b + σ2

rINr
)WH

)
, (5)

to meets the relay transmit power constraint. Here the symbol Pr

denotes the maximum transmit power of the relay. The signals
received by the RUE and BS, yu and yb respectively, in the BC
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phase are given as

yu = Gusr + nu

= GuWHusu︸ ︷︷ ︸
BI-RUE

+GuWHbsb + GuWnr + nu︸ ︷︷ ︸
�ñu

,

yb = Gbsr + nb

= GbWHusu + GbWHbsb︸ ︷︷ ︸
BI-BS

+GbWnr + nb︸ ︷︷ ︸
�ñb

.

(6)

The terms labelled BI-RUE and BI-BS denote the BI ex-
perienced by the RUE and BS, respectively. The matrices
Gu ∈ CNu ×Nr and Gb ∈ CNb ×Nr are the MIMO channels of
the RS→RUE and RS→BS links, respectively. The terms nu ∈
CNu ×1 and nb ∈ CNb ×1 are circularly-symmetric complex
Gaussian noise vectors at the RUE and BS with E(nunH

u ) =
σ2

uINu
and E(nbnH

b ) = σ2
b INb

.
Since the BS knows its self-data transmitted in the MAC

phase, it can cancel BI with the availability of necessary channel
state information. The precoder W is designed such that it will
cancel the BI experienced by the RUE. Both TUE and BS (after
cancelling BI) linearly combine their respective signals using
matrices Du ∈ CNu ×Nu and Db ∈ CNu ×Nb such that

ỹb = Dbyb = DbGbWHusu + DbGbWnr + Dbnb , (7)

ỹu = Duyu = DuGuWHbsb + DuGuWnr + Dunu . (8)

Remark 1: Extension of ATWR system model for STWR: In
STWR, as discussed before, a user (say UE) exchanges data
with the BS i.e., sends data to the BS and also receives data
from the BS. In the MAC phase of STWR, therefore, the UE,
similar to the TUE, will precode and transmit its signal to the
relay. The BS transmit signal in the MAC phase of STWR is
meant for the UE. In the BC phase in STWR, the UE unlike the
RUE in ATWR, will have its MAC phase transmit data and will
be able to cancel its BI. The UE, after cancelling the BI, will
process its data similar to the RUE in ATWR. To conclude, the
system model for ATWR and STWR are similar except for the
fact that the UE in STWR can cancel its BI.

III. COMMON TRANSCEIVER DESIGN FOR ATWR AND STWR

In this section, we design linear precoders (Bu , Bb and W)
and linear receivers (Du and Db ) to satisfy the following objec-
tives.

1) Cancels the RUE’s BI in ATWR.
2) Works for STWR without restrictive constraints on the

number of relay antennas.
The existing state-of-the-art designs only partially satisfies

these objectives e.g., the designs in[16], [32] cancels RUE’s
BI but imposes the constraint that Nr ≥ 2Nu antennas. These
design only satisfy the first objective. Similarly, the STWR de-
signs e.g., in [7]–[9], [17]–[22] work for all Nr but assume that
the receiving nodes can cancel their BI; these designs therefore
satisfy the second objective alone. In the sequel we construct a
GQRD-based transceiver that requires Nb ≥ Nr ≥ Nu anten-
nas and satisfies both of the above objectives. Additionally, we
show that the proposed transceiver works for multi-user TWR

also. For the proposed transceiver design we assume that the re-
lay i) has complete information of all channel matrices i.e., Hu ,
Hb , Gu and Gb ; and ii) designs the precoder/receiver matrices
and distributes them to other nodes. The availability of com-
plete channel information at the relay and design/distribution
of matrices by the relay is frequently assumed in the literature
[19], [21].

A. GQRD Precoder Design

We begin this section by outlining the principles of GQRD-
based transceiver design.

We start by using the following theorem from [33].
Theorem 3.1: Let A be an n × m matrix, B an n × p and

assume that p ≤ n ≤ m. Then there are orthogonal matrices Q
(n × n) and U(m × m) such that

QH AU = R, QH B = S, (9)

where
R = [ 0︸︷︷︸

m−n

R̃︸︷︷︸
n

]n (10)

and

S =

[
S̃

0

]

︸ ︷︷ ︸
p

p
n − p

, (11)

with R̃ and S̃ being upper triangular matrices.
By applying the above theorem to MAC-phase channels, we

have with A = Hb and B = Hu

QH
h HbUh = Rh and QH

h Hu = Sh , (12)

where
Rh = [ 0︸︷︷︸

Nb −Nr

R̃h︸︷︷︸
Nr

] Nr (13)

and

Sh =

[
S̃h

0

]

︸ ︷︷ ︸
Nu

Nu

Nr − Nu
. (14)

Here both R̃h and S̃h are upper-triangular matrices. Similarly,
by applying this theorem to BC-phase channels with A = GH

b

and B = GH
u we have

UH
g GbQg = RH

g and GuQg = SH
g , (15)

where

RH
g =

[
0

R̃H
g

]

︸ ︷︷ ︸
Nr

Nb − Nr

Nr
, (16)

and
SH

g = [ S̃H
g︸︷︷︸

Nu

0︸︷︷︸
Nr −Nu

] Nu. (17)

Here both R̃H
g and S̃H

g are lower-triangular matrices. We note
that with the above decomposition, the matrices Qg , Ug , Qh and
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Uh are fixed unitary matrices which reduce MIMO channels into
upper-triangular matrices. With this decomposition, we choose
the MAC-phase transmit precoder of the BS and the transmit
user (TUE/UE) respectively as:

Bb = [Uh ]Λ and Bu = ρI. (18)

Here we use the notation [A] to denote the last Nu columns
of a matrix A. Here Λ ∈ RNu ×Nu

+ is a diagonal power alloca-
tion matrix at the BS such that ΛΛH = diag(λ1, · · · λNu

). The
scalar ρ = Pu/Nu satisfies the transmit power constraint of the
transmit user. Similarly, the BC-phase receiver for the BS and
the receive user (RUE/UE) are respectively chosen as:

Db = [UH
g ] and Du = I (19)

where the notation [A] denotes the last Nu rows of a matrix A.
We also choose the relay precoder as

W = QgΔQH
h , (20)

where Δ is an anti-diagonal permutation and power alloca-
tion matrix such that ΔΔH = diag(δ1, · · · , δNr

). With the pre-
coder/decoder in (18) and (19), the BC-phase receive signals at
the BS in (6) can be expressed as

ỹb = [UH
g ]GbQgΔQH

h Husu+[UH
g ]GbQgΔQH

h nr+[UH
g ]nb

(a)
= ρ[R̃H

g ]ΔSh s̃u + [R̃H
g ]ΔQH

h nr + [UH
g ]nb

(b)
= ρ[R̃H

g ]ΔSh s̃u + [R̃H
g ]Δnr + nb

︸ ︷︷ ︸
ñb

.

(21)
The equality in (a) is due to (12) and (15), and the equal-
ity in (b) is because QH

h nr and [UH
g ]nb have same statistical

properties as nr and nb , respectively. The lower-triangular RH
g ,

anti-diagonal Δ and upper-triangular Sh result in the reflected
lower-triangular structure of the end-to-end channel between ỹb

and s̃u as
⎡

⎢
⎢
⎢
⎢
⎢
⎣

ỹb,1

ỹb,2
...

ỹb,Nu −1

ỹb,Nu

⎤

⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎢
⎣

0 0 · · · 0 ∗
0 ∗ ∗
...

. . .
...

...
0 ∗ · · · ∗ ∗
∗ ∗ · · · ∗ ∗

⎤

⎥
⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎣

s̃u,1

s̃u,2
...

s̃u,Nu −1

s̃u,Nu

⎤

⎥
⎥
⎥
⎥
⎥
⎦

+ ñb . (22)

With this channel structure, the last transmit stream (s̃u,Nu
) is

free from inter-stream interference and is detected first. The rest
of the transmit streams are then detected by successive interfer-
ence cancellation (SIC) from previously detected streams.

The BC-phase receive signal of the receive user
(RUE/UE) is:

ỹu = GuWHbsb + GuWnr + nu ,

= GuQgΔQH
h Hb [Uh ]Λu s̃b + GuWnr + nu ,

= SH
g Δ[R̃h ]Λb s̃b + SH

g Δnr + nu
︸ ︷︷ ︸

ñu

(23)

Algorithm 1: GQRD Transceiver Design.
1: Choose the following precoders at the BS and the

transmit user respectively.
• Bb = UhΛb and Bu = ρI.

2: Choose relay precoder W = QgΔQH
h .

3: Choose the following receivers at the BS and receive
user respectively.
•Db = UH

g and Du = I.

The end-to-end user channel also has a similar structure as that of
the BS, and therefore the receive user (RUE/UE) also employs
SIC to detect its desired data. With SIC, the SNR of the nth
receive stream of the BS and receive user are

SNRb,n (δ) =
ρ2δñ (|[R̃H

g ]
ñ ,ñ

[S̃h ]j̃ ,j̃ |2)
σ2

r

∑Nr

l=1 δl [R̃H
g � R̃T

g ]n,l + σ2
b

,

SNRu,n (δ,λ) =
δnλj̃ (|[S̃H

g ]
n,n

[R̃h ]j,j |2)
σ2

r

∑Nr

l=1 δl [S̃H
g � S̃T

g ]n,l + σ2
u

.

(24)

Here n = 1 to Nu , ñ = Nr − Nu + n, j = Nr − n + 1
and j̃ = Nu − n + 1. Further δ = [δ1, · · · , δNr

] and λi =
[λi,1, · · · , λi,Nu

]. These expressions can be derived from (21)
and (23) after simple algebraic manipulations. Note that the
coefficients of the power-distribution variables, δl for l = 1 to
Nr , λ1n and λ2n for n = 1 to N , are non-negative. We will use
this fact to solve the sum-rate optimization as a sequence of
geometric programs. The proposed GQRD transceiver design is
summarized below in Algorithm 1.

B. BI Cancelling Property of the Proposed Design for ATWR

The objective of this section is to demonstrate that the pro-
posed relay precoder will cancel RUE’s BI for ATWR scenario.
To this end we state the following lemma.

Lemma 3.2: The proposed precoder will cancel the RUE’s
BI if the number of antennas at the relay satisfies the following
constraint: Nr ≥ 2Nu .

Proof: To prove the lemma, we reproduce the RUE’s receive
signal from (6):

yu = GuWHusu + GuWHbsb + ñu

= GuQgΔQH
h Hu s̃u + GuQgΔQH

h HbUhΛu s̃b + ñu ,

(a)
= ρSH

g ΔSh
︸ ︷︷ ︸

BI-UE

s̃u + SH
g ΔRhΛb s̃b + ñu

(25)
The equality in (a) is due to (12), (15) and (18). With Nr ≥ 2Nu ,
the last Nu rows (resp. columns) of matrix Sh (resp. SH

g ) are
zero. With these structure of the matrices, and anti-diagonal
power allocation matrix Δ we have

BI-UE = ρSH
g ΔSh = ρ

[
S̃g 0

]
Δ

[
S̃h

0

]

= 0 (26)

�
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Fig. 2. Illustration of multi-user ATWR: In the MAC phase (labeled ‘1’), both
BS and TUEs transmit to the relay. In the broadcast phase (labeled ‘2’), the
relay broadcasts a function of the signal received in the first channel use to both
BS and RUEs.

The anti-diagonal structure of the power allocation matrix
suitably aligns the all-zeros columns and rows of Sg and Sh to
nullify the BI-UE term. The anti-diagonal structure is therefore
important in cancelling the BI-UE term.

Remark 2: The condition Nr ≥ 2Nu , as seen from
Lemma 3.2, is required only in ATWR to cancel the BI ex-
perienced by the RUE. In STWR, this condition is not required
as the UE can itself cancel the BI.

Remark 3: Comment on the number of antennas: Recall that
Nb ≥ Nr ≥ Nu for STWR and Nb ≥ Nr ≥ 2Nu for ATWR.
This is a practical assumption as both BS and relay usually have
more number of antennas than a user.

C. Multi-User Transceiver Design

We now extend the ATWR system with a single multi-
antenna TUE/RUE to a scenario with multiple single-antenna
TUEs/RUEs. In the multi-user ATWR as shown in Fig. 2, Nu

single-antenna TUEs, TUE-1 to TUE-Nu , want to send data to
the BS via the relay and Nu single-antenna RUEs, RUE-1 to
RUE-Nu , want to receive data from the BS via the relay. We
first describe the transceiver design for RUEs.

For this system model, we assume that the Nu -stream vector
sb transmitted earlier by the BS to a single RUE is now meant
for Nu single-antenna RUEs. The RUEs, similar to single-user
ATWR,1 will experience BI from the MAC-phase signal of the
TUEs. They will now also experience CCI from the Nu − 1
streams of the data vector su transmitted by the BS to the other
Nu − 1 RUEs in the system. We now show that the proposed
GQRD transceiver (summarized in Algorithm 1) works for the
multi-user ATWR scenario also.

With Nr ≥ 2Nu antennas, the relay precoder will cancel the
BI as before in single-user ATWR. The CCI experienced by the
RUEs needs to cancelled either by the BS or by the relay. With
the end-to-end channel structure for the BS→Relay→RUE-n
links ∀n, given in (22), we propose that the BS employs zero-
forcing dirty-paper coding (ZF-DPC) [39] to pre-cancel the CCI.

1We refer the ATWR model with a TUE and a RUE as the single-user ATWR
to differentiate it from the multi-user ATWR.

The GQRD transceiver, with ZF-DPC, will ensure interference-
free channel for all RUEs. The SNR of the receive signal of the
nth RUE will be same as that of the nth stream in the single-user
ATWR scenario (cf. (24)).

We now focus on the TUE-n→RS→BS links ∀n. In the pro-
posed GQRD design for single-user ATWR, as TUE employs
identity precoder, its Nu independent streams can equivalently
assumed to be transmitted by Nu single-antenna TUEs. The BS
will detect these Nu streams from Nu single-antenna users, as
in the single-user scenario, with nth user experiencing the same
SNR as that of the nth stream in single-user ATWR.

The proposed precoder, with ZF-DPC at the BS, can thus
enable multi-user ATWR communication between a BS, Nu

single-antenna TUEs and Nu single-antenna RUEs via relay.
The power allocation to maximize sum-rate for multiple users
can too be performed by solving the optimization discussed
in the next section. The overall transceiver design procedure
for three different scenarios viz: 1) ATWR; 2) STWR; and
3) multi-user ATWR is summarized in Algorithm 2.

Remark 4: Reference [40] developed a unified framework to
design transceivers for various MIMO wireless systems. The
transceiver framework is based on linear minimum mean square
error (LMMSE) metric and uses quadratic matrix programming
to construct the transceivers. The main differences between the
current work and [40] is that the proposed transceiver design
uses non-linear SIC to detect its desired data whereas the de-
signs in [40] employs LMMSE receiver. Further, the proposed
transceiver framework, as shown later in Remark 6, can easily
be extended to include per-stream quality-of-service (QoS) con-
straints in the transceiver design. The QoS constraints are based
on the per-stream rate demanded by the users.

Before moving on to the next section where allocate optimal
power for sum-rate maximization, we summarize the main result
of the paper in Theorem 3.3.
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Theorem 3.3: Design of a common transceiver for ATWR
and STWR wherein relay requires 2Nu ≤ Nr ≤ Nb for ATWR
scenario and Nu ≤ Nr ≤ Nb for STWR scenario. In this design,
we assume that the relay i) has complete information of all
channel matrices i.e., Hu , Hb , Gu and Gb ; and ii) designs the
precoder/receiver matrices and distributes them to other nodes.

IV. GEOMETRIC PROGRAMMING APPROACH FOR JOINT POWER

ALLOCATION TO MAXIMIZE SUM-RATE

We now allocate optimal power jointly at the BS and relay
to maximize the system sum-rate. This power allocation, as
mentioned before, is applicable for the three relaying scenarios.
Geometric programming is a convex optimization tool that is
used for allocating optimal power in wireless networks [32],
[41]–[44]. We next prove two lemmas that will be used to show
that the sum-rate optimization can be cast as a GP.

Lemma 4.1: The transmit power of the BS defined in (3), is
a posynomial in optimization variable λ.2

Proof: The transmit power of the BS with the transmit pre-
coder Bb designed in (18) is

Tr(BbBH
b ) = Tr(UH

h ΛΛH Uh)
(a)
=

N∑

j=1

λj . (27)

The equality in (a) is due to the circular property of the trace
operator. The BS transmit power is a posynomial in λ, as the
coefficients of optimization variable λj ,∀j are positive. �

The transmit power of the BS, for notational convenience, is
henceforth denoted as pb(λ).

Lemma 4.2: The transmit power of the relay, defined in (5),
is a posynomial in λ and δ, where δ = [δ1, · · · , δNu

].
Proof: Refer to Appendix A. The transmit power of the relay

is now denoted as pr (δ,λ). �

A. Sum-Rate Maximization

We now maximize the sum-rate subject to the transmit power
constraints of the BS and relay. We first define the sum-rate
R(δ,λ)

(a)
=

1
2

Nu∑

n=1

log2(1 + SNRu,n (δ,λ)) + log2(1 + SNRb,n (δ))

=
1
2

log2

Nu∏

n=1

(1 + SNRu,n (δ,λ))(1 + SNRb,n (δ)) (28)

The factor of half is due to the half-duplex constraint. The sum-
rate optimization can now be cast as

P1 : Minimize
{λ,δ}�0

1
∏Nu

n=1 (1+SNRu,n (δ,λ))(1+SNRb,n (δ))

subject to pb(λ) ≤ Pb, pr (δ,λ) ≤ Pr .
(29)

2GP terminology from [45]: A monomial is a function f : Rn
++ :→ R with

domain Rn
++ , defined as f (x) = cx

a 1
1 x

a 2
2 · · ·xan

n , where c > 0 and aj ∈ R.

A sum of monomials that is, f (x) =
∑K

k= 1 ck x
a 1k
1 x

a 2k
2 · · ·xan k

n , where
ck > 0 is called a posynomial. Here Rn

++ denotes the set of n-dimensional
positive real vectors.

In a GP, the objective function is a posynomial and inequality
constraints are upper-bounded posynomials. We note that the
posynomials are closed under addition and multiplication but
not under division [45]. The objective in problem P1 is not a
posynomial as it is a ratio of two posynomials; problemP1 there-
fore cannot be cast as a GP. An approach to solve this problem
is to approximate the denominator posynomial as a monomial.
The ratio of a posynomial and a monomial is a posynomial; the
problem P1, with the posynomial objective and upper-bounded
posynomial constraints, then becomes a GP. To this end, we now
reproduce a lemma from [41].

Lemma 4.3: Let g(x) =
∑

i ui(x) is a posynomial. Then

g(x) ≥ g̃(x) =
∏

i

(
ui(x)
αi

)αi

. (30)

If, in addition, αi = ui(x0)/g(x0),∀i, for any fixed positive
x0, then g̃(x0) = g(x0), and g̃(x0) is the best local monomial
approximation to g(x0) near x0 in the sense of first order Taylor
approximation. Note that ui(x) are monomial terms.

Proof: Refer [41, Lemma 1].
We first use the approximation monomial obtained using the

above lemma to solve problem P2 and improve this approxima-
tion using an iterative algorithm – Algorithm 3.

Remark 5: An initial feasible δ and λ in Algorithm 3 can
be calculated by making high-SNR approximation on the
objective i.e., approximate (28) as 1

2 log2

∏Nu

n=1(SNRu,n (δ,
λ))(SNRb,n (δ)). The objective now becomes a ratio of two
posynomials and is therefore a posynomial.

Remark 6: Though in this work we focus on sum-rate maxi-
mization, but the proposed GP framework can easily be extended
to include the per-stream QoS constraints, expressed in terms of
per-stream rate, demanded by the user as following.

P2 : Minimize
{λ,δ}�0

1
∏Nu

n=1 (1 + SNRu,n (δ,λ))(1 + SNRb,n (δ))

subject to log2(1 + SNRu,n (δ,λ)) ≥ run

log2(1 + SNRb,n (δ)) ≥ rbn

pb(λ) ≤ Pb, pr (δ,λ) ≤ Pr .
(31)
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The first and the second constraint impose the per-stream rate
constraints demanded by the downlink and the uplink user, re-
spectively. The per-stream rates demanded by the downlink and
the uplink users are denoted as run and rbn , respectively. The
per-stream rate constraints are express as upper-bounded posyn-
omials as follows.

P2 : Minimize
{λ,δ}�0

1
∏Nu

n=1 (1 + SNRu,n (δ,λ))(1 + SNRb,n (δ))

subject to ISNRu,n (δ,λ) ≤ 1/(2ru n − 1)

ISNRb,n (δ) ≤ 1/(2rb n − 1)

pb(λ) ≤ Pb, pr (δ,λ) ≤ Pr

(32)
The above optimization can be solved using Algorithm 3 as the
per-stream rate constraints are also upper-bounded posynomials.

V. NUMERICAL RESULTS

We now use Monte Carlo simulations to study the perfor-
mance of the proposed GQRD design, and compare it with
existing state-of-the-art designs. We assume that the individ-
ual elements of channel matrices Hi and Gi are independent
and identically distributed Gaussian random variables with zero
mean and variance h2

i and g2
i respectively. We fix the max-

imum transmit power and noise variance at all the nodes to
unity, and define the average SNR of the user/BS→Relay link
as ηh = h2

u = h2
b and Relay→user/BS links as ηg = g2

u = g2
b .

We further assume that all transmit nodes employ Gaussian sig-
nalling. We average the simulation results over 5000 statistically
independent channel realizations.

A. Single-User ATWR

We first compare the sum-rate of the proposed transceiver
with the existing single-user ATWR designs. We consider
following transceivers for this comparison: i) LQ-QR [16];
ii) SVD-SVD [32]; and iii) ZF-ZF [17]. We note that among
the transceiver designs available in the ATWR literature, the
SVD-SVD design provides the best sum-rate.3 We also note
that LQ-QR, SVD-SVD, and ZF-ZF designs, similar to the cur-
rent design, require complete channel information at the relay
to construct relay precoder. The SVD design, similar to the pro-
posed design, distributes precoding matrices to nodes. Since ZF
and LQ-QR designs do not precode at the source nodes, the
relay does not distribute precoders to the source nodes. From
Fig. 3(a), where we have set ηu = ηb and have fixed the number
of BS, relay and user antennas as Nb = 6, Nr = 6 and Nu = 3
respectively, we see that the proposed GQRD design yields
nearly the same average sum-rate as that of the SVD-SVD de-
sign. We also observe that the GQRD design vastly outperforms
the other two ATWR designs. In Fig. 3(b) where we now fix
ηb = 30 dB instead of varying it as in Fig. 3(a), we see that the
GQRD design mimics its behavior in Fig. 3(a) wherein it: 1)
has the same sum-rate as that of the SVD-SVD design; and 2)
outperforms LQ-QR and ZF-ZF designs for all SNR values.

3Optimal sum-rate transceiver design for ATWR is still an open problem.

Fig. 3. Average sum-rate comparison of the proposed GQRD transceiver de-
sign with other state-of-the-art single-user ATWR designs for two different
scenarios :a) ηu = ηb dB; and b) ηb = 30 dB. For both these figures, the num-
ber of BS and relay antennas Nb = Nr = 6, and the number of user antennas
Nu = 3.

We now compare the computational complexity of the pro-
posed GQRD design with that of the best-performing SVD-SVD
design. The computational complexity for the proposed design,
according to the results in [46], is 4NbN

2
r flops. The com-

putational complexity for the SVD-SVD design, by using the
R-SVD algorithm in [47], is 12NbN

2
r + 40N 3

r + 50N 3
u flops.

We plot the number of flops required for these two designs in
Fig. 4. We see that for Nb = 20, the GQRD design requires
≈ 9× lesser flops than the SVD-SVD design. The proposed
design thus matches the performance of the SVD-SVD design
with lower design complexity.

The proposed GQRD transceiver and the existing LQ-QR,
SVD-SVD and ZF-ZF ATWR transceivers require Nr ≥ 2Nu

antennas to cancel the BI experienced by the receiving user.
The existing ATWR transceiver designs, however, cannot work
with Nr < 2Nu antennas. We note that ATWR transceivers,
including the proposed GQRD design, can also be used for
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Fig. 4. Computational complexity comparison of the proposed GQRD
transceiver design with SVD-SVD design. Here we vary the number of BS
antennas (Nb ) and fix Nr = 10 and Nu = 5.

Fig. 5. Average sum-rate comparison of the proposed GQRD transceiver de-
sign with other state-of-the-art multi-user ATWR designs for two different sce-
narios :a) ηu = ηb dB; and b) ηb = 30 dB. For both these figures, the number
of BS and relay antennas Nb = Nr = 16, and the number of single-antenna
users Nu = 8.

Fig. 6. Average sum-rate comparison of the proposed GQRD transceiver de-
sign for STWR with other state-of-the-art designs. Here we fix Nb = Nr =
Nu = 2.

STWR scenario wherein they will cancel the BI experienced by
receiving user, but will require Nr ≥ 2Nu antennas. The exist-
ing STWR designs, in contrast, work with Nr < 2Nu antennas
as the receiving user therein can itself cancel the BI. Impos-
ing Nr ≥ 2Nu antenna requirement is therefore restrictive for
STWR. The proposed GQRD design, in contrast to the exist-
ing ATWR designs, works also with Nr < 2Nu antennas and
is thus more relevant for the STWR scenario when compared
with existing ATWR designs. We will show that the proposed
GQRD transceiver not only matches the sum-rate of the existing
STWR designs that provide close-to-optimal performance, but
also outperforms them for certain antenna configurations. Be-
fore doing that, let us briefly digress to compare the sum-rate of
the GQRD design with existing multi-user ATWR transceiver
designs.

B. Asymmetric Multi-User Two-Way Relaying

The proposed GQRD design also works for multi-user ATWR
scenario with single-antenna users by using ZF-DPC at the
BS. We now compare its sum-rate with the existing multi-
user ATWR transceiver designs: i) the best-performing DPC-
SVD [32]; ii) DPC-QR [48]; and iii) ZF [9]. (Optimal sum-
rate design for asymmetric multi-user TWR is also an open
problem.) For this comparison, we consider a cellular system
with Nb = 16 BS antennas, with Nr = 16 relay antennas and
Nu = 8 single-antenna users. We see from Fig. 5(a) that the
proposed GQRD design has the same sum-rate as that of the
best-performing DPC-SVD design, and has much better perfor-
mance than the DPC-QR and ZF designs. It is easy to see that
at ηu = ηb = 25 dB, the GQRD design has 12 bps/Hz higher
sum-rate than the DPC-QR design. Similarly in Fig. 5(b) where
we fix ηb = 30 dB and vary ηu alone, the GQRD plot overlaps
that of the SVD-LQ and provides better sum-rate than other two
designs.

The existing multi-user ATWR designs, similar to the single-
user ATWR designs, require Nr ≥ 2Nu antennas to cancel the
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Fig. 7. (a) Average sum-rate comparison of the proposed GQRD design and
the CH-DIAG design for different Nb values; and (b) Average sum-rate of the
GQRD and the CH-DIAG design for different Nb at η1 = η2 = 25 dB. For both
these figures, Nu = 2 user antennas and Nr = 2 relay antennas.

BI experienced by the receiving user. These designs do not work
with Nr < 2Nu antennas. The proposed GQRD design works
with Nr < 2Nu antennas and is therefore more flexible. We next
investigate the sum-rate of GQRD design for STWR scenario
where we specifically consider Nr < 2Nu antenna configura-
tion.

C. Symmetric Single-User Two-Way Relaying

We compare the sum-rate of the GQRD with the following
STWR designs that are shown to have close-to-optimal perfor-
mance: i) channel-diagonalizing (CH-DIAG) [27]; ii) channel-
triangularizing (CH-TRI) [49] and iii) channel-alignment (CH-
ALIGN) [50]. We observe from Fig. 6 that the GQRD transceiver
has same sum-rate as the other designs, and consequently pro-
vides close-to-optimal sum-rate for the STWR also. The above
STWR transceivers employ same number of antennas at both
source nodes who want to exchange data via a relay. These

Fig. 8. Convergence of sum-rate at ηu = ηb = 10 dB

designs when incorporated in a cellular system will constrain
the BS to have same number of antennas as that of the user. In
a cellular system, a BS usually has more number of antennas
than the user. The GQRD transceiver is designed such that it
can have Nb ≥ Nu . We now study the transmit beamforming
gains provided by the GQRD design with these additional BS
antennas.

In Fig. 7(a) where we compare the GQRD design with CH-
DIAG design for a fixed Nu = Nr = 2 and variable BS anten-
nas, it is evident that the additional BS antennas considerably
improve the sum-rate. Fig. 7(b) further substantiates this im-
provement where the sum-rate of the GQRD design is compared
with that of the CH-DIAG design for different Nb values and
ηu = ηb = 30 dB and Nu = Nr = 2. The sum-rate of the CH-
DIAG design is the same for different Nb values as it cannot use
additional BS antennas. The sum-rate difference between the
two designs increases with increasing number of BS antennas.
With Nb = 5, the GQRD design yields 3 bps/Hz higher bit-rate
than the CH-DIAG design.

D. Convergence of the Proposed Algorithm

We now investigate the number of iterations required for the
algorithm to converge for a particular channel realization. We
observe from Fig. 8 that the algorithm converges within 5 GP
iterations for an exit condition of ν = 1 × 10−10 at ηu = ηb =
10 dB. The algorithm has a similar convergence behavior for
other channel realizations and SNR values as well.

VI. CONCLUSION

We proposed a common transceiver design for asymmetric,
symmetric and multi-user cellular two-way relaying. The exist-
ing two-way relaying literature constructs separate transceivers
for these relaying scenarios, and also constrains the number of
antennas at different nodes. The proposed transceiver, designed
using generalized QR decomposition of channel matrices, has
relaxed antenna constraints, and consequently works for var-
ied relaying scenarios. We also showed that the sum-rate of
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the proposed transceiver can be maximized using geometric
programming by suitably approximating the objective, and by
improving this approximation using an iterative algorithm. The
optimal sum-rate of the proposed transceiver is shown to not
only match that of the existing designs but also outperform them
for certain antenna configurations. We investigated the compu-
tational complexity of the proposed design and showed it to be
significantly lower than the best-performing design available in
the literature. The proposed design thus matches (even exceeds)
the performance of existing designs, relaxes their antenna con-
straints, and thus provides a single low-complexity transceiver
option to system designer for multiple cellular relaying
scenarios.

APPENDIX A
PROOF OF LEMMA 4.2

To prove the lemma, we reproduce and simplify the relay
power expression from (5).

Tr
(
W(HuΣuHH

u + HbΣbHH
b + σ2

rINr
)WH

)
(A.1)

(a)
=

Nu∑

j=1

ρ2‖Whj
u‖2 + λj‖Whj

b‖2 + σ2
r Tr(WWH )

(b)
=

Nu∑

j=1

ρ2‖ΔQH
h hj

u‖2 + λj‖ΔQH
h hj

b‖2 + σ2
r Tr(WWH )

(c)
=

Nu∑

j=1

ρ2‖Δh̄j
u‖2 + λj‖Δh̄j

b‖2 + σ2
r Tr(WWH )

(d)
=

Nu∑

j=1

ρ2‖Δh̄j
u‖2 + λj‖Δh̄j

b‖2 + σ2
r Tr(ΔΔH )

=
Nu∑

j=1

Nr∑

n=1

{
ρ2|h̄j

u,n̂ |2 + λj |h̄j
b,n̂ |2 + σ2

r

}
δn . (A.2)

In (a) we use: i) Σu = BuBH
u = ρ2; ii) Σb = BbBH

b =
[Uh ]ΛΛH [Uh ]H ; and iii) hj

u and hj
b to denote the jth col-

umn of Hu and Hb [Uh ]H , respectively. Equality in (b) is
because Qg has orthonormal columns. In (c), we denote
h̄j

u = QH
h hj

u = [h̄j
u,1, · · · , h̄j

u,Nr
]T , h̄j

b = QH
h hj

b = [h̄j
b,1, · · · ,

h̄j
b,Nr

]T and n̂ = Nr − n + 1. Equality in (d) is because
Tr(AB) = Tr(BA); and 2) QH

h has orthonormal rows and Qg

has orthonormal columns. The relay power is a posynomial as
the coefficients of λj and δn for all j, n in (34) are non-negative.
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