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We describe our massively parallel finite element computations of unsteady incompressible flows involving
fluid-body interactions. These computations are based on the Deforming-Spatial-Domain/Stabilized-Space-Time
(DSD/SST) finite element formulation. Unsteady flows past a stationary NACA 0012 airfoil are computed for
Reynolds numbers 1000, 5000 and 100 000. Significantly different flow patterns are observed for these three cases.
The method is then applied to computation of the dynamics of an airfoil falling in a viscous fluid under the influence
of gravity. It is observed that the location of the center of gravity of the airfoil plays an important role in
determining its pitch stability. Computations are reported also for simulation of the dynamics of a two-dimensional
'projectile' that has a certain initial velocity. Specially designed mesh moving schemes are employed to eliminate the
need for remeshing. All these computations were carried out on the Thinking Machines CM-200 and CM-5
supercomputers, with major speed-ups compared to traditional supercomputers. The implicit equation systems
arising from the finite element discretizations of these large-scale problems are solved iteratively by using the
GMRES update technique with diagonal preconditioners. The finite element formulations and their parallel
implementations assume unstructured meshes.

1. Introduction

We present our numerical results for unsteady flows involving fluid-body interactions. The equations
governing the fluid flow and the motion of the rigid body are solved using the stabilized space-time
finite element method. Massively parallel implementation of these formulations on the Thinking
Machines CM-200 and CM-5 supercomputers are employed to compute solutions to these large-scale
problems. In the space-time formulation, the finite element interpolation functions vary both spatially
and temporally. This fact can be exploited to solve problems that involve moving boundaries and
interfaces. It was first shown by Tezduyar et al. [1, 2] that the stabilized space-time finite element
formulation can be effectively applied to fluid dynamics computations involving moving boundaries and
interfaces. They introduced the DSD / SST (Deforming-Spatial-Domain / Stabilized-Space- Time) pro-
cedure and successfully applied it to several unsteady incompressible flow problems involving moving
boundaries and interfaces, such as free-surface flows, liquid drops, two-liquid flows and flows with
drifting cylinders. Later, Mittal ~nd Tezduyar [3] applied this method to solve flows past oscillating
cylinders and airfoils. A description of the massively parallel implementation of the stabilized space-
time method along with several example problems can be found in the article by Behr et al. [4]. The
stabilization of the numerical method is achieved by adding a series of stabilizing terms to the Galerkin
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where p and u are the density and velocity, and 0' is the stress tensor given as

u(p, u) = -pI + 2.ue(u)
with

E(U) = !(VU + (VU)t)

Here p and .u are the pressure and the dynamic viscosity, and I is the identity tensor. The part of the
boundary at which the velocity is assumed to be specified is denoted by (I;)g:

on (I;)g Vt E (0, T:u=g

The 'natural' boundary conditions associated with (1) are the conditions on the stress components, and
these are the conditions assumed to be imposed at the remaining part of the boundary:

n' U = h on (1;)" Vt E (0, r:

The homogeneous version of (6), which corresponds to the 'traction-free' (i.e., zero normal and shear
stress) conditions, is often imposed at the outflow boundaries. As initial condition, a divergence-free
velocity field uo(x) is specified over the domain nt at t = 0:

u(x, 0) = uo(x) on no

2.2. Equations of motion for a rigid body in two dimensions

Consider the motion of a rigid body in a two-dimensional space. The rigid body is assumed to be
attached to a linear spring and a dash pot for each of its degree of freedom of motion. Let Vx and Vy
represent the linear velocity components of the center of gravity of the body (G) and let e be its
angular velocity. Letfx and/y be the two components of the force and J the torque acting on the body.
These forces consist of the contributions from the surface traction (includes fluid forces) and body
forces acting on the body. The linear displacements are represented by Bx and By while () represents the
angular displacement.

The equation of motion for the body is given as

ma+cv+k8=f,

where m, c, k and! are, respectively, the mass matrix, damping matrix, stiffness matrix and the force
vector; a, v and B are the acceleration, velocity and the displacement vectors, respectively, associated
with the rigid body. The expanded form of these matrices and vectors are given below.

0 O
}m 0

0 Im={~
where m is the mass of the body and I is the polar moment of inertia about an axis passing through the
center of gravity of the body. In the relations given below, the subscripts x and y refer to the quantities
related to the x and y directions, respectively. The subscript (J refers to the quantities related to the
angular motion of the body.
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~\I H :Qq' q

Here Hlh(Qn) represents the finite-dimensional function space over the space-time slab Qn. This space
is formed by using, over the parent (element) domains, first-order polynomials in space and time. It is
also possible to use zeroth-order polynomials in time. In either case, globally, the interpolation
functions are continuous in space but discontinuous in time.

The space-time formulation of (1)-(7) can be written as follows: start with

(un),

find uh :S~)n' such that 'v'Wh E (V~sequentially for Q
and Vqh E (V:)n'

(S~)n and pQ QN given (u

( au'

P-ai

VUh ) dQ dQt::(wn) : u(pw u' u'

hdF dflqhV. Uh dQ p((u'(w (uJ

n~n {
(awn h h)P M+U .Vw ( h ,V. 0' q , W

pQ~

( au'

P-ai

h r7 )
U .vU dQV. U(pi u'

~.".I. 8pV. Wh V. Uh dQ 0

In the variational formulation given by (24), the following notation is used:

(Uh): lim Uh(t.

)dQ dlldt

)dP drdt

j~

Jp

If we were in a standard finite element formulation, rather than a space-time one, the Galerkin
formulation of (1)-(7) would have consisted of the first four integrals (their spatial versions) appearing
in (24). In the space-time formulation, because the interpolation functions are discontinuous in time,
the fully discrete equations can be solved one space-time slab at a time. The fifth integral in (24)
enforces, weakly, the continuity of the velocity in time.

In (24), the series of integrals involving the coefficients T and 8 are the least-squares terms added to
the Galerkin variational formulation to assure the numerical stability of the computations. This kind of
stabilization of the Galerkin formulation is referred to as the Galerkin/least-squares (GLS) procedure,
and can be considered as a generalization of the stabilization based on the streamline-upwind/Petrov-
Galerkin (SUPG) and pressure-stabilizing/Petrov-Galerkin (PSPG) procedures employed for incom-
pressible flows [12]. It is with such stabilization procedures that it is possible to use elements which have
equal-order interpolation functions for velocity and pressure, and which are otherwise unstable. The
coefficient T used in this formulation is obtained by a simple multi-dimensional generalization of the
optimal T given in [7] for one-dimensional space-time formulation. The expression for the T used in this
formulation is
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A flat plate with unit length forms the boundary BI-B2 of the computational domain (see Fig. 1).
The inflow boundary B4-B5 is located at a distance of 0.5 from the leading edge of the flat plate. The
inlet velocity is specified to be 1.0. Reynolds number is defined on the basis of the inlet velocity and the
length of the plate. Symmetry boundary condition is applied on the top boundary B4-B3 and part of
the lower boundary BI-B5, i.e., the horizontal component of the stress vector is seJ to zero while no
flow is allowed across the two boundaries. The top boundary B4-B3 is located at a distance of 0.5 from
the lower boundary B5-B2. Traction-free boundary condition is applied at the outflow boundary
B2-B3. This boundary condition is not really consistent. Close to the wall, as the boundary layer leaves
the domain, there are viscous stresses in the flow. A consistent way to treat this boundary condition has
been discussed in [7]. All the computations reported in this section are for steady-state equations and
are performed on a CRAY-2. Constant-in-time interpolation functions are used and a direct solver is
employed to solve the equation system resulting from finite element discretization.

The local skin friction coefficient, Cf, on the surface of the plate is defined as

(au!)IJ. -ax; wall- 2Cf - O.5pU

where U is the inlet velocity.
The Blasius solution for a laminar boundary layer [13] is

Cf = O.664/vIR:

where Rx = pUx/ JL and x is the distance measured from the leading edge of the plate.
As can be seen from (36), the solution for the flat plate involves a singularity at the leading edge.

Therefore, a fairly fine mesh is used near the leading edge.
First, a convergence study, with respect to the size, in the vertical direction, of the first layer of

elements on the plate, is performed. The mesh employed consists of 2046 nodes and 1950 elements.
Figure 2 shows the variation of the local skin friction coefficient with the distance from the leading edge
of the plate for four different mesh sizes. In the figure, the first element size in the vertical direction is

B4

---

'- .~~;;~~: :,,""""""""""""""""""~""""""""""'~,~
85 81 82

Fig. 1. Laminar boundary layer on a flat plate at Reyn!>lds

number 1 000 000: problem description.

, ,
0.0 0.2 0.4 0.6 0.6 1.0

Distance fram the leading edge

Fig. 2. Laminar boundary layer on a flat plate at Re =
1 000 000: local skin friction coefficient along the plate for
different meshes with same number of elements (1950) but
different 'element length'.
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Fig. 4. ~aminar boundary layer on a fiat plate at Re = 1 000000: velocity vectors and pressure.

4.2.1. Reynolds number 1000
The time step size is 0.01. The size of the first layer of elements around the airfoil is 0.002. At each

time step approximately 142000 equations are solved iteratively. Figure 7 shows the time histories of
the lift, drag and torque coefficients acting on the airfoil. We observe that the flow reaches a periodic
state. From Figure 6 we observe that the flow at Reynolds number 1000 has only one dominant
frequency. The Strouhal number (based on the chord length and the free-stream velocity) is 0.862.
Figure 81 shows a sequence of frames for the vorticity field during one period of the lift coefficient. The
first, third and last frames correspond to the mean lift coefficient, while the second and fourth frames

'Figures 8-10, 12-14, 16-18, 21(a, b), 24(a, b) and 27 are given on pages 275-282.
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Fig. 6. Flow past a stationary NACA 0012 airfoil: power spectra of the lift, drag and torque coefficients at Re = 1000, 5000 and
100000.

4.2.2. Reynolds number 5000
The mesh and the time step used for this problem is the same as for Reynolds number 1000. Figure

11 shows the time histories of the lift, drag and torque coefficients acting on the airfoil. We observe that
the flow eventually reaches a periodic state. When we compare this figure to Figure 7, for Reynolds
number 1000, we observe that both the mean values and the magnitudes of the temporally fluctuating
components of the aerodynamic coefficients are higher for Reynolds number 5000. This suggests the
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Fig. 11. Flow past a stationary NACA 0012 airfoil at Re

coefficient. We notice that there is a significant interaction between the vortices shed from the upper
surface and the ones shed from the lower surface of the airfoil. The entire wake with counter-rotating
vortices propels itself upwards. Figures 13 and 14 show, respectively, a similar sequence of frames for
the close-up of the vorticity field and stream function. From Figure 6 we observe that the flow at
Reynolds number 5000 has very weak components at frequencies other than the dominant frequency.
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Figure 6 we observe that the flow at Reynolds number 100000 has components that are spread over a
wide range of frequencies. Figure 16 shows a sequence of frames for the vorticity field at time = 14.4,
14.6, 14.8, 15 and 15.2. Figures 17 and 18 show, respectively, a similar sequence of frames for the
close-up of the vorticity field and stream function. From these pictures it can be observed that the flow
on the upper surface of the airfoil separates very close to the leading edge. We realize that in real life,
flows at such high Reynolds numbers are turbulent in nature. Our goal here is to demonstrate the
robustness of our numerical formulations in computing flows at high Reynolds numbers.

4.3. Free fall of a NACA 0012 ail:foil

4.3.1. Uniform-density airfoil
This simulation involves a NACA 0012 airfoil falling under the action of gravity and fluid forces. The

airfoil is assumed to be made of a material with density 50. The density of the surrounding fluid is 1.
Based on the density and the geometry of the airfoil, its mass and polar moment of inertia are,
respectively, 4.068 and 0.224. The center of gravity of the airfoil is located at 0.417 chord lengths from
the leading edge. The airfoil (marked as 'A' in Fig. 19) of unit-chord-length is initially located at (0,0).
The computational domain lies in a rectangular box whose bottom left and top right coordinates are
(-20, -10) and (20,20), respectively. The gravity force, of magnitude 1.0, acts in the negative
y-direction. The finite element mesh employed for this simulation consists of 8446 nodes arid 8304
elements. Zero velocity is specified at the boundaries B1-B2 and B1-B4. At the boundary B3-B4, the
x component of the velocity (the component normal to the B3-B4 boundary) is specified to be zero
value, while the traction is specified to be zero in the y-direction. Traction-free boundary conditions are
specified at the boundary B2-B3. The viscosity of the fluid is 0.01. The time step is 0.025.

At t = 0, the airfoil is released from rest at a 10° angle from the line of gravity. Figure 20 shows the
time histories of the forces, velocities and the displacements for the airfoil. The pitch rate and the
rotation is in degrees/unit time and degrees, respectively. The linear velocities and displacements are
reported for the midchord point of the airfoil. We observe from the figure that the airfoil reaches a
temporally periodic motion. In addition to having a linear velocity, there is a superimposed pitching
motion. The average Reynolds number for the periodic solution (based on the linear velocity of the
airfoil and its midchord point and its chord length) is, approximately, 225. Figure 21 shows a sequence
of frames of the vorticity field at various instants during one pitch cycle of the airfoil. The frames in the
left column show the global flow field while their close-ups around the airfoil are displayed in the right
column. In our computations, we move the entire mesh with the velocity of the mid-chord point of the
airfoil. The pitching motion of the airfoil is accommodated by moving the nodes according to a scheme
which can be understood from Figure 22. In this figure, the finite element mesh around the airfoil has
been shown for the positions corresponding to its minimum and maximum pitch displacements. It can
be observed that the mesh close to the airfoil rotates with it and the entire pitch displacement is taken
into account by the deformation of an annular region. It should be noted that this is a very general
mesh moving scheme and can be used for simulating the motion of any arbitrary shaped body.
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Fig. 19. Free fall of a NACA 0012 airfoil problem description.
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f"-i

Fig. 22. Free fall of a uniform density NACA 0012 airfoil: finite element mesh close to the airfoil at its minimum and maximum

pitch displacements.

one-tenth chord, is of density 500. The density of the remaining airfoil is 50. Based on this density
distribution, the mass and the polar moment of inertia on the airfoil are, respectively, 7.05 and 0.448.
The center of gravity of the airfoil lies at 0.226 chord lengths from the leading edge. The density and
the viscosity of the surrounding fluid are 1.0 and 0.01, respectively.

At t = 0, the airfoil is released from rest at a 10° angle with the line of gravity. The mesh employed is
the same as the one in the previous problem. .Zero velocity is specified at the boundary B1-B4. At the
boundaries B1-B2 and B3-B4, the x component of the velocity (the component normal to the two
boundaries) is specified to be zero, while the traction is specified to be zero in the direction parallel to.
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released from rest, it accelerates. At about t = 12.5, when the Reynolds number (based on linear
velocity of the midpoint of the airfoil) is about 810, the vortex shedding begins. Eventually, the airfoil
reaches an almost gliding motion. The Reynolds number is approximately 500. We observe that for this
case, the time-varying components of the various quantities related to the airfoil are very small
compared to those for the uniform-density airfoil. This can be attributed to the fact that the center of
gravity of the present airfoil lies more towards the nose than for the uniform density airfoil. From thin
airfoil theory (for inviscid flow), it is well known that the pitch stability of an airfoil increases as the
center of gravity moves fore of the aerodynamic center of the airfoil (roughly at quarter chord point of
the airfoil); the case in which the center of gravity lies aft of the aerodynamic center is unstable [16].

,

Fig. 25. Dynamics of a projectile: finite element mesh and its detailed views around the projectile.
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density of the nose is 1000 while that of the rest of the object is 50. The density of the surrounding fluid
is 1. The mass and polar moment of inertia are, respectively, 23.64 and 1.23. The center of gravity of
the projectile lies at 0.21 chord lengths from the leading edge. The gravity force, of magnitude 0.005,
acts in the negative y-direction. Zero velocity is specified at the left boundary, B1-B2 (see Fig. 19). At
the lower and upper boundaries, B1-B4 and B2-B3, the normal velocity is specified to be zero, with
zero traction specified in the tangential direction. Traction-free boundary conditions are specified at the
right boundary, B3-B4. The viscosity of the fluid is 0.001. The time step used is 0.025. The initial
condition for this simulation is the unsteady solution for flow past the projectile which is being towed at
a 10° angle of attack in the negative x-direction at a speed of 1.0. Then the projectile is released. Figure
26 shows the time histories of the forces, velocities and the displacements of the projectile. The pitch
rate and rotation is in degrees/unit time and degrees, respectively; the linear velocities and
displacements are reported for the midchord point of the projectile. Figure 27 shows a sequence of
frames of the vorticity field and stream function at t = 0, 17.5, 35, 52.5, 70, 87.5. From these figures we
observe that, as the simulation progresses, the magnitude of the vertical component of the velocity
increases while that of the horizontal component decreases. As expected, the overall speed of the
projectile decreases. Also, the pitch displacement of the projectile increases with time but the angle of
attack stays at a value close to zero. This fact can be observed from the stream function pictures.

5. Concluding remarks
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past a stationary NACA 0012 airfoil at Re = 1000: vorticity at various instants during one period of the lift

airfoil at Re = 1000: detailed view of the vorticity close to airfoil at various instants
of the lift coefficient.
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past a stationary NACA 0012 airfoil at Re = 5000: vorticity at various instants during one period of the lift

0012 airfoil at Re = 5000: detailed view of the vorticity close to airfoil at various instants
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17. Flow past a stationary NACA 0012 airfoil at Re = 100000: detailed view of the vorticity close to airfoil at t = 14.4, 14.6,
15.0 and 15.2.

18. Flow past a stationary NACA 0012 airfoil at Re = 100 000: detailed view of the stream function close to airfoil at t = 14.4,
14.8,15.0 and 15.2.
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