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Summary of Lecture # 11: 

What is the potential due to a localized charge distribution 
at large 𝐫𝐫 ? 

V(𝐫𝐫) =
1

4𝜋𝜋𝜖𝜖0
�
𝑑𝑑𝑑𝑑
r   =

1
4𝜋𝜋𝜖𝜖0

�
𝜌𝜌(𝐫𝐫′)

r 𝑑𝑑𝜏𝜏′  

Monopole potential 
( 1/𝑟𝑟 dependence) 

Dipole potential 
( 1/𝑟𝑟2 dependence) 

Quadrupole potential 
( 1/𝑟𝑟3 dependence) 

𝑄𝑄 = �𝜌𝜌 𝐫𝐫′ 𝑑𝑑𝜏𝜏′ 
Total Charge 

𝐩𝐩 ≡ �𝐫𝐫′𝜌𝜌 𝐫𝐫′ 𝑑𝑑𝜏𝜏′ 
Dipole moment 

? ? ? 
Quadrupole moment 
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+
1

4𝜋𝜋𝜖𝜖0𝑟𝑟2
� 𝑟𝑟′(cos𝛼𝛼)𝜌𝜌 𝐫𝐫′ 𝑑𝑑𝜏𝜏′ +

1
4𝜋𝜋𝜖𝜖0𝑟𝑟3

� 𝑟𝑟′ 2 3
2

cos2𝛼𝛼 −
1
2

𝜌𝜌 𝐫𝐫′ 𝑑𝑑𝜏𝜏′ 

+⋯ 

=
1

4𝜋𝜋𝜖𝜖0𝑟𝑟
�𝜌𝜌 𝐫𝐫′ 𝑑𝑑𝜏𝜏′ 



The electric field of pure dipole ( 𝑸𝑸 = 𝟎𝟎 )  

Vdip 𝐫𝐫 =
1

4𝜋𝜋𝜖𝜖0
𝐩𝐩 ⋅ 𝐫𝐫�
𝑟𝑟2

 =
1

4𝜋𝜋𝜖𝜖0
𝑝𝑝𝐳𝐳� ⋅ 𝐫𝐫�
𝑟𝑟2

 =
1

4𝜋𝜋𝜖𝜖0
𝑝𝑝cos𝜃𝜃
𝑟𝑟2

 

𝐄𝐄 𝐫𝐫 = −𝛁𝛁V 

𝐸𝐸𝑟𝑟 = −
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟

 

𝐸𝐸𝜃𝜃 = −
1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝜃𝜃

 

𝐸𝐸𝜙𝜙 = −
1

𝑟𝑟sin𝜃𝜃
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 

𝐄𝐄dip 𝐫𝐫 =
𝑝𝑝

4𝜋𝜋𝜖𝜖0𝑟𝑟3
(2cos𝜃𝜃 𝐫𝐫� + sin𝜃𝜃 �̂�𝜃) 
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𝑄𝑄 = 0  Assume 𝐩𝐩 = 𝑝𝑝𝐳𝐳� 𝐩𝐩 ≠ 0 And 

=
2𝑝𝑝cos𝜃𝜃
4𝜋𝜋𝜖𝜖0𝑟𝑟3

 

=
𝑝𝑝sin𝜃𝜃
4𝜋𝜋𝜖𝜖0𝑟𝑟3

 

= 0 



Vdip 𝐫𝐫 =
1

4𝜋𝜋𝜖𝜖0
𝐩𝐩 ⋅ 𝐫𝐫�
𝑟𝑟2

 =
1

4𝜋𝜋𝜖𝜖0
𝑝𝑝𝐳𝐳� ⋅ 𝐫𝐫�
𝑟𝑟2

 =
1

4𝜋𝜋𝜖𝜖0
𝑝𝑝cos𝜃𝜃
𝑟𝑟2

 

𝐄𝐄 𝐫𝐫 = −𝛁𝛁V 
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The electric field of pure dipole ( 𝑸𝑸 = 𝟎𝟎 )  

𝑄𝑄 = 0  Assume 𝐩𝐩 = 𝑝𝑝𝐳𝐳� And 𝐩𝐩 ≠ 0 

𝐄𝐄dip 𝐫𝐫 =
𝑝𝑝

4𝜋𝜋𝜖𝜖0𝑟𝑟3
(2cos𝜃𝜃 𝐫𝐫� + sin𝜃𝜃 �̂�𝜃) 



Quick Summary: 

• Calculating Electric field 𝐄𝐄 given a charge 𝜌𝜌 is one of main aims of electrostatics 

• Electric field can be calculated using Coulomb’s law but usually it is very difficult 

• The easier way is to first calculate the electric potential and then 𝐄𝐄 𝐫𝐫 = −𝛁𝛁V  

• Electric potential can be calculated in two different ways 

𝛁𝛁2V = −
𝜌𝜌 
𝜖𝜖0

 

V(𝐫𝐫) =
1

4𝜋𝜋𝜖𝜖0
�
𝑑𝑑𝑑𝑑
r   

 Using the differential (Poisson’s) equation 

 Using the integral equation 

 Uniqueness theorems guarantee that a solution is unique if it is found 
 We studied method of images to be able to guess a solution in some cases 

 Multipole expansion method is based on using this form. 

 Poisson’s equation can sometimes be analytically solved 

 Using multipole expansion, approximate potential at large 𝐫𝐫 are calculated 

• We studied electrostatics in vacuum as well as in conductors 
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Electrostatics in Matter (Electric Fields in Matter)  

A neutral atom 

Atom in an electric field 

Total charge Dipole moment 

Total charge Dipole moment 

𝐩𝐩 = 𝜶𝜶 𝐄𝐄 • 𝜶𝜶 is called the atomic polarizability 

Atom has become polarized 

• 𝜶𝜶 depends on the detailed structure of the atom 
• 𝜶𝜶 is determined experimentally 

Polarization (Induced Dipoles) 

Q = 0; 𝐩𝐩 = 0; 

Q = 0; 𝐩𝐩 ≠ 0; 



Questions 1: 

8 

Q: How do we know that induced dipole moment is proportional 
to the electric field, only in a linear manner and not in quadratic 
or any other manner: 

Ans: We know that dipole moment is linearly proportional to the 
separation between charges. With weak electric fields, the 
separation is found to change linearly with the field amplitude 
and that is what gives the above relationship. However, at strong 
enough field amplitudes, it is found that the dipole moment not 
only has a linear dependence but also the quadratic and so on. 
This regime of physics is called the non-linear physics. This is 
analogous to what happens in a simple harmonic oscillator.  

𝐩𝐩 = 𝜶𝜶 𝐄𝐄 ?  
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Ex. 4.1 (Griffiths, 3rd Ed. ): An atom can be considered as a point nucleus of charge 
+ 𝑑𝑑 surrounded by a uniformly charged spherical electron cloud of charge −𝑑𝑑 and 
radius 𝑎𝑎 ? Find the atomic polarizability. 

Here, we are assuming that the electron 
cloud remains spherical in shape even in 
the presence of the external electric field.  

In equilibrium, the field at the nucleus due 
to the electron cloud is 

𝐸𝐸elec =
1

4𝜋𝜋𝜖𝜖0
𝑑𝑑𝑑𝑑
𝑎𝑎3

 = 𝐸𝐸  ⇒ 𝑑𝑑 =
4𝜋𝜋𝜖𝜖0 𝑎𝑎3𝐸𝐸

𝑑𝑑
 

So the atomic polarizability  𝛼𝛼 =
𝑝𝑝
𝐸𝐸

=
𝑑𝑑𝑑𝑑
𝐸𝐸

 

Polarization (Induced Dipoles) 

=
4𝜋𝜋𝜖𝜖0 𝑎𝑎3𝐸𝐸

𝐸𝐸
= 4𝜋𝜋𝜖𝜖0 𝑎𝑎3 
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Ex. 4.4 (Griffiths, 3rd Ed. ): A point charge 𝑑𝑑 is situated a large distance 𝑟𝑟 from a 
neutral atom of polarizability 𝛼𝛼. Find the force of attraction between them. 

The field due to charge 𝑑𝑑 is  

𝐩𝐩 = 𝛼𝛼 𝐄𝐄 =
𝛼𝛼

4𝜋𝜋𝜖𝜖0
𝑑𝑑
𝑟𝑟2
𝐫𝐫� 

Polarization (Induced Dipoles) 

1
4𝜋𝜋𝜖𝜖0

𝑑𝑑
𝑟𝑟2
𝐫𝐫� 

The induced dipole moment is 

The field due to this dipole at the location (𝜃𝜃 = 𝜋𝜋) of the charge is 

𝐄𝐄dip 𝐫𝐫 =
𝑝𝑝

4𝜋𝜋𝜖𝜖0𝑟𝑟3
(2cos𝜃𝜃 𝐫𝐫� + sin𝜃𝜃 �̂�𝜃) =

1
4𝜋𝜋𝜖𝜖0𝑟𝑟3

𝛼𝛼
4𝜋𝜋𝜖𝜖0

𝑑𝑑
𝑟𝑟2

(−2 𝐫𝐫�) 

𝐅𝐅 = 𝑑𝑑𝐄𝐄dip 𝐫𝐫  Therefore, the force is  = −2𝛼𝛼
𝑑𝑑

4𝜋𝜋𝜖𝜖0

2 1
𝑟𝑟5

 𝐫𝐫� 
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𝐩𝐩 = 𝛼𝛼 𝐄𝐄 

Polarizability Tensor 
In the simplest of the situations the induced dipole moment 𝐩𝐩 is proportional 
to the applied electric field 𝐄𝐄 and the constant of proportionality is 𝛼𝛼.  

However, in general 𝛼𝛼 is a tensor. This means that, in general, all the three 
components of the field can induce dipole moment in any of the three directions.  

𝑝𝑝𝑥𝑥
𝑝𝑝𝑦𝑦
𝑝𝑝𝑧𝑧

=
𝛼𝛼𝑥𝑥𝑥𝑥
𝛼𝛼𝑦𝑦𝑥𝑥
𝛼𝛼𝑧𝑧𝑥𝑥

  
𝛼𝛼𝑥𝑥𝑦𝑦
𝛼𝛼𝑦𝑦𝑦𝑦
𝛼𝛼𝑧𝑧𝑦𝑦

  
𝛼𝛼𝑥𝑥𝑧𝑧
𝛼𝛼𝑦𝑦𝑧𝑧
𝛼𝛼𝑧𝑧𝑧𝑧

𝐸𝐸𝑥𝑥
𝐸𝐸𝑦𝑦
𝐸𝐸𝑧𝑧

  

Polarizability Tensor 
But, one can always diagonalize the tensor and find a coordinate axes (𝑥𝑥𝑑𝑑 ,𝑦𝑦𝑑𝑑 , 𝑧𝑧𝑑𝑑)  
such that induced dipole moment in a given direction is proportional to the electric 
field in the same direction. 

𝑝𝑝𝑥𝑥𝑑𝑑
𝑝𝑝𝑦𝑦𝑑𝑑
𝑝𝑝𝑧𝑧𝑑𝑑

=
𝛼𝛼𝑥𝑥𝑑𝑑

0
0

  
0
𝛼𝛼𝑦𝑦𝑑𝑑

0
  

0
0
𝛼𝛼𝑧𝑧𝑑𝑑

𝐸𝐸𝑥𝑥𝑑𝑑
𝐸𝐸𝑦𝑦𝑑𝑑
𝐸𝐸𝑧𝑧𝑑𝑑

  

Polarization (Induced Dipoles) 
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A neutral atom has no dipole moment to begin with but some molecules (polar 
molecules) have permanent dipole moment, even without the external electric field.  

Polar molecules in an electric field 

Total charge Q = 0; 
Net dipole moment 𝐩𝐩 = 0; 

Total charge Q = 0; 
Net dipole moment 

Molecules already had dipole moments 

Polarization (Permanent Dipoles) 

Polar molecules 

The dipole moments have now become aligned 

𝐩𝐩 ≠ 0; 
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The net force on a molecule is zero 

The net torque on a molecule is 

Uniform electric field 𝐄𝐄: 

In a non-Uniform electric field 𝐄𝐄  
𝐅𝐅 = 𝐅𝐅+ + 𝐅𝐅− 

∆𝐄𝐄 = ∆𝐸𝐸𝑥𝑥𝐱𝐱� + ∆𝐸𝐸𝑦𝑦𝐲𝐲� + ∆𝐸𝐸𝑧𝑧𝐳𝐳� 

∆𝐸𝐸𝑥𝑥 → ∆𝐸𝐸𝑥𝑥(𝑥𝑥,𝑦𝑦, 𝑧𝑧) (Using d𝑇𝑇(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = 𝛁𝛁𝑇𝑇(𝑥𝑥,𝑦𝑦, 𝑧𝑧) ⋅ 𝑑𝑑𝐥𝐥) 

∆𝐸𝐸𝑥𝑥 = 𝛁𝛁𝐸𝐸𝑥𝑥 ⋅ 𝐝𝐝 

∆𝐄𝐄 = ∆𝐸𝐸𝑥𝑥𝐱𝐱� + ∆𝐸𝐸𝑦𝑦𝐲𝐲� + ∆𝐸𝐸𝑧𝑧𝐳𝐳� 

𝐅𝐅 = 0 

𝐍𝐍 = 𝐩𝐩 × 𝐄𝐄 

= 𝛁𝛁𝐸𝐸𝑥𝑥(𝑥𝑥,𝑦𝑦, 𝑧𝑧) ⋅ 𝐝𝐝 

Polarization (Permanent Dipoles) 

𝐍𝐍 = 𝐫𝐫+ × 𝐅𝐅+ + (𝐫𝐫− × 𝐅𝐅−) 

𝐅𝐅+ = −𝐅𝐅−.  

= [ 𝐝𝐝/2) × (q𝐄𝐄 ] + [ −𝐝𝐝/2) × (−q𝐄𝐄 ] 
Or,  

= 𝑑𝑑(∆𝐄𝐄) = 𝑑𝑑 𝐄𝐄+ + 𝐄𝐄−  

= 𝑥𝑥
𝜕𝜕
𝜕𝜕𝑥𝑥

𝐸𝐸𝑥𝑥 + 𝑦𝑦
𝜕𝜕
𝜕𝜕𝑦𝑦

𝐸𝐸𝑥𝑥 + 𝑧𝑧
𝜕𝜕
𝜕𝜕𝑧𝑧
𝐸𝐸𝑥𝑥 

= 𝛁𝛁𝐸𝐸𝑥𝑥 ⋅ 𝐝𝐝 𝐱𝐱� + 𝛁𝛁𝐸𝐸𝑦𝑦 ⋅ 𝐝𝐝 𝐲𝐲� + (𝛁𝛁𝐸𝐸𝑧𝑧 ⋅ 𝐝𝐝)𝐳𝐳� 
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Polarization (Permanent Dipoles) 

In a non-Uniform electric field 𝐄𝐄  

∆𝐄𝐄 = 𝛁𝛁𝐸𝐸𝑥𝑥 ⋅ 𝐝𝐝 𝐱𝐱� + 𝛁𝛁𝐸𝐸𝑦𝑦 ⋅ 𝐝𝐝 𝐲𝐲� + (𝛁𝛁𝐸𝐸𝑧𝑧 ⋅ 𝐝𝐝)𝐳𝐳� 

= 𝑥𝑥
𝜕𝜕
𝜕𝜕𝑥𝑥

𝐸𝐸𝑥𝑥 + 𝑦𝑦
𝜕𝜕
𝜕𝜕𝑦𝑦

𝐸𝐸𝑥𝑥 + 𝑧𝑧
𝜕𝜕
𝜕𝜕𝑧𝑧
𝐸𝐸𝑥𝑥 𝐱𝐱� + 𝑥𝑥

𝜕𝜕
𝜕𝜕𝑥𝑥

𝐸𝐸𝑦𝑦 + 𝑦𝑦
𝜕𝜕
𝜕𝜕𝑦𝑦

𝐸𝐸𝑦𝑦 + 𝑧𝑧
𝜕𝜕
𝜕𝜕𝑧𝑧
𝐸𝐸𝑦𝑦 𝐲𝐲�

+ 𝑥𝑥
𝜕𝜕
𝜕𝜕𝑥𝑥

𝐸𝐸𝑧𝑧 + 𝑦𝑦
𝜕𝜕
𝜕𝜕𝑦𝑦

𝐸𝐸𝑧𝑧 + 𝑧𝑧
𝜕𝜕
𝜕𝜕𝑧𝑧
𝐸𝐸𝑧𝑧 𝐳𝐳� 

= 𝑥𝑥
𝜕𝜕
𝜕𝜕𝑥𝑥

𝐸𝐸𝑥𝑥𝐱𝐱� + 𝐸𝐸𝑦𝑦𝐲𝐲� + 𝐸𝐸𝑧𝑧𝐳𝐳� + 𝑦𝑦
𝜕𝜕
𝜕𝜕𝑦𝑦

𝐸𝐸𝑥𝑥𝐱𝐱� + 𝐸𝐸𝑦𝑦𝐲𝐲� + 𝐸𝐸𝑧𝑧𝐳𝐳� + 𝑧𝑧
𝜕𝜕
𝜕𝜕𝑧𝑧

𝐸𝐸𝑥𝑥𝐱𝐱� + 𝐸𝐸𝑦𝑦𝐲𝐲� + 𝐸𝐸𝑧𝑧𝐳𝐳�  

= 𝑥𝑥
𝜕𝜕
𝜕𝜕𝑥𝑥

𝐄𝐄 + 𝑦𝑦
𝜕𝜕
𝜕𝜕𝑦𝑦

𝐄𝐄 + 𝑧𝑧
𝜕𝜕
𝜕𝜕𝑧𝑧
𝐄𝐄 = 𝐝𝐝 ⋅ 𝛁𝛁 𝐄𝐄 = 𝑥𝑥

𝜕𝜕
𝜕𝜕𝑥𝑥

+ 𝑦𝑦
𝜕𝜕
𝜕𝜕𝑦𝑦

+ 𝑧𝑧
𝜕𝜕
𝜕𝜕𝑧𝑧

𝐄𝐄 

The net force on a molecule is zero 

The net torque on a molecule is 

Uniform electric field 𝐄𝐄: 

𝐅𝐅 = 0 

𝐍𝐍 = 𝐩𝐩 × 𝐄𝐄 

𝐍𝐍 = 𝐫𝐫+ × 𝐅𝐅+ + (𝐫𝐫− × 𝐅𝐅−) 

𝐅𝐅+ = −𝐅𝐅−.  

= [ 𝐝𝐝/2) × (q𝐄𝐄 ] + [ −𝐝𝐝/2) × (−q𝐄𝐄 ] 
Or,  
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Polarization (Permanent Dipoles) 

In a non-Uniform electric field 𝐄𝐄  

∆𝐄𝐄 = 𝐝𝐝 ⋅ 𝛁𝛁 𝐄𝐄 

𝐅𝐅 = 𝐩𝐩 ⋅ 𝛁𝛁 𝐄𝐄 𝐅𝐅 = 𝑑𝑑∆𝐄𝐄 

The net torque on a molecule is 

𝐍𝐍 = 𝐩𝐩 × 𝐄𝐄  

The net force on a molecule is zero 

The net torque on a molecule is 

Uniform electric field 𝐄𝐄: 

𝐅𝐅 = 0 

𝐍𝐍 = 𝐫𝐫+ × 𝐅𝐅+ + (𝐫𝐫− × 𝐅𝐅−) 

𝐅𝐅+ = −𝐅𝐅−.  

= [ 𝐝𝐝/2) × (q𝐄𝐄 ] + [ −𝐝𝐝/2) × (−q𝐄𝐄 ] 

𝐍𝐍 = 𝐩𝐩 × 𝐄𝐄 + 𝐫𝐫 × 𝐅𝐅  

(about the center of the dipole) 

(about a point 𝐫𝐫 away from 
the center of the dipole) 

𝐍𝐍 = 𝐩𝐩 × 𝐄𝐄 Or,  

Or,  
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Polarization in a medium 

Two mechanism for polarization in a medium  

Induced Dipoles Alignment of permanent dipoles 

The two mechanisms need not be independent. 

A permanent dipole may also get some dipole moment induced. 

Total dipole moment of per unit volume is called the polarization 𝐏𝐏. 

𝐏𝐏 ≡ dipole moment per unit volume 
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