
794 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 53, NO. 2, FEBRUARY 2007

Upper Bounds on the Rate of LDPC Codes for a Class of
Finite-State Markov Channels

Pulkit Grover, Student Member, IEEE, and
Ajit Kumar Chaturvedi, Senior Member, IEEE

Abstract—In this correspondence, we consider the class of finite-state
Markov channels (FSMCs) in which the channel behaves as a binary
symmetric channel (BSC) in each state. Upper bounds on the rate of LDPC
codes for reliable communication over this class of FSMCs are found. A
simple upper bound for all noninverting FSMCs is first derived. Subse-
quently, tighter bounds are derived for the special case of Gilbert–Elliott
(GE) channels. Tighter bounds are also derived over the class of FSMCs
considered. The latter bounds hold almost-surely for any sequence of
randomly constructed LDPC codes of given degree distributions. Since the
bounds are derived for optimal maximum-likelihood decoding, they also
hold for belief propagation decoding. Using the derivations of the bounds
on the rate, some lower bounds on the density of parity check matrices for
given performance over FSMCs are derived.

Index Terms—Belief-propagation decoding, density, error probability, fi-
nite state Markov channels (FSMCs), Gilbert–Elliott (GE) channels, low-
density parity-check (LDPC) codes.

I. INTRODUCTION

In this correspondence, we say that a sequence of codes can be used
for reliable communication over a given channel if the optimal (max-
imum-likelihood) decoding error probability of the sequence converges
to zero as the block length approaches infinity [1]. In [2], Gallager de-
rived an upper bound on the rate of regular LDPC codes for reliable
communication over a binary symmetric channel (BSC). The bound
was found to be R � 1 � H(�)

H(P )
, where � is the crossover proba-

bility of the BSC, d is row weight of each row of the parity check ma-
trix, Pd = 1+(1�2�)

2
, and H(�) is the binary entropy function. The

bound was generalized by Burshtein et al. in [1] to memoryless binary
input–output symmetric (MBIOS) channels and irregular LDPC codes.

LDPC codes have been shown to have good performance for the low-
complexity iterative decoding over the memoryless channels. Recently,
their performance has been analyzed over some channels with memory,
for example over Gilbert–Elliott (GE) channels [3], finite-state Markov
channels (FSMCs) [4] and intersymbol interference (ISI) channels [5]
and found to be encouraging. It thus becomes imperative to understand
the limits of LDPC codes when used over channels with memory.

In this correspondence, we generalize the bound in [2] to some
channels with memory. We consider the class of FSMCs in which
the channel behaves as a BSC in each state. In [6], we generalized
this bound to a class of Gilbert–Elliott (GE) channels, which are
two-state Markov channels with the channel behaving as a BSC in
each state. Here we first derive a simple bound on the rate for all
noninverting FSMCs. For FSMCs, and for GE channels in particular,
we then derive tighter bounds. While the tight bounds derived here
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for GE channels always hold, the tight bounds for FSMCs hold only
almost-surely for randomly constructed LDPC codes of given degree
distributions. In the random construction, a code is selected randomly
from an ensemble of codes of given degree distributions. Performance
of randomly constructed LDPC codes is easy to analyze for large
block lengths using the density evolution technique [7].

The derived bounds prove that for a sequence of LDPC codes to be
capacity achieving, the average number of 1’s in each row of the parity
check matrix must approach infinity. Furthermore, these bounds lead to
lower bounds on the required density [8] of a parity check matrix, given
the code performance. Thus, we extend the results obtained by Sason
and Urbanke [8] on the density of parity check matrices for MBIOS
channels to the setting of FSMCs.

The rest of the correspondence is organized as follows. In Section II,
we introduce some definitions and set the notation for the sequel. In
Section III, we reduce the problem of finding the upper bounds on the
rate to finding bounds on the entropy of syndromes. In Section IV, we
derive upper bounds on the rate for GE channels as well as for FSMCs.
In Section V we derive lower bounds on the density of parity check
matrices of codes of given performance over FSMCs. We conclude in
Section VI.

II. NOTATIONS AND DEFINITIONS

A vector of length n is denoted in bold letters with superscript n. For
example, the channel input vector is denoted by Xn, and the channel
output vector byYn. The kth element ofXn is denoted by Xk . Also,
lg(�) denotes logarithm to the base 2, and ln(�) denotes logarithm to
the base e.

We assume that the Markov chain has a unique steady state distri-
bution, for which we require the Markov chain to be irreducible and
aperiodic [9]. Throughout the correspondence, by an FSMC we mean
a FSMC which behaves as a BSC in each state.Cm denotes the capacity
of an FSMC, where m is the number of states in the FSMC, each of
which are denoted by integers s = 1; 2; . . . ;m. �i and 
i denote the
crossover probability and the steady-state probability, respectively, of
the ith state. The FSMC is said to be noninverting if �i < 0:5 for all
i 2 f1; 2; . . . ;mg.

For the GE channel, the states are called “good” and “bad.” We de-
note the “good” (respectively, “bad”) state by G (resp. B), transition
probability from G to B (respectively, B to G) by b (respectively, g),
the corresponding crossover probability in the stateG (respectively,B)
by �G (resp. �B ), where �G < �B . If �G < �B < 0:5, the channel
is said to be noninverting, and if g + b < 1, the channel is said to
be nonoscillatory. We assume that the GE channel is noninverting and
nonoscillatory. The steady state probability of G (resp. B) is denoted
by 
G (resp. 
B). Also, CGE denotes the capacity of a GE channel.

For regular LDPC codes, the variable node degree is denoted by c

and the check node degree is denoted by d. For irregular codes, the frac-
tion of rows of weight d is denoted by!d. The left and right edge degree
distributions are denoted by �(x) and �(x) respectively, in accordance
with the convention. That is, if �(x) =

i�2 �ix
i�1, then �i is the

fraction of edges of left degree i. �(x) is similarly defined. Note that

�(x) and row weight distribution are related by !d = .

We denote a parity check matrix of a code of rate R and blocklength
n by H. The design rate of the code is denoted by RD . Thus RD =

1� c

d
for regular codes and RD = 1�

�(x)dx

�(x)dx
for irregular codes.

Since all the rows of H need not be linearly independent, R � RD .
The syndrome vector, which comprises of the results of the n(1� R)
parity check equations when applied on Yn, is denoted by Sn(1�R).
The ith syndrome is denoted by Si.
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Cn(c; d) denotes the ensemble of regular LDPC codes of length n
and left and right degrees c and d respectively, generated by “socket
construction” of [7]. The generalization of this construction to irregular
codes is straightforward, and as per the convention, the corresponding
ensemble is denoted by Cn(�; �). The average variable node degree is
denoted by �, and the average check node degree is denoted by �.

Definition 1 (Density): For a binary linear code C with a parity check
matrixH, the density ofH, denoted by �(H), is defined as the ratio of
the total number of 1’s in a parity-check matrix to the code dimension
(see [8]). That is, �(H) := �(1�R)

R
.

The design density, �D , is defined in an analogous manner to the
design rate RD . Note that �D � �.

Definition 2 (Gap): In a row of the parity check matrixH, suppose
two consecutive 1’s, which are separated by a string of 0’s, occur at
locations n1 and n2. Then the gap between the two 1’s is defined as
jn2 � n1j.

Definition 3 (Random Construction of LDPC Codes): In the random
construction of LDPC codes, a code is chosen randomly fromCn(�; �)
with uniform probability.

Note that this random construction induces a uniform probability
distribution on codes of given (�; �) for a given length. This further
induces a probability distribution on the product space consisting of
sequences of codes of different lengths for given (�; �).

III. UPPER BOUNDS ON THE RATE: REDUCING THE PROBLEM

Consider a linear code Cn of blocklength n and parity check matrix
H. If the input alphabet � is of size M , and the input and output are
denoted by Xn = fX1; X2; . . . ; Xng, where Xi 2 �, and Yn =
fY1; Y2; . . . ; Yng, then we have the following (Fano’s inequality, [10]):

hPei lg(M � 1) +H(hPei) �
1

n
H(XnjYn) (1)

where hPei is the average probability of symbol error (averaged over
all symbols in the block).1 For binary case, M = 2, so the equation
reduces to

H(hPei) �
1

n
H(XnjYn): (2)

Thus, if 1
n
H(XnjYn) is strictly positive, then so is hPei, the average

probability of bit error. It follows that for reliable communication
1
n
H(XnjYn)! 0. In the sequel, we prove that for use of a sequence

fCng of LDPC codes over an FSMC, 1
n
H(XnjYn) is lower bounded

by a positive constant for a rate exceeding a certain bound. For ease of
exposition, we first derive the bound for regular codes.

Suppose that Cn is transmitted over an m-state FSMC. Suppose all
rows of parity check matrices of Cn have a constant weight d. We derive
bounds on the rate for such a sequence of codes for reliable communica-
tion. We break the derivation into two parts. In the first part, contained
in this section, we reduce the problem to finding an upper bound on the
entropy of the syndrome vector Sn(1�R). In the second part, which is
in Section IV, we find this upper bound, and hence the bounds on the
rate. The derivation in the first part is similar to that in [2]. New tech-
niques are, however, needed in the derivation of the second part.

1Conventionally, in the literature of LDPC codes, the analysis is done on the
bit error probability of coded symbols. For the problems addressed here, the
analysis for the bit error probability of the source symbols can be performed in
a similar way, and the bounds on the rate derived would be the same.

A. Reducing the Problem to Bounding the Entropy of Individual
Syndromes

Using two different expressions for I(Xn;Yn) ([10])

1

n
H(XnjYn) =

1

n
H(Xn)�

1

n
H(Yn) +

1

n
H(YnjXn): (3)

For any code,Xn is the encoded data which is in one-one mapping
with the information symbols. The information symbols are the uni-
formly distributed over the 2nR values. Thus,Xn takes any value from
the 2nR codewords with uniform probability distribution. Therefore

H(Xn) = nR: (4)

Denoting by Zn := Yn +Xn the binary error vector, observe that

H(YnjXn) = H(Yn +XnjXn) = H(ZnjXn) = H(Zn): (5)

The last equality follows from the fact that for an FSMC, the errors are
independent of the input sequence.

Also, it can be inferred from [11, Th. 4.2.2] that the sequence
fH(ZijZ

i�1)g1i=1 is monotonically decreasing in i and therefore,
1
n
H(Zn) � lim

i!1
H(ZijZ

i�1). Thus

1

n
H(YnjXn) � lim

i!1
H(ZijZ

i�1): (6)

We need the following Lemma in the sequel.

Lemma 1: The capacity of an FSMC (as defined above) is given by

Cm = 1� lim
i!1

H(ZijZ
i�1): (7)

Proof: See Appendix I.
Using (4), (6) and Lemma 1, we get

1

n
H(XnjYn) � R�

1

n
H(Yn) + 1� Cm: (8)

Since we want to lower bound 1
n
H(XnjYn), we now find an upper

bound on 1
n
H(Yn). As shown in [1], the received vectorYn uniquely

determines Y1

nR, which are the received bits at any nR linearly in-
dependent locations in the code, and Sn(1�R), the syndrome vector.
Also, Y1

nR and Sn(1�R) uniquely determine Yn. That is, there is a
one-one mapping between the two sets.2 Therefore,

H(Yn) =H(Y1

nR;Sn(1�R))

=H(Y1

nR) +H(Sn(1�R)jY1

nR)

�H(Y1

nR) +H(Sn(1�R)) (9)

where the last inequality follows from the fact that conditioning reduces
entropy.3 NowY1

nR = X1

nR + Z1
nR, whereX1

nR and Z1nR are
the vectors corresponding to characters at independent locations in the
transmitted codeword and the error vector respectively. Since X1

nR

is the vector corresponding to nR independent positions in the trans-
mitted word, it specifies a codeword uniquely, and hence the distribu-
tion ofX1

nR is uniform over its possible 2nR values.

2GivenY , bothY and S can clearly be obtained. GivenY
andS , findingY is same as finding values ofY on then(1�R) loca-
tions other than those corresponding toY . The problem reduces to solving
a system of n(1� R) linear equations with n(1� R) variables, which has a
unique solution. Note that R is the actual rate of the code, and not the design
rate.

3It can be shown on the lines of the proof in [1] that the last inequality is, in
fact, an equality. Key point is to use the uniform distribution over the codewords.
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Since X1

nR has a uniform distribution over all its possible 2nR

values, and Z1nR is independent ofX1

nR,Y1

nR = X1

nR + Z1
nR

also has a uniform distribution over all its possible 2nR values. Thus

H(Y1

nR) = nR: (10)

Now it is sufficient to upper bound H(Sn(1�R)), the entropy of the
syndrome vector. In general, the syndromes are not independent of each
other. From the chain rule, and from the fact that conditioning reduces
entropy, we get

H(Sn(1�R)) �

n(1�R)

i=1

H(Si): (11)

The problem now reduces to bounding the entropy of individual
syndromes.

IV. UPPER BOUNDS ON THE RATE

In this section we give the bounds on the rate for different channels
by finding bounds on the entropy of the syndromes.

Consider a parity check equation, corresponding to a row of the
parity check matrix H. Let the places at which 1’s occur in the equa-
tion be denoted byn1; n2; . . .nd, and the corresponding output random
variables be denoted by Yn ; Yn ; . . . ; Yn . LetS = d

i=1 Yn , where
addition is over GF (2). The entropy of a single syndrome is given by
H(S).

Note that the input codeword to the channel Xn satisfies the parity
check equations, d

i=1Xn = 0. Therefore,

S =

d

i=1

Yn =

d

i=1

(Yn +Xn ) =

d

i=1

Zn : (12)

That is, a particular parity check is satisfied if (and only if) there are
even number of errors in locations corresponding to fZn gdi=1.

Since the state space is Markov, determining Pr(S = 0) exactly
is not possible without knowing the exact positions of the 1’s in the
row. Even if exact positions of the 1’s are known, the procedure to find
Pr(S = 0) would be tedious in general. So we develop some methods
to bound this probability. We now proceed to derive bounds on the rate
for different channels by finding bounds on Pr(S = 0).

A. A Simple Upper Bound for FSMCs

We first present a simple upper bound on the rate of LDPC codes
that holds for all noninverting FSMCs. We need the following Lemma.

Lemma 2: For an m-state FSMC as defined above

Pr(S=0)=
1

2
+
1

2
r ;r ;...;r

m

i=1

(1�2�i)
r Pr(r1; r2; . . . ; rm) (13)

where Pr(r1; r2; . . . ; rm) denotes the probability of making ri visits
to state i in d steps (with m

i=1 ri = d).
Proof: See Appendix II.

Since the channel is noninverting in each state, 1� 2�i > 0 for all
i. Hence Pr(S = 0) in Lemma 2 can be lower bounded by

Pr(S = 0) �
1

2
+

1

2
r ;r ;...;r

(1� 2�m)
dPr(r1; r2; . . . ; rm)

=
1

2
+

(1� 2�m)
d

2

where, we assume without loss of generality that �m > �i for all
i 6= m. Define pmd

1
2
+ (1�2� )

2
. Then H(S) � H(pmd), and

from (11), H(Sn(1�R)) � n(1� R)H(pmd).
Suppose now that the rate R = 1 � 1�C

H(p )
+ �, for some � > 0.

Using (2), (8) –(11), we get

H(hPei) >
1

n
H(XnjYn) � �H(pmd): (14)

That is, reliable communication is not possible at this rate for any � >
0. Hence we get the following bound for regular codes

R � 1�
1� Cm

H(pmd)
: (15)

Furthermore, (14) also gives us an error floor for rates exceeding this
bound.

For irregular codes, the expression for upper bound on H(Sn(1�R))
changes to

H(Sn(1�R)) � n(1�R)
d

!dH(pmd): (16)

Hence, the bound on the rate for irregular codes can similarly be found
to be

R � 1�
1� Cm

d
!dH(pmd)

: (17)

Similar error floors (as in (14)) can be obtained for irregular codes.
Since all the bounds we give in this work are of the same form, similar
error floors can be derived for all of them.

Arguments in [8] concluded, using Jensen’s inequality, that for mem-
oryless channels, the expression of upper bound on the rate gives the
result that for a sequence of codes to be capacity achieving, the density
�(H) must converge to infinity. Since the expression for upper bound
is same here with appropriate change in the expression for the capacity
of an FSMC, we can conclude that even for Markov channels, for a
sequence of LDPC codes to be capacity achieving, the density must
converge to infinity.

In the next subsections, we tighten these bounds for the case of GE
channels, and then for FSMCs.

B. Upper Bounds for Noninverting and Nonoscillating GE Channels

From Lemma 2, it can be seen that for noninverting GE channels,
Pr(S = 0) > 0:5, and hence, the entropy H(S) increases with de-
crease in Pr(S = 0). Thus, to upper bound H(S), we lower bound
Pr(S = 0). To that end, we need the following Lemmas.

Lemma 3: For nonoscillating and noninverting GE channels,
Pr(S = 0) decreases with increase in the gap between any two 1’s,
keeping the gap between other 1’s constant.

Proof: See Appendix IV.
Define the average error probability of an FSMC in steady state as

q
i
�i
i. Consider a row ofH. Define kmin as the minimum gap

between any two ones in the row. Then we have the following Lemma.

Lemma 4: Given that the underlying Markov chain is irreducible and
aperiodic, for an m-state FSMC, as kmin !1, Pr(S = 0) converges
to Pr(Smemless = 0), where Smemless is the random variable repre-
senting result of a parity check equation for a memoryless channel with
error probability same as the average error probability of the FSMC in
steady state.

Proof: See Appendix V.
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From Lemma 3 and Lemma 4, H(S) � H(Smemless) =

H(1+(1�2q)
2

), where q = 
G�G + 
B�B is the average probability
of error in steady state of the FSMC.

Thus, similar to the derivation of (15), we get the following bound

R � 1�
1� CGE

H(pd)
(18)

where CGE is the capacity of a GE channel, and pd
1+(1�2q)

2

Similar to (16), the bound on the rate for reliable communication for
irregular codes is

R � 1�
1� CGE

d
!dH(pd)

: (19)

We plot this bound for typical values of the channel parameters in Fig. 1
for regular code with increasing right degree. The plot shows that the
bound approaches capacity exponentially in the right degree, as would
be expected from (18).

C. Tightening the Bound for GE Channels

In this section, we tighten the upper bound on the entropy of a syn-
drome, which can be used to tighten the bounds on the rate for GE
channels.

Suppose in a row of a parity check matrix, the maximum gap between
any two consecutive 1’s is v, that is, any two variables in that parity
check equation are separated by a gap of no more than v. By Lemma
3, the entropy of the parity check increases as the gap between the
1’s is increased. Hence the entropy of the given parity check will be
lesser than or equal to the entropy of a parity check for which the gap
between 1’s is uniformly v. Notice that in the latter case, the Markov
chain relating Zn ’s is homogeneous, albeit the transition probabilities
have changed.

It was proved by Pedler [12] that for a homogeneous two state
Markov chain, probability of visiting a particular state (say G) k times
in d transitions is given by:

For 0 < k < d

Pr(NG = k) = (1� b)k(1� g)d�kF [�d+ k;�k; 1; �]

� 
Gl(1� b)k(1� g)d�k�1

� F [�d+ k + 1;�k; 1; �]

� 
B l(1� b)k�1(1� g)d�k

� F [�d+ k;�k + 1; 1; �]

and

Pr(NG = 0) = (
Gb+ 
B(1� g))(1� g)d�1

Pr(NG = d) = (
G(1� b) + 
Bg)(1� b)d�1

where NG is the random variable denoting number of times state G
is visited, F is the hypergeometric function, 
G = g

b+g
and 
B =

b

b+g
are the steady state probabilities of G and B respectively, � =
gb

(1�g)(1�b)
, and l = (1� g)(1 � b)� gb.

Now, using (36) of Appendix II, the entropy of a parity check can
be determined if we know Pr(NG = k). For uniform gap v between
1’s, the underlying state space for Z 0

n s is homogeneous Markov, and
hence Pedler’s result is applicable. Using v-step transition probabilities
and (36), associated entropy can be calculated for different values of v.
Fig. 2 shows the variation of H(S) with v for typical values of d, �G,
�B , g and b. As v increases, we see thatH(S) converges to the entropy
in the independent case, as is expected.

Hence if v is known for each parity check, a tighter bound on entropy
H(S) can be obtained, and thus the bounds derived earlier for GE chan-
nels can be tightened. However, for fixed (�; �), as we letn!1, only

Fig. 1. The bound on the rate versus the right degree for a regular code on a
GE channel with parameters � = 0:01, � = 0:5, g = 0:6, b = 0:2. The
dashed line indicates the channel capacity.

in some specific constructions of LDPC codes would the maximum gap
between 10s remain constant. Hence, per se, the tightening of the bound
in this section is not really useful, even though it gives an insight into
how the bound varies increasing gap. We revisit this point in Section V,
where we bring out the utility of this result.

The tightening raises a natural question: can we conclude from this
tightening that LDPC codes constructed in a manner that gap between
1’s is bounded cannot achieve capacity? We show in Appendix III that
the proposed tightening does not lead to this conclusion.

D. An Almost-Sure Bound for FSMCs

1) Upper Bound on the Rate: We now derive an almost-sure upper
bound on the rate of a sequence of LDPC codes for reliable communi-
cation over an FSMC. For each length n, we have an ensemble of codes
Cn(�; �) and a uniform probability distribution over Cn(�; �). The
probability space of sequence of codes is the product space of proba-
bility spaces corresponding to each n. The probability distribution over
the product space is induced by uniform probability distribution over
Cn(�; �). The bound is almost-sure in the sense that any sequence of
codes fCng (with Cn 2 Cn(�; �)) has to satisfy this bound with prob-
ability 1 (in the product space) if it communicates reliably.

Consider a parity-check equation. By Lemma 4, as kmin, the min-
imum gap between any two consecutive 1’s in the equation, increases,
Pr(S = 0) ! Pr(Smemless = 0) = 1+(1�2q)

2
, where q =

i
�i
i

is the average probability of error in the steady state. Since binary
entropy function is a continuous function of probability, H(S) !
H(Smemless) as kmin ! 1. In particular, we can choose kmin large
enough such that H(S) � H(Smemless) + � for any given � > 0.

Lemma 5: For any � > 0, any fixed k, and n large enough, the
fraction of codes which have at least � fraction of rows with kmin � k

is upper bounded by

pbd =
(nd(1�R))�n(1�R)�(kc)n(1�R)�

(1� �)n(1�R)(1��)�n(1�R)�2�n(1�R) �(1� �)d

=O
1

nen(�ln(n)�c )
(20)

where c2 is a constant.
Proof: See Appendix VI.

Authorized licensed use limited to: INDIAN INSTITUTE OF TECHNOLOGY KANPUR. Downloaded on September 30, 2009 at 03:27 from IEEE Xplore.  Restrictions apply. 



798 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 53, NO. 2, FEBRUARY 2007

Fig. 2. H(S) versus v for d = 10, � = 0:01, � = 0:1, g = 0:2, b = 0:3.

We note that the result also holds for irregular codes with maximum
variable and check node degrees instead of c and d.

From Lemma 5, it follows that the rate of decrease of probability is
at least exponential in n. Therefore, for large enough n (given k), all
1’s are separated by a gap greater than k for at least (1� �) fraction of
rows with probability that goes to 1 at least exponentially in n. By our
choice of k, the probability that H(S) > H(Smemless) + � holds for
more than � fraction of rows converges to 0 exponentially fast in n.

From the above argument, we have an upper bound on the entropy
of (1� �)n(1� R) syndromes. For the entropy of rest of �n(1 � R)
syndromes, we use the upper bound of 1, and arrive at the following
probabilistic bound on H(Sn(1�R)).

H(Sn(1�R))� n(1�R)(1� �)(H(Smemless)+�) +n(1�R) (21)

which holds with probability at least 1� pbd with pbd as in (20). Since
the decrease in the probability pbd is at least exponential, an application
of Borel-Cantelli Lemma [13] shows that the bound holds eventually,
almost surely (e.a.s.).4 That is, with probability 1, the event H(S) >
H(Smemless) + � for greater than � fraction of rows will happen only
finitely often. We thus arrive at the following bound

H(Sn(1�R)) � n(1�R)(1� �)(H(Smemless) + �)

+n(1�R)� e:a:s: for all �; � > 0: (22)

This gives us

1

n
H(Sn(1�R)) � (1�R)H(Smemless) + � e:a:s:

for all � > 0 (23)

where H(Smemless) = H(1+(1�2q)
2

), and � := (1�R) (1� �)�+

� . For a fixed length n, � is the slack in the probabilistic bound on en-
tropy of the syndrome vector. For a given � and k in Lemma 5, the value
of � and pbd can be found using (20). Now, similar to the derivation in

4The term eventually, almost-surely implies that there is a set of infinite se-
quences of probability 1 such that for each sequence of this set, the statement
holds for all n > n , where n may be dependent on the sequence

Section IV-A, for any sequence of regular LDPC codes that communi-
cates reliably, the rate is bounded as follows

R � 1�
1� Cm

H(pd)
+ � e:a:s: for all � > 0 (24)

where pd = 1+(1�2q)
2

.
Define R0 1� 1�C

H(p )
. For given c; d, the design rate RD = 1� c

d

and R0 are fixed, and hence if RD > R0, the code rate R(� RD)
would always (and hence, infinitely often) exceed R0 + � for � =
RD � R0. Thus the above bound would be violated. Hence the same
bound holds for � = 0 also5 if we replace R by RD . For the same
reason, for fixed RD and R0, the term eventually in (24) is redundant.
Thus, the bound for regular codes of given (c; d) becomes

RD � 1�
1� Cm

H(pd)
a:s:: (25)

Similarly for irregular codes of given (�; �), the bound is

RD � 1�
1� Cm

d
!dH(pd)

a:s:: (26)

There can exist sequences of codes of the given (�; �) which defy the
bound, but the set of such sequences is of probability 0 in the product
space. Note that we do not need the channel to be noninverting for the
almost-sure bound to hold.

The utility of this bound is contingent upon the utility of the random
construction of LDPC codes for FSMCs. Over memoryless symmetric
channels, by the concentration theorem [7], the performance of a code
chosen randomly is close to the average performance. Hence if a de-
gree distribution pair (�; �) performs well under density evolution, for
large lengths, codes chosen randomly from Cn(�; �) would also per-
form well. Concentration theorem, therefore, validates the utility of the
random construction. Hence, it would suffice to prove the concentration
theorem for decoding of LDPC codes over Markov channels. The proof

5Consider a sequence of random variables fX g. Suppose X < K + �
a.s for all � > 0. But this does not guarantee that X < K a.s. For example,
take X = 1 + with probability 1. Then X < 1 + � a.s. for all � > 0.
But clearly,X 1 a.s. Hence we use this alternative argument to arrive at the
bound in (25) and (26).
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Fig. 3. Factor graph for decoding of an LDPC code over an FSMC.

Fig. 4. Decoding neighborhood of factor graph given in Fig. 3.

is a direct extension of proof in [7], so we give only a sketch. The only
difference is in finding a bound on neighborhood size after fixed l iter-
ations, which we desire to be independent of the blocklength. Looking
at the factor graph in Fig. 3, it is easy to see that for the decoding neigh-
borhood graph in Fig. 4, the neighborhood size is indeed independent
of n. Hence, the concentration theorem continues to hold.6

V. LOWER BOUNDS ON PARITY-CHECK DENSITY

Notice that the upper bounds in (15), (16), (18), (19), (25), and (26)
are similar to expressions of upper bound on the rate derived in [1],
with the capacity of general MBIOS channels replaced by Cm. In [8],

6For the neighborhood in Fig. 4, we use the scheduling proposed in [3], but
it is clear that the proof works for any scheduling.

lower bounds on parity check density of LDPC codes were derived for
MBIOS channels using the same upper bounds. The key observation
is that the bound on the syndrome entropy is an increasing function of
the density. The bounds on the density derived in [8] are of two types.

• Type I: For any linear code of given finite blocklength n and given
probability of error when transmitted over a channel, using the
lower bound on 1

n
H(XjY), a lower bound on�(H) can be found

(see [8, Th. 2.4]).
• Type II: For a sequence of linear codes fCng which communicate

reliably to achieve 1 � � of the capacity of an MBIOS channel,
asymptotic lower bound on the density of their parity check ma-
trices can be found (see [8, Th. 2.1]).

In the sequel, we extend these bounds to the setting of FSMCs.

A. Lower Bounds on the Density for Noninverting and Nonoscillating
GE Channels

Let �(n) denote the density of parity-check matrix corresponding to
Cn. Similar to the derivation in [8], we get the following Type I bound
on the density of a fixed code given its performance

� �
1� (1� �)CGE
2(1� �)CGE

:

ln
1

2ln2
:
1�C +�C
�C +H(hP i)

ln
1

1�2q

: (27)

Again, using methods in [8], and using the upper bound on the syn-
drome entropy derived in Section IV-B, we can get the following Type
II bound on asymptotic density for reliable communication at rate (1�
�)CGE over GE channels

lim
n!1

�(n)
>
K1 +K2ln

1
�

1� �
: (28)

where

K1=
(1�CGE) ln

1�C
2 ln2 C

2CGE ln
1

1�2q

and K2=
1�CGE

2CGE ln
1

1�2q

1) Tightening of Lower Bounds on the Density for GE Channels
Using the Results in Section IV-C : For using the tight bound for GE
channels of Section IV-C, we first prove the following Lemma.

Lemma 6: For a noninverting FSMC (in particular, for a nonin-
verting GE channel), Pr(S = 0) = Pr( d

i=1 Zn = 0) decreases
with increase in the row weight d.

Proof: See Appendix VII.
Thus the syndrome entropy increases as the row weight increases.

Consider regular LDPC codes. Suppose we are given a bound on the
maximum gap between two consecutive 1’s in the parity-check ma-
trix of a code. Also, we are given the performance of the code over a
nonoscillating and noninverting GE channel.

SincePr(S = 0) decreases with increasing d (by Lemma 6), adding
an extra 1 in each row of a parity-check matrix would decreasePr(S =
0), which leads to an increase in H(S). Thus we can obtain a lower
bound on the number of 1’s required in each row using Fano’s in-
equality, where, in the bound on syndrome entropy, we use the tight
bound on Pr(S = 0) derived in Section IV-C. Therefore, similar to
derivation in [8], we can use this Lemma to derive a tighter Type I
bound for this particular case, where the bound on syndrome entropy
is the one developed in Section IV-C.

Because there is no closed form expression for P (S = 0) in Sec-
tion IV-C, we could not prove the convexity of H(S) as a function of
d, and hence the lower bounds on �(H) do not extend directly to ir-
regular codes. However, in the light of Lemma 6, we observe that the
bounds continue to hold for the maximum row weight, instead of the
average row weight.
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B. Lower Bounds on the Density for FSMCs

1) Deterministic Bounds: Using the simple upper bound on syn-
drome entropy derived in Section IV-A, we can derive the following
Type I lower bound on the density of a fixed linear code, given its block
length and performance over FSMC

� �
1� (1� �)Cm

2(1� �)Cm

:
ln 1

2ln2
: 1�C +�C
�C +H(hP i)

ln 1
1�2�

: (29)

Again, using the simple upper bound on the syndrome entropy derived
in Section IV-A for noninverting FSMCs, we get the following Type
II lower bound on asymptotic density of any sequence of linear
codes that achieves reliable communication at rate (1� �)Cm over
the FSMC

lim
n!1

�(n)
>

K1 +K2ln
1
�

1� �
: (30)

where

K1=
(1� Cm) ln

1�C
2 ln2 C

2Cm ln 1
1�2�

and K2=
1� Cm

2Cm ln 1
1�2�

:

2) Tighter Probabilistic Bounds: The lower bounds derived using
the simple bound on the syndrome entropy for noninverting FSMCs are
very loose (though they are deterministic). Tighter probabilistic Type II
bounds for all FSMCs hold almost-surely for the design density �D of
a sequence of LDPC codes of given (�; �). Similar derivation works
here too, giving us the following bound:

�D >
K1 +K2ln

1
�

1� �
a.s. (31)

where

K1 =
(1� Cm) ln

1�C
2 ln2 C

2Cm ln 1
1�2q

and K2 =
1� Cm

2Cm ln 1
1�2q

:

For finite lengths (Type I bound), based on the probabilistic bounds
on the syndrome entropy for random construction derived in Sec-
tion IV-D, we can derive the following probabilistic bounds on
� which hold for LDPC codes of given (�; �), and given perfor-
mance hPei

� �
1� (1� �)Cm

2(1� �)Cm

:
ln 1

2ln2
: 1�C +�C
�C +H(hP i)+�

ln 1
1�2q

: (32)

Here, � is as defined in (23). A lower bound on the probability with
which this bound holds is 1 � pbd, where pbd is given by Lemma 5.
This probability is dependent on choice of � and n, and converges to 1
exponentially in n.

VI. CONCLUSION

In this work, we generalized the bounds on the rate of LDPC codes
for reliable communication over BSC to FSMCs. We first derived a
simple upper bound on the rate for reliable communication over all
noninverting FSMCs. Using this bound, we proved that for a sequence
of LDPC codes to be capacity achieving over an FSMC, the density
�(H) must converge to infinity.

For noninverting and nonoscillating GE channels, we obtained a
tighter upper bound, and showed that this can be further tightened using
the knowledge of maximum gap between 1’s in the rows ofH.

The bound on the syndrome entropy derived for GE channels was
used to derive lower bounds on the parity check density for given per-
formance, which is a generalization of results of Sason and Urbanke
[8]. The tighter upper bound, which uses the knowledge of maximum
gap between 1’s in the rows ofH, leads to tighter lower bounds on the
density of regular codes. For irregular codes, this leads to a necessary
condition on row weights that has to be satisfied for any irregular code
for given performance over a GE channel.

For FSMCs, we also proved that the tight upper bound derived holds
almost-surely for any sequence of codes of fixed (�; �).

We showed that the simple bound on the rate over FSMCs derived
here can be used to derive Type I and Type II lower bounds on
�(H). Using the derivation of almost-sure bound on the rate, the
corresponding lower bound for finite length (Type I) holds with high
probability, and lower bound for reliable communication on the design
density (Type II) holds almost-surely.

APPENDIX I
CAPACITY OF MARKOV CHANNELS WITH THE CHANNEL BEHAVING

AS A BSC IN EACH STATE

We prove Lemma 1. The derivation is similar to the derivation of
channel capacity for GE channels in [14]

Cm = lim
n!1

1

n
max
p(X )

I(Xn;Yn)

= lim
n!1

1

n
max
p(X )

(H(Yn)�H(YnjXn))

= 1� lim
n!1

1

n
H(Zn): (33)

The last equality follows because H(Yn) achieves its maximum value
n when Xn is uniformly distributed over the possible 2n values, and
the distribution ofH(Zn) does not depend on distribution ofXn. Also,
as proved in [11, Th. 4.2.2]

lim
n!1

1

n

n

i=1

H(ZijZ
i�1) = lim

i!1
H(ZijZ

i�1): (34)

Thus, from the chain rule and (33),

Cm = 1� lim
i!1

H(ZijZ
i�1): (35)

APPENDIX II
PROBABILITY OF A PARITY CHECK EQUATION BEING SATISFIED

We first prove Lemma 2 in a more general setting. Suppose we
have some sequence fXn gi�1 as input to an m–state channel
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(not necessarily Markov)7 which behaves as a BSC in each state.
Let fZn gi�1 be the error sequence, and we want to calculate
Pr(S = 0) = Pr( d

i=1 Zn = 0), where the addition is modulo two.
We prove the following:

Pr(S = 0) =
1

2
+

1

2
r ;...;r

�m
i=0(1� 2�i)

r Pr(r1; . . . ; rm) (36)

where Pr(r1; . . . ; rm) denotes the probability of making ri visits to
state i in d steps, that is,

i
ri = d.

For two-state channels (in particular for GE channels), the above
result reduces to

Pr(S=0)=
1

2
+

1

2

d

k=0

(1� 2�G)
k(1� 2�B)

d�kPr(NG = k) (37)

where Pr(NG = k) is the probability of making k visits to the state G
in the given d time instants.

Remark :
• Note that in (36), the probability is greater than 0.5 as long as
�i < 0:5 for all i (ensuring that the second term remains positive).
This fact has been used frequently in the proofs presented here.

Proof: The proof is by induction on m. For m = 1, the case
reduces to that for a BSC. As shown in [2], the probability of even
errors in d channel uses of a BSC is given by 1+(1�2�)

2
, where � is the

crossover probability of the BSC. It is easy to verify that the expression
given in (37) reduces to this.

We now assume that the result is true for m�1 states, and prove the
result for m state systems.

Let EvErr(r1; r2; . . . ; rm) denote the event that there are even
number of errors in

i
ri steps where ri visit are made to state i.

Similarly define OddErr(�). Note that d is the row weight in the row of
the parity-check matrix under consideration. Then

Pr(

d

i=1

Zn = 0)

=Pr(even errors in locations corresponding to fZn g)

=Pr(EvErr(r1; r2; . . . ; rm�1); EvErr(rm))

+ Pr(OddErr(r1; r2; . . . ; rm�1);OddErr(rm)): (38)

7In Appendix IV, we have a nonhomogeneous Markov chain, and we use the
result there.

We now investigate the first term in (38) and see (39) at the bottom of
the page. Doing similar analysis on second term of (38), and adding
the result to (39), we arrive at (36) (the middle two terms cancel
out).

APPENDIX III
AS d ! 1, Pr(S = 0) ! 1

2

Using (37)

1

2
�Pr(

d

i=1

Zn = 0)

=
1

2
+

1

2

d

k=0

(1� 2�G)
k(1� 2�B)

d�kPr(NG = k)

�
1

2
+

1

2

d

k=0

(1� 2�G)
dPr(NG = k)

=
1

2
+

1

2
(1� 2�G)

dd!1�!
1

2
: (40)

This means that regardless of the gap between 1’s, as d ! 1, the
bounds on the rate in Section IV-C approach capacity. Note that the
same proof works for FSMCs as well.

APPENDIX IV
INCREASE IN GAP INCREASES SYNDROME ENTROPY FOR

NONINVERTING AND NONOSCILLATING GE CHANNELS

First we prove that

Pr(

d

i=1

Zn = 0jsn = G) > Pr(

d

i=1

Zn = 0jsn = B): (41)

The proof is by induction on d. The result is trivially true for d = 1
(since 1 � �G > 1 � �B).

Now, we prove the result for d = k assuming that the result is true
for d = k�1. Let t = nk�nk�1 denote the gap between the kth and
(k � 1)th 1’s.

Define

bt
b� b(1� g � b)t

g + b

gt
g � g(1� g � b)t

g + b
: (42)

Pr EvErr(r1; r2; . . . ; rm�1);EvErr(rm)

=

d

r =0

Pr EvErr(r1; r2; . . . ; rm�1);EvErr(rm) rm Pr(rm)

=

d

r =0

Pr EvErr(r1; r2; . . . ; rm�1) rm Pr EvErr(rm) rm

=

d

r =0

1

2
1 +

r ;r ;...;r

�m�1
i=1 (1� 2�i)

r Pr(r1; r2; . . . ; rm�1 rm)
1 + (1� 2�m)

r

2
Pr(rm)

=
1

4
1 + (1� 2�m)

r +
r ;r ;...;r

�m�1
i=1 (1� 2�i)

r Pr(r1; . . . ; rm) +
r ;...;r

�m
i=1(1� 2�i)

r Pr(n1; . . . ; rm) : (39)
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Using t –step transition probability matrix for a two state Markov chain

P
t =

g+b(1�g�b)
g+b

b�b(1�g�b)
g+b

g�g(1�g�b)
g+b

b+g(1�g�b)
g+b

=
1� bt bt

gt 1� gt
: (43)

Where P is the single step transition probability matrix. Notice that
given sn , Zn is independent of Zn (for i 6= k). Thus

Pr(

k

i=1

Zn = 0jsn = G)

=Pr(

k�1

i=1

Zn = 0jsn = G)Pr(Zn = 0jsn = G)

+Pr(

k�1

i=1

Zn = 1jsn = G)Pr(Zn = 1jsn = G)

= Pr(

k�1

i=1

Zn = 0jsn = G)(1� bt)

+ Pr(

k�1

i=1

Zn = 0jsn = B)bt (1� �G)

+ Pr(

k�1

i=1

Zn = 1jsn = G)(1� bt)+

Pr(

k�1

i=1

Zn = 1jsn = B)bt �G: (44)

Similarly, for conditioning on B we get

Pr(

k

i=1

Zn = 0jsn = B)

= Pr(

k�1

i=1

Zn = 0jsn = B)(1� gt)

+Pr(

k�1

i=1

Zn = 0jsn = G)gt (1� �B)

+ Pr(

k�1

i=1

Zn = 1jsn = B)(1� gt)

+Pr(

k�1

i=1

Zn = 1jsn = G)gt �B : (45)

Now observe the terms in first square brackets in (44) and (45), which
are expressions of probability of event k�1

i=1 Zn = 0 given sn (G
or B). Both the terms are of the form

f(a) = Pr(

k�1

i=1

Zn = 0jsn = G)a

+Pr(

k�1

i=1

Zn = 0jsn = B)(1� a)

where a = 1� bt in (44) and a = gt in (45). Now

f(a) = a(Pr(

k�1

i=1

Zn = 0jsn = G)

�Pr(

k�1

i=1

Zn = 0jsn = B))

+Pr(

k�1

i=1

Zn = 0jsn = B)

which is an increasing function of a, since

Pr(

k�1

i=1

Zn = 0jsn = G) > Pr(

k�1

i=1

Zn = 0jsn = B)

by induction assumption. We want to conclude that term under consid-
eration is greater in (44). From (42), we can see that 1�gt > bt for any
nonoscillatory GE channel, and therefore, term a is greater in (44) and
hence the term in first square brackets (which is under consideration
here) is also greater in (44). Also, in (44) and (45), this term is greater
than 0.5 (follows since the channel is noninverting, see Appendix II).

Now, the probability expressions in (44) and (45) can be written as
h(x; y) = xy+(1�x)(1�y), where, x takes the value of term in the
first square brackets in each expression. Now, h(x; y) = x(2y � 1)�
y + 1, which is an increasing function of x if y > 0:5 and increasing
function of y if x > 0:5. In our case, both x > 0:5 and y > 0:5, thus
h(x; y) is an increasing function of both x and y. It can also be seen
that both x and y are larger in (44) and hence (41) follows.

Increase in the Gap Between 1’s Increases Entropy: Let
S = d

i=1 Zn = S1 + S2, where S1 = d

i=1 Zn and
S2 = d

i=d +1 Zn . We prove that if the gap r nd +1 � nd
increases, corresponding entropy H(S) also increases. To prove this,
it is sufficient to prove that Pr(S1 + S2 = 0) decreases as r increases
(since Pr(S1 + S2 = 0) > 0:5).

Pr(S1 + S2=0)=Pr(S1=0;S2=0)+ Pr(S1 = 1;S2 = 1): (46)

Note that

Pr(S1 = 1;S2 = 1)

=Pr(S2 = 1)� Pr(S1 = 0;S2 = 1)

=Pr(S2=1)�Pr(S1= 0) + Pr(S1 = 0;S2 = 0): (47)

Since the terms Pr(S2 = 1) and Pr(S1 = 0) are independent of r,
to prove Pr(S = 0) decreases as r increases, it is sufficient to prove
(from (46) and (47)) thatPr(S1 = 0;S2 = 0) decreases as r increases.

We now prove that Pr(S1 = 0jS2 = 0) decreases as r increases

Pr(S1 = 0jS2 = 0)

=Pr(S1 = 0jsn = G)Pr(sn = GjS2 = 0)

+Pr(S1 = 0jsn = B)Pr(sn = BjS2 = 0)

= Pr(S1 = 0jsn = G)Pr(sn = Gjsn = G)

+Pr(S1 = 0jsn = B)Pr(sn = Bjsn = G)

�Pr(sn = GjS2 = 0)

+ Pr(S1 = 0jsn = G)Pr(sn = Gjsn = B)

+Pr(S1 = 0jsn = B)Pr(sn = Bjsn = B)

�Pr(sn = BjS2 = 0)

Thus

Pr(S1 = 0jS2 = 0)

= Pr(S1 = 0jsn = G)�
g + b(1� g � b)r

g + b

+Pr(S1 = 0jsn = B)�
b� b(1� g � b)r

g + b

�Pr(sn = GjS2 = 0)

+ Pr(S1 = 0jsn = G)�
g � g(1� g � b)r

g + b
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+Pr(S1 = 0jsn = B)� b+ g(1� g � b)r

g + b

�Pr(sn = BjS2 = 0)

=C1 +
(1� g � b)r

g + b

� Pr(S1 = 0jsn = G)� Pr(S1 = 0jsn = B)

� bPr(sn = GjS2 = 0)� gPr(sn = BjS2 = 0)

where C1 is a constant independent of r. Observe that the two terms in
product with (1�g�b)

g+b
are positive, and since channel is nonoscillatory,

(1� g� b) > 0, so Pr(S1 = 0jS2 = 0) decreases with increase in r.8

Hence Pr(S = 0) decreases with increase in r. Since Pr(S = 0) >
0:5, the entropy H(S) increases as r increases.

APPENDIX V
CONVERGENCE OF Pr(S = 0) TO Pr(Smemless = 0) AS kmin !1

First, we prove that as kmin ! 1
Pr(sn = a1; sn = a2; . . . ; sn = ad)! �d

i=1
a : (48)

Notice that

Pr(sn = a1; sn = a2; . . . ; sn = ad)

=Pr(sn = a1)Pr(sn = a2jsn = a1)

. . . Pr(sn = adjsn = ad�1):

As kmin increases, gap between each of ni and ni�1 increases. If
the Markov chain is irreducible and aperiodic [9], then Pr(sn =
aijsn = ai�1) ! 
a . This proves (48).

Now consider the following for bi binary:

Pr(Zn = b1; Zn = b2; . . . ; Zn = bd)

=
a =1;2;...;m

Pr(Zn = b1; Zn = b2;

. . . ; Zn = bdjsn = a1; sn = a2; . . . ; sn = ad)

�Pr(sn = a1; sn = a2; . . . ; sn = ad)
k !1�!

a =1;2;...;m;i=1;2;...;d

�d
i=1Pr(Zn = bijsn = ai)

�Pr(sn = ai)

=
a =1;2;...;m;i=1;2;...;d

�d
i=1Pr(Zn = bijsn = ai)
a

=�d
i=1

m

j=1

Pr(Zn = bijsn = j)
j

=(1� q)tqd�t

where q = m

i=1 �i
i, and t is the number of b0is which are 0.
Finally, see the equation at the bottom of the page.

8To see that the second term in product with is positive, notice that

Pr(s = GjS = 0) = � , and a similar
expression holds for Pr(s = BjS = 0). Now use (41).

Fig. 5. Socket construction for a regular (c; d) code.

APPENDIX VI
PROOF OF LEMMA 5

We prove the Lemma for regular codes.
In the following, we give detailed “socket construction” for regular

LDPC codes. This construction would be used in the proof of Lemma 5.
The socket construction [7] is used to define ensembles of codes of

given degree distribution. Consider (c; d) regular code. For each vari-
able node, assign c sockets, and for each check node, assign d sockets.
Total number of check node sockets is equal to the total number of
variable node sockets. The ensemble of graphs is obtained by choosing
a permutation � with uniform probability from the set of all possible
permutations. Next, for each ith variable node socket is connected to
�(i)th check node socket by an edge. If multiple edges link a pair of
nodes, the nodes are considered to be connected if number of such
edges is odd. The construction is shown Fig. 5.

First we look at the number of codes in the collection Cn(c; d). The
number of sockets in the random construction in [7] is n(1 � R)d.
Hence the number of codes is equal to the number of permutations of
set of n(1�R)d different elements. Thus the total number of codes in
Cn(c; d) is (n(1�R)d)!. Using Stirling’s approximation, i.e., n! �
nne�n

p
2�n, the total number of codes can be approximated as

(n(1�R)d)

� (n(1�R)d)n(1�R)d
e
�n(1�R)d 2�n(1�R)d: (49)

Now we find a bound on the number of codes which have at least
an � fraction of rows with gap between at least two 1’s not exceeding
k. Let �k� denote the set of such codes, and let Nk

� = j�k� j denote the
number of such codes.

Choose � fraction of rows (rounding off to d�n(1 � R)e number
of rows), where each row corresponds to a check node in the corre-
sponding Tanner graph. This choice can be made in at most n(1�R)

d�n(1�R)e

Pr(Zn + Zn + � � �+ Zn = 0) =
even number of b s are 1

Pr(Zn = b1; Zn = b2; . . . ; Zn = bd)! 1 + (1� 2q)d

2
:
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ways. These are the rows for which at least two 1’s have gap not ex-
ceeding k. For each of these rows, the first d � 1 left sockets can be
chosen in at most (nd(1� R))d�1 ways. The last socket, which is at
most a distance k from one of the 1’s, can only be chosen in a constant
(independent ofn) number of ways, say c1 (c1 � (k�1)c < kc). Here
we do not put any restriction for the choice of the first d � 1 sockets.
Only in choice of the last socket is the constraint on gap used.

For the rest n(1 � R) � d�(1 � R)e rows, the number of ways in
which variable node sockets can be chosen is at most (nd(1 � R))d.
Thus

N
k

� <
n(1�R)

d�n(1 �R)e
(nd(1�R))d�1

kc

dn(1�R)�e

� (nd(1�R))d
n(1�R)�d�n(1�R)e

: (50)

Using Stirling’s approximation

n(1�R)

d�n(1 �R)e
�

n(1�R)n(1�R) 2�n(1�R)

d�n(1 �R)ed�n(1�R)e

�
1

(n(1�R)� d�n(1 �R)e)n�d�n(1�R)ec2n
(51)

where c2 is a constant. Also notice that the ratio d�n(1�R)e
�n(1�R)

converges to
1. Using this fact and (49), (50) and (51), we can see that the probability
of choosing a code from �k� goes to zero as

(nd(1�R))�n(1�R)�(kc)n(1�R)�

(1� �)n(1�R)(1��)�n(1�R)�2�n(1�R) �(1� �)d
(52)

which falls as O 1

ne
for some constant c3, and hence for

n large enough, the decrease is exponential in n.
The same proof works for irregular codes with bounded degrees,

with the replacement of maximum left and right degrees in place of
c; d.

APPENDIX VII
Pr(S = 0) DECREASES WITH INCREASE IN d

We prove Lemma 6. The proof is by induction on d. Suppose we add
another 1 to the parity check equation, which corresponds to adding
another binary random variable Z to S. Now we have to consider
Pr(S + Z = 0).

First we note that

Pr(S + Z = 0) = Pr(S = 0;Z = 0) + Pr(S = 1;Z = 1): (53)

Similar to the derivation of (47) in Appendix IV, we can see that

Pr(S = 0;Z = 0)

= Pr(S = 0)� Pr(Z = 1) + Pr(S = 1;Z = 1): (54)

From (53) and (54), we get

Pr(S = 0)� Pr(S + Z = 0)

=Pr(Z = 1)� 2Pr(S = 1;Z = 1)

=Pr(Z = 1)� 2Pr(Z = 1)Pr(S = 1jZ = 1): (55)

Since the channel is noninverting, Pr(S = 1jZ = 1) < 0:5 (from
Appendix II). Thus the quantity in (55) is positive, and the Lemma
follows.
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Combinatorial Properties for Traceability Codes Using
Error Correcting Codes

Hongxia Jin, Member, IEEE, and Mario Blaum, Fellow, IEEE

Abstract—In this correspondence, the combinatorial properties of trace-
ability codes constructed from error-correcting codes are studied. Neces-
sary and sufficient conditions for traceability codes constructed from max-
imum-distance separable (MDS) codes are provided. The known sufficient
conditions for a traceability code are proven to be also necessary for linear
MDS codes.

Index Terms—Error-correcting codes, maximum-distance separable
(MDS) codes, pirated copies, traceability codes, traitor tracing.

I. INTRODUCTION

This correspondence is concerned with the traitor tracing problem
for protection of copyrighted materials. The problem is typical in a
broadcast encryption system [1]. When a pirated copy (decryption key)
of the material is observed, a traitor tracing scheme allows to identify
at least one of the real users (called traitors) who participated in the
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