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On Weighted Least Squares Estimation of
Elementary Chirp Model

Anjali Mittal, Debasis Kundu, and Amit Mitra

Abstract—In this paper, we consider the estimation
of the parameters of multiple component elementary
chirp model based on weighted least squares estimators
(WLSEs). Recently, Mittal et al. [17] proposed least
squares estimators (LSEs) to estimate the parameters of
the elementary chirp model. But it has been observed
that LSEs are quite sensitive to outliers. The least
absolute deviation estimators and Huber’s M-estimators
are the robust estimators for estimation in the presence
of outliers. However, computing these robust estimators
is numerically challenging, and to derive their statistical
properties is not straightforward under the same error
assumption as the LSEs. We prove the strong consistency
and asymptotic normality of the WLSEs under the same
error assumptions as those of the LSEs. We have also
considered sequential WLSEs to estimate the parameters,
which are less computationally involved and have the
same asymptotic properties as the WLSEs. Based on the
extensive numerical studies, it has been observed that
the behaviour of the proposed estimators is better than
LSEs in the presence of the outliers. We also discuss
the choice of weight function, as the performance of the
proposed estimators depends on the weight function. For
illustration, we have presented a simulation study, where
the outliers lie randomly in the data, not only in a specific
portion. We have also analyzed a synthetic and a real data
set. The performance is quite satisfactory.

Index Terms—Frequency rate, elementary chirp,
weighted least squares, strong consistency, asymptotic
normality, sequential weighted least squares.

I. INTRODUCTION

IN this paper, we consider the multiple component
elementary chirp model with an additive error as

follows:

y (t) =

p∑
k=1

A0
ke

iβ0
kt

2

+ ϵ (t) ; t = 1, . . . , N, (1)

where, i =
√
−1, A0

k’s are the amplitude parameters,
β0
k’s are the frequency rate parameters and ϵ (t)’s

are independent and identically distributed (i.i.d.) the
complex-valued error random variables, which satisfy
assumption 2. Here, p is the number of chirp compo-
nents in the model which is assumed to be known. The
problem here is to estimate the unknown parameters
A0

k’s and β0
k’s for the observed sample of size N .
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The elementary chirp model has a wide range of
applications in signal processing. The estimation of
frequency rate, which is widely known as chirp rate
estimation in signal processing literature, is quite im-
portant here. For instance, their applications can be
seen in synchrosqueezing [10], in mode reconstruction
[15], in radar [3], [23], in sonar [2], in speech mod-
eling [21] and in several other areas. In the literature,
chirp rate estimation based on least squares estima-
tors (LSEs) and approximate least squares estimators
(ALSEs) [17], efficient methodology [18], convolution
neural network [24], discrete polynomial transform and
singular value decomposition [22], discrete polyno-
mial transform and weighted combination [7], discrete
chirp-Fourier transform [29], modified discrete chirp-
Fourier transform [26], Fourier transform [16], frac-
tional Fourier transform [4], [5], time frequency rate
distribution [25] and machine learning [30] have been
discussed. Estimators based on cubic phase function
[19], cubic phase transform [8], product cubic phase
function [28], adaptive algorithm [11] and integrated
cubic phase function [27] are also being mentioned
in the literature for estimating the instantaneous fre-
quency rate, i.e., twice the frequency rate.

There are some situations where outliers can be
found in the observed signal data. To name a few,
outliers may occur in radar and sonar systems as a
result of electromagnetic [1] and acoustic interference
[9], in magnetic resonance imaging [6], in signal
measurement [35] and in various other areas; please
see [36] and references cited therein.

Recently, LSEs [17] and efficient estimators (EFFEs)
based on a finite step iterative procedure [18] have
been proposed to estimate the elementary chirp model
parameters (1). It has been established that LSEs and
EFFEs are consistent and asymptotically normally dis-
tributed under a fairly general set of error assumptions,
see, for example, Assumption 2 in Section II. The LSEs
are used to estimate the parameters of elementary chirp
model, which have desired statistical properties, but
they are sensitive to outliers present in the data. In
this situation, when outliers are present in the data, ro-
bust estimators like least absolute deviation estimators
(LADEs) and Huber’s M-estimators (HMEs) are pre-
ferred for estimating the model parameters. To prove
the statistical properties of these robust estimators, we
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need stronger assumptions on error than those required
for the LSEs. For illustration, please see the work by
Lahiri et al. [13] on LADEs for one component chirp
model. Moreover, to establish the properties of LADEs
for multiple component model is even more challeng-
ing and it has not been investigated yet. The theoretical
properties of HMEs are not available even for one
component model. Further, to compute LADEs and
HMEs numerically, we have to solve a 3p-dimensional
optimization. This optimization becomes numerically
challenging for large value of p.

Our aim is to propose estimators which are easy
to compute, robust to the outliers, and have a rate of
convergence identical to the LSEs. Here we propose
weighted least squares estimators (WLSEs) of the mul-
tiple component elementary chirp model (1) parameters
and derive their asymptotic properties under the same
set of assumptions as that are needed for the LSEs. It is
observed that WLSEs are robust to the outliers than the
LSEs and their performance is similar to LADEs and
HMEs. The WLSEs are strongly consistent and have
a rate of convergence identical to the LSEs. To find
them numerically, we have to do a p-D optimization.
To make this problem less computationally expensive,
we propose sequential WLSEs for elementary chirp
model with p-components (1), where we solve p, 1-
D optimizations. We also prove that the sequential
WLSEs are strongly consistent and have an asymptotic
distribution identical to the WLSEs.

Next, we do extensive simulations to study the per-
formance of the proposed estimators for several combi-
nations of parameters. We compare their performance
with LSEs, EFFEs, LADEs, HMEs and cubic phase
function based estimators (CPFEs) for one component
model (2). It has been reported that the performance of
the WLSEs is better than LSEs, EFFEs, and CPFEs and
is at par with LADEs and HMEs. The performance of
sequential WLSEs has been compared with sequential
LSEs, sequential EFFEs, LADEs, HMEs, and product
cubic phase function based estimators (PCPFEs) for
the multiple component model (1). It has been ob-
served that the performance of the sequential WLSEs
is better than sequential LSEs, sequential EFFEs, and
PCPFEs and is at par with LADEs and HMEs. For the
multiple component model, we have done simulations
for the case when frequency rates are close to each
other. In the above set of simulations, we contaminated
the data from a specific portion to emphasize the fact
that how the performance proposed estimators depends
on the choice of weight function. Further, we provide a
method to choose an appropriate weight function along
with a simulation experiment. In this simulation study,
we have contaminated the data with outliers from the
entire portion, not only from a specific portion, by gen-
erating them randomly using complex-valued mixture
normal error random variables, as done in [34]. We

have also done a synthetic data analysis and a real data
analysis based on the method provided for the choice of
weight function. We have analyzed the real data using
the proposed method by fitting an elementary chirp
model to it. In real data analysis presented in Section
VII, we need p = 27, and in that case, for LADEs or
HMEs, we have to solve a 81-D optimization problem.
Also, to solve a 81-D optimization problem, we need
the same number of the initial values, which makes
the problem even more difficult to solve in practice.
Hence, it has not been attempted here. Whereas in
the proposed sequential WLSEs, one needs to solve
27, 1-D optimization problem. It is easy to compute
the initial value for the 1-D optimization problem.
Therefore, it is apparent that the proposed method
provides a practically feasible solution to the real world
problems.

The key contributions of this paper are mentioned as
follows: In this paper, we put forward weighted least
squares estimation method to estimate the parameters
of the elementary chirp model (1). We have proved
strong consistency and asymptotic normality of these
proposed estimators, namely WLSEs and sequential
WLSEs, under the same set of assumptions as those
required for LSEs. The proposed estimators are robust
to the outliers than LSEs. The proposed estimators are
less computationally expensive, less time consuming
and easier to implement in practice compared to the
other robust estimators like HMEs and LADEs. The
performance of the proposed estimators is at par with
HMEs and LADEs. Moreover, the proposed sequen-
tial WLSEs are convenient to use in practice. Also,
the asymptotic properties of the proposed estimators
are easily proved. Therefore, it appears that we have
offered a thorough and comprehensive solution to this
particular problem.

The organization of rest of the paper is given as fol-
lows. In Section II, we present WLSEs for one compo-
nent elementary chirp model (2) and study their asymp-
totic properties. In Section III, we present WLSEs and
sequential WLSEs for the multiple component model
(1) and study their statistical properties. Numerical
results are presented in Section IV. Discussion on
the choice of weight function along with a simulation
experiment is presented in Section V. In Section VI,
we present a synthetic data analysis. In Section VII,
we present analysis on a real data. In Section VIII,
we conclude the paper. In the appendices, we provide
proofs of all the results.

II. ONE COMPONENT ELEMENTARY CHIRP MODEL

In this section, we consider the following one com-
ponent elementary chirp model:

y (t) = A0eiβ
0t2 + ϵ (t) ; t = 1, . . . , N, (2)
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where, A0 is the complex-valued non-zero amplitude
parameter. Here, β0 is the frequency rate with β0 ∈
(0, 2π). Also, ϵ (t)’s are the error random variables
inherent in the observed signal y (t). The problem is
to estimate the parameters A0 and β0.

The following are the notations that we use in this
paper: A = AR + iAI , where, AR and AI denote
the real and the imaginary parts of A, respectively.
Similarly, ϵ (t) = ϵR (t) + iϵI (t), where ϵR (t) and
ϵI (t) denote the real and the imaginary parts of
ϵ (t), respectively. The parameter vector θ is denoted
by (AR, AI , β). Also, θ0 denotes the true parameter
vector and θ̆ is the WLSEs of θ0.

In the following subsection, we provide WLSEs for
one component elementary chirp model (2). The ex-
plicit use of the weight function w(s) will be shown in
Subsection II-A. We also provide statistical properties
of WLSEs under the following assumptions on the
weight function w(s) and the error random variables.

Assumption 1: The weight function w(s) is a non-
negative continuous function defined on [0, 1], such
that min

0≤s≤1
w(s) > γ > 0.

Assumption 2: The error random variables ϵ (t)’s are
complex-valued i.i.d. random variables with mean 0
and variance σ2

2 for both real and imaginary parts.
The real and imaginary parts of ϵ (t) are independently
distributed. The fourth order moment of ϵ (t) exists.
Please observe that if real and imaginary parts of ϵ (t)’s
are real-valued normal random variables then ϵ (t)’s
would be circularly symmetric complex-valued normal
random variables, i.e., ϵ (t) ∼ CN

(
0, σ2

)
∀t =

1, . . . , N . Mathematically the expression X ∼
CN

(
0, σ2

)
denotes that X follows circularly symmet-

ric complex-valued normal distribution with mean 0
and variance σ2. and the probability density function
(PDF) of a circularly symmetric complex-valued nor-
mal random variable is given as follows:

fX (x) =
1

πσ2
exp

(
−|x|2

σ2

)
, x ∈ C. (3)

Here, C denotes complex plane. Please see the book
by Ladipoth [14] for more details on complex-valued
random variables.

A. Weighted Least Squares Estimators

Now we discuss WLSEs for the elementary chirp
model (2), which are useful in the estimation in the
presence of outliers. The WLSEs of the parameters
of the model (2) are determined by minimizing the
following weighted residual sum of squares, say:

Q (θ) =

N∑
t=1

w

(
t

N

) ∣∣∣y (t)−Aeiβt
2
∣∣∣2 , (4)

with respect to A and β simultaneously. For fixed β,
WLSEs of A0

R and A0
I can be obtained as follows:

ĂR (β) =
a1
b1

and ĂI (β) =
a2
b1

, where, (5)

a1 =

N∑
t=1

w

(
t

N

)(
yR (t) cos

(
βt2
)
+ yI (t) sin

(
βt2
))

,

a2 =

N∑
t=1

w

(
t

N

)(
yI (t) cos

(
βt2
)
− yR (t) sin

(
βt2
))

,

b1 =

N∑
t=1

w

(
t

N

)(
cos2

(
βt2
)
+ sin2

(
βt2
))

.

Once ĂR (β) and ĂI (β) are obtained, WLSE of
β0 can be determined by minimizing the following
function:

Q
(
ĂR (β) , ĂI (β) , β

)
=

N∑
t=1

w

(
t

N

) ∣∣∣y (t)− Ăeiβt
2
∣∣∣2 ,

with respect to β. Then the WLSE of Ă is obtained
by replacing β by its WLSE β̆ in (5). Here, note that
for w(s) = 1, (4), provides LSEs of θ0 as a special
case of WLSEs. Next, we provide the results of the
strong consistency and the asymptotic normality of the
WLSEs in the following theorems:

Theorem 1: If assumptions 1 and 2 hold true, then
θ̆ is a strongly consistent estimator of θ0, i.e.,

θ̆
a.s.−−→ θ0 as N → ∞.

Here a.s.−−→ stands for almost sure convergence.
Proof: See Appendix B.

Theorem 2: If assumptions 1 and 2 are satisfied, then

(θ̆ − θ0)D−1 d−→ N3

(
0, σ2G−1ΣG−1

)
as N → ∞,

where D = diag
(

1√
N
, 1√

N
, 1
N2

√
N

)
, Np denotes p-

dimensional normal distribution and

G = 2

 c1 0 −A0
Ic3

0 c1 A0
Rc3

−A0
Ic3 A0

Rc3
∣∣A0
∣∣2 c5

 ,

Σ = 2

 d1 0 −A0
Id3

0 d1 A0
Rd3

−A0
Id3 A0

Rd3
∣∣A0
∣∣2 d5

 , with

(6)

lim
N→∞

1

Nk+1

N∑
t=1

tkw

(
t

N

)
=

∫ 1

0

skw(s)ds = ck+1 > 0,

(7)

lim
N→∞

1

Nk+1

N∑
t=1

tkw2

(
t

N

)
=

∫ 1

0

skw2(s)ds = dk+1 > 0.

(8)
Here d−→ stands for convergence in distribution.

Proof: See Appendix B.
Note that for w(s) = 1, s ∈ [0, 1], the asymptotic

distribution of WLSEs of θ0 is same as the LSEs of
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θ0 [17]. Also note that for large N , (5) becomes

ĂR (β) =
a1
Nc1

and ĂI (β) =
a2
Nc1

, (9)

using Lemma C-1 of [12]. The WLSEs of ampli-
tude parameters are ĂR

(
β̆
)

and ĂI

(
β̆
)

, once β̆ is
obtained. These are equivalent to the ALSEs of the
amplitude parameters of A0

R and A0
I for w(s) = 1.

III. MULTIPLE COMPONENT ELEMENTARY CHIRP
MODEL

In the following subsection, we present the natural
extension of WLSEs for the multiple component el-
ementary chirp model (1). Without loss of generality,
we also assume the following relationship among A0

k’s

2M2 >
∣∣A0

1

∣∣2 >
∣∣A0

2

∣∣2 > · · · >
∣∣A0

p

∣∣2 > 0.

A. Weighted Least Squares Estimators

The WLSEs of the unknown parameters of the
multiple component elementary chirp model (1) can
be obtained by minimizing the following weighted
residual sum of squares:

Q (u) =

N∑
t=1

w

(
t

N

) ∣∣∣∣∣y (t)−
p∑

k=1

Ake
iβkt

2

∣∣∣∣∣
2

, (10)

with respect to u where, u =
(AR1, AI1, β1, . . . , ARp, AIp, βp). Here, u0 is
the true parameter vector and ŭ is the WLSEs of u0.
Now the WLSEs, ŭ of u0, can be obtained similarly
as obtained for the one component elementary chirp
model in Subsection II-A. Thus, to obtain WLSEs
will be a p-D optimization problem here.

The following assumption on the parameters is
required to prove the asymptotic properties, namely,
strong consistency and asymptotic distribution, of the
WLSEs.

Assumption 3: Let u0 be an interior point of the
parameter space U = Θ(p); Θ = [−L,L]× [−L,L]×
[0, 2π] and β0

k ̸= β0
j ∀ k ̸= j; for k, j = 1, · · · , p.

Theorem 3: If assumptions 1, 2 and 3 are satisfied,
then

ŭ
a.s.−−→ u0 as N → ∞.

Proof: See Appendix C-A.
Theorem 4: If assumptions 1, 2 and 3 are satisfied,

then
(ŭ− u0)D−1 d−→ N3p

(
0, σ2H

)
as N → ∞.

Here, D = diag(D, . . . ,D︸ ︷︷ ︸
p times

), where D is same as

defined in Theorem 2 and H is a 3p×3p block diagonal
matrix whose kth block is G−1

k ΣkG
−1
k . Here, Gk

and Σk can be obtained by replacing A0
R, A

0
I , β

0 with
A0

Rk, A
0
Ik, β

0
k in G and Σ, respectively, as defined in

(6).
Proof: See Appendix C-A.

Here we have seen that WLSEs are strongly consis-
tent and follow normal distribution asymptotically, but
to obtain WLSEs we have to solve a p-D optimization
problem and the inverse of a 2p × 2p matrix, which
would be computationally challenging for large p. This
problem can be reduced to p, 1-D optimization prob-
lems and solving the inverse of a 2× 2 matrix p times
using the sequential method. In the next subsection, we
propose a sequential technique to estimate the model
(1) parameters, which calculates the estimators with
lower computational complexity while having the same
asymptotic properties as the WLSEs.

B. Sequential Weighted Least Squares Estimators

Let ũ is the sequential WLSEs of u0. In this
procedure, we estimate the components of the model
(1) sequentially. The procedure for the sequential tech-
nique is provided as follows:
Step 1: Estimate the parameters of the first component,
i.e., θ̃1 =

(
ÃR1, ÃI1, β̃1

)
of the model (1), using the

method described in Subsection II-A.
Step 2: Obtain the new data vector by eliminating the
estimated component:

y2 (t) = y1 (t)− Ã1e
iβ̃1t

2

; y1 (t) = y (t) .

Step 3: To estimate θ̃2 =
(
ÃR2, ÃI2, β̃2

)
, minimize

the following weighted residual sum of squares:

Q2 (θ) =

N∑
t=1

w

(
t

N

) ∣∣∣y2 (t)−Aeiβt
2
∣∣∣2 .

Continue doing so until all p-components are esti-
mated.
The results of the strong consistency of the proposed
sequential WLSEs are provided as follows:

Theorem 5: If assumptions 1, 2 and 3 hold true, then
θ̃1

a.s.−−→ θ0
1 as N → ∞.

Proof: See Appendix C-B.
Theorem 6: If assumptions 1, 2 and 3 hold true, then

θ̃2
a.s.−−→ θ0

2 as N → ∞.
Proof: See Appendix C-B.

This result can be further extended for k ≤ p.
Theorem 7: If assumptions 1, 2 and 3 hold true, then

θ̃k
a.s.−−→ θ0

k as N → ∞, ∀k ≤ p.
Proof: It follows similarly as Theorem 6.

Theorem 8: If assumptions 1, 2 and 3 hold true, then
ÃR(p+1)

a.s.−−→ 0, ÃI(p+1)
a.s.−−→ 0 as N → ∞.

Proof: See Appendix C-B.
The following theorem provides the asymptotic dis-

tribution of the proposed sequential WLSEs:
Theorem 9: If assumptions 1, 2 and 3 hold true, then
(θ̃k − θ0

k)D
−1 d−→ N3

(
0, σ2G−1

k ΣkG
−1
k

)
as

N → ∞, ∀k ≤ p,
where D is same as defined in Theorem 2 and Gk and
Σk are same as defined in Theorem 4.
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Proof: See Appendix C-B.
From these results, it is evident that the sequential

WLSEs are strongly consistent and asymptotically
equivalent to WLSEs due to their identical asymptotic
distribution. Also, to obtain sequential WLSEs, we
have to do 1-D optimization at every step, which is
less computationally involved than calculating WLSEs,
specially when we have large number of components
in the model. Therefore, we can use sequential WLSEs
for the implementation purposes.

IV. NUMERICAL RESULTS

In this section, we illustrate simulation results for a
one component and a multiple component elementary
chirp model. We do these simulations for various
choices of weight function, sample size N , error vari-
ance σ2, percentage of outliers, and error variance of
outliers σ2

out to analyze the performance of the pro-
posed weighted estimators in presence of the outliers
in the data. The form of the error structure is explicitly
mentioned in (11). Also, the performance of the pro-
posed estimators is compared with the prominent ex-
isting methods in the literature. Through the numerical
simulations presented in this section, our aim is to
emphasize the importance of the appropriate weight
function for the proposed methodology. Thus, we con-
taminate the data from a specific portion of the data
and perform the experiments. Whereas, in the next
section, we do a simulation experiment, where the data
is contaminated randomly from the entire portion.

A. One Component Elementary Chirp Model

We consider model (2) with parameters A0 =
6, β0 = 0.1, N = 101 to 1001 and σ2 =
0.1, 0.25, 0.5, 0.75, 1, 2. We have generated the data
with outliers, contaminating 10, 20, 30 and 40 percent
of the middle part of the data. The indices of the middle
part of the data are obtained as:

N

2
(1− pout) + 1 :

N

2
(1 + pout) ,

where, pout denotes the percentage of outliers in the
data. Here, ϵ (t) has the following form:

Structure :

ϵ (t) ∼

CN (0, 50) if t1 ≤ t ≤ t2

CN
(
0, σ2

)
Otherwise,

(11)

where, t1 = N
2 (1− pout) + 1 and t2 = N

2 (1 + pout).

We repeat the experiment 1000 times for each
combination of above parameters. We estimate the
parameters using five WLSEs discussed in subsection
II-A, LADE, Huber’s M-estimator (HME), LSE [17],
EFFE [18] and CPFE [19] method. The five WLSEs

0.0 0.2 0.4 0.6 0.8 1.0

0
.0

1
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3
.0

Plot of normalized weight functions
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NW10(s)

Fig. 1: Plot of normalized weight functions.

are computed based on the following weight func-
tions: w1(s) = (1−s)2

2 + s2

2 , w2(s) = 2(1−s)2

3 + s2

3 ,
w3(s) = −s2 + s + 1

10 , w4(s) = 2s2

3 + (1−s)2

3 and
w5(s) = s2 − s + 0.26, s ∈ [0, 1]. Fig. 1 shows the
plot of these weight functions in their normalized form.
The normalized weight (NW) function is obtained as
follows:

NW (s) =
w (s)∫ 1

0
w (s)

; s ∈ [0, 1] . (12)

We take a class of weight functions to see that how
crucial it is to choose the appropriate weight function.
In this class, w1 and w5 give less weight in the middle
of the data set, w2 gives less weight on the right
side of the data set, w3 gives less weight on the edges
of the data set and w4 gives less weight on the left
side of the data set than the other regions. The weight
function which provides less weight to regions of the
data set where outliers are present, should perform
better than the other weight functions. To see this
practically, we take variously shaped weight functions.
Please note that in this section, we have contaminated
the data from the middle portion of the data to show the
importance of the weight function in the performance
of the proposed estimators. The choice of weight
function is discussed in more detail in the next Section
V along with a simulation experiment where we have
contaminated the data with outliers from the entire
portion, not only from a specific portion. We compute
mean squared errors (MSEs) of the frequency rate
for all these methods. We report −10 log10(MSE)
for the best and worst perfmoring WLSEs, which are
the W5LSE and the W3LSE, respectively, and LADE,
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HME, LSE, EFFE and CPFE. Here, W5LSE performs
best in terms of MSE among five WLSEs as w5

gives the least weight to the outliers whereas w3 gives
the greatest weight to the outliers therefore, W3LSE
performs worst. We compute all these estimates of
the frequency rate using the Nelder-Mead Simplex
algorithm. We take true parameter values as the initial
values in this Simplex algorithm. Observe that we
have to do a 1-dimensional optimization to compute
WLSE, LSE, and CPFE whereas we have to do a 3-
dimensional optimization to obtain LADE and HME.
Fig. 2 depicts −10 log10(MSE) of estimates of fre-
quency rate versus sample size for various percentage
of outliers in the data.

The following are the observations from this figure:
1) As N increases, −10 log10(MSE) increases,

this validates the consistency of these estimators.
2) As the error variance, i.e., σ2 increases

−10 log10(MSE) of all the estimators de-
creases, i.e., as the signal-to-noise ratio (SNR)
increases −10 log10(MSE) of all the estimators
increases.

3) The −10 log10(MSE) of W5LSE, LADE and
HME are greater than W3LSE, LSE, EFFE and
CPFE.

4) The −10 log10(MSE) of W5LSE, LADE and
HME are close to each other.

5) Therefore, if one chooses an appropriate weight
function then WLSEs provide estimators with
less computational complexity than the other
discussed estimators.

B. Multiple Component Elementary Chirp Model

We consider model (1) with p = 2 and A0
1 = 8, β0

1 =
0.8, A0

2 = 6, β0
2 = 0.3. We do simulation study for

this model for different N , σ2, percentage of outliers,
and σ2

out, same as those taken for simulation study
in previous subsection IV-A. We estimate the model
parameters using the WLSEs discussed in subsection
III-A, sequential WLSEs discussed in subsection III-B,
LADE, HME, sequential LSEs [17], sequential EFFEs
[18], and PCPFE [28]. We computed these estimates
using the Nelder-Mead Simplex algorithm. It is im-
portant to note that we have to do two 1-dimensional
optimization to obtain sequential WLSEs, sequential
LSEs, and PCPFE and a 2-dimensional optimization to
obtain WLSEs whereas we have to do a 6-dimensional
optimization to obtain LADE and HME. This tells
about the lower computational complexity of the se-
quential WLSEs than the other discussed methods.
We also compute the MSE of the frequency rates for
these methods based on 1000 repetition. We report
−10 log10(MSE) of frequency rate estimates in Figs.
3 and 4.

Following are the observations from these figures:
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Fig. 2: −10 log10(MSE) of frequency rate estimates
of the model (2) with A0 = 6, β0 = 0.1 and (a) 10%
(b) 20% (c) 30% (d) 40% outliers with σ2

out = 50 for
various error variances versus sample size.
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Fig. 3: −10 log10(MSE) of frequency rates estimates
of the model (1) with A0

1 = 8, β0
1 = 0.8, A0

2 = 6,
β0
2 = 0.3 and (a) 10% (b) 20% outliers with σ2

out = 50
for different error variances versus sample size.

1) As N increases, −10 log10(MSE) increases in
most of the cases.

2) As σ2 increases −10 log10(MSE) of all the
estimaors decreases.

3) The −10 log10(MSE) of sequential W5LSE,
LADE and HME are close to each other and
greater than W5LSE, sequential W3LSE, se-
quential LSE, sequential EFFE and PCPFE for
the higher number of outliers.

4) Hence, by choosing an appropriate weight func-
tion sequential WLSEs provide estimators with
less computational complexity than the other dis-
cussed estimators for multiple component model.

C. Time Comparison

In this subsection we provide time comparison in
computing the estimates of the frequency rates and am-
plitude parameters based on the discussed estimation
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Fig. 4: −10 log10(MSE) of frequency rates estimates
of the model (1) with A0

1 = 8, β0
1 = 0.8, A0

2 = 6,
β0
2 = 0.3 and (a) 30% (b) 40% outliers with σ2

out = 50
for different error variances versus sample size.

methods in this paper. We consider model (1) with
p = 3, and parameters A0

1 = 12, β0
1 = 3, A0

2 = 10,
β0
2 = 2.5, A0

3 = 8, β0
3 = 2, σ2 = 0.25 and 10%

outliers with σ2
out = 50 and N = 101 to 1001.

Structure 1 has been considered for error random
variables. We report computation time in estimating the
associated frequency rates and amplitude parameters
versus sample size in Fig. 5 (a) using various discussed
methods. In Fig. 5 (b), we represent the time ratio with
respect to the computation time involved in sequential
EEFE method. From here, it is evident that the HME
takes the greatest computing time, whereas sequential
EFFE takes the least time as compared with the other
discussed techniques. Also it is interesting to note that
the computating time taken by sequential WLSE is
lesser than the HME, LADE and WLSE. From here
we can observe that the sequential WLSE with the
appropriate weight function performs well in terms of
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Fig. 5: (a) Computational time and (b) Computational
time ratio in estimating the frequency rates and am-
plitude parameters using various estimation techniques
for the model (1) with A0

1 = 12, β0
1 = 3, A0

2 = 10,
β0
2 = 2.5, A0

3 = 8, β0
3 = 2 and 10% outliers with

σ2
out = 50 versus sample size.

MSE and also take lesser time in computation with
lower complexities than HME, LADE and WLSE and
also has desired asymptotic properties.
Remark: Note that in above subsections we have
taken true parameter values as the initial values. But
we have also done these simulations while randomly
choosing the initial values among the neighbourhood
of the true parameter values. We have found that in this
case performance of the HME and LADE deteriorates
than the sequential WLSE with the appropriate weight
function. Therefore, in real life data analysis, we
suggest to use the proposed sequential WLSE method.
In next subsection, we show the performance of all
the discussed estimators based on the initial values
randomly choosen from the neighbourhood of the true
parameter values for a special case.

D. Case of Close Frequency Rates

In this subsection, we assess the performance of
the proposed estimators and other discussed estimators
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Fig. 6: −10 log10(MSE) of frequency rates estimates
of the model (1) with A0

1 = 8, A0
2 = 6, β0

2 = 0.3
and β0

1 = β0
2 + δ with δ = 10−3, 2× 10−3, 5× 10−3,

9× 10−3 , 6× 10−2 and 10% outliers with σ2
out = 50

versus δ.

in this paper for the case of close frequency rates.
We consider a two-component model with A0

1 = 8,
A0

2 = 6, β0
2 = 0.3 and β0

1 = β0
2 + δ, where, δ =

10−3, 2× 10−3, 5× 10−3, 9× 10−3 , and 6× 10−2,
and N = 1001. The error random variables follow
Structure 1 with 10% outliers lying in the middle
portion of the data, σ2 = 0.25 and σ2

out = 50. Note
that here we fixed other parameters while varying β0

1

such that it becomes closer to β0
2 = 0.3. We calculate

WLSEs and sequential WLSEs based on five weight
functions with different shapes as taken in subsection
IV-A. We repeat the experiment 1000 times for each
set of parameters. We report −10 log10(MSE) of
frequency rate estimates versus gap between frquency
rates in Fig. 6. From Fig. 6 it is clear that WLSEs
and sequential WLSEs perform better than the other
discussed estimators in terms of MSE when frequency
rates are close to each other to a certain degree. From
this discussion, it is recommended to use the proposed
estimation method with appropriate weight function.

V. CHOICE OF WEIGHT FUNCTION

In the above section, we see that the estimators
associated with the weight function, which gives less
weight to the region of the data where outliers lie
than the other region, perform better than the other
estimators in terms of MSEs. This shows how impor-
tant it is to choose the appropriate weight function.
In this section, we discuss how to choose a weight
function such that it gives less weight to the part of
the data where outliers are present compared to the
other parts of the data. There are two scenarios in
the choice of weight function. One is that if we know
in advance where the outliers are present in the data,
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then we should choose the weight function in such a
manner that the weight function gives less weight in
the region where the outliers are present compared to
the other regions. The second scenario is that if we
do not know that the data contains outliers or does not
contain outliers, then to choose the weight function, we
consider a class of variously shaped weight functions,
i.e., some weight functions give less weight on the left
side, some on the right side, some in the middle, some
on the edges, or a mixture of these. Next, we see
for which function the normalized weighted residual
sum of squares (NWRSS) is minimum, then choose
that corresponding weight function. Here, NWRSS is
obtained by using the normalized weight function,
nw (s), (12) in the weighted residual sum of squares
(WRSS) instead of the weight function w (s). Note
that we must include w(s) = 1, s ∈ [0, 1], in these
functions. Because if no outliers are present in the data,
then it should choose LSEs as the estimates of the pa-
rameters based on the minimum NWRSS. To demon-
strate this method practically, we do the following
simulation and synthetic and real data analysis in the
succeeding sections. In the following simulation and
synthetic data analysis, we have contaminated the data
with outliers from the entire portion, not only in the
middle, by generating them randomly using complex-
valued mixture normal error random variables, which
is also known as a Gaussian mixture model as done in
[34].

For the simulation experiment, we consider model
(1) with p = 10 such that

y (t) = 20ei0.5t
2

+ 18ei1.4t
2

+ 16ei1.1t
2

+ 14ei0.51t
2

+

12ei1.7t
2

+ 10ei0.8t
2

+ 8ei2.3t
2

+ 6ei2.6t
2

+ 4ei2t
2

+

2ei2.9t
2

+ ϵ (t) ; t = 1, . . . , N.
(13)

Here, N = 101 to 1001 and σ2 = 0.75. Here, ϵ (t)’s
satisfy assumption 2 and it’s real and imaginary parts
are mixture normal random variables then ϵ (t)’s are
i.i.d. complex-valued mixture normal random variables
and has the following forms:

ϵ (t) ∼ (1− pout)CN
(
0, σ2

)
+ poutCN

(
0, σ2

out

)
;

(14)
i.e., the data is contaminated with pout% outliers with
variance σ2

out. Here, pout = 5%, 10% and σ2
out = 50.

We repeat the experiment 1000 times for each com-
bination of above parameters. Here our main aim is
to choose the best weighted estimator among the pool
of different weighted estimators based on the above
proposed criterion. Therefore, we compute the estimate
of the parameters using sequential WLSEs for a class
of weight functions and compare it with sequential
LSEs in terms of the NWRSS. The sequential WLSEs
are computed based on the following weight func-

tions: w1(s) = (1−s)2

2 + s2

2 , w2(s) = 2(1−s)2

3 + s2

3 ,
w3(s) = −s2 + s + 1

10 , w4(s) = 2s2

3 + (1−s)2

3 ,
w5(s) = s2 − s + 0.26, w6(s) = 1, s ∈ [0, 1],

w7(s) =


s2 − s+ 0.26 if 0 ≤ s ≤ 0.25

−s2 + s− 0.115 if 0.25 < s ≤ 0.75

s2 − s+ 0.26 if 0.75 < s ≤ 1,

w8(s) =


−s2 + s+ 0.01 if 0 ≤ s ≤ 0.25

s2 − s+ 0.385 if 0.25 < s ≤ 0.75

−s2 + s+ 0.01 if 0.75 < s ≤ 1,

w9(s) =



2− 4s if 0 ≤ s ≤ 0.25

4s if 0.25 < s ≤ 0.5

3− 2s if 0.5 < s ≤ 0.75

2s if 0.75 < s ≤ 1,

and

w10(s) =


−4s2 + s+ 0.1 if 0 ≤ s ≤ 0.25

4s2 − s+ 0.1 if 0.25 < s ≤ 0.75

−4s2 + s+ 3.1 if 0.75 < s ≤ 1.

In this class, w1 and w5 put less weight in the middle
of the data, w2 puts less weight on the right side
of the data, w3 puts less weight on the edges of the
data, w4 puts less weight on the left side of the data
than the other regions, w6 puts uniform weight to
data and w7, w8, w9 and w10 put different weights
at different regions of the data. See the shape of these
functions, in Fig. 1. Note that if we use WLSEs to
fit the data, then we have to solve the inverse of a
20×20 matrix and a 10-dimensional optimization. And
if we use HMEs and LADEs, then we have to solve
a 30-dimensional optimization. Therefore, it becomes
computationally challenging if we use WLSEs, LADEs
and HMEs in this analysis. Hence, sequential WLSEs
is convenient to use in practice. We compute the
NWRSS of the fitted data using sequential WLSEs
in each run, which provides the best fit of the fitted
data. Then, we obtain the minimum NWRSS and
take the mean of these minimum NWRSSs (MN-
WRSS). We report −10 log10(MNWRSS) in Fig.
7 and compare it with NWRSS of the fitted data
obtained using sequential LSE. From Fig. 7 it is visible
that −10 log10(MNWRSS) of sequential WLSE is
lower or at par with that of the sequential LSE. It
indicates that the sequential WLSE fits the data well
in comparison with the sequential LSE in the presence
of the outliers.
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Fig. 7: −10 log10(MNWRSS) of the fitted data of the
model (13) with 5% and 10% outliers with σ2

out = 50
for various error variances versus sample size. (when
outliers are generated randomly)

VI. ILLUSTRATIVE EXAMPLE

In this section, we perform a simulated data analysis
to illustrate the performance of the proposed sequential
WLSEs based on choice of weight function. We
generate the data from the ten-component elementary
chirp model (13) with N = 600. Here, ϵ (t)’s satisfy
assumption 2 and it’s real and imaginary parts are
assumed to be real-valued normal random variables,
i.e., ϵ (t) ∼ CN

(
0, σ2

)
∀t = 1, . . . , N . Here σ2

is 0.5. Further, we contaminate the original data
by taking the error structure (14) with pout = 5%,
σ2 = 0.5 and σ2

out = 96.73624. Fig. 8 shows original
data and data with outliers. In this Fig. “Re” and
“Im” denote the real and imaginary parts of the
data, respectively. Note that by looking at Fig. 8 it
is difficult to distinguish the outlier data from the
original data. We analyze this contaminated data using
nine sequential WLSEs and sequential LSEs by fitting
elementary chirp model to it. We consider a class of
variously shaped weight functions, as the positions
of the outliers are random. The nine sequential
WLSEs are computed based on the weight functions
w1(s), w2(s), w3(s), w4(s), w5(s), w7(s), w8(s), w9(s)
and w10(s) whose mathematical form is given in
the previous Section V. The w6(s) = 1 is used to
obtain the sequential LSEs. We have used initial
values obatined by minimizing Qk

(
Ă (β) , β

)
over

the grid, βgrid =
2πl

N2
, l = 1, . . . , N2 − 1. We fit the

data at 10th component. We report NWRSS at 10th

component, i.e., NWRSS(10) which we computed
based on above weight functions, in Table I. From
Table I, it can be observed that the sequential WLSEs
based on w10(s), gives the minimum NWRSS. Thus,
we use sequential WLSEs based on w10(s) to fit an
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Fig. 8: The original data and data with outliers

elementary chirp model to the data. In Fig. 9, fitted

Weight NWRSS(10) Weight NWRSS(10)
w1 11326.88 w6 10848.71
w2 10726.98 w7 12888.10
w3 10599.61 w8 9420.25
w4 12069.91 w9 11535
w5 13332.76 w10 9038.41

TABLE I: Reporting NWRSS(10) based on different
weight functions for the fitted data.

data using sequential WLSEs has been shown. This
figure shows that the original data is enveloped by the
fitted data using sequential WLSEs.

VII. REAL DATA ANALYSIS

In this section, we consider radar simulator data of
110 point scatterers from chapter 4 of [20], which are
used to generate the outline of a hypothetical airplane.
Then this data is used to obtain the backscattered elec-
tric field for 64 different frequencies and 64 different
aspects. Further, by using the obatined backscattered
electric field, the conventional small-bandwidth small-
angle ISAR imaging algorithm is exploited to produce
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Fig. 9: Fitting of the outlier data with sequential
WLSEs using 10CEC.

the ISAR data and the image of the airplane, as shown
in Fig. 10(a). Now, we fit elementary chirp model
with 27 components to the ISAR data observed in
each range bin using sequential WLSEs with different
weight functions, the same as those taken in Section
IV. We report NWRSS at the 27th component, i.e.,
NWRSS(27), which we computed based on different
weight functions, in Table II. From Table II, it can be
observed that the sequential WLSEs based on w3(s)
give the minimum NWRSS. Thus, we use sequential
WLSEs based on w3(s) to fit an elementary chirp
model to the ISAR data. Once the fitted ISAR data is
obtained, we use small-bandwidth small-angle ISAR
imaging algorithm to get the image of the fitted ISAR
data, which is shown in Fig. 10(b). From Fig. 10, it
can be observed that the proposed sequential WLSEs
fit well the ISAR data. Thus, the proposed sequential
WLSEs with appropriate weight function can be used
to get back the ISAR image of a target from the
observed data.

VIII. CONCLUSION

In this paper, we propose WLSEs to estimate the
elementary chirp model parameters and prove that

Weight NWRSS(27) Weight NWRSS(27)
w1 4.901 w4 4.714
w2 5.438 w5 6.788
w3 4.243 w6 4.341

TABLE II: Reporting NWRSS(27) based on different
weight functions for the fitted ISAR data.

(a) ISAR image of a hypothetical airplane

(b) ISAR Image of fitted data with sequential WLSEs

Fig. 10: ISAR image of the observed and fitted data

they have the rate of convergence identical to the
LSEs. We also propose sequential WLSEs for mul-
tiple component elementary chirp model, which are
asymptotically equivalent to WLSEs and obtained with
less computational complexity. It is observed that the
WLSEs and sequential WLSEs are robust to the out-
liers with appropriate weight function. The sequential
WLSEs take less time in computation than the other
robust estimators and provide satisfactory results in
the sense of the MSEs. To implement the proposed
sequential WLSEs practically, we illustrate a simulated
experiment based on the discussion of the choice of
weight function. Additionally, we analyze synthetic
and real data based on the proposed method. We
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observe that the proposed estimators are robust to
the outliers, possess desired statistical properties under
general set of assumptions and are easy to compute.
The assumption of the real and imaginary parts of ϵ (t)
are independently distributed can be relaxed.

There are some open problems that are of interest
for future work. In this paper the objective function
considers ℓ2-norm. This is possible to enhance the
robustness of the proposed WLSEs and sequential
WLSEs by using the ℓp-norm (1 ≤ p < 2) as suggested
in [31]. We can also extend the robust weighted linear
prediction estimator of [33] and [32], to estimate the
parameters of multiple component elementary chirp
model for the stronger resistance to the outliers. It will
be interesting to develop these estimation methods for
the elementary chirp model.
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APPENDIX A
PRELIMINARY RESULTS

We will need the following results to establish the
proofs of the theorems provided in this paper:

Lemma 1: If β ∈ (0, 2π) and w(s) satisfies assump-
tion 1, then except for countable number of points, the
following hold true:

(a) lim
N−→∞

1

Nk+1

N∑
t=1

tkw2

(
t

N

)
cos
(
βt2
)
=

lim
N−→∞

1

Nk+1

N∑
t=1

tkw2

(
t

N

)
sin
(
βt2
)
= 0;

(b) lim
N−→∞

1

Nk+1

N∑
t=1

tkw2

(
t

N

)
cos
(
βt2
)
sin
(
βt2
)
= 0;

(c) lim
N−→∞

1

Nk+1

N∑
t=1

tkw2

(
t

N

)
cos2

(
βt2
)
=

lim
N−→∞

1

Nk+1

N∑
t=1

tkw2

(
t

N

)
sin2

(
βt2
)
=

1

2

∫ 1

0

skw2(s)ds =
dk+1

2
> 0;∀ k = 0, 1, 2, · · · .

Proof: It follows similarly as lemma C-2 of [12].
Lemma 2: If w(s) satisfies assumption 1 and ϵ (t)

satisfies assumption 2, then for k ≥ 0;

sup
β

∣∣∣∣∣ 1

Nk+1

N∑
t=1

tkw

(
t

N

)
ϵ (t) eiβt

2

∣∣∣∣∣ a.s.−−→ 0.

Proof: It follows similarly as lemma B-6 of [12].

APPENDIX B
ONE COMPONENT ELEMENTARY CHIRP MODEL

Lemma 3: Let us consider Sδ ={
θ :
∣∣θ − θ0

∣∣ ≥ 3δ;θ ∈ Θ
}

. If for any δ > 0,

lim inf inf
θ∈Sδ

1

N

[
Q (θ)−Q

(
θ0
)]

> 0 a.s., (15)

then θ̆
a.s.−−→ θ0 as N → ∞.

Proof: It follows similarly as lemma 1 of [17].
Proof of Theorem 1: Let us consider

1

N

[
Q (θ)−Q

(
θ0
)]

= f (θ) + g (θ) , where,

f (θ) =
1

N

N∑
t=1

w

(
t

N

){
l21 + l22

}
,

g (θ) =
2

N

N∑
t=1

w

(
t

N

)
{ϵR (t) l1 + ϵI (t) l2} , with

l1 =A0
R cos

(
β0t2

)
−AR cos

(
βt2
)
−A0

I sin
(
β0t2

)
+

AI sin
(
βt2
)
,

l2 =A0
R sin

(
β0t2

)
−AR sin

(
βt2
)
+A0

I cos
(
β0t2

)
−

AI cos
(
βt2
)
.

Consider: Sδ =
{
θ :
∣∣θ − θ0

∣∣ ≥ 3δ;θ ∈ Θ
}

.

Sδ ⊂ Sδ1 ∪ Sδ2 ∪ Sδ3 = S, where,

Sδ1 =
{
θ :
∣∣AR −A0

R

∣∣ ≥ δ;θ ∈ Θ
}
,

Sδ2 =
{
θ :
∣∣AI −A0

I

∣∣ ≥ δ;θ ∈ Θ
}

and

Sδ3 =
{
θ :
∣∣β − β0

∣∣ ≥ δ;θ ∈ Θ
}
.

Thus, lim inf inf
θ∈Sδ

f (θ) ≥ lim inf inf
θ∈S

f (θ) .

Now, the set Sδ1 is splitted as follows:

Sδ1 ⊂ S1
δ1 ∪ S2

δ1, where,

S1
δ1 =

{
θ :
∣∣AR −A0

R

∣∣ ≥ δ;θ ∈ Θ, β = β0
}

and

S2
δ1 =

{
θ :
∣∣AR −A0

R

∣∣ ≥ δ;θ ∈ Θ, β ̸= β0
}
.

Now, using lemma C-2 of [12], it follows that

lim inf inf
θ∈S1

δ1

f (θ) > 0, and lim inf inf
θ∈S2

δ1

f (θ) > 0.

Hence, lim inf inf
θ∈Sδ1

f (θ) > 0. Similarly, it can be

shown for Sδ2 and Sδ3. Thus, lim
N→∞

inf inf
θ∈Sδ

f (θ) >

0 a.s.. Using lemma 2, we obtain:

lim
N→∞

sup
θ∈Sδ

g (θ) = 0 a.s. (16)

Therefore, using lemma 3, the result holds true.
Proof of Theorem 2: Expanding Q

′
(θ̆) using Taylor

series around the θ0, as follows:

Q
′
(θ̆)−Q

′
(θ0) = (θ̆ − θ0)Q

′′
(θ̄). (17)

Here, θ̄ lies between θ0 and θ̆. Notice that Q
′
(θ̆) = 0
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and therefore, rewrite (17) as follows:

(θ̆ − θ0)D−1 = −Q
′
(θ0)D[DQ

′′
(θ̄)D]−1. (18)

Using lemma 1, lemma C-2 of [12] and Lindeberg
Feller CLT, we obtain:

Q
′
(θ0)D

d−→ N3

(
0, σ2Σ

)
. (19)

Using Theorem 1 and θ̄ lies between θ0 and θ̆, obtain:

lim
N→∞

DQ
′′
(θ̄)D = lim

N→∞
DQ

′′
(θ0)D.

Using lemma 2 and lemma C-2 of [12], we get:

lim
N→∞

DQ
′′
(θ0)D = G. (20)

Using (18), (19) and (20), we get the desired result.

APPENDIX C
MULTIPLE COMPONENT ELEMENTARY CHIRP

MODEL

A. Proofs of the theorems of the WLSEs

Lemma 4: Let Sδ =
{
u :
∣∣u− u0

∣∣ ≥ δ;u ∈ U
}

. If
for any δ > 0,

lim inf inf
u∈Sδ

1

N

[
Q (u)−Q

(
u0
)]

> 0 a.s., (21)

then ŭ
a.s.−−→ u0 as N → ∞.

Proof: It follows similarly as lemma 3.
Proof of Theorem 3: Let us consider

1

N

[
Q (u)−Q

(
u0
)]

= f (u) + g (u) ,where,

f (u) =
1

N

N∑
t=1

w

(
t

N

){
l21 + l22

}
,

g (u) =
2

N

N∑
t=1

w

(
t

N

)
{ϵR (t) l1 + ϵI (t) l2} , with

l1 =

p∑
k=1

(
A0

Rk cos
(
β0
kt

2
)
−ARk cos

(
βkt

2
)
−A0

Ik

sin
(
β0
kt

2
)
+AIk sin

(
βkt

2
))

,

l2 =

p∑
k=1

(
A0

Rk sin
(
β0
kt

2
)
−ARk sin

(
βkt

2
)
+A0

Ik

cos
(
β0
kt

2
)
−AIk cos

(
βkt

2
))

.

Using lemma 2, lim
N→∞

sup
u∈Sδ

g (u) = 0 a.s. In the

same manner as Theorem 1, it can be proved that
lim

N→∞
inf inf

u∈Sδ

f (u) > 0 a.s.. Hence, using lemma 4,

the result holds true.
Proof of Theorem 4: Expanding Q

′
(ŭ) using mul-

tivariate Taylor series around the point u0, as follows:

Q
′
(ŭ)−Q

′
(u0) = (ŭ− u0)Q

′′
(ū). (22)

Here, ū lies between u0 and ŭ. We rewrite (22) as:

(ŭ− u0)D−1 = −Q
′
(u0)D [DQ

′′
(ū)D ]−1. (23)

Using lemma 1, lemma C-2 of [12] and Lindeberg
Feller CLT, we have:

Q
′
(u0)D

d−→ N3p

(
0, σ2E

)
; with (24)

E =


Σ1 0 . . . 0
0 Σ2 . . . 0
...

...
. . .

...
0 0 0 Σp

 . (25)

Using Theorem 3 and ū lies between u0 and ŭ, obtain:

lim
N→∞

DQ
′′
(ū)D = lim

N→∞
DQ

′′
(u0)D .

Using lemma 2 and lemma C-2 of [12], we have:

lim
N→∞

DQ
′′
(u0)D = G; with (26)

G =


G1 0 . . . 0
0 G2 . . . 0
...

...
. . .

...
0 0 0 Gp

 . (27)

Using (23), (24) and (26), the stated result holds true.

B. Proofs of the theorems of the Sequential WLSEs

Lemma 5: Let Sδ =
{
θ :
∣∣θ − θ0

1

∣∣ ≥ 3δ;θ ∈ Θ
}

. If
for any δ > 0,

lim inf inf
θ∈Sδ

1

N

[
Q1 (θ)−Q1

(
θ0
1

)]
> 0 a.s., (28)

then θ̃1
a.s.−−→ θ0

1 as N → ∞.
Proof: It follows by proceeding similarly as lemma 3.

Proof of Theorem 5:

1

N

[
Q1 (θ)−Q1

(
θ0
1

)]
= f (θ) + g (θ) ,where,

f (θ) =
1

N

N∑
t=1

w

(
t

N

){
l21 + l22

}
+

2

N

N∑
t=1

w

(
t

N

)
{
l1

(
p∑

k=2

A0
Rk cos

(
β0
kt

2
)
−A0

Ik sin
(
β0
kt

2
))

+ l2(
p∑

k=2

A0
Rk sin

(
β0
kt

2
)
+A0

Ik cos
(
β0
kt

2
))}

,

g (θ) =
2

N

N∑
t=1

w

(
t

N

)
{ϵR (t) l1 + ϵI (t) l2} , with

l1 =A0
R1 cos

(
β0
1t

2
)
−AR cos

(
βt2
)
−A0

I1 sin
(
β0
1t

2
)

+AI sin
(
βt2
)
,

l2 =A0
R1 sin

(
β0
1t

2
)
−AR sin

(
βt2
)
+A0

I1 cos
(
β0
1t

2
)

−AI cos
(
βt2
)
.
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Using lemma 2, lim
N→∞

sup
θ∈Sδ

g (θ) = 0 a.s.. In the

same manner as Theorem 1, it can be proved that
lim

N→∞
inf inf

θ∈Sδ

f (θ) > 0 a.s.. Hence, using lemma 5,

the result.

Lemma 6: If assumptions 1, 2 and 3 hold, then(
θ̃1 − θ0

1

)(√
ND

)−1 a.s.−−→ 0 as N → ∞, where D

is same as defined in Theorem 2.

Proof: Consider the following:

Q1 (θ) =

N∑
t=1

w

(
t

N

) ∣∣∣y1 (t)−Aeiβt
2
∣∣∣2 . (29)

Here, y1 (t) = y (t); the original data. Now, expanding
Q

′

1(θ̃1) using Taylor series around the point θ0
1:

Q
′

1(θ̃1)−Q
′

1(θ
0
1) = (θ̃1 − θ0

1)Q
′′

1 (θ̄1). (30)

Here, θ̄1 lies between θ0
1 and θ̃1. We rewrite (30) as:

(θ̃1 − θ0
1)
(√

ND
)−1

=[
− 1√

N
Q

′

1(θ
0
1)D

] [
DQ

′′

1 (θ̄1)D
]−1

.
(31)

Using lemma 2, we obtain the following:

1√
N

Q
′

1(θ
0
1)D

a.s.−−→ 0 as N → ∞. (32)

Using Theorem 5 and θ̄1 lies between θ0
1 and θ̃1, get:

lim
N→∞

DQ
′′

1 (θ̄1)D = lim
N→∞

DQ
′′

1 (θ
0
1)D.

Using lemma 2 and lemma C-2 of [12], we have:

lim
N→∞

DQ
′′

1 (θ
0
1)D = G1. (33)

Using (31), (32) and (33), the result holds true.
Proof of Theorem 6 : Using lemma 6, obtain:

ÃR1 = A0
R1 + o (1) , ÃI1 = A0

I1 + o (1) and

β̃1 = β0
1 + o

(
N−2

)
.

Hence, Ã1e
iβ̃1t

2

= A0
1e

iβ0
1t

2

+ o (1) . (34)

Hence the result follows, using (34) and proceeding
similarly as Theorem 5.
Using Lemma 7 the result of Theorem 8 follows.

Lemma 7: If ÃR, ÃI and β̃ are obtained by mini-
mizing the following:

Q(p+1) (θ) =
1

N

N∑
t=1

w

(
t

N

) ∣∣∣ϵ (t)−Aeiβt
2
∣∣∣2 ,

and assumption 2 holds, then ÃR
a.s.−−→ 0 and ÃI

a.s.−−→
0.

Proof: Consider:

Q(p+1) (θ) =

1

N

N∑
t=1

w

(
t

N

)[
|ϵ (t)|2 +

(
A2

R +A2
I

) {
cos2

(
βt2
)
+

sin2
(
βt2
)}

− 2
{
ϵI (t)

(
AI cos

(
βt2
)
+AR sin

(
βt2
))

+ϵR (t)
(
AR cos

(
βt2
)
−AI sin

(
βt2
))}]

.

Thus, we have the esimators:

ÃR =

∑N
t=1 w

(
t
N

) (
ϵR (t) cos

(
βt2
)
+ ϵI (t) sin

(
βt2
))∑N

t=1 w
(

t
N

) (
cos2 (βt2) + sin2 (βt2)

) .

ÃI =

∑N
t=1 w

(
t
N

) (
ϵI (t) cos

(
βt2
)
− ϵR (t) sin

(
βt2
))∑N

t=1 w
(

t
N

) (
cos2 (βt2) + sin2 (βt2)

) .

Using lemma 2 and lemma C-2 of [12], the result.
Proof of Theorem 9 : Consider:

Q1 (θ) =

N∑
t=1

w

(
t

N

) ∣∣∣y1 (t)−Aeiβt
2
∣∣∣2 . (35)

Using Taylor series, expand Q
′

1(θ̃1), then we obtain:

(θ̃1 − θ0
1)D

−1 = −Q
′

1(θ
0
1)D[DQ

′′

1 (θ̄1)D]−1. (36)

Using lemma 1, Lindeberg Feller CLT, lemmas C-2
and C-3 of [12], we get:

Q
′

1(θ
0
1)D

d−→ N3

(
0, σ2Σ1

)
; where, (37)

Σ1 = 2

 d1 0 −A0
I1d3

0 d1 A0
R1d3

−A0
I1d3 A0

R1d3
∣∣A0

1

∣∣2 d5
 . (38)

Using θ̃1
a.s.−−→ θ0

1 as N → ∞,

lim
N→∞

DQ
′′

1 (θ̄1)D = lim
N→∞

DQ
′′

1 (θ
0
1)D.

Using lemma 2 and C-2 of [12], it can be obtained
that:

lim
N→∞

DQ
′′

1 (θ
0
1)D = G1. (39)

Using (36), (37) and (39), asymptotic distribution of θ̃1
is obtained. The result for θ̃2 can be obtained in the
similar manner using lemma 6. Similarly, this result
can be extended ∀ k ≤ p.
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