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Abstract

In this article we present our results for computation of unsteady viscous transonic flows past sta-
tionary airfoils at various angles of attack. S'abilized finite element methods are employed to solve
the co~pressible Navier-Stokes equations in their conservation law form. The non-linear equations
resulting from the finite element discretizations are solved using the Generalized Minimal RESidual
(GJvI RES) technique. Interesting flow P!lttems involving interactions between shock waves, bound-
ary layers and shear layers are observed for all the cases. It is observed that the unsteadiness in
the wake and the strength of the shocks .involved increase with an increase in the angle of attack.
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Introd uction1

Viscous transonic flows are associated with complex interactions between the boundary/shear
layers and shock/expansion waves. In the transonic regime, the flows are quite sensitive to the free-
stream Reynolds and Mach numbers; the boundary/shear layer behaviour mainly depends on the
Reynolds number while the shock/e:Xpansion wave behaviour .depends mainly on the Mach number [1,
2]. A number of numerical studies have been devoted to the analyses of steady inviscid transonic
flows [3, 4, .5, 6, 7, 8]. Fewer studies have been conducted. for unsteady, viscous flows [9, 10, 11, 12].
In this article, we present our results for the computation of unsteady viscous transonic flows past
airfoils .at vacious angles of attack.

We begin by reviewing the governing equations in Section 2. The equations are written in the
conservation law form. Tire ~tabilized variational formulation of these equations in terms of the
conservation variables is presented in Section 3. The SUPG (streamline-upwind/Petrov-Galerkin)'
stabilization technique is employed to stabilize our computations against spurious numerical oscilla-
tions due to advection dominated flows. The SUPG technique was first introduced by Hughes and
Brooks [13] for the advection-diffusion equation and for incompressible flows. It was introduced in the
context of inviscid compressible flows by Tezduyar and Hughes [1, 14] and Hughes and Tezduyar [3].
In addition to the SUPG stabilizations we supplement our formulation with a shock-capturing term
to provide stability of the computations in the presence of discontinuities and large gradients in the
flow. This idea, in the context of conservation variables, was demc;>nstrated by Le Beau and Tezdu-
yar [6]. In the current work we employ the same shock capturing operator as the one by Le Beau and
Tezduyar [6] but with a modified coefficient to account for the unsteadiness in the flow. The effect
of this modified term is demonstrated in [12] via a numerical example. In Section 4 we present our
results for computation of flows past airfoils at various angles'.of attack..

2 The -Governing Equations

L~t n c fln.d and (0, T) be the spatial and t'emporal domains respectively, where 'nsd is the number
of space dimensions, and let r denote the boundary of n, The spatial and temporal coordinates are
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11(!r(~ 11i, If" ;\1111 Tik 1I.r(~ t.h(! cornpoftcnts o(the velocity, heat flux, and viscous stress teusor, respectiv~ly.

In f.iI(! q";1.-;i-lhl(~1I.r forlll, equat.ioIl (11) is written 11..,

iJU iJU a ( fJU' -+A K-

iJt ' fJXi fJXi " aXj I

on {} J, O,T: 14]0

..,I.,.,.c""".:
lJFiAi = ""ijij'

iN t.h(~ Ellh~r .J;t(:obiall Matrix, and Kij is the diffusivity matrix satisfying

au
Kij- a ::: Ei.

Xi
(16

COrr(~HpOllUin!?; to cqlliltion ( 14), the following boundary and initial conditions are chosen

U = g on rg for (O,T), (17)

n. E = h on rh for (0, T), (18)

U(x,O) = Uo on no. (19)

Sul>H(:r4)t. !I refcrH to Diri(~hlct boundary conditions whilc the subscript h refers to the Neumann
l>0IlIlu1lry (:OIlIlitionH. Thc specification of these conditions for the flow past an ainoil is described in
S(,(~t.i(1Il -I.

i'ormulation3 Finite Element
Cmlsil!(,r 1t finit.(~ (,lclllcnt. rlis<:r(~tizat.ion of {} into sllbdolllains {}e. e = 1,2. net, where net is the
111lIllb<'r of el<'llleilts. llil.o;<~rl on this discr<~tization, wc define the finite elelllent trial function space Sh
,tnl! w<~ij!;hting nlnction spa<:<~ V". Thesc function spaces are selected, by taking the Dirichlet boundary
(~)lll!it.i<ms intI) a<:<:mlllt. 11.0; slllJ:;<~ts of [Hlh({})]n.t.,!. wher<~ Hlh(n) is the finite-dimensional function"";)f'" "V"" () ;1.111! 1LA., r is th(~ IlIlmbcr of degrees of freedolll. . .

E[H

w
stabiliz

Vh.={WhIWh E [H1h({1)]"d"I. Whin. e [pi ((11:

({t')] r(~pr(~~~llts th(~ first or(i<~r polynomial in {1".
IrmulatiOll of Eq. (1-1) is writt(~n !\S follows: find 1:.
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III the above formulation, the first two ternls a»d the right-hand-side constitute the GalerkiI
formulation of the problem. The first series of element-level integrals are the SUPG stabilization tern1:
added to the variational formulation to stabilize the computations against node-to-node oscillation:
in the advection-dominated range. The second series of element level integrals in the formulation art
the shock capturing terms that stabilize the computations in the presence of sharp gradients. Thl
interested reader is refered to [6, 15, 12] fo~ more details on the fonnulation.
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bolllldary layer thil:kens sufficicntl~' enough to l'auHl' till' ttO\V to l'OllHtrui rl'Hultilll!; ill t hI' liJrlllatilm
of II. weak oblique shock. Tile int.eraction bl~t\vl~(~n th(~ bO\lIluar~' la~'l'r illlU tilt' Hho('k \vav(' rPHuitH in
the separation of flow and one can observe the forlnation of a HiI(~ar laypr UO\VIIHtrPillll of I;ilp Hilo(~k.
Another shock is forllled further downstrealll that colllbineswith the Hhock allu PXI>1tIlHum WaV(~H It)rnl(~U
upstream resulting in a Ill.lIlbda shock. In the wake regioll two kindH of flow illHtability 1Il(~I~halliHIIlH
are active. One is the Kelvin-Helmoltz instability. n.~sociat.cd with thc Hhpar "ty(~rH. allu til(~ oth(~r
is the interaction between the shear layer and the shock wave that iH alHo r(~HpOilHibll~ for trmIHOlll(:
bllffeting, Our flow patterns colllpare quite well with the colllputatiOilltl r(~Hult.H l:pport.pu ill [9] .~nu
with the experimental results in (17]. It must be pointed out that t.hc laboratory (~xpprunPllt.H (1.7]
were carried out at a much larger Reynolds nulllber. Figure 7 HhowH t.hl~ tilll(~ iliHt.oriPH of th(~ lift.
and drag coefficients for this computation. The Strouhalmnnber l:orrl~Hponuillg t.o t.iI(~ lift. (~o(,tfil:icllt.
variation is 1.58. It can be observed that the drag coefficient oscillat.(~s at twi(:(~ th(' frcqupn(~y of thp
lift coefficient. 'This is consistent with the observation that the vortices are Hh(~u from both. th(~ upp('r
and the lower surfaces of the airfoil.

SQlutions for flows at angles of attack 2°, 5° and 8° 10° are showlI in Figures 3- 7, FrOin th('HC
figi.lr~s it can be observed that as the angle of attack increases, the unsteaduless of the flow in the
wake also incre~s, the lattlbda shock becomes stronger and, as expected, encompn.'iH('S a larg(~r i'(~gion
in the flow. At largeiangles of attack, the flow at the upper surface of t.hcairfoil H('parll.tes quit.(~ (~los(,
to the leading edge of the airfoil while the flow remains attatched on tilc lowl~r Hlmal:e. Th(, vort.-,x
~h~ddi~g takes place aft of the trailing edge of the airfoil as a result of t.h(~ illt('r,~(:t.iOlI b(~t.wc(~1I t.h(,",c,
shock wave !1.nd the shear layer.

Conclusions5

Results have been presented for the computation of unsteady, laminar, viscous transomc flows pit.o;t
stationary airfoils at various angles of attack. The computations involve long-time integratioll ()f the
Navier-Stokes equations and demonstrate that the boundary conditions utilized are qmte ro'bust. The
results show interesting flow patterns and a complex interaction between the boundary /shci~r liLycrs
and shock/expansion waves. The unsteadiness in the flow increases with an. increase in the aIlgle of
attack. -
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Figure 2: Mach=0.85, Re=10,000, a= 0° flow past a NACAOO12 airfoil: density, te~peratureand
presJure fields for the sQlution corresponding to the p~ak value of the lift coefficient.
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Figure 4: Mach=O.85, Re=10,OOO, a = 5° flow past a NACAPO12 airfoil: density, temperature and
pre.,sure fields for the solution corresponding to the peak value of the lift roefficient. .
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Figure 6: Mach=0.85, Re=10,00O, a = 10° flow past a NACAOO12 airfoil: density, temperature
and pressure fields for the solution corresponding to the peak value of the'litt coe~cient. .
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