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In nonlinear vibrations, studies involving two frequencies with special rational relationships

appear routinely. These include studies incorporating various resonances. For example, in

the study of a harmonically forced Duffing oscillator, 1:1, 1:3 and 3:1 ratios of the forcing

frequency and the natural frequency of the system are highlighted, which correspond to

primary, subharmonic and superharmonic resonances, respectively. In the classical Math-

ieu equation, the 2:1 parametric resonance remains a key aspect of investigation. Further,

in two degree of freedom systems, rationally related frequencies of coupled oscillators re-

ceive significant attention and are called internal resonances. However, in practice, such

resonances may be difficult to achieve or maintain when parameters are varied. In this con-

text we observe that studies involving two frequencies with no simple rational relationship

are limited in number. In this thesis, we deviate from the usual resonant case and present

four studies involving nonresonant interactions relevant to engineering applications.

In the first problem, we explore vibration stabilization using a light nonresonant limit cycle

oscillator. The motivation is that many vibrating systems, over some ranges of parameter

values, exhibit a single unstable mode. Adding a small resonant secondary system to the

unstable system is a well-known stabilization strategy. In this study, we show that even

a nonresonant secondary system, if equipped with a limit cycle of its own, can stabilize

the unstable mode of the primary system. The primary system is modeled here as a
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linear spring block system with negative damping. The secondary system is a van der Pol

oscillator well known for its limit cycle behavior. Smallness of the latter’s parameters allows

use of the method of multiple scales. The resulting slow amplitude equations decouple from

the phases and a two-dimensional system is obtained. The secondary system’s amplitude

evolves faster than that of the primary system, which simplifies analysis. A parameter-

dependent transformation casts the system in a canonical form with a single free parameter

c1 > 0 in addition to the small perturbation parameter. The canonical phase portrait

involves two key straight lines. When c1 < 4, these lines intersect and a separatrix passes

through that intersection. Solutions on one side of the separatrix show quenching of the

primary instability with limit cycle oscillation of the secondary system. Solutions on the

other side of the separatrix show significant oscillations of the primary system at its natural

frequency, with the secondary limit cycle being quenched. When c1 > 4, stabilization fails

for all initial conditions. In summary, for the case of a negatively damped oscillator

interacting with a small nonresonant secondary limit cycle oscillator, this study shows

stabilization, provides a pair of canonical equations with one free parameter, and presents

a complete qualitative characterization of the dynamics.

In the second problem, we investigate nonresonant interactions between a linear system

and a light double limit cycle oscillator. As a possible physical realization or as demon-

stration of reasonableness, we point to a mass on a moving belt system. In addition to

limit cycle oscillations, this frictional system offers other regimes of operation, i.e., double

limit cycle and globally stable equilibrium. A frictional oscillator with such behavior con-

stitutes the secondary oscillator in the second problem of this thesis. The primary system

remains the same linear spring-mass-dashpot system with negative damping, representing

a linearly unstable mode of a structure. As before, the secondary system can act as an

untuned stabilizer for this unstable mode. Using the method of multiple scales, we obtain

decoupled amplitude and phase evolution equations. Only the amplitude equations need

to be examined to elucidate the dynamics. These amplitude evolution equations are fur-

ther simplified using a parameter-dependent transformation. We find that the system’s

qualitative dynamics depends only on two nondimensional parameters ν and c1, where ν
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decides the regime of operation of the secondary oscillator. We identify boundaries in this

parameter space between regimes corresponding to different qualitative dynamics. The

corresponding phase portraits allow us to identify system parameters that can offer condi-

tional or unconditional stabilization of the primary system. For this second problem, we

find that conditional stabilization is feasible even for c1 > 4 when the secondary oscillator

operates in the regime of double limit cycle response. The corresponding basin of attrac-

tion shrinks in size for larger instability of the primary oscillator (or larger c1). Finally,

complete stabilization can be achieved for c1 < 4 wherein the secondary oscillator operates

in the regime of a globally stable equilibrium.

In the third problem examined in this thesis, we explore tool-chatter suppression using

a nonresonant limit cycle absorber. A key point is that in regenerative tool chatter in

turning operations, the bifurcation to instability is generally subcritical. Consequently,

when stability is lost (usually due to a large depth of cut), vibrations grow quickly and

immediately involve loss of contact between the tool and workpiece. If the bifurcation was

supercritical instead, then a small foray into instability would produce small vibrations,

and a small retreat to stability would remain possible. With this motivation, we study

complete suppression of the subcritical instability of machine-tool chatter using a light,

nonresonant, limit cycle absorber. The absorber’s nonresonant nature means it does not

require precise tuning, which is a practical advantage. In the present work, a familiar

model for regenerative tool vibrations is the primary system and a van der Pol oscillator

models the secondary system. Linear analysis of steady cutting yields the Hopf bifurca-

tion boundary. Asymptotic approximations are developed for different segments of the

stability boundary, and used in the subsequent multiple scales analysis. Amplitude evo-

lution equations thus obtained are recast into a canonical form. Three nondimensional

parameters govern the system and its variety of qualitative behaviors. A key finding from

the present work is that parameters of the secondary system can always be chosen to en-

sure a supercritical bifurcation along the entire stability lobe. Larger incursions into the

linearly unstable regime yield dynamics that depend on the magnitude of perturbation.

Interestingly, unstable oscillations can occur without loss of contact, although still-larger
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depths of cut can eventually cause separation. Predictions from the multiple scales ap-

proximations match full numerical results from DDE-BIFTOOL, including the possibility

of a turning point bifurcation leading to large amplitude vibrations. Admittedly, some of

these unstable large amplitude solutions will be invalidated by tool separation, the study

of which is left for future work.

In the final problem, we depart from mechanical systems and study the parametrically

excited dynamics of a trapped ion in a mass spectrometer with no simple rational rela-

tionship between the secular frequency (characterizing the ion’s motion) and the frequency

of parametric forcing. Under the action of both the usual quadrupolar RF as well as dipo-

lar DC excitation, the governing equation, derived from electrostatic field calculations for

realistic geometries, takes the form of an inhomogeneous Mathieu equation with a constant

along with a quadratic term on the right hand side. An early paper by Plass examined

the case without the quadratic term on the right hand side, using the method of variation

of parameters. Here we note a significantly simpler particular solution than used by Plass,

include the quadratic term, and develop a second order averaging based approximation

without assuming 2:3 or any other resonance. The averaging results show that a particular

underlying simple periodic solution is stable. We then show that a two-frequency approxi-

mation matches that solution well for practical purposes. Finally, we present and validate

an easy iterative calculation for obtaining that two-frequency solution, and quantify the

effect of the quadratic nonlinearity.

To summarize, this thesis presents four studies wherein two frequencies important in the

dynamics do not have any rational relationship, i.e., the frequencies are nonresonant. In

three of the studies, we consider nonresonant coupled mechanical oscillators and do not

assume any internal resonance. These studies contribute towards the design of nonresonant

vibration absorbers. In the final study, we investigate a parametrically excited system

relevant to quadrupole ion traps, where we do not assume any rational relationship between

the forcing frequency and the system’s secular frequency. This study provides some useful

insights for an analyst working on a mass spectrometer.
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2.4222. Here, the primary oscillator approaches a limit cycle, and the free
response of the secondary oscillator is quenched. . . . . . . . . . . . . . . . 49

3.5 Bifurcation boundaries and the number of fixed points in the c1-ν plane.
See Table 3.2 for the expressions of various curves in the figure. Markers
on the ν = 0 axis represent corresponding dynamics. The number of fixed
points on the ν = 0 axis is the same as those in the nearby ν < 0 regime. . 55

3.6 Phase portraits with 9, 7, 6 and 5 fixed points for c1 > 0 regime of Fig. 3.5
(between ν = 0 and A5). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.7 Phase portraits with 5 and 4 fixed points for c1 > 0 regime between curves
A2 and A5 in Fig. 3.5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.8 Phase portraits with 1, 2, 3 and 4 fixed points for c1 > 0 regime of Fig. 3.5,
where ν > 0.125. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.9 Phase portraits for ν < 0 regime that also represent the dynamics on the
ν = 0 axis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.1 Schematic of the present system. . . . . . . . . . . . . . . . . . . . . . . . . 68

4.2 Stability lobes for the coupled system with analytical approximations along
various segments. Here, ε = 0.05,m = 1, c = 2, cv = 2, ωp = 1.573. The
dotted curve shows the stability lobes for the uncoupled damped primary
system. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.3 Numerical solutions corresponding to points A and B. Initial conditions for
both the figures are x(η) = 0.1 cos(η), ẋ(η) = −0.1 sin(η), z(η) = 0, ż(η) =
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Chapter 1

Introduction

This thesis presents some studies on nonresonant interactions in nonlinear mechanical

systems.

1.1 Motivation

A Google Scholar search for ‘resonant vibration’ shows 14,10,000 results, whereas it shows

33,500 results for ‘nonresonant vibration’. These numbers informally suggest that there

are less than three studies on nonresonant vibrations for every 100 studies on resonant

vibrations. The significant focus on resonant interactions is expected as they produce

strong interactions in the system dynamics. For example, when a child pumps a swing,

he/she changes the length of the swing (thereby, changes the moment of inertia) by raising

and lowering the center of mass of his/her body at the lowest and the highest positions,

respectively [1]. Here, the length change (external parametric excitation) and the swing

oscillation frequencies are in a 2:1 relation, inducing a 2:1 parametric resonance. Such

rational relations between frequency components characterize resonant interactions. For an

externally excited system, studies incorporating rational relations between the frequency of

external excitation and the natural frequency of the system are routine, e.g., 1:1 primary,

1:3 subharmonic and 3:1 superharmonic resonances in the harmonically forced Duffing

1
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oscillator are well explored. Even for multi degrees of freedom systems, coupled oscillators

with rationally related frequencies have received significant attention. These are called

internally resonant systems. Interestingly, a Google Scholar search for ‘internal resonance’

yields 40,30,000 results! This shows how frequent these resonant interaction studies are.

In this thesis, we deviate from the usual resonant considerations and investigate a few

problems where important frequency components do not have special simple rational rela-

tionships and are, therefore, nonresonant. When these frequencies are widely spaced, the

interaction is known as 0:1 resonance which has been studied earlier [2]. However, the in-

teraction of non-widely spaced modes, as considered in the present thesis, has not received

significant attention in the literature to the best of our knowledge. We next discuss the

specific contexts of the problems studied in this thesis.

1.1.1 Towards untuned passive vibration stabilizers

Primarily, vibration suppression techniques are of two types: active and passive. Active

strategies involve a direct application of strong actuators. These are bulky and costly.

Passive strategies, on the other hand, sometimes utilize a small secondary system which

is attached to a relatively large primary system. A tuned mass damper (TMD) is an

example of a passive absorber used for vibration mitigation in buildings (e.g. Taipei 101),

transmission line cables (known as Stockbridge dampers), machine tools, etc. Here the

word ‘tuned’ highlights the fact that the natural frequency of the TMD is matched with

that of the structure which requires vibration suppression. Thus, the TMD interacts with

the structure resonantly to provide effective vibration suppression. However, in practice,

resonance cannot always be maintained under parameter variations. For example, if a

boring bar is gripped at different locations, its effective length and natural frequency

may change significantly, and a TMD may be rendered less effective. Researchers utilise

system nonlinearities to increase the working frequency range of the TMD. However, in

most studies, resonant interactions remain pivotal. We will present a relevant literature

review later in this thesis.
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A vibration absorber that does not require resonant interaction will not require precise

tuning and hence may remain effective over a larger range of natural frequencies of the

primary system. That motivates us to undertake nonresonant interaction studies involving

two oscillators with O(1) nonresonant frequencies, where the relatively light secondary

oscillator works as a passive absorber. For the primary oscillator, we consider a single

unstable mode of a system [3–5] that can exhibit large amplitude oscillations without any

external force. If the nonresonant secondary oscillator stabilizes the mode, we will have

an untuned stabilizer that does not require precise tuning to operate.

Here, we note the study by Singla and Chatterjee [3], where they showed stabilization of

an unstable mode using a light, lightly damped, untuned whirling pendulum. The whirling

pendulum offers exactly constant amplitude (length of the pendulum) oscillations of the

pendulum mass at all whirling frequencies. A limit cycle oscillator offers a preferred

amplitude and can oscillate at various frequencies, and it also eliminates the need for a

whirling component. This motivates our secondary limit cycle oscillator for the stablization

of an unstable primary system. In this thesis, we will investigate three such nonresonant

systems in detail.

1.1.2 Quadrupole ion trap (QIT) with dipolar DC excitation

z

x
r0

z0

rh

VQ

−VD / 2

+VD / 2

Ring

Upper endcap

Lower endcap

Combined Excitation

Figure 1.1: Cross section of an axisymmetric QIT with combined quadrupolar and
dipolar excitations. This figure is provided by Prof. A. K. Mohanty, IISc Bengaluru.
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The other nonresonant interaction study in this thesis is relevant to quadrupole ion traps

(QITs) [6]. Paul traps or Ion traps utilize a dynamic electric field to trap charged particles.

Figure 1.1 depicts the combined quadrupolar and dipolar excitations in an axisymmetric

QIT. Traditional ion traps utilize quadrupolar excitation where the end-cap electrodes are

grounded and the ring electrode is given an AC sinusoidal input. The added dipolar DC

excitation VD in Fig. 1.1 is used for collision induced dissociation and for breaking large

ions into small fragments. The associated dipolar field has been considered constant in

earlier studies [7]. However, the presence of holes in the end-caps disturbs the dipolar

field near the trap center. A separate analysis shows that the variation of the field is

approximately parabolic over a large portion of the trap. Thus, the governing equation

of motion of the ion in a QIT with combined excitation takes the form of a classical

Mathieu equation perturbed with a constant inhomogeneous term and a small quadratic

nonlinearity. This equation has not been investigated earlier to our knowledge. Because

we are interested in nonresonant interactions in this thesis, we investigate the governing

equation for nonresonant secular frequencies, i.e., away from resonant values 1, 2/3, etc.

Insights from the study may be useful to analysts working on mass spectrometers.

We note that nonresonant interactions are not limited to these areas. For example, energy

harvesting [8] and viscosity measurement [9] are some other applications that can involve

nonresonant interactions. Here, we limit this thesis to the above described problems.

Finally, we note that resonant interactions are captured using first-order analyses, whereas

nonresonant interactions require higher-order analyses in general because the interaction

is weaker. In this thesis, we present second-order analyses of problems under investigation.

An advantage in the analysis of nonresonant interactions is that the evolution of system

amplitudes is independent of phases. This simplifies the analysis by reducing the dimension

of the resulting slow flow. Finally, and satisfyingly, unifying phase portraits can cover the

complete system dynamics.
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1.2 A broader literature review and objectives of the thesis

As indicated, two types of nonresonant interactions are studied in this thesis. First, in

view of passive vibration suppression, we study the interaction of two coupled oscillators

with nonresonant natural frequencies. Second, for exploring the nonresonant operating

regime of a parametrically excited system, we investigate the system for no special rational

relationship between the parametric forcing frequency and the system’s secular frequency

(the dominant component within its multifrequency response). Because these various

studies are independent, we present their detailed literature reviews in their respective

chapters. Here, we highlight how our study is different from many others.

For nonresonant interaction studies of coupled oscillators, we consider a primary unstable

system coupled with a secondary nonresonant limit cycle oscillator, where the latter is

modelled using the van der Pol oscillator. Many studies are available related to the van

der Pol oscillator coupled to either the van der Pol, the Duffing or some other oscillator.

For this reason, we have conducted a broader literature review and categorized many such

articles based on their focus of study.

We have found 40 papers, of which 39 of them were published between 1980 and 2022.

These papers each have the van der Pol oscillator coupled to either the van der Pol oscillator

or some other oscillator. These papers are included in this thesis as references [10–49].

These references can be grouped in various ways depending on which aspect of their

contribution we wish to focus on. Each such grouping serves to emphasize how our work

is different.

Many of these papers involve two coupled oscillators that are resonant, i.e., the natural

frequencies are close. From our 40 references, it turns out that references [10, 13–31] are

in this first category. Since our two oscillators have frequencies that are not close, we do

not fall in this category of resonant coupled oscillators.

Another way to classify the papers is to identify those (27 out of 40) where the two oscil-

lators’ inertia terms are of equal or nearly equal magnitude, and their coupled dynamics,
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which may be weakly or strongly nonlinear, are then examined. References [11–27, 31–40]

fall in this category. We do not fall in this category because our motivation is an untuned

vibration stabilizer where the added system is necessarily small compared to the primary

system, and it still affects the dynamics.

Another way to group some papers is to note those wherein two oscillators, bymathematical

design, are capable of having perfectly synchronized solutions. In abstract first-order form,

if we have

ẋ = f(x) + g(x, y) and ẏ = f(y) + g(y, x),

then x = y is a possible solution satisfying

ẋ = f(x) + g(x, x).

Whether that phase-locked solution is stable or not then becomes important. If it is stable,

the basin of attraction is important, and so on. Out of the 40, 9 papers fall in this category

[14, 16–18, 21, 23, 24, 27, 31]. Since our two oscillators do not have this form, our study

does not fall into this category.

Then there are coupled van der Pol and Duffing systems, for which some papers study the

dynamics near 1:1 resonance [26, 29, 34, 41, 42], phase-locked motions [34, 39], or assume

comparable inertia [12, 26, 27, 34, 37–39]. As explained above, our study is very different

from these papers. There are also studies of coupled van der Pol and Duffing systems that

involve 1:2 or 1:3 resonances: see [43–46]. We focus on nonresonant interactions and so

we do not fall in this category.

We note that nonresonant interactions were studied in [36–38], but there the inertias of

the two oscillators were the same (as noted above), and they reported decoupled ampli-

tude dynamics of the coupled oscillators, while our results with disparate inertias show a

potentially useful coupled dynamics. Therefore we differ from those papers.

Finally, for parameter values that are not small and where analytical progress was lim-

ited, numerical or experimental approaches have been used [32, 35, 39, 47–49] to observe
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nonlinear responses like multistability and chaotic solutions. Our study is not in this

category.

In this way, there is at least one key difference, and usually more than one key difference,

between our study and these 40 papers. This completes our broader literature review for

Chapters 2 and 3 (and Chapter 4 to some extent) highlighting the main characteristics

of the coupled oscillators studied in the present thesis as being nonresonant and having

disparate inertias. A detailed literature review relevant for Chapters 2 and 3 in the context

of passive vibration suppression is presented in Chapter 2.

Next, we investigate a system where the secondary limit cycle oscillator is attached to a

primary system of machine tool vibrations in Chapter 4. The motivation is to examine

the secondary system’s effectiveness in altering the subcritical nature of bifurcation in

the primary system [50]. The advantage gained by altering the nature of bifurcation

is the indication of loss of stability, as with supercritical Hopf bifurcation stable limit

cycles will appear instead of sudden large amplitude solutions in case of subcritical Hopf

bifurcation. Linear absorbers [51–57] including TMD do not succeed in altering the nature

of bifurcation. Various other absorbers have been studied including nonlinear [60–62],

nonsmooth [63–67], and actuation based [58, 59, 68, 69] absorbers. Our study of Chapter 4

differs from these papers in that we have a nonresonant attachment which can exhibit self-

excited oscillations. Further, nonlinear absorber studies have reported only partial success

in altering the nature of bifurcation over a stability lobe [60–62]. Here, we demonstrate

the change of the nature of bifurcation for a complete stability lobe.

For the final nonresonant interaction study relevant to a QIT with dipolar DC excitation,

we will show in Chapter 5 that the governing nondimensional equation is

ζ ′′ + ε2ηζ ′ − 2q cos(2ξ)ζ = µ
(
1 + εζ2

)
,

which is a nonlinear inhmogeneous Mathieu equation with a constant along with a quadratic

term on the right hand side. If the amplitude of the parametric term in the Mathieu equa-

tion is small, i.e., q is small, then the direct application of perturbation methods is routine
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[70–77], where studies [73–75] involve external periodic forcing instead of a constant term.

Studies [78–83] incorporate large q. However, analyses in these studies consider near-

resonant situations. To the best of our knowledge, no formal averaging-based or similar

analysis has been reported for a weakly nonlinear Mathieu equation with a non-time-

varying inhomogeneous term and large q under a nonresonant scenario.

With this background, the main objectives of the thesis can be stated as the following:

1. To study stabilization dynamics of a linear unstable mode coupled with a light non-

resonant secondary limit cycle oscillator,

2. To investigate the efficacy of a nonresonant limit cycle oscillator in altering the nature

of bifurcation in a nonlinear system of machine tool vibrations, and

3. To explore nonresonant operation of a QIT in the presence of a practically relevant

nonlinearity.

1.3 Organization of this thesis

In Chapter 2, we study vibration stabilization using a light nonresonant limit cycle oscilla-

tor. We consider a single unstable mode of a system as a primary system and model it using

a single degree of freedom linear spring-mass-damper system, where the negative damping

represents the instability [5]. Adding a small resonant oscillator is a well-known stabiliza-

tion strategy. Here, we implement a nonresonant limit cycle oscillator for stabilization.

We use the well-known van der Pol oscillator to model the secondary limit cycle oscillator.

The smallness of this oscillator allows the introduction of a small perturbation parameter.

Then the governing equations of the coupled system are investigated using the method

of multiple scales. The resulting slow amplitude equations decouple from the phases and

a two-dimensional system is obtained. The secondary system’s amplitude evolves faster

than that of the primary system, which simplifies analysis. A parameter-dependent trans-

formation casts the system in a canonical form with a single free parameter c1 > 0 in
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addition to the small perturbation parameter. c1 denotes the ratio of viscous damping in

the primary and secondary oscillators. Two canonical phase portraits corresponding to

0 < c1 < 4 and c1 > 4 are presented. These phase portraits unify the system dynamics

and help to elaborate the nonresonant dynamics of the coupled system in an asymptotic

limit, for any combination of system parameters and initial conditions. Further, these

phase portraits indicate that c1 < 4 is required to achieve conditional stabilization of the

primary system. When c1 > 4, stabilization fails for all initial conditions. This work has

been published as [84].

In Chapter 3, an additional quartic nonlinearity is added to the quadratic van der Pol

damping term of the secondary oscillator. The motivation for this lies in the search for

a mechanical system that can offer limit cycle oscillations. Here, a model for mass on a

moving belt system is a conceptual potential choice. In addition to a limit cycle behavior,

this system offers double limit cycle and globally stable equilibrium solutions resulting

from a subcritical Hopf bifurcation followed by a fold bifurcation. These additional re-

sponse regimes in the secondary oscillator can be incorporated using a quartic term. Here

again, the primary oscillator is a linear, negatively damped system representing an unsta-

ble mode. The nonresonant interactions in the coupled system are investigated using the

method of multiple scales. The simplified amplitude slow flows indicate that two nondi-

mensional parameters c1 and ν now govern the system’s nonresonant dynamics. Here,

ν denotes the ratio of the coefficients of the quartic and quadratic nonlinearities in the

secondary oscillator. We identify the bifurcation boundaries in the parameter plane and

present amplitude phase portraits to elaborate the system dynamics for different param-

eter combinations. We find that conditional stabilization is feasible for c1 > 4 when the

secondary oscillator operates in the regime of double limit cycle response. The correspond-

ing basin of attraction shrinks in size for larger instability. Finally, complete stabilization

is achieved for c1 < 4 when the secondary oscillator operates in the regime of globally

stable equilibrium, whereas stabilization fails for c1 > 4.

In Chapter 4, we consider a time-delayed model for regenerative tool-chatter vibrations
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as the primary system, where the corresponding nonlinear model is known to exhibit sub-

critical bifurcation which is catastrophic in nature. We again attach a light, nonresonant,

limit cycle oscillator to suppress this instability. Note that the traditional solution of at-

taching a TMD to the primary system does not alter the nature of bifurcation and the

earlier literature utilizing nonlinearities has reported supercritical bifurcation only for lim-

ited segments of the second stability lobe. In this study, we establish supercriticality for

the complete lobe. We first find asymptotic approximations for various segments of the

linear stability boundary and then utilize those expressions in the multiple scales analy-

ses. The obtained amplitude slow flows are then transformed into simpler forms which

indicate that three nondimensional parameters govern the system and its variety of qual-

itative behaviors. Parameters of the secondary system can always be chosen to ensure a

supercritical bifurcation along the entire stability lobe. Larger incursions into the linearly

unstable regime yield dynamics that depend on the magnitude of perturbation. DDE-

BIFTOOL results support our findings and assist in revealing a turning point bifurcation.

The chapter concludes with a discussion of parameter selection to ensure supercriticality

for the complete second stability lobe.

In Chapter 5, we turn to a nonresonant interaction study related to dipolar DC excita-

tion in QITs. The governing equation of the ion’s motion in such a QIT takes the form

of a classical Mathieu equation perturbed with an O(1) constant and a small quadratic

nonlinearity. We present a simple form of a particular solution for the unperturbed inho-

mogeneous Mathieu equation. Then we implement nonresonant version of the method of

higher order averaging, where we assume absence of resonance and allow secular frequen-

cies away from resonant values, e.g., 1, 2/3, etc. The final slow flows transform to a simple

form and establish the stability of the simple particular solution. We then show that a

two-frequency approximation matches that solution well for practical purposes. Finally,

we present and validate an easy iterative calculation for obtaining that two-frequency so-

lution, and quantify the effect of the quadratic nonlinearity. This work has been published

recently [85] and was done in collaboration with Prof. Atanu Mohanty of IISc Bengaluru.

Finally, Chapter 6 ends the thesis with some concluding discussion.



Chapter 2

Vibration stabilization by a

nonresonant secondary limit cycle

oscillator

In this chapter, we study nonresonant interactions between a linear unstable system and a

light limit cycle oscillator. We begin with an introduction to the problem in the context of

vibration stabilization and present relevant literature. Subsequently, we write governing

equations, introduce scaling and implement the method of multiple scales. Thus obtained

amplitude slow flows are then transformed into a simple canonical form and investigated

for fixed points and their stability, where we present two key phase portraits covering the

system dynamics. We detail various responses of the coupled system and finally conclude

the chapter. This work has been published as [84].

2.1 Introduction

Stabilization of unstable vibration modes is an important engineering problem. Structures

exposed to aerodynamic loading can experience flutter instability. High tension transmis-

sion lines exposed to winds can show what is called a galloping instability. Long, flexible

11
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members of machine tools, like boring bars, can display undesirable oscillations while cut-

ting. Here we consider a single mode of such a weakly unstable structure as our primary

system and model it as a linear spring-mass oscillator with, for simplicity, negative linear

viscous damping. There is no persistent external excitation. Our aim is to counteract the

negative damping and stabilize the mode.

Our main novelty in this work is that we do not use resonance, because that requires

precise tuning. We are interested in a stabilizer that does not require precise tuning.

To that end, we consider attaching a small secondary system to the primary system,

wherein the secondary system’s natural frequency is not close to that of the primary

system, i.e., the secondary system is untuned. Additionally, the secondary system has its

own nonlinear active behavior that we model using the well known van der Pol oscillator. In

this way, the small and light secondary system has a tendency to vibrate at one frequency,

while the more massive primary system has a tendency to vibrate at another frequency

altogether. The aim of our investigation is to seek new analytical criteria, with proper

numerical support, for conditions under which the instability in the primary system is

suppressed. If we succeed, then we will have found a new kind of vibration stabilizer

which is robust under parameter uncertainty, because precise tuning of the frequency is

not needed. The price paid will be the active excitation of the secondary system: but this

will not require feedback of the primary system state.

When we try to stabilize vibrations, we can do it with passive damping which is not tuned

at all, and is effective over a large range of frequencies. However, it has the disadvantage

that, for a large structure, a physically large damper may be needed. Another option

is active control where we measure the state of the system and feed back something to

an actuator, where again, a physically large actuator may be needed. In contrast, if we

use passive dynamic methods, we may have a tuned vibration absorber, and it can be

extremely effective in some cases. However, the parameters of the stabilized system must

then remain within a narrow range. For example, if a boring bar is gripped at different

locations, its effective length and natural frequency may change too much, and a tuned
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vibration absorber will then be less effective. In contrast to the above approaches, in

this work, we seek something that does not require precise tuning, is physically small,

and still is effective over a larger range of natural frequencies of the primary oscillator,

i.e., it does not require a resonant interaction to work. We emphasize that the resonant

case, when it works, works very well. However, when resonance cannot be maintained

due to parameter variations, a nonresonant stabilizer can be considered. We note that in

the present study, although we envisage the use of active means to produce a limit cycle

oscillation in the secondary system, it is less demanding than using direct feedback on the

primary system because the secondary system size and actuator size are both expected to

be small. Detailed modeling of the physical mechanisms used to produce the secondary

limit cycle is left to future work. In the present study, we work out the basic academic

theory.

In our two-degree-of-freedom system, both modes have negative damping in the linearized

equations. So there will essentially be a contest between two instabilities. Since the

secondary system is small, its effect will only be felt if the initial conditions for the primary

system are small as well. However, as we will show, significant regimes of desirable behavior

may be possible for initial conditions of usefully large size.

2.2 Literature review

The broad context in which we present our work is as follows. Traditional tuned mass

dampers (TMDs) are well known passive absorbers in the vibrations research community.

Improvements in TMD have continued long after its introduction by Frahm in 1911 [86].

The advantage of passive vibration absorbers is that they do not require any external power

source. However, TMDs have the disadvantage of being effective only in a narrow frequency

range. Researchers continue to design and improve vibration absorbers effective over a

wider range of frequencies. Ibrahim [87] has documented the history of passive vibration

absorbers. With an introduction of nonlinearity in TMDs, nonlinear vibration absorbers

(NVAs) or nonlinear energy sinks (NESs) have gained attention as potential candidates
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to replace TMDs. While they involve challenges like multivaluedness (or multiple steady

state behaviors) and instability in some cases, NESs can offer the advantage of having a

broader working frequency range than TMDs. Ding and Chen [88] have reviewed NES

designs and applications.

Since our primary structure is a linear spring-mass oscillator while our secondary oscillator

is nonlinear, we specifically mention some articles in which an NES is attached to a linear

oscillator. Gatti [89] considered an NES with a linear and cubic spring nonlinearity and

viscous damping attached to a damped linear spring-mass system subjected to harmonic

forcing. Using frequency response analysis, tuning conditions were presented to apply the

NES as an absorber or a neutralizer depending on the forcing frequency, considering the

hardening and softening characteristics of the cubic spring. Although the attenuation ob-

served for the desired forcing frequency remained similar to that using a linear attachment,

bandwidth improvement was recognized. Starosvetsky and Gendelman [90] investigated

an NES with nonlinear damping and a pure cubic spring element attached to a linear

spring-mass system under periodic forcing. They showed that the introduction of damping

nonlinearity could annihilate undesirable nonlinear effects, i.e., extending the amplitude

of forcing over which the NES is effective. Zhu et al. [91] studied a two-degree-of-freedom

system with nonlinear spring and damper elements in primary and secondary systems,

where the latter is excited. Using frequency response curves, they showed that increasing

the secondary oscillator’s nonlinear spring and damping coefficients improves attenuation

while increasing the primary system’s nonlinear parameters serves when a nondimensional

forcing frequency (defined therein) is below unity. It is important to note that these stud-

ies related to the enhancement of TMDs and NESs have focused on vibration mitigation

of periodically forced structures. Attempts towards suppression of self-excited oscillations

can be found in [92], [93] and [94]. Verhulst [92] studied quenching of self-excited oscil-

lations in the van der Pol and Rayleigh oscillators by coupling another oscillator. As a

tuning methodology, coupling parameters were chosen such that the stable periodic solu-

tion of the self-excited oscillator became unstable. For strong interaction, quenching of

relaxation oscillations was attempted, and design recommendations were given. Lee et al.
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[93] investigated the efficacy of an NES with essentially nonlinear cubic spring and viscous

damping in suppressing limit cycle oscillations of the van der Pol oscillator for grounded

and ungrounded configurations. They showed that elimination of the limit cycle of the

primary structure is attainable. Habib and Kerschen [94] studied mitigation of limit cy-

cles in the van der Pol-Duffing oscillator. The attached nonlinear tuned vibration absorber

(NLTVA) has linear and cubic spring elements with viscous damping. The optimum value

of the frequency ratio of the linear parts of both oscillators was close to unity, i.e., tuning

was needed. Additional benefits from nonlinearity were noted.

We now focus our literature review to some papers that specifically included linear viscous

negative damping in the primary oscillator. Such papers include many that refer to flow-

induced vibrations. Passive vibration absorbers for flow-induced vibrations have been

studied for decades: see the review paper by Wang et al. [95]. Nasrabadi et al. [96] studied

design of an NES for vibration suppression of a cantilever cylinder under cross-flow. They

achieved significant reduction in the vibration amplitude of the cylinder. Guo et al. [97]

studied the suppression of limit cycle oscillation of a linear extensible cable. They showed

that an NES can raise the wind speed needed for initiation of galloping. The role of

attachment location was studied as well. Qin et al. [98] studied models of a transmission

line with one through three degrees of freedom. The secondary system was a pendulum,

and the roles of length, mass, and damping were studied. Tuning was found to be beneficial.

Dai et al. [99] studied the use of an NES to suppress fluid-induced vibrations of a single

degree of freedom (SDOF) system. It was found that damping plays a strong role, and a

stronger nonlinear stiffness can limit response amplitudes more effectively. Shirude et al.

[4] also studied an essentially nonlinear vibration stabilizer for a negatively damped SDOF

system. They used informal harmonic balance based averaging to obtain both steady state

responses and stability information. The stabilizer was found to be effective for some range

of parameter values, and precise tuning was not needed. In all the papers referred to in

this paragraph, the response of the secondary system, whether it is weakly or strongly

nonlinear, and tuned or untuned, was essentially at the natural frequency of the primary

system.
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In a rather different approach from those above, Singla and Chatterjee [3] studied a neg-

atively damped linear system coupled with a light whirling viscously damped pendulum

driven by a small steady torque. In the stabilized regime, the pendulum frequency was

not tuned to the primary oscillator. The method of multiple scales, carried out to second-

order, gave an analytical stability criterion which was then supported by numerics. Post-

instability behavior was also studied, but is not relevant to the present work. The whirling

pendulum system differs from other NESs in that it has constant amplitude and specific

untuned frequency. That paper [3] motivates our present work, where we incorporate

the preferred amplitude approximately and are able to eliminate the need for a whirling

pendulum component.

Finally, we acknowledge papers [100–102] which, although not identical to our work, share

some philosophical similarities. Chatterjee [100] considered linear control actuation of

a secondary oscillator coupled to a self-excited primary system with nonlinear damping.

Given absorber parameters including the absorber’s natural frequency, optimum feedback

gains were found. It was noted that higher absorber frequencies gave greater robustness.

Since the primary system is nonlinearly self-excited and the feedback parameters are both

linear and based on inertial position and velocity of the absorber mass, the system deviates

from ours. Additionally, the total dynamics in [100] could not be reduced to a simple one-

parameter form as we will present here. Mondal and Chatterjee [101] applied resonant

nonlinear feedback control to suppress self-excited oscillations in a single-mode nonlinear

model of a beam. The velocity measurement from the beam was fed to a second-order

filter (which is essentially a damped harmonic oscillator), and then the filtered velocity

(which is essentially the velocity of that secondary oscillator) was used to provide feedback

control. Here also, the primary system was self-excited and nonlinear; and eventually the

optimum frequency of the secondary system was found to be equal to the natural frequency

of the original system, i.e., the optimum system was resonant. Third, we come to the work

of Gattulli et al. [102]. This work has somewhat greater relevance to our work, as will

become clearer below. The work of [102] is discussed in greater detail in sections 2.3 and

2.6. Finally, we acknowledge that many studies are available related to the van der Pol
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oscillator coupled to either the van der Pol, the Duffing or some other oscillator. For this

reason, we have conducted a broader literature review and categorized many such articles

based on their focus of study in Chapter 1. We conclude our literature review here by

highlighting the main characteristics of the stabilizer proposed in the present study as

being light, nonresonant and self-excited.

2.3 Equations of motion

Figure 2.1: Schematic of the coupled system.

Figure 2.1 shows a schematic of the system considered in this chapter. We consider a

primary oscillator with mass M , spring stiffness K and viscous damping coefficient C. A

negative value of C represents instability in the primary structure. The attached van der

Pol (sometimes called “vdP”) oscillator has mass m, linear spring stiffness k̄ and nonlinear

damping coefficient c̄v, while x and z denote the absolute and relative displacements of

the primary and secondary systems, respectively. The equations of motion (EOMs) are

Mẍ+ Cẋ+Kx− k̄z − c̄v ż(z
2 − 1) = 0, (2.1)

m(z̈ + ẍ) + k̄z + c̄v ż(z
2 − 1) = 0, (2.2)

By either choice of units or a preliminary nondimensionalization, we can set M = 1 and

K = 1 to obtain

ẍ+ C̃ẋ+ x− k̃z − c̃v ż(z
2 − 1) = 0,

m̃(z̈ + ẍ) + k̃z + c̃v ż(z
2 − 1) = 0,
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where C̃, m̃, c̃v and k̃ are nondimensional parameters given by

C̃ =
C√
MK

, m̃ =
m

M
, c̃v =

c̄v√
MK

, k̃ =
k̄

K
. (2.3)

Note that the nondimensional time sets the natural frequency of the primary oscillator to

unity. Now, we introduce a small bookkeeping parameter ε and write

C̃ = εc, m̃ =
√
εm, c̃v = εcv and k̃ =

√
ε k, (2.4)

The parameters c, m, cv and k are understood to be O(1). We will not refer to the unscaled

quantities any more. The EOMs take the form

ẍ+ εcẋ+ x−
√
ε kz − εcv ż(z

2 − 1) = 0,

√
εm(z̈ + ẍ) +

√
ε kz + εcv ż(z

2 − 1) = 0.

We define

ωp
2 =

k

m
and γ =

cv
m

(2.5)

for convenience, obtaining

ẍ+ εcẋ+ x−
√
εmωp

2z − εmγż(z2 − 1) = 0, (2.6)

z̈ + ẍ+ ωp
2z +

√
ε γż(z2 − 1) = 0. (2.7)

We will study Eqs. (2.6) and (2.7) using the method of multiple scales in the next section.

We are now in a position to discuss the work of Gattulli et al. [102], who studied the

effect of a tuned mass damper (TMD) on a single degree of freedom model of a bluff body

undergoing galloping. Their nondimensionalized equations (Eq. (4) in [102]) are

q̈1 + 2ξq̇1 + 2µγξt(q̇1 − q̇2) + q1 + µγ2(q1 − q2) = δ
A3

U
q̇31,

q̈2 + 2γξt(q̇2 − q̇1) + γ2(q2 − q1) = 0.
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Writing z = q2 − q1, we obtain

q̈1 + 2ξq̇1 − 2µγξtż + q1 − µγ2z = δ
A3

U
q̇31,

q̈1 + z̈ + 2γξtż + γ2z = 0.

We note that the parameter values mentioned in [102] are 2ξ = −0.1356 and δ
A3

U
=

−0.0033 with δ = 4.7× 10−4, A3 = −421, U ∼ 60. Because the RHS in the first equation

is small for the reported parameter values, and it only modifies the damping, we drop it

to obtain

q̈1 + 2ξq̇1 − 2µγξtż + q1 − µγ2z = 0,

q̈1 + z̈ + 2γξtż + γ2z = 0.

Now, to connect with our system, we introduce a van der Pol term instead of the linear

damping term, to obtain

q̈1 + 2ξq̇1 − 2µγξt(z
2 − 1)ż + q1 − µγ2z = 0,

q̈1 + z̈ + 2γξt(z
2 − 1)ż + γ2z = 0.

The above equations match our Eqs. (2.6) and (2.7) if we rename the parameters appro-

priately. In this way, it is clear that if the van der Pol term is achieved using relatively

small components and active control, then the results of our study are relevant to practical

systems studied by other researchers in the nonlinear dynamics community. In fact, the

authors of [102] continued with a study of the above system after including a z2ż term in

[10], which makes the connection with the van der Pol oscillator more direct. However, in

[10], the two oscillators were resonant, while in our system they are not resonant.

We now return to an analysis of our equations.
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2.4 Multiple scales analysis

The method of multiple scales is an asymptotic method which transforms an ordinary

differential equation into a partial differential equation by considering different time scales

to be independent variables within an assumed functional form [103, 104]. The method

has been regularly applied to a wide variety of engineering and physics problems. The

reader may also refer to the review paper by Cartmell et al. [105] to appreciate features

of the method in the context of weakly nonlinear mechanical systems. Here we apply

multiple scales analysis up to second-order to obtain good approximations for the system

dynamics. The intermediate expressions are lengthy but can be handled by the computer

algebra package Maple, and the final evolution equations are simple and easy to interpret.

The reader may note that, although the multiple scales method presents a seemingly

unified approach to a large variety of problems, there may be important differences in the

detailed applications to different classes of problems. In terms of the analytical treatment

of resonant versus nonresonant interactions, such is indeed the case. When we have a

resonant system, we use a detuning parameter. And usually, first-order multiple scales or

first-order averaging will give us a useful slow flow. However, when we do nonresonant

analysis, usually we have to go to second order to obtain a nontrivial term, and the slow

flows obtained are not at all easy to predict from intuition. The expressions dealt with are

much longer as well, but it is possible to handle them using symbolic algebra packages.

For these reasons, in principle, in detail, and in the magnitude of calculations involved,

the resonant and the nonresonant analyses are quite different.

2.4.1 Initial setup

We let µ =
√
ε and rewrite Eqs. (2.6) and (2.7) as

ẍ+ µ2cẋ+ x− µmωp
2z − µ2mγż(z2 − 1) = 0,

z̈ + ẍ+ ωp
2z + µγ ż(z2 − 1) = 0.
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We introduce multiple time scales T0 = t, T1 = µt and T2 = µ2t; and then expand

x = X0 + µX1 + µ2X2 and z = Z0 + µZ1 + µ2Z2. Substituting these expansions into the

above equations, we obtain at O(1)

∂2

∂T0
2X0(T0, T1, T2) +X0(T0, T1, T2) = 0, (2.8)

∂2

∂T0
2Z0(T0, T1, T2) + ωp

2Z0(T0, T1, T2) +
∂2

∂T0
2X0(T0, T1, T2) = 0. (2.9)

Solving Eq. (2.8) for X0, we obtain

X0(T0, T1, T2) = R(T1, T2) sin(T0 + ϕ(T1, T2)). (2.10)

In the above, R denotes the O(1) amplitude of the primary oscillator. We substitute the

above X0(T0, T1, T2) into Eq. (2.9) and obtain

∂2

∂T0
2Z0(T0, T1, T2) + ωp

2Z0(T0, T1, T2)−R(T1, T2) sin(T0 + ϕ(T1, T2)) = 0. (2.11)

We solve Eq. (2.11) for Z0 and obtain

Z0(T0, T1, T2) = Q(T1, T2) sin(ωp T0 + ψ(T1, T2))−
R(T1, T2) sin(T0 + ϕ(T1, T2))

(1− ωp2)
, (2.12)

where the first term with new slowly-evolving variablesQ(T1, T2) and ψ(T1, T2) is a comple-

mentary solution, and the second term is the particular integral. From the latter, ωp ̸= 1,

i.e., m ̸= k (by Eq. (2.5)) in the van der Pol oscillator, is an obvious requirement for the

analysis to proceed. We recall that (x+ z) is the absolute displacement of the secondary

oscillator. By Eqs. (2.10) and (2.12), Q denotes the O(1) amplitude of z +
x

1− ω2
p

. When

the primary system is stabilized, i.e., x is small or even zero, Q represents the amplitude

of the secondary oscillator. In what follows, we suppress the (T0, T1, T2) dependence of

already-introduced quantities for compact representation.
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2.4.2 Intermediate details

Although the method of multiple scales is well known, here the presence of two frequen-

cies makes some things somewhat new. For completeness, details are presented in this

subsection and analysis of the slow dynamics proceeds in the next subsection.

Proceeding as usual, we obtain at O(µ)

∂2X1

∂T0
2 +X1 +

(
2
∂R

∂T1

)
cos(T0 + ϕ) +

(
−2

∂ϕ

∂T1
+

mωp
2

1− ωp2

)
R sin(T0 + ϕ)

−mωp
2Q sin(ωpT0 + ψ) = 0, (2.13)

and

∂2Z1

∂T0
2 + ωp

2Z1 +
∂2X1

∂T0
2 +

ωp
4(1− ωp2)2

(
γ(1− ωp

2)2Q3

+ 2γ(R2 − 2(1− ωp
2)2)Q+ 8(1− ωp

2)2
∂Q

∂T1

)
cos(ωpT0 + ψ)

− 2Qωp
∂ψ

∂T1
sin(ωpT0 + ψ)− 1

4(1− ωp2)3

(
2γ(1− ωp

2)2Q2R

+ γ(R2 − 4(1− ωp
2)2)R+ 8(1− ωp

2)2ωp
2 ∂R

∂T1

)
cos(T0 + ϕ)

+
2Rωp

2

(1− ωp2)

∂ϕ

∂T1
sin(T0 + ϕ) +

γ(2− ωp)QR
2

4(1− ωp2)2
cos(2T0 − ωpT0 + 2ϕ− ψ)

+
γR3

4(1− ωp2)3
cos(3T0 + 3ϕ) +

γ(1 + 2ωp)Q
2R

4(1− ωp2)
cos(T0 + 2ωpT0 + ϕ+ 2ψ)

− 1

4
γωpQ

3 cos(3ωpT0 + 3ψ)− γ(2 + ωp)QR
2

4(1− ωp2)2
cos(2T0 + ωpT0 + 2ϕ+ ψ)

+
γ(1− 2ωp)Q

2R

4(1− ωp2)
cos(T0 − 2ωpT0 + ϕ− 2ψ) = 0. (2.14)

To eliminate secular terms in Eq. (2.13), assuming ωp is not close to 1/3 for reasons that

will be clear below, we require

2
∂R

∂T1
= 0, (2.15)

and (
−2

∂ϕ

∂T1
+

mωp
2

1− ωp2

)
R = 0. (2.16)
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Because R ̸= 0 in general, by Eqs. (2.15) and (2.16), we conclude

R(T1, T2) = R(T2), (2.17)

and

∂ϕ

∂T1
=

mωp
2

2(1− ωp2)
. (2.18)

We incorporate the conclusions (2.17) and (2.18) into Eq. (2.13), and obtain

∂2X1

∂T0
2 +X1 −mωp

2Q sin(ωpT0 + ψ) = 0. (2.19)

Solving Eq. (2.19) for X1, we obatin

X1(T0, T1, T2) =
mωp

2

1− ωp2
Q sin(ωpT0 + ψ), (2.20)

where we have dropped the complementary solution because we are not solving an initial

value problem and Eq. (2.10) contains the complementary solution already. We substitute

the solution for X1, i.e., Eq. (2.20), into Eq. (2.14) and obtain

∂2Z1

∂T0
2 + ωp

2Z1 +
ωp

4(1− ωp2)2

(
γ(1− ωp

2)2Q3 + 2γ(R2 − 2(1− ωp
2)2)Q

+ 8(1− ωp
2)2

∂Q

∂T1

)
cos(ωpT0 + ψ)−

(
2
∂ψ

∂T1
+

mωp
3

(1− ωp2)

)
ωpQ sin(ωpT0 + ψ)

− 1

4(1− ωp2)3

(
2γ(1− ωp

2)2Q2R+ γ(R2 − 4(1− ωp
2)2)R

+ 8(1− ωp
2)2ωp

2 ∂R

∂T1

)
cos(T0 + ϕ) +

2Rωp
2

(1− ωp2)

∂ϕ

∂T1
sin(T0 + ϕ)
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+
γR3

4(1− ωp2)3
cos(3T0 + 3ϕ) +

γ(1 + 2ωp)Q
2R

4(1− ωp2)
cos(T0 + 2ωpT0 + ϕ + 2ψ)

− 1

4
γωpQ

3 cos(3ωpT0 + 3ψ) +
γ(1− 2ωp)Q

2R

4(1− ωp2)
cos(T0 − 2ωpT0 + ϕ− 2ψ)

− γ(2 + ωp)QR
2

4(1− ωp2)2
cos(2T0 + ωpT0 + 2ϕ+ ψ)

+
γ(2− ωp)QR

2

4(1− ωp2)2
cos(2T0 − ωpT0 + 2ϕ− ψ) = 0. (2.21)

To eliminate secular terms in Eq. (2.21), we require

ωp
4(1− ωp2)2

(
γ(1 − ωp

2)2Q3 + 2γ(R2 − 2(1 − ωp
2)2)Q + 8(1 − ωp

2)2
∂Q

∂T1

)
= 0, (2.22)

and (
2
∂ψ

∂T1
+

mωp
3

(1− ωp2)

)
ωpQ = 0. (2.23)

Because Q ̸= 0 in general, by Eqs. (2.22) and (2.23), we find

∂Q

∂T1
= −

γ
(
(Q2 − 4)(1− ωp

2)2 + 2R2
)

8(1− ωp2)2
Q, (2.24)

and

∂ψ

∂T1
= − mωp

3

2(1− ωp2)
. (2.25)

We incorporate the conclusions (2.24) and (2.25) into Eq. (2.21), and obtain

∂2Z1

∂T0
2 + ωp

2Z1 −
1

4(1− ωp2)3

(
2γ(1− ωp

2)2Q2R

+ γ(R2 − 4(1− ωp
2)2)R+ 8(1− ωp

2)2ωp
2 ∂R

∂T1

)
cos(T0 + ϕ)

+
2Rωp

2

(1− ωp2)

∂ϕ

∂T1
sin(T0 + ϕ)− γ(2 + ωp)QR

2

4(1− ωp2)2
cos(2T0 + ωpT0 + 2ϕ+ ψ)

+
γR3

4(1− ωp2)3
cos(3T0 + 3ϕ) +

γ(2− ωp)QR
2

4(1− ωp2)2
cos(2T0 − ωpT0 + 2ϕ− ψ)
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− 1

4
γωpQ

3 cos(3ωpT0 + 3ψ) +
γ(1 + 2ωp)Q

2R

4(1− ωp2)
cos(T0 + 2ωpT0 + ϕ + 2ψ)

+
γ(1− 2ωp)Q

2R

4(1− ωp2)
cos(T0 − 2ωpT0 + ϕ− 2ψ) = 0. (2.26)

We can now solve Eq. (2.26) for Z1. The expression for Z1, being of minor interest, is

provided in Appendix A. Proceeding further, we obtain the O(µ2) equations of the form

L1 = 0 and L2 = 0, (2.27)

where L1 and L2 are long expressions also provided in Appendix A. Eliminating secular

terms from the equation L1 = 0, we obtain

∂R

∂T2
=

[
− c
2
−
mγ

(
2(Q2 − 2)(1− ωp

2)2 +R2
)

8(1− ωp2)4

]
R, (2.28)

and

∂ϕ

∂T2
= −m

2ωp
4(1 + 3ωp

2)

8(1− ωp2)3
. (2.29)

Equation (2.28) governs the evolution of R. We incorporate Eqs. (2.28) and (2.29) into

the equation L1 = 0 and solve the resulting equation for X2. The expression for X2 is

provided in Appendix A. We substitute the solution for X2 into the equation L2 = 0 and

eliminate secular terms therein. We obtain

∂Q

∂T2
=

[
mγωp

2
(
(Q2 − 4)(2− ωp

2)(1− ωp
2)2 + 2R2(2 + ωp

2)
)

8(1− ωp2)4

]
Q, (2.30)

and

∂ψ

∂T2
= − 7γ2

256ωp
Q4 +

γ2

8ωp
(Q2 − 1) +

γ2(3ωp
2 − 2)

64ωp(1− ωp2)5
R4

− γ2(21ωp
4 − 14ωp

2 + 1)

16ωp(1− 9ωp2)(1− ωp2)3
Q2R2 +

γ2

8ωp(1− ωp2)2
R2 +

m2ωp
5(ωp

2 + 3)

8(1− ωp2)3
. (2.31)

The fourth term on the right hand side of Eq. (2.31) indicates a 1:3 internal resonance,
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which we have avoided as our primary interest is in non-resonant interactions. As stated

earlier, therefore, we simply assume ωp ̸=
1

3
in the present analysis.

2.4.3 Slow amplitude equations

We note that the evolution Eqs. (2.24), (2.28) and (2.30) for the amplitudes R and Q

are independent of the phases ϕ and ψ. This is because the system is autonomous and

nonresonant. For stabilization of the block, the amplitudesR andQ are of primary interest.

Therefore, we do not need the ϕ and ψ evolution Eqs. (2.18), (2.25), (2.29) and (2.31) any

more.

Further, the evolution of Q given by Eq. (2.24) dominates while Eq. (2.30) provides only

a tiny correction, because T2 is a slower time scale than T1. Therefore, we may drop Eq.

(2.30) while considering the evolution of Q. We are then left with two first-order equations,

Eqs. (2.24) and (2.28). Recalling T1 = µt and T2 = µ2t with µ =
√
ε, we will work with

dQ

dT1
= −

γ
(
(Q2 − 4)(1− ωp

2)2 + 2R2
)

8(1− ωp2)2
Q+O(µ), (2.32)

and

dR

dT1
= µ

[
− c
2
−
mγ

(
2(Q2 − 2)(1− ωp

2)2 +R2
)

8(1− ωp2)4

]
R. (2.33)

Figure 2.2 compares two numerical solutions of Eqs. (2.6) and (2.7) with those of Eqs.

(2.32) and (2.33). Although the primary system is negatively damped in both cases, with

c < 0, Figs. 2.2(a) and 2.2(b) demonstrate suppression and growth respectively. The match

between the multiple scales solution (or slow amplitude equations) and full integration is

seen to be very good. We now study the slow amplitude equations more systematically.
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(a) (b)

Figure 2.2: Comparison of numerical solution of Eqs. (2.6) and (2.7) with that of Eqs.
(2.32) and (2.33). ε = 0.01 in all cases. Subplots (a) and (b) demonstrate decaying and
limit cycle solutions of the primary oscillator, respectively. Initial conditions for (a) are
x(0) = 0.6, ẋ(0) = 0, z(0) = 0, ż(0) = 0, R(0) = 0.58, Q(0) = 0.7143, and for (b) are

x(0) = 0.35, ẋ(0) = 0, z(0) = 0, ż(0) = 0, R(0) = 0.375, Q(0) = 0.3964.

2.5 Canonical form

We now adopt a parameter-dependent transformation, including an O(1) stretching of the

time T1, to simplify the slow flow Eqs. (2.32) and (2.33) into a unifying form. Writing

(1− ωp
2)2 = w, we set

Q2 = S and R2 = wP (2.34)

to obtain

dS

dT
= ∓ (S + 2P − 4)S +O(µ̄), (2.35)

dP

dT
= ∓µ̄ (2S + P − 4− c1)P, (2.36)

where

c1 = −4cw

mγ
, µ̄ =

µm

w
, (2.37)

and the T indicates that we have absorbed the O(1) factor of
|γ|
4

into T1. The ∓ sign

reflects the sign of γ, with the negative being taken for γ > 0.

Based on the goals of this chapter, we consider γ > 0, i.e., the negative sign in the ∓
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options above. It may be noted in Eq. (2.37) that our main interest is in c < 0 (primary

system negatively damped) and γ > 0 (secondary system has a stable untuned limit cycle),

and so we are mainly interested in c1 > 0. However, from a dynamic systems viewpoint,

if the primary system is changed to positively damped and the secondary system’s limit

cycle oscillator also has its nonlinear damping reversed1 then c1 will remain unchanged

while the positive sign will be adopted in the ∓ options above, leading to the same phase

portrait with flow directions reversed. With these observations, in what follows, we will

take the negative sign in the ∓ options above.

With the above motivation we finally write our main equations in canonical form, as

obtained via the second-order multiple scales analysis:

dS

dT
= − (S + 2P − 4)S +O(µ̄), (2.38)

dP

dT
= −µ̄ (2S + P − 4− c1)P, (2.39)

with 0 < µ̄ ≪ 1 and c1 > 0. In the above, S and P correspond to the squares of the

secondary and primary oscillators’ amplitudes respectively.

Equations (2.38) and (2.39) are simpler than Eqs. (2.32) and (2.33). For µ̄ sufficiently

small, the single physical parameter c1 governs the qualitative dynamics of the system.

Interestingly, recalling cv = mγ from Eq. (2.5), we see that c1 is superficially independent

of the secondary oscillator’s mass m. Of course, the foregoing analysis assumes that there

is indeed an O(1) mass m. The effect of m is retained in the frequency ωp which in turn

determines w.

2.6 Final slow amplitude dynamics

We now use Eqs. (2.38) and (2.39) to examine the dynamics on the first quadrant of

the P -S plane. We first note that the S dynamics is typically much faster than the P

1Upon changing the sign of γ, small solutions for that oscillator would be stable, large solutions would
be unbounded, and there would be an unstable limit cycle.
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dynamics. Accordingly, for the overall qualitative dynamics, we neglect the small O(µ̄)

term in Eq. (2.38), because retaining it would change the resulting phase portrait only

slightly, at the cost of more complicated expressions and less clear insight. Comparisons

with full numerical solutions of the original equations will support this simplification.

We also note that P and S axes form invariant manifolds: S = 0 yields dynamics purely

on the P -axis, and vice versa.

On examining dynamics on the P -axis, by Eq. (2.39), we find an unstable point P = 0 and

a stable point P = 4 + c1. Further, by Eq. (2.38), it is easy to see that S = 0 is unstable

for P = 0 and stable for P = 4+ c1. Hence, the fixed points (S = 0, P = 0) and (0, 4+ c1)

are unstable and stable nodes, respectively.

Similarly, on the S-axis, by Eq. (2.38), we find an unstable fixed point S = 0 and a stable

fixed point S = 4. By Eq. (2.39), for S = 4, stability of P = 0 requires c1 < 4. Hence, the

fixed point (4, 0) is a stable node if c1 < 4, and a saddle if c1 > 4. Further, by Eqs. (2.38)

and (2.39), the fourth and final fixed point is at the intersection of the straight lines

S + 2P − 4 = 0, and 2S + P − 4− c1 = 0. (2.40)

For c1 > 4, the above lines do not intersect in the first quadrant. Therefore, the fourth

fixed point exists for 0 < c1 < 4.

From the above, we conclude that the system dynamics has two qualitatively different

regimes: 0 < c1 < 4 and c1 > 4. The canonical form of our equations allows us to reach

this far quite easily. We now study these two regimes separately.

2.6.1 Dynamics for 0 < c1 < 4

Recalling Eq. (2.40), the fourth fixed point named (S∗, P ∗) is at

S∗ =
2

3
(2 + c1), P ∗ =

1

3
(4− c1). (2.41)
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The stability of (S∗, P ∗) is governed by the eigenvalues of a Jacobian matrix of the form

D =

 −S∗ +O(µ̄) −2S∗ +O(µ̄)

−2µ̄P ∗ −µ̄ (S∗ − c1)

 , (2.42)

where O(µ̄) terms in the first row have been suppressed for simplicity. To obtain the

eigenvalues of D, we can solve the characteristic equation

det(D− λI) = 0.

But we can use asymptotic arguments to make progress through simpler expressions. The

characteristic equation takes the form

(S∗ + λ)λ+O(µ̄) = 0. (2.43)

Thus, one eigenvalue is

λ1 = −S∗ +O(µ̄)

and the other one is O(µ̄). Consistent with these, we also note that tr(D) = −S∗ +O(µ̄).

The product of the eigenvalues is

det(D) = µ̄ (S∗ − c1)S
∗ − 4µ̄P ∗S∗ +O

(
µ̄2
)
.

Dropping the higher order small term and factoring out the known eigenvalue of −S∗, we

find using Eq. (2.41) that the other eigenvalue is

λ2 = −µ̄ (S∗ − 4P ∗ − c1) = µ̄(4− c1) > 0

to leading order. Thus, the fixed point given by Eq. (2.41) is a saddle.

We next find the corresponding eigenvectors of λ1 and λ2, given by

(D− λI)X = 0, (2.44)
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where X = {x1, x2}T . For λ = λ1, the second row in Eq. (2.44) yields

−2µ̄P ∗x1 − (µ̄ (S∗ − c1)− S∗)x2 = 0,

whence, x2 is O(µ̄). Hence, to O(1), the eigenvector corresponding to λ1 is {1, 0}T . For

λ = λ2, the second row in Eq. (2.44) yields

x1 + 2x2 = 0

at leading order, where we have substituted for P ∗ and S∗ from Eq. (2.41). This means the

eigenvector corresponding to λ2 is {2, −1}T . Graphically, the eigenvector corresponding

to λ1 (stable direction) is horizontal, and the eigenvector corresponding to λ2 (unstable

direction) is along a line like EF in Fig. 2.3(a).
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Figure 2.3: Phase portraits for (a) 0 < c1 < 4 and (b) c1 > 4. µ̄ = 0.05 in both
cases. Trajectories starting from different initial conditions are obtained by numerical

integration of Eq. (2.39) along with Eq. (2.38) with the small O(µ̄) term dropped.

Figure 2.3(a) shows a phase portrait for c1 = 1, which is representative of the case 0 <

c1 < 4. Here, solid circles denote stable nodes, hollow circles denote unstable nodes and

plus signs denote saddles. The fixed points are: (i) O(0, 0), unstable node, (ii) F (4, 0),
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stable node, (iii) G(0, 4 + c1), stable node, and (iv) J(S∗, P ∗), saddle. Nearly-horizontal

trajectories depict much faster evolution of S than P , as expected by the smallness of µ̄.

Near the saddle, trajectories rapidly approach the unstable eigenvector and then turn to

move more slowly and approximately along the unstable eigenvector direction, i.e., line

EF . Trajectories toward F follow the line EF all the way, while trajectories towards E veer

off to approach G on the vertical axis. The dashed (red) line is a separatrix that divides

the plane into two regions: trajectories going to G and going to F . The separatrix was

obtained numerically by reversing the flow from the saddle point with a tiny perturbation

in the stable eigenvector direction, i.e., horizontal direction. This separatrix depicts the

nature and extent of the vibration stabilization achieved. For initial conditions below

the separatrix, the primary system is stabilized and the secondary system’s limit cycle

is established. For initial conditions above the separatrix, the primary system wins the

contest, the secondary system’s limit cycle is quenched, and the nonlinear damping of the

secondary system serves to limit the oscillation amplitudes of the otherwise-linear primary

system. As c1 increases towards 4, the point H moves towards F , the separatrix moves

downward, and the basin of attraction of the stabilized primary system shrinks in size.

Recalling the definition of c1 in Eq. (2.37), we see that c1 is smaller if the negative damping

level c of the primary system is smaller, if the strength of the van der Pol term γ is bigger,

and if the untuned frequency ωp of the secondary system is closer to unity. Note that with

resonance at ωp = 1, the present analysis breaks down; ωp should not be too close to unity

for the stabilization strategy considered in this work.

2.6.2 Dynamics for c1 > 4

Figure 2.3(b) shows a phase portrait for c1 = 5. The fixed points are: (i) O(0, 0), unstable

node, (ii) F (4, 0), saddle, and (iii) G(0, 4 + c1), stable node. The intersection point J

of the foregoing case has disappeared. The basin of attraction of stabilized motions of

the primary system has shrunk to zero and then disappeared. Essentially all trajectories

go to node G. As discussed above, the value of c1 can be made smaller by increasing γ
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or letting ωp be closer to unity, but the upper limit of the present stabilization strategy,

asymptotically for small µ, is analytically clear from the canonical equations: c1 = 4.

We note that responses like in Fig. 2.3 are typical for systems with nonresonant double

Hopf bifurcations: see [11, 12, 102, 106] and also [107]. Therefore, Fig. 2.3 resembles some

plots in these studies, e.g., see Fig. 4 in [102], Fig. 2 in [11], Fig. 2 in [12] and Fig. 5 in

[106]. However, in contrast to those studies, in the present work, we consider a specific

parameter regime where one oscillator is much less massive than the other; where the

secondary oscillator is destabilized with feedback to produce a limit cycle; and where the

slow flow carried up to second-order is found to be such that everything can be expressed

in terms of a single nondimensional parameter in canonical equations. In this way, our

study makes significant new contributions although in a more narrow application area.

2.6.3 Using Rayleigh damping

It is interesting at this stage to consider a different form of nonlinear damping. As an

alternative to the nonlinear damping of the van der Pol oscillator, we can use the Rayleigh

damping term. Using that term, the governing equations take the form

ẍ+ x+ µ2cẋ− µmω2
p z − µ2mγ ż (ż2 − 1) = 0,

z̈ + ẍ+ ω2
p z + µγ ż (ż2 − 1) = 0.

where we refer the reader to Section 2.3 for nomenclature and details of variables and

parameters. Following the method detailed in Section 2.4, and using the transformation

Q2 =
S

ω2
p

, R2 = wP,
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we finally obtain

dS

dT
= −

(
S + 2P − 4

3

)
S +O(µ̄), (2.45)

dP

dT
= −µ̄

(
2S + P − 4

3
− c1

3

)
P, (2.46)

where

T =
3γ

4
T1, µ̄ =

µm

w
, c1 = −4cw

mγ
.

Equations (2.45) and (2.46) can be compared with Eqs. (2.38) and (2.39). They are

essentially identical with only the divisor 3 being new here. The above equations indicate

a saddle

S∗ =
2

9
(2 + c1), P ∗ =

1

9
(4− c1).

The equation for P ∗ indicates that the stabilization criterion remains identical to what

was found earlier using the van der Pol term, i.e., c1 < 4.

2.6.4 Parameter c1 in terms of system parameters

We have observed that the nondimensional parameter c1 governs the qualitative dynamics

of the system. To reconnect with the original physical variables we note that, by Eqs.

(2.3), (2.4), (2.5) and (2.37),

c1 = −4
C

c̄v

(
1− ω2

Ω2

)2

, (2.47)

where C < 0 and c̄v > 0 are in Eq. (2.1), and where Ω and ω are the natural frequencies

of the primary and secondary oscillators respectively. We recall the stabilization criterion

c1 < 4, and that lower c1 gives a larger stabilization regime. Finally, we emphasize that

ω ̸= Ω in our analysis. By Eq. (2.47), the following interpretations can now be made.

Higher values of ω < Ω lower the demand on c̄v. For example, with ω ∼ 0.4Ω, c̄v is

required to be higher than 0.842C ≈ 0.7C. In comparison, with ω ∼ 0.85Ω, c̄v is required

to be higher than merely 0.077C. Conversely, with the same c̄v, relatively larger ω can
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help to stabilize larger negative damping C. Always, by selecting high enough c̄v, we can

achieve c1 < 4, i.e.,

− C

c̄v

(
1− ω2

Ω2

)2

< 1. (2.48)

However, as emphasized repeatedly in this thesis, precise near-resonant tuning (ω ≈ Ω) is

assumed to be absent. This allows the same stabilization system to continue working even

under a change in operating parameters that changes Ω.

We next discuss system responses in terms of the original variables. In particular, we will

demonstrate that widely different sets of parameter values corresponding to the same c1

and µ̄ follow the same phase portrait.

2.6.5 Responses in terms of original variables

Recalling the transformations to variables P and S adopted in Eq. (2.34) from the am-

plitude variables Q and R introduced within the multiple scales analysis, we now present

numerical solutions of the original Eqs. (2.6) and (2.7) and the slow amplitude Eqs. (2.32)

and (2.33) in Figs. 2.4–2.7. These numerical solutions show an excellent qualitative match

between the O(1) dynamics and the full numerical solutions; and they also show a small

mismatch (as expected) when the leading order term in the solution goes to zero, because

the next term in the expansion still remains nonzero. For a sizeable range of parameter

values, in particular, it will be seen that the phase portraits obtained from the canonical

equations yield accurate and useful insight into the dynamics of the original system.

These four Figs. 2.4–2.7 are arranged as follows. In each figure, the two subplots on the

left correspond to a single set of parameter values corresponding to particular values of c1

and µ̄, as well as one set of initial conditions; and the two subplots on the right correspond

to a different set of parameter values corresponding to the same values of c1 and µ̄, along

with a different set of initial conditions. The upper subplots show the numerical solution

for x, whose slowly varying amplitude is to be compared with the variable R; and the
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lower subplots show the numerically obtained values of z +
x

1− ω2
p

, whose slowly varying

amplitude is to be compared with Q. In this way, the direct correspondence between the

original oscillatory solutions and the slow amplitude solutions can be easily seen. The

unifying role of the canonical equations is demonstrated as well. Individual details for the

different figures, including initial conditions, are provided below.

(a) (b)

Figure 2.4: Numerical solutions of Eqs. (2.6) and (2.7) and Eqs. (2.32) and (2.33).
For upper (respectively, lower) subplots, the dashed magenta line shows solutions for R
(respectively, Q). For left and right subplots, initial conditions match points 1 and 2

respectively in Fig. 2.3(a). ε = 0.002, c1 = 1 and µ̄ = 0.05 in all cases.

Initial conditions in Figs. 2.4(a) and 2.4(b) respectively correspond to the points marked 1

and 2 in Fig. 2.3(a). Figure 2.3(a) shows that the trajectory from initial condition 1 moves

to the point F (4, 0). The corresponding response in Fig. 2.4(a) shows that the primary

system amplitude decays to a small value (upper plot), and the secondary system settles

to a limit cycle with amplitude 2 (lower plot).

For the trajectory from initial condition 2 in Fig. 2.3(a), S initially grows up to about

0.77 and then decays. The corresponding response in Fig. 2.4(b) initially grows to about
√
0.77 = 0.88 and then decays (recall that Q =

√
S, Eq. (2.34)). In this solution the

limit cycle of the secondary oscillator is quenched. The upper plot confirms the predicted

steady nonzero oscillation of the primary system.
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(a) (b)

Figure 2.5: Numerical solutions of Eqs. (2.6) and (2.7) and Eqs. (2.32) and (2.33).
For upper (respectively, lower) subplots, the dashed magenta line shows solutions for R
(respectively, Q). For left and right subplots, initial conditions match points 3 and 4

respectively in Fig. 2.3(a). ε = 0.002, c1 = 1 and µ̄ = 0.05 in all cases.

Next, see Fig. 2.5. Initial conditions in Figs. 2.5(a) and 2.5(b) correspond to the points

marked 3 and 4 respectively in Fig. 2.3(a). In Fig. 2.3(a), for the trajectory from initial

condition 3, P decays and S shows rapid initial growth followed by a slower increase.

Figure 2.5(a), on the left, shows the corresponding responses in the original variables. The

upper subplot shows the decaying response of the primary system. In the lower subplot we

see the fast initial growth in the secondary system’s response followed by a slow approach

to amplitude 2.

The trajectory from initial condition 4, in Fig. 2.3(a), goes to G(0, 5) with a rapid decay

in S. Correspondingly in Fig. 2.5(b), the upper subplot shows a steady oscillation while

the lower subplot shows a rapid decay in amplitude. The secondary system’s limit cycle

is quenched for this initial condition, although the parameters are the same.

Similarly, consider Figs. 2.6 and 2.7. In these figures, ε = 0.002, c1 = 5, and µ̄ = 0.05. The

initial conditions for Figs. 2.6(a), 2.6(b), 2.7(a) and 2.7(b) correspond to the points 1, 2,

3 and 4 respectively in Fig. 2.3(b). In the upper subplots of these two figures, we observe

that the primary system stabilizes to a limit cycle because all trajectories in Fig. 2.3(b)
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finally merge to G(0, 9). The limit cycle amplitude is 3(1−ωp2) in these figures. The decay

in the secondary oscillator’s response is consistent with the corresponding trajectories in

Fig. 2.3(b). In particular, the relatively lower frequency (ωp) of oscillations in the decaying

portions of the lower subplots may be noted: after the decay is complete, the remaining

oscillations are at the frequency of the primary oscillator, which is itself seen in the upper

subplots.

(b)(a)

Figure 2.6: Numerical solutions of Eqs. (2.6) and (2.7) and Eqs. (2.32) and (2.33).
For upper (respectively, lower) subplots, the dashed magenta line shows solutions for R
(respectively, Q). For left and right subplots, initial conditions match points 1 and 2

respectively in Fig. 2.3(b). ε = 0.002, c1 = 5 and µ̄ = 0.05 in all cases.

For the trajectory from initial condition 1, the slow decay of S in Fig. 2.3(b) correlates

with the secondary oscillator’s response in the lower plot of Fig. 2.6(a). For the trajectory

from initial condition 2, we notice that S initially grows upto about 1.46 and then decays.

The lower plot in Fig. 2.6(b) confirms this increase-decrease evolution of the secondary

oscillator’s response. Further, for trajectories from initial conditions 3 and 4 in Fig. 2.3(b),

we notice the rapid initial decay of S. The lower subplots in the corresponding Figs. 2.7(a)

and 2.7(b) show rapid initial decay in the secondary oscillator’s response. As mentioned

above, the remaining oscillations in the lower subplots, most clearly seen in Fig. 2.7(b),

are due to O(µ) terms in the multiple scales expansion that have not been incorporated

in the plots: see the expression for Z1 in Appendix A.
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(a) (b)

Figure 2.7: Numerical solutions of Eqs. (2.6) and (2.7) and Eqs. (2.32) and (2.33).
For upper (respectively, lower) subplots, the dashed magenta line shows solutions for R
(respectively, Q). For left and right subplots, initial conditions match points 3 and 4

respectively in Fig. 2.3(b). ε = 0.002, c1 = 5 and µ̄ = 0.05 in all cases.

In this way, through Figs. 2.4–2.7, it is seen that the slow dynamics captured by the

second-order multiple scales analysis does a good job of capturing the qualitative behavior

of quenching of the primary oscillator’s unstable vibrations. Moreover, the phase portraits

obtained from our canonical equations (2.38) and (2.39) give a simple and clear picture of

the separatrix that lies between persistence and quenching of the primary unstable mode.

We note that although the results presented in this study consider ωp < 1, it is not neces-

sary for the validity of our analysis. The main requirement is that different terms treated

as O(1) in the analysis should be reasonably comparable to 1. If they are significantly

bigger or significantly smaller than 1, extremely small ε may be required before we get

a good match. Figure 2.8 shows the comparison for ωp = 1.15 (> 1) and different ε,

demonstrating the asymptotic nature of solutions.

We end this chapter by recalling that the solutions for x and z have been assumed to

be O(1) with respect to 0 < ε ≪ 1. Numerical solutions show that if initial conditions

for x (the unstable primary mode) are taken large enough, then solutions to the original

Eqs. (2.6) and (2.7) can be unbounded. Recalling that γ = cv/m in Eqs. (2.6) and (2.7),



Chapter 2. Vibration stabilization by a nonresonant secondary limit cycle oscillator 40

(a) (b)

Figure 2.8: Comparison of responses by numerical integration of the original system
equations (2.6) and (2.7) and slow flow equations (2.32) and (2.33) for ωp > 1. The
system parameters are m = 1, ωp = 1.15, c = −1 and cv = 2. The initial conditions are

taken as x(0) = 2, ẋ(0) = 0, z(0) = 0, ż(0) = 0, R(0) = 2, Q(0) = −6.2016.

Figure 2.9: Responses for large initial conditions for x. Parameters are the same as in
Fig. 2.7(a). Left: initial x-amplitude 150. Right: initial x-amplitude 100.

and using the parameters of Fig. 2.7(a), we present two large-x solutions in Fig. 2.9. Such

failure of a nonlinear stabilizer at large amplitudes of the primary unstable oscillator is not

surprising: see, e.g., [3]. For such large-amplitude regimes the solution approach adopted in

this chapter, namely multiple scales based on treating x as O(1), is inappropriate. If such

a regime is considered interesting, analysis using a different strategy may be undertaken

in future work. For this study, we simply note that extremely large amplitudes render our
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approximations invalid.

2.7 Conclusions

In this chapter, we have studied the interaction between a weakly unstable and linear

primary oscillator with an attached, small, secondary oscillator with its own nonresonant

limit cycle. The practical motivation for studying such an untuned or nonresonant sec-

ondary oscillator is that precise tuning of physical parameters is no longer needed, and

the stabilizer may remain effective even if system parameters drift to some extent.

The system studied is autonomous: there is no external forcing, and the goal is simply to

render the primary mode of vibration stable. Since we have explicitly assumed there is no

resonance, when we use the method of multiple scales and introduce amplitude and phase

variables, a significant simplification occurs. The slow amplitude equations of the primary

and secondary system decouple, and the phases of these two oscillators have no effect on

the qualitative behavior of the system. The resulting two-dimensional phase portrait can

be further simplified by a parameter-dependent change of variables which yields what we

think is the simplest possible form for the slow flow, with one small perturbation parameter

and only one O(1) system parameter, c1 > 0. In particular, stabilization is possible for

c1 < 4. In the phase plane, the transformed coordinates lie in the first quadrant only. For

c1 < 4, a single separatrix divides the first quadrant into two regions. Solutions in one

region display a quenching of the secondary oscillator’s limit cycle along with a steady

oscillation of the primary system. Solutions in the second region display a quenching of

the unstable primary mode, along with a steady oscillation of the secondary system. As

c1 approaches 4, the second region shrinks in size and vanishes in the limit.

Future work may explore practical implementations of such a stabilizing device, as well

as the possibility of stabilizing more than one unstable mode with a single additional

oscillator. Note that if precise tuning of frequencies is needed, it is in general not possible

to stabilize two modes of different frequencies using a single added stabilizing oscillator.
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In this way, we hope that our present analytical study of nonresonant modal interactions

may lead to both new research as well as applications.

One way to realise a limit cycle oscillator based vibration stabilizer for the primary system

is to consider a physical system which undergoes a Hopf bifurcation and operate it in the

linearly unstable regime. Depending on the operating conditions the Hopf bifurcation

could be either subcritical or supercritical in nature. In order to consider the possibility of

a limit cycle oscillator which undergoes a subcritical bifurcation operating in the linearly

stable regime wherein there is an unstable limit cycle surrounding the stable equilibrium

which is further surrounded by a large amplitude stable limit cycle, we next consider

nonresonant interactions between a linear system and a light double limit cycle oscillator.



Chapter 3

Nonresonant interactions between

a linear system and a light double

limit cycle oscillator

In the previous chapter, we investigated the interaction between a linearly unstable system

and a light limit cycle oscillator. A mass on a moving belt system is a potential choice

to realize stable limit cycle oscillations. However, in addition to stable limit cycles, this

system offers other regimes of operation, mainly, globally stable equilibrium and double

limit cycles. This chapter considers a secondary oscillator with these regimes of operation

and explores its nonresonant interactions with the linear unstable system.

This chapter proceeds as follows. We first motivate our study by recalling a mass on a

moving belt system. We then introduce the coupled system, where the primary system

is a single degree of freedom negatively damped spring-mass-damper oscillator and the

secondary system is a light weakly nonlinear oscillator that can exhibit double limit cycle

and globally stable equilibrium solutions, resembling the additional response regimes of a

mass on a moving belt system. We write governing equations and implement the method

of multiple scales following the previous chapter. The resulting slow flow equations are

transformed into a simpler form and subsequently studied for fixed points and stability.

43
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The simplified slow flows reveal that two nondimensional parameters govern the system

dynamics. Bifurcation boundaries are identified in the parameter plane separating param-

eter domains of different qualitative behavior. We detail the bifurcation structure using

amplitude phase portraits and identify parameter domains that provide basins of attrac-

tion corresponding to the stabilized primary oscillator. We supplement the details with an

animation [108] demonstrating the evolution of the phase portraits with changing system

parameters.

3.1 Introduction

In the previous chapter, we showed conditional stabilization of an unstable mode by a

light limit cycle oscillator. A mass on a moving belt system is a potential choice for

the physical realization of limit cycle oscillations. However, this oscillator involves other

regimes of operation depending on the friction model. Two famous friction models are

polynomial and exponential. Corresponding bifurcation diagrams (with belt velocity vb

as a parameter) are depicted in Fig. 3.1, see [109] for more details. For the polynomial

friction model (left figure), bifurcation is supercritical and stable limit cycles exist in the

linearly unstable regime whereas the equilibrium is globally stable in the linearly stable

regime. Whereas, for the exponential friction model, subcritical bifurcation exists, where

the unstable branch turns around and yields large amplitude stable limit cycles. Thus,

we obtain three possible regimes of operation in this model as shown in Fig. 3.1, where

regimes 1-2-3 correspond to regimes of stable limit cycle, double limit cycle and globally

stable equilibrium, respectively. These cover the response regimes for the polynomial

friction model. In the present study, we consider a secondary oscillator that can exhibit

all three response regimes, where we model it using archetypical mathematical terms for

convenience. The primary system remains identical to that in the previous chapter, i.e.,

linear and negatively damped.

The study by Hu and Habib [110] is closely related to the present work, where they

investigated the suppression of friction-induced vibrations using a TMD. In [110], the
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primary system is the mass on a moving belt system and the attached small system

(TMD) is linear and positively damped. Thus, that system is almost the reverse of the

present system.

We next present the governing equations of motion for the present system.

Figure 3.1: Single and double limit cycle responses by different friction models.

3.2 Governing equations

M

x
z

K

C
Vb

Figure 3.2: Schematic of the present system, where we use an archetypical mathematical
model for three response regimes of the mass on a moving belt system.

The coupled system under investigation consists of a negatively damped linear spring-

mass-damper oscillator as a primary system and a small mass on a moving belt system as

a secondary system. Figure 3.2 shows the schematic of the system. The negative damping

in the primary system represents the instability and our interest is in the stabilization of
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this system. As noted earlier, the mass on a moving belt system possesses three regimes of

operation: single limit cycle response in regime-1, double limit cycle response in regime-2

and globally stable equilibrium in regime-3 (see Fig. 3.1). We use an archetypical model to

depict these responses of the secondary oscillator. Studies incorporating an actual model

for the mass on a moving belt system can be undertaken in the future. Now, the van

der Pol oscillator depicts the regime-1 behavior and is utilized in Chapter-2. Here, we

modify the van der Pol oscillator by adding a quartic nonlinear term to the quadratic

term of the van der Pol damping to include the response regimes 2 and 3. Following

[84] or equivalently the previous chapter for notations, the governing equations of motion

(EOMs) for the coupled system take the form

Mẍ+ Cẋ+Kx− k̄z + c̄v ż(νz
4 − βz2 + 1) = 0,

m(ẍ+ z̈) + k̄z − c̄v ż(νz
4 − βz2 + 1) = 0,

where we note the added quartic term in the van der Pol damping of the secondary

oscillator. The coefficients of nonlinear terms, i.e., ν and β, qualitatively capture the

effect of belt velocity, characterizing the regimes of operation. For ν = 0 and c̄v > 0, the

system reduces to that studied in [84] where the secondary oscillator exhibits regime-1

response. c̄v < 0 and ν > 0 can yield responses corresponding to regimes 2 and 3. Note

that, in regime 2 of double limit cycle response, an unstable limit cycle is surrounded by

a large amplitude stable limit cycle, and the equilibrium is stable. We nondimensionalize

the EOMs by setting M = 1,K = 1 and β = 1. Further, adopting the scaling used in the

earlier work [84], we set

C = µ2c, m = µm, c̄v = µ2cv, k̄ = µk,

where µ is a small bookkeeping parameter. Finally, the EOMs take the form

ẍ+ µ2cẋ+ x− µmω2
pz + µ2mγż(νz4 − z2 + 1) = 0, (3.1)

ẍ+ z̈ + ω2
pz − µγż(νz4 − z2 + 1) = 0, (3.2)
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where we have defined ω2
p =

k

m
and γ =

cv
m

for convenience. Note that γ < 0 for response

regimes 2 and 3. We explore Eqs. (3.1) and (3.2) using the method of multiple scales in

the next section.

3.3 Multiple scales result and transformation

In this section, Eqs. (3.1) and (3.2) are treated using the method of multiple scales. We

omit details of the method as it is identical to that reported in [84] (or the previous

chapter), and only mention important equations of the methodology. Note that we do not

assume any internal resonance.

We use timescales

T0 = t, T1 = µt and T2 = µ2t,

and expand

x = X0 + µX1 + µ2X2,

z = Z0 + µZ1 + µ2Z2,

where (T0, T1, T2) dependence of the variables is suppressed for convenience. Omitting

details, the first order solutions are

X0 = R sin(T0 + ϕ), (3.3)

Z0 = Q sin(ωpT0 + ψ)− R sin(T0 + ϕ)

(1− ω2
p)

, (3.4)
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where R, ϕ, Q and ψ are new slowly varying functions evolving at timescales (T1, T2). The

final amplitude slow flow equations are found to be

∂Q

∂T1
=

γ

16(1− ω2
p)

4

[
(1− ω2

p)
4{νQ4 − 2Q2 + 8}+ 2(1− ω2

p)
2{3νQ2 − 2}R2 + 3νR4

]
Q,

(3.5)

∂R

∂T2
=

[
− c
2
+

mγ

16(1− ω2
p)

6

(
(1− ω2

p)
4{3νQ4 − 4Q2 + 8}+ 2(1− ω2

p)
2{3νQ2 − 1}R2 + νR4

)]
R,

(3.6)

where the evolution equations for ϕ and ψ have been dropped because the above amplitude

evolution equations are independent of phases, and our interest is in the stabilization of the

primary system. Figures 3.3 and 3.4 compare numerical solutions obtained by numerical

integration of the original Eqs. (3.1) and (3.2) and the slow flow Eqs. (3.5) and (3.6).

The match is excellent although we dropped the second order correction ∂Q
∂T2

. For a small

amplitude initial condition, Fig. 3.3 shows that the primary oscillator is stabilized and

the secondary oscillator approaches a limit cycle. Whereas for a large amplitude initial

condition, Fig. 3.4 shows that the primary oscillator approaches a limit cycle and the free

response of the secondary oscillator is quenched.

Equations (3.5) and (3.6) are further simplified using a parameter-dependent transforma-

tion [84]. Writing

(1− ω2
p)

2 = w, Q2 = S and R2 = wP,

we obtain

dS

dT
= −

[
{νS2 − 2S + 8}+ 2{3νS − 2}P + 3νP 2

]
S +O(µ̄), (3.7)

dP

dT
= −µ̄

[
{3νS2 − 4S + 8}+ 2{3νS − 1}P + νP 2 − 2c1

]
P, (3.8)

where

c1 =
4cw

mγ
, µ̄ =

µm

w
, T = −µγ

8
t. (3.9)

Note that a negative sign in T is retained because γ < 0 for operating regimes 2 and
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Figure 3.3: Comparison of numerical solutions obtained by numerical integration of
the original Eqs. (3.1)-(3.2) and the slow flow Eqs. (3.5)-(3.6). The initial conditions are
x(0) = 0.6, ẋ(0) = 0, z(0) = 2, ż(0) = 0, R(0) = 0.6, Q(0) = 2.6367. Here, the primary

oscillator is stabilized, and the secondary oscillator approaches a limit cycle.

Figure 3.4: Comparison of numerical solutions obtained by numerical integration of
the original Eqs. (3.1)-(3.2) and the slow flow Eqs. (3.5)-(3.6). The initial conditions are
x(0) = 2, ẋ(0) = 0, z(0) = 0.3, ż(0) = 0, R(0) = 2, Q(0) = 2.4222. Here, the primary
oscillator approaches a limit cycle, and the free response of the secondary oscillator is

quenched.
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3. Further, c1 > 0 is of practical interest because c < 0 represents the instability in

the primary system. For ν = 0, Eqs. (3.7) and (3.8) yield the equations reported in the

previous chapter [84] which correspond to regime-1 operation of the secondary oscillator.

When the secondary oscillator works in regimes 2 and 3, the present slow flows reveal that

two parameters c1 and ν govern the qualitative dynamics of the system. Here, c1 represents

the ratio of damping in the primary and the secondary systems, and ν represents the ratio

of the quartic and the quadratic terms in the nonlinear damping of the secondary system.

We further investigate the slow flow Eqs. (3.7) and (3.8) in the next section.

3.4 Dynamics of the amplitude slow flows

In this section, we explore first order amplitude evolution equations (3.7) and (3.8) for fixed

points and their stability. For easy reference, we categorize fixed points of the system as

those on the P -S axes and those not on the axes. Further, we use the notation (S, P ) to

denote a point on the P -S plane. Recall that P ≥ 0 and S ≥ 0.

3.4.1 Fixed points on the P -S axes

Here, (0, 0) is a fixed point. By Eqs. (3.7) and (3.8), fixed points on the P -axis (S = 0)

satisfy

νP 2 − 2P + 8− 2c1 = 0. (3.10)

Solving the above, we obtain

P1,2 =
1±

√
1− ν(8− 2c1)

ν
, (3.11)

representing the fixed points (0, P1) and (0, P2) for ±, respectively. Fixed points on the

S-axis (P = 0) satisfy

νS2 − 2S + 8 = 0, (3.12)
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solving which, we obtain

S1,2 =
1±

√
1− 8ν

ν
(3.13)

representing the fixed points (S1, 0) and (S2, 0) for ±, respectively. Thus, we obtain five

fixed points that lie on the axes: (i) (0,0), (ii) (0, P1), (iii) (0, P2), (iv) (S1, 0) and (v)

(S2, 0). By Eq. (3.11), the curve in the c1-ν plane which separates the domain of existence

of P1,2 is

1− ν(8− 2c1) = 0, (3.14)

and by Eq. (3.13), the curve in the c1-ν plane which separates the domain of existence of

S1,2 is

1− 8ν = 0. (3.15)

These will be useful later.

3.4.2 Fixed points not on the axes

By Eqs. (3.7) and (3.8), fixed points with non-zero S and P satisfy

{νS2 − 2S + 8}+ 2{3νS − 2}P + 3νP 2 = 0,

{3νS2 − 4S + 8}+ 2{3νS − 1}P + νP 2 − 2c1 = 0.

After some algebraic manipulation, we obtain

P = −(8νS2 − 10S − 6c1 + 16)

2(6νS − 1)
(3.16)

and

a1S
4 + a2S

3 + a3S
2 + a4S + a5 = 0, (3.17)
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where

a1 = 80ν3, a2 = −128ν2, a3 = −48c1ν
2 − 256ν2 + 88ν,

a4 = 128ν − 24, a5 = −36c21ν + 192c1ν − 256ν − 16c1 + 32,

where again, we assume (6νS − 1) ̸= 0 and require P ≥ 0. The above equations result in

four fixed points that can be evaluated numerically for given ν and c1.

Table 3.1: Jacobian and its eigenvalues at fixed points with S = 0 or P = 0.

Fixed
point

Jacobian Eigenvalues

(0,0) −
[
8 0
0 µ̄(8− 2c1)

]
−8, −µ̄(8− 2c1)

(0, P1,2) −
[

2P + 6c1 − 16 0
2µ̄P (3νP − 2) 2µ̄P (νP − 1)

]
(0,P1,2)

−(2P1,2 +6c1 − 16),
∓2µ̄P1,2(

√
1− ν(8− 2c1))

(S1,2, 0) −
[
2S(νS − 1) 2S(3νS − 2)

0 µ̄(2S − 2c1 − 16)

]
(S1,2,0)

∓2S1,2(
√
1− 8ν),

−µ̄(2S1,2 − 2c1 − 16)

3.4.3 Stability of fixed points

Stability of fixed points with zero S or P (of Section 3.4.1) is depicted in Table 3.1 by

their Jacobians and corresponding eigenvalues. Note that the negative sign of the ∓ sign

in the eigenvalues corresponds to P1 or S1. Similarly, the positive sign of the ∓ sign in

the eigenvalues corresponds to P2 or S2. Useful information observed from the table are

as follows.

1. The origin changes stability at

c1 = 4. (3.18)

Further, by Eq. (3.11), P2 (that is smaller than P1) coalesces with the origin at

c1 = 4, resulting in a bifurcation.
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2. P1,2 changes stability at 2P1,2 + 6c1 − 16 = 0. Substituting for P1,2 by Eq. (3.11),

we obtain

−36c21ν + 192c1ν − 256ν − 16c1 + 32 = 0. (3.19)

By Eq. (3.17), the above equation is identical to a5 = 0. Hence, on this curve, a fixed

point with non-zero S and P merges with one of the P -axis roots (0, P1,2), resulting

in a change of stability of those roots.

3. S1,2 changes stability at 2S1,2− 2c1− 16 = 0. Substituting for S1,2 by Eq. (3.13), we

obtain

(−c1ν − 8ν + 1)2 + 8ν − 1 = 0. (3.20)

Equation (3.16) with P = 0 and S = S1,2 (by Eq. (3.13)) yields the same equation.

Further, Eq. (3.17) is satisfied by the corresponding expressions. Therefore, on this

curve, a fixed point with non-zero S and P meets one of the S-axis roots (S1,2, 0),

resulting in the change of stability of those roots.

4. The other eigenvalues with ∓ sign vanish for P2 = 0 or S2 = 0. By Eqs. (3.10) and

(3.12), P2 meets the origin when c1 = 4 whereas S2 does not meet the origin. The

stability of the origin has already revealed this. The other multiplied terms under

square roots refer to Eqs. (3.14) and (3.15), i.e., curves separating domains of the

existence of P1,2 and S1,2 in the c1-ν plane.

Stability of a fixed point with non-zero S and P can be determined by a Jacobian

−

 2S(νS − 1 + 3νP ) 2S(3νS − 2 + 3νP )

2µ̄P (3νS − 2 + 3νP ) 2µ̄P (3νS − 1 + νP )

 , (3.21)

evaluated at that fixed point. As we evaluate these fixed points numerically, the cor-

responding eigenvalues of the Jacobian are also determined numerically, revealing the

stability of these fixed points. Here, the corresponding eigen-directions are useful to plot

separatrices in phase portraits presented later.
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The change in stability of non-zero roots can occur by two means. Either these roots meet

other roots on the axes or these roots meet the other among them, i.e., repeated non-zero

roots. The former has been already explored. For the latter, we seek numerical estimation

of the corresponding bifurcation boundary in the c1-ν plane. For a given ν, we formulate

the problem in 5 unknowns: σ, σ1, σ2, p and c1, where (σ, p) denotes the repeated (S, P )

root, and σ1 and σ2 denote S-coordinates of the remaining roots. By Eq. (3.17), we write

a1S
4 + a2S

3 + a3S
2 + a4S + a5 = (S − σ)2(S − σ1)(S − σ2), (3.22)

and by Eq. (3.16),

2(6νσ − 1)p = −(8νσ2 − 10σ − 6c1 + 16). (3.23)

Equation (3.23) helps to avoid roots with equal S and unequal P . Equation (3.22) yields

4 equations. Including Eq. (3.23), we solve 5 equations numerically and accept a positive

solution of σ, σ1, σ2 and p. We then extend the solution using the arc-length continuation

technique and obtain the required bifurcation boundary in the c1-ν plane. Crossing this

boundary results in the emergence or annihilation of two fixed points that are not on the

axes, denoting a saddle-node bifurcation. This will be shown using phase portraits in the

next section.

With that, we have obtained all fixed points of the system and corresponding bifurcation

boundaries in the c1-ν plane. Figure 3.5 shows the parameter plane where we have labelled

the bifurcation boundaries asA1 toA6; see Table 3.2 for the corresponding details. We have

also marked the number of fixed points that exist for different domains of the parameter

plane. This will guide our explanation of the system dynamics in the next section.
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Figure 3.5: Bifurcation boundaries and the number of fixed points in the c1-ν plane.
See Table 3.2 for the expressions of various curves in the figure. Markers on the ν = 0
axis represent corresponding dynamics. The number of fixed points on the ν = 0 axis is

the same as those in the nearby ν < 0 regime.

Table 3.2: Summary of bifurcation boundaries.

Curve label in
Fig. 3.5

Expression Represents

A1 1− ν(8− 2c1) = 0 existence of P1,2

A2 1− 8ν = 0 existence of S1,2

A3 c1 = 4
coalescence of P2 with
the origin

A4 −36c21ν + 192c1ν − 256ν − 16c1 + 32 = 0
coalescence of a non-
zero fixed point with P -
axis

A5 (−c1ν − 8ν + 1)2 + 8ν − 1 = 0
coalescence of a non-
zero fixed point with S-
axis

A6 obtained numerically
coalescence of non-zero
fixed points

3.5 Complete dynamics for regimes 1, 2 and 3

We recall that when the secondary oscillator operates in regime-1 (with ν = 0), it exhibits

stable limit cycle oscillations and the corresponding coupled system’s nonresonant dynam-

ics have already been explored in our earlier work [84]. The other operating regimes of
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the secondary oscillator are governed by the parameter ν. For 0 < ν < 0.125, the sec-

ondary oscillator operates in regime 2 and possesses a double limit cycle response. For

ν > 0.125, the secondary oscillator operates in regime 3 and possesses a globally stable

equilibrium solution. c1 is the other parameter governing the coupled system dynamics.

In this section, we present phase portraits corresponding to various domains of the c1-ν

plane (shown in Fig. 3.5), representing unified system dynamics. Figure 3.6(a) shows the

phase portrait with all 9 fixed points. Here, solid circles denote stable nodes, hollow cir-

cles denote unstable nodes and plus signs denote saddles. Red-dotted lines in the figure

show separatrices found numerically by perturbing the flow around fixed points in the

eigendirections, where we have altered the flow direction to find a stable direction of a

saddle as in [84]. The parameter combination for the phase portrait in Fig. 3.6(a) can be

traced to the domain with 9 fixed points in the c1-ν plane of Fig. 3.5 (the region inside

A6). This phase portrait represents the unified dynamics for that parameter domain. We

next discuss various phase portraits in detail depending on the range of ν. We recall

that c1 > 0 is of practical interest for stabilization. Figures 3.6, 3.7 and 3.8 show phase

portraits corresponding to different regimes of c1-ν plane for c1 > 0. Using these phase

portraits, we spot regimes of parameter combination that provide basins of attraction for

the stabilization of the primary oscillator.

3.5.1 When the secondary oscillator operates in regime-2

Here, 0 < ν < 0.125 and the uncoupled secondary oscillator exhibits double limit cycles.

Figure 3.6 shows phase portraits for the c1 > 0 domains between ν = 0 and A5 in Fig. 3.5.

These phase portraits exhibit 9, 7, 6 and 5 fixed points. In Figs. 3.6(a), (b) and (c), there

exists a basin of attraction for the stable origin. Thus, stabilization is possible by using the

corresponding parameter domains of Fig. 3.5. Note that a stable fixed point on the S-axis

also leads to the stabilized primary oscillator, where the secondary oscillator exhibits limit

cycle oscillations. Thus, the corresponding basin of attraction is also important. Figures

3.6(a), (b) and (c) possess that basin of attraction as well. Here, the parameter domains

corresponding to these phase portraits operate when c1 < 4. For c1 > 4, Fig. 3.6(d)
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(a) 9 fixed points (b) 7 fixed points

(c) 6 fixed points (d) 5 fixed points

Figure 3.6: Phase portraits with 9, 7, 6 and 5 fixed points for c1 > 0 regime of Fig. 3.5
(between ν = 0 and A5).

shows the phase portrait with 5 fixed points, where the basin of attraction that yields

the stabilized primary oscillator with limit cycle oscillations of the secondary oscillator is

available. We note that, in [84], stabilization was not possible for c1 > 4. Here, no such

threshold is found, and the phase portrait with 5 fixed points continues to provide the

basin of attraction for larger negative damping. However, this basin of attraction shrinks

in size as c1 decreases.

The bifurcation among these phase portraits can also be elaborated. To begin with,

consider the phase portrait with 9 fixed points, i.e., Fig. 3.6(a), which corresponds to the
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c1-ν region covered by the dotted curve A6 in Fig. 3.5. As c1 increases, we cross A6 and

two fixed points with non-zero S-P are merged and annihilated leaving 7 fixed points and

resulting in the phase portrait depicted in Fig. 3.6(b). With further increase in c1, we

cross A4 (Fig. 3.5) where the fixed point with non-zero S-P meets the P -axis root (0, P2).

Entering the regime with 6 fixed points, the stability of (0, P2) changes and we obtain the

phase portrait depicted in Fig. 3.6(c). Finally, crossing A3 (c1 = 4) in Fig. 3.5, the fixed

point (0, P2) vanishes after merging with the origin. The origin changes its stability and

we obtain Fig. 3.6(d) having 5 fixed points.

(a) 5 fixed points (b) 4 fixed points

Figure 3.7: Phase portraits with 5 and 4 fixed points for c1 > 0 regime between curves
A2 and A5 in Fig. 3.5.

For 0 < ν < 0.125 and c1 > 0, domains between curves A2 and A5 in Fig. 3.5 exhibit 4

and 5 fixed points (labelled and not labelled in the figure, respectively). Figure 3.7 shows

corresponding phase portraits. For c1 < 4, the phase portrait with 5 fixed points exhibits

a small basin of attraction for complete stabilization. For c1 > 4, the phase portrait with

4 fixed points does not possess any useful basin of attraction. Thus, the corresponding

parameter regime shall be avoided. Here, the bifurcation is clear: (0, P2) merges with the

origin changing its stability as c1 increases.
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(a) 1 fixed point (b) 2 fixed points

(c) 3 fixed points (d) 4 fixed points

Figure 3.8: Phase portraits with 1, 2, 3 and 4 fixed points for c1 > 0 regime of Fig. 3.5,
where ν > 0.125.

3.5.2 When the secondary oscillator operates in regime-3

For ν > 0.125, the secondary oscillator possesses the globally stable trivial solution. Thus,

the fixed points on the S-axis vanish. Corresponding phase portraits depicted in Fig. 3.8

possess 1, 2, 3 or 4 fixed points for the correspondingly labelled c1-ν domains of Fig. 3.5.

Phase portraits with 1, 3 and 4 fixed points possess the stable origin; see Figs. 3.8(a), (c)

and (d). Hence, those phase portraits provide a useful basin of attraction corresponding

to the stabilization of the system. Figure 3.8(a) possesses the origin as the only stable

fixed point. Thus, we here achieve unconditional stabilization, where all initial conditions
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lead to complete quenching. This corresponds to c1 < 4 and large ν. Note that, in Fig.

3.5, curve A1 asymptotically meets curve A3 (c1 = 4). Finally, the phase portrait with two

fixed points depicted in Fig. 3.8(b) possesses the only stable node on the P -axis. Thus, no

stabilization is possible for c1 > 4 and ν > 0.125. Thus, in contrast to general expectation,

larger ν does not necessarily help in achieving stabilization. From the foregoing analyses,

it is a double limit cycle response (regime-2) that provides a useful basin of attraction for

c1 > 4 or larger instability.

To explain the bifurcation scenario for Fig. 3.8, we begin with the phase portrait with

2 fixed points, i.e., Fig. 3.8(b). With a decrease in c1, we cross c1 = 4 and obtain Fig.

3.8(c) with 3 fixed points; the origin’s stability has changed and the fixed point (0, P2)

has emerged. Depending on the value of ν, if we cross A4 in Fig. 3.5, a fixed point with

non-zero P -S emerges and (0, P2) changes its stability (Fig. 3.8(d)). Crossing A1 with a

further decrease in c1 results in the coalescence and disappearance of the fixed points on

the P -axis leading to the simplest phase portrait with the origin as the only stable fixed

point (Fig. 3.8(a)).

3.5.3 Other regimes

That leaves the parameter domain with ν < 0. Figure 3.9 shows corresponding phase

portraits for completeness. Here, a small basin of attraction for the stable origin exists

except when c1 is large. The existence of unbounded solutions makes this parameter

domain practically less interesting. The phase portraits for ν < 0 also explain the dynamics

on the ν = 0 axis. Note that phase portraits for ν < 0 and c1 < 0 match those presented

in [84] with flow directions reversed.

Finally, we present an animation [108] depicting phase portraits alongside the c1-ν param-

eter plane. That helps to visualise the bifurcation among various boundaries presented in

Fig. 3.5. For completeness, another animation [108] is presented depicting the dynamics

for c1 < 0 and ν > 0. This concludes our investigation.
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(a) 3 fixed points, c1 > 0 (b) 2 fixed points, c1 > 0

(c) 4 fixed points, c1 < 0 (d) 3 fixed points, c1 < 0

Figure 3.9: Phase portraits for ν < 0 regime that also represent the dynamics on the
ν = 0 axis.

3.6 Conclusions

In this chapter, we have investigated nonresonant interactions between a primary linear

system and a secondary, light, weakly nonlinear, double limit cycle oscillator. For the

negatively damped linear system, the double limit cycle oscillator can work as an untuned

passive stabilizer. A single limit cycle oscillator has been shown to provide conditional

stabilization in our previous chapter. Our search for the physical realization of the limit

cycle oscillator drove us to a mass on a moving belt system. In addition to a stable limit

cycle response, this system offers other regimes of operation: a double limit cycle response
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and a globally stable equilibrium. In the present study, a modified van der Pol oscillator

resembling these responses characterizes the secondary oscillator, where a quartic nonlinear

term is added to the quadratic term of the van der Pol damping.

Using the method of multiple scales, we find amplitude slow flows that are independent

of phases. After the transformation to a simple form, the slow flows reveal that two

nondimensional parameters govern the system dynamics, i.e., ν and c1. ν denotes the

ratio of the coefficients of quartic and quadratic nonlinearities, and c1 denotes a frequency

ratio-dependent ratio of damping in the primary and secondary oscillators. Further inves-

tigating the slow flow, we find bifurcation boundaries in the c1-ν plane and elaborate the

system dynamics using amplitude phase portraits. We find that conditional stabilization is

theoretically possible for c1 > 4 or larger negative damping compared to that provided by

a single limit cycle oscillator. Even though the corresponding basin of attraction shrinks

in size for larger negative damping in the primary system. Further, we observe that larger

ν or globally stable response (ν > 0.125) of the secondary system does not help in this

regime of c1 > 4. It is the double limit cycle response (0 < ν < 0.125) that is useful. We

note that ν > 0.125 offers the regime of unconditional stabilization for c1 < 4.

Having studied the efficacy of the limit cycle oscillator based secondary oscillator working

in either of its operating regimes as a possible stabilizer of an unstable primary system,

we next move to a more practical application where the primary system is nonlinear and

possesses a subcritical Hopf bifurcation. Since our secondary system is nonlinear, it has

the potential to interact with the nonlinearity of the primary system and alter the nature

of bifurcation of the primary system. It is this aspect of the limit cycle oscillator based vi-

bration absorber which is studied in our next chapter wherein the delayed nonlinear model

of tool vibrations is taken as a primary system which is coupled with a light nonresonant

limit cycle oscillator working in regime-1.



Chapter 4

Ensuring supercritical Hopf

bifurcation in tool chatter using a

limit cycle absorber

In this chapter, we study nonresonant interactions between a single mode of a machine tool

and a light limit cycle oscillator. The uncoupled machine tool system exhibits regenerative

tool chatter instability of subcritical or catastrophic nature. We establish in this study

that the nonresonant light limit cycle oscillator can change the nature of instability to

supercritical or non-catastrophic. The chapter proceeds as follows. We begin with the

introduction and relevant literature review in Section 4.1 where we notice novelty of the

present study. We then introduce the coupled system and write its governing equations in

Section 4.2. We perform linear stability analysis and develop the corresponding asymptotic

approximations in Section 4.3. We then numerically demonstrate in Section 4.4 that the

system with a TMD exhibits subcritical bifurcation whereas the present system with a limit

cycle oscillator exhibits supercritical bifurcation. We proceed to implement the method of

multiple scales in Section 4.5 to investigate the bifurcation structure around Hopf points

with expressions developed in Section 4.3. We simplify and thoroughly investigate the

63
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resulting slow flows in Section 4.6, and elaborate the dynamics over the complete second

stability lobe in Section 4.7. Section 4.8 finally concludes the chapter.

4.1 Introduction

Machine tool vibrations adversely affect the surface finish and tool life. One of the main

cause of such vibrations is the regenerative effect wherein the vibratory state of the system

from one revolution earlier affects the current chip thickness and the cutting forces on the

system. This model of the machine tool system loses stability above a limiting depth of cut

via a Hopf bifurcation. The nature of this bifurcation is largely known to be subcritical or

catastrophic [50]. This limits the operational depth of cut for a given rotational speed of

the workpiece without encountering tool chatter. Thus, stabilization strategies are needed

to increase the workable depth of cut and convert the nature of bifurcation to supercritical

so as to obtain better productivity. In this chapter, we demonstrate that a secondary limit

cycle absorber can ensure a supercritical bifurcation for the tool chatter model.

Primarily, stabilization strategies are active or passive. In an active arrangement, control

law-based direct actuation is used, while in a passive arrangement, the primary structure

is modified with a view to enhance its dissipation characteristics. One of the most popular

ways of achieving this is through a tuned mass damper or a tuned vibration absorber

wherein a secondary system is attached to the primary system with the vibration char-

acteristics of the two systems tuned to each other. The attached system in the case of

a primary machine tool system can be light and, under proper parameter selection, can

increase the stability limit and suppress the subcritical instability. Both active and pas-

sive strategies have advantages and limitations: the former is effective but costly, while

the latter is cheaper but requires precise tuning for efficient operation. For a passive ab-

sorber, tuning can be lost by changes in system parameters. For example, gripping a long

boring bar at different lengths results in different fundamental frequencies. Here, tuned

absorbers require proper parameter adjustment based on the altered natural frequency. If

that is not done, and the nature of bifurcation remains subcritical, tool vibrations may
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grow, resulting in a system failure. Thus, untuned stabilizers are needed that can alter

the bifurcation scenario to non-catastrophic (supercritical) ones and provide efficient op-

eration without precise tuning. In the present work, we implement a light, nonresonant,

limit cycle oscillator as a passive stabilizer. The limit cycle oscillator is linearly unstable

and possesses an energy source. The energy input required is small because the oscillator

is light. Further, being nonresonant, it does not require precise tuning. Moreover, the

implementation will be easy if it does not require the machine tool system’s state feedback

to attain a limit cycle. From a dynamics perspective, the secondary oscillator’s stable

limit cycle can interact with the unstable limit cycle of the uncoupled primary system to

yield an unconditionally stable response. Further advantageous would be the nature of

bifurcation turned to non-catastrophic or supercritical. We uncover relevant dynamics in

the present study.

Chatter suppression by different passive absorbers has been investigated earlier. A linear

tuned mass damper (TMD) is well-known among them. Tarng et al. [51] applied a tradi-

tional tuning strategy where they tuned the natural frequency of the absorber to that of

the machine tool system and showed improvement in the stability limit. Sims [52] noted

that the limiting depth of cut is inversely proportional to the real part of the system’s

frequency response function (FRF). They found useful tuning expressions following Den

Hartog’s equal peak method. Later, Miguélez et al. [53] improved those expressions follow-

ing a local analysis. Notably, a factor linearly dependent on a mass ratio was introduced.

Rubio et al. [54] proposed further improvement in the results of [52] and [53], where they

incorporated the primary system’s damping and maximized the minimum value of the real

part of the frequency response function. In a related work, Patel et al. [55] incorporated

rotational effects while designing the tuned mass absorber for a slender boring bar and

tuning was achieved by maximizing the limiting depth of cut directly. As is evident from

the above, these studies were focused on finding tuning rules. Moradi et al. [56] studied

a tuned mass absorber attached to a cantilever boring bar where they minimized free-end

deflection of the beam. They reported that the optimum parameters depended on chatter

frequency and cutting force position. In general, a TMD requires precise tuning to work
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effectively. Therefore, if the tuning is lost, undesirable oscillations may arise because of

a drop in the stability limit. Patel et al. [57] studied a hybrid damper utilizing an eddy

current damper in conjunction with a TMD. They found that the hybrid damper helps to

retain the effectiveness of a TMD when detuned. Then there are inerter-based dynamic

vibration absorbers (IDVAs) used by Dogan et al. [58, 59], where an actuator mimics an

inerter by providing a force proportional to the relative acceleration of the absorber mass.

Dogan et al. [58] studied different configurations of IDVAs theoretically and reported rel-

evant experimentation in [59]. In [58], they found that tuned IDVA can provide a larger

stability margin than a dynamic vibration absorber tuned using Sims’s formulae. However,

in the end, a linear absorber does not alter the nature of the bifurcation.

Nonlinear oscillators have also been explored as alternative absorbers to control the nature

of bifurcation. Gourc et al. [60] studied the dynamics of a cutting tool coupled with a

nonlinear energy sink (NES) that possesses essential cubic stiffness nonlinearity. They

showed that the system mainly exhibits three types of responses: complete suppression,

stable limit cycle oscillation and relaxation oscillation. Nankali et al. [61] also studied

regenerative chatter suppression using an NES. They demonstrated improvement in the

stability boundary with an increased mass ratio. Further, they identified regimes in a

parameter plane for the three types of responses mentioned above, with the fourth being

no suppression. Later, Habib et al. [62] considered a linear stiffness along with the cubic

stiffness component, obtaining a nonlinear tuned vibration absorber (NLTVA). Using the

method of multiple scales, they showed that hardening or softening nonlinearity can change

the nature of bifurcation to supercritical for some range of rotational speeds. In these

studies, the attached oscillators are positively damped or linearly stable. In contrast, the

attached oscillator in the present study (the limit cycle oscillator) is linearly unstable.

Hence, the present system is significantly different from the nonlinear absorbers studied

earlier.

There have been studies involving non-smooth nonlinear vibration absorbers for controlling

machine tool chatter. Edhi and Hoshi [63] studied a friction damper in which a small mass

is attached to a boring bar using a magnet. Energy dissipation primarily occurs due to the
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friction opposing relative motion at the interface. The simple technique does not require

tuning and has been found to be effective in the suppression of high-frequency chatter.

Wang et al. [64] added an element to a linear TMD that consists of a linear spring and a dry

friction element in series, and tuned the spring stiffness and the normal reaction to obtain

efficient performance of this nonlinear TMD. Wang [65] further examined this system using

the method of harmonic balance. They reported the variation in optimum parameters

with mass ratio. This shows that if tuning is lost, multiple components of an absorber

require adjustment. Gourc et al. [66] investigated vibro-impact NES (VI-NES) for chatter

suppression. They reported the capability of VI-NES to limit large amplitude machine

tool oscillations in an unstable regime. Further, Iklodi et al. [67] investigated vibro-impact

TMD in light of space constraints during the implementation of a TMD in a boring bar.

They demonstrated that the system can undergo large amplitude oscillation under an

impulsive perturbation even for a parameter combination corresponding to a stable regime.

We note that friction and impact dampers differ significantly from a limit cycle oscillator

because of the non-smoothness which introduces multiple co-existing solutions and hence,

lowers the reliability of the desired performance.

Some researchers have considered absorbers which are augmented by actuators or active

components. These are popularly called active dynamic absorbers. Tewani et al. [68]

considered a lumped parameter model of a boring bar and attached an active dynamic

absorber with piezoelectric pushers for actuation. Depending on the control law used

for the actuation, they found significant improvement in the stability limit compared to

passive absorbers. Sahu et al. [69] compared different actuation strategies for an active

damper and found that direct velocity feedback strategy is the most effective. To change

the nature of bifurcation, researchers have applied nonlinear feedback in active methods,

e.g., Nayfeh and Nayfeh [111] considered cubic velocity feedback. Similar nonlinear ele-

ments in active dynamic absorbers could be an attractive solution and have been tried by

several researchers [112, 113]. However, they were focused on suppressing forced vibra-

tions of either a parametrically-excited system [112] or self-excited system [113]. Recently,

Tandel et al. [84] explored use of a secondary limit cycle oscillator to conditionally control
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self-excited oscillations in a linear negatively damped structure. One realization of the

secondary limit cycle oscillator is through an active actuator while it can also be realized

using a passive absorber with an energy input without any sensor based feedback. In this

work, we use the limit cycle oscillator based vibration absorber of [84] to suppress the

subcritical delay-induced Hopf instability of the tool chatter model.

To summarize, no study in the authors’ knowledge has considered an untuned limit cycle

oscillator to mitigate machine tool vibrations as has been considered in the current work.

The goal of this study is to ensure a supercritical bifurcation for the tool chatter model

along with obtaining an improvement in the linear stability boundary to the best extent

possible. The forthcoming analysis will uncover these aspects. To begin with, we write the

governing equations of motion for the system considered in this work in the next section.

4.2 Governing equations

M

x

z

K

C

cv

k

m

Tool travel

Workpiece
movement

Figure 4.1: Schematic of the present system.

Figure 4.1 shows a schematic of the present system. Here, a primary system with mass

M , linear stiffness K and viscous damping C models the dominant mode of vibration

of the machine tool whose relative position from the steady cutting condition is denoted

as x̄. For the variable cutting force component acting upon the primary system due to
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this departure from steady cutting, we use a power series expression in terms of the chip

thickness variation (x̄− x̄τ̄ ) where τ̄ denotes time period of one revolution of the rotating

workpiece; see the work of Kalmár-Nagy et al. [50] for more details. The novelty of the

present work is the attached secondary oscillator with its own limit cycle. As shown in

the figure, it has mass m, linear stiffness k̄, and linear and nonlinear damping parameters

c̄v and β̄ (not shown in the figure), respectively. z̄ denotes its relative position from the

primary system.

Following [50] and [84], the governing equations of motion of the coupled system are

M ¨̄x+ C ˙̄x+Kx̄+ k̄1(x̄− x̄τ̄ )−
k̄1
8f0

(
(x̄− x̄τ̄ )

2 − 5

12f0
(x̄− x̄τ̄ )

3
)

− k̄z̄ − c̄v ˙̄z(β̄z̄
2 − 1) = 0, (4.1)

and

m(¨̄x+ ¨̄z) + k̄z̄ + c̄v ˙̄z(β̄z̄
2 − 1) = 0, (4.2)

where k̄1 is the cutting force coefficient and f0 is the steady-state chip thickness. We now

nondimensionalize these equations. For length nondimensionalization, we use x̄ =
12f0
5

x

and z̄ =
12f0
5

z, and obtain

Mẍ+ Cẋ+Kx+ k̄1 (x− xτ̄ )−
3

10
k̄1

(
(x− xτ̄ )

2 − (x− xτ̄ )
3
)

− k̄z − c̄v ż
(
β̃z2 − 1

)
= 0, (4.3)

and

m (ẍ+ z̈) + k̄z + c̄v ż
(
β̃z2 − 1

)
= 0, (4.4)
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where β̃ =
144

25
f20 β̄. With t̃ = ωnt as the nondimensional time, the above equations take

the form

Mω2
nẍ+ Cωnẋ+Kx+ k̄1 (x− xτ̄ )−

3

10
k̄1

(
(x− xτ̄ )

2 − (x− xτ̄ )
3
)

− k̄z − c̄vωnż
(
β̃z2 − 1

)
= 0, (4.5)

and

mω2
n (ẍ+ z̈) + k̄z + c̄vωnż

(
β̃z2 − 1

)
= 0. (4.6)

Finally, defining

m̃ =
m

M
, C̃ =

C

Mωn
, p =

k̄1
Mω2

n

, ω2
p =

k̄

mω2
n

, c̃v =
c̄v

Mωn
, (4.7)

we obtain the nondimensional equations of motion as

ẍ+ C̃ẋ+ x+ p (x− xτ )−
3p

10

(
(x− xτ )

2 − (x− xτ )
3
)

− m̃ω2
pz − c̃v ż

(
β̃z2 − 1

)
= 0, (4.8)

and

(ẍ+ z̈) + ω2
pz +

c̃v
m̃
ż
(
β̃z2 − 1

)
= 0. (4.9)

Considering that the attached system is light and lightly damped and that the primary

system is also lightly damped, we introduce the scaling

m̃ = εm, c̃v = ε2 cv, and C̃ = ε2 c, (4.10)

where ε is a small bookkeeping parameter. Further, in the secondary oscillator’s damping,

we expect β̃z2 to interact at the same order with O(1) negative damping. Therefore, for
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small z of O(ε), we introduce β̃ =
β

ε2
. Finally, we define γ =

cv
m

to obtain

ẍ+ ε2 c ẋ+ x+ p (x− xτ )−
3

10
p
(
(x− xτ )

2 − (x− xτ )
3
)

− εmω2
p z −mγ ż

(
βz2 − ε2

)
= 0, (4.11)

and

ẍ+ z̈ + ω2
p z +

1

ε
γ ż
(
βz2 − ε2

)
= 0. (4.12)

Equations (4.11) and (4.12) are treated in the upcoming sections. We first find the linear

stability boundary of our coupled system in the next section.

4.3 Linear stability analysis

For the linear stability analysis, we drop nonlinear terms in Eqs. (4.11) and (4.12) and

obtain

ẍ+ ε2 c ẋ+ x+ p (x− xτ )− εmω2
p z + ε2mγ ż = 0, (4.13)

and

ẍ+ z̈ + ω2
p z − ε γ ż = 0. (4.14)

Substituting x = Aeλt and z = Beλt in the above equations and writing in a matrix form,

we obtain

 λ2 + ε2cλ+ 1 + p− p e−λ τ ε2γ λm− εmωp
2

λ2 −ε γ λ+ λ2 + ωp
2


 A

B

 =

 0

0

 . (4.15)
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For a nontrivial solution of A and B, the determinant of the coefficient matrix should be

zero. This yields the characteristic equation

− ε2γ λ3m− c ε3γ λ2 + ε λ2mωp
2 + c ε2λ3 + c ε2ωp

2λ− ε γ λ3

− ε γ λ p+ λ4 + λ2ωp
2 − ε γ λ+ λ2p+ ωp

2 p+ ε γ λ p e−λ τ

+ λ2 + ωp
2 − λ2 p e−λ τ − ωp

2p e−λ τ = 0. (4.16)

At a Hopf boundary, λ = Iω. We substitute this in the above characteristic equation and

separate the real and imaginary parts to obtain the following two equations

c ε3γ ω2 − ε ω2mωp
2 + sin (ω τ) ε γ ω p+ ω4 − ω2ωp

2

− ω2p+ ωp
2p− ω2 + ωp

2 +
(
ω2 − ωp

2
)
p cos (ω τ) = 0, (4.17)

and

− c ε2ω3 + c ε2ω ωp
2 + ε γ ω3 − ε γ ω p− ε γ ω

+ cos (ω τ) ε γ ω p+ ε2γ ω3m+
(
ωp

2 − ω2
)
p sin (ω τ) = 0. (4.18)

We solve Eqs. (4.17) and (4.18) numerically and obtain bifurcation boundaries shown by

solid curves in Fig. 4.2. We obtain analytical approximations for these boundaries as

follows. We assume

pcr = p̄+ εp1 + ε2p2 +O(ε3), (4.19)

τcr = τ̄ + ετ1 + ε2τ2 +O(ε3), (4.20)

and substitute the above in Eqs. (4.17) and (4.18). At O(1), we obtain

(ω − ωp) (ω + ωp)
(
cos (ω τ̄) p̄+ ω2 − p̄− 1

)
= 0, (4.21)

− sin (ω τ̄) p̄ (ω − ωp) (ω + ωp) = 0. (4.22)
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Based on the value of ω, various approximations are obtained as elaborated next.

4.3.1 Case-1: ω ↛ ωp, ω ↛ 1

By Eqs. (4.21) and (4.22), for ω not close to ωp and ω ̸= 1, we find

p̄ =
ω2 − 1

2
, sin(ωτ̄) = 0 and cos(ω τ̄) = −1. (4.23)

Solving O(ε) and O(ε2) equations, we obtain

p1 = − mω2 ωp
2

2 (ω2 − ωp2)
, p2 = 0, (4.24)

τ1 = 0, and τ2 =
2
(
−mγ ω4 + cω4 − 2 cω2ωp

2 + cωp
4
)

(ω − ωp)
2 (ω + ωp)

2 (ω − 1) (ω + 1)
. (4.25)

4.3.2 Case-2: ω → ωp

For ω close to ωp, we introduce a detuning parameter ω2 and write ω = ωp + εω2. O(1)

Eqs. (4.21) and (4.22) are now satisfied. The O(ε) equations are

ωp
(
−mωp3 + sin (ωp τ̄) γ p̄+ 2 cos (ωp τ̄)ω2 p̄+ 2ωp

2ω2 − 2ω2 p̄− 2ω2

)
= 0, (4.26)

− ωp
(
2 sin (ωp τ̄)ω2 p̄− cos (ωp τ̄) γ p̄− γ ωp

2 + γ p̄+ γ
)
= 0. (4.27)

Solving the above two equations, we obtain

p̄ =

(
m2ωp

6 − 4mωp
5ω2 + γ2ωp

4 + 4ωp
4ω2

2 + 4mωp
3ω2 − 2 γ2ωp

2

−8ωp
2ω2

2 + γ2 + 4ω2
2
)

2 (−2mωp3ω2 + γ2ωp2 + 4ωp2ω2
2 − γ2 − 4ω2

2)
, (4.28)

cos (ωp τ̄) = −−2mωp
3ω2 + γ2ωp

2 + 4ωp
2ω2

2 − γ2p̄− 4ω2
2p̄− γ2 − 4ω2

2

p̄ (γ2 + 4ω2
2)

, (4.29)

sin (ωp τ̄) =
γ ωp

3m

p̄ (γ2 + 4ω2
2)
. (4.30)
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Proceeding further at O(ε2) and O(ε3), we find higher order correction terms p1, p2, τ1

and τ2; see Appendix B for corresponding expressions. By Eq. (4.28), p̄ → ∞ as the

denominator goes to zero, and that yields the approximation for the corresponding ω2 or

ω.

4.3.3 Case-3: ω → 1

For ω close to 1, we introduce detuning parameters ω3 and ω4 to write ω = 1+εω3+ε
2ω4.

The O(1) equations take the form

− p̄ (ωp − 1) (ωp + 1) (cos (τ̄)− 1) = 0, (4.31)

sin (τ̄) p̄ (ωp − 1) (ωp + 1) = 0. (4.32)

The above equations are satisfied if p̄ = 0 or τ̄ = 2Nπ, where N is an integer. Accordingly,

we can have three sub-cases as detailed below.

4.3.3.1 Case-3a: p̄ = 0, τ̄ = (2N + 1)π

With p̄ = 0 and p1 ̸= 0, we obtain sin(τ̄) = 0 and cos(τ̄) = −1. This implies τ̄ = (2N+1)π.

Further, we obtain

p1 =
mωp

2 + 2ω3 ωp
2 − 2ω3

2 (ωp2 − 1)
. (4.33)

Corresponding p2, τ1 and τ2 are provided in Appendix C. Note that ω3 is a free parameter

here. Hence, we need not consider ω4, i.e., ω = 1 + εω3.
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4.3.3.2 Case-3b: p̄ = 0, p1 = 0

Along with p̄ = 0, if we consider p1 = 0 as well, then τ̄ remains indeterminate and serves

as the free parameter, and we obtain

ω3 = − mωp
2

2 (ωp2 − 1)
, (4.34)

p2 = −cωp
4 − 2 cωp

2 − γ m+ c

(ωp2 − 1)2 sin (τ̄)
, (4.35)

and

ω4 =
(
3m2ωp

6 sin (τ̄) + 4 cos (τ̄) cωp
6 +m2ωp

4 sin (τ̄)− 4 cωp
6 − 12 cos (τ̄) cωp

4

− 4 cos (τ̄) γ mωp
2 + 12 cωp

4 + 12 cos (τ̄) cωp
2 + 4 γ mωp

2 + 4 cos (τ̄) γ m

−12 cωp
2 − 4 cos (τ̄) c− 4 γ m+ 4 c

)/(
8
(
ωp

2 − 1
)3

sin (τ̄)
)
. (4.36)

Note that since τ̄ is the free parameter, τ1 and τ2 are not required and accordingly set to

zero.

4.3.3.3 Case-3c: τ̄ = 2Nπ

With τ̄ = 2Nπ, p̄ remains indeterminate and serves as the free parameter, and we obtain

ω3 = − mωp
2

2 (ωp2 − 1)
and τ1 =

mωp
2τ̄

2(ωp2 − 1)
. (4.37)

The next order corrections are found to be

ω4 =
m2ωp

4
(
3ωp

2 + 1
)

8 (ωp6 − 3ωp4 + 3ωp2 − 1)
, (4.38)

τ2 = −

(
m2ωp

6p̄ τ̄ + 3m2ωp
4p̄ τ̄ + 8 cωp

6 − 24 cωp
4 − 8 γ mωp

2

+24 cωp
2 + 8 γ m− 8 c

)
8p̄ (ωp6 − 3ωp4 + 3ωp2 − 1)

. (4.39)

Here, p1 and p2 are not required.
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Figure 4.2: Stability lobes for the coupled system with analytical approximations along
various segments. Here, ε = 0.05,m = 1, c = 2, cv = 2, ωp = 1.573. The dotted curve

shows the stability lobes for the uncoupled damped primary system.

Figure 4.2 shows the numerically obtained stability boundary along with that obtained

by the above approximations for the parameter set ε = 0.05,m = 1, c = 2, cv = 2, ωp =

1.573. The approximations are capturing the boundary well in the various segments. The

arbitrarily chosen value of ωp = 1.573 represents an untuned or nonresonant scenario.

We note that ωp > ω is needed for improvement in linear stability boundary, i.e., p1 >

0 (Eq. (4.24)) of case-1, where τ2 (Eq. (4.25)) being O(ε2) correction, plays a minor

role. The choice of ωp = 1.573 ensures p1 > 0 for this segment of the second stability

lobe. The blue-dash curve in Fig. 4.2 shows the stability lobes for the uncoupled damped

primary oscillator. The improvement for case-1 (present system) is noticed. However, the

boundaries corresponding to the present system have shifted to the right. This is evident

from the expression for τ1 of case-3c. For this τ1 to be negative, ωp < 1 is required.

However, branches turn and become complicated for ωp < 1. We observe that reducing

the value of cv helps avoid turning. Not getting into these complications, we continue with

ωp = 1.573 in the rest of the present study.

We note that using Sims’ expressions [52] for tuning the linear negative damping does not

help, although the real part of the frequency response function that Sims has treated for
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equal troughs, involves the square of the secondary oscillator’s damping (see Eq. (6) of that

paper). Therefore, a different approach is required for tuning the limit cycle oscillator.

Our preliminary search for optimum parameters based on maximizing the minimum p did

not yield any useful results. Hence, the improvement in the stability boundary using this

negatively damped or unstable secondary oscillator may not be very impressive. However,

the change in the nature of bifurcation that we will reveal later in this chapter is certainly

noticeable in our opinion. In the present study, the secondary oscillator is linearly unstable.

Here, limit cycle oscillations of this oscillator can stabilize the primary system. Hence, the

coupled system can be linearly unstable, meaning that a pair of eigenvalues may already

exist in the right half plane without showing tool chatter. Therefore, to better understand

the tool chatter dynamics for different portions of the stability diagram, we next present

some numerical solutions.

Figure 4.3: Numerical solutions corresponding to points A and B. Initial conditions for
both the figures are x(η) = 0.1 cos(η), ẋ(η) = −0.1 sin(η), z(η) = 0, ż(η) = 0, η ∈ [−τ, 0].

4.4 Numerical results: stability and supercriticality

Here, we present numerical solutions corresponding to different regimes represented by

points marked A to E in the stability diagram (Fig. 4.2). Corresponding responses along

with labels are shown in Figs. 4.3 and 4.4, where the upper plot in each figure shows the

response of the primary oscillator and the lower plot shows that of the secondary oscillator.

From Fig. 4.3, we can note that the primary oscillator is stable in regions represented by
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Figure 4.4: Numerical solutions near the stability boundary in the unstable regime;
for C, D and E shown in Fig. 4.2. Initial conditions for all the figures are x(η) =

0.1 cos(η), ẋ(η) = −0.1 sin(η), z(η) = 0, ż(η) = 0, η ∈ [−τ, 0].

A and B. Note that due to the negative damping in the secondary oscillator, its equilib-

rium solution is generally unstable. However, for the point B, the coupling between the

two oscillators stabilizes the secondary oscillator thereby denoting an equilibrium for the

coupled system which is linearly stable. For regions corresponding to A, the secondary

oscillator approaches a limit cycle, indicating linear instability of the coupled system. In

this region, the primary oscillator shows a small amplitude response at the frequency of

the secondary oscillator and this is not tool chatter.

Figure 4.4 shows some responses for parameters post the stability boundary corresponding

to the tool chatter instability. For point C which is close to the stability boundary, we

observe that the primary oscillator still gets stabilized (i.e., no tool chatter) even though

the equilibrium of the coupled system has become unstable to small perturbations in

both the primary and the secondary oscillator direction. Then marching slightly forward

in the unstable regime, the primary oscillator starts to show limit cycle oscillations as

shown for the simulation corresponding to D in Fig. 4.4. The post-bifurcation small



Chapter 4. Ensuring supercritical Hopf in tool chatter using a limit cycle absorber 79

amplitude bounded response of the primary oscillator in Fig. 4.4 indicates a supercritical

bifurcation. That, in turn, hints elimination of bistability in the stable regime and these

results further suggest possible bistability in the linearly unstable region. Further deep

inside the unstable regime, the system begins to show unbounded responses as shown for

E. In this simulation, the tool chatter amplitude has become sufficiently large that the

tool gets into self-interruption. However, the current model does not accommodate self-

interruption and hence, blows up. Inclusion of self-interruption as in [114] will result in

bounded tool chatter for the point E as well.

Figure 4.5: Bifurcation diagrams obtained using DDE-BIFTOOL [115, 116] for a system
with TMD (left figure) and the present system with a limit cycle oscillator (right figure) for
τcr = 9 and p = pcr+ε

2δ, where the red stars denote the initiation of loss of contact. Here,
solid and dotted lines respectively represent stable and unstable solutions. The initial
unstable branch for the system with a limit cycle oscillator denotes a stabilized primary
oscillator with limit cycle oscillations of the secondary oscillator. Parameter values for the
system with limit cycle oscillator are ε = 0.05,m = 1, c = 2, cv = 2, β = 1, ωp = 1.573. To
simulate the system with TMD, we use ε = 0.05,m = 1, c = 2, cv = −5.542, β = 0, ωp =

1.037.

We note that a system with a linear TMD has a subcritical Hopf bifurcation for the tool

chatter model and hence, exhibits bistability in the linearly stable regime. We compare

the bifurcation structure for a system with a linear TMD and the present system (with a

limit cycle oscillator as the absorber) in Fig. 4.5 for τcr = 9, where δ denotes detuning in

p, i.e.,

p = pcr + ε2δ,

where again pcr is the value of p at the Hopf point and is obtained numerically. Parameters
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for the TMD are selected following Sims’ expressions [52]. The bifurcation diagrams are

obtained using the Matlab package DDE-BIFTOOL [115, 116]. Solid and dashed lines

in the figure represent stable and unstable limit cycles, respectively. The present system

exhibits supercritical bifurcation, demonstrating the dynamical advantage that the limit

cycle oscillator can offer. The initial unstable part of the supercritical branch represents a

stabilized primary oscillator. The multiple scales analysis of the next section will further

disclose this aspect. Note that solutions above the red stars exhibit a negative depth of cut,

i.e., x− xτ < − 5
12 based on the chosen nondimensionalization. This defines the region of

bistability in the linearly stable regime [117]. Because of the supercritical bifurcation, the

loss of contact occurs after the system loses stability, and hence, the bistable region in the

linearly stable region is completely eliminated by the limit cycle oscillator. The present

study is limited to responses where the loss of contact does not occur. For such small

amplitude oscillations, we examine the bifurcation scenario analytically using the method

of multiple scales in the next section. As noted in the section on linear stability, we

have different asymptotic approximations for the different portions of the linear stability

boundary and accordingly, the method of multiple scales analysis for the different portions

of the stability boundaries will be different. We first start with case-1 wherein both pcr

and τcr can be obtained in terms of the tool chatter frequency as the parameter.

4.5 The method of multiple scales for case-1

In this section, we present the multiple scales analysis for a perturbation around a Hopf

point of case-1. The multiple scales treatment of a delayed system have been reported

earlier, e.g., see [109, 118–121]. Here, the analysis is slightly different from earlier studies

as we consider the Hopf point in an expanded form that is derived in section 4.3. With

the detuning parameter δ, we write

p = p̄+ εp1 + ε2δ, (4.40)

τ = τ̄ + ε2τ2, (4.41)
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where p̄, τ̄ , p1 and τ2 are given by Eqs. (4.23) to (4.25) for case-1. Note that the above

implies that τcr = τ̄ + ε2τ2 with pcr = p̄ + εp1. We introduce timescales T0 = t, T1 = εt

and T2 = ε2t, and use the expansions

x = εX0(T0, T1, T2) + ε2X1(T0, T1, T2) + ε3X2(T0, T1, T2),

z = εZ0(T0, T1, T2) + ε2Z1(T0, T1, T2) + ε3Z2(T0, T1, T2),

restraining our analysis to small amplitude oscillations. Following [109, 118–121], we note

t− τ = T0 − τ, ε(t− τ) = T1 − ετ, ε2(t− τ) = T2 − ε2τ,

and write the delayed term xτ as

xτ = x(t− τ) = εX0(T0 − τ, T1 − ετ, T2 − ε2τ) + ε2X1(T0 − τ, T1 − ετ, T2 − ε2τ)

+ ε3X2(T0 − τ, T1 − ετ, T2 − ε2τ) . (4.42)

Now substituting for τ from Eq. (4.41) and a Taylor series expansion about ε = 0 yields

xτ = εX0 (T0 − τ̄ , T1, T2) + ε2
(
−τ̄ ∂

∂T1
X0 (T0 − τ̄ , T1, T2)

+X1 (T0 − τ̄ , T1, T2)) + ε3
(
1

2
τ̄2

∂2

∂T 2
1

X0 (T0 − τ̄ , T1, T2)

−τ2
∂

∂T0
X0 (T0 − τ̄ , T1, T2)− τ̄

∂

∂T2
X0 (T0 − τ̄ , T1, T2)

−τ̄ ∂

∂T1
X1 (T0 − τ̄ , T1, T2) +X2 (T0 − τ̄ , T1, T2)

)
+O

(
ε4
)
. (4.43)

Substituting the above expansions in Eqs. (4.11) and (4.12), we obtain at O(ε)

∂2

∂T0
2X0(T0, T1, T2) +X0(T0, T1, T2) + p̄ (X0(T0, T1, T2)−X0(T0 − τ̄ , T1, T2)) = 0, (4.44)

and

∂2

∂T0
2Z0(T0, T1, T2) + ωp

2Z0(T0, T1, T2) +
∂2

∂T0
2X0(T0, T1, T2) = 0. (4.45)
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Equation (4.44) is the governing equation of the uncoupled undamped primary system.

Note that (τ̄ , p̄) by Eq. (4.23) corresponds to a Hopf point for that system with ω denoting

the chatter frequency [122]. Therefore, we write the corresponding solution as

X0(T0, T1, T2) = R(T1, T2) sin (ωT0 + ϕ(T1, T2)) , (4.46)

where the newly introduced slowly varying functions R(T1, T2) and ϕ(T1, T2) denote the

amplitude and phase of the primary system response, respectively. Substituting the solu-

tion for X0(T0, T1, T2) in Eq. (4.45), we solve for Z0(T0, T1, T2) and obtain

Z0(T0, T1, T2) = Q(T1, T2) sin(ωpT0 + ψ(T1, T2))

+
ω2

(ω2
p − ω2)

R(T1, T2) sin(ωT0 + ϕ(T1, T2)), (4.47)

where the first term is a complimentary solution and the second term is a particular

integral. At the next order, i.e., O(ε2), we obtain

∂2X1

∂T0
2 + 2

∂2X0

∂T0∂T1
+X1 + p̄

(
X1 −X1τ̄ +

∂ X0τ̄

∂T1
τ̄

)
+ p1 (X0 −X0τ̄ )−

3

10
p̄ (X0 −X0τ̄ )

2 −mωp
2Z0 = 0, (4.48)

and

∂2Z1

∂T0
2 + ωp

2Z1 + 2
∂2Z0

∂T0∂T1
+ γ

(
∂Z0

∂T0

)(
β Z2

0 − 1
)
+
∂2X1

∂T0
2 + 2

∂2X0

∂T0∂T1
= 0, (4.49)

where we have suppressed (T0, T1, T2) dependence of variables. Substituting Eqs. (4.46)

and (4.47) into Eq. (4.48) and removing secular terms, namely coefficients of sin(ωT0 +ϕ)

and cos(ωT0 + ϕ), we find that

∂R

∂T1
= 0 and

∂ϕ

∂T1
= 0, (4.50)



Chapter 4. Ensuring supercritical Hopf in tool chatter using a limit cycle absorber 83

where p1 = − mω2 ω2
p

2(ω2−ω2
p)

from the linear stability analysis is used. We incorporate conclusion

(4.50) into Eq. (4.48) and obtain

∂2X1

∂T0
2 +X1 + p̄ (X1 −X1τ̄ )−

3

5
p̄ R2 −mωp

2Q sin(ωpT0 + ψ)

+
3

5
p̄ R2 cos(2ωT0 + 2ϕ) = 0. (4.51)

Because X0 already contains the complementary solution, only a particular solution for

X1 is of interest. Following [118], we consider

X1 = A1 +A2 sin(ωpT0) +A3 cos(ωpT0) +A4 sin(2ωT0) +A5 cos(2ωT0) . (4.52)

We substitute the above expression into Eq. (4.51), simplify the resulting equation, and

coefficients of trigonometric terms and a T0-independent term are equated to zero to yield

five equations for the five unknowns. We solve those equations for Ai (i = 1, 2, 3, 4, 5) and

obtain

A1 =
3

5
p̄ R2, (4.53)

A2 =

(
−mωp4 +mωp

2p̄+mωp
2
)
Q cos (ψ)−Qmωp

2p̄ cos (ωp τ̄ + ψ)

(2ωp2p̄− 2 p̄2 − 2 p̄) cos (ωp τ̄) + ωp4 − 2ωp2p̄− 2ωp2 + 2 p̄2 + 2 p̄+ 1
, (4.54)

A3 =

(
−mωp4 +mωp

2p̄+mωp
2
)
Q sin (ψ)−Qmωp

2p̄ sin (ωp τ̄ + ψ)

(2ωp2p̄− 2 p̄2 − 2 p̄) cos (ωp τ̄) + ωp4 − 2ωp2p̄− 2ωp2 + 2 p̄2 + 2 p̄+ 1
, (4.55)

A4 = − 3 p̄ R2 sin (2ϕ)

20ω2 − 5
, (4.56)

A5 =
3p̄ R2 cos (2ϕ)

20ω2 − 5
. (4.57)

From the expression for A4, we note that the results are only valid for ω ̸= 0.5 which is

generally true since chatter frequencies are typically greater than the fundamental natural

frequency. Similarly, a careful analysis of the denominator of A2 yields that it vanishes at

ω = ωp. Since these results have been obtained for case-1 for which ω ̸= ωp, this situation

never arises as well. We now turn to find Z1. We substitute solutions obtained so far, that

are X0, Z0 and X1, into Eq. (4.49) and find secular terms as coefficients of sin(ωp T0 + ψ)
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and cos(ωp T0 + ψ). These secular terms lead to

∂Q

∂T1
=

[
γ

2
− βγ

8
Q2 − β γ ω4

4
(
ω2 − ω2

p

)2R2

−1

2

mωp
3p̄ sin(ωp τ̄)((

2ωp
2p̄− 2 p̄2 − 2 p̄

)
cos(ωp τ̄) + ωp

4 − 2ωp
2p̄− 2ωp

2 + 2 p̄2 + 2 p̄+ 1
)
 Q, (4.58)

∂ψ

∂T1
=

1

2

(
cos(ωp τ̄) p̄+ ωp

2 − p̄− 1
)
mωp

3

(2ωp2p̄− 2 p̄2 − 2 p̄) cos(ωp τ̄) + ωp4 − 2ωp2p̄− 2ωp2 + 2 p̄2 + 2 p̄+ 1
. (4.59)

Substituting the above equations along with X0, Z0 and X1 into Eq. (4.49) and solving

the resulting equation, we obtain Z1. Expression for Z1 is lengthy and therefore presented

in Appendix D.

Proceeding further, O(ε3) equations are

∂2X2

∂T0
2 + 2

∂2X1

∂T1∂T0
+ 2

∂2X0

∂T2∂T0
+
∂2X0

∂T1
2 + c

∂X0

∂T0
+X2

+ p̄

(
X2 −

1

2

∂2X0τ̄

∂T 2
1

τ̄2 +
∂X0τ̄

∂T0
τ2 +

∂X0τ̄

∂T2
τ̄ +

∂X1τ̄

∂T1
τ̄ −X2τ̄

)
+ p1

(
X1 +

∂X0τ̄

∂T1
τ̄ −X1τ̄

)
+ δ (X0 −X0τ̄ )

− 3

10
p̄

(
2 (X0 −X0τ̄ )

(
X1 +

∂X0τ̄

∂T1
τ̄ −X1τ̄

)
− (X0 −X0τ̄ )

3

)
− 3

10
p1 (X0 −X0τ̄ )

2 −mωp
2Z1 −mγ

(
∂Z0

∂T0

)(
β Z2

0 − 1
)
= 0, (4.60)

and

∂2Z2

∂T0
2 + ωp

2Z2 +
∂2X2

∂T0
2 + 2

∂2X1

∂T1∂T0
+ 2

∂2X0

∂T2∂T0
+
∂2X0

∂T1
2 + 2

∂2Z1

∂T1∂T0
+ 2

∂2Z0

∂T2∂T0

+
∂2Z0

∂T1
2 + 2 γ

(
∂Z0

∂T0

)
β Z0Z1 + γ

(
∂Z1

∂T0
+
∂Z0

∂T1

)(
β Z2

0 − 1
)
= 0. (4.61)
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We substitute so far obtained X0, Z0, X1 and Z1 into Eq. (4.60), and remove secular terms

from the resulting equation. That yields

∂R

∂T2
= − 1

(p̄2τ̄2 + 4ω2)

[
β γ mω6Q2(
ω2 − ω2

p

)2 +
βγ mω10R2

2
(
ω2 − ω2

p

)4 − 9p̄2τ̄R2 + 10 p̄ τ̄ δ

5

]
R, (4.62)

and

∂ϕ

∂T2
=

τ̄ p̄ β γ mω5Q2

2 (p̄2τ̄2 + 4ω2)
(
ω2 − ω2

p

)2 +
ω9p̄ γ mτ̄ β R2

4 (p̄2τ̄2 + 4ω2)
(
ω2 − ω2

p

)4
+

18 p̄ ω R2 + 20ω δ

5 (p̄2τ̄2 + 4ω2)
. (4.63)

The procedure can be followed to obtain next order evolution equations for Q and ψ that

are ∂Q
∂T2

and ∂ψ
∂T2

. However, Eq. (4.58) governs the dynamics of Q at T1 timescale. Because

T1 is faster than T2, evolution of Q is dominated by ∂Q
∂T1

. Therefore, we only consider Eq.

(4.58) for the evolution of Q and drop ∂Q
∂T2

from our analysis. Equation (4.62) governs

the dynamics of R. Note that the amplitude evolution equations, i.e., Eqs. (4.58) and

(4.62) are independent of phases. Therefore, to study the stabilization dynamics, we focus

on amplitude evolution equations only [84]. Advantageously, our analysis of the infinite-

dimensional delay differential equation has reduced to a two-dimensional amplitude plane

of the ODEs.

We compare responses from numerical integration of the original equations (4.11) and

(4.12) and slow flow Eqs. (4.58) and (4.62) in Figs. 4.6 and 4.7. Here, initial conditions for

R and Q are chosen based on values of system variables at t = 0 by the initial function.

As discussed in Appendix B of [123], slow flows only capture the dynamics on the slow

manifold, and hence, initial conditions for slow flows should correspond to a point where

the full solution converges to the slow manifold. Figures 4.6 and 4.7 show that the present

slow flows capture the dynamics. Note that δ is positive in Figs. 4.6 and 4.7. Figure 4.6

shows post-bifurcation stabilization and Fig. 4.7 depicts supercritical bifurcation with an

increase in δ. We further investigate Eqs. (4.58) and (4.62) in upcoming sections.
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Figure 4.6: Comparison of the responses obtained from numerical integration of the orig-
inal Eqs. (4.11) and (4.12) and slow flow Eqs. (4.58) and (4.62). This figure also demon-
strates the primary system’s post-bifurcation stabilization. Here, τ̄ = 3π/ω (ω2 = 2p̄+1)
and initial conditions are x(η) = 0.1 cos(1.225η), ẋ(η) = −0.1225 sin(1.225η), z(η) =
0, ż(η) = 0, η ∈ [−τ, 0]. By Eqs. (4.46) and (4.47), R(0) = 2, Q(0) = 3.079; see [123]
for relevant discussion on initial conditions. Note c1 = −4.411, c2 = 0.897, c3 = −1.082;

explained later.

4.6 Simplified amplitude equations and associated dynamics

Following [84], Eqs. (4.58) and (4.62) can be transformed into simpler form using a trans-

formation

R2 =

(
ω2 − ωp

2
)2

ω4
P and Q2 = S,

where P and S are new variables representing squares of the primary and secondary

oscillators’ amplitudes, respectively. Here, P ≥ 0 and S ≥ 0. Final amplitude evolution

equations take the form

∂S

∂T1
= −βγ

4
(S + 2P + c1)S, (4.64)

∂P

∂T2
= − 4β γ mω6(

ω2 − ω2
p

)2
w

(c2P + 2S + c3)P, (4.65)
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Figure 4.7: Comparison of the responses obtained from numerical integration of the
original Eqs. (4.11) and (4.12) and slow flow Eqs. (4.58) and (4.62). This figure also
demonstrates supercritical bifurcation with an increase in δ: the stable primary system of
Fig. 4.6 now approaches a limit cycle. Here, τ̄ = 3π/ω (ω2 = 2p̄+1) and initial conditions
are x(η) = 0.1 cos(1.225η), ẋ(η) = −0.1225 sin(1.225η), z(η) = 0, ż(η) = 0, η ∈ [−τ, 0]. By
Eqs. (4.46) and (4.47), R(0) = 2, Q(0) = 3.079. Note c1 = −4.411, c2 = 0.897, c3 =

−3.247; explained later.

where

w =
(
ω4τ̄2 − 2ω2τ̄2 + 16ω2 + τ̄2

)
, (4.66)

c1 = − 4

β
− 4

βγ

ωp
3m sin (ωp τ̄)

(
ω2 − 1

)( (
ω2 − 1

) (
ω2 − 2ωp

2 + 1
)
cos (ωp τ̄)− ω4 + 2ω2ωp

2

−2ωp
4 + 2ωp

2 − 1
)
, (4.67)

c2 = 1−

(
9
(
ω2 − ω2

p

)4
τ̄
(
ω2 − 1

)2
10β γ mω10

)
, (4.68)

c3 = −
2
(
ω2 − ω2

p

)2 (
ω2 − 1

)
τ̄ δ

β γ mω6
. (4.69)
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By Eqs. (4.64) and (4.65), we obtain

dS

dT
= − (S + 2P + c1)S +O(µ̄), (4.70)

dP

dT
= −µ̄ (c2P + 2S + c3)P, (4.71)

where T and µ̄ are defined as

T =
βγ

4
T1 and µ̄ =

16εmω6(
ω2 − ω2

p

)2
w
. (4.72)

We consider β > 0, γ > 0 in the present study. We investigate the above system of two

nonlinear differential equations in detail, starting with fixed points.

4.6.1 Fixed points and their stability

The system of two first order differential Eqs. (4.70) and (4.71) has four fixed points: (i)

(0, 0), (ii) (−c1, 0), (iii) (0,−c3/c2) and (iv) (S∗, P ∗), where

S∗ =
2c3 − c1c2
c2 − 4

and P ∗ =
2c1 − c3
c2 − 4

. (4.73)

Stability of these fixed points can be determined by finding corresponding Jacobians and

its eigenvalues. Table 4.1 shows those eigenvalues, where leading order approximations

[84] are presented for (S∗, P ∗).

We here point out two important facts related to (S∗, P ∗): one related to its existence and

the other related to its stability. First note that c2 ≤ 1 by Eq. (4.68). Now, by Eq. (4.73),

(S∗, P ∗) exists if

2c1 − c3 < 0 and 2c3 − c1c2 < 0,

or

2c1 < c3 and 2c3 < c1c2,
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or

c1 <
c1c2
4
.

For c1 > 0, the above condition violates c2 ≤ 1. Therefore, we require c1 < 0 for (S∗, P ∗)

to exist. Note that (−c1, 0) also exists with c1 < 0. Thus, we find that if (S∗, P ∗) exists,

(−c1, 0) exists as well. Next, if P ∗ > 0 then 2c1 − c3 < 0. Hence, by Table 4.1, the

Jacobian at (S∗, P ∗) has one positive and one negative eigenvalues. Therefore, when this

fixed point exists, it is a saddle. These observations have implications when we present

feasible phase portraits in the next subsection.

Table 4.1: Fixed points and eigenvalues of corresponding Jacobians for the system of
equations (4.70) and (4.71), where leading order terms are presented for (S∗, P ∗).

Fixed point (0, 0) (−c1, 0) (0,−c3/c2) (S∗, P ∗)

Eigenvalues of the
Jacobian

−c1 c1 2c3 − c1c2
c2

−S∗

−µ̄ c3 µ̄(2c1 − c3) µ̄ c3 −µ̄(2c1 − c3)

4.6.2 Feasible phase portraits

Schematics of all the feasible phase portraits are depicted in Fig. 4.8 where a stable fixed

point is shown by a solid circle, a saddle by a plus sign and an unstable node by a hollow

circle. These phase portraits are labelled ‘a’ to ‘l’ for easy reference. The arrangement of

phase portraits in the c1-c2 plane depicts a bifurcation structure that is explained later.

Conditions corresponding to each phase portrait are listed in Table 4.2. Reasoning for the

finite number of feasible phase portraits is based on the existence of the number of fixed

points and their stability, where we refer to Table 4.1 to comment on the stability of fixed

points. A reader may skip this part and jump to the bifurcation structure detailed in the

next subsection. Here, we continue with our investigation.

4.6.2.1 All four fixed points exist

Here, c1 < 0, S∗ > 0 and P ∗ > 0. There are two cases for a fixed point on the P -axis to

exist: (i) c3 < 0 and c2 > 0 and (ii) c3 > 0 and c2 < 0.
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Figure 4.8: Schematic depicting feasible phase portraits and bifurcation scenarios: a
solid circle denotes a stable fixed point, a plus sign denotes a saddle, and a hollow circle
denotes an unstable node. Note that phase portraits are labelled based on the number
of fixed points in them: ‘a-b’ has four, ‘c-d-e-f’ has three, ‘g-h-i-j’ has two and ‘k-l’ has
a single fixed point. Curves c1c2 = 2c3 and 2c1 = c3 are bifurcation boundaries between
phase portraits on either side of it. Conditions and examples of parameter combinations

corresponding to these phase portraits are provided in Table 4.2.

For case (i), c1 < 0 and c3 < 0 indicates that the origin is an unstable fixed point. P ∗ > 0

indicates that 2c1 − c3 < 0. Hence, (−c1, 0) is a stable fixed point. Now, S∗ > 0 indicates

2c3 − c1c2 < 0. Therefore, (0,−c3/c2) is also a stable fixed point. Finally, as discussed

earlier, (S∗, P ∗) is a saddle. Thus, we obtain phase portrait ‘a’ of Fig. 4.8.

For case (ii), c1 < 0 and c3 > 0 indicates that the origin is a saddle. Because P ∗ > 0,

(−c1, 0) is again a stable fixed point. By S∗ > 0 and c2 < 0, (0,−c3/c2) is now an unstable

fixed point. Finally, (S∗, P ∗) is a saddle. Thus, we obtain phase portrait ‘b’ of Fig. 4.8.
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We have reported the above and upcoming cases with their conditions in Table 4.2. In

what follows, we omit detailing stability since it is easy to infer using Tables 4.1 and 4.2.

Table 4.2: Conditions and examples of parameter combinations corresponding to phase
portraits in Fig. 4.8.

Figure c1 < 0 c2 < 0 c3 < 0 2c3 < c1c2 2c1 < c3 (c1, c2, c3), e.g.

(a) ✓ x ✓ ✓ ✓ (−1, 1/2,−1)

(b) ✓ ✓ x ✓ ✓ (−3,−1, 1)

(c) ✓ ✓ ✓ ✓ ✓ (−3,−1,−1)

(d) ✓ x ✓ x ✓ (−5, 1/2,−1)

(e) ✓ ✓ x x ✓ (−1,−1, 1)

(f) ✓ x ✓ ✓ x (−1, 1/2,−3)

(g) ✓ x x x ✓ (−1, 1/2, 1)

(h) ✓ ✓ ✓ ✓ x (−1/4,−1,−1)

(i) x x ✓ ✓ x (1, 1/2,−1)

(j) x ✓ x x x (1,−1, 1)

(k) x x x - - (1, 1/2, 1)

(l) x ✓ ✓ - - (3,−1,−1)

4.6.2.2 Three fixed points exist

Because (−c1, 0) exists when (S∗, P ∗) exists, there are two combinations of fixed points

that yield phase portraits with three fixed points including the origin: (i) (−c1, 0) and

(0,−c3/c2) and (ii) (−c1, 0) and (S∗, P ∗).

For case (i), there are again two cases for (0,−c3/c2) to exist: (1a) c3 > 0 and c2 < 0 and

(1b) c3 < 0 and c2 > 0. Then, for both of them, there are three cases for (S∗, P ∗) not to

exist, i.e., S∗ < 0, P ∗ < 0 or both. Both (S∗, P ∗) being negative is unimportant since the

physical space is the first quadrant, and the third quadrant can be approached from the

second or fourth quadrants, not affecting the system dynamics.

For case (1a), i.e., c3 > 0 and c2 < 0, these cases lead to the following.

1. S∗ < 0 and P ∗ > 0

We obtain phase portrait ‘e’ of Fig. 4.8.

2. S∗ > 0 and P ∗ < 0

2c1 > c3 contradicts c1 < 0, c3 > 0. Hence, this case is infeasible.
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For case (1b), i.e., c3 < 0 and c2 > 0, we obtain the following.

1. S∗ < 0 and P ∗ > 0

Phase portrait ‘d’ of Fig. 4.8 depicts the dynamics.

2. S∗ > 0 and P ∗ < 0

We obtain the phase portrait ‘f’ of Fig. 4.8.

Now, recall case (ii) with fixed points (−c1, 0) and (S∗, P ∗). Here,

S∗ > 0, P ∗ > 0 imply 2c3 < c1c2, 2c1 < c3, respectively.

Now, (0,−c3/c2) does not exist in two cases where c2 and c3 have the same sign. If both

are positive, then 2c3 < c1c2 is violated because c1 < 0. The other case then leads to the

phase portrait ‘c’ with a parameter set satisfying

c1 < 0, c2 < 0, c3 < 0, 2c3 < c1c2, 2c1 < c3.

Thus, we obtain four phase portraits (c-d-e-f) that consist of three fixed points.

4.6.2.3 Two fixed points exist

There are three possibilities as one of the three, i.e., (−c1, 0), (0,−c3/c2) and (S∗, P ∗),

should exist with the origin. However, (S∗, P ∗) does not exist without (−c1, 0). Hence,

there are two possibilities: either (−c1, 0) or (0,−c3/c2) exist.

Depending on the feasibility, we obtain four phase portraits (g-h-i-j) with two fixed points.

Complete reasoning for this case is provided in Appendix E to avoid repetitiveness.

4.6.2.4 Single fixed point exists

Only (0, 0) exists. (−c1, 0) does not exist when c1 > 0. That in turn vanishes (S∗, P ∗).

The remaining fixed point (0,−c3/c2) does not exist when c2 and c3 have the same sign.
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For positive c2 and c3, the origin is a stable fixed point and we obtain phase portrait ‘k’.

Then, for negative c2 and c3, we obtain phase portrait ‘l’ where the origin is a saddle.

Thus, we obtain two phase portraits (k-l) with a single fixed point.

We have obtained twelve feasible phase portraits shown in Fig. 4.8 covering the system

dynamics. We next examine the corresponding bifurcation structure.

4.6.3 Understanding the bifurcation structure

To depict the bifurcation scenario, we have arranged phase portraits in Fig. 4.8 in the

c1-c2 plane such that c3 decreases as we move away from the origin of the plane. By Eq.

(4.69), decrease in c3 denotes increase in the detuning parameter δ for ω > 1.

In the second quadrant of the c1-c2 plane, positive c3 yields phase portrait ‘g’: complete

stabilization with limit cycle oscillations of a secondary oscillator. Decreasing c3 to a

negative value leads to phase portrait ‘d’ where a saddle is born on the P -axis. Note

that complete stabilization is retained. With further decrease in c3, we cross 2c3 = c1c2

and obtain phase portrait ‘a’, where a saddle on the P -axis has become stable, and a

new fixed point (S∗, P ∗) has emerged. We obtain conditional stabilization for the primary

oscillator: initial conditions inside the basin of attraction for the stable node on the S-axis

lead to stabilization. With an even further decrease in c3, we approach c3 = 2c1, and the

size of the basin of attraction reduces. Upon crossing this boundary, the saddle (S∗, P ∗)

merges with the stable node on the S-axis, resulting in the phase portrait ‘f’ where the

only stable node available is on the P -axis. The primary oscillator cannot be stabilized

now. However, it approaches limit cycle oscillations which has some advantage over the

unbounded response of the uncoupled primary oscillator for small detuning. Here, the

subcritical bifurcation has changed to supercritical.

We now turn to the third quadrant of the c1-c2 plane. For large positive c3, phase portrait

‘e’ has a stable node on the S-axis. A saddle on the P -axis limits the stabilization.

Hence, we achieve bistability here. As we decrease c3, we approach 2c3 = c1c2. Crossing

this boundary, a saddle on the P -axis undergoes bifurcation; it becomes unstable and
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gives birth to a saddle (S∗, P ∗). Decreasing c3 to a negative value, the unstable node

on the P -axis merges with the origin, yielding it unstable. The primary system retains

bistability. Decreasing c3 further, we cross c3 = 2c1 and obtain phase portrait ‘h’. The

basin of attraction has vanished, leaving no stable node. The system becomes unstable

leading to unbounded solutions. Bounded solutions can only be obtained by incorporating

self-interruption [114] which has been left for future studies.

For the first and fourth quadrants of the c1-c2 plane, we find that a sign change in c3

causes bifurcation. In the first quadrant, the stable origin loses its stability and the stable

node is born on the P -axis. Since the primary oscillator shows a bounded response, the

bifurcation is supercritical. In the fourth quadrant, the primary system loses bistability,

and the system becomes completely unstable indicating a subcritical bifurcation. Again,

bounded solutions require incorporation of self-interruption.

The bifurcation investigation above reveals that the first and second quadrant of the c1-c2

plane yield supercritical bifurcation. Hence, the secondary oscillator’s parameters should

ensure

c2 = 1−

(
9
(
ω2 − ω2

p

)4
τ̄
(
ω2 − 1

)2
10β γ mω10

)
> 0, (4.74)

for advantageous performance. Among the phase portraits in the first and second quad-

rants with c3 < 0, ‘d’ is the most desirable since it offers complete stabilization. By Table

4.2, corresponding parameter set should satisfy

c1 < 0, c2 > 0, c3 < 0, 2c3 > c1c2, 2c1 < c3. (4.75)

The next favourable phase portrait is ‘a’, where conditional stabilization is possible. The

condition 2c3 > c1c2 is violated here. Note that this corresponds to further incursion in

the unstable regime. Then we are left with phase portraits ‘f’ and ‘i’. These two have

a similar steady-state response: the primary system approaches a limit cycle, and the

secondary oscillator’s free response gets quenched. In the next section, we will explore the

bifurcation scenario along the complete second stability lobe.
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4.7 Dynamics along the complete second stability lobe

Based on our multiple scales analysis presented earlier, which is valid for a segment cap-

tured by case-1 in Fig. 4.2 where ω > 1, a choice of ωp = 1.573 along with β = 1 ensures

c2 > 0 for the portion ω > 1 of the second lobe as shown in Fig. 4.9. Therefore, the

bifurcation is supercritical along this segment. As can be seen from Fig. 4.9, c1 is negative

throughout this portion, and hence, the second quadrant of the c1-c2 plane in Fig. 4.8

describes the bifurcation structure.

Figure 4.9: For 1 < ω < ωp, c1 < 0 and c2 > 0. Hence, the bifurcation along the case-1
segment of the second lobe is supercritical, and it follows the second quadrant of the c1-c2

plane in Fig. 4.8. Here, ε = 0.05,m = 1, c = 2, cv = 2, β = 1, ωp = 1.573.

The remaining segment of the second stability lobe in Fig. 4.2 involves cases 3a, 3b and

3c of section 4.3, all of which correspond to ω ≈ 1. For those segments, we investigate

the bifurcation scenario using the method of multiple scales as elaborated for case-1, but

with modified expressions for p and τ . We directly present simplified amplitude evolution

equations, omitting details of the analytical treatment for brevity. Note that, for case-2,

the primary oscillator provides resonant forcing to the secondary oscillator at the leading

order. Hence, corresponding scaling and the multiple scales treatment requires special

attention. We do not explore that here. To our benefit, the second lobe is majorly

captured by other cases for the present choice of ωp. Out of which, case-1 is explored

earlier and results for the other cases are presented next.
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4.7.1 Results for the multiple scales treatment for ω ≈ 1

In what follows, R and Q denotes leading order amplitudes as stated in Eqs. (4.46) and

(4.47) with ω = 1. Further, the transformed coordinates are

P =
R2

(ω2
p − 1)2

and S = Q2.

Finally, δ denotes corresponding detuning parameter.

4.7.1.1 Case-3a

Recall section 4.3.3.1. We introduce an O(ε) detuning in τ ; write

τ = τ̄ + ετ1 + ε2τ2 + εδ, (4.76)

and obtain the final amplitude evolution equations as

∂S

∂T1
= −βγ

4
(S + 2P + c1)S, (4.77)

∂P

∂T2
= − β γ m

4
(
ω2
p − 1

)2 (P + 2S + c3)P, (4.78)

where

c1 = − 4

β
, (4.79)

c3 = −
2
(
mωp

2 + 2ωp
2ω3 − 2ω3

) (
ω2
p − 1

)
δ

β γ m
. (4.80)

4.7.1.2 Case-3b

Recalling section 4.3.3.2, where τ̄ is indeterminate, we write

p = ε2p2 + ε2δ,
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and obtain

∂S

∂T1
= −βγ

4
(S + 2P + c1)S, (4.81)

∂P

∂T2
= − β γ m

4
(
ω2
p − 1

)2 (P + 2S + c3)P, (4.82)

with

c1 = − 4

β
, (4.83)

c3 =
4 δ sin(τ̄)

(
ω2
p − 1

)2
β γ m

. (4.84)

4.7.1.3 Case-3c

By section 4.3.3.3, p̄ is indeterminate. We perturb τ ; write

τ = τ̄ + ετ1 + ε2τ2 − ε2δ,

and obtain

∂S

∂T1
= −βγ

4
(S + 2P + c1)S, (4.85)

∂P

∂T2
= − β γ m

(p̄2τ̄2 + 4)
(
ω2
p − 1

)2 (P + 2S + c3)P, (4.86)

with

c1 = − 4

β
+

4

βγ

mωp
3p̄ sin (ωp τ̄)(

2p̄(ωp
2 − p̄− 1) cos (ωp τ̄) + 2 p̄2 + ωp

4 − 2ωp
2p̄

−2ωp
2 + 2 p̄+ 1

)
, (4.87)

c3 = −
4p̄ δ

(
ω2
p − 1

)2
β γ m

. (4.88)
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(a) p̄ = 0.25. (b) ω3 = 0.454.

(c) τ̄ = 10.568. (d) p̄ = 0.2.

Figure 4.10: Comparison of bifurcation boundaries obtained using DDE-BIFTOOL
[115, 116] (blue) and the multiple scales (black) results for all four cases corresponding to
the second stability lobe. Red stars denote the initiation of loss of contact. x-amplitude
from a DDE-BIFTOOL result is calculated using a point from the solution trajectory and
applying x = R sin(ϕ) and ẋ = Rω cos(ϕ). Parameter values are ε = 0.05,m = 1, c =
2, cv = 2, β = 1, ωp = 1.573. For case-1 and case-3b, δ is detuning in pcr. For cases 3a
and 3c, δ is detuning in τcr. See sections 4.3 and 4.7.1 for definitions of some parameters

mentioned here.

It can be noted from the above slow flow equations that c2 = 1 for all these cases. Hence,

all of them involve a supercritical bifurcation. We next verify these analytical findings

by comparing the bifurcation diagrams obtained from the method of multiple scales (blue

lines) for all the four cases corresponding to the second stability lobe against bifurcation

diagrams obtained using DDE-BIFTOOL [115, 116] (black lines) in Fig. 4.10. Solid and

dashed lines represent stable and unstable solutions, respectively. The match for case-1

and case-3a are good. The mismatch for cases 3b and 3c is because of the largeness of O(ε3)
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Figure 4.11: Comparison of DDE-BIFTOOL [115, 116] (blue) and the multiple scales
(black) results for cases 3b and 3c for small ε, demonstrating asymptotic validity of the

present analytical results.

correction in the Hopf point. That is evident from the difference in the value of δ at which

periodic solution emerges, where DDE-BIFTOOL results are also obtained using O(ε2)

approximations of the Hopf points. We present Fig. 4.11 showing the match for cases

3b and 3c for small ε and demonstrate the asymptotic validity of our approximations.

The initial unstable solution branch corresponds to the phase portrait ‘d’, where the

primary system is completely stabilized. Note that the supercritical branch turns around

and becomes unstable via a turning point bifurcation. Thus, unbounded solutions might

exist for large amplitude initial conditions for parameters in the stable regime, indicating

bistability. Further, because of this turning point bifurcation, only unbounded solutions

exist for large detuning. The present multiple-scale analyses have not captured these

aspects. However, solutions above red stars show loss of contact, i.e., negative depth of

cut or x− xτ < − 5
12 . Before those red stars, where the present analysis is valid, Fig. 4.10

indicates supercritical bifurcation for all cases as indicated by the multiple scales results.

As discussed earlier, the solutions above the red star are not correct for the physical system

and self-interruption is required to capture the correct behavior which has been left for

future work. We next discuss this in detail.
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4.7.2 Practical stability boundary for tool chatter along the second lobe

Amplitude evolution equations corresponding to all cases comprising the second stability

lobe take the form similar to Eqs. (4.70) and (4.71) obtained for case-1, where supercriti-

cality requires c2 > 0. Interestingly, these equations for cases 3a, 3b and 3c possess c2 = 1;

see section 4.7.1. Therefore, the bifurcation is supercritical at corresponding boundaries.

Because we have already demonstrated supercriticality for case-1, our analysis establishes

supercritical bifurcation along the complete second lobe of Fig. 4.2. Because of the super-

criticality, the loss of contact occurs mainly after the Hopf bifurcation. Hence, bistability

in the linearly stable regime is completely eliminated. This is an improvement since our

current cutting force model is based on the 3/4th power law for which Molnar et al. [117]

reported bistability till 6.5% below the linear stability boundary. Earlier, Habib et al. [62]

using NLTVA found supercritical bifurcation for some range of rotational speed and not

throughout the stability curve in their study. Their study, however, has the advantage

of a higher minimum p for the lobe since the secondary system is tuned and positively

damped. In the present study, the advantage gained is the supercriticality over the com-

plete second lobe. For a tuned absorber, cases corresponding to ω close to unity require

a separate investigation because the present analysis is not valid when ω is close to ωp.

We discuss this regime later in this chapter using results from DDE-BIFTOOL. Before

that, we discuss the stability boundary for our system corresponding to conditional and

unconditional appearance of tool chatter which can be viewed as the practical stability

boundary of the primary system.

We have shown in Fig. 4.9 that c1 < 0 for case-1. For cases 3a and 3b, c1 = − 4
β < 0. For

case-3c, p̄ = 0.1, 0.2, 0.3 yield c1 = −3.70,−3.373,−3.023, respectively, for the parameter

set considered in the present work with τ̄ = 4π. This indicates c1 < 0 for case-3c as

well. Hence, c1 < 0 for the complete second lobe. Therefore, the bifurcation structure

is explained by the second quadrant of the c1-c2 plane (Fig. 4.8). Figure 4.12 shows

bifurcation boundaries in the τ -p plane for segments of the second lobe corresponding to

different cases. Note that we have plotted O(ε2) approximation for the linear stability
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Figure 4.12: Bifurcation boundaries near different segments of the second lobe. Labels
in the subfigure of case-1 represent phase portraits shown in Fig. 4.8. Other cases follow
the identical bifurcation structure. Here, c3 = 0 represents linear stability boundary,
where O(ε2) approximations are plotted. Parameter values are ε = 0.05,m = 1, c =

2, cv = 2, β = 1, ωp = 1.573.

boundary, i.e., c3 = 0 curve shown by solid line. Labels in the subfigure of case-1 relate

to the corresponding phase portraits in Fig. 4.8. c1c2 = 2c3 and 2c1 = c3 represent

the bifurcation boundaries for the changing tool chatter dynamics for different values of

the detuning parameter δ. As mentioned earlier, the bifurcation structure is identical

for the other cases, where corresponding boundaries are c1 = 2c3 and 2c1 = c3 because

c2 = 1. We emphasize that after crossing the c3 = 0 curve, the equilibrium of the primary

system loses stability but chatter vibrations do not last and the primary system remains

stable. In contrast, the uncoupled primary system starts exhibiting large amplitude chatter
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vibrations immediately after crossing c3 = 0. With a further increase in δ, c3 becomes more

negative and only when we cross the c1c2 = 2c3 boundary, the unstable primary limit cycle

becomes stable with the appearance of an unstable (saddle) quasiperiodic solution. Hence,

chatter vibrations might appear depending on the initial disturbance and the primary

system has conditional stability. Finally, with an even further increase in δ, the 2c1 = c3

boundary is crossed wherein the unstable quasiperiodic solution merges with the stable

secondary limit cycle and makes it unstable. This results in the appearance of tool chatter

vibrations for any initial disturbance. Note that because of the turning point bifurcation

which is not captured in our slow flow equations, unbounded solutions exist for very large

detuning requiring incorporation of self-interruption for bounded solutions.

4.7.3 Effect of absorber parameters on criticality of bifurcation

For a supercritical bifurcation, the condition is c2 > 0 which by Eq. (4.68) implies that

9
(
ω2 − ω2

p

)4
τ̄
(
ω2 − 1

)2
10mγ βω10

< 1. (4.89)

Recalling that mγ = cv, we can note from the above that the linear and nonlinear damp-

ing coefficients of the absorber, cv and βcv, should be kept high to ensure supercriticality.

For higher lobes, i.e., high τ̄ , cv and β required is high as well. Here, higher β helps to

use lower cv denoting lower input energy because cv is the coefficient of negative damp-

ing in the secondary oscillator. Higher β indicates a smaller amplitude limit cycle for

the secondary oscillator because the amplitude of the uncoupled secondary oscillator is

inversely proportional to
√
β. The effect of β on the observed dynamics is best visualized

through the 2c3 = c1c2 boundary. Raising this boundary increases the unconditionally

stable regime for the primary system. However, the limit of stabilization of the primary

system is decided by the other boundary 2c1 = c3 that turns out to be independent of β.

Figure 4.13 shows regimes of c2 > 0 in the ωp-ω plane for different parameters. For ω

close to unity, Fig. 4.13 recommends low values of ωp to ensure supercriticality. However,

that yields c2 < 0 for large ω. We note that a large ω corresponds to a large p and small
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(a) (b)

Figure 4.13: Effect of (a) β and (b) τ̄ in ensuring supercriticality (c2 > 0). Other
parameter values are m = 1, c = 2, cv = 2, β = 1 (for (b)), τ̄ = 3π/ω (for (a)). By the

expression of c2, we understand that m and γ have a similar effect as β.

τ segment of the first stability lobe, i.e., stable high-speed operation. A large ωp provides

c2 > 0 for large ω. However, for the range of ω corresponding to the second stability

lobe, i.e., approximately 1 < ω < 1.5, a large ωp yields c2 < 0 for a large portion of the

stability boundary and hence, not recommended. Here, the band of ωp close to 1.4 is the

most appropriate to obtain supercriticality over the complete second lobe. Figure 4.13(a)

shows that an increase in β enlarges the regime for c2 > 0, indicating an increase in the

bandwidth of permissible ωp. Recalling the expression for c2 in Eq. (4.68), m and γ have a

similar effect as β. Hence, to allow a wider bandwidth of ωp, m and γ can be increased as

well. Figure 4.13(b) shows the effect of τ̄ . For the higher lobe, the c2 > 0 regime shrinks.

However, the corresponding range of ω for the higher stability lobes also decreases. By Fig.

4.13(b), ωp close to 1.4 or slightly lower than that will continue to provide supercriticality

over the complete boundary for higher lobes as well.

For completeness, we present contours of c1 = 0 for case-1 in Fig. 4.14 to observe the effect

of various parameters on regimes of positive and negative c1. Here, ωp = ω is a common

boundary independent of other parameters. Figure 4.14(a) shows that new regimes of

c1 > 0 emerge with an increase in m. Figure 4.14(b) shows that an increase in γ shrinks

the regime near ωp = ω with a new loop emerging near ω = 1.5. Finally, Fig. 4.14(c) shows

c1 > 0 regimes for different lobes. We observe that, for higher lobes, c1 > 0 regime near

ωp = ω shrinks slightly differently than in subplot (b), and new branches have emerged as
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(a) (b)

(c)

Figure 4.14: Effect of (a) m, (b) γ and (c) τ̄ on c1. Other parameter values are m = 1,
c = 2, cv = 2, β = 1, τ̄ = 3π/ω wherever kept constant.

well. Finally, by Eq. (4.67), c1 = 0 contours are independent of β. Figures 4.13 and 4.14

are useful to associate parameter regimes with different dynamics presented in the c1-c2

plane in Fig. 4.8.

Finally, the expression for c2 in terms of dimensional parameters is worth mentioning.

Using Eqs. (4.7) and (4.10), Eq. (4.68) can be written as

c2 = 1−

(
5(2N + 1)πM

(
Ω2 − Ω2

p

)4 (
Ω2 − ω2

n

)2
32f20 β̄ c̄vΩ

11

)
, (4.90)

where Ω and Ωp denote the (dimensional) Hopf frequency and the secondary oscillator’s

(dimensional) natural frequency, respectively. From the above equation, a higher value of

the product β̄c̄v is recommended to obtain supercriticality. Further, for lower M and N

(lobe number) and higher f0, the requirement on the product is lighter. Finally, the effect
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of Ωp is the same as that of the nondimensional frequency ωp because of the identical form

in the expression.

4.7.4 Tuning and other regimes of operation

In the preceding sections, we have elaborated dynamics for a nonresonant absorber with

a stable limit cycle response, and demonstrated supercriticality over the complete second

lobe. However, as shown in Fig. 4.15, a tuned absorber offers a significantly larger mini-

mum p in the linear stability curve. Here, ω and ωp are close to unity, which makes the

presented multiple scales analysis invalid. Therefore, we present numerical results for the

machine tool system with a nonlinear tuned absorber.

Figure 4.15: Stability curves for the system with tuned positively damped (solid black)
and untuned negatively damped (dotted blue) absorbers. cv < 0 denotes a positively

damped absorber. Parameter values are ε = 0.05,m = 1, c = 2.

A nonlinear tuned absorber is linearly positively damped, i.e., cv < 0. Depending on the

sign of nonlinear damping coefficient β, the absorber provides different responses:

1. cv and β both positive: stable limit cycle response,

2. cv negative and β positive: unstable limit cycle response,
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Figure 4.16: Nature of bifurcation along the second lobe for a nonlinear tuned absorber:
open circles denote supercritical bifurcation and solid circles denote subcritical bifurcation.

Parameter values are ε = 0.05,m = 1, c = 2, cv = −5.542, ωp = 1.037.

3. cv and β both negative: globally stable origin,

4. cv positive and β negative: unstable origin and destabilizing nonlinear damping.

We explore bifurcation scenarios for the tuned absorber with positive or negative β, hence,

exhibiting an unstable limit cycle or globally stable origin. Figure 4.16(a) shows the nature

of bifurcation along the second stability lobe with stabilizing nonlinear damping, i.e., β < 0

or globally stable origin. We generated the figure using the DDE-BIFTOOL package by

observing a small-amplitude periodic solution near the Hopf point. If the solution occurs

beyond the Hopf point, the bifurcation is supercritical. In the figure, open circles denote

supercritical bifurcation, and solid circles denote subcritical bifurcation. By Fig. 4.16(a),

we observe that a segment in the middle of the lobe exhibits subcritical bifurcation. Figure

4.16(b) shows that β > 0 yields supercritical bifurcation for that segment, where β > 0

denotes destabilizing nonlinear damping or unstable limit cycle response of the secondary

oscillator. Thus, the present system, when tuned, can offer supercriticality using stabilizing

or destabilizing nonlinear damping. Further, we numerically observe that small β > 0

helps to eliminate bistability in the case of an unstable limit cycle oscillator. Here, a large

amplitude stable limit cycle can be added surrounding the unstable limit cycle to limit

unbounded responses, forming a double limit cycle oscillator as our nonlinear vibration
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absorber. Further, for negative β, varying ωp shifts the subcritical segment of the tuned

stability lobe as shown in Fig. 4.17, where increasing (decreasing) ωp from the tuned value

shifts that segment to the left (right). Hence, for ωp far away from the tuned frequency,

that segment can be shifted beyond the corresponding double Hopf point, resulting in

supercritical bifurcation for the complete second lobe. Note that varying β < 0 does not

shift that segment as we have used β = −2 in Fig. 4.17 and β = −1 in Fig. 4.16(a).

Further, by Fig. 4.17, the effect of frequency ratio on the stability lobe is clearly seen, i.e.,

the second lobe shifts to the right with an increase in ωp.

To summarize, the untuned case can offer supercriticality for the complete second lobe, and

the tuned positively damped case can offer a better linear stability boundary with different

requirements for supercriticality along the curve. Thus, an optimization problem can be

set up to find the absorber parameters that yield a larger minimum p in the stability curve

and supercritical bifurcation along the complete lobe. We leave that analysis for future

work.

Figure 4.17: Nature of bifurcation along the second lobe for absorbers with different
ωp. Open circles denote supercritical bifurcation, and solid circles denote subcritical

bifurcation. Parameter values are ε = 0.05,m = 1, c = 2, cv = −5.542, β = −2.

We note that a friction-induced vibration oscillator (with an exponential friction model)

can offer the above-mentioned regimes of operation, namely, stable limit cycle response,

globally stable trivial solution and a double limit cycle response. Such potential limit cycle
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oscillators can be used to realize the results revealed in this study. We close the discussion

by pointing out that O(ε2) solution X1 in a stable regime may cause slight dissatisfaction

with the surface finish of a machined product. Future studies may shed some light on

such aspects. In view of the present study, the possibility of supercriticality eliminating

bistability in the linearly stable regime, offered by the use of a light, untuned limit cycle

oscillator, may attract the research community working on chatter suppression.

4.8 Conclusions

In light of suppressing regenerative chatter vibrations, we have studied the nonlinear dy-

namics of a primary machine tool system coupled with a secondary light and nonresonant

limit cycle oscillator. The attached system does not require precise tuning because of the

nonresonant characteristic. Using numerics, we demonstrated post-bifurcation bounded

responses of the primary oscillator, indicating supercritical bifurcation. Using the DDE-

BIFTOOL Matlab package, we showed that the present system with a typical parameter

set shows supercritical bifurcation compared to subcritical bifurcation for a system with a

TMD. To understand the complete bifurcation scenario, we used a second-order approx-

imation of a Hopf point and applied the method of multiple scales. Amplitude evolu-

tion equations decouple from the relative phase because of the nonresonant characteristic.

Therefore, the analysis is reduced to that of a two-dimensional ODE from that of the

infinite-dimensional delay differential equation. That system of ODEs is further simplified

using a transformation where we find that essentially three parameters, c1, c2 and c3, gov-

ern the system dynamics. These parameters are functions of system parameters, including

the frequency ω corresponding to a Hopf bifurcation. We explore the final simplified sys-

tem and find corresponding fixed points, their stability and twelve feasible phase portraits.

The bifurcation scenario is pictured by observing the phase portraits and corresponding

conditions. We find that c2 > 0 provides supercritical bifurcation. For the frequency ratio

ωp = 1.573, a nonresonant value, we find that supercriticality (c2 > 0) is offered for the
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complete second lobe. The expression for c2 shows that a higher negative damping pa-

rameter cv helps in attaining c2 > 0. The parameter governing nonlinear damping β plays

an important role in raising the unconditional stability limit post-bifurcation. However,

the final boundary indicating supercritical bifurcation is found to be independent of β.

Finally, we note that the stable branch emerged by supercritical bifurcation turns around

via turning point bifurcation, resulting in a larger amplitude unstable branch and leaving

no stable solution for higher detuning. However, loss of contact may occur before the

turned branch enters the stable regime. That will completely eliminate the bistability in

the linearly stable regime.

We note that the limit cycle oscillator operating in regime-2 possessing a double limit

cycle might provide an even richer set of possible system behavior and that study has

been left for future work. Instead, we now focus on an alternate case of a nonresonant

interaction in a parametrically excited system where the frequency of excitation and the

natural frequency of the system are nonresonant. Note that such a situation is encountered

in a real quadrupole ion trap, where two frequencies involved are: a parametric forcing

frequency and an ion’s secular frequency.



Chapter 5

Quadrupole ion trap with dipolar

DC excitation: Motivation,

nonlinear dynamics, and simple

formulas

In this chapter, we study nonresonant interactions relevant to the dynamics of a trapped

ion in a mass spectrometer under the action of both the usual quadrupolar RF as well

as dipolar DC excitation. The relevant governing equation, derived from electrostatic

field calculations for realistic geometries, is an inhomogeneous Mathieu equation with a

constant along with a quadratic term on the right hand side. Here, two frequencies involved

are the frequency of the parametric forcing and the secular frequency characterizing the

ion. When these frequencies have no special rational relationship, a nonresonant scenario

arises, which is the primary interest in this thesis.

An early paper by Plass [7] examined the case without the quadratic term using variation

of parameters. Here we note a significantly simpler particular solution than used by Plass,

include the quadratic term, and develop a second order averaging based approximation,

110
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where we do not assume any resonance and consider (nondimensional) secular frequencies

away from 1, 2/3, etc. The averaging results show that a particular underlying simple

periodic solution is stable. We then show that a two-frequency approximation matches

that solution well for practical purposes. Finally, we present and validate an easy itera-

tive calculation for obtaining that two-frequency solution, and quantify the effect of the

quadratic nonlinearity. This study has been published as [85].

I acknowledge Prof. A. K. Mohanty for his contributions to this chapter. Specifically, for

writing sections 5.1, 5.2 and 5.4; performing BEM and other calculations; and preparing

figures in these sections. These portions are included in this thesis for completeness,

because they also appear in [85]. My own academic contribution to this work is given

primarily in section 5.3.

5.1 Introduction

In this chapter, we study ion dynamics in an ion trap mass spectrometer with hyperboloid

shaped electrodes with a combination of quadrupolar RF and dipolar DC excitation. In

particular, the addition of dipolar excitation introduces interesting and useful new behavior

in the ion dynamics.

The earliest ion trap mass spectrometers [124, 125] used only quadrupolar excitation. Both

the endcaps of the quadrupole ion trap were grounded in such instruments. Subsequently,

dipolar AC excitation [124] was used for resonance ejection. This resulted in higher reso-

lution in the mass spectrum. More recently, dipolar DC excitation (DDC) has been used

to provide enhanced functionalities in ion trap mass spectrometers. The two main uses

of dipolar DC excitation are collision induced dissociation (CID) and DC tomography

[7, 126–128].

In CID, as demonstrated by Lammert, Cooks, and coworkers, a dipolar DC voltage is

used to move the trapped ion cloud away from the trapping centre, thereby increasing

significantly the amplitude of micromotion and the kinetic energy of each ion. This allows
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the collisions involving the trapped ions to cause greater dissociation of the ions and neutral

molecules into ion fragments that are of analytical interest. More recently McLuckey and

coworkers [129–134] have used CID for detailed mass analysis of biomolecules.

In DC tomography, the increased amplitude of micromotion caused by a dipolar DC field

raises the effective temperature of ions. This allows the selective ejection of certain species

[135–137] of ions to enhance the sensitivity of ion detection.

A mathematical treatment of dipolar DC excitation has been given by Plass [7] using

Mathieu functions. The present work aims to add to the mathematical understanding

of dipolar DC excitation in two ways. First, Plass only examines the case of a constant

dipolar field. In reality, the dipolar field has a significant quadratic component which is

explicitly taken into account in the present work. Second, even for a constant dipolar field,

which results in a Mathieu equation with a constant right hand side, there is a simple

periodic solution that has no secular frequency component. Plass does not notice this

simpler choice of particular solution. This periodic solution leads to simplified formulae

for practical DDC calculations.

5.2 Governing equation from ion trap theory
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Figure 5.1: Cross section of an axisymmetric QIT with combined quadrupolar and
dipolar excitations.
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A truncated Quadrupole Ion Trap (QIT) [124, 125] is shown in Fig. 5.1. There are holes

in the endcaps for the introduction of the analyte and the exit of the ions. The parameters

r0 and z0 determine the size of the trap. The hole radius rh is small compared to r0.

Even though a practical QIT must be truncated and must have holes in the endcaps, for

simplest understanding the QIT can be regarded as being defined by the two distances r0,

and z0. It is often the case that z0 = r0/
√
2, but as Knight [138] has pointed out, this is

not strictly necessary. The quantity A = z0/r0 is called the aspect ratio of the QIT in the

present work. In addition to the usual quadrupolar excitation required for trapping, there

is provision for DC dipolar excitation.

5.2.1 Quadrupolar field
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(a) (b)

Figure 5.2: (a) Outline of a QIT with quadrupolar excitation. (b) Ez in a QIT with
unit quadrupolar excitation.

For the quadrupolar excitation shown in Fig. 5.2(a), the z component of the electric field

on the z axis is of the form

Ez,Q(z) = VQez,Q(z), (5.1)

where ez,Q for the QIT with hole has been computed numerically using the Boundary

Element Method (BEM) [139]. It is plotted as the dotted curve in Fig. 5.2(b). In the
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absence of the hole, and with no truncation, it would have been of the form [124]

ez,Q(z) =


4z

r20 + 2z20
if |z| < z0,

0 if |z| > z0.

(5.2)

The ideal ez,Q is plotted as the solid curve in Fig. 5.2(b).

The quadrupolar excitation is of the form

VQ = UDC + VRF cos(ωt).

Here ω = 2πf , f being the quadrupolar drive frequency.

5.2.2 Dipolar field
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Figure 5.3: (a) Outline of a QIT with dipolar excitation. (b) Ez in a QIT with unit
dipolar excitation.

Unlike Eq. (5.2) which describes the Ez due to quadrupolar excitation, there is no simple

formula for the Ez due to dipolar excitation. A numerical investigation using the BEM

is used to characterize the dipolar field. For a QIT with r0 = 1 cm, and z0 = r0/
√
2, Fig.

5.3(b) shows the dipolar field per unit potential. It shows that the dipolar field is not
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Figure 5.4: Comparison of the quadratic fit of Eq. (5.3) with the original dipolar Ez

over |z| < 0.75z0.

constant as z changes. Close to the trapping centre, the field has approximately parabolic

variation. As Fig. 5.4 shows, for |z| < 0.75z0, the dipolar field per unit potential can be

approximated very well by a quadratic in z,

Ez,D(z) = VDez,D(z),

where dimensional analysis shows that ez,D(z), the dipolar field per unit potential, must

be of the form

ez,D(z) ≈
ψ

2z0

[
1 + κ

(
z

z0

)2
]
, (5.3)

where again, ψ and κ are dimensionless numbers that depend only on the aspect ratio

A = z0/r0. For the commonly used aspect ratio A = z0/r0 = 1/
√
2, a least-squares fit

over |z| ≤ 0.75z0 yields ψ = 0.80527 and κ = 0.72939. For other aspect ratios the same

process can be used to determine ψ and κ.

For the range of aspect ratios 0.4 ≤ A ≤ 1.0, which is likely to cover all practical QITs, ψ

and κ can be calculated with error magnitudes less than 10−4 by the following expressions

that were obtained by degree least-squares fits:

ψ ≈ −0.029372A4 + 0.328635A3 − 0.761063A2 + 0.364329A+ 0.819347,
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and

κ ≈ 0.1279A4 − 1.1164A3 + 3.2222A2 − 1.7530A+ 0.7206.

Figures 5.5(a) and 5.5(b) show the validity of these fits against ψ and κ values obtained

by accurate BEM calculations.

(a) (b)

Figure 5.5: (a) ψ as a function of the aspect ratio z0/r0. (b) κ as a function of the
aspect ratio z0/r0.

5.2.3 Governing equation

For completeness, and for the interest of a general reader, the governing equation for axial

motion of an ion in a trap is now presented.

The equation of motion for an ion on the z axis is

m
d2z

dt2
= QEz(z) = Q (VQez,Q(z) + VDez,D(z)) , (5.4)

where m is the mass of the ion and Q its charge. Ez(z), the electric field on the z axis,

can be expressed as a sum of the quadrupolar and dipolar contributions. In the interval
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|z| < 0.75z0, we use the quadratic approximation for the dipolar field.

Ez(z) = VQez,Q(z) + VDez,D(z) =

[
UDC + VRF cos(ωt)

]
4z

r20 + 2z20

+ VD
ψ

2z0

[
1 + κ

(
z

z0

)2
]
. (5.5)

Substituting Eq. (5.5) in Eq. (5.4), dividing both sides by m, and moving the quadrupolar,

i.e., linear part to the left hand side, we obtain

d2z

dt2
− Q

m

[
UDC + VRF cos(ωt)

]
4z

r20 + 2z20
=

Q

m
VD

ψ

2z0

[
1 + κ

(
z

z0

)2
]
. (5.6)

To transform the left hand side to the Mathieu form, we use the independent variable

ξ =
ωt

2
,

yielding

d2z

dξ2
+

[
− 16QUDC

m(r20 + 2z20)ω
2
− 2

8QVRF

m(r20 + 2z20)ω
2
cos(2ξ)

]
z

=
2QVD
mz0ω2

ψ

[
1 + κ

(
z

z0

)2
]
. (5.7)

The coefficient of z in the LHS can be written in the form (a− 2q cos(2ξ)), if one uses

a = − 16QUDC

m(r20 + 2z20)ω
2

and

q =
8QVRF

m(r20 + 2z20)ω
2
.

Then Eq. (5.7) can be written in terms of the Mathieu parameters a and q as

d2z

dξ2
+ [a− 2q cos(2ξ)]z =

2QVD
mz0ω2

ψ

[
1 + κ

(
z

z0

)2
]
. (5.8)

The LHS is now in the form of a standard Mathieu equation. The RHS has a quadratic
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dependence on z. Since the LHS has the dimension of length, the term
2QVD
mz0ω2

on the

RHS also has the dimension of length. Dividing both sides of Eq. (5.8) by z0, one obtains,

d2ζ

dξ2
+ [a− 2q cos(2ξ)]ζ =

2QVD
mz20ω

2
ψ(1 + κζ2), (5.9)

where

ζ =
z

z0
.

Now the term
2QVD
mz20ω

2
is dimensionless. Let

µ =
2QVD
mz20ω

2
ψ,

so that

d2ζ

dξ2
+ [a− 2q cos(2ξ)]ζ = µ(1 + κζ2). (5.10)

We now have a nonlinear inhmogeneous Mathieu equation with a quadratic right hand

side (RHS). All quantities appearing in this equation, namely ζ, ξ, a, q, µ, and κ, are

dimensionless. While it may be possible to discuss Eq. (5.10) for |ζ| > 1, only the range

|ζ| < 1, or even |ζ| < 0.75, is of practical interest in connection with DC dipolar excitation.

This is because the holes in the endcaps weaken the field significantly beyond |ζ| > 0.75.

With this motivation, we proceed with an analysis of Eq. (5.10).

5.3 Analytical treatment

As mentioned earlier, the two foregoing sections were primarily written by Prof. A. K. Mohanty.

My own contribution to this work begins here.

We will examine the dynamics of Eq. (5.10) using the method of higher order averaging

[140]. Technically, because we work out the solutions using truncated series at each order,

this is an approximate implementation of higher order averaging. However, because the
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series expansions converge rapidly, it will be seen that the approximation is very good and

numerical solutions will show an excellent match.

For reasons of familiarity, we replace the nonlinearity coefficient κ with a small bookkeeping

parameter ε. We then introduce an even smaller damping term, of O(ε2), through an O(1)

parameter η to obtain

ζ ′′ + ε2ηζ ′ − 2q cos(2ξ)ζ = µ
(
1 + εζ2

)
, (5.11)

where prime (′) denotes differentiation with respect to ξ. Here, we consider a = 0 and

take q to be O(1) and nonresonant (the meaning of “nonresonant” will be clear below).

Selection of the other parameter µ will be presented later in this section. At this point, we

observe that the ε = 0 or unperturbed equation is an inhomogeneous Mathieu equation

with a constant right hand side; at first order in ε there is a quadratic nonlinearity that is

not parametrically forced; and at second order in ε we have a small amount of damping

intended to reveal steady state behavior.

5.3.1 Relevant literature

Perturbation analyses of weakly nonlinear homogeneous Mathieu equations have regularly

appeared in nonlinear vibrations literature. We review some related articles below, and

point out ways in which our analysis has new elements.

If the amplitude of the parametric term in the Mathieu equation is small, i.e., q is small,

then direct application of perturbation methods is routine [70–72]. Notable among such

papers, using the method of multiple scales, Zavodney and Nayfeh [70] studied a damped

single-degree-of-freedom (SDOF) system with a small parametric term and quadratic and

cubic nonlinearities near the fundamental parametric resonance. They found that the

parametric excitation and the damping should be higher and lower than their respective

threshold values to excite the resonance; some other aspects of the dynamics were studied

and bifurcation diagrams were provided. In the MEMS area, Rhoads et al. [71] studied
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a damped, parametrically excited system with a cubic nonlinearity. Averaged equations

near the principal parametric resonance were found, and stability and bifurcations of

steady state solutions were examined using frequency response curves. Younesian et al.

[72] listed several studies of the Mathieu equation published between 1993 to 2003, and

not all of those papers had small q; the papers therein which had large q will be discussed

separately below. Here we note that Younesian et al.’s own study of periodic solutions

was of a generalized Mathieu equation with small q.

The above studies deal with nonlinear and homogeneous, or unforced, Mathieu equations.

Nonlinear inhomogeneous Mathieu equations arise due to external forcing. For example,

the effects of external periodic forcing, with various nonlinearities and resonant interac-

tions, were studied in [73–75]. We note that these studies also consider small q, and

the unperturbed equation was a simple harmonic oscillator in [74] and a periodically but

nonresonantly forced harmonic oscillator in [73, 75].

In contrast to the abovementioned studies with periodic excitation, our system has a

constant inhomogeneous term. In that context, we note [76] and [77]. In [76], there was

an inhomogeneous term, the system was piecewise linear, and the amplitude of parametric

excitation was small (i.e., small q again). Li et al. [77] presented an offbeat approximation

technique, a variant of the usual variation of parameters, for the linear Mathieu equation

with external periodic plus constant forcing. Their approach is difficult to generalize to

nonlinear systems. Moreover, it struggles when the magnitude of the parametric excitation

(i.e., our q) is large.

We now consider situations where the parametric forcing amplitude (our q) is not small.

Considering periodic solutions alone, Sevugarajan and Menon [78] used harmonic balance

approximations to seek transition curves of a nonlinear homogeneous Mathieu equation

wherein q is not small. We also mention here the work of Esmailzadeh and Nakhaie-jazar

[79], from the references given in [72]. This work [79] focused on periodic solutions of

the Mathieu-Duffing oscillator. In contrast to these two works, studies of the transient

dynamics of such weakly nonlinear systems typically use some version of either averaging
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or multiple scales. Expansions using periodic functions can be used for developing good

approximations in such cases, as initially presented in [80]. Applications to parameter

regimes relevant to mass spectrometers were presented before in [81–83]. In [81, 82], the

approximate averaging calculation was carried out to first order only; attention was paid to

near-resonant situations; q was not small; and the nonlinearity was small. In [81], external

periodic forcing was included as well. Rajanbabu et al. [83] applied similar series-aided

multiple scales calculations up to second order to elucidate ion dynamics near a stability

boundary (i.e., near-resonant) [141]. In their work the nonlinearity was small, but q was

not small; and the unperturbed equation was homogeneous.

We mention the works of Mahmoud [142, 143], of which the first paper studies small q, but

the second one treats a homogeneous but strongly nonlinear Mathieu equation (i.e., large q)

to obtain periodic solutions using a modified version of his generalized averaging1 method

[144]. As emphasized above, we include nonhomogeneous terms, have weak nonlinearity,

and study transient motions.

We close this literature review by noting two more papers, [145] and [146]. In these works,

an externally forced, damped Mathieu oscillator with, respectively, cubic and quadratic

plus cubic nonlinearities, was examined using the method of varying amplitudes (see foot-

note 1). The method is similar to the harmonic balance method except that the coefficients

therein are considered time-dependent. Additionally, in [145], q was assumed small within

perturbation solutions that were used to compare with the corresponding “new” solutions

proposed in the paper.

As is clear from the foregoing survey of the literature, there is no formal averaging-based

or similar analysis of a weakly nonlinear Mathieu equation with a constant inhomogeneous

term and large q. In [81, 82], there was analysis that is similar to ours, except we have

the inhomogeneous term with a specific mass-spectrometric application in mind; and we

carry the calculation out to more terms in the expansion and up to second order in the

expansion parameter. As will be seen below, the final approximation results we obtain

1 Such methods, which do not require the expansion parameter to be small, can sometimes give very
good results although they are not asymptotic methods.
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yield an extremely good qualitative match with full numerical solutions: no comparable

match of such a system has been presented in the literature before.

We now begin our analytical treatment of Eq. (5.11), where we use the software package

Maple to handle lengthy intermediate expressions. In a later section, we will also develop

simpler approximate working formulas for practicing mass-spectrometry researchers.

5.3.2 Solution of the unperturbed equation

By Eq. (5.11), the unperturbed equation is

ζ ′′ − 2q cos(2ξ)ζ = µ. (5.12)

We represent the general solution of Eq. (5.12) as

ζ = Aϕ1(ξ) +Bϕ2(ξ) + χ(ξ), (5.13)

where ϕ1(ξ), ϕ2(ξ) and χ(ξ) are functions to be determined, and A and B are constants

determined from initial conditions. Functions ϕ1(ξ) and ϕ2(ξ) constitute a complementary

solution; and χ(ξ) represents a particular integral. For compact presentation, we suppress

ξ-dependence of the functions in further calculations. We first find ϕ1 and ϕ2. We know

that ϕ1 and ϕ2 satisfy

ϕ′′1 − 2q cos(2ξ)ϕ1 = 0 and ϕ′′2 − 2q cos(2ξ)ϕ2 = 0. (5.14)

Following [81], we consider

ϕ1 =

j=N∑
j=−N

Cj cos((β + 2j)ξ) and ϕ2 =

j=N∑
j=−N

Sj sin((β + 2j)ξ), (5.15)

where the coefficients Cj and Sj and the frequency β are functions of q, and converge

rapidly with increasing N within the approximation. Although we technically require

N → ∞, rapid convergence allows us to use an intermediate value of N [81, 82, 147, 148].
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We substitute ϕ1 from Eq. (5.15) in the first equation of Eq. (5.14). The resulting left

hand side is then simplified, and the coefficients of cos((β + 2j)ξ) with −N ≤ j ≤ N , are

set to zero. The obtained system of 2N +1 equations is arranged in matrix form, Mx = 0,

where Mij is the coefficient of Cj in the ith equation, and the column matrix x contains

the unknowns Cj . For a non-trivial solution of x, we require det(M) = 0, which results

in a characteristic equation in terms of q and β. We solve the characteristic equation

numerically and obtain a fit2 for q in terms of β as

q = 0.9060864 sin

(
βπ

2

)
− 0.0019439 sin

(
3βπ

2

)
. (5.16)

The excellent match of the numerical solution of the characteristic equation with the

Figure 5.6: Comparison of numerical solution of the characteristic equation (det(M) = 0
for N = 5) and the fitted Eq. (5.16). The error is about 0.00002.

fitted (5.16) is shown in Fig. 5.6. We observe that multiple β exist for a given q. How-

ever, we consider β ∈ (0, 1) because the infinite series underlying the assumed solution

of (5.15) remains unchanged upon replacing β with ±β ± 2k for any integer k. With the

approximation (5.16), we henceforth treat β as our free parameter instead of q.

2Physically, e.g., in a laboratory, we set q and β is determined as a result. For analytical work, it is
simpler to choose a β of interest and then compute the required q. In terms of results obtained, there is
no difference.
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Having determined q as a function of β, in the interest of shorter expressions, we henceforth

use N = 4 instead of N = 5. Accuracy remains very high. Next, we temporarily set C0 = 1

in the new system Mx = 0 (i.e., for N = 4); ignore the row corresponding to cos(βξ), and

solve for the remaining Cj . The expressions of Cj at this point are provided in Appendix

F. Since the coefficients Cj vary quite a lot with β, we finally normalize these coefficients

such that ∥C∥2 = 1, i.e.,
j=N∑
j=−N

C2
j = 1.

Finally, for ϕ2, we note that the system of equations Mx = 0 remains the same with x

containing Sj . Therefore, Sj = Cj . We have now determined the complementary solution

to high accuracy using our truncated series.

By Eq. (5.12), the particular integral χ satisfies

χ′′ − 2q cos(2ξ)χ = µ. (5.17)

As mentioned earlier, Plass [7] did not notice the simple particular integral we use below.

He used the method of variation of parameters to compute a formally valid, but less trans-

parent, particular integral. Here, we directly use the Fourier series-based approximation

χ = µ

k=N∑
k=0

Dk cos(2kξ), (5.18)

where the coefficients Dk are, again, functions of β. We substitute Eq. (5.18) in (5.17),

and simplify the resulting equation. The coefficients of the trigonometric terms cos(2kξ)

with 1 ≤ k ≤ N , are then set to zero, and a constant term in the expression is equated to

unity (to be subsequently scaled by the constant µ that we will choose). We thus obtain

N + 1 equations, which can be easily solved for Dk. The expressions of Dk are provided

in Appendix F for N = 4. Having obtained Dk, we will adjust µ such that µ∥D∥2 = 0.5.

This choice of µ is appropriate as |ζ| < 0.75 is of practical interest.

At this point, we have obtained functions ϕ1(ξ), ϕ2(ξ) and χ(ξ) explicitly, and thus a

general solution (5.13). We next proceed with the method of higher order averaging.
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5.3.3 Higher order averaging

Following the general solution (5.13) of the unperturbed equation, we express the solution

of the nonlinear Eq. (5.11) as

ζ = A(ξ)ϕ1(ξ) +B(ξ)ϕ2(ξ) + χ(ξ). (5.19)

We further adopt the constraint equation

ζ ′ = A(ξ)ϕ′1(ξ) +B(ξ)ϕ′2(ξ) + χ′(ξ), (5.20)

which is a routine step in the method of variation of parameters. For brevity of presenta-

tion, we again suppress the ξ-dependence of various quantities in further calculations. By

Eqs. (5.19) and (5.20), we obtain

A′ϕ1 +B′ϕ2 = 0. (5.21)

Substituting Eqs. (5.19) and (5.20) in (5.11), we obtain

Aϕ′′1 +Bϕ′′2 + χ′′ +A′ϕ′1 +B′ϕ′2 + ε2η
(
Aϕ′1 +Bϕ′2 + χ′)

− 2q cos(2ξ) (Aϕ1 +Bϕ2 + χ) = µ+ εµ (Aϕ1 +Bϕ2 + χ)2 , (5.22)

where Eq. (5.21) is imposed. Recalling Eqs. (5.14) and (5.17), Eq. (5.22) reduces to

A′ϕ′1 +B′ϕ′2 + ε2η
(
Aϕ′1 +Bϕ′2 + χ′) = εµ (Aϕ1 +Bϕ2 + χ)2 . (5.23)

Solving Eqs. (5.21) and (5.23) for A′ and B′, we obtain equations ready for averaging,

A′ = −εϕ2
∆

[
µ(Aϕ1 +Bϕ2 + χ)2 − εη(Aϕ′1 +Bϕ′2 + χ′)

]
(5.24)

and

B′ =
εϕ1
∆

[
µ(Aϕ1 +Bϕ2 + χ)2 − εη(Aϕ′1 +Bϕ′2 + χ′)

]
, (5.25)
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where ∆ = ϕ1ϕ
′
2 − ϕ2ϕ

′
1 turns out to be a β-dependent constant, independent of ξ. We

introduce the near-identity transformation (NIT)

A = Ā(ξ) + εW1(Ā, B̄, ξ) + ε2W2(Ā, B̄, ξ),

B = B̄(ξ) + εV1(Ā, B̄, ξ) + ε2V2(Ā, B̄, ξ),

(5.26)

where the W ’s and V ’s are to be determined successively as the calculation proceeds,

such that rapid oscillatory behavior in Ā and B̄ are eliminated. In the calculations, for

brevity of presentation, we suppress the dependency of the W ’s and V ’s on Ā, B̄ and ξ.

Differentiating the NIT (5.26) with respect to time ξ, we obtain

A′ = Ā′ + ε

(
∂W1

∂ξ
+
∂W1

∂Ā
Ā′ +

∂W1

∂B̄
B̄′
)
+ ε2

(
∂W2

∂ξ
+
∂W2

∂Ā
Ā′ +

∂W2

∂B̄
B̄′
)
,

B′ = B̄′ + ε

(
∂V1
∂ξ

+
∂V1
∂Ā

Ā′ +
∂V1
∂B̄

B̄′
)
+ ε2

(
∂V2
∂ξ

+
∂V2
∂Ā

Ā′ +
∂V2
∂B̄

B̄′
)
.

(5.27)

By Eqs. (5.24), (5.25) and (5.27), we conclude that Ā′ and B̄′ are O(ε). Therefore, we

write

Ā′ = εX1 + ε2X2,

B̄′ = εY1 + ε2Y2,

(5.28)

where X1, X2, Y1 and Y2 are yet to be determined functions of Ā and B̄. Substituting

Eqs. (5.28) in (5.27), we obtain

A′ = ε

(
X1 +

∂W1

∂ξ

)
+ ε2

(
X2 +

∂W2

∂ξ
+
∂W1

∂Ā
X1 +

∂W1

∂B̄
Y1

)
+O(ε3) (5.29)

and

B′ = ε

(
Y1 +

∂V1
∂ξ

)
+ ε2

(
Y2 +

∂V2
∂ξ

+
∂V1
∂Ā

X1 +
∂V1
∂B̄

Y1

)
+O(ε3). (5.30)

By the NIT (5.26) and Eqs. (5.29) and (5.30), we eliminate A, B, A′ and B′ from Eqs.

(5.24) and (5.25). The resulting equations are now ready to be treated in successive orders

of the small parameter ε.
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The O(ε) equations are

X1 +
∂W1

∂ξ
= −µϕ2

∆

(
Ā2ϕ21 + B̄2ϕ22 + χ2 + 2ĀB̄ϕ1ϕ2 + 2Āϕ1χ+ 2B̄ϕ2χ

)
(5.31)

and

Y1 +
∂V1
∂ξ

=
µϕ1
∆

(
Ā2ϕ21 + B̄2ϕ22 + χ2 + 2ĀB̄ϕ1ϕ2 + 2Āϕ1χ+ 2B̄ϕ2χ

)
. (5.32)

The trick now is to note that W1 and V1 involve only partial derivatives with respect to

ξ. Therefore, for addressing Eqs. (5.31) and (5.32), we can effectively think of Ā and

B̄ as variables that are independent of ξ. X1 and Y1 can now be chosen to balance the

non-zero ξ-averages of the right hand sides of Eqs. (5.31) and (5.32), respectively; and the

zero-mean oscillating parts of these right hand sides can be assigned to
∂W1

∂ξ
and

∂V1
∂ξ

.

This determinesW1 and V1; but at the next order, similar simplifying steps can be applied

using W2 and V2. In this way, the averaging calculation can in principle be extended to

any desired order.

On computing the non-zero ξ-averages of the right hand sides of Eqs. (5.31) and (5.32), we

find that ϕ22χ and ϕ21χ are the only terms that make any contributions. We thus obtain,

at first order in ε,

X1 = µc1B̄ and Y1 = µc2Ā, (5.33)

where c1 and c2 depend on β alone, and are plotted in Fig. 5.7. Expressions for c1 and

c2 are provided in Appendix G. Observing those expressions and recalling Sj = Cj , we

confirm that c1 = −c2. We further note that these coefficients, being bounded for β away

from 0 and 1, do not indicate any role of resonance. First order averaging is now complete.

The role of resonance will be seen at the next order in ε.

We now substitute Eq. (5.33) in Eqs. (5.31) and (5.32), and obtain expression for
∂W1

∂ξ

and
∂V1
∂ξ

. We analytically integrate those expressions with respect to ξ treating Ā and

B̄ as constants, because of the partial derivative. That integration yields the zero-mean

oscillating parts W1 and V1. Because the expressions for W1 and V1 are lengthy, and



Chapter 5. Quadrupole ion trap with dipolar DC excitation 128

Figure 5.7: Variation of the O(ε) slow flow coefficients c1 and c2 with β.

because these quantities themselves only play an intermediate role in the calculation, we

avoid writing them out in the interest of brevity. We do mention, however, thatW1 and V1

both depend on Ā, B̄, β, ξ, as well as the quantity µ which has previously been determined

as a function of β (recall the discussion following Eq. (5.18)).

We are now ready for second order averaging. We proceed with the O(ε2) equations

X2 +
∂W2

∂ξ
+
∂W1

∂Ā
X1 +

∂W1

∂B̄
Y1 = −µϕ2

∆

(
2ĀW1ϕ

2
1 + 2(ĀV1 + B̄W1)ϕ1ϕ2

+2B̄V1ϕ
2
2 + 2W1ϕ1χ+ 2V1ϕ2χ

)
+
ϕ2
∆

(
Āηϕ′1 + B̄ηϕ′2

)
(5.34)

and

Y2 +
∂V2
∂ξ

+
∂V1
∂Ā

X1 +
∂V1
∂B̄

Y1 =
µϕ1
∆

(
2ĀW1ϕ

2
1 + 2(ĀV1 + B̄W1)ϕ1ϕ2

+2B̄V1ϕ
2
2 + 2W1ϕ1χ+ 2V1ϕ2χ

)
− ϕ1

∆

(
Āηϕ′1 + B̄ηϕ′2

)
. (5.35)

In the above two equations, we recall that left hand side terms involving partial derivatives

of W1 and V1 have zero-mean oscillating components only. X2 and Y2 above must balance

the non-zero averages of the right hand sides of Eqs. (5.34) and (5.35), respectively. Sub-

stituting the already-known W1 and V1, and finding averages of all the terms individually
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(using Maple), we finally obtain

X2 = µ2
(
α1Ā

2B̄ + α2B̄
3 + α3B̄

)
− α4ηĀ,

Y2 = µ2
(
γ1B̄

2Ā+ γ2Ā
3 + γ3Ā

)
− γ4ηB̄,

(5.36)

where αi and γi, with 1 ≤ i ≤ 4, depend on β and are plotted in Fig. 5.8. We note that

α1 = α2 = −γ1 = −γ2, α3 = −γ3, and α4 = γ4 = 0.5. (5.37)

Thus, there are only two new functions of β in Eq. (5.36). In what follows, we will write,

for simplicity,

c1 = c, α1 = α, and γ3 = γ. (5.38)

We note also that Fig. 5.8 further indicates a resonance point, β = 2/3. This resonance

was studied before in [81, 82], but only to first order3 and without the inhomogeneous

term; we will explore the resonant point in section 5.3.6. But we will first address in detail

the nonresonant case, i.e., β away from 2/3. The nonlinear nonresonant case has not been

discussed in the literature at all.

By Eqs. (5.28), (5.33) and (5.36), we obtain the slow flow (recall Eqs. (5.37) and (5.38))

Ā′ = ε(µcB̄) + ε2
(
µ2{α(Ā2 + B̄2)− γ}B̄ − 0.5ηĀ

)
,

B̄′ = −ε(µcĀ) + ε2
(
−µ2{α(Ā2 + B̄2)− γ}Ā− 0.5ηB̄

)
.

(5.39)

We now demonstrate its match with a corresponding response by the original equation.

5.3.4 Numerical validation

We consider the arbitrarily chosen β = 0.542, a nonresonant value, to illustrate the va-

lidity of the slow flow, Eqs. (5.39). We first find q = 0.6804671 by Eq. (5.16). Unscaled

coefficients Cj are then found using the expressions in Appendix F. Normalizing them such

3With parametric excitation of the quadratic nonlinear term, which we do not have here, the resonance
is felt at first order.
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Figure 5.8: Variation of the O(ε2) slow flow coefficients αi and γi with β, where 1 ≤
i ≤ 4.

that ∥C∥2 = 1, we obtain

C−4 = 0.0000049, C−3 = −0.0004015, C−2 = 0.0175720, C−1 = −0.3083887,

C0 = 0.9458276, C1 = −0.0999338, C2 = 0.0032980, C3 = −0.0000524,

C4 = 0.0000005.

We recall Sj = Cj . By Eq. (5.15), the homogeneous solutions ϕ1 and ϕ2 are now known.

By expressions for Dk in Appendix F, we obtain

D0 = 4.2880482, D1 = −1.4695787, D2 = 0.0625503, D3 = −0.0011825,

D4 = 0.0000126.
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We then adjust the particular solution amplitude to 0.5, i.e., µ∥D∥2 = 0.5, which yields

µ = 0.1103. With that, we now have integral χ given by Eq. (5.18). Finally, the coefficients

in the slow flow, Eq. (5.39), are found to be

c = −1.4484907, α = −4.2500961, and γ = 4.1775115.

Figure 5.9: Comparison of numerical solution of the system equation (5.11) and the
slow flow (5.39) with the change in coordinates according to Eqs. (5.19) and (5.26).

Figure 5.9 compares the response obtained from numerical integration of the system equa-

tion (5.11) and the slow flow (5.39) with Eq. (5.19) and the NIT (5.26). The match is

excellent. Figure 5.10 shows A-B phase portraits obtained from the numerical integration

of the slow flow (5.39) (left subplot), and that from the system equation (5.11) followed

by the change of coordinates as per Eqs. (5.19) and (5.20) (right subplot). We observe

that even in the A-B coordinates, the match is very good. Moreover, we see how the rapid

oscillations in A and B have been averaged out and the mean inward spiralling behavior

has been accurately captured. It is clear that the response finally goes to the origin in the

A-B plane, i.e., the solution eventually settles down to the particular solution χ. In other

words, the particular solution χ is stable. In this was, our choice of particular solution is

more useful than that proposed by Plass [7]. This stability of χ holds at other values of β
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Figure 5.10: Comparison of A-B phase portraits. The left subplot is obtained from
numerical integration of the slow flow (5.39), and the right subplot is obtained from that
of the system equation (5.11) followed by the coordinate change according to Eqs. (5.19)

and (5.20). Note that the trajectories are spiralling inward.

and for somewhat larger nonlinearity as well, e.g., see Fig. 5.11, where β is different, and

ε and µ are both larger. The corresponding numerical values are

q = 0.8448727, C−4 = 0.0000200, C−3 = −0.0012399, C−2 = 0.0402283,

C−1 = −0.4976745, C0 = 0.8611218, C1 = −0.0956910, C2 = 0.0035661,

C3 = −0.0000659, C4 = 0.0000007, D0 = 2.7705774, D1 = −1.1836102,

D2 = 0.0625776, D3 = −0.0014691, D4 = 0.0000194,

c = −2.0210604, α = −13.4060727, γ = −2.0854362.

We now turn to an analysis of the slow flow for general nonresonant β.

5.3.5 Response for a general β

We introduce the transformation

Ā = R cos θ and B̄ = R sin θ,
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Figure 5.11: Comparison of numerical solution of the system equation (5.11) and the
slow flow (5.39). The top figure compares the response as that in Fig. 5.9 and the bottom

figures compare the phase portraits as that in Fig. 5.10.

where R and θ are new coordinates that are functions of ξ. Equation (5.39) then yields

R′ = −ε
2ηR

2
, (5.40)

θ′ = −εµ
(
c+ εµ

(
αR2 − γ

))
. (5.41)

By Eq. (5.40), R decays to zero irrespective of the value of β, provided the averaged

equations are valid, i.e., whenever ε is small enough and β is away from 0, 1, and 2/3.

This shows our particular solution χ is stable for β away from 0, 1, and 2/3. For mass

spectrometric applications, a significant practical insight is that the shifted ion motion

under dipolar excitation has no components involving the secular frequency β. The motion,

although not purely harmonic, has the same period as the quadrupolar excitation.
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We now recall that Fig. 5.8 indicated a resonance at β = 2/3, and turn to examine that

resonance.

5.3.6 The resonance at β = 2/3

To perform the averaging analysis near the resonance frequency β = 2/3, we replace q in

Eq. (5.11) by (q∗ + εδ) to obtain

ζ ′′ + ε2ηζ ′ − 2(q∗ + εδ) cos(2ξ)ζ = µ
(
1 + εζ2

)
, (5.42)

where q∗ = 0.7846938 by Eq. (5.16), and δ denotes a detuning parameter. The averaging

calculation closely follows section 5.3.3, except that finding the nonzero averages of oscil-

lating quantities is now simpler because oscillations are periodic. The final slow flow takes

the form

Ā′ = ε
(
µc11ĀB̄ + (δc12 + µc13)B̄

)
+ ε2

(
µ2(α11Ā

2B̄ + α12ĀB̄ + α11B̄
3

+α15B̄) + µδ(α13ĀB̄ + α16B̄) + δ2α17B̄ − 0.5ηĀ
)

(5.43)

and

B̄′ = ε
(
µc21Ā

2 − µc21B̄
2 − (δc12 + µc13)Ā

)
+ ε2

(
µ2(−α11Ā

3 − α11ĀB̄
2

+γ24Ā
2 − γ24B̄

2 − α15Ā) + µδ(γ23Ā
2 − α16Ā− γ23B̄

2)− δ2α17Ā− 0.5ηB̄
)
, (5.44)

where the numerical coefficients are found to be

c11 = −1.5733095, c12 = 1.3871189, c13 = −1.6107711, c21 = −0.7866547,

α11 = −5.2040858, α12 = 5.1857743, α13 = −7.4965634, α15 = −1.9020383,

α16 = 0.2835549, α17 = 2.5831053, γ23 = −3.7482817, γ24 = 2.5928871.

(5.45)

Figure 5.12 compares the response obtained from the numerical integration of Eq. (5.42)

and the slow flow (5.43) and (5.44), where relevant coordinate changes follow Eqs. (5.19)
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(a)

Figure 5.12: Numerical solution obtained from (i) Eq. (5.42) and (ii) from Eqs. (5.43)
and (5.44) followed by use of Eqs. (5.19) and (5.26).

and (5.26). We know that O(ε) terms in the slow flow dominate. Therefore, to understand

the qualitative dynamics of the system, we drop O(ε2) terms and study the first-order

system

Ā′ = ε
(
µc11ĀB̄ + (δc12 + µc13)B̄

)
+O(ε2),

B̄′ = ε
(
µc21Ā

2 − µc21B̄
2 − (δc12 + µc13)Ā

)
+O(ε2).

We find the fixed points (Ā, B̄) as

(0, 0),

(
2 (δc12 + µc13)

µc11
, 0

)
and

(
−δc12 + µc13

µc11
,±

√
3(δc12 + µc13)

µc11

)
, (5.46)

where we have used 2c21 = c11 from Eq. (5.45). Here, (0, 0) is a center which turns into

a stable spiral when damping is included. The other fixed points are saddles. All four

fixed points are marked using red solid circles in the phase portraits presented in Fig. 5.13,

wherein the left and right subplots correspond to the slow flow Eqs. (5.43) and (5.44) and

to the original Eq. (5.42), respectively. In Fig. 5.13, we observe a stable region around the

origin, whose size is determined by the locations of the saddles. The closer the saddles are

to the origin, the smaller is the stable region. By Eq. (5.46), at δ∗ = −µc13/c12, all the

fixed points are at the origin, leaving no stable region. For detuning values increasingly
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far away from this δ∗, an increasingly larger nonzero stable region exists. This explains

why, in the preceding nonresonant analysis, all solutions were observed to be stable as per

Eqs. (5.40) and (5.41).

(a)

(b)

Figure 5.13: Phase portraits (left) for two different detuning values δ, and corresponding
full numerical solutions (right). Subplot (b) shows a larger stable region because the

distance |δ − δ∗| is larger.

Figures 5.13(a) and 5.13(b) consider δ = 0.25 and δ = 0, respectively. With δ∗ = 0.1677785

in the present analysis, subplot (b) shows a larger stable regime as the magnitude of (δ−δ∗)
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is higher than that in subplot (a), as anticipated. We recall that the origin, Ā = B̄ = 0,

corresponds to the nonzero solution χ as in Eq. (5.18).

Finally, we note that the resonant behavior depicted in Fig. 5.13 resembles phase portraits

presented in [81]. However, in [81], a quadratic nonlinearity was present in the parametric

term only, and the unperturbed equation was homogeneous. In other words, there was no

dipolar excitation. Moreover, our results for the nonresonant case are new.

We close the section by acknowledging that a nonresonant case can also show unbounded

solutions for large enough initial conditions, as seen in Fig. 5.14. Such large solutions

cannot be studied by the present analytical strategy. Fortunately for our application, such

large initial conditions are not relevant to practical traps.

Figure 5.14: Unbounded solutions do exist in the nonresonant situation. However, the
required initial conditions are too large to be relevant to ion traps.

This concludes our formal, and relatively more rigorous, analysis of Eq. (5.10). We now

turn to the task of obtaining simpler approximations that may be more useful to practi-

tioners of mass spectrometry. As mentioned earlier, the following section is primarily due

to Prof. A. K. Mohanty, and is included here for completeness and consistency with [85].
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(a) (b)

(c)

Figure 5.15: (a) Solution for initial ζ that is too small for having a periodic solution.
(b) Solution for initial ζ that is too large for having a periodic solution. (c) Solution for

initial ζ that is just right for having a periodic solution.

5.4 Simpler working formulas

In general, the solution of Eq. (5.10) contains slow secular oscillations due to the parametric

forcing in the Mathieu differential operator on the left hand side. In general, also, the

period of the secular motion is not a rational multiple of π, so the solution is not periodic.

Example solutions having slow secular oscillations are shown in Figs. 5.15(a) and 5.15(b).

However, as already seen above, there is a special solution that is free from the secular

oscillations, and has period π. Such a solution is plotted in Fig. 5.15(c). In addition to

being the simplest solution in some sense, as well as being an attractor in the presence of

damping as shown by the foregoing analysis, this solution is also important in dipolar DC
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applications. For the analytical chemist, the maximum kinetic energy of an ion associated

with this periodic solution provides a guaranteed minimum dissociation capability.

In this section we present simple formulae and iterative methods for approximating the

periodic solution. These are based on harmonic balance. The Mathieu Equation with a

constant RHS is discussed first. Then the results obtained are used to develop approximate

formulae for the determination of the periodic solution.

5.4.1 Periodic solutions of Eq. (5.10) using numerical harmonic residue

A numerical method for the accurate determination of the periodic solution of Eq. (5.10)

will now be described. This section may be viewed as working with an alternative and in

some ways simpler approach to find approximations motivated by Eq. (5.18) above. Note

that Eq. (5.10) does not contain damping; a small amount of damping was introduced

in the averaging analysis to demonstrate how, even with a little damping, the periodic

solution becomes an attractor.

In general, a solution of the undamped Eq. (5.10) will have slow secular oscillations. How-

ever, for a specific initial condition ζ0 = ζ0,p and ζ̇0 = 0, the secular frequency components

vanish and we have a periodic solution. A direct numerical approach, which provides a con-

ceptually simpler alternative to the earlier analytically obtained truncated Fourier series

approximation, is described first. The periodic solutions thus obtained for the undamped

case will be used as a reference for the subsequently presented approximations.

For any initial value ζ0, and initial derivative equal to 0, Eq. (5.10) can be solved numeri-

cally over an interval (0, ξmax). For practical computation, ξmax can be a number that is

greater than a secular period of the homogeneous Mathieu equation with the given a and q.

Let this solution be called ζ(ξ; ζ0). Using the usual linear least-squares technique, one can

compute coefficients d0, d1, . . . , dN so that the 2-norm of ζ(ξ; ζ0)−
∑N

k=0 dk cos(2kξ) over

the interval (0, ξmax) is minimized. It is possible to get a reasonably good representation

even for N = 2. The minimum 2-norm so obtained, which is the error in the least squares

fit, is a function of ζ0. Let it be denoted as r(ζ0); this is the harmonic residue. The value
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of ζ0 that minimizes r(ζ0) provides a good approximation to the desired periodic solution.

For example, the solution shown in Fig. 5.15(c) was generated using N = 2, ξmax = 31π,

a = 0, q = 0.6, µ = 0.1, and κ = 0.5.

5.4.2 Periodic solution of the Mathieu equation with a constant RHS

In Eq. (5.10), if κ is set to 0, the RHS becomes the constant µ. A solution for the RHS

equal to 1 is first obtained. Then multiplication of this solution by µ provides the solution

for RHS equal to µ. In what follows, since we seek a specific π-periodic solution, we do

not have to consider β (recall Fig. 5.6) and we can work directly with q, which will be

useful for practitioners.

The Mathieu Equation with RHS equal to 1 is

d2ζ

dξ2
+ [a− 2q cos(2ξ)]ζ = 1. (5.47)

As was seen in Eq. (5.18) and the subsequent analysis, a β-independent periodic solution

exists which is expressible as

ζp(ξ) = D0 +
∞∑
k=1

Dk cos(2kξ). (5.48)

Since we are no longer interested in higher order analysis and only seek a good approx-

imation to the periodic solution, we can take N = 2. This yields our two-frequency

approximation. 
a −q 0

2q 4− a q

0 q 16− a



D0

D1

D2

 =


1

0

0


The solutions are

D = a(4− a)(16− a) + q2(32− 3a),

D0 =
(4− a)(16− a)− q2

D
, (5.49)
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D1 =
−2q(16− a)

D
, (5.50)

and

D2 =
2q2

D
. (5.51)

Moreover, if a = 0, then

D0,a=0 =
2

q2
− 1

32
,

D1,a=0 = −1

q
,

and

D2,a=0 =
1

16
.

Figure 5.16: Periodic solution of Eq. (5.47) using the two-frequency approximation,
compared with the numerical solution obtained by minimizing the harmonic residue.

As Fig. 5.16 shows, the two-frequency approximation works quite well even for q as high as

0.9. When the RHS of Eq. (5.47) is µ instead of 1, we use µ (D0 +D1 cos(2ξ) +D2 cos(4ξ)).

5.4.3 Simple iterative calculation for the nonlinear case

If κ = 0 in Eq. (5.10) then D0, given by Eq. (5.49), is the gain factor by which the RHS

is multiplied to obtain the average ion displacement.
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Now we let κ be nonzero but not too large, and assume a two-frequency approximate

periodic solution of the form

ζp(ξ) = A0 +A1 cos(2ξ) +A2 cos(4ξ). (5.52)

These A’s will be the same as µ times the foregoing D’s if κ = 0. Otherwise, they will

differ.

In foregoing sections, we have presented a somewhat complicated second order averag-

ing calculation to show that the approximations we propose are valid in principle. Now

we present a simple two-frequency approximation for the nonlinear problem that can be

implemented using a few lines of code.

Two frequency harmonic balance yields the nonlinear set of simultaneous equations


a −q 0

2q 4− a q

0 q 16− a



A0

A1

A2

 = µ


1 + κ

(
A2

0 +
1
2(A

2
1 +A2

2)
)

−κ(2A0A1 +A1A2)

−κ(2A0A2 +
1
2A

2
1)

 (5.53)

Equation (5.53) can in principle be solved in any way we like. For example, it could be

solved using Newton-Raphson iterations. For small κ, it could be solved using a pertur-

bation expansion in κ as well. However, conceptually and algorithmically, the simplest

approach we know is iterative. The iteration is:


A0

A1

A2


k+1

= µ


a −q 0

2q 4− a q

0 q 16− a


−1 

1 + κ
(
A2

0 +
1
2(A

2
1 +A2

2)
)

−κ(2A0A1 +A1A2)

−κ(2A0A2 +
1
2A

2
1)


k

(5.54)

The initial values to be used in the iteration need to be specified. The simplest choice seems

to be the κ = 0 or linear case; however, that choice is in turn simply one iteration away from

the choice A0 = A1 = A2 = 0. Therefore, the starting guess for the iterations can be simply

A0 = A1 = A2 = 0. Note that due to quadratic terms on the right hand side, large initial
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guesses and/or large κ can lead to divergence in the iterations. However, for physically

relevant parameter values and zero initial guesses, the iterations have converged quickly

in our numerical experiments. Additionally, since both this iteration and our foregoing

perturbation analysis are both based on a small-κ assumption, this iterative method is

expected to work as well, or as poorly, as our perturbation solution.

Finally, a nonlinear enhancement factor may be defined as

g =
A0

µD0
.

This factor indicates the extent to which the nonlinear term retained in the ion dynamics

affects the average ion position, as compared to simply retaining a constant on the right

hand side of Eq. (5.10) (with κ = 0). If g differs significantly from unity, we conclude that

the quadratic nonlinear term is indeed significant. Some numerical values of g obtained

using the iterative method (which converged in all cases) are reported in Table 5.1. It is

seen that the quadratic nonlinearity can play a significant role (up to about 40 percent for

reasonable parameter values).

Table 5.1: Parameter values a, q, µ, and κ, and the nonlinear enhancement factor g.

a q µ κ Nonlinear enhancement factor g

0 0.1 0.003 0.5 1.3099

0 0.3 0.026 0.5 1.2834

0 0.6 0.1 0.5 1.2862

0.1 0.6 0.15 0.5 1.2424

−0.1 0.8 0.125 0.5 1.4128

0 0.9 0.13 0.5 1.0761

We hope that the approximate periodic solution of Eq. (5.10) developed using the iterative

method proposed in this section will appeal to the mass spectrometry research community.
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5.5 Concluding remarks

In this chapter we began with a specific mass spectrometry application, namely DC dipolar

excitation in Paul traps. Electrostatic field calculations were used to demonstrate that the

relevant governing equation for ion dynamics is an inhomogeneous Mathieu equation with

a constant as well as a quadratic term on the right hand side.

A small parameter was identified and used to develop a second order averaging calcula-

tion, which was validated by comparison with direct numerical solution. The averaging

calculation yielded slow flows that showed how, in the presence of a small amount of damp-

ing, and for general parameter values including the important nonresonant case, a simple

periodic particular solution is an attractor, i.e., stable.

Subsequently, much simpler two-term harmonic balance equations were found to yield

good approximations to that same periodic solution. Solution of the two-term harmonic

balance equations in the presence of nonlinearity was then set up for easy iterative solution.

These two-term approximations may be attractive to users who do not wish to delve into

the tedious intermediate details of the averaging calculation. Given that the averaging

calculation has been shown to predict a single stable periodic solution of practical interest,

it is useful to have such quick approximations for that stable periodic solution.

The iterative approach for the two-term approximation was found to work well and quickly.

A simple estimate of the importance of the nonlinear term, in form of an enhancement

factor, showed effects of up to about 40 percent for reasonable parameter values. Thus,

the practical utility of retaining the quadratic term in our analyses was justified.

We hope that this chapter will be of interest and use both to academicians interested in

the nonlinear dynamics of ions in Paul traps as well as to practitioners interested in using

such traps with DC dipolar excitation.

This concludes the studies of nonresonant interactions undertaken in this thesis.
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Concluding Remarks

This thesis has presented four studies on nonresonant interactions. These studies have

relevance to practical applications and contain new academic components as well.

Chapters 2, 3 and 4 present nonresonant interaction studies in relevance to untuned vi-

bration suppression in mechanical systems. In these studies, we have demonstrated stabi-

lization of an unstable mode using a light, nonresonant, secondary limit cycle oscillator.

The second order perturbation analyses yielded amplitude slow-flows that are indepen-

dent of phases, reducing the analyses to lower order. Novel analytical understanding has

emerged from the simplified amplitude evolution equations. Further, a finite number of

phase portraits depict unifying dynamics of the nonresonant nonlinear systems studied in

this thesis.

In Chapter 2, the primary system representing an unstable mode of a structure is modeled

using a negatively damped single degree of freedom spring-mass system. The attached

secondary light limit cycle oscillator is modelled using the van der Pol oscillator. We

achieved conditional stabilization of the primary oscillator under the criterion that a single

nondimensional governing parameter is within a particular range (between 0 and 4). Two

phase portraits summarized the nonresonant dynamics of the system.

145
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In light of the available models of limit cycle oscillations using a mass on a moving belt

system, we introduced a quartic nonlinearity in the secondary oscillator in Chapter 3.

This models some additional responses of that system, i.e., double limit cycle and globally

stable equilibrium. Following the multiple scales treatment of Chapter 2, we found that

two nondimensional parameters govern the system dynamics. We identified bifurcation

boundaries in the parameter plane and detailed the dynamics using amplitude phase por-

traits. We identified parameter domains which can provide conditional or unconditional

stabilization of the primary system.

In Chapter 4, the primary system is a regenerative delay model of machine tool vibra-

tions, and the secondary system is a light, nonresonant, limit cycle oscillator. Using the

method of multiple scales, we found that three nondimensional parameters govern the

system dynamics. We pictured feasible phase portraits and found the criterion for su-

percritical bifurcation along the linear stability boundary. We establish supercriticality

for the complete second lobe, whereas earlier studies, in our knowledge, have reported

supercriticality for limited segments of the lobe. We noted the existence of a turning point

bifurcation using DDE-BIFTOOL. This chapter provides useful insights on the efficacy of

a nonresonant limit cycle absorber to suppress machine tool vibrations.

Chapter 5 explores nonresonant interactions relevant to dipolar DC excitation in Paul

traps. The major contribution of this chapter lies in a proposed simple steady state

solution that was unnoticed earlier. A nonresonant averaging analysis establishes the

asymptotic stability of that simple solution. The important takeaway for an analyst is

that the simple solution has a frequency the same as that of excitation, independent of the

secular frequency characterizing the ion. Finally, for practitioners, an enhancement factor

helps to estimate the effect of the quadratic nonlinearity.

We hope that this thesis will prompt further research interest in nonresonant interactions

in nonlinear dynamical systems.



Appendix A

Expressions from multiple scale

analysis of Chapter 2

The solution for Z1 is

Z1(T0, T1, T2) = − 1

4(1− ωp2)4
(
(2γωp

4 − 4γωp
2 + 2γ)RQ2 − (4γωp

4

−8γωp
2 + 4γ − γR2)R

)
cos(T0 + ϕ) +

mωp
4R

(1− ωp2)3
sin(T0 + ϕ)

+
γR3

4(9− ωp2)(1− ωp2)3
cos(3T0 + 3ϕ)− γQ3

32ωp
cos(3ωpT0 + 3ψ)

+
(1− 2ωp)γQ

2R

4(1− 3ωp)(1 + ωp)(1− ωp)2
cos(T0 − 2ωpT0 + ϕ− 2ψ)

+
(1 + 2ωp)γQ

2R

4(1 + 3ωp)(1− ωp)(1 + ωp)2
cos(T0 + 2ωpT0 + ϕ+ 2ψ)

+
γ(2− ωp)QR

2

16(1− ωp)(1− ωp2)2
cos(2T0 − ωpT0 + 2ϕ− ψ)

− γ(2 + ωp)QR
2

16(1 + ωp)(1− ωp2)2
cos(2T0 + ωpT0 + 2ϕ+ ψ). (A.1)
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Recall Eq. (2.27), the expressions are

L1 =
∂2X2

∂T0
2 +X2 −

(
m2ωp

4(1 + 3ωp
2)R

4(1− ωp2)3
+ 2R

∂ϕ

∂T2

)
sin(T0 + ϕ)

+

(
cR+

mγ
(
2(Q2 − 2)(1− ωp

2)2 +R2
)
R

4(1− ωp2)4
+ 2

∂R

∂T2

)
cos(T0 + ϕ)

−
mγωp

(
(Q2 − 4)(1− ωp

2)2 + 2R2
)
Q

4(1− ωp2)3
cos(ωpT0 + ψ)

+
m2ωp

6Q
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sin(ωpT0 + ψ) +

9mγωpQ
3

32
cos(3ωpT0 + 3ψ)

− 9mγR3

4(9− ωp2)(1− ωp2)3
cos(3T0 + 3ϕ)

− mγ(1 + 2ωp)
3Q2R

4(1 + 3ωp)(1− ωp)(1 + ωp)2
cos(T0 + 2ωpT0 + ϕ+ 2ψ)

− mγ(1− 2ωp)
3Q2R

4(1− 3ωp)(1 + ωp)(1− ωp)2
cos(T0 − 2ωpT0 + ϕ− 2ψ)

+
mγ(2 + ωp)

3QR2

16(1 + ωp)(1− ωp2)2
cos(2T0 + ωpT0 + 2ϕ+ ψ)

− mγ(2− ωp)
3QR2

16(1− ωp)(1− ωp2)2
cos(2T0 − ωpT0 + 2ϕ− ψ), (A.2)
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and

L2 =
∂2Z2

∂T0
2 + ωp

2Z2 +
∂2X2

∂T0
2 +

ωp
2

8(1− ωp2)5

(
mγ(6ωp

6 − 10ωp
4 + 2ωp

2

+ 2)Q2R+mγ(−12ωp
6 + 20ωp

4 − 4ωp
2 − 4 + 7ωp

2R2 +R2)R+ (−16ωp
8 + 64ωp

6

− 96ωp
4 + 64ωp

2 − 16)
∂R

∂T2

)
cos(T0 + ϕ) +

1

16(9− ωp2)(1− 9ωp2)(1− ωp2)6(
(−45ωp

10 + 518ωp
8 − 1110ωp

6 + 864ωp
4 − 245ωp

2 + 18)γ2R2Q2 + (−18ωp
14

+ 264ωp
12 − 1150ωp

10 + 2356ωp
8 − 2574ωp

6 + 1504ωp
4 − 418ωp

2 + 36)γ2Q4

+ (18ωp
4 − 92ωp

2 + 10)γ2R4 + (72ωp
14 − 1016ωp

12 + 4072ωp
10 − 7640ωp

8 + 7640ωp
6

− 4072ωp
4 + 1016ωp

2 − 72)γ2Q2 + (−72ωp
8 + 800ωp

6 − 1456ωp
4 + 800ωp

2 − 72)γ2R2

+m2(−36ωp
16 + 292ωp

14 + 472ωp
12 − 1784ωp

10 + 1164ωp
8 − 108ωp

6) + γ2(144ωp
12

− 1888ωp
10 + 6256ωp

8 − 9024ωp
6 + 6256ωp

4 − 1888ωp
2 + 144) + (−288ωp

16

+ 4064ωp
14 − 16288ωp

12 + 30560ωp
10 − 30560ωp

8 + 16288ωp
6 − 4064ωp

4

+ 288ωp
2)
∂ϕ

∂T2

)
R sin(T0 + ϕ) +

ωp
4(1− ωp2)4

(
(ωp

8 − 3ωp
6 + 3ωp

4 − ωp
2)mγQ3

+ (−2ωp
4 − 2ωp

2)mγR2Q+ (−4ωp
8 + 12ωp

6 − 12ωp
4 + 4ωp

2)mγQ+ (8ωp
8 − 32ωp

6

+ 48ωp
4 − 32ωp

2 + 8)
∂Q

∂T2

)
cos(ωpT0 + ψ)− 1

128(1− 9ωp2)(1− ωp2)5

(
(336ωp

8

− 896ωp
6 + 800ωp

4 − 256ωp
2 + 16)γ2R2Q2 + (63ωp

12 − 322ωp
10 + 665ωp

8 − 700ωp
6

+ 385ωp
4 − 98ωp

2 + 7)γ2Q4 + (108ωp
4 − 84ωp

2 + 8)γ2R4 + (−288ωp
12 + 1472ωp

10

− 3040ωp
8 + 3200ωp

6 − 1760ωp
4 + 448ωp

2 − 32)γ2Q2 + (−288ωp
8 + 896ωp

6

− 960ωp
4 + 384ωp

2 − 32)γ2R2 +m2(−864ωp
14 + 2688ωp

12 − 2880ωp
10 + 1152ωp

8

− 96ωp
6) + γ2(288ωp

12 − 1472ωp
10 + 3040ωp

8 − 3200ωp
6 + 1760ωp

4 − 448ωp
2 + 32)

+ (2304ωp
13 − 11776ωp

11 + 24320ωp
9 − 25600ωp

7 + 14080ωp
5 − 3584ωp

3

+ 256ωp)
∂ψ

∂T2

)
Q sin(ωpT0 + ψ) +

mγωp
2(7ωp

4 − 46ωp
2 − 9)R3

8(9− ωp2)(1− ωp2)5
cos(3T0 + 3ϕ)

− 3γ2R3

16(9− ωp2)(1− ωp2)6
(
(ωp

8 − 17ωp
6 + 69ωp

4 − 91ωp
2 + 38)Q2

+(−3ωp
2 + 11)R2 + 8ωp

6 − 56ωp
4 + 88ωp

2 − 40
)
sin(3T0 + 3ϕ)− 5mγωp

3Q3

32(1− ωp2)

cos(3ωpT0 + 3ψ) +
γ2Q3

128(1− 9ωp2)(1− ωp2)3
(
(9ωp

8 − 28ωp
6 + 30ωp

4 − 12ωp
2

+1)Q2 + (540ωp
4 − 152ωp

2 − 4)R2 + 72ωp
8 − 224ωp

6 + 240ωp
4 − 96ωp

2 + 8
)

sin(3ωpT0 + 3ψ) +
5γ2R5

16(9− ωp2)(1− ωp2)5
sin(5T0 + 5ϕ) − 5γ2Q5

128
sin(5ωpT0 + 5ψ)
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− mγωp
2(22ωp

4 + 3ωp
3 − 3ωp

2 + ωp + 1)RQ2

8(1 + 3ωp)(1− ωp2)3
cos(T0 + 2ωpT0 + ϕ + 2ψ)

− mγωp
2(22ωp

4 − 3ωp
3 − 3ωp

2 − ωp + 1)RQ2

8(1− 3ωp)(1− ωp2)3
cos(T0 − 2ωpT0 + ϕ− 2ψ)

+
mγωp

2(ωp
4 + 7ωp

3 + 14ωp
2 − 2ωp + 4)QR2

16(1− ωp2)4
cos(2T0 + ωpT0 + 2ϕ+ ψ)

− mγωp
2(ωp

4 − 7ωp
3 + 14ωp

2 + 2ωp + 4)QR2

16(1− ωp2)4
cos(2T0 − ωpT0 + 2ϕ− ψ)

+
γ2(4 + ωp)(ωp

3 + 2ωp
2 − 17ωp − 26)QR4

64(9− ωp2)(1 + ωp)(1− ωp2)4
sin(4T0 + ωpT0 + 4ϕ+ ψ)

+
γ2(4− ωp)(ωp

3 − 2ωp
2 − 17ωp + 26)QR4

64(9− ωp2)(1− ωp)(1− ωp2)4
sin(4T0 − ωpT0 + 4ϕ− ψ)

+
γ2(1 + 4ωp)(11ωp

2 + 8ωp + 1)Q4R

64ωp(1 + 3ωp)(1 + ωp)(1− ωp2)
sin(T0 + 4ωpT0 + ϕ+ 4ψ)

− γ2(1− 4ωp)(11ωp
2 − 8ωp + 1)Q4R

64ωp(1− 3ωp)(1− ωp)(1− ωp2)
sin(T0 − 4ωpT0 + ϕ− 4ψ)

+
γ2RQ2

64ωp(1− 9ωp2)(1− ωp2)3
(
(5ωp

2 + 54ωp
7 + 135ωp

6 − 186ωp
5 − 141ωp

4

+ 146ωp
3 − 14ωp + 1)Q2 + (−36ωp

4 + 78ωp
3 − 2ωp

2 − 4ωp)R
2 + 48ωp

7 − 32ωp
2

− 224ωp
6 + 112ωp

5 + 256ωp
4 − 176ωp

3 +16ωp) sin(T0 − 2ωpT0 + ϕ− 2ψ)

+
γ2RQ2

64ωp(1− 9ωp2)(1− ωp2)3
(
(−5ωp

2 + 54ωp
7 − 135ωp

6 − 186ωp
5 + 141ωp

4

+ 146ωp
3 − 14ωp − 1)Q2 + (36ωp

4 + 78ωp
3 + 2ωp

2 − 4ωp)R
2 + 48ωp

7 + 224ωp
6

+112ωp
5 − 256ωp

4 − 176ωp
3 + 32ωp

2 + 16ωp
)
sin(T0 + 2ωpT0 + ϕ+ 2ψ)

− γ2QR2

32(1− 3ωp)(9− ωp2)(1− ωp2)5
(
(3ωp

10 − 18ωp
9 − 48ωp

8 + 283ωp
7

+ 193ωp
6 − 1277ωp

5 + 7ωp
4 + 1777ωp

3 − 416ωp
2 − 765ωp + 261)Q2

+ (−6ωp
5 − 22ωp

4 + 116ωp
3 + 84ωp

2 − 334ωp + 98)R2 + 12ωp
9 + 44ωp

8 − 256ωp
7

−448ωp
6 + 1592ωp

5 + 440ωp
4 − 2464ωp

3 + 288ωp
2 + 1116ωp − 324

)
sin(2T0 − ωpT0 + 2ϕ− ψ) +

γ2QR2

32(1 + 3ωp)(9− ωp2)(1− ωp2)5(
(3ωp

10 + 18ωp
9 − 48ωp

8 − 283ωp
7 + 193ωp

6 + 1277ωp
5 + 7ωp

4

− 1777ωp
3 − 416ωp

2 + 765ωp + 261)Q2 + (6ωp
5 − 22ωp

4 − 116ωp
3 + 84ωp

2 + 334ωp

+ 98)R2 − 12ωp
9 + 44ωp

8 + 256ωp
7 − 448ωp

6 − 1592ωp
5 + 440ωp

4

+2464ωp
3 + 288ωp

2 − 1116ωp − 324
)
sin(2T0 + ωpT0 + 2ϕ+ ψ)
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− γ2(2 + 3ωp)(6ωp
3 + 49ωp

2 + 24ωp + 1)R2Q3

128ωp(1 + 3ωp)(1 + ωp)(1− ωp2)2
sin(2T0 + 3ωpT0 + 2ϕ+ 3ψ)

+
γ2(2− 3ωp)(6ωp

3 − 49ωp
2 + 24ωp − 1)R2Q3

128ωp(1− 3ωp)(1− ωp)(1− ωp2)2
sin(2T0 − 3ωpT0 + 2ϕ− 3ψ)

− γ2(3 + 2ωp)(3ωp
4 + 11ωp

3 − 29ωp
2 − 107ωp − 38)R3Q2

32(1 + 3ωp)(9− ωp2)(1 + ωp)(1− ωp2)3
sin(3T0 + 2ωpT0

+ 3ϕ+ 2ψ)− γ2(3− 2ωp)(3ωp
4 − 11ωp

3 − 29ωp
2 + 107ωp − 38)

32(1− 3ωp)(9− ωp2)(1− ωp)(1− ωp2)3

R3Q2 sin(3T0 − 2ωpT0 + 3ϕ− 2ψ). (A.3)

The solution for X2 is

X2(T0, T1, T2) =
((Q2 − 4)(1− ωp

2)2 + 2R2)mγQωp
4(1− ωp2)4

cos(ωpT0 + ψ)

− Qm2ωp
6

(1− ωp2)3
sin(ωpT0 + ψ)− 9mγωpQ

3

32(1− 9ωp2)
cos(3ωpT0 + 3ψ)

− 9mγR3

32(9− ωp2)(1− ωp2)3
cos(3T0 + 3ϕ)

− (1 + 2ωp)
3mγRQ2

16ωp(1 + 3ωp)(1− ωp)(1 + ωp)3
cos(T0 + ϕ+ 2ωpT0 + 2ψ)

+
(1− 2ωp)

3mγRQ2

16ωp(1− 3ωp)(1 + ωp)(1− ωp)3
cos(T0 + ϕ− 2ωpT0 − 2ψ)

+
(2 + ωp)

3mγR2Q

16(3 + ωp)(1− ωp)2(1 + ωp)4
cos(2T0 + 2ϕ+ ωpT0 + ψ)

− (2− ωp)
3mγR2Q

16(3− ωp)(1 + ωp)2(1− ωp)4
cos(2T0 + 2ϕ− ωpT0 − ψ) (A.4)
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Expressions for p1, p2, τ1 and τ2 of

case-2 in Chapter 4

p1 =
(
ωp
(
− γ2m3ωp

7 − 3m3ωp
7ω2

2 + 20m2ωp
6ω2

3 + γ4mωp
5 − 5 γ2mωp

5ω2
2

− 44mωp
5ω2

4 + 2 γ4ωp
4ω2 − 2 γ2m2ωp

4ω2 + 16 γ2ωp
4ω2

3 − 12m2ωp
4ω2

3

+ 32ωp
4ω2

5 − 2 γ4mωp
3 + 2 γ2mωp

3ω2
2 + 56mωp

3ω2
4 − 4 γ4ωp

2ω2

− 32 γ2ωp
2ω2

3 − 64ωp
2ω2

5 + γ4mωp + 3 γ2mωp ω2
2

− 12mωp ω2
4 + 2 γ4ω2 + 16 γ2ω2

3 + 32ω2
5
))/(

2
(
−2mωp

3ω2 + γ2ωp
2

+4ωp
2ω2

2 − γ2 − 4ω2
2
)2 )

,

τ1 = −ω2

ω1
τ̄ +

2
(
γ mωp

(
γ2mωp

3 + 5mωp
3ω2

2 − γ2ωp
2ω2 − 8ωp

2ω2
3

+3 γ2ω2 + 16ω2
3
))

((
γ2 + 4ω2

2
)(
m2ωp

6 − 4mωp
5ω2 + γ2ωp

4 + 4ωp
4ω2

2

+4mωp
3ω2 − 2 γ2ωp

2 − 8ωp
2ω2

2 + γ2 + 4ω2
2
))
,
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p2 = −
(
− γ4m4ωp

10 − 10 γ2m4ωp
10ω2

2 −m4ωp
10ω2

4 + 8 cγ m3ωp
10ω2

2

+ 4 γ4m3ωp
9ω2 + 20 γ2m3ωp

9ω2
3 + 14m3ωp

9ω2
5 − 8 cγ3m2ωp

9ω2

− 32 cγ m2ωp
9ω2

3 + 6 γ4m2ωp
8ω2

2 + 14 γ2m2ωp
8ω2

4 − 60m2ωp
8ω2

6

+ 2 cγ5mωp
8 + 16 cγ3mωp

8ω2
2 + 32 cγ mωp

8ω2
4 − 2 γ6mωp

7ω2

− 8 γ4m3ωp
7ω2 − 14 γ4mωp

7ω2
3 − 42 γ2m3ωp

7ω2
3 − 6 γ2mωp

7ω2
5

− 6m3ωp
7ω2

5 + 104mωp
7ω2

7 + 8 cγ3m2ωp
7ω2 + 32 cγ m2ωp

7ω2
3

− γ6ωp
6ω2

2 − 7 γ4m2ωp
6ω2

2 − 12 γ4ωp
6ω2

4 − 4 γ2m2ωp
6ω2

4

− 48 γ2ωp
6ω2

6 + 72m2ωp
6ω2

6 − 64ωp
6ω2

8 − 4 cγ5mωp
6

− 32 cγ3mωp
6ω2

2 − 64 cγ mωp
6ω2

4 + 6 γ6mωp
5ω2 + 48 γ4mωp

5ω2
3

+ 66 γ2mωp
5ω2

5 − 216mωp
5ω2

7 + 3 γ6ωp
4ω2

2 − 3 γ4m2ωp
4ω2

2

+ 36 γ4ωp
4ω2

4 − 26 γ2m2ωp
4ω2

4 + 144 γ2ωp
4ω2

6 − 12m2ωp
4ω2

6

+ 192ωp
4ω2

8 + 2 cγ5mωp
4 + 16 cγ3mωp

4ω2
2 + 32 cγ mωp

4ω2
4

− 6 γ6mωp
3ω2 − 54 γ4mωp

3ω2
3 − 114 γ2mωp

3ω2
5 + 120mωp

3ω2
7

− 3 γ6ωp
2ω2

2 − 36 γ4ωp
2ω2

4 − 144 γ2ωp
2ω2

6 − 192ωp
2ω2

8

+ 2 γ6mωp ω2 + 20 γ4mωp ω2
3 + 54 γ2mωp ω2

5 − 8mωp ω2
7

+ γ6ω2
2 + 12 γ4ω2

4 + 48 γ2ω2
6 + 64ω2

8
)

/(
2
(
−2mωp

3ω2 + γ2ωp
2 + 4ω2

2ωp
2 − γ2 − 4ω2

2
)3 )

,
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τ2 =
ω2
2

ω2
1

τ̄ + 2
(
− 2 γ3m4ωp

9ω2
3 − 6 γ m4ωp

9ω2
5 − 2 cγ4m3ωp

9ω2 − 16 cγ2m3ωp
9ω2

3

− 32 cm3ωp
9ω2

5 − γ7m3ωp
8 − 8 γ5m3ωp

8ω2
2 + 48 γ m3ωp

8ω2
6 + cγ6m2ωp

8

+ 20 cγ4m2ωp
8ω2

2 + 112 cγ2m2ωp
8ω2

4 + 192 cm2ωp
8ω2

6 − 2 γ5m2ωp
7ω2

3 − 44 γ3m2ωp
7ω2

5

− 112 γ m2ωp
7ω2

7 − 6 cγ6mωp
7ω2 − 72 cγ4mωp

7ω2
3 − 288 cγ2mωp

7ω2
5 − 384 cmωp

7ω2
7

+ γ7m3ωp
6 + γ7mωp

6ω2
2 + 9 γ5m3ωp

6ω2
2 + 17 γ5mωp

6ω2
4 + 8 γ3m3ωp

6ω2
4

+ 72 γ3mωp
6ω2

6 − 32 γ m3ωp
6ω2

6 + 80 γ mωp
6ω2

8 + cγ8ωp
6 − cγ6m2ωp

6

+ 16 cγ6ωp
6ω2

2 − 20 cγ4m2ωp
6ω2

2 + 96 cγ4ωp
6ω2

4 − 112 cγ2m2ωp
6ω2

4 + 256 cγ2ωp
6ω2

6

− 192 cm2ωp
6ω2

6 + 256 cωp
6ω2

8 − 4 γ7m2ωp
5ω2 − 28 γ5m2ωp

5ω2
3 + 24 γ3m2ωp

5ω2
5

+ 224 γ m2ωp
5ω2

7 + 12 cγ6mωp
5ω2 + 144 cγ4mωp

5ω2
3 + 576 cγ2mωp

5ω2
5 + 768 cmωp

5ω2
7

− 6 γ7mωp
4ω2

2 − 79 γ5mωp
4ω2

4 − 296 γ3mωp
4ω2

6 − 304 γ mωp
4ω2

8 − 3 cγ8ωp
4

− 48 cγ6ωp
4ω2

2 − 288 cγ4ωp
4ω2

4 − 768 cγ2ωp
4ω2

6 − 768 cωp
4ω2

8 + 4 γ7m2ωp
3ω2

+ 38 γ5m2ωp
3ω2

3 + 84 γ3m2ωp
3ω2

5 + 16 γ m2ωp
3ω2

7 − 6 cγ6mωp
3ω2 − 72 cγ4mωp

3ω2
3

− 288 cγ2mωp
3ω2

5 − 384 cmωp
3ω2

7 + 5 γ7mωp
2ω2

2 + 59 γ5mωp
2ω2

4 + 184 γ3mωp
2ω2

6

+ 112 γ mωp
2ω2

8 + 3 cγ8ωp
2 + 48 cγ6ωp

2ω2
2 + 288 cγ4ωp

2ω2
4 + 768 cγ2ωp

2ω2
6

+ 768 cωp
2ω2

8 + 3 γ5mω2
4 + 40 γ3mω2

6 + 112 γ mω2
8 − cγ8

− 16 cγ6ω2
2 − 96 cγ4ω2

4 − 256 cγ2ω2
6 − 256 cω2

8
)

/( (
γ2 + 4ω2

2
)2 (

m2ωp
6 − 4mωp

5ω2 + γ2ωp
4

+4ωp
4ω2

2 + 4mωp
3ω2 − 2 γ2ωp

2 − 8ωp
2ω2

2 + γ2 + 4ω2
2
)2 )

.
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Expressions for p2, τ1 and τ2 of

case-3a in Chapter 4

p2 =
ω3

(
2mωp

4 + ωp
4ω3 − 2ωp

2ω3 + ω3

)
2
(
ω2
p − 1

)2 ,

τ1 = −ω3τ̄ +
2
(
cωp

4 − 2 cωp
2 − γ m+ c

)(
ω2
p − 1

)
(mωp2 + 2ωp2ω3 − 2ω3)

,

τ2 = ω2
3 τ̄ −

2γω3m
(
2mωp

4 + 7ωp
4ω3 − 6ωp

2ω3 − ω3

)(
ω2
p − 1

)2
(mωp2 + 2ωp2ω3 − 2ω3)

2

−
2ω3 c

(
2mωp

4 + ωp
4ω3 − 2ωp

2ω3 + ω3

)
(mωp2 + 2ωp2ω3 − 2ω3)

2 .
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Expression for Z1 in Chapter 4

Z1 =
1

E1

[
−R3 cos (ω T0 + ϕ)β γ ω7p̄2τ̄2 − 2RQ2 cos (ω T0 + ϕ)β γ ω7p̄2τ̄2

+4RQ2 cos (ω T0 + ϕ)β γ ω5ωp
2p̄2τ̄2 − 2RQ2 cos (ω T0 + ϕ)β γ ω3ωp

4p̄2τ̄2

−4R3 cos (ω T0 + ϕ)β γ ω9 − 8RQ2 cos (ω T0 + ϕ)β γ ω9

+16RQ2 cos (ω T0 + ϕ)β γ ω7ωp
2 − 8RQ2 cos (ω T0 + ϕ)β γ ω5ωp

4

+4R cos (ω T0 + ϕ) γ ω7p̄2τ̄2 − 8R cos (ω T0 + ϕ) γ ω5ωp
2p̄2τ̄2

+4R cos (ω T0 + ϕ) γ ω3ωp
4p̄2τ̄2 − 8R cos (ω T0 + ϕ)mω5ωp

4p̄ τ̄

+8R cos (ω T0 + ϕ)mω3ωp
6p̄ τ̄ + 16 sin (ω T0 + ϕ)Rmω6ωp

4

−16 sin (ω T0 + ϕ)Rmω4ωp
6 + 16R cos (ω T0 + ϕ) γ ω9

−32R cos (ω T0 + ϕ) γ ω7ωp
2 + 16R cos (ω T0 + ϕ) γ ω5ωp

4

−16R cos (ω T0 + ϕ)ω5ωp
2p1 p̄ τ̄ + 32R cos (ω T0 + ϕ)ω3ωp

4p1 p̄ τ̄

−16R cos (ω T0 + ϕ)ω ωp
6p1 p̄ τ̄ + 32 sin (ω T0 + ϕ)Rω6ωp

2p1

−64 sin (ω T0 + ϕ)Rω4ωp
4p1 + 32 sin (ω T0 + ϕ)Rω2ωp

6p1
]

+
1

E2

[(
−440RQ2β γ ω7ωp

3 − 48RQ2β γ ω2ωp
8
)
cos (ω T0 − 2ωp T0 + ϕ− 2ψ)

+8R3 cos (3ω T0 + 3ϕ)β γ ω9ωp − 72R3 cos (3ω T0 + 3ϕ)β γ ω7ωp
3

+
(
72RQ2β γ ω9ωp + 144RQ2β γ ω8ωp

2
)
cos (ω T0 − 2ωp T0 + ϕ− 2ψ)

156



Appendix D. Expression for Z1 in Chapter 4 157

+
(
−592RQ2β γ ω6ωp

4 + 408RQ2β γ ω5ωp
5
)
cos (ω T0 − 2ωp T0 + ϕ− 2ψ)

+
(
496RQ2β γ ω4ωp

6 − 40RQ2β γ ω3ωp
7
)
cos (ω T0 − 2ωp T0 + ϕ− 2ψ)

+
(
48RQ2β γ ω2ωp

8 + 72RQ2β γ ω9ωp
)
cos (ω T0 + 2ωp T0 + ϕ+ 2ψ)

+
(
−144RQ2β γ ω8ωp

2 − 440RQ2β γ ω7ωp
3
)
cos (ω T0 + 2ωp T0 + ϕ+ 2ψ)

+
(
592RQ2β γ ω6ωp

4 + 408RQ2β γ ω5ωp
5
)
cos (ω T0 + 2ωp T0 + ϕ+ 2ψ)

+
(
−496RQ2β γ ω4ωp

6 − 40RQ2β γ ω3ωp
7
)
cos (ω T0 + 2ωp T0 + ϕ+ 2ψ)

+
(
−9Q3β γ ω10 + 109Q3β γ ω8ωp

2 − 282Q3β γ ω6ωp
4
)
cos (3ωp T0 + 3ψ)

+
(
282Q3β γ ω4ωp

6 − 109Q3β γ ω2ωp
8 + 9Q3β γ ωp

10
)
cos (3ωp T0 + 3ψ)

]
+

1

E3

[(
−160R2Qβ γ ω9 + 80R2Qβ γ ω8ωp

)
cos (2ω T0 + 2ϕ+ ωp T0 + ψ)

+
(
120R2Qβ γ ω7ωp

2 − 20R2Qβ γ ω6ωp
3
)
cos (2ω T0 + 2ϕ+ ωp T0 + ψ)

+
(
−20R2Qβ γ ω5ωp

4 − 30R2Qβ γ ω5ωp
2
)
cos (2ω T0 + 2ϕ+ ωp T0 + ψ)

+
(
80R2Qβ γ ω8ωp − 120R2Qβ γ ω7ωp

2
)
cos (2ω T0 + 2ϕ− ωp T0 − ψ)

+
(
−20R2Qβ γ ω6ωp

3 + 20R2Qβ γ ω5ωp
4
)
cos (2ω T0 + 2ϕ− ωp T0 − ψ)

+
(
40R2Qβ γ ω7 − 20R2Qβ γ ω6ωp

)
cos (2ω T0 + 2ϕ+ ωp T0 + ψ)

+
(
5R2Qβ γ ω4ωp

3 + 5R2Qβ γ ω3ωp
4
)
cos (2ω T0 + 2ϕ+ ωp T0 + ψ)

+
(
−40R2Qβ γ ω7 − 20R2Qβ γ ω6ωp

)
cos (2ω T0 + 2ϕ− ωp T0 − ψ)

+
(
30R2Qβ γ ω5ωp

2 + 5R2Qβ γ ω4ωp
3
)
cos (2ω T0 + 2ϕ− ωp T0 − ψ)

+
(
−5R2Qβ γ ω3ωp

4 + 160R2Qβ γ ω9
)
cos (2ω T0 + 2ϕ− ωp T0 − ψ)

+
(
−192R2ω8p̄+ 576R2ω6ωp

2p̄− 576R2ω4ωp
4p̄+ 192R2ω2ωp

6p̄
)
cos (2ω T0 + 2ϕ)

]
,
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where

E1 = 4ω8p̄2τ̄2 − 16ω6ωp
2p̄2τ̄2 + 24ω4ωp

4p̄2τ̄2 − 16ω2ωp
6p̄2τ̄2 + 4ωp

8p̄2τ̄2

+ 16ω10 − 64ω8ωp
2 + 96ω6ωp

4 − 64ω4ωp
6 + 16ω2ωp

8

E2 = 288ω10ωp − 3488ω8ωp
3 + 9024ω6ωp

5 − 9024ωp
7ω4 + 3488ω19ω2 − 288ωp

11

E3 = 1280ω10 − 4160ω8ωp
2 + 4800ω6ωp

4 − 2240ω4ωp
6 + 320ω2ωp

8 − 320ω8

+ 1040ω6ωp
2 − 1200ω4ωp

4 + 560ω2ωp
6 − 80ωp

8.



Appendix E

Reasoning for four phase portraits

with two fixed points in Chapter 4

We first consider cases when (−c1, 0) exists. Here, (0,−c3/c2) does not exist when c2 and

c3 have the same sign. First considering both to be positive, non-existence of (S∗, P ∗)

leads to the following sub-cases:

1. S∗ < 0 and P ∗ > 0

We obtain phase portrait ‘g’ of Fig. 4.8.

2. S∗ > 0 and P ∗ < 0

2c1 > c3 contradicts c1 < 0, c3 > 0. Hence, this case is infeasible.

Now, considering c2 and c3 to be negative, we find the following:

1. S∗ < 0 and P ∗ > 0

2c3 > c1c2 contradicts c1 < 0, c2 < 0, c3 < 0. Hence, this case is infeasible.

2. S∗ > 0 and P ∗ < 0

We obtain phase portrait ‘h’ of Fig. 4.8.

159



Appendix E. Reasoning for four phase portraits with two fixed points in Chapter 4 160

Next, we consider cases when (0,−c3/c2) exists: (a) c2 > 0, c3 < 0 and (b) c2 < 0, c3 > 0.

Here, c1 > 0. Considering case (a), we find the following:

1. S∗ < 0 and P ∗ > 0

2c3 > c1c2 contradicts c1 > 0, c2 > 0, c3 < 0. Hence, this case is infeasible.

2. S∗ > 0 and P ∗ < 0

We obtain phase portrait ‘i’ of Fig. 4.8.

Finally, we consider the case (b), i.e., c2 < 0, c3 > 0, and follow the procedure.

1. S∗ < 0 and P ∗ > 0

We obtain phase portrait ‘j’ of Fig. 4.8.

2. S∗ > 0 and P ∗ < 0

2c3 < c1c2 contradicts c1 > 0, c2 < 0, c3 > 0 . Hence, this case is infeasible.

With that, we obtain four phase portraits (g-h-i-j) with two fixed points.



Appendix F

Expressions for Cj and Dk in

Chapter 5

Recall that q is given by Eq. (5.16). The expressions for Cj , before normalization, are

C−4 = q4/(β8 − 40β7 + 680β6 − 3β4q2 − 6400β5 + 60β3q2 + 36368β4

− 476β2q2 + q4 − 127360β3 + 1760βq2 + 267520β2 − 2624q2 − 307200β + 147456),

C−3 = −((β − 8)2q3)/(β8 − 40β7 + 680β6 − 3β4q2 − 6400β5 + 60β3q2

+ 36368β4 − 476β2q2 + q4 − 127360β3 + 1760βq2 + 267520β2 − 2624q2

− 307200β + 147456),

C−2 = q2(β2 − 14β + q + 48)(β2 − 14β − q + 48)/(β8 − 40β7 + 680β6 − 3β4q2

− 6400β5 + 60β3q2 + 36368β4 − 476β2q2 + q4 − 127360β3 + 1760βq2

+ 267520β2 − 2624q2 − 307200β + 147456),

161



Appendix F. Expressions for Cj and Dk in Chapter 5 162

C−1 = −q(β6 − 36β5 + 532β4 − 2β2q2 − 4128β3 + 24βq2 + 17728β2 − 80q2

− 39936β + 36864)/(β8 − 40β7 + 680β6 − 3β4q2 − 6400β5 + 60β3q2

+ 36368β4 − 476β2q2 + q4 − 127360β3 + 1760βq2 + 267520β2

− 2624q2 − 307200β + 147456),

C0 = 1,

C1 = −(β10 − 40β9 + 680β8 − 4β6q2 − 6400β7 + 96β5q2 + 36368β6 − 1008β4q2

+ 3β2q4 − 127360β5 + 5888β3q2 − 24βq4 + 267520β4 − 20352β2q2 + 80q4

− 307200β3 + 39936βq2 + 147456β2 − 36864q2)/(q(β8 − 40β7

+ 680β6 − 3β4q2 − 6400β5 + 60β3q2 + 36368β4 − 476β2q2 + q4

− 127360β3 + 1760βq2 + 267520β2 − 2624q2 − 307200β + 147456)),

C2 = (β2 + 14β + q + 48)(β2 + 14β − q + 48)(β10 − 40β9 + 680β8 − 4β6q2 − 6400β7

+ 96β5q2 + 36368β6 − 1008β4q2 + 3β2q4 − 127360β5 + 5888β3q2 − 24βq4

+ 267520β4 − 20352β2q2 + 80q4 − 307200β3 + 39936βq2 + 147456β2

− 36864q2)/((β6 + 36β5 + 532β4 − 2β2q2 + 4128β3 − 24βq2 + 17728β2

− 80q2 + 39936β + 36864)(β8 − 40β7 + 680β6 − 3β4q2 − 6400β5

+ 60β3q2 + 36368β4 − 476β2q2 + q4 − 127360β3 + 1760βq2

+ 267520β2 − 2624q2 − 307200β + 147456)),
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C3 = −(β + 8)2q(β10 − 40β9 + 680β8 − 4β6q2 − 6400β7 + 96β5q2 + 36368β6

− 1008β4q2 + 3β2q4 − 127360β5 + 5888β3q2 − 24βq4 + 267520β4 − 20352β2q2

+ 80q4 − 307200β3 + 39936βq2 + 147456β2 − 36864q2)/((β6 + 36β5 + 532β4

− 2β2q2 + 4128β3 − 24βq2 + 17728β2 − 80q2 + 39936β + 36864)(β8 − 40β7

+ 680β6 − 3β4q2 − 6400β5 + 60β3q2 + 36368β4 − 476β2q2 + q4

− 127360β3 + 1760βq2 + 267520β2 − 2624q2 − 307200β + 147456)),

and

C4 = q2(β10 − 40β9 + 680β8 − 4β6q2 − 6400β7 + 96β5q2 + 36368β6 − 1008β4q2

+ 3β2q4 − 127360β5 + 5888β3q2 − 24βq4 + 267520β4 − 20352β2q2 − 307200β3

+ 80q4 + 39936βq2 + 147456β2 − 36864q2)/((β6 + 36β5 + 532β4 − 2β2q2

+ 4128β3 − 24βq2 + 17728β2 − 80q2 + 39936β + 36864)(β8 − 40β7

+ 680β6 − 3β4q2 − 6400β5 + 60β3q2 + 36368β4 − 476β2q2 + q4

− 127360β3 + 1760βq2 + 267520β2 − 2624q2 − 307200β + 147456)).

The expressions of Dk are

D0 = −(q4 − 2624q2 + 147456)

32q2(5q2 − 2304)
, D1 = −1

q
, D2 =

(q2 − 2304)

16(5q2 − 2304)
,

D3 =
4q

(5q2 − 2304)
, D4 =

q2

16(5q2 − 2304)
.



Appendix G

Expressions for c1 and c2 in

Chapter 5

The expressions of O(ε) coefficients c1 and c2 are

c1 =
−1

∆

(
S−4

2D0 + S−4S−3D1 + S−4S−2D2 + S−4S−1D3 + S−4S0D4 + S−3
2D0

+ S−3S−2D1 + S−3S−1D2 + S−3S0D3 + S−3S1D4 + S−2
2D0 + S−2S−1D1

+ S−2S0D2 + S−2S1D3 + S−2S2D4 + S−1
2D0 + S−1S0D1 + S−1S1D2

+ S−1S2D3 + S−1S3D4 + S0
2D0 + S0S1D1 + S0S2D2 + S0S3D3

+ S0S4D4 + S1
2D0 + S1S2D1 + S1S3D2 + S1S4D3 + S2

2D0

+ S2S3D1 + S2S4D2 + S3
2D0 + S3S4D1 + S4

2D0

)
,
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and

c2 =
1

∆

(
C−4

2D0 + C−4C−3D1 + C−4C−2D2 + C−4C−1D3 + C−4C0D4 + C−3
2D0

+ C−3C−2D1 + C−3C−1D2 + C−3C0D3 + C−3C1D4 + C−2
2D0 + C−2C−1D1

+ C−2C0D2 + C−2C1D3 + C−2C2D4 + C−1
2D0 + C−1C0D1 + C−1C1D2

+ C−1C2D3 + C−1C3D4 + C0
2D0 + C0C1D1 + C0C2D2 + C0C3D3

+ C0C4D4 + C1
2D0 + C1C2D1 + C1C3D2 + C1C4D3 + C2

2D0

+ C2C3D1 + C2C4D2 + C3
2D0 + C3C4D1 + C4

2D0

)
.
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