
CFT Readings

Abstract

Miscellaneous notes from reading course on CFT (mainly 2D) held in Monsoon 2020.
The participants include Athira P. V. , Diptarka Das, Bidyut Dey, Suchetan Das and Anurag
Sarkar.

1 Derivation of descendant Ward identity

We start with the following expression,

< φ−kn (z)φ1(z1) .... φN (zN ) > . (1.1)

where, φ′is with i = 1, ..., N are the primary fields and φ−kn is a secondary field of the confor-
mal family [φn].
We know from equation 3.12 of [1],

T (ζ)φn(z) =

∞∑
k=0

(ζ − z)−2+k φ−kn (z) (1.2)

then,

φ−kn (z) =

∮
dw

2πi
(w − z)1−k T (w)φn(z). (1.3)

From equation (1.3), it follows that

< φ−kn (z)φ1(z1) .... φN (zN ) >

=

∮
z

dw

2πi
(w − z)1−k < (T (w)φn(z))φ1(z1) .... φN (zN ) >

=−
N∑
i=1

∮
zi

dw

2πi
(w − z)1−k < φn(z)φ1(z1) .. T (w)φi(zi) .. φN (zN ) >

(1.4)

the integration contour is deformed to get the third line from second line.
By using the OPE of primary fields we will get,

<φ−kn (z)φ1(z1) .... φN (zN ) >=

−
∮
zi

dw

2πi
(w − z)1−k

( N∑
i=1

[ hi
(w − zi)2

+
1

w − zi
∂

∂zi

] )
< φn(z)φ1(z1) .... φN (zN ) >

where, ∆1,∆2, ...,∆N are dimensions of the fields φ1, φ2, ..., φN respectively. We can do the
contour integral, ∮

dw
1

(w − z)k−1

1

(w − zi)2
= 2πi

1− k
zi − z

(1.5)
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and, ∮
dw

1

(w − z)k−1

1

w − zi
∂

∂zi
= 2πi

1

(zi − z)k−1

∂

∂zi
(1.6)

By using these expressions we will get,

<φ−kn (z)φ1(z1) .... φN (zN ) >= (1.7)( N∑
i=1

[
hi
k − 1

zi − z
− 1

(zi − z)k−1

∂

∂zi

] )
< φn(z)φ1(z1) .... φN (zN ) >

2 Virasoro blocks using Ward identities

Given the conformal Ward identity here we prove equation (15.2.7) from [2],

ci{k,k̄}mn =
∑
{k′,k̄′}

M−1
{k},{k′}M

−1
{k̄},{k̄′}L−{k}L̄−{k̄}〈Om(∞,∞)On(1, 1)Oi(z1, z̄1)〉S2

∣∣∣∣
z1=0

. (2.1)

From the definition of OPE we have,

Om(z, z̄)On(0, 0) =
∑
i,{k,k̄}

z−hm−hn+hi+N z̄−h̄m−h̄n+h̄i+N̄ci{k,k̄}mn L−{k}L̄−{k̄} · Oi(0, 0). (2.2)

In the above equation, L−{k} =
∏
i L−ki such that,

∑
i ki = N . We also have the Ward

identity of descendant with primaries :

〈[L−k1 . . . L−k`L̄−l1 . . . L̄−lm · O1(z1)] . . .On(zn)〉S2 = L−k` . . .L−k1L̄−lmL̄−l1〈O1(z1) . . .On(zn)〉S2 .
(2.3)

In the above (see eq(1.7)),

L−k =
n∑
i=2

[
hi(k − 1)

(zi − z)k
− 1

(zi − z1)k−1

∂

∂zi

]
.

The equation (2.3) can be derived by using the OPEs between stress tensors and primaries.
Using the state-operator correspondence, note that we can write eq(2.2) as,

Om(1, 1)|On〉 =
∑
i,{k,k̄}

ci{k,k̄}mn L−{k}L̄−{k̄}|Oi〉. (2.4)

Note z, z̄ from eq(2.2) disappears since they are taken to 1. The conjugate of the above
equation is,

〈On|Om(1, 1) =
∑
i,{k,k̄}

ci{k,k̄}mn
∗〈[L−{k}L̄−{k̄}] · Oi|. (2.5)

Next, note 〈
[L−{k}L̄−{k̄}] · Oi

∣∣∣∣[L−{k′}L̄−{k̄′}] · Oj〉 = δijM{k},{k′}M{k̄},{k̄′}. (2.6)

Here, the matrices Mk,k′ are the inner product matrices. See eq(15.1.6)-eq(15.1.11) of [2].
The inverse is by definition, ∑

β

Mγβ

(
M−1

)
βα

= δγα.
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Therefore we have,∑
{k′,k̄′}

〈
[L−{k}L̄−{k̄}] · Oi

∣∣∣∣[L−{k′}L̄−{k̄′}] · Oj〉M−1
{k′},{l}M

−1
{k̄′},{l̄}

= δij
∑
{k′,k̄′}

M{k},{k′}M−1
{k′},{l}M{k̄},{k̄′}M

−1
{k̄′},{l̄}

= δijδ{k}{l}δ{k̄}{l̄}. (2.7)

Putting this to use firstly,

〈On|Om(1, 1)|[L−{k′}L̄−{k̄′}] · Oj〉 =
∑
i,{k,k̄}

ci{k,k̄}mn
∗〈[L−{k}L̄−{k̄}] · Oi|[L−{k′}L̄−{k̄′}] · Oj〉,

=
∑
i,{k,k̄}

ci{k,k̄}mn
∗δijM{k},{k′}M{k̄},{k̄′},

=
∑
{k,k̄}

cj{k,k̄}mn
∗M{k},{k′}M{k̄},{k̄′} (2.8)

Hence, multiplying by Graam matrix inverses and contracting properly (note since matrix
elements are written down order is unimportant),∑

{k′,k̄′}

〈On|Om(1, 1)|[L−{k′}L̄−{k̄′}] · Oj〉M
−1
{k′},{l}M

−1
{k̄′},{l̄}

=
∑
{k,k̄}

∑
{k′,k̄′}

cj{k,k̄}mn
∗M{k},{k′}M−1

{k′},{l}M{k̄},{k̄′}M
−1
{k̄′},{l̄}

= cj{l,l̄}mn
∗ (2.9)

Next using the fact that Mij =Mji hence also true for its inverse, and that cj{l,l̄} is real,
upon using the eq(2.3) and relabelling indices, we obtain equation(2.1).
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