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Abstract

In a life-testing experiment, the joint progressive censoring scheme
for more than one exponential population was proposed by Rasouli
and Balakrishnan [21]. In this paper, we focus on the joint adaptive
progressive Type-II (JAPC-II) censoring scheme for two populations
to reduce the experimental time as well as cost of the experiment. The
methodology is developed for the Weibull distribution with common
shape parameter β and different scale parameters α & λ, respectively.
We consider the maximum likelihood estimators of the unknown scale
and shape parameters along with their asymptotic and bootstrap con-
fidence intervals. Further, the Bayesian inference procedure is pro-
vided with the corresponding credible intervals. Theoretical studies
are illustrated based on simulation study. We also provide some con-
nection between our proposed model with the balanced joint adaptive
progressive censoring scheme, proposed by Sultana et. al. [23]. Fi-
nally, the methods are illustrated with the analysis of a real data set.
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1 Introduction

In reliability theory, censored data are playing an important role. The sce-
nario of censoring comes in the life testing experiments when the lifetime
of the components or units of the experiment may not always be recorded
exactly. In many cases, components or units are lost or removed from the
experiments before they fail and censored datasets are observed. Otherwise,
to provide time and cost efficiency, censoring schemes are preferable for the
experimenters. In literature, there are many different types of censoring
scheme available for different types of lifetime experiments. The most basic
censoring schemes are Type-I and Type-II censoring scheme. In the Type-I
censoring scheme we pre-fixed the experimental time before starting the ex-
periment and will stop the experiment at that time. Whereas, in the Type-II
censoring scheme, we pre-determined the number of failures, say, m. The
test will terminate when a random sample of size m is observed.

Also, in the progressive censoring schemes, the experimenters are allowed
to remove live units from the experiment during the test. The progressive
Type-II censoring scheme can be briefly described as follows. Suppose a life
test starts with n components. Prior to the experiment, an integer m < n is
determined. Again, the progressive censoring scheme R = (R1, R2, · · · , Rm)
withRi ≥ 0 and

∑m
i=1Ri+m = n is pre-specified. Now, at the time of the first

failure, R1 number of live units are removed from the experiment. At the time
of the second failure, R2 number of live units are removed from the remaining
n− R1 − 1 units and it goes on until the mth failure occurs. Finally, at the
mth failure, all remaining, Rm = n−m−

∑m−1
i=1 Ri, units are excluded from

the test and terminate the test. For more details on progressive censoring
scheme, one can see Balakrishnan and Cramer [4]. Getting mth failure at a
reasonable time, for highly reliable products, is the major drawback of this
censoring scheme.

On the other hand, Ng et al. [20] proposed an adaptive progressive Type-
II censoring scheme which is a mixture of Type-I and progressive Type-II
censoring. This censoring was proposed, to save both the total test time
and the cost induced by the failure of the units and increase the efficiency
of statistical analysis. Thus this censoring scheme actually overcomes the
major difficulties of the Progressive Type-II censoring scheme in a reasonable
experimental time. In this censoring scheme, the number of failures m is
fixed in advance and the progressive censoring scheme R = (R1, R2, · · · , Rm)
is also pre-determined. However, some Ri values may change during the
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experiment. The experimenter firstly determines the ideal test time T which
is also pre-fixed. This scheme is described as follows.

At the time of the first failure, we remove R1, randomly selected units
from the test. We continue the test in a similar manner and if the time T
occurred before the mth failure, we want to continue the experiment until
the mth failure occurred. In this case after time T , we do not withdraw any
items from the experiment and at the time of the mth failure we will remove
the remaining items from the test. On the other hand, if the mth failure
occurred before the time point T , we will stop the experiment by removing
the remaining items from the test. Which is actually the Progressive Type-II
censoring scheme as discussed before. The purpose of doing such kind of
experiment can be viewed as a design in which we are assured of getting m
observed failure times for efficiency of statistical inference within an afford-
able time bound. From the basic properties of order statistics, we know that
the fewer operating items are withdrawn (i.e., the larger the number of items
on the test), the smaller the expected total test time ( See Ng and Chan [19]).
Therefore, we should leave as many surviving items on the test as possible,
to terminate the experiment as soon as possible to get a fixed number of
failure m. This idea reduces the total time of the experiment as well as cost
of the experiment. Thus, we can save time and cost in this censoring scheme
to get the m number of failures.

In the literature, many authors considered this censoring scheme for many
inferential problems. For instance, the adaptive progressively Type-II cen-
soring scheme is handled by Sobhi and Soliman [22], Mohie El-Din et al. [16]
and Ye et al. [27] for the exponentiated Weibull, generalized exponential and
extreme value distributions, respectively. Further, Ismail [14] is considered
a step-stress partially accelerated life test model based on adaptive Type-II
progressive censoring scheme. Furthermore, most of the conventional censor-
ing scheme deals with one sample problem. Whereas, when the experimenters
decide to conduct comparative life tests of units, joint censoring schemes are
needed. For this purpose, joint censoring schemes have been suggested in the
literature.

Rasouli and Balakrishnan [21] proposed the joint progressive Type-II cen-
soring scheme for two exponential populations. The experiment can be de-
scribed as follows. Suppose two independent samples (say Sample-I and
Sample-II) of sizes n1 and n2 such that N = n1 + n2, are selected from
two populations and placed on a life-testing experiment. Let m and Ri,
i = 1, · · · ,m are the same as defined above. The experiment is termi-
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nated as soon as we get a total m number of failures from the samples.
Now when first failure occurred from Sample-I (or Sample-II), s1 surviv-
ing units are randomly removed from the Sample-I and from Sample-II q1
number of units are removed at the same time such that R1 = s1 + q1.
Similarly, at time of second failure from Sample-II (say), then R2 units are
randomly removed from the experiment such that s2 and q2 units are re-
moved from the experiment from Sample-I and Sample-II, respectively. We
continue the experiment till the occurrence of the mth failure. Finally, at
the time of the mth failure (which may be from Sample-I or Sample-II), all
the remaining surviving units are removed from the experiment. Note that
here the progressive censoring scheme R = (R1, R2, · · · , Rm) has the decom-
position S + Q = (s1, s2, · · · , sm) + (q1, q2, · · · , qm). Further, note that if
R1 = R2 = · · · = Rm−1 = 0 then Rm = N − m, which corresponds to the
joint Type-II censoring scheme proposed by Balakrishnan and Rasouli[5]

Several works have been done in the jointly censored samples in the liter-
ature. For example, Ashour and Abo-Kasem [2]-[3] studied joint type-II and
joint progressive Type-I censoring schemes for different distributions. Bal-
akrishnan and Feng [6] studied exact likelihood inference for k-exponential
populations under joint Type-II censoring and also Balakrishnan et al. [7]
studied the same problem under joint progressive Type-II censoring scheme.
Doostparast et al. [12] studied Bayes estimation based on joint progressive
Type-II censored data under LINEX loss function. Abo-Kasem et al. [1]
studied exponential distributions under the joint Type-I progressive hybrid
censoring scheme. The Lindley distribution is handled by Krishna and Goel
[15] under jointly Type-II censoring.

Mondal and Kundu [17] studied the Weibull distribution based on the
balanced joint progressive censoring scheme. The balanced adaptive pro-
gressive censoring scheme, by Sultana et. al. [23], is an alternative of the
usual balanced joint progressive censoring scheme. The author considered
two independent exponential samples with mean θ1 and θ2 and obtained the
MLEs of the unknown means. They have also obtained the exact distribu-
tion of the MLEs. Further they considered the Bayesian inferences and some
optimality criteria for optimum Ri’s over all possible Ri, for i = 1, · · · ,m.
Again, Sultana et. al. [23] studied the advantage of the experimental time for
the balanced joint adaptive censoring scheme over the balanced progressive
censoring scheme by Mondal and Kundu [18]. It is seen that these studies are
mostly concentrated on Type-II, progressive Type-II and related censoring
schemes.
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In this paper, we consider two independent Weibull populations with
common shapes and different scale parameters when the data is coming from
jointly adaptive progressive Type-II censored (JAPC-II) for two Weibull sam-
ples are combined together in Section 2. We obtain the maximum likelihood
estimators (MLEs) of the unknown parameters in Section 3. In Section 4,
we also obtain the asymptotic confidence intervals as well as bootstrap con-
fidence intervals for the unknown model parameters. We further consider
the Bayes estimators, using the squared error loss function, of the unknown
parameters under the assumptions of independent gamma priors in Section
5. Further, we obtain Bayesian confidence intervals. To assess the efficiency
of the estimates, simulation studies are performed in Section 6. We illustrate
the proposed methods through the analysis of a real life data set in Section
7. Further, we describe the proposed modeling with existing balanced JAPC
scheme in Section 8, while Section 9 ends with some concluding remarks.

2 Model Description

Suppose that X = (X1, X2, · · · , Xn1) are independently and identically dis-
tributed (i.i.d.) lifetimes of the test units from Sample-I of size n1, similarly,
Y = (Y1, Y2, · · · , Yn2), test units form Sample-II of size n2, are also i.i.d.
and Xi’s and Yj’s are independently distributed. Let X and Y be Weibull
distributed with common shape parameter β and different scale parameters
α and λ, respectively. The probability density function (PDF) and cumu-
lative distribution function (CDF), for both Sample-I and Sample-II, which
are given by

f(x;α, β) = αβxβ−1e−αx
β

and F (x;α, β) = 1− e−αxβ for x > 0, α, β > 0

g(y;λ, β) = λβyβ−1e−λy
β

and G(y;λ, β) = 1− e−λyβ for y > 0, λ, β > 0.

(2.1)

Then, it is assumed that W(1),W(2), · · · ,W(N) where N = n1 +n2, denote the
combined ordered samples form of test samples (X1, X2, · · · , Xn1 , Y1, Y2, · · · , Yn2).
Now the proposed JAPC-II can be described as follows.

We pre-fixed an integer m, total number of failure, the time point T ,
and removals R = (R1, R2, · · · , Rm) are also fixed in advance. Firstly, at
the time of the first failure (from either Sample-I or Sample-II), R1 units are
randomly withdrawn from the remaining (N − 1) surviving units. At this
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stage, removals from the Sample-I are denoted by s1 and the removals from
the Sample-II are denoted by q1 such a way that R1 = s1 + q1. Similarly,
at the time of the second failure, R2 = s2 + q2 units are randomly removed
from the experiment such that there are s2 and q2 units are removed from
the Sample-I and Sample-II, respectively. We continue the test until either
of mth failure or time T occurred. Suppose the time T occurred before the
mth failure, we continue the test until the mth failure occur and we will not
remove any samples from both of the samples, Sample-I or Sample-II. Unlike
the progressive Type-II censoring scheme, number of remaining units are
adjusted due to the case of m−th failure is before the time T or not. If
the m−th failure occurs before the time point T , the experiment stops at
the time point W(m) and the progressive censoring scheme R1, R2, · · · , Rm is
provided as shown in Figures (1)-(2). On the other hand, if T < W(m), that
is the number of observed failures has not reached m , we would want to
terminate the experiment as soon as possible for fixed value of m. For this
purpose, we do not withdraw any items after passed time point T except for
the time m−th of the failure where all remaining surviving items are removed
as seen in Figure (2). In this case, we denote the numbers of failures before
T as J as

W(J) < T < W(J+1) J = 1, 2, · · · ,m.

where W(0) ≡ 0 and W(m+1) ≡ ∞. Then, W(J+1) = · · ·W(m−1) = 0 and

Rm = N −m−
∑J

i=1Ri. In this case, and the progressive censoring scheme
is obtained as (

R1, R2, · · ·RJ∗ , 0, 0, · · · , 0, N −m−
J∗∑
i=1

Ri

)
where J∗ = max{J : W(J) < T}. This censoring scheme aims to speed up
the test as much as possible in the case of when the test duration exceeds
the prefixed time threshold T . Note that if the pre-fixed time T → ∞
the proposed JAPC-II scheme coincides with the joint progressive censoring
scheme proposed by Rasouli and Balakrishnan [21]

Let Zi, (∀i = 1, 2, · · · ,m) take two values either 1 or 0 depending on
whether W(i) is an X or Y failure, respectively. Then, suppose Ri = si + qi,
i = 1, 2, · · · ,m where si and qi denotes the number of units withdrawn
at the time of i−th failure that belongs to sample X and Y , respectively.
Then, under JAPC-II the likelihood function of (W,Z, S + Q) where S =
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Figure 1: The schematic representation of experiment when it terminates
before time T (solid line denotes the Sample-I while dotted line denotes the
Sample-II).

Figure 2: The schematic representation of experiment when it terminates
after time T (solid line denotes the Sample-I while dotted line denotes the
Sample-II).

s1, s2, · · · , sm and Q = q1, q2, · · · , qm can be written as

L(w,z) = BJ

[ m∏
i=1

[f(wi)]
zi [g(wi)]

1−zi
][ J∏

i=1

[F̄ (wi)]
si [Ḡ(wi)]

qi

]
[F̄ (wm)]s

∗
[Ḡ(wm)]q

∗
,

(2.2)
where

BJ =
m∏
i=1

[
N − i+ 1−

min{i−1,J}∑
k=1

Rk

]
.

Note that F̄ (.) = 1 − F (.), Ḡ(.) = 1 − G(.), s∗ =
∑m

i=J+1 si for J < m or
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s∗ = 0 otherwise. Similarly, q∗ =
∑m

i=J+1 qi for J < m or q∗ = 0 otherwise.
As a special case, for J = m, we obtain joint progressive Type-II censoring
scheme which is defined by Rasouli and Balakrishnan [21].

3 Maximum Likelihood Estimation

In this section, we consider maximum likelihood estimations of unknown
model parameters of the Weibull distributions. Using equations (2.1) and
(2.2), the likelihood function of α, λ, and β is obtained as

L(α, λ, β|w,z) ∝
[ m∏
i=1

βαziλ1−ziwβ−1i e−αziw
β
i e−λ(1−zi)w

β
i

]
×
[ J∏
i=1

e−αsiw
β
i e−λqiw

β
i

]
× e−αs∗w

β
me−λq

∗wβm

∝ βmαd1αd2e(β−1)
∑m
i=1 ln(wi)e−αξ1(β)e−λξ2(β),

(3.3)

where d1 =
∑m

i=1 zi, d2 = m−
∑m

i=1 zi, and

ξ1(β) =
m∑
i=1

ziw
β
i +

J∑
i=1

siw
β
i + s∗wβm

ξ2(β) =
m∑
i=1

(1− zi)wβi +
J∑
i=1

qiw
β
i + q∗wβm.

Then the log-likelihood function may then be written as

`(α, λ, β|w,z) ∝ m ln(β)+d1 ln(α)+d2 ln(λ)+(β−1)
m∑
i=1

ln(wi)−αξ1(β)−λξ2(β).

(3.4)
By differentiating equation (3.4) partially with respect to α, λ, β and equat-
ing them to zero, we get the following equations.

∂`

∂α
=
d1
α
− ξ1(β) = 0 and

∂`

∂λ
=
d2
λ
− ξ2(β) = 0 (3.5)

and
∂`

∂β
=
m

β
+

m∑
i=1

ln(wi)− αξ
′

1(β)− λξ′2(β) = 0,
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where ξ
′
1(β) and ξ

′
2(β) denotes the first order derivatives, with respect to β,

of the ξ1(β) and ξ2(β), respectively, as given in the following

ξ
′

1(β) =
m∑
i=1

ziw
β
i ln(wi) +

J∑
i=1

siw
β
i ln(wi) + s∗wβm ln(wm),

ξ
′

2(β) =
m∑
i=1

(1− zi)wβi ln(wi) +
J∑
i=1

qiw
β
i ln(wi) + q∗wβm ln(wm).

Theorem 1. If it is assumed that X = (X1, X2, · · · , Xn1) are i.i.d. by the
Weibull(α, β) and Y = (Y1, Y2, · · · , Yn2) are i.i.d. by the Weibull(λ, β), then
under the JAPC-II censoring scheme, the MLEs of α and λ, denoted by α̂
and λ̂, exist and they are given by

α̂ =
d1

ξ1(β)
and λ̂ =

d2
ξ2(β)

Theorem 2. If it is assumed that X = (X1, X2, · · · , Xn1) are i.i.d. by the
Weibull(α, β) and Y = (Y1, Y2, · · · , Yn2) are i.i.d. by the Weibull(λ, β), then
under the JAPC-II censoring scheme, the MLE of β, denoted by β̂, exists
and it can be obtained as the solution of the following non-linear equation

H(β) =
m

β
+

m∑
i=1

ln(wi)− α̂ξ
′

1(β)− λ̂ξ′2(β). (3.6)

The proofs of the existence and uniqueness of the α̂, λ̂ and β̂ are given
in the Appendix section.

It is clear that the MLEs of the parameters exist only in the case that
at least one failure is observed from both samples. In this censoring scheme,
it is suggested that 1 ≤

∑m
i=1 si ≤ m − 1, the numbers of failures from the

Sample-I and Sample-II can not exceed n1 and n2, respectively. Thus, the
restriction m − n2 ≤

∑m
i=1 si ≤ n1 is obtained. Consequently, the MLEs

of the parameters exist when max(1,m − n2) ≤
∑m

i=1 si ≤ min(r − 1, n1).
It is clearly seen that the existence of the MLEs are guaranteed if m >
max(n1, n2).
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4 Asymptotic Confidence Intervals

Here, we consider the approximate confidence intervals for the unknown pa-
rameters α, λ, and β based on the large sample approximations of the maxi-
mum likelihood estimators (may be referred as asymptotic theory). For this
purpose, we can use the observed Fisher information matrix, I(θ), where
θ = (α, λ, β), to obtain the asymptotic variance of MLEs of the unknown
parameters. Then the observed Fisher information matrix is given by

I(θ) = −


∂2l
∂α2

∂2L
∂α∂λ

∂2L
∂α∂β

∂2L
∂λ∂α

∂2L
∂λ2

∂2L
∂λ∂β

∂2L
∂β∂α

∂2L
∂β∂λ

∂2L
∂β2

 and I−1(θ) =

 Var(α̂) Cov(α̂, λ̂) Cov(α̂, β̂)

Cov(λ̂, α̂) Var(λ̂) Cov(λ̂, β̂)

Cov(β̂, α̂) Cov(β̂, λ̂) Var(β̂)

 .

From the log-likelihood function in (3.4), we have

∂2`

∂α2
= − d1

α2
,
∂2`

∂λ2
= −d2

λ2
,

∂2`

∂α∂λ
= 0,

∂2`

∂α∂β
= −ξ1(β),

∂2`

∂λ∂β
= −ξ2(β),

and
∂2`

∂β2
= −m

β2
− ξ′′1 (β)− ξ′′2 (β)

where

ξ
′′

1 (β) =
m∑
i=1

ziw
β
i ln2(wi) +

J∑
i=1

siw
β
i ln2(wi) + s∗wβm ln2(wm)

ξ
′′

2 (β) =
m∑
i=1

(1− zi)wβi ln2(wi) +
J∑
i=1

qiw
β
i ln2(wi) + q∗wβm ln2(wm).

Note that ξ
′′
1 (β) and ξ

′′
2 (β) are the second order derivatives of ξ1(β) and ξ2(β)

with respect to β, respectively. The asymptotic normality of the MLE tells
us that (α̂, λ̂, β̂) is approximately multivariate normal with mean (α, λ, β) and
the covariance matrix I(α, λ, β). That is, (α̂, λ̂, β̂) ∼ N

{
(α, λ, β), I−1(α̂, λ̂, β̂)

}
.

Then, the approximate 100(1− γ)% confidence intervals for α, λ, and β are
obtained as (

α̂− z γ
2

√
V ar(α̂), α̂ + z γ

2

√
V ar(α̂)

)
,(

λ̂− z γ
2

√
V ar(λ̂), λ̂+ z γ

2

√
V ar(λ̂)

)
,
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and (
β̂ − z γ

2

√
V ar(β̂), β̂ + z γ

2

√
V ar(β̂)

)
,

where z γ
2

denotes the upper γ
2
th percentage point of the standard normal

distribution.

4.1 Bootstrap Confidence Intervals

Following asymptotic confidence intervals (ACI) for MLEs, bootstrap confi-
dence intervals are obtained in this subsection. For this purpose, we obtain
parametric percentile bootstrap method (boot-p) and studentized bootstrap
method (boot-t) to obtain approximate confidence intervals for estimation.
The corresponding algorithms which is defined by Efron and Tibshirani [13]
can be described as follows.
For boot-p confidence intervals:

Step 1: Generate two samples X and Y of size n1 and n2 from Weibull popu-
lations, with corresponding scale parameters α, λ and shape param-
eter β, respectively.

Step 2: Evaluate the censored sample (w(1), w(2), · · · , w(m); z(1), z(2), · · · , z(m))
where m is the number of failures. Then, calculate the MLEs of α,
λ, and β.

Step 3: Generate bootstrap samples (X∗1 , X
∗
2 , · · · , X∗n1

) and (Y ∗1 , Y
∗
2 , · · · , Y ∗n2

)

based on Weibull(α̂, β) and Weibull(λ̂, β) then compute the boot-
strap estimates of α, λ, and β which is denoted by α̂∗, λ̂∗, and β̂∗.

Step 4: Repeat steps 2-3 for B times and obtain bootstrap estimates α̂∗j , λ̂
∗
j ,

β̂∗j , j = 1, 2, · · · , B.

Step 5: Let G(z) = P (θ̂∗i ≤ z) for i = 1, 2 be the CDF of θ̂∗i where θ =
(α, λ, β). Define θ̂iBoot−p = G−1(z) for a given z. Then, the approxi-
mate 100(1− γ)% confidence interval of θi is given by(

θ̂
∗(γ/2)
iBoot−p

, θ̂
∗(1−γ/2)
iBoot−p

)
. (4.7)

where θ̂
∗(γ)
iBoot−p

is the γ percentile of θ̂∗ij ,i = 1, 2 and j = 1, 2, · · · , B.
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For boot-t confidence intervals, after generating the bootstrap samples
and calculating the bootstrap estimates in the first four steps:

Step 1: Compute estimates of V ar(θ̂∗i ) from the observed Fisher information
matrix in equation (4).

Step 2: Calculate

T ∗ =
θ̂∗i − θ̂i√
V ar(θ̂∗i )

, i = 1, 2.

Step 3: Let H(z) = P (t∗ ≤ z) be the CDF t∗. From the obtained t∗ val-
ues, the approximate 100(1 − γ)% confidence interval of θi can be
obtained as follows. For a given z, define

θ̂iBoot−t = θ̂i +H−1(z)

√
V ar(θ̂i).

Then, the approximate 100(1− γ)% confidence interval of θi is given by(
θ̂
∗(γ/2)
iBoot−t

, θ̂
∗(1−γ/2)
iBoot−t

)
. (4.8)

5 Bayesian Inference

In this section, we obtain Bayes estimates of the unknown model parameters
and the corresponding credible intervals based on the JAPC-II data. In this
problem, we assume independent gamma priors for all unknown parameters
α, λ, and β. Suppose, α, λ, and β have Gamma(a1, b1), Gamma(a2, b2), and
Gamma(a3, b3) priors with non-negative hyper-parameters a1, b1, a2, b2, a3,
b3(> 0). Thus, the joint prior distribution for α, λ, and β is given by

π0(α, λ, β) =
ba11 b

a2
2 b

a3
3

Γ(a1)Γ(a2)Γ(a3)
αa1−1e−αb1λa2−1e−λb2βa3−1e−βb3 , α, λ, β > 0.

Using the observed censored samples and the prior distributions for the pa-
rameters, the joint posterior density function of parameters α, λ, and β are
obtained as

π(α, λ, β|w,z) ∝ αd1+a1−1λd2+a2−1βm+a3−1e−β
(
b3−

∑m
i=1 ln(wi)

)
e−α
(
b1+ξ1(β)

)
e−λ
(
b2+ξ2(β)

)
.

(5.9)
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From equation (5.9), it is clear that the posterior densities of α and λ are
the gamma distribution as

π(α) ∼ Gamma

(
d1+a1, b1+ξ1(β)

)
and π(λ) ∼ Gamma

(
d2+a2, b2+ξ2(β)

)
and the posterior density of β is obtained as

π(β|α, λ) ∝ βm+a3−1e−β
(
b3−

∑m
i=1 ln(wi)

)
e−α
(
b1+ξ1(β)

)
e−λ
(
b2+ξ2(β)

)
It is clear that random samples of α̂ and λ̂ can be easily obtained from

gamma densities. However, the density of π(β|α, λ) can not be reduced an-
alytically to well known distributions and therefore it is not possible to get
sample directly by standard methods. It is observed that density plot of the
conditional posterior density of β is like to Gaussian distribution (see Fig. 3).

Figure 3: Plots for the posterior probability density function of β in the case
of n1 = 40, n2 = 34 with m = 55(left) and m = 65(right).

In this case, we propose Metropolis-Hasting (M-H) sampling in Gibbs
algorithm with normal proposal distribution as suggested by Tierney [25].
Thus, we consider Markov Chain Monte Carlo (MCMC) method and gen-
erate a sample by using Gibbs sampling with M-H algorithm under normal
proposal as given in the following.

• Step 1: Start by using the initial values of α(0), λ(0), and β(0).

• Step 2: Set i = 1.
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• Step 3: Generate α(i) from Gamma

(
d1 + a1, b1 + ξ1(β)

)
.

• Step 4: Generate λ(i) from Gamma

(
d2 + a2, b2 + ξ2(β)

)
.

• Step 5: Generate β(i) from π(β|α, λ) by using the M-H algorithm with
normal proposal N(β(i−1), σβ̂) where σβ̂ is the asymptotic variance of
the MLE of β.

– Let v = β(i−1) and generate w from the proposal as w = N(β(i−1), σβ̂).

– Let p(v, w) = min

{
1,

π(w|α(i),λ(i))N(v,σβ̂)

π(v|α(i),λ(i))N(w,σβ̂)

}
.

– Generate U from U(0, 1), then accept proposal if U ≤ p(v, w) and
set β(i) = w or otherwise β(i) = v.

• Step 6: Set i = i+ 1.

• Step 7: Repeat 2-6, for M times.

Thus, the approximate posterior means of α, λ, and β, denoted by θ̂B =
(α̂B, λ̂B, β̂B), under the squared error loss function, can be derived as

θ̂B =
1

M −K

M∑
i=K+1

θ(i)

where K denotes the burn-in period. Further, we can construct the 100(1−
γ)% HPD credible intervals for the Bayesian estimations of the parameters
by using the method proposed by Chen and Shao [9] as(

θ̂B[ γ
2
(M−K)], θ̂

B
[(1− γ

2
)(M−K)]

)
where θ = (α, λ, β) with [γ

2
(M − B)] and [(1− γ

2
)(M − B)] are the smallest

integers less than or equal to γ
2
(M −B) and (1− γ

2
)(M −B), respectively.
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6 Simulation Study

In this section, some simulation studies are performed for evaluating the
performance of estimation methods which are developed in the previous
sections. We consider different sample sizes for the two populations such
as (n1, n2) = (25, 25), (40, 34), (50, 60) and different number of failure for
each sample sizes as (34, 42), (55, 65), (85, 95), respectively. We take pa-
rameter values for two populations as (α, λ, β) = (1, 0.75, 2) and two dif-
ferent time points T as 0.75 and 1.25. We compare the estimates with their
mean squared errors (MSE) and approximate confidence intervals with their
average lengths (AL) and coverage probabilities (CP). In Bayesian estima-
tions, we use two different priors by using informative and non-informative
hyper-parameters. Firstly, we consider the small and non-negative hyper-
parameters as a1 = a2 = b1 = b2 = 0.0001 suggested by Congdon ([10],
page 69) which are almost like Jeffrey’s priors but they are proper, in-
versely. Alternatively, we use non-negative and informative hyper-parameters
as a1 = 1, b1 = 1, a2 = 1.5, b2 = 2 and a1 = 2, b1 = 1 to provide the actual
values of the parameters. We run a Monte Carlo process for 2000 times and
computed the average values of the estimates as well as the average widths of
95% simultaneous confidence intervals. For bootstrap computations, we use
500 replications for each iteration. In Bayesian estimations, we run Gibbs
sampling M-H algorithm and discard the first 500 values in burn-in period.
Then, we take every third observation for the thinning procedure to obtain
an uncorrelated Markov chain. Then we perform Markov Chain Monte Carlo
(MCMC) which runs for 2000 replications. For all computations, R (R Core
Team,[24]) software is used. We use three types of progressive censoring
schemes as described in the following

CS-I −→ (R1, R2, · · · , Rm) = (0(m−1), N −m)

CS-II −→ (R1, R2, · · · , Rm) = (0(m
2
−1), N −m, 0(m

2
)) if m is even,

= (0(m+1
2
−1), N −m, 0(m+1

2
)) if m is odd.

CS-III −→ (R1, R2, · · · , Rm) = (1(N−m), 0(2m−N))

where 0(k) means repeated 0 values k times. Results for T = 0.75 are re-
ported in Tables 1-3 and the results for T = 1.25 are reported in Tables 4-6.
It is clearly seen that we obtain consistent results and all expectations are
provided. It is known that Bayesian estimations perform better than MLE in
small sample sizes. We see this observation in all cases. The performances of
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the Bayes estimates under informative priors are clearly better than the es-
timations under non-informative priors. It is observed that non-informative
priors make Bayes estimation very close to the MLEs. However, using the
informative priors promote the Bayesian method to have superiority over the
MLEs. The differences of the performances between the Bayes and MLE
estimations decrease in parallel to increasing sample sizes. Also, the mean
squared errors of the estimators and the average lengths of the approximate
confidence intervals decrease parallel to increasing sample sizes. Among all
methods, boot-p methods have the worst performances. On the contrary,
the boot-t method showed good performances and we obtain shorter credi-
ble intervals than ACIs. We observe that the coverage probabilities of the
confidence intervals almost equal to their actual value 0.95 in most cases.
Rarely, some intervals by bootstrap methods, especially boot-p methods ob-
tain smaller CPs than expected to be. As expected, the MSE and ALs
decrease if the observed sample size increases. In all schemes, we met these
expectations. Since all theoretical findings perform very well, differences in
the simulation schemes do not have any adverse effect on the performances
of the estimates.
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7 Real Data Example

In this section, we illustrate the theoretical findings on a real data exam-
ple. We used progressively censored samples generated from the breaking
strengths of jute fiber at different gauge lengths 20mm, 15mm for X and
Y respectively which is given by Xia et al [26]. Recently, Çetinkaya [8] fit-
ted this datasets to Weibull distributions and used for the stress-strength
problem under generalized progressive hybrid censoring scheme. We scale
both samples by dividing to 100 for better fitting to the re-parameterized
Weibull model. This data-set of failure times are denoted by X (20mm) and
Y (15mm), respectively. The complete (non-censored) failure times of each
group with sizes n1 = n2 = 30 is given in the following

X ⇒
0.7146 4.1902 2.8464 5.8557 4.5660 1.1385 1.8785 6.8816 6.6266 0.4558

5.7862 7.5670 5.9429 1.6649 0.9972 7.0736 7.6514 1.8713 1.4596 3.5070

5.4744 1.1699 3.7581 5.8160 1.1986 0.4801 2.0016 0.3675 2.4453 0.8355

Y ⇒
5.9440 2.0275 1.6837 5.7486 2.2565 0.7638 1.5667 1.2781 8.1387 5.6239

4.6847 1.3509 0.7224 4.9794 3.5556 5.6907 6.4048 2.0076 5.5042 7.4875

4.8966 6.7806 4.5771 1.06737.1630 0.4266 0.8040 3.3922 0.7009 1.9342

These data sets can also be fitted by the exponential distributions as
a constant failure rate distribution. We compare the fitting model selec-
tion measurements and goodness of fit statistics between the exponential
and Weibull distributions. Thus, we can decide the better model for these
data sets. We report the comparison results in Table 7-8. It is clearly seen
that the Weibull model have higher log-likelihood with lower Akaike informa-
tion criterion (AIC) and Bayesian information criterion (BIC) values. In the
both cases, data sets fit the Weibull and exponential distributions since the
p-value based on the Kolmogorov-Smirnov (KS), Cramér–von Mises (CvM)
and Anderson Darling (AD) test statistics are obtained as larger than 0.05.
Despite both distributions fitting these data sets well, model selection mea-
surements (log-likelihood, AIC, BIC) indicate better fitting with the Weibull
distributions.

Then, we consider two different adaptive progressive censoring scheme as
providing T < Wm as given in the following

• CS-I: m = 44, T = 5, R = (0(43), 16(1))
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Table 7: Model-selection measurements and goodness of fit test statistics
with their corresponding p-values (in brackets) for the breaking strengths of
jute fiber data at different gauge lengths 20mm (X).

Distribution Log-Likelihood AIC BIC K-S CvM AD

WE(0.1670, 1.3606) -64.895 133.791 136.593
0.149 0.122 0.760

(0.473) (0.490) (0.501)

Exp(0.294) -66.779 135.557 136.958
0.133 0.122 0.903

(0.618) (0.492) (0.412)

Table 8: Model-selection measurements and goodness of fit test statistics
with their corresponding p-values (in brackets) for the breaking strengths of
jute fiber data at different gauge lengths 15mm (Y ).

Distribution Log-Likelihood AIC BIC K-S CvM AD

WE(0.1230, 1.498) -65.675 135.349 138.151
0.169 0.168 0.945

(0.323) (0.341) (0.387)

Exp(0.2748) -68.749 139.498 140.899
0.182 0.206 1.346

(0.240) (0.257) (0.218)

• CS-II: m = 40, T = 2, R = (0(10), 1(20), 0(10))

whereR = (0(43), 16(1)) denotes the removals in progressive censoring schemes.
For example, (0(43), 16(1)) means never withdraws in first 43 failures and 16
withdraws in m−th failure. Based on the proposed censoring schemes, joint
censored datasets, as (w; z; s) = (w; z;R− q), are given in the following

CS-I

(0.3675; 1; 0), (0.4266; 0; 0), (0.4558; 1; 0), (0.4801; 1; 0), (0.7009; 0; 0), (0.7146; 1; 0)

(0.7224; 0; 0), (0.7638; 0; 0), (0.8040; 0; 0), (0.8355; 1; 0), (0.9972; 1; 0), (1.0673; 0; 0)

(1.1385; 1; 0), (1.1699; 1; 0), (1.1986; 1; 0), (1.2781; 0; 0), (1.3509; 0; 0), (1.4596; 1; 0)

(1.5667; 0; 0), (1.6649; 1; 0), (1.6837; 0; 0), (1.8713; 1; 0), (1.8785; 1; 0), (1.9342; 0; 0)

(2.0016; 1; 0), (2.0076; 0; 0), (2.0275; 0; 0), (2.2565; 0; 0), (2.4453; 1; 0), (2.8464; 1; 0)

(3.5556; 0; 0), (3.7581; 1; 0), (4.1902; 1; 0), (4.5660; 1; 0), (3.3922; 0; 0), (3.5070; 1; 0)

(4.5771; 0; 0), (4.6847; 0; 0), (4.8966; 0; 0), (4.9794; 0; 0), (5.4744; 1; 0), (5.5042; 0; 0)

(5.6239; 0; 0), (5.6907; 0; 9)
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CS-II

(0.3675; 1; 0), (0.4266; 0; 0), (0.4558; 1; 0), (0.4801; 1; 0), (0.7009; 0; 0), (0.7146; 1; 0)

(0.7224; 0; 0), (0.7638; 0; 0), (0.8040; 0; 0), (0.8355; 1; 0), (0.9972; 1; 0), (1.0673; 0; 0)

(1.1385; 1; 0), (1.1699; 1; 1), (1.1986; 1; 1), (1.2781; 0; 0), (1.4596; 1; 0), (1.5667; 0; 0)

(1.6649; 1; 0), (1.6837; 0; 0), (1.8785; 1; 0), (2.0016; 1; 0), (2.0076; 0; 0), (2.2565; 0; 1)

(2.4453; 1; 0), (2.8464; 1; 0), (3.3922; 0; 0), (3.5070; 1; 0), (3.5556; 0; 0), (4.1902; 1; 0)

(4.5771; 0; 0), (4.8966; 0; 0), (5.4744; 1; 0), (5.5042; 0; 0), (5.6239; 0; 0), (5.6907; 0; 0)

(5.8557; 1; 0), (5.9429; 1; 0), (5.9440; 0; 0), (6.6266; 1; 2)

It is known that (w; z; q) = (w; z;R − s). In complete cases, parameter
estimations are obtained as 0.167 for α, 0.1230 for λ, 1.3606 and 1.4977 for
β. We considered shape parameters as equal and rounded them to 1.400. We
run the bootstrap loop for 10 000 replications and we use 100 000 iterations
in MCMC for Bayesian estimations. In Bayesian estimations, we use MLEs
of the parameters as their initial values so we do not use burn-in period. We
take every 10th variate in the thinning procedure and we obtain uncorrelated
Markov Chains. Based on the adaptive progressive censoring schemes which
are given above, we obtain the estimates with their standard deviations and
approximate confidence intervals with their lengths. All results are reported
in Tables 9-10.

Table 9: Estimations and their standard deviations (second rows) for the
real data example. (The columns of the Bayesian estimations are the results
based on the non-informative and informative priors, respectively.)

CS α̂ α̂B λ̂ λ̂B β̂ β̂B

I
0.1777 0.1883 0.1865 0.1800 0.1903 0.1885 1.1609 1.1357 1.1425

0.0544 0.0570 0.0555 0.0545 0.0572 0.0556 0.1503 0.1467 0.1443

II
0.2121 0.2243 0.2217 0.1381 0.1464 0.1449 1.2671 1.2399 1.2448

0.0658 0.0691 0.0672 0.0441 0.0464 0.0453 0.1571 0.1547 0.1517

Real data results in Table 9-10 clearly show that we obtain consistent
results. Since our sample sizes are not reasonably small and the MLE and
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Table 10: Confidence intervals with lengths (second rows) for the real data
example. (The columns of the HPD intervals are the results based on the
non-informative and informative priors, respectively.)

θ CS ACI Boot-p Boot-t HPD

α

I
0.0710;0.2844 0.0833;0.3007 0.0158;0.2624 0.0977;0.3181 0.0953;0.3127

0.2134 0.2174 0.2466 0.2204 0.2174

II
0.0831;0.3410 0.0962; 0.3365 0.0000;0.3055 0.1136;0.3811 0.1140; 0.3730

0.2579 0.2403 0.3055 0.2675 0.2590

λ

I
0.0730;0.2869 0.0853; 0.3014 0.0196;0.2637 0.0990;0.3191 0.0988;0.3161

0.2138 0.2160 0.2441 0.2201 0.2173

II
0.0517;0.2245 0.0665;0.2714 0.0199;0.2145 0.0729;0.2506 0.0732;0.2475

0.1728 0.2050 0.1945 0.1776 0.1743

β

I
0.8663;1.4555 0.9296;1.5757 0.8794;1.4603 0.8568;1.4353 0.8671;1.4399

0.5892 0.6461 0.5809 0.5785 0.5727

II
0.9592;1.5750 1.0214;1.7244 0.9697;1.5784 0.9416;1.5566 0.9524;1.5547

0.6158 0.7030 0.6086 0.6149 0.6022

Bayesian estimation methods provide almost equal performances. In terms of
their credible intervals, we observe similar performances. Despite all removals
being at the last failure in CS-I and as messy in the middle failures in CS-
II, the estimation performances are not affected by this difference. These
results prove that we can use our findings confidently in all joint progressive
and joint adaptive progressive censoring plans.
We also check the convergence of the Markov Chains. For this purpose, we
use the Markov Chains generated for the real data example. Firstly, we
draw trace plots that show the values of the parameters against the iteration
number at each iteration. The trace plots for the parameters which are given
in Fig. 4 show that Markov Chains for all parameters fluctuate around their
centers with similar variations. Further, we see from the Fig. 5, the density
plots seem in symmetric and unimodal shapes. The unimodal peaks in these
plots determine the mode of the posterior distributions of the parameters
and they are the values with the most support from the data and the chosen
priors. Additionally, we use the running mean (ergodic average) plots as
another diagnostic tool. An ergodic average plot draws the mean of sampled
values up to iteration t, and the precision of an ergodic average depends on
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the autocorrelations of the chain. We see from the Fig. 6 they stabilize
with increasing iteration number which means that the chains have achieved
stationarity. All plots to check the convergence in a Markov Chain can be
drawn using library MCMC plots [11] in R [24] software.
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Figure 4: Trace plots of the posterior distribution the parameters.
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Figure 5: Density plots of the posterior distribution the parameters.

8 Balanced Joint Adaptive Progressive Cen-

soring

The balanced joint adaptive progressive censoring (JAPC) scheme proposed
by Sultana et. al [23] is an useful alternate to usual balanced progressive
censoring (BJPC) scheme studied by Mondal and Kundu [17]. Balanced
JAPC scheme has the advantage of getting same number of failures as in
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Figure 6: Running mean (ergodic average) plots of the posterior distribution
the parameters.

BJPC scheme within a shorter experimental time. First we briefly describe
the balanced JAPC scheme proposed by Sultana et. al [23]. Let us simulta-
neously place two independent samples of size n on the experiment. Before
starting the life testing experiment, we prefixed an integer m, a time point
T , and (R1, R2, · · · , Rm) is set of pre-fixed non-negative integers such that
m∑
i=1

Ri = n − m. Suppose the first failure occurs from Sample-I, then R1

surviving units are randomly removed from the remaining (n− 1) surviving
units of Sample-I and at the same time, (R1 + 1) units are randomly chosen
and removed from the Sample-II. Further, if the second failure occurs from
Sample-II, we remove R2 units randomly from the remaining (n − R1 − 2)
surviving units of Sample-II. At the same time (R2 + 1) units are randomly
removed from the surviving (n−R1− 1) units of Sample-I. We continue the
process until either the mth failure occurs or the time point T is reached.
Suppose, mth failure occurs at W(m)(< T ), then we remove all the remaining
surviving units from both the samples and stop the experiment. However,
if only J(< m) failures occurred before time point T , we follow the same
procedure as before until W(J). But when the (J + 1)th failure occurs at
W(J+1), we will not remove any surviving units from the experiment until
the mth failure takes place from one of the samples. Thus, the experiment
terminates by removing all the remaining items from it. In this scheme, we
always observe a pre-fixed number of failure times and both the samples have
the same number of surviving units at any time of the experiment. Also, no-
tice that, if T →∞ then we get the usual balanced joint progressive Type-II
censoring scheme proposed by Mandal and Kundu [17] and if T = 0 then we
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have R1 = R2 = · · · = Rm−1 = 0 and Rm = n−m, which corresponds to the
joint Type-II censoring scheme proposed by Balakrishnan and Rasouli [5].

The joint censoring scheme proposed by Sultana et. al [23] as described
in the above, we can formulate our modeling in the following form. Suppose
we pre-fixed two independent random samples, say, Sample-I and Sample-II
with the same number of sample points i.e., n1 = n2 = n. Further we fixed
the number of removals R1, R2, · · · , Rm such that

∑m
i=1Ri = n−m and a pre-

determined time point T . Now, like the previous discussion, the failures may
occur either from Sample-I or Sample-II. Suppose, when first failure occurred
from Sample-I (say), then we will remove R1 surviving units from Sample-I,
i.e., s1 = R1 and (R1+1) units from Sample-II i.e., q1 = (R1+1), to maintain
the same number of samples in the test. Further, when a second failure occurs
from Sample-II (say), then R2(= s2) surviving units are randomly removed
from Sample-II and (R2 + 1) = q2 surviving units removed from Sample-I.
We continue the test until either mth failure occurs or pre-fixed time point
have been reached. The stopping criteria in this scenario is the same as the
previous one. In this case, we will get the same number of data as in the
previous case, and we denote it (W(1), , · · · ,W(m)).

Let d1 =
m∑
i=1

zi and d2 =
m∑
i=1

(1 − zi) denotes the number of failures in

the experiment from Sample-I and Sample-II, respectively. Now, as in the
previous case Zi, i = 1, · · · ,m, are the random variables which take the
values either 0 or 1 depending on whether failures come from Sample-I or
Sample-II, respectively. Therefore, the likelihood function can be written as

L(w,z) ∝
m∏
i=1

f(wi)
zig(wi)

1−zi [1− F (wi)]
R∗i+1−zi [1−G(wi)]

R∗i+zi ,

where R∗i can be define as (see Sultana et. al [23])

R∗i =


Ri, if i = 1, · · · ,m and wm ≤ T or i = 1, · · · , d and T < wm,

0, if i = d+ 1, · · · ,m− 1 and T < wm,

n− d−
∑d

i=1Ri, if i = m and T < wm.

Hence, the likelihood function can be simplified as

L(w,z) ∝ αd1λd2βm e(β−1)
∑m
i=1 logwi e−(α+λ)

∑m
i=1 w

β
i (1+R

∗
i ).
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Now, taking the logarithm and solving the log-likelihood equation with re-
spect to the unknown parameters we can obtain the MLEs of the model
parameters. We can also construct the confidence intervals and the Bayesian
analysis also can be done in the similar manner discussed in the previous
sections.

9 Concluding Remarks

In this manuscript we have considered the joint adaptive progressive cen-
soring scheme when the lifetime of the experimental units follow Weibull
distributions. We have developed both the classical and Bayesian infernce of
the unknown parameters. In this study we have assumed that the shape pa-
rameters of the two Weibull populations are same. This assumption is mainly
due to the analytical tractability of the problem. But it may be mentioned
that the assumption of the equal shape parameters for two Weibull popula-
tions is not very uncommon in the statistical literature. However, one can
consider different shape and scale parameters for both the populations which
will be more challenging problem. More work is needed in that direction.

It should be mentioned that all the computations are done using the
software R. If anyone is interested, the codes are available upon request to
the corresponding author.
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Appendix

It can be shown that the MLEs of α and λ maximize the log-likelihood func-
tion `(w,z, α, λ, β) for given β. For this purpose, let assume that φ(θ) =
φ(α, λ) be the Hessian matrix of `(w,z, α, λ, β) at (α̂, λ̂). Thus,

φii(θ) =
∂2`

∂θ2i
= −di

θ2i
, i = 1, 2 and φ12(θ) =

∂2`

∂α∂λ
= 0
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then, the determinant of the Hessian matrix is obtained as

det[φ(θ̂)] = φ11(α̂, λ̂)φ22(α̂, λ̂)−
[
φ12(α̂, λ̂)

]2
=
d1d2

α̂2λ̂2
> 0.

It is clearly seen that (α̂, λ̂) is the local maximum of `(w,z, α, λ, β) for given
β. Since there is no singular point of `(w,z, α, λ, β) and it has a single critical
point, α̂ and λ̂ are the absolute maximum of log-likelihood function.
On the other hand, we can express the equation (3.6) as

m

β
= α̂ξ

′

1(β) + λ̂ξ
′

2(β)−
m∑
i=1

ln(wi) (9.10)

Let denote the left and the right hand sides of equation (9.10) by ψ1(β,w,z)
and ψ2(β,w,z) respectively as given in the following

ψ1(β,w,z) =
m

β
and ψ2(β,w,z) = α̂ξ

′

1(β) + λ̂ξ
′

2(β)−
m∑
i=1

ln(wi)

For a given sample of w, it can be shown that ψ1(β,w,z) is a monotone
increasing function of β with a finite and positive limit as β →∞. The plots
of ψ1(β,w,z) and ψ2(β,w,z) would intersect exactly once at β̂ since m

β
is

strictly decreasing with right limit ∞ at 0. For proof, it can be shown that
∂ψ2(β,w,z)

∂β
≥ 0. It is clearly seen that

∂ψ2(β,w,z)

∂β
= α̂ξ

′′

1 (β) + λ̂ξ
′′

2 (β)

= α̂
[ m∑
i=1

ziw
β
i ln2(wi) +

J∑
i=1

siw
β
i ln2(wi) + s∗wβm ln2(wm)

]
+ λ̂
[ m∑
i=1

(1− zi)wβi ln2(wi) +
J∑
i=1

qiw
β
i ln2(wi) + q∗wβm ln2(wm)

]
≥ 0

It shows that ψ2(β,w,z) is a monotone increasing function of β. Further-
more, limβ→0ψ2(β,w,z) > 0 and limβ→∞ψ2(β,w,z) → ∞ indicates that the
curves of ψ1(β,w,z) and ψ2(β,w,z) have a unique intersection point. There-
fore, β̂, as the root of equation ψ1(β,w,z) = ψ2(β,w,z) exist and unique.
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Following the obtaining unique MLE of β, the MLE of α and λ can be ob-
tained uniquely as α̂ = α̂(β̂) and λ̂ = λ̂(β̂), respectively on the condition
that m > max(n1, n2). Thus, the existence and uniqueness of the MLEs are
proved.
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