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Introduction

Scribe : Diptarka

In a theory of gravity observables must be coordinate independent, one way out is to
consider a topological theory of gravity. However we want a theory that is local. This
issue is common also to 2D, however a better analytical control is possible.

The theory of 2D quantum gravity is also the theory of gravity on the string worldsheet.
Thus it is important to understand 2D gravity well to understand non-perturbative
features of string theory.

Some features of 2D gravity: all dynamics is captured by the Ricci scalar : R(z).

The metric has only 3 degrees of freedom, hence can be described by a function of two
parameters, o(x). We will work with Euclidean signature and take the metric to be of
the form: gop(z) = €7@ 4§y,

One can show,
R(z) = —e°@9,8% (). (2.1)

The most general local action that we can write down is therefore:

A:u/\/§d2x+k/R\/§d2x+.... (2.2)

The ... are terms which are irrelevant in the IR, while the only dynamical local term
integrates to a topological quantity using the Gauss-Bonnet theorem.

What we need to look at is gravity as an effective theory arising out of fluctuating
matter living on a surface. However such a theory at a first go turns out to be non-local
if the matter is massless, (and we integrate it out) or local only upto the correlation
length (set by inverse mass scale) of the matter.

This is not what we want. We want a local theory, thus we should not really integrate
out the matter. There is a special kind of matter theory which actually allows us to
describe the geometry dynamics (dynamics of the function o(z) ) with the help of a
local action! This happens when the matter is conformal.


https://av.tib.eu/media/46725

Some reminders of a CFT : specified by {A;, ®;} and the central charge c. Under a
change (infinitesimal) in o(x) we have, 0A; = —A;®;d0(z) and dg.p = gapdo(z). Also
the Weyl anomaly is given via, 8 = T,,g™ = —5R(x) + p.

The Liouville action arises as a reaction of conformal matter to Weyl variations. This
is a local action and at least classically is itself also conformal.

In the path integral for quantum gravity we need to integrate over :

1. moduli
2. 0

One way to proceed is to fix the metric to some ¢. If this is done then it turns out that,
Acsrlgl = Acrrlgl + ALlo, g, where,

Ap = _96% d’z \/g (gabvaavba - 20}?) +p / d’z e7\/§.

Note that “naively” o enters in a local way (which is what we wanted). However this
is essentially because we have not integrated out the matter degrees of freedom, but
simply related the theory of the matter degrees of freedom of one surface to that of
another. The result of this translation between two geometries is a gift, that of a local
action of o !

If we choose G, = dap, then the action simplifies to,

Ap = d?z (0,0)% + ,u/ d’z e°.

~96m

The equation of motion of this action is,

C
% Ao = pe’. 2.
o6r 7~ e (23)

If we use this solution to compute R(z) using (2.1) that gives, R = constant.

To quantize the theory we follow path integral formalism, we choose a particular gauge
Jab = Oap, Where we have seen that Aj simplifies considerably. This is called the
conformal gauge. Gauge fixing has to be upto diffeomorphisms. One can also find the
Fadeev-Popov determinant. It turns out that this determinant is exactly of the form of
the Liouville action itself with ¢ = —26 (see §4 for a derivation).

26_6/ Px (9,0)*+ ...

967

Aeff =

And we are just left with,
Z, = / [DoleAess.
Of course we need to sum over the finite set of moduli.

The unusual issue now is the fact that the UV cut-off itself of this theory is dependent
on €. The work of David-Distler-Kawai from 1988 shows that one can work with a o
independent cut-off provided one does a finite regularization of other parameters of the
action. This is a way to understand the origin on p in the Liouville action.

The support for the DDK argument comes from matching calculations with,

1. Matrix Models,
2. Different gauge (Polyakov gauge).



3 Liouville stress tensor

Scribe : Sudipta

e Liouville action basically captures the response of the partition function with respect
to the change of the weyl factor of the background metric.As discussed in the previous
section the effective action can be decomposed as Acrrlg] = Aerrlg] + Arlo, ]

e Conservation of Stress tensor is

VI =0 (3.1)

we know for 2D manifolds any metric is conformally flat,hence can always be brought
into the follwing form
Gab = e’dzdz (32)

z and Z are lightcone coordinates. Covariant derivative in conservation equation is with
respect to the background metric,given by (2.2)

e In terms of components

1 _
gz =5€7,97 =27 (3.3)

And the levi-civita connections are given by
I7, = 00, ng = 0z0 (3.4)

e Conservation equation

VT + V., T =0 (3.5)
using the expressions for the levi civita connections we arrive at
agTZZ + e“@z(e_Ung) =0 (36)

This implies that T, is not Holomorphic .

e Trace anomaly of CFTs coupled to any non trivial background is given by

<Tj >=4e"T;: = aR (3.7)
Hence .
T.:= Ze(’aR = —a0,0;0 (3.8)
Using this in equation (2.6) we have
8.T,, — 70, (e—aaazago—) —0 (3.9)
05T, = —a(0,0)(0,0:0) + ad,?0s0
d,0° 9
- —aa,g( - 8Za>
This implies
d.0°
0, [Tzz +a(Z - aga)} —0 (3.10)

hence holomorphicity requires this extra term with 7,,.we can define t,, such that
T =1T,, — §t., is holomorphic.where ., = —(0%0 — 20%0)
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Under conformal transformations z — w(z, z), the weyl factor o(z, z) will transform as

_ _ dw dw
o(w,w)=0(z,2) — log(gg> (3.11)
Hence t,, would transform as
loz = (8zw)2tww - 2{w72} (3.12)

T (Holomorphic component) should tarnsform as true tensor (?).Then in order to
compensate the schwarzian of ¢,,,T,, should aslo transform with a schwarzian under
conformal transformations. Hence

T(2) = (0,w)* Ty + a{w, 2} (3.13)

3.1 Ward identity

We can specially varry the metric without affecting the geometry, representing the
changes of coordinate system. An infinitesimal coordinate transformation given by

at — xt 4 € (3.14)
induces the variation
6g;w = 8/,L6V + azze,u, (315)
Now, we use the covariant action A[¢, g] in the following functional integral
<0>=7"1 / OeAl9IDIo) (3.16)
where
0= 01 ($1)02(x2)0n(1‘n) (3.17)

While doing functional integral over ¢ we note that by doing the change of coordinates
we just relabel the integration variables. Hence the value of the integral remains same.

0=—-<6 A0 >+ <60 > (3.18)

Here §. A is the variation corresponding to the metric variation given before and is
given by

1
0A= / V09, TH d*x (3.19)
T

0.0 is given by
6.0 = Z01($1)---5eOk($k)~-~On(l‘n) (3.20)
k

Now, let us focus on the variation in the case of the Euclidean transformations
e'(x) = da" + 60ep (x — 0)” (3.21)

Physically this means rigid translations and rotations around some point zg. €, is
antisymmetric tensor. For the above transformation Oy) transforms as

On(x0) — €90y (20 + da) (3.22)
Here si, is the spin of the field O. Therefore the euclidean variation gives us

0Oy (x0) = 0a"0,0k (o) + 15,000 (o (3.23)
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For more general transformation given by z# — x#+¢e* we have to keep in mind that the
variations 0O (x) are themselves local fields. That means they are linear combinations
of the basic fields Oy with e(x) dependent coefficients. The e(z) must be linear and
local. Here local dependence on €(x) means that the coefficients of the variation 6.Oy ()
may involve only € and its derivatives taken at the same point z, i.e. €(z), d,€”(x),
etc.

Therefore, ultimately we end up with
0:0;(z) = €"(x)0,0;(z) + terms with derivatives of e(z) (3.24)
Here the first term ensures that for constant e# we can recover equation (10).

Now we can rewrite equation (5) as
1
- / Open(z) < T O (1. Ox(an) > Pz = 3 < O1(31)...6.04 (k) On (23 >

(3.25)

The integration in the Lh.s. is over R%. Let us split it into two parts

/R? N ZI;/DH +/® (3.26)

where D7 are small domains containing x; and no other insertion point. In short x; € D+
and for i # k, x; ¢ D-. D is the remaining part of R? | that is

D = R? — U;D~ (3.27)

Now let us transform the D integral in equation (13) by parts which gives
1

5 | ev(x) < 0,7 (x)O1(x1)...0n(2,) > +boundary terms (3.28)

This is the only term in equation no (12) which depends on €(z) for x ¢ D5. Since r.h.s.
of the equation does not depend on e(x) for = ¢ D5, the above integrand must vanish
for € D. Therefore the correlation function in the integrand. Making the domains
D5 arbitrarily small around z; we conclude that it vanishes everywhere except when x
coincides with one of the insertion points x1, x2, ..., Tn.

< 0,TH (2)O1(21)...0p(zp) >=0 if x # x1...2 (3.29)

Now, with the bulk term of equation (15) vanished, using Stokes formula, 1.h.s of equa-
tion (12) can be re-written as

o€ 2 dxt A\
Z/D @) iy 5 g2y — Z]{D: S (@) < T (2)0 > (3.30)
here 07 is the boundary of D5s and the circular integration is done in counterclockwise
direction.

We can vary e(z) independently in each domain D5, and hence, equation (12) with
Lh.s. in the form (17) must hold term by term. Therefore, we end up with

2
50 = [ GLoarwow - ¢ LameaTwow (331

Isometries play an important role here. Isometries are pecial coordinate transforma-
tions leaving the form of the metric tensor unchanged (i.e. for which d,€, + d,€, = 0).
For such transformation the first part of (2.31) vanishes and the contour integral alone
determines the variation.



4 Gauge-fixing to conformal gauge

Scribe : Kedar

e The path integral for 2D quantum gravity is

= / DgDXe 5% | (4.1)

where Sy is a matter action. We define the path integral measures Dg and DX using
Polyakov’s approach. We turn the deformations § X into a Hilbert space by defining
the inner product on the space of deformations, and imposing normalization as

H(SXHQ:/de\/g 16X M (2)5 X 01 () | /D((SX)e"‘SXz 1. (2

The most general local metric on the space of deformations dggp is
169" = / & /g(G™ + ug™g°")Sgapbgea | (4.3)

where u > 0 is an arbitrary fixed real number and G = 1( acgbd  gadgbe _ gabged)
is the identity operator on the space of symmetric traceless tensors. Then decomposing
the deformations g4, orthogonally

5gab = 5hab + (26J)gab ; gab(shab =0 (44)

gives

169> = / A2\ /GG hapOheq + 16u / d*¢\/g(00)* . (4.5)

Imposing the normalization D((Sg)e_%H‘Sg”2 = 1 then gives the integration measure as
Dg = DhDo.

e Gauge-fixing: For simplicity, we restrict to metrics of fixed topology of a sphere (i.e.,
genus 0 and no boundaries). We want to gauge-fix to conformal gauge jup = €®dap.
Consider transformation of the metric under a diffeomorphism =z — f(z),

afc af ) Ofcof
gab( ) bgcd(f( )) ¢(f Z .
0z Ox 83:‘1 ox
For the gauge-fixing to conformal gauge to be possible, the above transformation of g,
should be non-singular ¢.e., the Jacobian in passing to the variables ¢, f* should be

non-zero. To see what we mean by the non-singularity, consider a further infinitesimal

diffeomorphism f* — %+ £*(f(z)), under which

afc afe
dxa Db

(4.6)

5gab( ) (5gcd + vcgal + vdéc) . (47)

f(@)

e The non-singularity of the transformation (4.6) means that for any dg,s, we can find £*
and ¢ such that (4.7) holds i.e., (§¢pe?deq+Velqa+Va€e) = Yap has a non-trivial solution.
Using an operator L which takes vectors to symmetric traceless 2nd rank tensors i.e.,

- - ~ 1
(Lf)ab = vafb + nga - e¢5abvc§c = Yab — 5 ab'}’c ¢ab s (48)

the non-singularity above means that (L), has non-zero modes 1q;,. The adjoint LT,
defined through the inner product (Lf1,&) = (v, LE) takes symmetric traceless 2nd
rank tensors to vectors and is given by

(L) = = Vg - (4.9)



e Comparing dgqp in (4.7) with the orthogonal decomposition (4.4), we get dhqp = (LE)ap
and 2(do) = 2(d¢) + V.. Changing variables from (hq,0) to (£%, ¢) introduces a
Jacobian,

d(o,h)
A(e,¢)

DhDo = DED ‘ ‘ = DED det [(1) ﬂ = DED¢ det L = DED (det LTL)?

(4.10)

e The matter action Sy and Faddeev-Popov determinant (det LTL) is invariant under
diffeomorphisms, and the measure D¢ is independent of the conformal factor, so we can
factor out the volume of the gauge group (diffemorphims), Qg;rr = [ DE and write the
path integral as

Z = Qdiff/D¢DX(det LiL)ze 5% . (4.11)

e From L and LT above, we get

(L'LE)s = —V(Va& + Vil — g Vo)
V3¢, — [V, V&

e+ B)e, 1)

R
—(9acgvd — GadGbe)-
2

e Using the heat kernel method, the functional determinant above can be computed as

where we have used [Vg, Vplée = R ¢y and Raped =

abc

tr1 5 R\13 —26 5 [0 &
log(det LTL)2 = log [det ( -V - —)} =—[d x[—@aqbabqﬁ + pe?| . (4.13)
2 487 2
Thus we see that the Faddeev-Popov determinant for gauge-fixing to conformal gauge
is the Liouville action with ¢ = —26.
e Questions/Exercises :

1. Clarify the Polyakov’s approach of defining path integral measure using metric
on space of deformations of the fields and the normalization i.e., (4.2) and (4.3).

2. Verify that LT in (4.9) satisfies (¢, L&) = (LT, €).

3. Work out the heat kernel and derive the functional determinant in (4.13).

5 Weyl Invariance and Critical Dimensions

Scribe : Kedar

Referrences:
1 Mostly “Ginsparg and Moore” [hep-th: 9304011] — Section: 2

2 Zamalodchikov and Zamalodchikov — Section: 21 and ”Yu Nakayama” [hep-th/ 0402009
— 2.1

e We start with
Zlg) = [ D, XDy (5.1)



Gauge fixing to g, = e¢gW, Guv — some fixed reference metric(commonly called ”Fidu-
cial Metric” in literature), we get (after modding out Qg ),

/ Dy XDy (det(L L))% (5.2)

We know, from string theory courses(i.e. Faddeev-Popov gauge fixing),

(detLTL / D(gh)e~Son(beba) (5.3)
with Cyp, = —26. Then
/ Dy XDy (det(L} L))% (5.4)
Sx :8% / d*6\/99" 8, XM, XNy n (5.5)
Syn = / d?€(bOc 4 bdE) — in complex coordinates (5.6)
Suldsg] = [ D6Va[5 0,006 + R+ e’ (57)
(5.8)

Lets do a Weyl transformation from g — §. Under this,

[ Psgx)esxtal —cesital [ pyx (59)

/De¢g (gh)eSanld] —e@rS /D (gh)eSonld], (5.10)

However, the measure for the Liouville field, ¢ implicitly depends on ¢ and so we cannot
use the above technique to compute the transformation: [ Dess(¢) = [ Dy(¢)

The measure Dy(¢) satisfies(since Z[e?§] is constructed diffeomorphism invariantly),

1266] 2 = / P26\ /5(56)° / /3¢ (60)° (5.11)

It is to be noted that ”e?” in NOT Gaussian!

We want this to transform it to the standard gaussian measure, i.e.
6613 = [ e/a(60)" (5.12)

We need to obtain the Jacobian for this transformation and include it into the Liouville
action. However, it is difficult to obtain this Jacobian from first principles or above
technique for X and gh fields. So following DDK. we will assume/guess the form of the
”renormalized Liouville action” by assuming its ”locality”,” diffeomorphism invariance”
and ”conformal invariance”. Let us know if somebody understand what the previous
highted text means.

(See the footnote on page-9 of Nakayama, where, Nakayama says, the derivation of this
is discussed)!



e Here, we will proceed with the guesswork, following DDK, and write

)= [ Desgl(X)Dylghye x50 (5.13)
/De¢g 6¢’g )J(¢7g) (514)
(5.15)
Where,
J(6,9) = emp[ - / d26/5(ag" 0,60,6 + PR$ + ue&f’)} (5.16)

e 7 is defined to be reparameterization invariant and should depend only on g = e?§(upto
diffeomorphism) and not on the fiducial metric g. So, Z should be invariant under
change in § with g fixed, i.e.

e’g (5.17)

Where, ¢ = ¢ — €

Infinitesimally it looks like, 6g = €(£)g and d¢ = —e(€).

e Under this infinitesimal variation, the path integral becomes
= / Dg(X)Dg(gh)Dy(d)e S¥101-5111(¢, g)ets (5.18)

Invariance of Z under dg and d¢ above implies, AS = 0. Where

_[em et .
AS—( AST )SL[E,Q]

/d f[\/e ae” G (—20,00,€) + b\/G(—Re — ¢V2e) + pell~ C)E)} (5.19)

(1) in the above equation comes from transformation of the measure. Following two
items are to be clarified!

1. Dy, Which we have defined to be Gaussian

2. Hégf)H; = [d*¢,/g(6¢)* — a single free boson with central charge=1. The variantion
terms in AS = 0 give

e+ egnt+ 1 /2 — ~ ~ cm + cgn + 1
4+ b d = b= — — 2

( o ) EvV/GRe =0 = y (5.20)

-~ 7 -~ N b cy +egn +1

— 2 = = - = — v 9h -
(2a b) /d V56 =0=a=3 ( = > (5.21)

For cpy = D and ¢y, = —26, a—QS&P,b Qng,weget
w 25 — D\ .

Jp,g] = exp[—/ 25\/{( ) K 8u¢81/¢+( )R(b—i-Smw ﬂ] (5.22)

Rescale, ¢ = /5325 = &, where, Q = \/@

1 N &
J= exp[ - / 2¢\/§ [gﬂ”augoaygo +QRy + &rue?@@] (5.23)
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e The total path integral for the matter-ghost CEFT coupled to the Liouville field ¢ (i.e.
¢) is
7= [ D00)Dygn)Dy)e xSl (5.2)

Where,
1

S p—
0 8w

/d2§\/§[§’w3u@au§0 + Q7A€cp + 87r,u625“0 (5.25)

e Conformal invariance of matter-ghost-Liouville theory: We see that with c¢yy = D,
cgh = —26, and cg = 1 + 3Q?% = 26 — D, the total central charge of the full matter-
ghost-Liouville theory is,

Ciotal = CM + Cqh +ec=D—-26+26—D =0. (526)

¢ Questions/Exercises :
[1.] Apriori do we know/expect Sp is a CFT?

[2.] Show that Sy is a CFT by showing that the algebra of L,, modes of T},, ~
is the Virasoro Algebra. Also find that co = 1 + 3Q?.

S0

deltagr?
6 Classical Limit, Equations of Motion and Solu-
tion

Scribe : Bidyut

Referrences:
1 Notes on 2d quantum gravity and Liouville theory by Harold Erbin
2 Zamalodchikov and Zamalodchikov Section 15

e Crtical Exponent from LCFT action
Z[e79] = exen f\/ﬁ[RU-I—%Q(@U)Q]Z[g] (6.1)

Now we have g,,, — L%g,,. Then our action will be

c

Z[LZQ] —  eitn longfR\/?;dzxZ[g]

e%(l—’y) log L2z[g]

= Axzlg (6.2
where k = §(1 — ) How does it come?
ViR = 87 d(x — x0) (6.3)
ds? — dz_dé
(22)%n
= e%dzdz (6.4)



/A

Figure 1: The conical singularity and its resolution

So
o = —2nlog(zz)

1

for, |Z]| >¢ e = —
L

o 1
and for, |Z] <e €7 = 7(62)277

Classical Limit:
The action

Here

1 — A 1, 5 o
SL = 2W/J§[Ra+2g(8cr) + Ae?)
1 26—c

R 24

Here for classical limit we have to take 7 — 0 and then corresponding limit for central
charge ¢ = —oco. Now we will focus on the solutions of classical equation of motion for

above action. Equation of motion

~Ayo+R+Ae” =0

Here A; is Laplacian. We know that for the transformation

uv = e’g

The scalar curvature associated with the metric § has the form

ViR~ Ago) = gR
Then one can write equation of motion as

R+A=0

12

(6.5)

(6.6)

(6.7)



Since A describe the geometries classically so both the positive and negative conditions
are important here for different situation. Now let us take some particular domain of
manifold with g to be a flat Euclidean metric then R = 0. In complex coordinates (z, Z)

ds? = " dzdz (6.9)
Then equation of motion becomes
40,0s0 = Ae? (6.10)

This is the Liouville equation.
Now we will try to understand some properties of the above equation. We define two
quantities

t = —0,00,0 +20°c t = —0;00:0 +20%0 (6.11)

By taking derivative with respect to z and z one can see that these are holomorphic
and anti-holomorphic function respectively. We can also see that if one take variation
of the action with respect to g,, that given ¢ and ¢ are components of classical energy
momentum tensor. Varying action

S0, g = *ﬁ / Vaog Ty d®x (6.12)
where
T = =0u00,0 + Guv (5 (80)2 + Ae?) +2(8,0,0 — §,u,0%0) (6.13)
Contracting with g,,, we have
TF =2(Ae” — 9°0) (6.14)

If we consider the equation of motion along with R = 0 then the trace will vanish. One
can easily identify that T, = t(z) and Tzz = t(2).

o

By taking the field as e” 2 and doing second derivative with respect to z we can see
that

40%e” %7 =te" 2 (6.15)

and

40277 =te" 2 (6.16)

These looks like eigenvalue equation
—40%)(2) = ty(2) (6.17)
—402(2) = B (2) (6.18)

Now Let’s discuss the transformation properties of these differential equations. If we
take a transformation z — w(z) and z — w(2) which leads to

Ow Ow

oc—o(w,w)=0(z2) — log(az )

(6.19)

13



then metric will be

ds® = €% dwdw (6.20)
and operator will be
0w Ow
2= 0, + ()22 21
=220+ (20 (6.21)
One can write equation (6.17) as
1020(w) = Hw)h(w) (6.22)

where
(W) = (9u2) 7% (2(w))
While the function ¢(w) transform as
tw) = (002)%t (2(w)) + 2{z,w}

Solution:-
Above mentioned eigenvalue equation are very important for Liouville field theory. If
we know the solutions of these eigenvalue equations then we can calculate o:

Let we choose
v0=(50)

Here 1 and 19 are two linearly independent solutions of the holomorphic equation. So
the Wronskian will be some constant. We choose Wronskian as

W = 1apy — atpy = 1

For anti-holomorphic equation we also have two independent solutions and we can
choose them such a way so that they also satisfy same Wronskian condition. Now take
this as a solution and we will verify this combination

o(z,z) = —2log [{(2) ANY(2)] + log 8 (6.23)
where, A is a 2 X 2 constant matrix whose determinant is
detA = —A
Let, B
X(2) = v (Z)A

So we can write (6.23) as

o(z,z) = —2log [x(2)¥(2)] + log 8

Then,
—40,0; 0 = — 40,05 [—2log [x(Z)¥(z)] + log 8]
_ (0:X)Y
50 [ X }
_8{(0: X 0:9) (x¥) — (9 X ¥) (X0:4) }
(X¥)?
8

~ R0 [(X10z X2 — X202 X1) (V102 2 — 1h20: 1)

14



Now if we use back B
X(2) = v(Z)A,

then after some straightforward algebra we get

—40,0z 0 :()(2)2 (10102 12 — 120z Y1) (A11Ag2 — Ag1Ars)]

Since Wronskian is 1 so one can get,

8det A

—40,0;0 =——+
(X)?

SA

- (w)?
=—Ae?

where 7 = # or 0(z,2) = —2log[x(2)y(2)] + log 8.
So finally )
o(z,z) = —2log [{(2) AY(2)] + log 8
is a solution of
—40,05 0 = —Ae?
where 9(z) and t(2) can be get from eigenvalue equations(6.17) and (6.18).

Here we have problem with the above solution since the solutions are not real and not
single valued. For reality problem one can just take matrix A Hermitian. For the single-
valued problem we have to analyze monodromy properties of the differential equation
which will be in 6th lecture.

6.1 Global classical solutions

The monodromy is defined via taking a solution basis around a complex curve, which
we denote by C.

P(Cxz) = M(C)y(z)

Here C is a monodromy and M (c) is some matrix representing the monodromy where
M(C)eSL(2,C). Where M is satisfies the condition

MIAM = A

For this M the solution ¢ are invariant under change of 1
Now for Positive Curvature:
Since we know

R+A=0

so for +ve curvature A < 0 and A is defined as
A:VfAG 0).

Similarly for negative Curvature:
A > 0 and A is defined as

-l )
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. Special Case:
Let’s discuss a simple solution with positive curvature. The simplest solution then is
sphere where

1

z

P1(2)
Pa(2)

so that Wronskian W = ¢19)) — 1p99)] = 1. Now pluging this 1)1 and 15 in the solution
of o (6.23) one can get

U:—2log[(l z)ﬂ(é g><i>]+log8

So we have,
ds® =edzdz
8 1 _
= _ Kmalzdz (6.24)
Z[e16 Mepr] = =St Z[6,4 Mopr] (6.25)

Zsphere = e_SL Zplane
In flat background(i.e Plane) R = 0 and § = 1

S = L /[2(820)(@0) + Ae%)d?z

2

1
(1+22)% "

then also e? = —%
Now,

_ zZ 9
8/|Z<L dZdZm — 87T(10gL — ].)

Here we take L very high and consider only the disk |z| < L. So here we have a
divergence so we have to add a S; = —4log L? counter term

Another thing is that if we choose

1,[11(2) =1
Po(z) =z

so that Wronskian is 1. Now from (6.17)

—402 =ty

one can say that ¢ should be 0.
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VR = 8mnd(x — xo)

again to remove singularity, see Fig. 1.

dzdz
d82:(22)7—217 |Z’>€
dzdz

So partition function
1
Z ~ exp [—h(—4772 log 62)]

Here € is very small.

6.2 Local classical solutions

Scribe : Ritankar

Reference :

Zamolodchikov brothers, pages 100-104.

We shall now focus on local solutions that come about from singularities in the classical

stress tensor of the Liouville theory.

— Specifically we study the role of isolated singularities of the function ¢(z) in the

equation

— 402Y(2) = t(2)¥(2) (6.26)

Here we focus on the regular singularities. We do not have to bother about first
order poles. For first order poles, the solutions ¢(z) are regular at the first order
poles. The second order poles of ¢(z) significant role.

Let t(z) behaves as t(z) — 75 as z — 0 (r is real). Using Frobenius method we

find that there are two solutions of equation (6.26) in this case, which behave like
Y1(2) — 2" and 19(z) — 277 as z approaches 0 where 7 staisfies the indicial
equation

r=4n(1l —mn) (6.27)

Apart from n we also occasionally use another parameter A to parametrize r. \ is
given by

+ (6.28)

) ]-_77:

N | —
DO | >

which implies 7 = 1 — A2
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Depending on value of 7, we can consider three different types of monodromy.
For r < 1 the monodromy is called Elliptic monodromy. In this case A (and hence,

n) is real. Here we assume that A > 0. We also choose the basis (11,2) in such a
way that at z — 0 we can have

C[ez)] 1 [z
P(z) = [1@(2)] — [ §+§] (6.29)

If we take the curve Cy to be going around the point z = 0 and sufficiently close
to 0, then the monodromy matrix associated with it becomes

_ef’iﬂ)\ 0

mien ="

] . trM(Co) = —2cos(mA) € [-2: 2] (6.30)

Note that this matrix belongs to both SU(2) and SU(1,1). That means both pos-
itive and negative curvature are consistent with this kind of singularity. Therefore
the expression of o(z, z), in terms of 1(z) and ¥ (2) takes the following form

a(z,2) = —2log(¥1(2)1(2) = 2 (2)92(2)) + log(£(—8A*/A)) (6.31)

Here the plus and minus sign corresponds to the cases of positive and negative
curvatures respectively.
Since the second term in the argument of the logarithm is z* times the first term
with A > 0, at z — 0, the first term necessarily dominates over the second term.
Therefore at z — 0

o(z,z) = —2nlog(z2) (6.32)

The singularity of above kind y corresponds to conical point at z = 0
VIR(z,2) = —40.0:0(z, 2) = 810 (2) + reg (6.33)

Equation (6.31) global solution of the constant curvature problem, whose global
character depends on the sign of the curvature.

Now we shall discuss the case of positive curvature. In this case the metric corre-
sponding to equation (6.31) is

812 dzdz
—) =az (6.34)

45" = dedz =~ () s oy

While at all finite nonzero z this metric is smooth, it is invariant under the trans-
formation z — w(z) = % and hence, has another conical singularity at z = oo

VIR(w, ) = =48, 050 (w, ) = 876 (w) + reg (6.35)

Therefore the Liouville action diverges at |z| — 0 and |z| — oo.

Now we discuss the negative curvature for which o(z, z) is equation (??) with -ve
sign. Therefore the metric in this case, is

8A2 dzdz
4=~ () 21— (25 )2

(6.36)

If we take the domain |z| < 1 then we find the geometry of the Poicare e disk with
the conical point somewhere inside.
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— Hyperbolic monodormy occurs when r > 1. In this case A = /1 —r is purely
imaginary

A=ip (6.37)

Taking p > 0 and ensuring that the Wronskian is unity we introduce the following

basis L
_ ¢1<z>] 1| e
va=[00] - 7 [_izw] (0:3%)
where z — 0.

— The monodromy matrix has the following form

0 —e P

M(Cy) = [ ] € SL(2,R), trM(Cy) = —2cosh(mp) <2 (6.39)

— We see that the matrix belongs to SL(2, R). That means only -ve curvature is
consistent with this type of singularity. Therefore, the matrix A takes the following
form in this basis

A =iVA [_01 (1)] (6.40)

— Therefore o(z, Z) becomes

1 - p 1 - p 2
o(2,%) = —2log|(22)3715 + (22)5 3] + log (8%) (6.41)
2
= —2log[|z| cos(plog(z))] + + log <2%> (6.42)

In polar coordinates 7 and 0, (z = ¢7+%, and z = ¢7+%), the metric becomes

B 271)2d7'2 + db?

ds® = (6.43)

A cos?(pr)

— This metric tensor has singularities at 7,, = pil(g +nm). They are at the concentric
circles in z-plane, given by |z| = e™. Since the singularities are like this and no
singularity at z = 0, we cannot expect it to be a z — 0 asymptotic of something
else. Yet this metric has some interesting features which we are going to discuss
below.

— We would focus on one of the regular regions

T T
I 6.44

5 <PT <5 (6.44)

In z-plane this region is annulus between two circles given by |z| = e~ 2?7 and

|z| = e2P. The structure of the circles are similar to the absolute of Poincare disk.
This is geometry of hyperboloid on one sheet and occasionally referred to as AD.S,.
— Taking 7 = it in the metric given in equation (6.43) we find the Minkowski space-

time pseudo-metric.
2p% —dt? + db?
ds? = -~ + 90 (6.45)
A cosh?(pt)
This can be interpreted as a 2d universe evolving from small circle of zero size at
t — —oo, expands to a finite size of the order y/p/A and then at ¢ — oo, again

shrinks to zero size. See Fig. 2.
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Figure 2: A visualization of metric (6.45). The green long legs represent the local parabolic
solutions.

— Let us recall that the expression of t(2) = 5 = 1”;’2 was for z — 0, i.e. it is just

the asymptotic form and it may have some less singular correction term. Therefore,
it is perfectly possible that the resulting geometry outside of some circle becomes
smooth. In that case this hyperbolic monodromy describes an opening to a smooth
geometry. The boundary circle outside which the resulting geometry is smooth has
a structure of the absolute.

— The parabolic monodromy corresponds to » = 1 and in that case the differential
equation becomes

402¢(2) + ;121/}(2) =0 (6.46)

— It has two linearly independent solutions /2 and /zlog z. We take the following

basis for z = 0
- [

— The monodromy matrix M (Cp) the takes the following form

-1 27

M(Cy) = [0 1

] € SL(2,R) (6.48)

— Since the monodromy matrix belongs to SL(2, R), the matrix A again takes the
form of equation (6.40). Then again using the expression of o(z, z) in terms of ¢
and v, we arrive at

ds® = §,(127d2z, (6.49)
A (22)log”(22)
— The curvature in this case becomes
VIR(2,2) = 416%(2) + reg (6.50)
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An interesting feature of the geometry is this: geodesic distance from z = 0 to any
other point is infinite. This can be visualised as an infinitely long leg growing from
the surface.
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A Appendix: General questions

e Can the procedure of defining path integral measure for the metric in Lec-4 be gener-
alized to higher dimensions, generically? Or the generalization in higher dimensions is
admissible only for “conformal gravity”?
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