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Abstract

We study semiclassical scattering in Liouville theory, in SL(2,R)/U(1) WZW theory and in
SL(3,R) Toda theory, using the relations between the in and out fields defined by the chiral
currents of these theories. By these relations we investigate the generating functional F
that corresponds to the semiclassical S-matrix. In particular, we construct the Legendre
transform of F' in a closed form. The construction scheme is similar for these three theories
and the obtained functionals have a compact form. This provides a basis for the functional
integral representation of the S-matrix in these theories, which earlier was known only for
Liouville theory.
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1 Introduction

In this paper we investigate the S-matrix of integrable 2d CFTs semiclassically. In partic-
ular, we generalize the semiclassical results, obtained in [1,2] for the S-matrix of Liouville
theory [3-5], to SL(2,R)/U(1) WZW theory [6,/7] and to SL(3,R) Toda theory [8-10].
These theories are completely integrable classically in the sense that the general solution
of the equations of motion is represented as a function of the chiral and the anti-chiral
fields [8,/11},/12]. By the form of the general solution one can analyze the behavior of the
interacting fields at the time asymptotics, which shows that the interacting fields of these
theories asymptotically become free massless fields. These free fields itself have the chiral
structure, which allows to express the parameterizing chiral fields in terms of the asymp-
totic (in or out) fields in a compact form. As a result one obtains the interacting fields in
terms of the asymptotic fields and one also finds explicit relations between the in and out
fields. These relations define a non-trivial canonical transformation and the corresponding
generating functional F' provides the semiclassical S-matrix.

Integrability of Liouville theory is based on the 2d conformal symmetry generated by
the stress tensor components (T and T). Two other theories have additional chiral and
anti-chiral currents (W and W), which define higher symmetries. The chiral currents have
a free-field form in terms of the asymptotic fields and due to the chiral structure their form
in terms of the in and out fields is the same. This leads to an infinite set of equations for
the generating functional F', which describe the symmetries of the theories.

In quantum theory these equations are generalized for the S-matrix, using the free-field
representation of the quantum currents, which are known in a closed form. The subject
of S-matrix of scattering states in Liouville was initiated in [13]. In this approach one
easily finds low level transition amplitudes, which appear rational functions of A and the
momentum zero modes. Due to a rather simple form of these amplitudes one can try
to generalize the answer by recursive relations [1]. However, these relations even at the
classical level are non-trivial and it is hard to get the answer for the general transitions in
a compact form.

An alternative scheme based on a new type functional integral representation of the
S-matrix was proposed in [1] and [2] for Liouville theory. In special cases this functional
integral is exactly calculable and reproduces the low level amplitudes precisely. The main
goal of the present paper is a generalization of the scheme for other integrable theories.

2 Results and Discussion

2.1 Generating function in Liouville theory

In this section we first briefly summarize some results of [1,[2] which are relevant for the
semiclassical analysis of the S-matrix in Liouville theory. Then we propose a new scheme
for the construction of the generating functional of the canonical transformation between
the in and out fields.

We study Liouville theory on a cylindrical spacetime with spatial coordinate o given



on the unit circle. The Liouville field ® satisfies the equation of motion
0:0,® + p? ** =0, (2.1)

where x = 7+ 0 and & = 7 — ¢ are the chiral and the anti-chiral coordinates, respectively.
At the time asymptotics, 7 — Foo, the Liouville field turns into the massless free fields
which split into the sums of the chiral and anti-chiral parts

O = 9(2) + 9(7), Do = G(x) + () . (2.2)
The chiral fields obey the mode expansion
. An  _ing 7 ~ ~ . bn —inx
¢($)=q+%px+l§ge : ¢(x)=q+%px+@§ge . (23)

with a_, = a, b_,, = b}, and a similar structure has the anti-chiral part.

The scattering process does not mix the chiralities. This means that the chiral out-field
#(x) depends only on the chiral in-field ¢(x). Therefore, it is sufficient to investigate this
dependance, since the anti-chiral part is similar.

To analyze the relation between ¢ and qB, we use the chiral stress tensor of Liouville
theory, T = (8,9)* — 92®, which in terms of the asymptotic fields becomes

T(z) = ¢'"*(x) = ¢"(x) = ¢*(2) — §"(x). (2.4)
The Fourier modes in ({2.3)) satisfy the canonical Poisson brackets relations

m

{pa Q} - {ﬁ7 (j} - ]-7 {am7 an} - {bma bn} - 7 m—+n,0 » (25)
defined by the symplectic form
oar, A\ day, e obr, A 0byy,
w=Op N Bq+ 20y I = GHAG 420y (2.6)
m>0 m>0

It is important to note that the zero modes of the in-field are given on the half-plane
p > 0 and one has p = —p, similarly to the scattering of a particle in the exponential
potential. The reflection of the momentum zero mode, together with Ti,(x) = Tou(x)
given by , provides rather complicated relations between the other modes of the in
and out chiral fields, which lead to a non-trivial S-matrix.

Since the asymptotic fields are related to each other by a canonical transformation, the
difference between the pre-symplectic forms of the out and in fields is an exact 1-form.

Using also the relation p = —p, from (|2.6)) we obtain
b ay

q op — 2i 5bE — 2i 60y, = 0F[p, b 2.7

(d + )dp Zngom o Zngom a [p,b",a], (2.7)

where F'[p, b*, a] is the generating functional of the canonical transformation and we have

oF oF 21 oF 27
- = q — = ——aF - — bm . 2
op q+4q Oa,, m ‘m obr, m (28)
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According to the Dirac’s correspondence between the generating function of a canonical
transformation and the related quantum unitary map, the exponent e#? is associated with
the semiclassical S-matrix, and our aim is to investigate the functional F'.

To find F' from the equations , first we have to express the variables (¢ + ¢, b, a*)
in terms of (p,b*,a) from the relations between the in and out fields and then integrate
. However, even the first stage of this scheme appears to be a nontrivial task.

Possible solutions of this problem were described in [1}2]. Below we present a modified
scheme which we later generalize in the next two sections for two other integrable theories.

To start, we introduce the positive and negative frequency parts of the chiral fields ¢(x)

and ¢(z)
N O —ima fion N Y ima
a(x)zmzwljeA : a*(x) = zmzw;le‘ , oo
b(m):zmggoﬁe : b(x):—zmz;oae ,
and rewrite the relation between the asymptotic fields,
g—ir= (4 +8) (4-5). 210
in terms of two other chiral fields ¢(z) and j(x) given by
p(x) = ¢(@) + d(x) = G+ g+ alx) + b(z) + o’ (@) + 0" (2) = Y _pae™,  (211)
nez
j(x) =p+2d(z) = 2" (x) =Y jae ™. (2.12)
nez
From and follows
¢/(x) = ¢/(z) = j(x) — ¢ (2) + ¢ (), (2.13)
and can be written as
(j(2) = (@) + ¢ (2)) = () (j(2) = ¢y (2) + ¢ (2) (2.14)

where ¢, (z) and ¢_(x) are the positive and the negative frequency parts of p(x), respec-
tively,

oi(x) =alz)+b(z) = Z Om M p_(x) = )+ b (x Z O me™ . (2.15)
m>0 m>0
Integration of ([2.14]) yields
(@) = @y () — @ () + po e?™ (2.16)

where 1 is an integration constant.

A more detailed analysis of the relation between the chiral asymptotic fields shows (see
eq. (4.18) in [1]) that (2.16)) holds for pg = p1, where y is the *cosmological’ constant in the
Liouville equation @ . In this case can be written as

(2.17)



where Afy] is the functional

! T o
Alpl = =5 > Inlonpn + 41 [ 5. (2.18)
0

2T
nez

Based on ([2.17), we introduce the Legendre transformation A[g] — F[j]:

Fljl = j-apn — Ale]. (2.19)
nez
From this equation follows .
OF
a9 2.20
and comparing it to (2.11)-(2.12)), we find that the functional F' defined by
~ *a
F=F+2% m 2.21
+ zm% ool (2.21)

is a solution of (2.8). Thus, the generating functional F' is defined by F[j], which is the
Legendre transform of the functional .

As our main interest lies in the quantum S-matrix, for which along with its
quantum deformations provide sufficient structure, we can formulate the problem without
any reference to the integration constant pg that appears in . Indeed, since does
not involve zero modes, we can work with an action that avoids introducing pg altogether.

Therefore, from (2.16)) we solve for pg:

27
_ dy
_ q+aq P(y) 2.22
P = Ho€ /0 o e ) ( )

with ¢ = ¢y + ¢_.
Then, by (2.16) and (2.22)), the non-zero modes j, are represented as

27 17~
. . p dr 5o 0A[p)]
L= — Wt — — P@) gine — TP 293
J inle fo% g_g e?(v) /0 2T e p_, ( )
where the new functional is
Algl = 5 Sl pon ([ 20 2:20)
2 e 0 2m

n#0

As above, we introduce the Legendre transformation A[@] — F[j], where now the zero
modes are not involved

F[j) = (jlg) — Alg], where (j|p) = > jntpn (2.25)
n#0

i.e. p here has no dual variable and in ([2.24]) it plays the role of a parameter.
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By the same arguments, leading to (2.21]), we now find that for n # 0

oF 0 b* a
: Fe2iy | (2.26)
jn Djn ( mzw m )
In quantum theory, the condition Ti, = Ty provides a system of linear differential

equations for the functional S [j], which is a quantum counterpart of the functional e# F [ﬂ,
and it describes the S-matrix up to a p-dependent factor R(p), which is the reflection
amplitude given by the 2-point function of [13,14]. Therefore, one can normalize this
functional by the condition S[0 | =1 and represent it as Slj] = Z[51/Z|0] .

A possible candidate for Z[j] is the functional integral

/Hd(p e% (3le) A[@])) (2.27)

n#0

where A[@] is given by . The validity of this representation is based on the fact that
the saddle point calculation of this integral gives the correct semiclassical result.

Note that the functional A[gb] contains the zero mode p as a parameter, which plays the
role of a coupling constant. It was shown in [2] that at p = i and p = 2ih the functional
integral can be calculated in a closed form. The obtained answer coincides with
low level amplitudes (at p = ik and p = 2ih), which were calculated in [1] exactly in the
operator formalism. This gives strong argument in favor of .

By the same arguments as in one can also consider the functional integral

Z[j] = /dgpo H dSOn 6% (p¢0+<5|¢>_A[‘P]) , (228)

n#0

where A[yp] is given by (2.18). Integration of oy here, relates the integral (2.28) to (2.27)

by Z [j] =T (%) (%‘)_% Z[j], which means that these functional integral representations
are equivalent.

Note that a shift of the zero mode of ¢ by log(p/u) has the effect of replacing the
prefactor in the potential term of A (cf. (2.18)) by p and to cancel the first term in the
exponent of . This should not affect the complete amplitudes but is advantageous in
the diagrammatic evaluation of Z[j], cf. ref. [1].

2.2 Generating function in SL(2,R)/U(1) WZW theory

In this section we consider the scattering problem for SL(2,R)/U(1) WZW theory using
the scheme described in the previous section for Liouville theory leading to the functional
integral representation of the S-matrix. In particular, we will construct the functional A,
which is related to the generating functional of the canonical transformation between the
asymptotic fields by a Legandre transformation.

We describe the scattering problem in SL(2,R)/U(1) WZW theory by the action

/dT /271' dO' (8 (I)Q) ((9UCI>1)2 — (80@2)2 (229)

1+ e2%1 ’




where (o, 7) are the standard spacetime coordinates on the cylinder as in Liouville theory
and (®q, ®y) are scalar fields. The Lagrangian in (2.29)) corresponds to a sigma-model and
it is again convenient to use the chiral coordinates (z = 74+ o, & = 7 — ¢). The equation
of motion for the complex field ¢ := ®&; + 1P, then reads

o0+

This equation provides the chirality conditions

0;T =0, 0,T =0, 0;U =0, 0,U =0, (2.31)
where (T, T) are the standard components of the stress tensor in this sigma-model
0,P* 0, P _ 0;9*0;P
o MO0 g G0 2:32)
and (U, U) have the following form
02® 0, P* 0¥ 0 P*
U= — 0,0+ ——— | U= —0;P+ ————— . 2.33
0, P 1+ e®t® 0:P 1+ e®t® (2:33)
From (2.31)-(2.33)) follows that the field V = e~? satisfies the linear equations [12]
02V =U(2)0,V +T(x)V, 02V =U(z)0;V +T(z)V . (2.34)

Note that the Lagrangian in (2.29)) takes a more familiar form [6] in terms of the field V/
1 0zV*0,V + 0, V*0;V

T 4r 1+V*V (2:35)
Due to (2.34), the field V(z,Z) can be written as
V(e.2) = (@)d(@) + D)), (2.36)

where (¢(z), 7,2(37)) and (¢(z), @Z:)(E)) are linearly independent solutions of the first and the
second equation in (2.34)), respectively, i.e.

U (x) =U(x) V' (z) + T(z) U(x), U (z) = Ulz) V' (x) + T(x) ¥(zx). (2.37)

As in Liouville theory, provides the general solution of the equations of motion
of the model [12], which splits in different monodromy classes. Scatterings are described
by the hyperbolic monodromy, where the parameterlzmg chiral fields are the free-field
exponentials () = e~ 91(@)~i¢2(@) w(x) = ¢~91(@)=id2(a) , and one can show that they are
related by

U (2) d(x) — P (@)p(x) =i (2.38)
The free fields obey the standard mode expansions

ap —inx bn —inx
Oi(@) =q+gme i) me ™ dia) =G+ ghatiy —te ™, (2.39)

n#0 " n;éO
Cn  _in i dn —in
¢()—q2+2p2x+zzne & ¢()—q2+2p2x+zzne T (2.40)
n#0 n#0



where
pr=-p1 <0, Do = Po + 2N, (241)
with integer N, which describes a winding number. We consider the case N = 0.
In this case, similar to Liouville theory, the field e?®* vanishes at the time asymptotics.
Therefore, at 7 — Foo, the interacting fields ®; and &5 become free massless fields and
the form of the chiral fields T'(z) and U(x) is the same in terms of the in and the out fields.

To simplify the analysis of the chiral fields in terms of the asymptotic fields it is convenient
to introduce the W-current

W(z) =2 (U(x) — U*(x) T(x) . (2.42)

Then, the conditions T}, (x) = Tou(x) and Wi, (x) = Wy () provide the following relations
between the free chiral asymptotic fields

12 g2 gy g2 (2.43)
2oy + o + 1l — L4l = @170 + ¢ + L\ — 114 . (2.44)

Below we will follow the steps described in the previous section for Liouville theory.
The Poisson brackets of the Fourier modes in (2.39)) are defined by the symplectic form
of the chiral fields, which are similar for all four fields and, for example, for ¢, it reads

w=0p1 Noq, + 2i Z M . (2.45)

m
m>0

Since the asymptotic fields are related to each other by a canonical transformation, we
can introduce the generating functional of this transformation defined by

1
OF = (1 +q1)0p1 — (G2 — q2)0p2 — 20 Y _ — (b 0], + o Ocly, + 1, S, + €5, Ocn) , (246)

m>0

where the 1-form on the right hand side is the difference between the presymplectic forms
of the out and the in fields and we have used the relations , for N = 0.

Thus, F is treated as a function of the modes (p1, p2, b, d7,, am, ¢m), with m > 0, and
its partial derivatives satisfy the relations

oF oF

0_1)1_q1+(h’ a—m—%—az,

or %, oF o, or s, oF i, Y
obx, m " ad, m " Oay m " depy, m "

Our goal again is to describe the functional F' and, like in Liouville theory, we introduce
the new chiral fields

p(z) = d1(z) + o (2 Z‘Pn e, x(x) = da() + do(x ):pﬂ*’ZXn@ﬂma (2.48)

nez nez
Jj(z) = p1+2d(z)—2b""(x Z]n , k(z) =2d(x)—2d"(x Z ke ™. (2.49)
nez n#0



Here a(x) is the positive frequency part of ¢;(x), b*(x) is the negative frequency part of
¢1(x), etc., as in (2.9). Note that x(x) is not periodic and k(z) has no zero mode.

Now we use the equations ([2.43)-([2.44)) to relate the fields in (2.48) and (2.49). From
(2.43) follows
Y VY
d)l ¢1 _ ¢2 ¢2 (250)

Oty O+
We denote the ratio here by R(x) and by (2.48]) obtain

1 T 1 o
=5 +RY), =5 —RBX), =50~ Re). dh=50 +Re). (2.51)

Inserting this expressions in ([2.44)), we find the equation for R(x)
R —(R+R)¢ =0. (2.52)

Its integration yields
R cert 2.53
@)= g (2:5)
where ¢ is an integration constant.

Similarly to (2.13)), from (2.48)-(2.49)) one has

h—dh=i—dte ., Hh—dh=k—x, T, (2.54)
where ¢, and y. are defined as in (2.15)). Then, by (2.51)) and (2.53|) we find
C 699('77) X/ C e@(x) 90/

. / / / /
]:§0+_¢—+W; k:X+—X_—W. (2.55)
Situation here is similar to (2.16)), where the integration constant p was fixed from more
specific relation between the asymptotic fields than the identity of the chiral currents. In
this case the integration constant ¢ can be specified from ([2.38)), which is equivalent to
2sin (g2 — ¢2) = e?1791, and it provides |¢| = 1/2.
However, our final goal is the construction of the functional integral where the co-

ordinate zero mode and the integration constant are excluded. Therefore, we keep the
integration constant in (2.55) and rewrite these equations as

dA[p, X] dAlp, x|

j(z) = 2n 2 X k, = 9 2.56
R e o (250
where Afp, x| is the functional
. i i T dw @)
Alp. Xl = =3 > Inlo—npn — 3 > Inlx-nxn + 5 arcsinfee” )X (z).  (2.57)
nez nez y

Based on (2.56), we introduce the Legendre transformation Afg, X] — F[j, k]:

FIiK = jenen+ Y konxn — Alp, 7). (2.58)

nez n#0
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This provides

OF[j, k] 1 OF[j, k]
and according to (2.47))-(2.48|) the functional
~ br a dr c
F42iy 242y 2= (2.60)
m>0 m m>0 m

reproduces F' up a term which is only p» dependent.
Since F[j, k] and Alp, x| are related by the Legendre transformation (2.58)), the saddle
point calculation of the integral

7 ) .

n#0 n#0

yields en , and it describes non-zero mode transition of the S-matrix at list semiclassically.
If we integrate in (2.61]) only the zero mode ¢q by the saddle point method, we get

/ H dpy, dxn €xp % (Z (Jon@n +Ek_nXn) — A[Sb? X]) ; (2.62)

n#0 n#0
where .
Alg, x| = Alp, X] — prvo (2.63)
and the zero mode (g is obtained as a function of (py, pa, @n, X»n) from the equation
21
dr ce?@ /' (z
o [ ) v
0 2T /1 — c2e2e(@)

One can look for the solution of ¢y in power series of the non-zero modes (¢, Xx,) and

use it in (2.62)).

2.3 Generating function in SL(3,R) Toda theory

Here we apply the scheme described in the previous sections to SL(3,R) Toda theory, which
we describe by the action [15]

S = /da: dx [(‘9@@1 0, ®1 + 0:P5 0, P9 — 2% €' cosh (\/3@2” ) (2.65)

The spacetime is assumed again cylindrical and we use the same chiral coordinates.
The equations of motion obtained from this action

0:0,®, + 1% cosh (\/§q>2> —0, 90,85+ V3% sinh (\/§q>2> —0, (2:66)
provide the chirality conditions 0;7 = 0, 0;:W = 0, where T and W currents are

T = (0,®1)* + (0.D4)* — 2029, , (2.67)
W = (0,02)% — 3(0,P1) 0, P2 + 20201 0,02 + 20:@2 0,01 — 3020, . (2.68)

9



The potential term in the action (2.65)) vanishes at the time asymptotics, and we have

Pu(1,0) — ¢olx) + 00 (Z), at T — —o0,
- 2.69
o, (1,0) — @a(m) + ¢o(Z), at T — 400, ( )

for a = (1,2). This defines the stress tensor (2.67)) and the W-current (2.68]) in terms of
the asymptotic fields

T = (1) + (#0)" — 207 = (61)" + (#2)" — 2&” (2.70)
W= (¢5)° = 3(01)" ¢ + 301 ¢ + 505 &) — 305 (2.71)
= (65)° = 3(41)* & + 301 9 + 505 & — '"-
Thus, the scattering problem for SL(3,R) Toda theory is described by two chiral in-fields
(¢1, ¢2) and two chiral out-fields (1, ¢2), as in SL(2,R)/U(1) WZW theory.
The expansion of these fields in Fourier modes is again (2.39)) and the relation between

the momentum zero modes is also similar p; = —p; < 0, Py = po.
On this basis, we introduce four new chiral fields

p=¢1+d1, X=0¢2—do, j=pi+2a' —20", k=py+2+2d", (2.72)
where the positive and negative frequency parts are defined as before

Ph=1pi+d+d,  P=—Ip+V V", -
Gh=Ltpp+d+*,  Ghy=Lip+d+dr.

The difference here is in the choice of the field y and the current k. The field y now
is periodic and k has nonzero momentum mode. This choice is more natural than the
one given in (2.48)-(2.49). Note that the same choice fails for SL(2,R)/U(1) theory due to
[2-38), which forbids to treat ¢; + ¢1 and ¢ — ¢ as independent fields.

From-wehave
gr=¢ +3j, d=¢,-Lj, ¢h=1k+x_, c?ﬁ’g:%k‘—xh (2.74)

Hence, (2.70))-(2.71)) relate the fields (¢, x) to the currents (j, k). By (2.70)) one can solve
k algebraically and (2.71]) then reduces to a second order dlfferentlal equatlon for 7. Its

integration, after a suitable choice of the integration constants, leads to the solution

j=¢ — ¢ +/X'2+2e¥coshy, (2.75)

% gpx +\[6‘Psmhx

\/X’2 + 2e¥ cosh ¥

k=x,—x_+ , (2.76)

where y = \/Lg X-
Since the transformation from the in-fields to the out fields is canonical, the currents
in (2.75)) and (2.76)) have to be represented as the variational derivatives

6A[p, X] dA[p, x]
dp(z) ox(z)

10

k(z) = 2n (2.77)

jlx)=2m



and we find the functional

2 = Y
dx — — 2 4 2e¢ coshy — X'
A—/ — ((pﬁrgo+X'+X+2\/X’2+26¢coshx+x’log VX X X>.
0

2T VX' 2+ 2efcoshy + Y/
) (2.78)
Its Legendre transformation A — F', defined by ([2.78]) and
F(j,k) = (ile) + (kIx) — Alg, x], (2.79)
provides
OF[j, k] 1 JA[j, k] 1
) 2w P k) 2 X (2:80)

The choice of the fields ¢ and y defines the relation between the functionals F and F.
In this case it is given by

F:F+2@'Zb¢"“m—2iz m Cm (2.81)

m m
m>0 m>0

3 Conclusion

In the conclusion we present a schematic overview of the key methodological elements
developed throughout this paper.

We denote by a and b the set of the positive frequency modes of the in and out fields
respectively, and by a* and b* the corresponding negative frequency modes.

The map from the in-field to the out-field is canonical, which is expressed by

w=10b"\Néb=1ida" Ada, (3.1)

where w is the free-field symplectic form.

We denote by F'(b*, a) the generating functional of the canonical transformation between
the asymptotic fields, which depends on the negative frequency modes of the out-field and
the positive frequency modes of the in-field.

Thus, the differential of F is

SF(b*,a) = —ibob" —ia*da, (3.2)
and its derivatives are
OF(b*,a) ., OF(b*,a) .
T——’La s T——Zb (33)

To get equations for F' in a closed form, one has to express the modes (a*,b) in terms
of (b*,a), using the relations between the asymptotic fields, which we formally write as

T(b*,b) = T(a*, a) . (3.4)

These relations define infinite set of nonlinear equations for (a*,b) and its solution is a
hard problem even for Liouville theory. A similar problem is to solve (b*, a) from (3.4]) in
terms of (a*,b).

11



However, one can introduce the new fields
"= —i(a* +€b"), e ="1i(b+ea). (3.5)

which allow to solve (3.4)) with respect to (b*,a) in terms of (¢*, ¢), where € = +1.
Then, due to (3.3]), the solution of (3.4) is represented as

. 0A oA
b——%, a_a_@*’ (36)

where the functional A[p*, ] is obtained from the explicit form of the solution.
By (3.6) we introduce the Legendre transformation A — F:

F[b*,a] = ap” — b0 — Al¢", ¢] , (3.7)

which defines F' as 5
Flb*,a] = F[b*,a] +icba. (3.8)

The quantum version of the Legendre transformation (3.7]) can be treated as

since the saddle point calculation of the integral reproduces the classical relation (3.8]).

As it was mentioned in Section 2, in Liouville theory this relation was checked in [1]
and [2] by various quantum calculations.

Low level transition amplitudes are known both in SL(2,R)/U(1) WZW theory and in
SL(3,R) Toda theory in a closed form [16]. This defines a part of the left hand side of (3.9)),
and it is natural to calculate the corresponding right hand side of , investigating the
functional integral in for the constructed functionals and .

We are also looking for the generalization of the method to other integrable models,
where the first natural candidates are supersymmetric extensions of the considered theories,
or the same theories with conformally invariant boundary conditions.
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