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op + v . (pu) = 0 on Q for (0. T: (1at

Vb - V. T=O on Q for rO.T' (2)~+v. (puu)ot

o(pe) + V . (oeu) + V . (f]u)

small angles of attack (IX) there is a significant interaction
between the flow and channel walls. Beyond a certain angle
of attack, increasing IX leads to a decrease in the un-
steadiness in the wake of the flow, till at IX = 8° the flow
becomes steady. Beyond IX = 8° the flow remains steady
while the shock-structure goes through a qualitative
change. At IX = 10° a set of shocks reflected from the lat-
eral boundaries can be observed in the solution. When this
solution is used as an initial condition to compute the flow
at IX = 8°, by slowly ramping the angle of attack, a steady-
state flow is achieved again. However, the shock-structure
of this flow is quite different than the one obtained earlier.
This suggests that there is hysteresis in the flow close to
IX = 8°, i.e., the solution depends on the initial conditions.
When the angle of attack is decreased further, the flow
becomes unsteady again and is independent of the initial
conditions. It is interesting to note that Bristeau et al.
(1985) also reported the existence of multiple solutions for
their computation of steady inviscid potential transonic
flows past a NACAOO12 airfoil at various angles of attack. It
must, however, be pointed out that the reasons for the
presence of multiple solutions reported by Bristeau et al.
(1985) and for the present computations are quite differ-
ent. The multiple solutions in the present computations
are a result of strong interaction of the flow and lateral
boundaries. In the case of inviscid potential flows the
Kutta-Joukowsky condition needs to be satisfied explicitly
for airfoils with sharp trailing edge. This along with other
conditions are not sufficient to ensure uniqueness of the
solution as observed by Bristeau et al. (1985).

The organization of the remaining article is as follows.
First, the governing equations for the flow are reviewed in
Sect. 2. The equations are written in the conservation law
form. The stabilized variational formation of these equa-
tions in terms of the conservation variables is presented in
Sect. 3. The SUPG (Streamline-Upwind/Petrov-Galerkin)
stabilization technique is employed to stabilize the com-
putations against spurious numerical oscillations due to
advection dominated flows. The SUPG technique was first
introduced by Hughes and Brooks (1979) for the advec-
tion-diffusion equation and for incompressible flows. It
was introduced in the context of inviscid compressible
flows by Tezduyar and Hughes (1983, 1982) and Hughes
and Tezduyar (1984). In addition to the SUPG stabiliza-
tions, a shock-capturing term is added to the formulation
to provide stability of the computations in the presence of
discontinuities and large gradients in the flow. This idea,
in the context of conservation variables, was demonstrated
by Le Beau and Tezduyar (1991). In Sect. 4 numerical
results for computations of flows past airfoils at various
angles of attack are presented and discussed. Finally, a few
concluding remarks are made in Sect. 5.

~+~-~=o onOfor(O,1), ~11)
ut uXj uXj

where U = (P,PUl,pu2,pe), is the vector of conservation
'1bles, and Fj and Ej are, respectively, the Euler and
)US flux vectors defined as

2 varlc
The governing equations visc(

Let .Q c ~n'd and (0, T) be the spatial and temporal do-
mains respectively, where nod is the number of space di-
mensions, and let r denote the boundary of.Q. The spatial Fj ~
and temporal coordinates are denoted by x and t. The
Navier-Stokes equations governing the fluid flow, in con-
s~on form, are

UiP

UiPUl + [)ilP

UiPU2 + [)i2P

Ui(oe + p)

at ' ,. ,. ",

- v . (Tu) + Vq = 0 on Q for (0, T) . (3)

Here p, u, p, T, e, and q are the density, velocity, pressure,
viscous stress tensor, the total energy per unit mass, and
the heat flux vector, respectively. The viscous stress tensor
is defined as

T = .u((Vu) + (Vu)T) + A(V. u)I . (4)

where .u and A are the viscosity coefficients. It is assumed
that Jl and A are related by

A=-~.u. (5)
Pressure is related to the other variables via the equation
of state. For ideal gases, the equation of state assumes the
special form
p = (y - l)pi , (6)

where y is the ratio of specific heats and i is the internal
energy per unit mass that is related to the total energy per
unit mass and velocity as

i = e - tllul12 . (7)

The heat flux vector is defined as

q = -KVe , (8)

where K is the heat conductivity and () is the temperature.
The temperature is related to the internal energy by the
following relation

() = ~i (9)y-l '

where R is the ideal gas constant. Prandtl number (Pr),
assumed to be specified, relates the heat conductivity to
the fluid viscosity according to the following relation

yR.u I'A\
K= ( )p ' \~V)

')'-1 r

The compressible Navier-Stokes equations (1), (2), and
(3) can be written in the conservation variables

au aFi aEi ,\ 1,,\
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Fig. 6. Mach = 0.85, Re = 2000, cx = 0° flow past a NACAOO12
airfoil: Cp distribution on the airfoil surface and the stream-wise
variation of density in the domain at three vertical locations for
the steady-state solution

Fig. 4. Mach = 0.85, (t = 0°, H = 4.25 flow past a NACAOO12
airfoil: the finite element mesh; 19,014 nodes and 18,772 elements
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idiabatic and the no-slip condition is specified for the
"elocity on its wall. At the upstream boundary (BI-B4),
density and both components of velocity are assigned free-
~tream values while the component of heat flux vector
normal to the boundary is assumed to be zero. At the
downstream boundary (B2-B3), the pressure is prescribed
while the viscous stress vector is assigned zero value. On
the upper and lower boundaries (BI-B2 and B3-B4), the
components of velocity and heat flux vector normal to and
the component of viscous stress vector along these
boundaries are prescribed zero values. The airfoil is lo-
cated at the origin of the coordinate axes. The location of
the upstream and downstream boundaries, from the mid-
chord point of the airfoil, correspond to Ll = 4.25 and
L2 = 7.75 chord-lengths, respectively. Unless specified, the
computations are initiated with free-stream conditions in
the entire domain. A time step of 0.01 is used to ensure
time accuracy of the results. The chord-length of the air-
foil, the free-stream speed, temperature and density of the
flow are used to non-dimensionalize the various quan-
tities. On a Digital 250-4/266 work-station, each time-step
takes approximately 1 minute of CPU time.

Computations are carried out for two locations of the
lateral boundaries. In the first case the upper and lower
boundaries are, each, located at H = 4.25 chord-lengths
away from the mid-chord point of the airfoil. The mesh
employed consists of 18,772 quadrilateral elements and v.v :i ~ v ~ ~ -

19,014 nodes. It is observed that when the angle of attack x

of the airfoil~ wi~h ~espect.to thef~ee-stream flow, is 5° and Fig. 14. Mach = 0.85, Re = 10,000, IX = 7°, H = 4.25 flow past a
above there IS slgmficant mteractlon between the flow and NACAOO12 airfoil: time histories of the lift and drag coefficients,
the lateral boundaries. In the second case, the lateral the Cp distribution on the airfoil surface and the stream-wise
boundaries are, each, located at H = 12 chord-lengths variation of the density at various vertical locations corre-
away from the mid-chord point of the airfoil. The finite- sponding to the temporally periodic solution at t = 654.6

element mesh, for this case, consists of 22,132 elements
and 22,414 nodes. For both the cases, the mesh close to the
airfoil, is same. The mesh for the first case, and its close-
up, is shown in Fig. 4.
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4.2.1
Mach = 0.85, Re = 2000, IX = 00 flow past

a NACAO012 airfoil
This is a standard benchmark problem from one of the i
GAMM workshops (Bristeau et at. 1988). At this Reynolds
number the present computations converge to a steady-
state solution. Shown in Fig. 5 is the density field for the
steady-state solution. These solutions agree quite well with
the ones reported by other researchers (Bristeau et at.
1988; Boivin and Fortin 1993). The steady-state drag
coefficient is 0.15. The value of drag coefficient reported by
other researchers varies between 0.1-0.14 (Bristeau et at.
1987). Figure 6 shows the pressure distribution on the
airfoil surface and the stream-wise variation of density in
the domain at three vertical locations. It is observed that
the flow is symmetric about the chord-line of the airfoil.
Unlike the case of Euler solution, in the present case, the ~~~ ~~~ ~~~ -~~ --

presence of shock does not lead to a jump in the pressure t -.
on the ~irfoil surface. More d~tails on this calcul~tion and Fig. 15: Mach = 0.85, Re = 10,000, IX = 7°, H = 4.25 flow past a
comparIson of results for varIOUS other cases, WIth ex- NACAOO12 airfoil: time history of the density, and its power
perimental and numerical results from other researchers, spectrum, recorded by a probe located at (0.462, -0.044) with
are given in Mittal (1998). respect to the center of the airfoil
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corresponding to the peak value of the lift coefficient. The
Strouhal number corresponding to the lift coefficient
variation is 1.58 while the drag coefficient is almost con-
stant during each cycle of vortex shedding. In Fig. 7, from
the pictures showing the flow close to the airfoil, it can be
observed that the unsteadiness in the pressure felt by the
airfoil surface, due to vortex shedding, is confined to a
small region near the trailing edge. For IX = 0, the airfoil
surface close to the trailing edge is almost in the free-
stream direction and therefore, the unsteady pressure
forces contribute mainly to the unsteadiness in lift and
have a negligible effect on the time-variation of the drag
force. It should be noted that the chord-length of the
airfoil (and not its thickness) has been used to obtain the
non-dimensional quantities. If the Strouhal number is
non-dimensionalized with respect to the thickness of the
airfoil than one obtains a value of 0.19. Notice that this
value of the Strouhal number is very close to the one for a
bluff-body in an incompressible flow. This observation is
consistent with that made by other researchers that it is
possible to define a 'universal' Strouhal number for any
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NACAOO12 airfoil: time histories of the lift and drag coefficients,
Fig. 19. Mach = 0.85, Re = 10,000, a = 10°, H = 4.25 flow past a Cp distribution on the airfoil surface and the stream-wise varia-
NACAOO12 airfoil: density field at t = 200.3, 300.3, 400.3, 500.3, tion of density in the domain at three vertical locations for the
645.5 steady-state solution

section based on the separation distance between shear
layers. The effect of vortex shedding and the shocks/ex-
pansion waves can be clearly observed in the plot of
stream-wise density variation. The effect is mostly felt
close to the airfoil surface while far away, close to the
upper wall, the effect is negligible.

Solutions for flow at angle of attack 2° is shown in Figs. 9
and 10. The asymmetry between the flows on the upper
and lower surfaces of the airfoil is clearly visible. Com-
pared to the flow for (X = 0° the unsteadiness in the flow is
stronger. Also, the lambda shock on the upper surface is
stronger compared to the previous case. This can also be
observed from the comparison of the stream-wise density
distribution for the two cases. The effect of the presence of
the airfoil on the density at y = 4, close to the upper wall,
is still quite negligible. The Strouhal number correspond-
ing to the lift coefficient variation has the same value as for
(X = 0° case. The drag coefficient also oscillates with the
same frequency as the lift coefficient. This is in quite
contrast to the observation one makes for flows past bluff
bodies where the drag coefficient oscillates at twice the
frequency of the lift coefficient. Recall, the unsteady flow
past a circular cylinder involves flow separation at both,
the lower and upper surfaces. During each cycle of the
temporal variation of the lift coefficient the unsteadiness
on both the lower and upper surfaces contribute to the
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distribution on the airfoil surface and the stream-wise
variation of the density at various vertical locations for the
temporally periodic solution. The lift and drag coefficients
reach a steady-state value at approximately t = 300. This
observation is consistent to the one that was made with
regards to the flow field. From the plot for the stream-wise
variation of density at various locations it can be observed
that the lambda shock is significantly stronger in this than
at lower angles of attack. However, the unsteadiness in the
wake is much lower at (X = 7°. Additionally, the shock
extends all the way up to the upper wall and this can also
be seen from the jump in the density for y = 4. Figure 15
shows the time history of the density recorded by a probe
located at (0.462,-0.044) with respect to the center of the
airfoil. Also shown in the figure are the power spectra of
the density variation for 40 ~ t ~ 60 and 500 ~ t ~ 600.
In the initial stages of the simulation, when the shock has
still not reached the upper wall, the Strouhal number
corresponding to the dominant frequency of density var-
iation is 1.41 which is quite clsoe to the one for flows at
lower angles of attack. However, for the temporally peri-
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I i - - - - - - Fig. 24. Mach = 0.85, Re = 10,000, IX = 7°, H = 4.25 flow past a
NACAOO12 airfoil: time histories of the lift and drag coefficients,

Fig. 23. Mach = 0.85, Re = 10,000, IX = 7°, H = 4.25 flow past a Cp distribution on the airfoil surface and the stream-wise varia-
NACAOO12 airfoil: density field at t = 20..0, 296.4, 590.2, 798.5, tion of density in the domain at three vertical locations for the
1118.5. The steady-state solution at IX = 8° (see Fig. 21) is used as solution at t = 1100. The steady-state solution at IX = 8° (see Fig.
"n initi"l rnnnitinn ? 1) i~ 1,~pn ,,~ "n initi"l rnnnitinn

odic solution, the Strouhal number is 2.08. The effect of
these temporal variations in the wake is quite negligible on
the lift and drag coefficients.

Computations at (X = 8° show a similar behavior as for
(X = 7° except that the flow finally reaches a steady-state.
The density field for the final steady solution is shown in
Fig. 16. It can be observed that for this case the shocks
extend to both the lateral boundaries. Compared to the
solution at (X = 7°, the expansion fan at the front half of
the airfoil is much stronger for this case, while the
downstream branch of the lambda shock, close to the
airfoil surface, is a much more gradual compression.
Therefore, the shear layer emanating from the upper sur-
face of the airfoil remains stable and results in a steady
wake. Figure 17 shows the time histories of the lift and
drag coefficients, the Cp distribution on the airfoil surface
and the stream-wise variation of the density at various
vertical locations for the steady-state solution.

Figures 18 and 19 show the density field at various time
instants during the simulation for the (X = 10° case. At
t = 3.6 one can observe the upstream propagation of the
initial bow-shock and the development of the shock and
shear layers. At t = 50.3 the lambda shock is formed and
the von Karman vortex street develops in the wake. The
Strouhal number corresponding to the dominant fre-
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Wherever available, good agreement has been observed
with experimental and numerical results from other re-
searchers. The results show interesting flow patterns and a
complex interaction between the boundary/shear layers,
shock/expansion waves and the lateral boundaries of the
computational domain. For transonic flow past an airfoil
at various angles of attack in a narrow channel/wind-
tunnel one can observe solutions that are qualitatively
different from each other. At a low angles of attack an
unsteady wake is observed. At moderate angles of attack
the interaction between the shock system and the lateral
walls becomes significant and the temporal activity in the
wake decreases and eventually disappears. At high angles
of attack a reflection shock is formed. Hysteresis is ob-
served at an angle of attack 8°. For the flow in a domain
with the lateral boundaries located far away, the un-
steadiness in the flow increases with an increase in the
angle of attack.
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