Discrete modelling: Solution of linear difference
equations

Let us consider a nonhomogeneous linear first-order difference equation
Tpt1 = ATy + by,

where b, may depend on n. Suppose that a particular solution p, of the above problem is

known. Let y, be any other solution. Then

Yn+1 = AYn + bn and Pn+1 = AP + bn

Introducing 2, = y, — pn, we find

Zpn+1 = AZp

This gives
Zn =a"20 = a" (Yo — po) = ca" = yn = ca” + py,

where ¢ = yo — po is an arbitrary constant. We call y, the general solution of the nonho-
mogeneous linear first-order difference equation. We see that the general solution consists of
two terms. The first term, ca”, is a solution of the homogeneous part, x,,1 = ax,, and the
second part, p,, is a particular solution of the nonhomogeneous equation. This is true for
nonhomogeneous linear difference equations of any order.

Example: Consider

Tpi1 =3, +2n+1

We can verify that p, = —(n + 1) is a particular solution since
LHS=—-(n+2) and RHS=-3(n+1)+2n+1=—(n+2)

Hence, the general solution is x,, = ¢3" — (n + 1).

It is obvious that to find the solution of the nonhomogeneous equation, we need to find
the particular solution. For a general b,, this is not an easy task. However, there is a method
that applies always if b,, is a combination of powers of n (like n® = 1,n,n? etc.), trigonometric
functions of n, and powers 0". This method is called the method of undetermined coefficients

(similar to that used in ODE). Consider
Tpi1 = T, + by.

If
bp = (co+cn+con®+ -+ CMnM)b”, ey #£ 0,
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then choose

D = (A0+A1n+A2n2—|—---+AMnM)b", for b # a
P = n(Ag+ A+ Amn? + -+ Ay, for b= a.

If

n = (co+cin + con® + -+ Coyn™)b" cos(kn) + (do + din + dyn® + - - - + dpn)b" sin(kn),
where at least one of ¢j; or dj; is nonzero, then choose
o= (Ao + Ain+ Agn? 4 -+ Ayn™)b" cos(kn) + (Bo + Bin + Bon® + - - - + byn™)b" sin(kn).

Example: Consider the example x,.; = 3z, + 2n + 1 where we have verified earlier that
pn = —(n+1). Since 1+ 2n = (1 + 2n)1", here we have b = 1 # 3 = a. Hence, we take
pn = (A + Bn). Substituting into the equation, we find

A+Bn+1)=3(A+Bn)+2n+1 = (2A-B+1)+(2B+2)n=0.

The above holds for all n provided 2B +2=0,2A-B+1=0 — B=-1,A= -1 and
hence p, = —(n + 1), the same we found earlier.
Example: To find the particular solution of x,, .1 = 2z, + sin 2n, we taken p, = A cos2n +

Bsin 2n. Substituting, we find
Acos(2n + 2) + Bsin(2n + 2) = 2(A cos 2n + Bsin2n) + sin 2n
Expanding the terms in the LHS & rearranging, we find
(Acos2+ Bsin2 —2A)cos2n + (—Asin2+ Bcos2 — 2B — 1)sin2n = 0.

This equation holds for all n if the terms in the parentheses vanish. Setting these terms equal

to zero, we find the following system of equations:

(cos2 —2)A+ (sin2)B = 0,
—(sin2)A + (cos2—2)B = 1.

Solutions for A and B provide the particular solution.
Example: To find the solution of x,, .1 = 2z, + n2", xq = 1, we first find the general solution.

Since here b = 2 = a, we assume p, = n(A + Bn)2". Substituting, we find

(n+1)[A+ B(n+1)]2""™ = 2n(A + Bn)2" 4+ n2"

= 2(n+1)[A+B(n+1)] =2n(A+ Bn)+n
— (B-n+2A+B)=0 = ~A=B=1



Hence, p, = in(n — 1)2" and the general solution is

1
x, = 2" + Z—ln(n —1)2"
Using 2y = 1, we find ¢ = 1 and hence the solution of the given problem is
1
T, =2"+ Zn(n —1)2"

Linear second order equations: Here we concentrate on homogeneous part only. The rea-

son is that we can find a particular solution using the method of undetermined coefficients
when the non-homogeneous part is of a particular form. Let the difference equation be of the

form

Tpyo + QTpiq + an = 07

where o and [ are real numbers. Assuming a solution of the form x,, = A", we find the auxiliary
equation

M4+ad+ =0

The roots are

\ —a+\/a?—4p
:I::
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There are three cases to consider:

i. a? > 48: The real roots are distinct and the solution is
Ty = C1 ()\+)n + Co ()\,)n,

where ¢; and ¢y are two arbitrary parameters. Two arbitrary parameters arise from a
second-order difference equation. Note that x, — 0 for n — oo when |[A\y| < 1. If

|IA+] > 1or [A_| > 1, then |z,| — o0 as n — 0.

Example: Consider z, = x,1 + 2, x1 = 9 = 1, n > 3. This appears in

Fibonacci’s rabbit problem. The auxiliary equation is A2 — A — 1 = 0 whose roots are

L+vs | 1-V5

AL =
+ 2 2

Hence, the general solution is
T, =c(Ap)" + ca(A)"
Using the initial conditions, we find
AL+ Ao =1, clz\%r + e\ =1
Since A7 = Ay + 1 and A2 = A_ + 1, the last equation gives

Cl)\++02/\_+61+02:1 = c1+cy=0
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Solving with the first equation, we get

1 1
=" =—F7, C=—

M — A B

Sl

Hence,
1 (1+5 1 (1-+5
Ty = —F= - — , n > 3.
V5 2 V5 2
a? = 4/3: In this case we have a real double root A\ = \_ = —5. Using this, we have one

solution z,; = (—a/2)". We can directly verify that z,» = n(—«a/2)" is also a solution,

which is independent of the previous solution. Hence, the general solution is

Ty = (—g> (c1 + can)
2
Example: For z,,,, — 4%, +4x,_1 = 0, the auxiliary equation is A> =4\ 44 = 0. Solving

we find A, = A_ = 2 and the general solution is z, = (¢; + can)2".

a? < 43: Here, B must be greater than zero. The roots are complex conjugate

—a A48 —a?
Ay = — £i+—.
2 2
Note that U;F = (A;)™ and U, = (A_)" are two linearly independent solutions. However,
they are complex-valued. To get real-valued solutions, we take
L Ui +U; ~_ Uy -Uy
=" o =
" 2 " 21
which are real-valued. Since the difference equation is linear, the linear combination of

solutions is also a solution. Hence, z;7 and x;,, are solutions. It can be proved easily that

they are also linearly independent.

Now we write

— /48 — o2 , /48 — o2
a P-a? _ ® where rzﬂ,rcos@z—%,rsin@z—ﬁ .

MEg iy e >

L _Ui+Uy
" 2

Finally, a real-valued general solution is given by

ur—-u, _
=r"cosnb, z, = % = r"sinnd.
i

T

Zy = 1"(c1 cosnb + co sinnb)

The form of the solution implies that z, — 0 as n — oo if r < 1, and |z,| — oo as
n — oo if r > 1. However, the solution remains bounded, but does not approach zero if

r=1.



