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Abstract

The influence of the location of the lateral boundaries on 2D computation of unsteady incompressible flow past a circular
cylinder is investigated. The case of Reynolds number 100 is used as a benchmark, and several quantities characterizing the
unsteady flow are obtained for a range of lateral boundary locations. The computations are performed with two distinct finite
element formulations - space-time velocity-pressure formulation and velocity-pressure-stress formulation. We conclude
that the distance between the cylinder and the lateral boundaries can have a significant effect on the Strouhal number and
other flow quantities. The minimum distance at which this influence vanishes has been found to be larger than what is
commonly assumed.

1. Introduction

One of the standard aspects of numerical simulation is the selection of the computational domain, which is
often only an approximation of the actual domain of the physical problem. Many of the types of boundary
conditions used in practical applications are applicable only if they are sufficiently removed from the region
where accuracy of the solution is important. The desire to limit computational cost, on the other hand, provides
motivation to reduce the domain size. As usual, the best results can be expected when these contradictory
tendencies are optimally balanced.

The issue of proper placement of the boundaries arose several times in our past computations, receiving
the fullest attention in the benchmark 2D studies involving incompressible flow past a circular cylinder at
Reynolds number 100. This transient problem is frequently used to assess the accuracy of finite element
formulations, as it is characterized by a handful of well known quantities, such as the mean drag coefficient,
or a nondimensional frequency of the vortex shedding known as the Strouhal number. At this low Reynolds
number, such characteristic quantities obtained with the 2D numerical approach should approximate closely the
values obtained experimentally, e.g., by Roshko [1].

It was one of our early observations regarding this problem that the shedding characteristics, and the Strouhal
number in particular, is significantly affected by the dissipation introduced by the time-integration scheme. In
reference [2], a dissipative T1 time-stepping scheme was compared against a T6 scheme, as well as a vorticity-
stream function solution. The T6 scheme gains accuracy over the T1 scheme by a more selective application of
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and p(x, t) will represent the velocity and pressure fields, respectively. The external forces, such as the gravity,
will be represented by f(x,t). The Navier-Stokes equations for incompressible flows are

(au )P at+U'VU-/ v.u=o on nt Vt E (D,T), (1)

'V.u=o on nt Vt E (O,T), (2)

where p is the density assumed to be constant. For the Newtonian flows under consideration here. the stress
tensor for a fluid with dynamic viscosity J.L is defined as follows:

O'=-pl+T, T=2/Le(u). (3)

This equation set is completed by suitable boundary conditions and an initial condition consisting of a diver-
gence-free velocity field specified over the entire domain:

u(x,O)=Uo, V'Uo=O on no. (4)

The boundary conditions consist of a uniform velocity profile specified at the inflow boundary, no-slip condition
at the cylinder surface, flow symmetry conditions at the lateral boundaries, and traction-free condition at the
outflow boundary.

3. Finite element fonnulations

In this section we outline the two finite element formulations used to conduct the numerical tests described
in Section 4. It should be noted that both formulations were designed to deal with problems more complex
than the one under consideration in this paper. The space-time formulation is suitable for problems involving
moving boundaries and interfaces, while the velocity-pressure-stress formulation is typically used to solve flow
problems which involve non-Newtonian constitutive relations.

3.1. Space-time velocity-pressure formulation

r Wh.p -
at

)dfJ

auh

at
- V.U(qh'Wh)]. [p - V.U(ph,Uh) ]dQ( at +Uh.VWh)

+Uh.VUh - f

~

(no). r
+ L JI1 TcontV.WhpV.UhdQ = 1

e=! Q~ (P,,).

Wh . hh dP. (5)

In a space-time formulation, the space-time domain is first divided into a sequence of space-time slabs Qn,
and each slab is decomposed into space-time elements Q~. A slab Qn is located between the time levels tn and
tn+l. The integration of a functional over a slab will include integration over both the spatial domain I1t and
the temporal one [tn, tn+l]. Since many of the functions to be introduced here will be discontinuous across
slab interfaces, we will employ the notation (.);; and (.);:- to indicate the values at tn as it 'is approached
from below and above, respectively. The number of elements in slab n is written as (nel)n. The finite element
formulation begins with choosing appropriate trial solution «S:)n and (S;)n) and weighting function «V:)n
and (V;)n = (S;)n) spaces for the velocity and pressure. In our computations we employ piecewise linear

functions for all fields.
The stabilized space-time formulation for deforming domains can be written as follows: given (Uh);;, find

Uh E (S:)n and ph E (S;)n such that Vwh E (V:)n and Vqh E (V;)n

! dQ + r e(wh) : U(ph,Uh) dQ
JQn , - - JQn

+ r qhV.UhdQ+ r (Wh)~.p(Uh)~_(Uh);;
JQn JOn
(~)n r 1 [ 'Bwh + L J(] 'Tmom- pi

e=l Q: p
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Fig. 1. The computational domain.

Both fonnulations given in Section 3 are used to obtain periodic solutions on these five different meshes.
A time step of 0.125, providing a resolution of approximately 100 time steps per vortex shedding period, is
selected. Our previous experience [2] indicates that the refinement of the mesh is sufficient to obtain reliable
measurements of the flow quantities. In all five cases, in order to shorten the computation time, a closest
available periodic solution is adapted and used as an initial condition. After the fully periodic solution is
reached, we measure and report the amplitude of the lift coefficient, average value of the drag coefficient and
the Strouhal number. The amplitude of the lift coefficient is given in Table 2 and plotted in Fig. 2. The mean
drag coefficient is given in Table 3 and plotted in Fig. 3. Finally, the Strouhal number is reported in Table 4
and plotted in Fig. 4.

It can be clearly observed that both fonnulations, which are very different, show the same kind of dependence
of the reported flow quantities on the position of the lateral boundaries. When the distance A is as small as
9.0, we see a 6% increase in the amplitude of the lift coefficient and the mean drag coefficient. The increase in
the Strouhal number reaches 5%. It is apparent from the plots in Figs. 2, 3 and 4, that these quantities stabilize
within 1 % of the final values only as the distance A exceeds 16.0. While there is a visible difference between
the results from the two different fonnulations, both of them exhibit the same trend as the distance of the lateral
boundary is varied. In particular, the variation in the Strouhal number due to the distance A being changed
from 9.0 to 32.0, is at least twice of the difference in Strouhal number for the two fonnulations obtained at a
fixed value of A.

5. Concluding remarks

We have recalled the role of vortex shedding from a cylinder as a benchmark frequently employed to study
the accuracy of a numerical scheme. The most notable quantities which characterize the vortex shedding are
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Table 2
Variation of the amplitude of the lift coefficient
Mesh Amplitude of the lift coefficient

Space-time velocity-pressure Velocity-pressure-stress
M090 0.3946 0.3880
Ml25 0.3794 0.3739
Ml60 0.3743 0.3692
M240 0.3709 0.3666
M320 0.3706 0.3659

Space-time velocity-pressure Velocity-pressure-stress
M090 1.4552 1.4732
M125 1.4023 1.4214
M160 1.3836 1.4030
M240 1.3721 1.3917
M320 1.3698 1.3894

Table 4
Variation of the Strouhal number
Mesh Strouhal number

Space-time velocity-pressure Velocity-pressure-stress
M090 0.1711 0.1739
M125 0.1658 0.1690
MI60 0.1641 0.1672
M240 0.1624 0.1661
M320 0.1624 0.1661

the amplitude of the lift coefficient, mean drag coefficient and the Strouhal number. These quantities played
important role in our past computations that sought to determine the correct placement of the downstream
boundary. They are also frequently employed to assess the accuracy of time-integration algorithms. In this
study, we concentrated on the dependence of the vortex shedding phenomena on the placement of the lateral
boundaries. The results we obtained indicate that the distance between the lateral boundaries and the cylinder
beyond which the presence of these artificial boundaries ceases to influence the Strouhal number and other
quantities, is greater than what is commonly assumed. Cautious placement of the lateral boundaries is advocated,
especially when the Strouhal number and its deviation from experimentally obtained value is used to draw
conclusions about other aspects of the numerical algorithm. In particular, we find that the lateral boundaries
should be removed from the cylinder by a distance of 8 cylinder diameters. If this is not the case, the computed
Strouhal number will have an artificially high value.
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