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Abstract

Life testing experiments are crucial for assessing product reliability, but traditional methods strug-
gle with high product reliability, destructive testing, and time constraints. Stage Life Testing
(SLT), which combines progressive censoring and step-stress testing, offers a flexible alternative
by re-testing censored items under different stress levels. This article deals with the estimation
methodology under SLT experiments using the tampered failure rate model, which assumes mul-
tiplicative effects on failure rates in different stress levels. The estimation procedure is proposed
without making any specific assumptions about the shape of the hazard rate functions. Instead,
it is assumed that the hazard functions in different stress levels belong to a class of distributions
characterized by piecewise constant hazard rates. To address the challenges of complex maximum
likelihood estimation, we propose an Expectation Conditional Maximization (ECM) algorithm,
which efficiently handles parameter estimation. Simulation study is carried out to assess the
performance of the proposed estimation procedure. Methodology for accommodating unknown
cut-points is also proposed and illustrations using simulated data are presented. Extension to
general k-step stage life testing is also considered. Finally, a computational algorithm is proposed
to determine optimal censoring scheme based on D-optimality criteria.

Keywords: Stage Life Testing, Expectation-Maximization algorithm, Expectation Conditional
Maximization algorithm, Maximum likelihood estimators, Bootstrap confidence interval.
AMS 2010 classification code : 62N01, 62N02, 62F10.

1. Introduction

In recent years, life testing experiments have become increasingly important for assessing the
reliability of products and systems. The primary objective of such experiments is to evaluate
key reliability characteristics of the test units. Traditionally, this involves subjecting a group
of identical items to normal operating conditions and recording the time until each item fails.
However, with modern advances in science and technology, many industrial products now exhibit
high reliability with extended lifespans. As a result, conventional life testing methods often require
long durations to collect meaningful failure time data. In addition, many life tests are destructive in
nature, rendering the tested items unusable afterward. To overcome these limitations, researchers
commonly adopt Accelerated Life Testing (ALT) techniques and various censoring strategies to
obtain useful reliability information within a feasible time frame.

Email addresses: dhrubasish018@gmail.com (Dhrubasish Bhattacharyya), kundu@iitk.ac.in (Debasis
Kundu)



In an ALT experiment, the experimental units are subjected to stress levels higher than those
under normal operating conditions. This results in failure of items earlier than under normal
conditions. For comprehensive surveys on accelerated life tests, we refer to Meeker and Hahn
(1985), Mecker et al. (2021), Bagdonavicius and Nikulin (2001) and Nelson (2009). A special type
of ALT experiment is the step-stress life test, which enables the experimenter to change the level
of the stress factors in a sequential manner during the experiment; see DeGroot and Goel (1979),
Nelson (1980), Balakrishnan et al. (2007), Balakrishnan and Xie (2007a), Balakrishnan and Xie
(2007b), Han and Balakrishnan (2010) and others. For a comprehensive review on step-stress,
see Kundu and Ganguly (2017). A step-stress life testing with two different stress levels is known
as a simple step-stress life testing. The simple step-stress model is a special case of step-stress
testing with only two stress levels and one stress-change time. Initially, n identical items are put
on the initial stress level s;. The stress level is changed to sy (generally so > s1) at the prefixed
stress-change time T;. If all n failures are observed before T} on stress level s; then the life test
is terminated at the n-th failure time without changing the stress level. Otherwise, all surviving
items are put on the increased stress level sy at 77 until failure. The life test continues until all n
items have failed.

In order to make life testing experiments cost-effective and less time-consuming, it is also a
standard practice to employ different censoring schemes. The most commonly used censoring
schemes are Type-I and Type-II. In Type-I censoring, the experiment is terminated at a pre-
specified time. This has the possibility that no failure is observed during the time. To ensure a
certain number of failures in a life testing experiment, Type-II censoring had been introduced in
the literature where the experiment is terminated after a specific number of failures are observed.
During the last two decades, the progressive censoring schemes have received widespread attention
in statistical literature since these schemes add flexibility to other censoring schemes by allowing
withdrawals of items during experiment. The most popular progressive censoring schemes are pro-
gressive Type-1 and progressive Type-1I schemes; see Cohen (1963), Basak et al. (2009), Chen and
Lio (2010), Kundu and Joarder (2006), and Kundu (2008) in this regard. A comprehensive discus-
sion of probabilistic properties and inferential results is provided by Balakrishnan and Aggarwala
(2000) and Balakrishnan (2007).

It is imperative to observe that progressively censored items in a life testing experiment can
further be applied in other life testing experiments or they can be further used on the test at
a higher stress level. Therefore, if the study on the remaining life time of the censored units
on the other stress level is conducted along with the original stress level, the loss of information
due to censoring in the original life testing experiment can be compensated. Recently, in order
to accommodate the further use of the progressively censored items, Laumen and Cramer (2019)
have proposed a new life testing experiment where the censored items are further put on the life
testing experiment with different (usually higher) stress level. This life testing is termed as ‘Stage
Life Testing’ (SLT) and it connects both the ideas of progressive censoring and step-stress life
testing. They adapted the idea of step-stress testing and assumed that the censored items are
tested on a different stage whereas the remaining items are still tested under standard conditions.
The basic situation with one censoring time 7} and two stages s;, so is inspired by the simple
step-stress testing. Laumen and Cramer (2019) also proposed the estimation procedure for two
exponential populations in the context of the cumulative exposure model (introduced by Sedyakin,
1966). The extension to general k stages has also been considered by Laumen and Cramer (2021).
The cumulative exposure (CE) model relates the lifetime distribution of items at one stress level
to the lifetime distribution at the preceding stress level by shifting the lifetime distribution; see
Nelson (1980) for details. More recently, Samanta and Kundu (2024a) explored both classical and
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Bayesian inference for the Weibull model parameters in a two-stage life testing setup, assuming the
distributions at the two stress levels are connected through the Khamis-Higgins model. Samanta
and Kundu (2024b) considered both classical and Bayesian inference of a dependent competing
risk model when data are collected from a simple step-stress stage life-test experiment. The
dependency structures are explained through the Marshall-Olkin bivariate Weibull distribution.
Furthermore, Samanta et al. (2022) proposed order-restricted estimation techniques for model
parameters in a multi-step SLT framework, assuming Weibull lifetimes with common shape but
varying scale parameters across stress levels. They also developed computational methods for
determining optimal censoring schemes in such settings.

In this article, we consider the estimation of a flexible family of distributions in the context
of a tampered failure rate model. The tampered failure rate model relies on the assumption that
change of stress has a multiplicative effect on the failure rate function over the remaining life, and
is widely used in step-stress life testing. It is pertinent to mention that the CE model provides
no transparent physical motivation except for the special case of a scale family of distributions
in different stress levels, whereas the tampered failure rate model is a plausible formulation when
one views the stress to act in the form of a time acceleration; see Bhattacharyya and Soejoeti
(1989) for detailed discussions regarding the same. This motivates us to consider the tampered
failure rate model in the SLT setup. Further, we propose estimation procedures without making
any specific assumptions about the shape of hazard rate functions. Instead, we assume that the
hazard rate functions in different stress levels belong to a class of distributions characterized by
piecewise constant hazard rates. This assumption introduces significant flexibility into our model,
making it adaptable to a wide range of real-world scenarios. A key strength of our proposed
model is its data-driven approach to the shape of the failure rate function. We consider the
maximum likelihood estimates (MLESs) of the model parameters assuming that the number of cut
points and the positions of the cut points are known. The complicated likelihood function in our
model precludes the derivation of closed-form expressions for the maximum likelihood estimators
(MLEs), thereby necessitating the use of high-dimensional numerical optimization techniques.
However, standard optimization algorithms often struggle in such settings due to their sensitivity
to initial values and the computational burden imposed by increased dimensionality. Additionally,
the conventional Expectation-Maximization (EM) algorithm proves inadequate, as it does not
yield a tractable or explicit M-step in our framework. To overcome these challenges, we adopt the
Expectation Conditional Maximization (ECM) algorithm, an extension of the EM approach that
decomposes the M step into a sequence of simpler, constrained maximization steps. This strategy
allows for a more efficient and stable estimation of the model parameters. Furthermore, recognizing
that the locations of the hazard rate cut points are typically unknown in practical applications, we
extend our methodology to account for this uncertainty. This enhancement significantly broadens
the applicability of our model, making it both versatile and well suited for real-world applications.

The EM algorithm, introduced by Dempster (1977), is a two-step iterative procedure used to
obtain MLEs of unknown parameters of a likelihood function. The algorithm consists of two main
steps: the E-step, where the expected value of the complete-data log-likelihood is calculated based
on the observed data and current parameter estimates; and the M-step, where this expectation is
maximized with respect to the parameters. These steps are repeated iteratively until convergence.
A key advantage of the EM algorithm lies in its ability to handle missing or censored observations;
see, for example, Ng et al. (2002) and Balakrishnan and Ling (2012). Despite its widespread ap-
plicability, the EM algorithm often leads to a computationally intensive or analytically intractable
maximization step. To address this, Meng and Rubin (1993) proposed the Expectation Condi-
tional Maximization (ECM) algorithm, a variant of EM in which the M step is decomposed into
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a sequence of simpler Conditional Maximization (CM) steps. In our context, where the M-step
is also highly intricate, we adopt the ECM framework, which allows us to perform two successive
constrained optimization steps more efficiently.

The paper is organized as follows. In Section 2, we provide a description of the model and
a construction of the likelihood function. The detailed estimation methodology assuming known
cut-points is presented in Section 3. An extensive simulation study is carried out and the results
are presented in Section 4. Section 5 deals with a methodology to accommodate unknown cut-
points. Illustrations using simulated data sets are also presented in Section 5. The extension of
the methodology to general k-stage life testing is also proposed in Section 6. Finally, in Section 7,
we present the computation of the optimal censoring scheme using a D-optimality based criteria.

2. Model description and the likelihood function

Here we present a brief description of the model and the construction of the likelihood function.
Suppose that n identical objects are placed on a life test. The initial conditions are called stage s.
At the prefixed stress-change time 77, R} items of the surviving items are randomly withdrawn
and further tested on stage s;. Suppose D; is the number of observed failures until time 7} and
D, is the number of observed failures after time 7} in stage s;. Let Yinm < - < Ypivm
be the ordered observations in stage s; before time 77 and Yp,11.00m < -+ < YD, 4Dy beE
the ordered observations in stage s; from time 7 onward. Here, M = D; + D, denotes the
number of failures observed in stage s;. The number of withdrawals R is chosen as p(D;), where
p(x) is typically defined either as p(x) = |7 |[n — x|, with |-| denoting the floor function, or as
p(x) = min{n — z, R, }. Here the proportion 7 € [0,1] and the number R; are prespecified.
Suppose D7 is the number of observed failures in stage so. Also, let Zipiry < < Zprpr R be
the ordered failure times observed in stage s;. We also assume that the experiment is terminated
at prefixed time T,. A schematic diagram of the stage life testing is presented in Figure 1 for
illustration.

Stage
* *
ry —dj
Withdrawn
52 ®
Srgrrs .
TT T} (Stress-change time) n—m— T’T
Withdrawn
S1 *—© @ L @ Time
Yimen Y2omen Ydymn Ydy+Llomm Ymimin T;

Figure 1: Illustration of SLT with stress-change time 77 and test termination time 7T5.

We assume that the failure rate function r(¢) of an item undergoing stress levels s; and s, is



given by
h(t) = { 61ho(t), under stress s;

O2ho(t), under stress ss.

Here we assume that the hazard rate ho(t) is piecewise constant. Hence ho(t) can be written as

ho(t) = f:cl (), where I, (t) = L it €[, 7)
= P 73-1.73) 0, otherwise
and 0 = 79 <7 < -+ < Tpq—1 < Tm = 00 are known cut points, and the ¢;’s are unknown

quantities. In order to avoid identifiability issue, we assume cyq = 1 without loss of generality.
Observe that M = 1 corresponds to the exponential model. We further assume that 7,1 is
strictly less than the test termination time 75. The cumulative hazard function Hy(t) can be
obtained as

¢ M
Hy(t) = /0 ho(7)dr =) ¢ {min (t,75) = 751} I,y m) (1).

=1

The survival function Sy(t) and the pdf fy(t) can then be obtained from the following relations
So(t) = e Ho® and fy(t) = ho(t)e Ho®,

Hence it follows that the survival function Si(¢) and the probability density function (pdf) fi(t)
of an item in stage s; can be obtained as

S1(t) = =00 and f(t) = Byho(t)e 00,
respectively. Now for ¢ > T}, the survival function under stage s, can be written as

So(t) = e” Jy h(w)du _ e 0 Jo ¥ h(u)du—62 fqﬁl ho(u)du 01-02)Ho(T1) , 02 Ho(t)

= 6_(
Hence the pdf of the lifetime of an item under stage s, can written as
folt) = 92h0(t)6—(6’1—492)Ho(T1)€—92Ho(t)7 T, <t<T,.

Then for given value of R} = r}, the likelihood function based on the observations y = (y1.m:n, - - - » Ymemem)
and z = (led;:m . ,Zd’;:d;:r{)7 can be written as

m d’f
L(c,0ly,2z) = OHfl (Yism:n) {Sl(T2)}n_m_Tf Hf2 (Zj:d’{:r;‘) {52(T2)}rf—df
i=1 j=1

m m dik
= C0" exp {—91 Z Ho (Yizmn) — 01(n —m — TT)HO(T2)} H ho (Yizm:n) H ho (Zj:d;r;)
i=1 i=1 j=1
dy
X 0;1 exp —Tf(el — 62)H0(T1) — 92 Z HQ (Zj:d’l‘ri‘) — (92(?”? — dT)HO(TQ) ,

j=1



where C' = (CZ) ("ﬂfj;ri‘)dﬂdz!. Hence the log-likelihood function can be written as

log L(c, 8]y, z) o< mlog 6, + Z log ho (Yiimn) — 01 Z Hy (Yiimm) — 01(n — m — r])Ho(T3)
=1 i=1
di dj
+ dT 10g 92 + Z 10g ho (Zj:d*l‘rf) — Tiﬁ<91 - HQ)H()(Tl) - 02 Z HO (Zj:d{n“{)
=1 =1

— QQ(TT — dT)Ho(Tg)

Note that one needs to solve a (M + 1)-dimensional nonlinear optimization problem in order to
obtain the maximum likelihood estimates of the parameters. Standard optimization methods such
as the Newton-Raphson method may be used to solve the problem. However, these methods have
some disadvantages, specifically, these methods are quite sensitive to initial guesses. Consequently,
it is difficult to choose the initial guesses, particularly if M is large. In order to address this
issue, we reformulate the problem as a missing data problem and propose an efficient Expectation
Conditional Maximization (ECM) algorithm to compute the MLEs of the model parameters.

3. Missing data approach and the ECM algorithm

We now treat the estimation of model parameters under the SLT experiment as an incom-
plete data problem and propose an ECM algorithm to obtain the maximum likelihood esti-
mators of the unknown model parameters. We denote the missing data by M = (M, M),
where M, = (MM, . ,MLn—m—r;‘) is the vector of missing observations in stage s; and My =
(Mz,l, cee MQ,r{fd’l‘) is the vector of missing observations in stage so. The complete data can be
obtained by combining Y, Z and M, i.e., is given by X = (Y, Z, M). The following theorem
provides the conditional distribution of missing data M; and M, given the observations (y, z).

Theorem 3.1. The random variables My ;’s (Ms;’s) are independent and identically distributed
fori=1,....n—m—r} (j=1,...,r5 —d}). Also, the conditional distributions of My.; and Ms,
are given by

fi(?t)
1,1 tly,z) = , > T:
fM, ‘Y,Z( |y ) Sl(Tg) 2
" 20
2
= T
fM2,1|Y,Z (t|?J’ Z) SQ(TQ)’ t > 2
respectively.

Proof: The proof closely follows the arguments used in Ng et al. (2002) and is therefore omitted

for conciseness. 0
Now we will briefly review the ECM algorithm which will be useful for further developments of
the article. Suppose X = (Xi,..., X,,) is a set of random observations from a distribution with pdf

f(x;0) where 6 € R? is a set of unknown parameters. In addition, suppose that Z = (Z,..., Z,)
is another set of incomplete observations on an unobservable random variable Z and Y = (X, Z)
is the set of complete observations. Let f(y;0) = f(x, z;0) be the pdf governing Y and f(z|x;6)
be the conditional pdf of Z|X. Then the EM algorithm consists of iterations of the following two
steps:



(i) The E-step computes the expected value of the log-likelihood function of the complete data
with respect to the conditional pdf f(z|z;8™), i.e.,

@ (0fe:0") = [ {108 (@, 2:6)} F(z|e: ")z
(i) The M-step finds 6"V = arg max Q (6|z; 6™)).
0

Here 6, ... 6™ are the solutions obtained from h iterations and A is the initial guess of 6.
The ECM algorithm replaces the single M-step (i) with a number of conditional M-steps (see
Meng and Rubin, 1993 for details). Suppose {gs(6) : s = 1,...,S5} are S preselected vector-valued
functions of 6. Let us define the constraint sets corresponding to the S constrained maximization
problems as

O, (0 HET/9) = {0 gy(0) = g, (AT s =1,...,8;
where §(+(=D/9) g =1, ... S is a sequence of solutions to the maximization problem described
as follows. Suppose we have solutions V), ..., 8") from h iterations. Then the (h+ 1)-th iteration

consists of S sub-iterations described below:
(a) for s =1, we solve
arg max @Q (6|; Q(h)) subject to 0 € ©, (G(h))
0

and denote this solution by §"+1/9).
(b) For s =2,...,5 — 1, we solve

argmax @ (0|x; 0™)) subject to 6 € O, (9 H~1/9))
0

and denote this solution by §+s/9) s =2 ... 5 —1.
(c) For s = S, we solve

argmax Q (0|z;0"™) subject to § € O (#+5-1/9)
0

and denote this solution by §"+1),

This completes the (h + 1)-th iteration of the algorithm. Note that
Q (g(h+1)|m; g(h)) > Q (9(h+(571)/5)|w; g(h)) > >(Q (9(h+1/5)|w; g(h)) > Q (G(h)|az; @(h)) )

Hence the ECM algorithm is a generalized EM algorithm, see Neal and Hinton (1998) for details.
We now proceed to obtain the ECM algorithm in order to obtain the MLEs of the proposed model.

3.1. The Expectation (E)-Step

Suppose A(0,c|X) denote the log-likelihood function corresponding to the complete data.
Then the E-step of the ECM algorithm requires the computation of the expectation of A(8, c|X),
with respect to the conditional distribution of M, given Y, Z and the current estimate of the
parameters ), ¢(® . Under the proposed model, the expectation of \(@,c|X), given y,z and



0™, (M can be written as

Q (0,c|0™, ™) = (n—17)logb; + Z log ho (Yizmn) — 61 Z Ho(Yizmn) + 71 10g b

i—1 i—1
1

— 17(01 — 62)Ho(T1) Zlog ho(2j.a::v:) — 02 ZHO(Zj:d{:r;)
—1

4 (0= m ) (B log ho(Man)] — 615 [Ho(Mun)])
+ (r] — d}) {E [log ho(Ma.1)] — 02 E [Ho(My.1)]} (1)

Note that the conditional distributions of M;j.; and M,.;, given the current estimates of the pa-
rameters ¢, 0™ are given by

601" n) (t)

h h
D) oo s,
08" HE" (1)

fMl 1‘6 9<h) (t)

and () (h)
05 hy ' (t) —6 1M (1)

— t>1T15
e_eéh)Héh)(TZ) ) )

Ftaajem o () =

respectively. We now proceed to obtain the expression for @) (0 clo® ) ) Note that since
Ty > Tpr-1, E [Ho(Mi.1)] can be obtained as

Q(h)

—I say,
S{(T)

6" > (k) (R
BHo(Mia)) = i [ Ho(wpe 80 =
Sl TQ) T>
where I can written as

I = efegh)H(()h)(TMfl) / {HO(TM—1> + (I‘ — TM—l)} 6795}1)(%77—/\471)611'.
T:

2

—egh)Héh)(TMfl) (Il 4 ]2), s

Here I, = HO(TM_l)e‘(’gh)(TTTM*l) /6" and simplification followed by integration by parts yields

1
Lh=—
6\

(Th — Tp—1) e~ (T=mrm) | Lh@_egh)(TQ_TMfl) .
6\

Hence it follows that

1

el

(h) gy (k) ()
1= e (A7 A a4 e [130(7/\41) + (o — T;m-1) +
1

95’”
S1V(T3) !
=g BT T
1 1

and consequently E [Ho(M;.1)] = Ho(T32) + 1/9( Similar calculations show that F [Hy(Ma.1)] =
HO(TQ)‘I’l/Qéh). Since the test termination time 7o > 7p—1 and ho(t) = cp = 1 for t € [Tpm—1, T(m),




it follows that E[log ho(Mi.1)] = E[log ho(Ma.1)] = 0. Substituting these quantities in (1), one can
obtain @) (0, clo™, c(h)) in the E-step of the proposed algorithm.

3.2. The Conditional Mazimization (CM)-Steps

We now formalize the CM-steps for the proposed model. Let ¢ = (8,c¢) and suppose that
we have the solutions ¢, ... ™" from h iterations, where ¢ = (8" ). We consider the
constraint sets O, as given by

@s (¢(h+(s—1)/2)) = {¢ . gs(¢) =g, (¢(h+(8—1)/2))}, S = 1’ 27

where g5(¢p), s = 1,2 are preselected vector valued functions of ¢. In our case, g1(¢p) = € and
g2(¢) = ¢. Here P T=D/2) g = 1,2 is a sequence of solutions to the maximization problem
described as follows. The (h+ 1)-th iteration of the algorithm contains two sub-iterations as given
below:

1) For s = 1, we solve

argmax Q (8,c|8™, c™) subject to ¢ € O, (¢™)
o

and denote this solution by ¢"*1/2),
2) For s = 2, we solve

argmax Q (0, c|0™, ™) subject to ¢ € Ox(gp!" /)
¢

and denote this solution by ¢+,

This completes the (h 4 1)-th iteration of the algorithm. In order to facilitate the ECM algo-
rithm, we now proceed to obtain the explicit expressions for the CM-steps. Note that the partial
derivatives of Hy(x) and log ho(z) with respect to ¢, are given by

8];(;($) = {min (JJ,Tq) - Tq_l} ][qul,TM)(I) = P(x7q), say
q

and M’g—ff(x) = Ipr,_17)/Cq for g =1,..., M — 1. Hence it follows that

86(1 Cq Zl[ﬂl 1) (Yiamin +ZIT¢1 1) (Zjag i)

m d’{

h h * h h
— 00" Py @) — 087> P(zjuazirs ) — (07" — 087 P(Th, q)

i=1 j=1
h * h * *
— (7 =) {0 (= m =) + 087 (r — )
Further calculations show that

00 _n-r;
06, 6,

Z H (imen) = r1H(T1) = (0= m = v1) { B () + 1/60 }



and
7 = ZH’” o) 1 H D) — - ) {0 (1) 1 17600

Now using (1), the iterative CM-steps at (h 4+ 1)-th iteration of the algorithm can be computed as
follows:

(i) For s = 1, the solution of the constrained maximization problem can be obtained as ¢p**1/2) =
(6172, e1/2)), where 6*1/2 — (6", 6"} and

o(ht1/2) _ AW (y, 2)

q W,qzl,,M—l,
where
m dj
= Z I[qul,Tq)(yi:m:n) + Z I[qul,’rq)(zj:d’{:r{)
i=1 j=1
and
m dj
B(h) (y? Z) = egh) Z P(y’i:m:n7 Q) + eéh) Z P(’Zj:d*{:ri‘a q) + Tf(eih) o eéh))P(Tlv Q)
i=1 j=1

+ (7 = 7-0) {0 (0 —m =) + 07 (r = ) }

(ii) For s = 2, the solution to the constrained maximization problem can be obtained as ¢"+1) =
(0D, M) where ") = ¢"1/2) The solution 81 can be obtained as
0§h+1) _ n—ry

m h * * h
Zi:l Hé +1)(yi:m:n) + 7’1H(()h+1)(T1) + (n —m— Tl) {Hé +1)(T2) + th)}

and

*

Qéh"rl) _ T

B di h+1 « 77(h+1 N « h+1 '
S HY D (zageg) — 1 HG (T + () = d) {Hé 1) + ﬂ}

2

This completes the (h + 1)-th iteration of the algorithm. We propose the obvious initialization of
the parameters as ¢c; = -+ = cpo1 =601 =0 = 1.

Remark 3.1. Note that the existence and uniqueness of the solutions in the conditional maxi-
mization steps of the proposed algorithm are based on the fulfillment of the following condition:
1) > Ty v Wizmen) + Z?; Iiry 1 7)(Zjazs) > 0, e, each of the sub-intervals 1,1, 7,)
contains at least one of the observations irrespective of stress-levels,
(ii)) 0 <7} <m.

Remark 3.2. The convergence behavior of the proposed ECM algorithm can be established by
applying the theoretical results from Meng and Rubin (1993). According to their framework, con-
vergence is quaranteed under two key conditions: (i) the ezistence of a unique solution at each
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conditional mazimization (CM) step, and (ii) the so-called space-filling condition on the collection
of constraint sets {gs}>_,. The second condition ensures that, from any interior point of the pa-
rameter space ©, the algorithm can explore all possible directions during optimization and is not
restricted by the geometry of the constraint sets.

This condition can be verified when each constraint function g, is differentiable and the matriz
of partial derivatives, Vgs(®), formed by the gradients of its components, is of full column rank for
all @ in the interior ©y of ©. Under these assumptions, the constraints are said to be space-filling
at a point @ if the intersection of the column spaces J,(¢) = {Vgs(dp)\ : X € R%} across all s
yields only the zero vector; i.e., J(¢) = o, Js(¢) = {0}.

In our setup, the gradient matrices Vg, (@) and Vga(@) are given by:

10 -+ 0

01 -0 00
Vo) =1 | Vel@ =00

It is straightforward to verify that both matrices are of full column rank. Moreover, their col-
umn spaces are orthogonal complements, implying J1(¢) N Jo(¢p) = {0}. Hence, the space-filling
condition 1s satisfied.

Additionally, uniqueness of the solution at each CM step is ensured under the condition that

m dy
Z Iir, s ) Wismem) + Z Iiryy7)(Zjeaz) >0, forallg=1,..., M,
i=1 j=1

provided r; > 0. Therefore, by invoking Theorem 8 of Meng and Rubin (1993), we conclude that
the proposed ECM algorithm converges to a stationary point of the observed likelithood function
L(c,0|y,z).

Remark 3.3. Note that for the exponential model (M = 1), we have fo(t) = So(t) = e™* and
Hy(t) =t for allt > 0. Hence for observed value of Ry = 15, the log-likelihood function based on
the observations Y = (Y1ummns - - - s Ymemem) 0Nd 2 = (Zl:d’l‘:mv e Zd{idfﬂ"f)f can be written as

log L(c, 8|y, z) x mlogb — 6y Z Yimm — O1(n —m —17)Th 4+ di log 6y — 17 (01 — 02)1y
i=1

di

— 02 Z Zj:d{:r{ — 02(7"1K — dT)TQ

J=1

Consequently, the MIEs of the model parameters can be obtained explicitly as

) m
1= —m . .
and )

b, — i

dr :
Zj1:1 Zjayar + (1 — di) Ty —riTh
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4. Simulation study

In this section, we carry out a simulation study in order to assess the performance of the
proposed estimation procedure. Several researchers have observed that M = 2 and M = 3 work
quite well in practice, see, for example, Balakrishnan et al. (2016), Murphy (1996), Goodman et
al. (2011), Samanta and Kundu (2023) and Samanta and Kundu (2025). Hence, in this case we
restrict ourselves to M = 2 and M = 3 only. For certain choices of the parameters ¢, @ and cut
points, we generate SLT order statistics corresponding to different values of n, stress-change time
T1, test termination time 75 and different censoring schemes (proportion of withdrawals 7). In each
case, we compute the MLEs of the parameters along with associated mean squared errors (MSEs)
based on 1000 replications. These results, corresponding to M = 2 and M = 3, are presented in
Tables 1 and 2, respectively, where we report the Average Estimates (AEs) and associated MSEs.

The SLT ordered samples are generated using the following algorithm:

Step 1: Generate n random samples Uj. ..., U, from the standard uniform distribution. Then find
the order statistics Uy, < - < U,., based on the generated random samples.

Step 2: For 1 < 7 < n, set ‘/;(il) — Fl_l(Uj:n) and V;(i) — Fz_l(Uj:n)) where Fl(t) — 6—91Ho(t) and
F2(t> — 6—92{H0(T1+t)—H0(T1)}'

Step 3: Define P = {oz e{l,...,n}:0< Vil < Tl}, P = {1,...,n}\P, D; = |P| and set
R} = |m|P€|]. Here |-] denotes the floor function and | - | denotes cardinality.

Step 4: Choose randomly a without-replacement sample R C P¢ with |R| = Rj, set Q =
{a e PR : VL < Tg}, S = {a eR:VE+T < TQ} and define Dy = |Q|, Df = |S|, M =
Dy + Ds.

Step 5: Set
(Yoerrn s h=1,...,D;) = sort (Vh(}n) the P> ,
(YDl-‘,—i:M:n ch= 1, c. ,Dg) = sort (‘/’L(’I:’ll) NS Q)

and
(Zj:DT:RI j = 1, c. ,Dik) = sort (‘/;(i) +T1 j S S) .

For each generated sample, we also evaluate 90% bootstrap confidence interval (see Efron,
1982). The parametric percentile bootstrap confidence intervals for M = 2 are obtained using the
following steps:

Step 1: For a generated SLT ordered sample, compute the maximum likelihood estimates ¢y, 0,
and 02.

Step 2: Generate bootstrap SLT ordered samples y* = (Y}.ns - - - s Yiomen) ad

* * * : ) ) :
2" = <Z1: it de:d’{:rf) corresponding to the parameters ¢;, ¢, and 6, and the censoring scheme
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.
Step 3: Compute the MLEs ¢7, é{ and é; based on the bootstrap sample.
Step 4: Repeat Steps 2 and 3 B times to obtain {¢&,,..., &5}, {05,,..., 0%z} and {05,, ..., 055},

Step 5: Construct a 100(1 — )% confidence interval for ¢;, 6, and 605 as (éfk, éik,), (éi‘k, é;k,> and

~

<é§k,9;k,> respectively, where k = [2B|, k' = |1 — ¢B].

Similar procedure is carried out for obtaining confidence intervals corresponding to M = 3.
We evaluate average length (AL) of the bootstrap confidence intervals and the associated coverage
probability (CP) based on 500 iterations with 500 bootstrap samples in each iteration. These
results are reported in Tables 3 and 4 corresponding to M = 2 and M = 3, respectively.

From Tables 1 and 2, it can be observed that the estimates are close to the true values in all
scenarios, which demonstrates the good finite-sample performance of the proposed ECM-based es-
timation procedure. The MSEs decrease as the sample size n increases, confirming the consistency
of the estimators. Moreover, for fixed n, increasing the proportion of censored items re-tested at
higher stress levels (7) reduces the MSEs further for 6, highlighting that information recovery is
enhanced by incorporating censored observations in the SLT framework. Comparing M = 2 and
M = 3, we note that although both models perform satisfactorily, the estimates for M = 3 tend
to have slightly higher variability when n is small, which is expected due to the higher dimension-
ality of the parameter space. However, this effect diminishes with larger samples, indicating the
stability of the methodology even under a more flexible hazard function.

The results presented in Tables 3 and 4 show that the lengths of the confidence intervals
decrease as n increases, reflecting improved precision of the estimators with larger sample sizes.
For a fixed n, higher censoring proportions (7) also lead to shorter confidence intervals for 65,
which again indicates that including censored items at higher stress levels improves efficiency.
The coverage probabilities remain close to the nominal 90% across all cases, thereby indicating
the robustness of the bootstrap procedure in the SLT setup. We also observe that the intervals
for M = 3 are slightly wider than those for M = 2, which is consistent with the fact that more
parameters need to be estimated for M = 3. In general, these findings confirm that the proposed
estimation procedure, coupled with bootstrap inference, provides accurate and reliable results in
a variety of practical experimental settings.

5. Determination of cut points and data analysis

Throughout the article, we have assumed that both the number M and the positions of the
cut points (7;’s) in the hazard function are known. However, in most practical situations, it is
more realistic to assume that the positions of the cut points are unknown. One common approach
to handling unknown cut points is to choose equidistant cut points, though this method may not
always be practical or accurate. In order to address this issue, we propose a methodology that
is both easy to implement in practice and flexible enough to generalize the case of equidistant
cut points. We are mainly concerned about the shape of the hazard rate function in [0, 7|, where
T = max(Ym:mmn, zd?d»{:r;). Here we model the positions of the cut points as the arrival times of
events in [0, 7], from a non-homogeneous Poisson process {N(¢) : t > 0}, with intensity function
u(t) = at* !, a > 0. Since the arrival times of the events from N () are not observed, we treat them
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Table 1: AE and MSE corresponding to M = 2

Estimates
n, Ty, T T c1 0, 0,
AE MSE AE MSE AE MSE

T = 1,01 = 2,91 = 0.2,02 =0.3

m=0.6 2.0841 0.4537 0.2039 0.0022 0.3065 0.0044
80, 1.5, 7 =m=0.7 21130 0.6039 0.2056 0.0032 0.3071 0.0036

m=0.8 2.1747 0.7444 0.2054 0.0039 0.3065 0.0032

m=0.6 2.0556 0.3584 0.2041 0.0018 0.3072 0.0036
100, 1.5, 7 m=0.7 2.0813 0.4271 0.2053 0.0024 0.3066 0.0029

m=0.8 2.1409 0.5945 0.2037 0.0031 0.3058 0.0025
T = ]..5,01 = 0.5,‘91 = 1.5,02 = 2.5

m=0.6 0.5359 0.0405 1.5699 0.2702 2.6132 0.8211
80,0.5,2 w=0.7 0.5265 0.0367 1.5778 0.2883 2.6577 0.7291

m=0.8 0.5287 0.0487 1.6202 0.3904 2.6398 0.7130

m=0.6 0.5260 0.0321 1.5582 0.2207 2.6313 0.6288
100, 0.5, 2 7m=0.7 0.5311 0.0336 1.5577 0.2627 2.5787 0.5555

m=0.8 0.5204 0.0275 1.5790 0.2669 2.6343 0.6503

Table 2: AE and MSE corresponding to M = 3

Estimates
n, Tl, T2 s C1 Co (91 02
AE MSE AE MSE AE MSE AE MSE
T = 1.0,7’2 = 1.5,61 = 2.0,62 = 1.5,91 = 0.2,92 =0.3
m=0.6 2.0901 0.4410 1.5586 0.4425 0.2047 0.0027 0.3094 0.0035
100, 1.5,9 7 =0.7 2.0716 0.5170 1.5262 0.4769 0.2098 0.0037 0.3090 0.0029
m=0.8 2.1082 0.8032 1.5871 0.6870 0.2157 0.0062 0.3057 0.0024
m=0.6 2.0472 0.2905 1.5340 0.2978 0.2047 0.0016 0.3044 0.0021
150, 1.5,9 7 =0.7 2.0580 0.3520 1.5412 0.3148 0.2050 0.0022 0.3044 0.0019
m=0.8 2.1074 0.5004 1.6043 0.4539 0.2057 0.0033 0.3042 0.0015
T = 1.0,7’2 = 1.5,61 = 0.2,02 = 04, 91 = 1.0,92 =15
m=0.6 0.2009 0.0042 0.3996 0.0178 1.0463 0.0479 1.5427 0.0646
100, 1.5, 9 7 =0.7 0.2029 0.0046 0.4043 0.0193 1.0527 0.0642 1.5358 0.0572
m=0.8 0.2031 0.0054 0.4078 0.0259 1.0701 0.0993 1.5325 0.0468
m=0.6 0.2007 0.0025 0.4031 0.0122 1.0297 0.0302 1.5054 0.0406
150, 1.5,9 7 =0.7 0.2032 0.0030 0.3968 0.0131 1.0342 0.0404 1.5307 0.0349
m=0.8 0.1986 0.0036 0.4000 0.0162 1.0556 0.0651 1.5139 0.0294

as missing values. Hence for any given M, the likelihood of the observations becomes a function
of the parameters ¢, @ and «, where the arrival times of the events from N (t), being missing, are
replaced with their expected values. Now for a given M, we compute the maximum likelihood
estimators of the unknown parameters, and then we finally choose M based on some information
theoretic criteria, like Akike Information Criterion (AIC) or Bayes Information Criterion (BIC).
Suppose {N(t) : t > 0} is a non-homogeneous Poisson process with intensity function u(t) =
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Table 3: Average length and coverage probability corresponding to M = 2

Estimates
n, Ty, Ts T 1 0, 0y
AL CP AL CP AL CP

71 =1.0,¢1 =2.0,6; =0.2,0, =0.3

m=0.6 2.3107 0.890 0.1573 0.890 0.2177 0.860
80,1.5,7 w=0.7 24757 0.898 0.1754 0.904 0.1982 0.884

=08 28737 0.906 0.1976 0.896 0.1867 0.876

7=0.6 1.9528 0.894 0.1408 0.882 0.1928 0.876
100, 1.5, 7 m=0.7 2.1153 0.894 0.1569 0.910 0.1753 0.898

m=0.8 2.4801 0.892 0.1773 0.902 0.1635 0.922
T — 1.5,61 = 0.5,01 = 1.5,92 =25

m=0.6 0.6745 0.880 1.7451 0.890 2.9682 0.880
80,0.5,2 w7 =0.7 06782 0.898 1.8488 0.882 2.9186 0.894

7w =0.8 0.6597 0.912 1.9516 0.916 2.8318 0.892

m=0.6 0.5661 0.886 1.5252 0.908 2.5777 0.910
100, 0.5, 2 #=0.7 0.5911 0.874 1.6258 0.870 2.5157 0.870

m=0.8 0.5663 0.890 1.7377 0.894 2.482 0.894

Table 4: Average length and coverage probability corresponding to M = 3

Estimates
n, Tl, T2 ™ C1 Co 91 02
AL CP AL CP AL CP AL CP

T = 1.0,’7'2 = 1.5,01 = 2,62 = 1.5,91 = 0.2,92 =0.3

m=0.6 2.0931 0.902 2.1235 0.882 0.1647 0.896 0.1889 0.892
100, 1.5,9 7« =0.7 2.3791 0.894 2.2817 0.858 0.1952 0.886 0.1738 0.878

m=0.8 3.1842 0.888 2.8710 0.874 0.2524 0.876 0.1622 0.878

m=0.6 1.6101 0916 1.6728 0.866 0.1307 0.906 0.1486 0.880
150, 1.5,9 m=0.7 1.8547 0.866 1.8349 0.876 0.1523 0.900 0.1379 0.892

m=0.8 2.2333 0.886 2.0707 0.874 0.1930 0.902 0.1258 0.904
T = 1.0,7’2 = 1.5,61 = 0.2,62 = 04, 91 = 1.0,92 =15

m=0.6 0.1952 0.876 0.4127 0.890 0.6851 0.888 0.8180 0.864
100, 1.5, 9 7 =0.7 0.2138 0.890 0.4508 0.854 0.7932 0.900 0.7539 0.896

m=0.8 0.2375 0.888 0.4986 0.864 1.0562 0.860 0.7066 0.888

m=0.6 0.1624 0.888 0.3404 0.896 0.5410 0.884 0.6541 0.896
150, 1.5,9 7= =0.7 0.1712 0.890 0.3703 0.860 0.6391 0.880 0.5982 0.886

m=0.8 0.1894 0.900 0.3987 0.910 0.8079 0.882 0.5585 0.876

at®™ 1 a > 0. Let Ty, Ty, ... be the ordered arrival times of events from N(¢). Note that that the
joint pdf of T1, T, ..., T,, given that N(7) = n, can be written as

mofgol el 0<ty <o <t, <T

I mn@=n(t1; - 1) = { T "

0 otherwise
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Hence, for 7 =1,...,n, we have

nla™ [T [in i3 pl2
E(T;|N(r) = n) = / / / ettt e dtydty . dt,_adt,
" Jo Jo o Jo
nla™ rretl
= X
e a2a)...((J— Da) a4+ 1) ((H+Da+1)...(na+ 1)

(1+jia)..7.(1+$)'

Note that for homogeneous Poisson process, i.e., for a« = 1, E(T;|N(7) =n) = j7/(n+1). So in
this case, the cut points are equidistant to each other.

The practical implementation of the above method is as follows. For any fixed M, we compute
the MLEs of o and ¢y, ..., cyp—1 in two steps. First, for fixed o, we compute the MLEs of ¢ and
0 using the methodology discussed earlier. Then using the profile likelihood method we compute
the MLE of ao. We vary the values of o and obtain different estimates of the parameters ¢, 8 along
with associated values of likelihood. Hence, the value of «, and consequently, the positions of the
cut points, is chosen, which maximizes the likelihood as a function of «. Finally, we choose M
based on AIC or BIC.

We now illustrate the proposed methodology using two simulated data sets corresponding to
M =2and M = 3. We choose 1 = 15, ¢ = 2for M =2 and 74 = 5, m» = 15, ¢; = 2,
co = 3 for M = 3. For generating both data sets, we choose T} = 10, Ty = 25, #; = 0.02,
03 = 0.04 and the censoring proportion m = 0.6. The generated data sets are presented in Tables
5 and 6 corresponding to M = 2 and M = 3, respectively. In each data sets we fit the proposed
models corresponding to M = 2 and M = 3. We report the maximum likelihood estimates of the
parameters along with associated estimates of the cut points corresponding to that value of o which
maximizes the observed likelihood function. Further, we obtain 90% bootstrap confidence intervals
based on 1000 bootstrap samples. These results are reported in Tables 7 and 8 corresponding to
M = 2 and M = 3, respectively. From both the tables, it is evident that the estimated values
of the parameters are close to the true values. Further, the estimated cut points are also close
to true values. It is worth noting that the value of the shape parameter a plays a crucial role in
determining the distribution of cut-points. When 0 < o < 1, the intensity function u(t) decreases
with ¢, which results in cut-points being more densely concentrated near the origin. On the other
hand, when a > 1, the intensity function increases with ¢, so the cut-points are shifted toward
later times. These distinctions are also evident in our data analysis, where the estimated values
of a directly influence the placement of the cut-points and, consequently, the fitted shape of the
hazard function. We also calculate AIC and BIC corresponding to different choices of M for the
data sets considered. These results are reported in Table 9. It is observed that, in the case of both
the data sets, the choice of M = 2 is recommended based on the information criterion.

6. Extension to general k-step stage life testing

We now extend the proposed estimation methodology to the general k-step stage life testing
with k stress levels denoted by stages si,...,s;. Suppose n identical items are put on a life
testing experiment at the stress level s; with pre-fixed stress-changing times 77, ..., Ty (assume
To = 0). Let D; be the number of failures upto time 7. Then, at time T}, R} the items are
randomly removed and put at stress level sy, where R} = p(D;). Next at time 75, R% items are
randomly withdrawn out of the surviving units at stress level s; these R items are put on stress
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Table 5: Generated Data Set 1 (M = 2)

Stress level Ordered observations
00.9280 01.6351 02.3707 02.5222 03.7484 04.0334 05.2248 05.2500 05.8444
S1 05.9034 06.3881 06.7442 06.9310 08.7877 08.9542 09.2010 09.6936 09.7319
10.2071 13.8650 15.7984 23.8000 24.2045 24.8741
10.0178 10.2840 10.7906 11.4226 11.4987 11.7359 11.9272 12.0235 12.1481
S9 13.1969 13.4134 13.5388 13.6462 14.0821 14.9011 16.4377 18.5037 18.7145
18.8673 19.6332 20.4992 22.7606 24.3096

Table 6: Generated Data Set 2 (M = 3)

Stress level Ordered observations

00.0052 00.3464 00.5838 01.1657 01.1752 01.3162 01.3925 02.0568 03.5767
03.7253 04.9738 05.3239 05.3743 06.1089 06.7935 08.9068 08.9121 08.9955
09.1785 09.1922 09.3192 09.3364 09.8436 10.4567 10.8743 11.8596 12.7746
14.1686 16.6238 18.1674 18.5138 20.4107

10.1040 10.5691 11.1448 11.2879 11.3346 11.4742 11.8143 11.8680 12.0959
S9 12.2185 12.4028 12.8800 13.6625 14.7432 17.5247 18.1294 19.5607 20.3645

21.7115 22.5395 23.3493

S1

Table 7: MLE and 90% CI of the parameters for M = 2

Parameters
1 0 02
MLE 90% CI MLE 90% CI MLE 90% CI
Data Set 1: & = 1.32, 77 = 14.1525
2.0530 (1.2061, 4.0082) 0.0124 (0.0061, 0.0216) 0.0504 (0.0289, 0.0791)
Data Set 2: & = 1.24, 77 = 12.9255
2.3667 (1.3551, 4.5217) 0.0163 (0.0086, 0.0286) 0.0512 (0.0294, 0.0811)

Table 8: MLE and 90% CI of the parameters for M = 3

Parameters

1 Co 61 02
MLE 90% CI MLE 90% CI MLE 90% CI MLE 90% CI
Data Set 1: & =1.33,7 = 10.3191, 75 = 18.0779
1.9135 (0.8950, 4.9084) 0.9772 (0.5018, 1.9670) 0.0139 (0.0054, 0.0283) 0.0696 (0.0376, 0.1142)
Data Set 2: & = 0.63, 7, = 5.0314, 75 = 13.0178
1.6189 (0.6967, 3.5090) 2.4656 (1.4175, 4.5140) 0.0185 (0.0096, 0.0315) 0.0499 (0.0296, 0.0785)

level s3. Here Ry = p(D; + Dy + R}) and Dy is the number of failures observed in the time interval
(T3, Ts]. This process is continued in the same fashion until the stress-changing time 7T}_; and the
experiment is terminated at the pre-fixed time point 7). Let m = d;+- - - +dj be the total number
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Table 9: AIC and BIC corresponding to different models

Data Set 1 Data Set 2
M =2 M=3 M =2 M=3
AIC BIC AIC BIC AIC BIC AIC BIC
-144.7623 -137.6163 -142.184 -132.6559 -193.7256 -186.5795 -164.2673 -154.7392

of failures observed in stress level s; and d; be the total number of failures observed in stress level

Si+1, J = 1,...,k — 1. Suppose Y = (Y1ummn, - - - » Ym:m:n) 1S the vector of ordered observations
in stage s; and z; = <Z1:d;:r;, e zd;:d;:r;> is the vector of ordered observations at stage s;;1,
j=1,...,k —1. We assume that the failure rate function r(¢) of an item that undergoes stress

level S; is given by
T(t) = (gjho(t), j = 1, ey k’

where hg(t) is the piecewise constant hazard function as defined earlier.
Note that for ¢ > T;_;, the survival function S;(¢) at stage s; can be written as

exp{ Z/ du—/T‘ h(u)du}
= exp {— (01 — 0;) Ho(T},) — 6;Ho(t)}.

Hence the log-likelihood function, based on the observations y, z, can be written as

S;(t)

k—1

m
log L(c,0|y,z) x logC + mlog6, + Z log ho (Yiimmn) — 01 Z Hy (Yimn) + Z d; log 041
=1 =1 =1
k—1 k—1 df k—1 dy
— 0 (n —m — Z Tf) Ho(T}) + Z Z log ho (2j:arrs ) — Z Oit1 Z Ho (2j.ax:r7)
i=1 i=1 j=1 i=1 j=1
E—1 E—1
= i (01— 0i1) Ho(Ty) = > Oiga (rf — d) Ho(Tk),
i=1 =1

where C' = H?:l (”_Zz;ll Yz T)d [

Now suppose M; = <M171, ce My -1 *> is the vector of missing observations in stage

i=1 T4
s1 and M; = (MM, . 7Mi,r;—d;) is the vector of missing observations in stage s;, © = 2,..., k.
Arguing similarly as in Section 3, the expectation of the complete log-likelihood A(8, ¢| X)), given
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y,z and M), ¢ can be written as

k—1 m k—1
Q(a,c‘g(h)7c(h)> = (n_zrj> logel"’_zloghO(yi:mn eleD yzmn +Zr logez-i-l
=1 i=1 =1 i=1
k—1
— 0i11) Ho(T3)

k—1 df k—1 d;
+ )0 logho(zjazar) = Y 0iv1 Y Hol(Zjares) — > (61
=1 =1 i=1

i=1 j=1
_ (n—m Zr ) {HO Ty) +1/9 }—§9i+1 (r; —df){HO(Tk)"‘l/ng}
i—1

,...¢"M from h iterations, where

Let ¢ = (0,c) and suppose that we have the solutions ¢
oM = (™ ™). Now the iterative CM-steps at (h + 1)-th iteration of the algorithm can be

computed as follows:
(i) For s = 1, the solution of the constrained maximization problem can be obtained as ¢("*/2)

(612 eh+1/2)) where 9U+1/2) = (09)’ ng) and

(h12)
! B™ (y,z)’
where p
1 *
ZI[T(I 1:7q) yzmn +ZZIT‘1 1,7q) Z]:df:r;)
i=1 j=1
and
: k-1

m k—1 i
B(h) (ya Z) = th) Z P(yi:m:na Q) + Z 02(.7_)1 Z P(Zj:d;‘:r;*aq + 7’ ( Z+1> P(T’u Q)
i= i= 7=1 i=1

k-1
—I-(Tq—qu){Ggh) <n—m—2r;‘>+20w1r — }
i=1

(ii) For s = 2, the solution to the constrained maximization problem can be obtained as ¢+ =
(0D D) where "1 = ¢"*1/2) The solution 8"+1 can be obtained as

J

k *
9(h+1) _ n— Ziﬂl r;
1 T om k—1
5 D i) + 5 ) + (0= = i) {000 + 3
=1 =1 1
and
(ht1) _ ri
9i+1 g
o h+1 « 77(h+1 * " h+1
2 1y agy) = v V(T + 07— d) {Hé T + i }

fori=1,...,k—1.
This completes the (h + 1)-th iteration of the algorithm.
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Remark 6.1. Note that the existence and uniqueness of the solutions in the conditional maxi-
mization steps of the proposed algorithm are based on the fulfillment of the following conditions:

. m S p—s : .
i) >, [[quw)(yi:mm)—i-z:f:ll Y it Ly 1) (Zjedzr) > 0, dee., each of the sub-intervals [1,1,7,)
contains at least one of the observations irrespective of stress-levels,
(i) rr >0 fori=1,....k—1andn— Y\~ r* > 0.

The convergence of the proposed algorithm follows as in the case of k = 2.

7. Optimal stage life testing plan

In this section we discuss about the construction of the optimal stage life testing plan. In this
case, the determination of the optimal plan is reduced to find out the values of T7,...,T,_; and
R, ..., Ry_1 which will produce the optimal value of a certain scientific criterion. In the literature,
several criteria had been discussed in the context of optimal life testing plan. One of the most
frequently used criterion is the determinant of Fisher information matrix and the optimal plan
maximizes the determinant of Fisher information matrix or equivalently minimizes the determinant
of its inverse. This criterion is known as the D-optimality criterion in the literature. In this work,
based on the D-optimality criterion we propose to find the optimal plan. As it has been mentioned
before that even in simple progressive Type-II censoring case, it is not immediate what would be
the optimum censoring scheme. In this situation in presence of stress factors, it is even more
difficult to predict what would be the optimum censoring scheme. Due to this reason, we need a
proper computational algorithm to determine the optimum censoring scheme.

In this work, determination of the optimal life testing plan is a mixture of both continuous
and discrete optimization problem. For fixed n and pre-fixed stress-change points 17, ..., Ty 1,
the solution space of Ry,..., Ry_1 has cardinality (Z:;) which is large enough even for moder-
ate values of n and k. On the other hand, the solution space of T},...,T;_; is infinite. Here,
in computation we pre-fix the values of T1,...,T}_1, along with n and k, and the optimization
problem is reduced to a discrete optimization problem where the solution space consists of non-
negative integers Ry, ..., R,, with the restriction that ) ", R; < n. The solution space being
quite large, the exact optimization is a numerically challenging problem. As a way out, we ap-
ply a meta-heuristic algorithm like variable neighborhood search (VNS) algorithm. Hansen and
Mladenovié¢ (1999) introduced the VNS algorithm where at each step, an improved local optimum
is found in the neighborhood of the previous step’s local optimum. The algorithm is terminated
if no further improvement is found. The VNS algorithm works on three strategies - the neigh-
borhoods are connected, these connected neighborhoods may produce different local optima, and
the global optimum is one of the local optima from those connected neighborhoods obtained so
far. Bhattacharya et al. (2016) proposed a meta-heuristic algorithm to find the optimal plan un-
der a progressive censoring scheme based on the variable neighborhood search method. Recently,
Samanta et al. (2022) proposed a similar algorithm to obtain otimal plan for order-restricted es-
timation of Weibull parameters in the stage life testing experiment. Here we also apply a similar
method.

In this context, the Ry, Ro, ..., Ri_1 are such that Zi:ll R; <n. We define R, =n — Zf;ll R;
so that Zle R; = n. We next define R = (Ry, Ro,...,Ry), and for an initial guess R’ =
(RY, RS, ..., RY), the i-th neighborhood can be constructed as

k
Ni(RU):{R:ZRi:n,HR—RUH <i+land |R)—R;| <i forjzl,...,k},

i=1
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where ||R — R°|| is the Euclidean distance between R? and R.
The pseudo code of the VNS algorithm is given below:

Pseudo code of the VNS Algorithm:

1. Initial guess: Choose an initial guess R’ and set imax = max RY.
1<5<k

2. Iterations: For i = 1 t0 ty.x, ¢ < 7 + 1, continue the process below.

search to find out the local optimal, say R°P.
4. Decision to move:

o If RO = R°P% set i =i+ 1 and continue the local search.

o If RY £ R°P% set the initial guess as R°P% and repeat local search.

3. Local search: Based on R’ construct the i-th neighborhood N;(R°). Apply local

Let ¢ = (¢, 0). Then the Fisher information matrix can be obtained as

16) — -5 [aﬂogL]

0900,
where

k-1 Dy

0?log L 1
g2 T2 Z[[Tq 1i7a) (Yieren +ZZI[Tq ) (Zjppr) | forq=1,... M —1,
q q

=1 j5=1

OlogL M 0*logL Dy mp
0 0 6 un
9%logL  9%log L
00,00, 00,00,
9”logL  9’logL
00,00, 06,00,

9?log L l
— o7 E P (Y. - - M — E * E T P(T;
a¢qa¢M ( z.M.mQ) (n R ) 7_q 1 R zaq

=1

forg=M+1,... M+Ek—1,

=0forallg,r=1,.... M —1and q#r,

=0forallgr=M,... M+k—1and q #r,

for ¢ < M —1, and

Dy

0%log L i ) )
8¢qa¢r = RT—MP (Tr—Maq) - ; P (Zi:D:iM:R:7M7q> - (Tq — Tq—l) (RT—M — D’I‘—M)

forq < M —1,r > M + 1. The D-optimization is performed based on the expected Fisher
information matrices and these expectations are obtained using Monte Carlo simulation based on

500 replications.

Note that under the proposed model, the MLEs will exist if m > 0, df > 0 for all « and each
of the intervals [r,, 7,-1) contains at least one observed failure times (irrespective of stress-levels).
This is possible if R; > 0 for ¢ = 1,..., k. Hence for the local search of the VNS algorithm, we

restrict ourselves to the R’s for which R; >0 fori=1,... k.

21



We evaluate optimal plans for £ = 2 and k£ = 3. The results are obtained for M = 2 and
M = 3 and certain choices of the parameters. We choose n = 30 in each case. The results are
reported in Tables 10 and 11 corresponding to k£ = 2 and k = 3, respectively. From the numerical
results, it is evident that even if we start from some different initial guesses, it always converges
to the same optimum value. It seems that the VNS algorithm works well in this case. Further,
interestingly enough, it is also observed that in optimal plans, Ry is always 1, i.e., almost all
the items are required withdrawal for optimal plans. This is justified since the observations of
lifetimes in stress levels other than stage s; contain information of failure time distributions in
stage s; whereas observations on stage s; contain no information of failure time distributions in
different stages.

Table 10: Optimal life-testing plans obtained using VNS algorithm for k& = 2

Parameters Stress-change times Initial guess Optimal plan Optimal value
M =2
=9, =05 15, 15 29, 1 2.9612 x 10719
A= T, = 10,T; = 20 : :
0, = 0.01,05 = 0.02 05, 25 29, 1 2.9612 x 10719
=25,¢;=1.5 15, 15 29, 1 1.4409 x 10~12
A Ty = 100, T, = 150 : : _
0, = 0.002, 6, = 0.004 05, 25 29, 1 1.4409 x 10~
M=3
=7,7 =10c; = 0.5 15, 15 29, 1 3.5134 x 10719
T1 , T2 C1 3 Tl _ 107T2 — 920 ) ) -
co =0.8,60, =0.01,60, = 0.02 05, 25 29, 1 3.5134 x 10719
= 25,79 =50c; = 1.8 15, 15 29, 1 2.0079 x 10712
e ’ T, =100, T, = 150 i ! _
co = 1.5,60; = 0.002, 6, = 0.004 05, 25 29, 1 2.0079 x 10~
Table 11: Optimal life-testing plans obtained using VNS algorithm for & = 3
Parameters Stress-change times Initial guess Optimal plan Optimal value
M =2
=9, =056, =0.01, T, =10,7, =20,  10,10,10 14,15, 1 7.7632 x 1074
6y = 0.02, 03 = 0.04 T3 = 30 05, 05, 20 14,15,1  7.7632 x 10714
1 = 25,¢1 = 1.5,0; = 0.002, Ty =100, T, = 150, 10, 10,10  13,16,1 1.7448 x 10717
05 = 0.004, 65 = 0.006 Ts = 200 05,05,20 13,16, 1  1.7448 x 10717
M=3
T ="T7,1=10,¢1 =0.5c =0.8, T3 =10,T, = 20, 10, 10, 10 17, 12,2001 9.4915 x 10~4
6, = 0.01, 60y = 0.02,635 = 0.04 T3 = 30 05, 05,20 17, 12, 2001 9.4915 x 10~14
1 =257 =50c; = 1.8,¢co = 1.5, T} = 100, T, = 150, 10, 10,10 16, 13,1  3.0336 x 10717
61 = 0.002, 62 = 0.004, 03 = 0.006 T3 = 200 05,05,20  16,13,1  3.0336 x 10~'7

8. Concluding Remarks

In this article, we have developed an estimation methodology for a flexible tampered failure
rate model under stage life testing (SLT) experiments. The proposed approach relies on the as-
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sumption of piecewise constant baseline hazard functions and employs an Expectation Conditional
Maximization (ECM) algorithm for efficient parameter estimation. This enables the method to
handle complex likelihood structures that typically arise in SLT experiments. Furthermore, we
have extended the methodology to incorporate situations with unknown cut points through a data-
driven framework based on non-homogeneous Poisson processes. The versatility of the method
has also been illustrated by its extension to general k-stage SLT setups.

Simulation studies confirm that the proposed estimators perform satisfactorily in terms of bias,
mean squared error, and coverage probability, with performance improving as the sample size and
censoring proportion increase. In addition, the developed framework also provides a computational
strategy to determine optimal censoring schemes based on D-optimality criteria.

There are several promising directions for future research. An avenue is to explore adaptive
or data-driven strategies for selecting the number and placement of cut points. Another is to ex-
tend the methodology to accommodate dependent failure mechanisms and more general censoring
schemes.
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