FINITE ELEMENT COMPUTATION OF UNSTEADY
VISCOUS TRANSONIC FLOWS PAST AIRFOILS

S. Mittal
Department of Aerospace Engineering
Indian Institute.of Technology
Kanpur, UP 208 016, INDIA

Abstract

In this article we present our results for computation of unsteady viscous transonic flows past sta-
tionary airfoils at various angles of attack. Stabilized finite element methods are employed to solve
the compressible Navier-Stokes equations in their conservation law form. The non-linear equations
resulting from the finite element discretizations are solved using the Generalized Minimal RESidual
(GM RES) technigue. Interesting flow patterns involving interactions between shock waves, bound-
ary layers and shear layers are observed for all the cases. It is observed that the unsteadiness in
the wake and the strength of the shocks ‘involved increase with an increase in the angle of attack.
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1 Introduction

Viscous transonic flows are associated with complex interactions between the boundary/shear
layers and shock/expansion waves. In the transonic regime, the flows are quite sensitive to the free-
stream Reynolds and Mach nunibe;rs; the boundary/shear layer behaviour mainly depends on the
Reynolds number while the shock/expansion wave behaviour depends mainly on the Mach number {1,
2]. A number of numerical studies have been devoted to the analyses of steady inviscid transonic
flows (3, 4,.5, 6, 7, 8] Fewer studies have been conducted:for unsteady, viscous flows [9, 10, 11, 12].
In this article, we present our results for the computation of unsteady viscous transonic flows past
airfoils at various angles of attack.

We begin by reviewing the governing equatxons in Section 2. The equatlons are written in the
conservation law form. The stabilized variational formulation of these equations in terms of the
conservation variables is presented in Section 3. The SUPG (streamline-upwind/Petrov-Galerkin)’
stabilization technique is employed to stabilize our computations against spurious numerical oscilla-
tions due to advection dominated flows. The SUPG technique was first introduced by Hughes and
Brooks [13] for the advection-diffusion equation and for incompressible flows. It was introduced in the
context of inviscid compressible flows by Tezduyar and Hughes [7, 14] and Hughes and Tezduyar [3].
In addition to the SUPG stabilizations we supplement our formulation with a shock-capturing term
to provide stability of the computations in the presence of discontinuities and large gradients in the
flow. This idea, in the context of conservation variables, was demonstrated by Le Beau and Tezdu-
yar {6]. In the current work we employ the same shock capturing operator as the one by Le Beau and
Tezduyar [6] but with a modified coefficient to account for the unsteadiness in the flow. The effect
of this modified term is demonstrated in [12] via a numerical example. In Section 4 we present 6ur
results for computation of flows past airfoils at various a.ngles of attack.

2 The Governing Equations

Let @ C R™¢< and (0,T) be the spatial and temporal domains respectively, where 1,4 is the number
of space dimensions, and let T' denote the boundary of . The spatial and temporal coordinates are
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denoted by x and t." The Navier-Stokes equations governing the fluid flow, in conservation form, are

%”'Jrv. (pu) =0  on for (0,T), (1)
) ' ‘
——(—'.11—2+V-(puu)+Vp—V:T.=0 on Q for (0,T), (2)
HMpe)
Ape) +V - (peu) +V (pu) -V . (Tu)+Vq=0 on Q for (0,7). (3)

ot
Here p, u, p, T, e, and q are the density, velocity, pressure, viscous stress tensor, the total encrgy per
unit mass, and the heat flux vector, respectively. The viscous stress tensor is defined as
T = p((Vu) + (Vo)) + A(V - u)L. (4)

where p and A are the viscosity coefficients. It is assumed that p and A are related by

A= - ;—p.. B (5)

Pressure is related to the other variables via the equation of state. For ideal gases, the equation of
state assumies the special form

p = (v - 1)pi, . (6)

where 7 is the ratio of specific heats and i is the internal energy per unit mass that is related to the
total energy per unit mass and velocity as-

i=e— %n ul? (1)

The heat flux vector is defined as
q = —kV§, (8)

where x is the heat conductivity and 8is the temperature. The temperature related to the internal

energy by the following relation
n
ﬁq . )

=

where R is the ideal gas constant. Prandtl number (P,), assumed to be specified, relates the heat
conduetivity to the fluid viscosity according to the following relation

YRu e
(v-1)P,’ , N

The compressible Navier-Stokes equations (1), (2), and (3) can be written in the conservation
riables

= —
< =

0U JOF; OJE;

bt e i S , T, 11

9 + Froll 0 on Q2 for (0,T) (11)
where U = (p.pu;.pug.pe), is the vector of conservation variables, and F; and E; are, respectively,
the Euler and viscous flux vectors defined as

uip -
. uipuy +6ap
F;, = t 12
YT uipug + Sip (12)
ui{pe + p)

0
. Til
B (13)
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Here ug, ¢y, and 7 arc the components of the velocity, heat flux, and viscous stress tensor, respectively.
In the ¢uasi-limear form, cquation (11) is written as

ou v 9 au’ , .
p) + A, a.‘[,' - 5;; (K,]a—z;} 0 on fl D,T‘ 14,
YYoaIvE aF‘
A= —,
~du
is the Euler Jacobian Matrix, and K;; is the diffusivity matrix satisfying
au |
K.'J'E-a; = E;. (16
Corresponding to equation ( 14), the following boundary and initial conditions are chosen
U=g only for (0,7), (17)
n-E=h onTl} for (0,T), - (18)
U(x,0) = Up on Q. (19)

Subscript ¢ refers to Dirichlet boundary conditions while the subscript A refers to the Neumann
boundary conditions. The specification of these conditions for the flow past an airfoil is described in
Section L.

3 Finite Element formulation

Consider a finite clement discretization of  into subdomains 8. e = 1,2,....n,, where ng is the
wamber of clements. Based on this discretization, we define the finite element trial function space Sh
and weighting function space V. These function spaces are selected, by taking the Dirichlet boundary
conditions into account: as subscts of [H' (Q)]"ws. where H”‘(Q) is the finite-dimensional function
snare aver O and 1ue.r is the nimber of degrees of freedom.

e[H
h.= {wh Wh € [th (Q)]"""I.Whlnf € [PI(Q' . w
wher (82)] represents the first order polynomial in Q7. . stabiliz
eletin rmulation of Eq. (14) is written as follows: find T uch that VW
ou’ W
W — +A _— K
St o,

e yxarh A : YA
> [t (2) ["U VLN "_U__)]dn

oy, ot Ox; D Oz;
A W n
emdae \vs [\ v ) ITh

In the above formﬁlation, the first two terms and the right-hand-side constitute the Galerkii
formulation of the problem. The first series of element-level integrals are the SUPG stabilization term:
added to the variational formulation to stabilize the computations against node-to-node oscillation:
in the advection-dominated range. The second series of element level integrals in the formulation ar
the shock capturing terms that stabilize the computations in the presence of sharp gradients. The
interested reader is refered to [6, 15, 12] fok more details on the formulation.



4 Numerical Simulations

All the computations reported in this article are carried out on Digital work-stations at IIT Kanpur.
The method has already been tested on various bencmark, problems (11, 12]. The non-lincar cquation
systems resulting from the finite-element discretization of the flow equations arc solved using the
Generalized Minimal RESidual (GM RES) technique [16] in vonjunction with diagonal and block-
diagonal preconditioners. The Prandtl Number for all the cases in 0.72.

A NACA 0012 airfoil is placed in a Mach 0.85 flow. The Reynolds number, based on the chord
of the airfoil, the free-stream velocity and kinematic viscosity is 10,000. Two meshes arc employed to
carry out the computations. The first mesh consists of 18, 772 quadrilateral clements and 19, 014 nodes.
The upstream and down stream boundaries are located-at 4.25 and 7.75 chord-lengths, respectively,
while the upper and lower boundaries are 4.25 chord lengths away, cach, with respect to the mid-chord
point of the airfoil. This mesh is used to compute flows for the cases when the angles of attack are
0°% 2° and 5°. As the angle of attack increases, it is felt that the size of the present domain, in the
cross-flow direction, is inadequate. Therefore, a second mesh was employed which is identical to the
first one close to the airfoil. In this case, the upper and lower boundaries are 12 chord lengths away,
each, from the mid-chord point of the airfoil. This mesh consists of 22,132 quadrilateral clements and
22,414 nodes. Flows at angles of attack 8° and 10° are computed using this mesh.

The boundary conditions are prescribed as shown in the Figure 1. The computations arc initiated
with free-stream conditions in the entire domain. A time step of 0.01 is used to ensure time-accuracy
of the results. On.a Digital 250 —4/266 workstation, each time-step takes approximately 1 minute of
CPU time. ;

B1
ug =0 T2 0 9 O
M= 0.85
Re = 10,000 |
A p = [)(Xl j
— —_— T =0 %r*
U, = u Q)

1 2 Tio =0
u="=U, g, =0 12 ‘
p = P.‘.‘ 7
q 1 0 H

up =0 T12=0 9 0
B4 B3
: — L1 b= —— L2 . >

Figure 1: Flow past an airfoil in a channel: problem description.

Figures 2—6 show the computed flow fields (density, temperature and pressure) at the peak value
of lift coefficient for the temporally periodic solution. Figure 7 shows the time histories of the lift
and drag coefficients for the flow past an airfoil at various angles of attack. It should be noted that
the chord-length of the airfoil (and not its thickness) has been used to obtain the nondimensional
quantities. ' ) _

Figure 2 shows the flow field for the & = 0° case. The interaction between the shock and expansion
waves, and the boundary and shear layers can be clearly observed. Downstream of the front stagnation
point, the flow accelerates and becomes supersonic. At, approximately, the mid-chord point, the

6



boundary layer thickens sufficiently enough to cause the flow to constrict result ing in the formation
of a weak oblique shock. The interaction between the boundary layer and the shock wave results in
the separation of flow and one can observe the formation of a shear layer downstream of the shock.
Another shock is formed further downstream that combines with the shock and expansion waves tormed
upstream resulting in a lambda shock. In the wake region two kinds of flow instability mechanisms
are active. Ome is the Kelvin-Helmoltz instability. associated with the shear layers. and the other
is the interaction between the shear layer and the shock wave that is also responsible for transonic
buffeting. Our flow patterns compare quite well with the computational results reported in [9] and
with the experimental results in [17]. It must be pointed out that the laboratory experiments [17]
were carried out at a much larger Reynolds number. Figure 7 shows the time histories of the lift
and drag coefficignts for this computation. The Strouhal number cor responding to the lift cocfficient
variation’'is 1.58. It can be observed that the drag cocfficient oscillates at twice the frequency of the
lift coefficient. This is consistent with the observation that the vortices arc shed from both, fhe upper
and the lower surfaces of the airfoil. ]

Solutions for flows at angles of attack 29, 5° and 8° 10° are shown in Figures 3—7. From these
figures it can be observed that as the angle of attack increases, the unsteadiness of the flow in the
wake also increases, the lambda shock becomes stronger and, as expected, encompasses a larger region
in the flow. At larger angles of attack, the flow at the upper surface of the airfoil separates quite close
to the leading edge of the airfoil while the flow remains attatched on the lower surface. The vortax
sheddmg takes place aft of the trailing edge of the airfoil as a rosult of the interaction between the
shock wave and the shear layer.

5 Conclusions

Results have been presented for the computation of unsteady, laminar, viscous transonic Hows past
stationary airfoils at various angles of attack. The computations involve long-time integration of the
Navier-Stokes equations and demonstrate that the boundary conditions utilized are quite robust. The
results show interesting flow patterns and a complex interaction between the boundary/shear layers
and shock/expansion waves. The unsteadiness in the flow increases with an increase in thc angle of
attack.
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Figure 20 Mach=0.85, Re=10,000, a = 0° flow past a NACAGOIZ airfoil: density, terﬁperature and
pressure ﬁelds for the solution corresponding to the peak value of the lift coefficient.
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Figure 3: Mach=0.85, Re=10,000, a =

2° flow past a NACA0012 airfoil: density, temperature and

pressure fields for the solution corresponding to the peak value of the lift coefficient.
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Figure 4:. Mach=0.85, Re=10,000, o = 5” flow past a NACA0012 airfoil: density, temperature and
pressure fields for the solution corresponding to the peak value of the lift coefficient.
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Figure 5: Mach=0.85, Re=10,000, o = 8° flow past a NACA0012 airfoil: density, temperature and
pressure fields for the solution corresponding to the peak value of the lift coefficient.
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Figure 6: Mach=0.85, Re=10,000, a =‘10° flow past' a NACA0012 airfoil: density, temperature
and pressure fields for the solution corresponding to the peak value of the lift coefficient.
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Figure 7: Mach=0.85, Re=10.000 flow past a NACA0012 axrfoxl time histories of the drag and lift

coefficients’at various-angles of attack.
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