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Abstract

This article studies ridge-type regularized estimation for single and multiple sinusoidal

regression models with unknown amplitudes and frequencies. Since frequency estimation

is nonlinear and least squares estimators can be unstable under outlier contamination or

finite-sample near-collinearity, ridge regularization is used as a shrinkage-based stabilization

method for the amplitude parameters. The proposed estimator is computationally conve-

nient and is obtained through a profile optimization procedure over the frequencies. We

establish consistency and asymptotic normality for fixed-dimensional sinusoidal models un-

der suitable assumptions on the error process and the tuning parameter. Simulation studies

under random and block contamination show that ridge regularization often reduces mean

squared error and stabilizes estimation in the considered settings. Comparisons with least

squares, least absolute deviation, Huber, and Huber–ridge estimators are also provided. A

real-data analysis using the AirPassengers series illustrates the practical usefulness of the

proposed method for stable seasonal sinusoidal fitting under controlled contamination.

Keywords: Sinusoidal regression, ridge regularization, frequency estimation, shrinkage estima-

tion, outlier contamination, consistency, asymptotic normality.

1 Introduction

In this paper, we consider the multiple sinusoidal model with additive noise,

z(t) =

p∑
k=1

A0
k cos(ω0

kt) +B0
k sin(ω0

kt) + e(t), t = 1, 2, · · · , n. (1.1)
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Each component k represents a sinusoidal signal with amplitude A02

k + B02

k and frequency

0 < ω0
k < π. The error sequence {e(t)} has mean zero and finite variance σ2 > 0, with further

assumptions specified later. The true signal is characterized by the parameters A0
k, B

0
k, and

ω0
k, some of which may be unknown and need to be estimated. We denot Ak, Bk, and ωk as

arbitrary parameter values.

Parameter estimation in sinusoidal models is challenging due to the inherent nonlinearity of

the model ([3, 22, 23, 25]). A classical approach is the ordinary least squares estimator (LSE).

[14] established consistency and asymptotic normality of LSEs for model (1.1) under fairly

general conditions on the error process. Although LSEs achieve optimal convergence rates,

they are highly sensitive to outliers.

Outliers commonly occur in practical applications such as environmental studies (e.g., ex-

treme weather events), financial time series (e.g., abrupt market shocks), biomedical signals

(e.g., motion artifacts in EEG/ECG), and geophysical data (e.g., seismic events). Such ex-

treme observations can distort parameter estimation and lead to misleading inference ([2, 5, 7,

8, 18, 21, 29, 30]).

To mitigate this issue, [13] proposed least absolute deviation estimators (LADEs), which

possess desirable asymptotic properties under stringent assumptions on the error distribution.

However, LADEs are computationally demanding, requiring optimization over 3p (or 2p when

ω is known) dimensions, which makes them less practical for larger models.

In this work, we propose a regularized estimation approach based on ridge regression [10].

By augmenting the least squares criterion with a penalty on the amplitudes, ridge estimation

reduces variance and improves mean squared error performance under contamination. In the

sinusoidal setting, the penalty term corresponds directly to the amplitude A2
k + B2

k, leading

to a shrinkage effect that stabilizes estimation in the presence of outliers. This regularization

improves numerical stability and preserves interpretability while maintaining computational

feasibility even when frequencies are unknown. Related uses of ridge-type estimators in nonlin-

ear settings can be found in ([17, 24, 28, 31]).

An important advantage of ridge estimation lies in the differentiability of the penalty term,

which ensures smooth optimization, facilitates computation, and aids in deriving asymptotic

properties.

The primary contributions of this paper are as follows. First, we introduce the concept of

regularized estimation in sinusoidal models using ridge regression. Second, we develop estima-

tion procedures for both single- and multiple-sinusoidal models. Third, we establish theoretical

properties of the proposed estimators. The resulting estimators can be viewed as regularized

estimators with improved stability under contamination. When no outliers are present, they

closely approximate LSEs, whereas in contaminated settings they outperform both LSEs and

LADEs.

The remainder of the paper is organized as follows. Section 2 presents the notation, pre-

liminary definitions, and assumptions. Section 3.1 discusses the increasing-component setting
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with known frequencies, while Section 3.2 considers the corresponding unknown-frequency case

as motivation for regularization. Section 4 develops the ridge-based estimation procedure for

a fixed number of sinusoidal components. Section 4.3 establishes consistency, and Section 4.4

derives the asymptotic normality of the proposed estimators. Section 5 reports the simulation

study, including comparisons with least squares, LAD, Huber, and Huber–ridge estimators.

Section 6 summarizes the numerical performance, and the robustness diagnostics are discussed

subsequently. The real-data application to the AirPassengers series is presented in Section 8.

Finally, the concluding remarks are given in the last section.

2 Preliminaries

Definition 2.1 Let a = (a1, a2, ..., an) an n dimensional vector then ||.||2 is l2 norm for a is

defined by[10]

||a||2 =

(
n∑

i=1

a2i

) 1
2

Definition 2.2 Consider the unconstrained optimization problem:

min
x∈Rn

f(x) (2.1)

The Karush–Kuhn–Tucker(KKT) [1] conditions reduce to the following:

∇f(x∗) = 0 (2.2)

To classify the critical point x∗, we analyze the Hessian:

H(x) = ∇2f(x)

We can express the second-order conditions as

H(x∗) ≻ 0 ⇒ x∗ is a local minimum,

H(x∗) ≺ 0 ⇒ x∗ is a local maximum,

H(x∗) indefinite ⇒ x∗ is a saddle point.

Assumption 1:

e(t) =

∞∑
j=−∞

α(j)ϵ(t− j), |α(j)| <∞ (2.3)

where ϵ(t)’s are independent and identically distributed (i.i.d.) random variables with mean

zero and finite variance. Here = means e(t) has the almost-sure representation.
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lemma 2.1 Let e(t) be a stationary sequence that satisfies Assumption 1. then

lim
N→∞

sup
θ

∣∣∣∣ 1

N

N∑
t=1

e(t) cos(θt)

∣∣∣∣ = 0 a.s. (2.4)

Proof: For the detailed proof, we refer to Lemma 1 of [14].

Before proceeding to the next section, we introduce the set of parameters listed below.

Notation Description

A0, B0, ω0 True parameters of the single–sinusoidal model

ÂN , B̂N , ω̂N Estimated parameters of the single–sinusoidal model
A0

k, B
0
k, ω

0
k, k = 1, . . . , p True parameters of the kth component in the multiple–sinusoidal

model

Âk, B̂k, ω̂k, k = 1, . . . , p Estimated parameters of the kth component in the multiple–
sinusoidal model

A,B,ω Arbitrary parameter vectors used in the estimation of the multiple–
sinusoidal model

Table 1: Notation for parameters

3 Increasing Number of Sinusoidal Components

3.1 Known Frequencies

Consider the multiple sinusoidal model

z(t) =

Pn∑
k=1

[
A0

k cos(ω0
kt) +B0

k sin(ω0
kt)
]

+ e(t), t = 1, . . . , n, (3.1)

where

(i). the frequencies ω0
1, . . . , ω

0
Pn

∈ (0, π) are fixed and known;

(ii). A0
k, B

0
k are unknown real parameters;

(iii). Pn is allowed to increase with the sample size n;

(iv). {e(t)} is a sequence of random errors satisfying

E[e(t)] = 0, sup
t

E[e(t)2] = σ2 <∞.

Define the parameter vector. θ = (A0
1, B

0
1 , . . . , A

0
Pn
, B0

Pn
)⊤ ∈ R2Pn . Let X ∈ Rn×2Pn denote

the design matrix with entries Xt,2k−1 = cos(ωkt), Xt,2k = sin(ωkt), for t = 1, . . . , n and p =

1, . . . , Pn. Then the model reduces to a linear model that can be written in matrix form as

z = Xθ + e.

Now, the normalized Gram matrix is given by 1
nX

⊤X. When Pn is fixed, and the frequencies

are distinct, classical harmonic identities yield. 1
n

∑n
t=1 cos(ωpt) cos(ωqt) −→ 1

21{p=q}, with
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analogous limits for sine–sine and sine–cosine terms. estimator This ensures consithe stency of

ordinary least squares (OLS). When Pn → ∞, however,

• near collinearity arises when |ωp − ωq| = o(1/n);

• the minimum eigenvalue of X⊤X approaches zero as Pn/n increases.

Consequently, (X⊤X)−1 becomes unstable. The OLS estimator θ̂OLS = (X⊤X)−1X⊤z exists

only when 2Pn < n. Even in this case, if Pn
n → κ ∈ (0, 1), then E

∥∥θ̂OLS − θ
∥∥2 → ∞, and OLS

is not consistent, i.e., 1
nE
∥∥X(θ̂OLS − θ)

∥∥2 ̸→ 0. To stabilize estimation, we consider the ridge

estimator

θ̂λn = (X⊤X + λnI2Pn)−1X⊤z, (3.2)

where λn > 0 is a tuning parameter. Our next theorem establishes the consistency of the ridge

estimator.

Theorem 3.1 Consider the linear model Y = Xθ + ε, where Y ∈ Rn, X is an n × Pn design

matrix, θ ∈ RPn is the true parameter vector, and ε ∈ Rn is a noise vector with E[ε] =

0 and Var(ε) = σ2In. For λn > 0, define the ridge estimator θ̂λn as

θ̂λn = arg min
β∈RPn

{ 1

n
∥Y −Xβ∥2 + λn∥β∥2

}
=
( 1

n
X⊤X + λnIPn

)−1 1

n
X⊤Y.

Assume that:

(i). Pn → ∞ and Pn/n→ κ ∈ (0,∞);

(ii). ∥θ∥2 = O(Pn);

(iii). λn ≍ Pn/n, i.e. there exist constants 0 < c1 ≤ c2 < ∞ such that c1Pn/n ≤ λn ≤ c2Pn/n

for all large n;

(iv). the empirical Gram matrix Sn := 1
nX

⊤X has eigenvalues uniformly bounded away from 0

and ∞, i.e. there exist constants 0 < m ≤M <∞ such that m ≤ λmin(Sn) ≤ λmax(Sn) ≤
M for all sufficiently large n.

Then the ridge estimator is consistent, that is

1

n
E
∥∥∥X(θ̂λn − θ

)∥∥∥2 −→ 0 as n→ ∞.

Proof: See in Appendix A.

3.2 Unknown frequencies

Now consider the multiple sinusoidal model

z(t) =

Pn∑
k=1

[
A0

k cos(ω0
kt) +B0

k sin(ω0
kt)
]

+ e(t), t = 1, . . . , n, (3.3)
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where

• the frequencies ω0
1, . . . , ω

0
Pn

∈ (0, π) are Unknown;

• A0
k, B

0
k are unknown real parameters;

• Pn is allowed to increase with the sample size n;

• {e(t)} is a sequence of random errors satisfying

E[e(t)] = 0, sup
t

E[e(t)2] = σ2 <∞.

Scenario I: We conduct a Monte Carlo simulation study to examine the finite-sample perfor-

mance of the proposed estimator in a high-dimensional nonlinear setting where the number of

unknown parameters scales with the sample size. The experimental setup is as follows:

1. We consider p = 150, 300, 600, 1500 and choose the sample size such that p
N = 0.6 for each

case.

2. For each p, we generate p sinusoidal components with decreasing magnitudes, and the

corresponding frequencies are linearly spaced over [0.15π, π].

3. The observations are contaminated with additive noise having standard deviation σ = 30,

along with 30% outliers.

4. For each (p,N) configuration, we perform a single simulation run and estimate the pa-

rameters using a ridge-regularized ordinary least squares method.

The results show that the ridge estimator successfully captures the overall linear trend of

the true frequencies even under substantial noise and contamination For smaller dimensions

(p = 150, 300), the estimates exhibit higher variability with noticeable deviations As both p

and N increase, the estimates become more stable and concentrate closer to the true frequencies,

indicating improved finite-sample performance However, occasional large deviations persist even

for larger p, reflecting the continuing impact of heavy noise and outliers.

Scenario II: We conduct a simulation study to investigate the finite-sample performance of

the proposed estimator in a high-dimensional nonlinear setting where the number of unknown

parameters varies while the sample size is fixed. The experimental setup is as follows:

1. We consider p ∈ {600, 900, 1200, 1500} and fix the sample size at N = 1500.

2. For each p, p sinusoidal components with decreasing magnitudes are generated, and the

corresponding frequencies are linearly spaced over [0.75π, π].

3. Observations are contaminated with additive noise having standard deviation σ = 30,

along with 30% outliers.

4. For each value of p, a single simulation run is performed using a ridge-regularized ordinary

least squares estimator.

The results indicate that, for fixed N , increasing p leads to a clear deterioration in estimation

accuracy For p = 600, the estimator still captures the overall trend of the true frequencies but
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(a) p = 150, N = 250 (b) p = 300, N = 500

(c) p = 600, N = 1000 (d) p = 1500, N = 2500

Figure 1: Components vs Sample Size.

exhibits noticeable variability and spikes due to noise and outliers As p increases to 900 and

1200, the ordinary least squares estimator becomes increasingly unstable. In contrast, ridge

regularization effectively shrinks extreme deviations and produces smoother estimates closer to

the true frequencies For p = 1500, OLS suffers from severe variance inflation. In contrast, ridge

continues to provide comparatively stable estimates. However, some large errors persist This

suggests that regularization alleviates—but does not eliminate—the challenges posed by high

dimensionality, noise, and contamination.

These findings highlight the difficulties inherent in high-dimensional settings and further

motivate the use of regularization Accordingly, the main focus of this work is to develop a reg-

ularized estimator (with improved stability under contamination) for the unknown frequencies

and amplitudes when p is fixed In the next section, we develop ridge-based estimators for the

sinusoidal model under the assumption that the number of components p is fixed.

4 Fixed numbers of Sinusoidal components

4.1 Known frequencies

We first consider the case when the frequencies are known. In this situation, the sinusoidal

model becomes linear in the unknown amplitude parameters, and hence the estimation problem

reduces to a standard least squares problem. Since the theoretical properties of least squares

estimators are well established in the literature, we only briefly discuss this case and focus

mainly on the more challenging problem of unknown frequencies in the next subsection.
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(a) p = 600, N = 1500 (b) p = 900, N = 1500

(c) p = 1200, N = 1500 (d) p = 1500, N = 1500

Figure 2: Components.

For a fixed number of sinusoidal components p, suppose that the frequency vector ω0 =

(ω0
1, ω

0
2, . . . , ω

0
p)T is known. Then model (1.1) can be written in matrix form as

Z = Xp(ω
0)ψ0 + E, (4.1)

whereψ0 = (η0T1 , η0T2 , . . . , η0Tp )T , η0j = (A0
j , B

0
j )T , and Xp(ω

0) =
[
X(ω0

1), X(ω0
2), . . . , X(ω0

p)
]
.

Therefore, for known frequencies, estimation of the unknown coefficients reduces to the min-

imization of Q(ψ) =
(
Z−Xp(ω

0)ψ
)T (

Z−Xp(ω
0)ψ

)
. The corresponding least squares esti-

mator is

ψ̂LS =
[
Xp(ω

0)TXp(ω
0)
]−1

Xp(ω
0)TZ, (4.2)

provided that Xp(ω
0)TXp(ω

0) is nonsingular.

If a ridge penalty is imposed, then the estimator becomes

ψ̂R =
[
Xp(ω

0)TXp(ω
0) + Λ

]−1
Xp(ω

0)TZ, (4.3)

where Λ is the penalty matrix. In the special case of a common penalty parameter, Λ = λI.

Since the theoretical properties of least squares estimators, as well as their ridge-regularized

counterparts, are well established for the known-frequency case, we do not pursue them further

here. Instead, we focus on the estimation problem when the frequencies are unknown, which

leads to a nonlinear optimization problem.
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4.2 Unknown frequencies

First, we consider a single sinusoidal model, i.e., when p = 1. For p = 1 matrix form of (1.1)

can be written as

Z = X(ω0)η0 + E (4.4)

Where Z = [z(1), · · · , z(n)]T , E = [e(1), e(2), · · · e(n)]T , η0 = [A0, B0]T and

X(ω0) =


cos(ω0) sin(ω0)

cos(2ω0) sin(2ω0)

· · · · · ·
cos(nω0) sin(nω0)

 (4.5)

The Ridge estimates of A0, B0, ω0 can be obtained by minimizing

QR
N (θ) =

N∑
i=1

(Z(t) −A cos(ωt) −B sin(ωt))2 + λ
(
A2 +B2

)
(4.6)

with respect to θ = (A,B, ω).

In vector notation, which can be written as

||Z −X(ω)η||22 + ληT η (4.7)

λ ≥ 0 is the regularization parameter that controls the amount of shrinkage. It is to be

mentioned that λ = 0 corresponds to ordinary least squares (OLS) estimates.

Next we are going to propose a sequential approach to solve the nonlinear optimization

problem (4.7) First for any fixed ω we are going to minimize (4.7).

min
arg

{
||Z −X(ω)η||22 + ληT η

}
(4.8)

Suppose η̂ =
(
Â, B̂

)
is a solution of the above optimization problem, then from the KKT

stationarity condition 2.2, the sub-differential must be zero, i.e.

−2X(ω)TZ + 2η̂TX(ω)TX(ω) + 2η̂λ = 0

=⇒ 2η̂TX(ω)TX(ω) + 2η̂λ = 2X(ω)TZ

=⇒ η̂(ω) =
(
X(ω)TX(ω) + λI

)−1
X(ω)TZ (4.9)
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Substituting η̂(ω) in 4.8 we have

R(ω) =
(
Z −X(ω)

(
X(ω)TX(ω) + λI

)−1
X(ω)TZ

)T
×
(
Z −X(ω)

(
X(ω)TX(ω) + λI

)−1
X(ω)TZ

)
+ ληT η (4.10)

Therefore Ridge estimate of ω, ω̂ is obtained by minimizing (4.10) and then plugging in ω̂ into

equation (4.9), η is estimated as η̂(ω̂). In each case, expanding window cross-validation is often

used in choosing λ[12] More details detailed on expanding window cross-validation are discussed

in section 5.4.

Now we continue our approach for p > 1. For p > 1 the model equation 4.2 can be written as

Z = Xp(ω)ψ + E (4.11)

where ω =
(
ω0
1, ω

0
2, · · · , ω0

p

)
, ψ =

(
η01, η

0
2, · · · , η0p

)T
, η0j = (A0

j , B
0
j )T and Xp(ω) takes the form

Xp(ω) =
[
X(ω0

1), X(ω0
2), · · · , X(ω0

p)
]
. The matrix X(ω0

j ) is the same as that X(ω) defined in

(4.5), replacing ω by ω0
j . It is to be note that Equation (4.32) can also be written as

Z =

p∑
j=1

X(ω0
j )η0j + E (4.12)

Now the ridge estimates of ω and η are obtained by minimizing:

U(η, ω) =

Z−
p∑

j=1

X(ωj)ηj

T Z−
p∑

j=1

X(ωj)ηj

+ λψTψ

=

Z−
p∑

j=1

X(ωj)ηj

T Z−
p∑

j=1

X(ωj)ηj

+

p∑
i=1

λjη
T
j ηj (4.13)

Let ψ0 and ω0 be the true values of ψ0 and ω, respectively, and ψ̂0 and ω̂0 denote the LSEs

of ψ0 and ω0, respectively. Then for any given ω, ψ̂ can be written as

ψ̂(ω) =
[
Xp(ω)TXp(ω) + λI

]−1
Xp(ω)TZ (4.14)
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where

ψ̂(ω) =


η̂(ω1)

η̂(ω2)

· · ·
η̂(ωp)

 =


[
X(ω1)TX(ω1) + λ1I

]−1
X(ω1)TZ[

X(ω2)TX(ω2) + λ2I
]−1

X(ω2)TZ

· · ·[
X(ωp)TX(ωp) + λpI

]−1
X(ωp)TZ

 (4.15)

Now plugging ψ̂(ω) in (4.13) we have

S(ω) = U(ψ̂(ω), ω) =

Z−
p∑

j=1

(
X(ωj)

TX(ωj) + λjI
)−1

X(ωj)
TZ

T

×

Z−
p∑

j=1

(
X(ωj)

TX(ωj) + λjI
)−1

X(ωj)
TZ


=

Z−
p∑

j=1

PX(ωj)Z

T Z−
p∑

j=1

PX(ωj)Z

 (4.16)

Where PX(ωj) =
(
X(ωj)

TX(ωj) + λjI
)−1

X(ωj)
T.

4.3 Asymptotic Properties

In this section, we investigate the asymptotic behavior of the proposed estimators The theoret-

ical results are derived under the following set of assumptions:

• The number of sinusoidal components p is fixed;

• The true frequencies ω0
k are distinct and lie in the interval (0, π);

• The error sequence {e(t)} is a zero-mean process with finite variance;

• The regularization parameter λN satisfies suitable growth conditions as N → ∞.

Under these assumptions, we establish the consistency and asymptotic normality properties

of the Ridge estimators for the single sinusoidal model.

Theorem 4.1 Let θ̂ = (ÂN , B̂N , ω̂N ) denote the Ridge estimator of the nonlinear regression

model given in (4.7 ). Then, θ̂ is a strongly consistent estimator of the true parameter vector

θ0 = (A0, B0, ω0).

Proof: See in Appendix B.

4.4 Asymptotic Normality

In this section, we prove the asymptotic normality of θ̂. First, we calculates all first and second

order partial derivatives of θ̂RN .
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∂QR
N (θ0)

∂A
= −2

N∑
t=1

e(t) cos(ω0t) + 2λ̂NA
0 (4.17)

∂QR
N (θ0)

∂B
= −2

N∑
t=1

e(t) sin(ω0t) + 2λ̂NB
0 (4.18)

∂QR
N (θ0)

∂ω
= 2

N∑
t=1

te(t)
(
A0 sin(ω0t) −B0 cos(ω0t)

)
(4.19)

∂QR
N (θ̄)

∂A2
= 2

N∑
t=1

cos2(ω̄t) + 2λ̂N (4.20)

∂QR
N (θ̄)

∂B2
= 2

N∑
t=1

sin2(ω̄t) + 2λ̂N (4.21)

∂QR
N (θ̄)

∂ω2
= 2

N∑
t=1

t2
[(
A0 cos(ω0t) +B0 sin(ω0t) − Ā cos(ω̄t) − B̄ sin(ω̄t) + e(t)

)
×

(
Ā cos(ω̄t+ B̄ sin(ω̄t))

)
+
(
Ā sin(ω̄t+ B̄ cos(ω̄t))

)2]
(4.22)

δ2QR
N (θ̄)

δωδA
= 2

N∑
t=1

[
t sin(ωt)

(
A0 cos(ω0t) +B0 sin(ω0t)

)
− Ā cos(ω̄t)

−B̄ sin(ω̄t) +X(t) − cos(ω̄t)
(
Ā sin(ω̄t) − B̄ cos(ω̄t)

)]
(4.23)

δ2QR
N (θ̄)

δωδB
= −2

N∑
t=1

[
cos(ωt)

(
A0 cos(ω0t) +B0 sin(ω0t)

)
− Ā cos(ω̄t)

−B̄ sin(ω̄t) +X(t) − sin(ω̄t)
(
Ā sin(ω̄t) − B̄ cos(ω̄t)

)]
(4.24)

δ2QR
N (θ̄)

δAδB
= 2

N∑
t=1

sin(ω̄t) cos(ω̄t) + 2 (4.25)

Let’s define
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σ11 = lim
N→∞

1

N

N∑
t=1

cos2(ω0t) =
1

2

σ22 = lim
N→∞

1

N

N∑
t=1

sin2(ω0t) =
1

2

σ33 = lim
N→∞

1

N

N∑
t=1

t2
(
A0 sin(ω0t) −B0 cos(ω0t)

)2
=

1

6

(
A02 +B02

)
σ13 = σ31 = lim

N→∞

1

N

N∑
t=1

B0t cos2(ω0t) =
1

4
B0

Now, if ω̄ → ω0, Ā→ A0 and B̄ → B0 a.s. We have the following results.

lim
N→∞

1

N

N∑
t=1

cos2(ω̄t) = lim
N→∞

1

N

N∑
t=1

cos2(ω0t) =
1

2
(4.26)

lim
N→∞

1

N

N∑
t=1

sin2(ω̄t) = lim
N→∞

1

N

N∑
t=1

sin2(ω0t) =
1

2
(4.27)

lim
N→∞

1

2N3

δ2QR
N (θ̄)

δω2
= lim

N→∞

1

N3

N∑
t=1

t2(Ā sin(ω̄t) + B̄ cos(ω̄t))2

= lim
N→∞

1

N3

N∑
t=1

t2(A0 sin(ω0t) −B0 cos(ω0t))2

=
1

6
(A02 +B02) (4.28)

lim
N→∞

1

2N2

δ2QR
N (θ̄)

δωδA
= lim

N→∞

1

N2

N∑
t=1

t cos(ωt)(Ā sin(ω̄t) − B̄ cos(ω̄t))

= lim
N→∞

1

N2

N∑
t=1

tB0 cos2(ω0t) =
1

4
B0 (4.29)

lim
N→∞

1

2N2

δ2QR
N (θ̄)

δωδB
= lim

N→∞

1

N2

N∑
t=1

t sin(ωt)(Ā sin(ω̄t) − B̄ cos(ω̄t))

= lim
N→∞

1

N2

N∑
t=1

tA0 sin2(ω0t) =
1

4
A0 (4.30)

lim
N→∞

1

2N2

δ2QR
N (θ̄)

δAδB
=

2

N

N∑
t=1

sin(ω̄t) cos(ω̄t)

=
2

N

N∑
t=1

sin(ω0t) cos(ω0t) = 0. (4.31)
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Now, we proposed our next theorem

Theorem 4.2 Under the assumptions of Theorem 4.1, suppose that the tuning parameter λN

satisfies λN → λ ∈ [0,∞) as N → ∞. Then,
{

(ÂN−A0)√
N

, (B̂N−B0)√
N

, (ω̂N−ω0)

N
√
N

}
converges in

distribution to a trivariate normal distribution with mean vector zero and dispersion matrix

σ2γΣ−1(λ), where γ =
∣∣∣∑∞

j=−∞ α(j) cos(ω0j)
∣∣∣2 +

∣∣∣∑∞
j=−∞ α(j) sin(ω0j)

∣∣∣2 , and Σ−1(λ) is given

by

Σ−1(λ) =
1

(A02 +B02)(16λ2 + 10λ+ 1)

×

2(8λ+ 1)(A02 + 4B02) −6A0B0 −12B0

−6A0B0 2(8λ+ 1)(4A02 +B02) 12A0

−12B0 12A0 24(2λ+ 1)

 .
Proof: See in Appendix C.

We now extend the results from the single sinusoidal model to the multiple sinusoidal case.

Consider the model

Y (t) =
M∑
k=1

(
A0

k cos(ω0
kt) +B0

k sin(ω0
kt)
)

+X(t), t = 1, . . . , N, (4.32)

where A0
k, B0

k are the true amplitudes and ω0
k ∈ (0, π) are distinct frequencies for k = 1, . . . ,M .

The noise process {X(t)} satisfies Assumption 1. Let A = (A1, . . . , AM ), B = (B1, . . . , BM ),

and ω = (ω1, . . . , ωM ), and define Φ = (A,B, ω). We consider the ridge-type estimator obtained

by minimizing the penalized least squares criterion

RN (Φ) =
N∑
t=1

(
Y (t) −

M∑
k=1

(Ak cos(ωkt) +Bk sin(ωkt))

)2

+
M∑
k=1

λk,N
(
A2

k +B2
k

)
,

where the tuning parameters λk,N ≥ 0 satisfy λk,N → λk ∈ [0,∞), as N → ∞, k =

1, . . . ,M. We now establish the consistency and asymptotic normality of the ridge estimators.

Theorem 4.3 Let Φ̂k = (Âk, B̂k, ω̂k) denote the ridge estimator of Φk = (A0
k, B

0
k, ω

0
k) for

k = 1, . . . ,M . Then, under the above assumptions, Φ̂k is a strongly consistent estimator of Φk.

Proof. See Appendix D.

Theorem 4.4 Under the assumptions of Theorem 4.3, and assuming that λk,N → λk ∈ [0,∞)

for each k = 1, . . . ,M , we have
(
N1/2(Âk −A0

k), N1/2(B̂k −B0
k), N3/2(ω̂k − ω0

k)
)M
k=1

con-

verges in distribution to a 3M -variate normal distribution with mean vector zero and dispersion

matrix σ2Γ−1(λ)GΓ−1(λ), where Γ(λ) is the limiting block information matrix depending on

{λk}Mk=1, and G is the asymptotic covariance matrix of the scaled score vector.
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Proof: Proof is immediately follows from the proof of Theorem 4.3.

Remark. The assumption λk,N → λk ∈ [0,∞) ensures a non-degenerate limiting distribution.

If λk,N → ∞ for any k, the corresponding components of the asymptotic variance collapse to

zero, leading to degeneracy of the limiting distribution.

5 Simulation study

This section describes the simulation design used to evaluate the proposed penalized estima-

tor and to compare it with standard and robust alternatives for model 4.32. To strengthen

the methodological comparison, we include not only classical benchmarks such as OLS and

LAD, but also a robust ridge-type competitor based on a Huber objective This comparison is

motivated by the robust ridge literature, particularly the ridge-type M -estimator of Silvapulle

[27] and the penalized robust ridge/MM framework of Maronna [19]. Our implementation is

not an exact reproduction of those procedures; rather, the Huber–ridge estimator serves as a

direct robust-shrinkage benchmark in the same spirit Accordingly, any performance gain of the

proposed estimator should be interpreted relative to both robustification and shrinkage, rather

than attributed to one mechanism alone.

5.1 Data-generating model

We consider the multiple Sinusoidal model

yt = µt + et, µt =

p∑
j=1

{Aj cos(ωjt) +Bj sin(ωjt)} , t = 1, 2, . . . , n, (5.1)

where Aj and Bj are amplitude parameters, ωj ∈ (0, π) are unknown angular frequencies, and

et is the error term. For a parameter vector θ = (A1, B1, ω1, . . . , Ap, Bp, ωp)
⊤, the fitted value

at time t is

ŷt(θ) =

p∑
j=1

{Aj cos(ωjt) +Bj sin(ωjt)} , (5.2)

and the residual is

rt(θ) = yt − ŷt(θ). (5.3)

The simulation focuses on the two-component case (p = 2) with

(A1, A2) = (5.0, 1.5), (B1, B2) = (5.0, 1.5), (ω1, ω2) = (0.85π, 0.50π) .

Sample sizes are taken as n ∈ {500, 600, 700, 800, 900, 1000}.

Intrinsic multicollinearity in the harmonic design. The present study does not impose a

separate artificial collinearity parameter. Instead, multicollinearity enters structurally through
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the harmonic design matrix

X(ω) =


cos(ω1 · 1) sin(ω1 · 1) · · · cos(ωp · 1) sin(ωp · 1)

cos(ω1 · 2) sin(ω1 · 2) · · · cos(ωp · 2) sin(ωp · 2)
...

...
. . .

...
...

cos(ω1n) sin(ω1n) · · · cos(ωpn) sin(ωpn)

 , (5.4)

whose columns may be strongly dependent in finite samples, particularly when multiple oscil-

latory components generate similar patterns over the observed time span Thus, the simulation

studies the instability caused by the intrinsic near-collinearity of sinusoidal regressors, which

provides the main motivation for ridge-type penalization.

5.2 Error distributions and contamination schemes

For each replication, the clean signal µt in (5.1) is perturbed by an additive error term et

To evaluate robustness under different departures from normality, we consider two contam-

ination settings: (i) heavy-tailed (t-distributed) contamination and (ii) normally distributed

contamination with inflated variance. The error process is generated from the mixture model

et = (1 − It) εt + It ηt, where It ∼ Bernoulli(α), and α denotes the contamination proportion

Thus, approximately m = ⌊αn⌋ observations are contaminated. For the uncontaminated ob-

servations, the baseline noise component is generated as εt ∼ N(0, σ2), σ2 = 1. Two different

distributions are then used for the contaminated component ηt.

1. Heavy-tailed (t-distributed) contamination: In this setting, contaminated obser-

vations are generated from a scaled Student’s t distribution: ηt ∼ σout tν , where tν de-

notes the Student’s t distribution with ν degrees of freedom. This produces heavy-tailed

shocks and occasional extreme observations, thereby creating a challenging setting for

least-squares-based estimation procedures.

2. Normally distributed contamination: In this case, contaminated observations are

generated from a Gaussian distribution with inflated variance: ηt ∼ N(0, σ2out). This

contamination mechanism preserves Gaussian symmetry while introducing unusually large

observations through variance inflation.

For both contamination settings, we consider α ∈ {0.1, 0.3}, σout ∈ {5, 8}. In addition to the

contamination distribution, two contamination layouts are studied.

1. Random contamination: the m contaminated indices are selected uniformly at random

from {1, . . . , n}. This produces scattered outliers throughout the time series.

2. Middle-block contamination: the m contaminated observations form a contiguous

block positioned near the center of the series Specifically, if m = ⌊αn⌋, the contaminated

set is {⌊
n−m

2

⌋
+ 1,

⌊
n−m

2

⌋
+ 2, . . . ,

⌊
n−m

2

⌋
+m

}
.
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Hence, the phrase “centrally positioned outliers” refers to a single consecutive contami-

nated segment in the middle of the observed time series rather than randomly selected

central observations.

The distinction between the two contamination layouts is important because they affect estima-

tion differently Random contamination disperses atypical observations across the entire sample,

whereas middle-block contamination creates a localized region of distortion that may interfere

more strongly with finite-sample frequency estimation and signal recovery.

5.3 Estimators compared

Let θ denote the unknown parameter vector We compare five estimators.

1. Ordinary least squares (OLS) The OLS estimator minimizes the residual sum of

squares:

θ̂OLS = arg min
θ

n∑
t=1

rt(θ)2. (5.5)

2. Least absolute deviations (LAD) The LAD estimator minimizes the ℓ1 criterion

θ̂LAD = arg min
θ

n∑
t=1

|rt(θ)|. (5.6)

For numerical optimization, a smooth approximation is used in implementation:

θ̂LAD ≈ arg min
θ

n∑
t=1

√
rt(θ)2 + ε, ε > 0 small. (5.7)

3. Huber M-estimator To reduce sensitivity to outliers, we consider Huber’s loss

ρc(u) =


1
2u

2, |u| ≤ c,

c|u| − 1
2c

2, |u| > c,
(5.8)

with tuning constant c > 0. Let s0 be a robust residual scale estimated from the median

absolute deviation (MAD):

s0 = 1.4826 × MAD(rt), MAD(rt) = median (|rt − median(rt)|) . (5.9)

The Huber estimator is then

θ̂Huber = arg min
θ
s20

n∑
t=1

ρc

(
rt(θ)

s0

)
. (5.10)

4. Huber–ridge estimator As a robust-shrinkage benchmark, we combine Huber’s loss
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with a ridge penalty on the amplitudes:

θ̂HR = arg min
θ

s20 n∑
t=1

ρc

(
rt(θ)

s0

)
+ λ

p∑
j=1

(A2
j +B2

j )

 , (5.11)

where λ ≥ 0 is the regularization parameter. This estimator is included to represent the

robust ridge literature in the spirit of Silvapulle [27] and Maronna [19], while remaining

directly comparable to the proposed estimator in the present nonlinear harmonic setting.

5. Proposed penalized estimator The proposed estimator applies ridge regularization to

the squared-error objective:

θ̂PR = arg min
θ

 n∑
t=1

rt(θ)2 + λ

p∑
j=1

(A2
j +B2

j )

 . (5.12)

The penalty shrinks the amplitude coefficients toward zero and is intended to reduce variance

inflation caused by instability in the harmonic design.

5.4 Tuning parameter selection

For the penalized estimators, the regularization parameter λ is selected from the grid Λ =

{0.001, 0.005, 0.01, 0.05, 0.1, 0.25, 0.5, 1.0, 2.0}. We use an expanding-window cross-

validation procedure that preserves time ordering.

1. Define the candidate set Λ = {λ1, λ2, . . . , λL}.

2. Split the series {y1, . . . , yn} into an initial training window and K ordered validation

blocks.

3. For each λ ∈ Λ:

(a) For each split k = 1, 2, . . . ,K:

i. fit the penalized model using observations up to the end of the kth training

window;

ii. predict the observations in the next validation block Vk;

iii. compute

MSEk(λ) =
1

|Vk|
∑
t∈Vk

(yt − ŷt)
2 .

(b) Average the validation errors: CV(λ) = 1
K

∑K
k=1 MSEk(λ).

4. Select λ̂ = arg minλ∈Λ CV(λ).
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Table 2: MSE comparison of estimators for randomly t-distributed errors (σ2 = 5) under 10%
and 30% contamination.

10% Contamination 30% Contamination

Parameter n OLS LAD Huber M Huber Ridge Seq Ridge OLS LAD Huber M Huber Ridge Seq Ridge

A1
500 2.15E-03 5.43E-05 3.59E-05 4.55E-06 4.55E-06 3.72E-03 6.84E-05 1.82E-03 6.71E-06 3.71E-06
1000 1.74E-03 1.15E-05 5.19E-06 2.45E-06 1.82E-06 2.77E-03 1.30E-05 2.21E-04 3.83E-06 2.51E-06

B1
500 3.99E-04 1.70E-04 1.06E-03 3.95E-04 2.81E-05 1.98E-02 6.52E-03 1.17E-03 5.65E-04 5.65E-05
1000 2.93E-04 1.06E-04 6.77E-05 3.39E-05 2.39E-05 2.04E-04 5.61E-05 1.54E-04 4.97E-05 1.23E-05

ω1
500 3.64E-10 2.00E-10 1.70E-10 1.66E-10 1.66E-10 1.74E-03 1.31E-03 1.36E-03 1.45E-03 1.26E-03
1000 3.02E-10 1.08E-10 3.11E-12 2.99E-12 2.99E-12 3.02E-05 2.91E-05 2.53E-05 3.02E-05 2.53E-05

A2
500 1.12E-04 2.56E-05 2.44E-07 2.49E-03 2.44E-07 7.80E-03 2.45E-04 5.42E-04 1.83E-02 5.42E-04
1000 1.05E-04 1.47E-05 8.82E-08 1.99E-03 8.82E-08 2.23E-04 1.90E-04 4.38E-05 3.71E-03 4.38E-05

B2
500 5.43E-03 2.15E-03 3.59E-05 1.83E-03 4.55E-06 5.90E-02 1.96E-02 1.69E-03 1.76E-02 1.69E-03
1000 1.74E-03 1.15E-05 1.82E-05 1.45E-03 1.82E-06 2.81E-03 6.10E-04 1.94E-05 8.53E-03 1.64E-05

ω2
500 5.43E-03 2.15E-03 3.59E-05 1.83E-03 4.55E-06 1.86E-06 1.58E-07 5.75E-09 5.09E-11 5.09E-11
1000 1.74E-02 1.15E-05 1.82E-06 2.45E-03 1.82E-06 9.47E-09 1.54E-09 7.54E-12 2.03E-07 7.54E-12

Table 3: MSE comparison of estimators for t-distributed errors (σ2 = 8) under 10% and 30%
contamination in middle part.

10% Contamination 30% Contamination

Parameter n OLS LAD Huber M Huber Ridge Seq Ridge OLS LAD Huber M Huber Ridge Seq Ridge

A1
500 6.11E-03 3.01E-03 8.39E-04 9.10E-05 9.10E-05 2.75E-02 1.76E-02 6.30E-03 9.82E-03 6.30E-03
1000 2.81E-04 6.39E-05 3.59E-04 8.45E-05 8.45E-05 2.66E-03 2.18E-03 1.63E-03 2.79E-04 4.64E-04

B1
500 2.34E-03 5.73E-04 5.98E-03 3.56E-03 3.56E-05 2.07E-02 1.24E-02 8.36E-03 5.04E-03 5.04E-03
1000 1.69E-04 5.43E-06 2.88E-04 5.14E-04 2.88E-08 8.99E-04 7.27E-05 2.61E-03 5.84E-04 6.84E-05

ω1
500 2.71E-04 2.55E-04 2.58E-04 2.71E-04 2.58E-04 2.38E-02 2.26E-02 2.38E-02 2.51E-02 2.35E-02
1000 2.92E-05 2.69E-05 2.93E-05 3.02E-05 2.92E-05 2.70E-04 2.42E-04 2.72E-04 2.70E-04 2.70E-04

A2
500 4.50E-03 3.88E-03 2.81E-03 2.25E-02 1.04E-03 1.10E-01 1.43E-02 8.83E-02 1.90E-01 8.83E-02
1000 2.09E-04 3.22E-03 1.44E-06 7.16E-04 4.04E-07 1.96E-03 1.13E-03 5.54E-03 2.44E-03 7.21E-04

B2
500 4.59E-03 4.35E-03 2.02E-03 1.96E-02 3.73E-03 1.14E-01 1.07E-01 8.40E-02 1.62E-01 8.40E-02
1000 3.86E-03 7.00E-05 8.63E-07 6.89E-04 8.63E-07 4.76E-02 8.21E-04 4.17E-03 1.77E-03 3.19E-04

ω2
500 8.41E-07 4.11E-08 1.29E-07 1.06E-08 1.06E-08 9.67E-06 3.25E-06 2.02E-06 1.15E-07 1.15E-07
1000 1.89E-08 3.09E-09 1.99E-14 1.90E-09 1.37E-14 8.52E-08 5.72E-09 2.40E-07 1.89E-08 8.07E-09
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6 Performance analysis

6.1 T-tailed

6.2 Normal Outliers

Table 4: MSE comparison of estimators for randomly G-distributed errors (σ2 = 5) under 10%
and 30% contamination. The minimum MSE in each row is highlighted in bold.

10% Contamination 30% Contamination

Parameter n OLS LAD Huber M Huber Ridge Seq Ridge OLS LAD Huber M Huber Ridge Seq Ridge

A1
500 2.87E-04 2.32E-04 2.58E-04 6.17E-04 1.15E-04 1.01E-03 8.01E-04 1.68E-03 7.66E-04 6.34E-04
1000 2.31E-04 2.16E-04 1.13E-04 1.26E-04 1.06E-04 3.86E-04 3.05E-04 8.92E-04 3.59E-04 3.59E-04

B1
500 1.04E-04 8.79E-05 2.47E-04 1.89E-05 5.50E-06 7.62E-04 1.92E-04 6.58E-04 7.45E-05 6.32E-06
1000 2.07E-05 1.17E-05 1.17E-05 1.15E-05 3.23E-06 5.03E-07 2.57E-05 1.52E-05 5.19E-05 1.66E-07

ω1
500 3.01E-05 2.53E-05 3.01E-05 2.56E-05 2.43E-05 3.84E-05 2.77E-05 3.95E-05 3.76E-05 2.94E-05
1000 2.16E-11 4.21E-12 6.78E-13 7.68E-14 7.68E-14 2.93E-11 6.06E-12 1.11E-12 2.56E-11 1.12E-12

A2
500 1.33E-03 6.82E-05 1.09E-03 3.37E-05 3.37E-05 5.56E-03 1.36E-04 4.21E-03 6.80E-05 2.94E-06
1000 1.91E-05 5.47E-06 4.71E-06 7.13E-06 1.48E-06 1.92E-03 1.23E-04 1.74E-04 1.29E-05 4.57E-05

B2
500 3.25E-04 2.25E-04 1.64E-04 1.14E-04 1.10E-05 4.84E-04 2.99E-04 4.85E-04 1.83E-04 9.86E-04
1000 2.03E-04 1.46E-04 7.79E-06 8.62E-06 1.36E-06 3.55E-04 2.35E-04 1.63E-06 1.45E-04 1.63E-06

ω2
500 7.41E-11 8.89E-11 1.01E-08 1.51E-11 1.51E-11 8.08E-11 9.33E-11 5.99E-08 2.82E-11 1.96E-11
1000 5.75E-13 2.13E-11 2.50E-13 3.59E-13 1.73E-13 2.84E-11 2.07E-11 1.35E-11 1.24E-11 1.93E-12

Table 5: MSE comparison of estimators for middle G-distributed errors (σ2 = 8) under 10%
and 30% contamination. The minimum MSE in each row is highlighted in bold.

10% Contamination 30% Contamination

Parameter n OLS LAD Huber M Huber Ridge Seq Ridge OLS LAD Huber M Huber Ridge Seq Ridge

A1
500 6.81E-04 3.30E-05 2.17E-06 3.72E-07 3.72E-07 9.59E-03 8.12E-03 2.83E-03 2.21E-02 2.83E-03
1000 2.50E-05 1.65E-05 1.42E-06 1.25E-07 7.28E-08 2.74E-03 1.98E-04 2.36E-03 8.67E-04 1.98E-04

B1
500 1.18E-03 1.71E-07 4.89E-08 1.90E-04 4.89E-08 1.43E-02 8.67E-03 4.90E-04 7.79E-03 4.90E-04
1000 1.03E-04 2.61E-05 1.15E-09 5.70E-06 1.15E-09 8.18E-04 1.60E-04 4.16E-04 1.40E-03 4.78E-05

ω1
500 2.68E-04 1.11E-04 2.58E-04 2.68E-04 1.11E-04 2.92E-02 2.04E-02 2.03E-02 2.19E-02 1.92E-02
1000 1.59E-10 3.58E-12 1.78E-12 3.09E-12 1.09E-12 3.89E-03 3.20E-03 3.44E-03 3.53E-03 3.31E-03

A2
500 2.61E-03 2.01E-03 8.28E-04 3.62E-03 3.95E-06 6.83E-02 2.06E-01 5.71E-02 1.59E-01 5.71E-02
1000 1.90E-03 1.57E-05 6.60E-04 1.37E-06 3.30E-08 1.05E-02 2.14E-03 2.37E-02 1.64E-02 2.14E-03

B2
500 9.67E-03 3.45E-04 3.99E-04 1.37E-03 3.99E-04 6.97E-02 8.75E-02 4.75E-02 1.70E-01 4.75E-02
1000 1.68E-04 4.05E-06 1.33E-07 3.81E-10 3.81E-10 4.69E-02 1.70E-02 2.10E-02 1.40E-02 1.40E-02

ω2
500 2.27E-07 1.53E-08 1.61E-08 5.97E-11 5.97E-11 2.12E-06 1.21E-06 1.08E-06 2.47E-07 2.47E-07
1000 3.03E-09 6.57E-13 1.28E-14 6.74E-16 6.74E-16 1.94E-07 1.73E-08 1.33E-07 9.52E-08 7.73E-08

The detailed numerical results are reported in the tables that follow; to avoid repetition,

we summarize only the main points here First, the comparison should be read as a contrast

between different robustness mechanisms: LAD targets absolute-deviation robustness, Huber-

type methods target bounded-influence robustness, and ridge-type penalties target variance

reduction under instability of the fitted harmonic basis For this reason, the study does not claim

that ridge regularization universally outperforms LAD Rather, the appropriate interpretation

is:
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6.3 Discussion of simulation results

The simulation results in Tables 2–5 reveal clear patterns across contamination level, sample

size, contamination variance, and estimator performance.

Contamination proportion: The MSE increases as contamination rises from 10% to 30%

under both heavy-tailed and Gaussian settings The deterioration is most pronounced for OLS,

reflecting its high sensitivity to outliers Robust methods (LAD and Huber) exhibit greater

stability, while ridge-type estimators typically achieve lower MSE due to shrinkage-induced

variance control, although the extent varies with parameters and contamination structure.

Sample size: Increasing the sample size from n = 500 to n = 1000 reduces MSE for all

estimators, consistent with asymptotic theory The improvement is particularly evident for the

frequency parameters ω1 and ω2 Robust and penalized methods show better finite-sample sta-

bility under contamination.

Contamination variance: An increase in contamination variance (σout = 5 to 8) leads

to higher MSE across all methods The effect is stronger under middle-block contamination

than under random contamination due to localized distortion OLS is most affected, whereas

Huber and ridge-type methods demonstrate greater robustness, with penalized estimators often

maintaining relatively low MSE.

Joint effects: Contamination proportion and sample size interact: larger samples mitigate,

but do not eliminate, the adverse effects of contamination Under severe and high-variance

contamination (30%, σout = 8), OLS performs poorly, while robust and penalized estimators

remain comparatively stable.

Method comparison: Overall performance under contamination can be summarized as

Seq Ridge ≈ Huber Ridge ≻ Huber M ≻ LAD ≻ OLS.

Seq Ridge and Huber Ridge frequently attain the smallest MSE, highlighting the role of shrink-

age in stabilizing estimation under multicollinearity and contamination Huber M performs well

under heavy-tailed errors but is sometimes less stable than penalized variants LAD improves

upon OLS but is not consistently optimal.

These findings do not imply universal dominance of ridge-based methods; rather, they indi-

cate that, under the contamination designs and tuning choices considered, ridge regularization

enhances stability and reduces MSE when least-squares estimation becomes unstable.
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Interpretation of the Huber-ridge benchmark: The Huber-ridge estimator helps sepa-

rate the effects of robustness and shrinkage Improvements over OLS indicate gains from regu-

larization, while improvements over Huber-ridge suggest advantages beyond standard robust-

shrinkage formulations.

Figure 3: Computational time ratio of the competing estimators relative to OLS across different
sample sizes

Computational efficiency. Figure 3 shows that LAD is the most computationally expensive

due to non-smooth optimization Huber-based methods incur a moderate additional cost due to

iterative weighting In contrast, Seq Ridge remains computationally close to OLS while providing

improved robustness and variance stabilization, indicating a favorable accuracy-efficiency trade-

off.

7 Robustness Analysis

In this section, we study the robustness properties of different estimators used in sinusoidal

regression models In particular, we focus on two fundamental robustness measures:

1. The Influence Function (IF), which quantifies sensitivity to infinitesimal contamina-

tion.

2. The Breakdown Point (BP), which measures resistance to large contamination.
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7.1 Influence Function

The concept of the influence function was introduced by Hampel [9] as a tool to assess the local

robustness of an estimator. It measures the effect of an infinitesimal contamination at point

z on the estimator. Further developments and applications can be found in [11, 20]. Let F

denote the true data distribution and let T (F ) be a statistical functional corresponding to an

estimator Consider a contaminated distribution Fε,z = (1 − ε)F + ε∆z, where ∆z is a point

mass at z and ε is a small contamination fraction. The influence function (IF) is defined as

IF(z;T, F ) = lim
ε→0

T (Fε,z) − T (F )

ε
. (7.1)

Since the exact analytical IF is difficult to derive for nonlinear sinusoidal models, we adopt an

empirical influence function (EIF) Let θ̂ denote the fitted parameters based on the original

sample y, and θ̂(z,i) denote the fitted parameters when the i-th observation is replaced by z

The empirical influence is measured through the perturbed fitted signal: ∆ŷ(z) = ŷ(z,i)− ŷ. We

summarize the effect using the relative root mean squared change:

EIF(z) =

√
1
n

∑n
t=1

(
ŷ
(z,i)
t − ŷt

)2
sd(ŷ)

. (7.2)

A smaller value of EIF(z) indicates greater robustness. Figure 4 shows the variation of EIF

across contamination levels z for different estimators. From the figure, we observe:

Figure 4: Empirical Influence Function comparison across estimators.

• The OLS estimator exhibits rapidly increasing influence, indicating high sensitivity to

contamination.
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• The LAD estimator shows moderate stability but remains relatively noisy.

• The Huber and Huber-Ridge estimators provide strong robustness with bounded influence.

• The proposed Ridge estimator (Seq ridge) shows the lowest and smoothest influence,

demonstrating superior stability.

7.2 Breakdown Behaviour

The breakdown point is a global robustness measure introduced by [6] It quantifies the small-

est fraction of contamination that can cause an estimator to take arbitrarily large values A

comprehensive discussion of breakdown properties in regression can be found in [20, 26]. The

breakdown point of an estimator is defined as the largest fraction of contamination that the

estimator can tolerate before it yields arbitrarily large errors. Formally, let θ̂(y) denote an es-

timator and let y(m) denote a contaminated sample where m = ⌊αn⌋ observations are replaced

by arbitrary values The finite-sample breakdown point is defined as

ε∗ = min

{
α : sup

y(m)

∥θ̂(y(m))∥ = ∞

}
. (7.3)

In practice, we operationalize breakdown by checking whether:

• parameters become excessively large,

• frequency estimates hit boundary values,

• or the fitted error explodes relative to a baseline fit.

The breakdown rate is then estimated as the probability that the estimator fails under repeated

contamination at level α. Figure 5 shows the breakdown rate as a function of contamination

fraction α. The results clearly indicate:

• The OLS estimator breaks down rapidly even at low contamination levels.

• The LAD estimator, although more robust than OLS, eventually breaks down at moderate

contamination.

• The Huber estimator provides improved resistance but still deteriorates as contamination

increases.

• The Huber-Ridge estimator enhances stability due to regularization.

• The proposed Ridge estimator (Seq ridge) shows the slowest increase in breakdown rate,

indicating the highest robustness.

Overall, the empirical analysis demonstrates that incorporating both regularization and robustness-

aware parameter selection significantly improves resistance to contamination The proposed

Ridge estimator consistently achieves lower influence and higher breakdown stability compared

to classical methods.
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Figure 5: Finite-sample breakdown behaviour across estimators.

8 Real-data analysis: AirPassengers data

In this section, we apply the proposed robust sinusoidal modeling procedure to the classical

Air Passengers dataset. The data consist of monthly totals of international airline passengers

from January 1949 to December 1960, giving n = 144 observations The series is widely used

as a benchmark for seasonal time-series modeling because it exhibits a clear upward trend and

strong annual seasonality.

The purpose of this analysis is twofold First, we examine whether the sinusoidal represen-

tation provides an interpretable seasonal description of a real monthly time series Second, we

evaluate the robustness of the competing estimators under a controlled contamination mech-

anism Importantly, the contamination considered in this section is artificially introduced by

us Therefore, the contaminated data should not be interpreted as evidence that the original

AirPassengers series contains genuine outliers Rather, the contamination experiment is de-

signed as a reproducible stress test for assessing the ability of the proposed method to recover

the underlying seasonal structure when anomalous observations are present.

Figure 6 displays the original passenger counts and the corresponding log-transformed se-

ries The raw data show an increasing trend together with increasing seasonal amplitude The

logarithmic transformation reduces the changing amplitude and makes an additive trend-plus-

seasonality representation more appropriate.

8.1 Log transformation and trend removal

Let Pt denote the original passenger count at time t, where t = 1, . . . , n Since the original series

exhibits increasing amplitude over time, we first apply the logarithmic transformation Zt =
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Figure 6: AirPassengers dataset. Panel (a) shows the original monthly passenger counts from
January 1949 to December 1960. Panel (b) shows the corresponding log-transformed series.

log(Pt). The log transformation reduces the multiplicative effect between trend and seasonality

and allows the subsequent sinusoidal model to be fitted on an approximately additive scale.

To remove the long-term growth component, we fit a linear trend to the log-transformed

data:

Zt = α0 + α1t+ et, t = 1, . . . , n, (8.1)

where α0 and α1 are estimated by ordinary least squares. The estimated trend is

τ̂t = α̂0 + α̂1t. (8.2)

The detrended log-passenger series is then defined as

Yt = Zt − τ̂t. (8.3)

Finally, the detrended series is centered by subtracting its sample mean:

Y
(c)
t = Yt − Ȳ , Ȳ =

1

n

n∑
t=1

Yt. (8.4)

The centered detrended series Y
(c)
t is treated as the clean baseline seasonal signal extracted

from the original data.

This preprocessing step is important because the sinusoidal model is intended to capture

the periodic seasonal component rather than the long-term growth trend Thus, all subsequent

sinusoidal fits are performed after log transformation, linear detrending, and centering.
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8.2 Construction of the controlled contamination experiment

The original AirPassengers series is not assumed to be naturally contaminated To evaluate

robustness in a controlled and reproducible manner, we artificially contaminate the clean de-

trended series Y
(c)
t .

Let O denote the set of contaminated time indices We randomly select 20% of the observa-

tions without replacement Since n = 144, this gives nout = ⌊0.20 × 144⌋ = 28 contaminated

observations A fixed random seed is used to ensure reproducibility.

The contaminated signal is generated as

Ỹt = Y
(c)
t + ξtI(t ∈ O), (8.5)

where I(·) is the indicator function and ξt is an additive outlier shock. The magnitude of the

shock is determined relative to the variability of the clean detrended signal:

ξt = StUt, St ∈ {−1,+1}, Ut ∼ Unif(3σY , 6σY ), (8.6)

where σY is the sample standard deviation of {Y (c)
t }nt=1. Thus, both positive and negative

outliers are introduced, with magnitudes between three and six standard deviations of the clean

detrended signal Figure 7 shows the resulting contaminated series The blue curve represents the

clean detrended signal, the orange curve represents the contaminated signal, and the red points

indicate the injected outlier locations This figure makes clear that the outliers are imposed by

design and are not claimed to be naturally occurring anomalies in the original airline-passenger

data.

Figure 7: Controlled contamination of the detrended log AirPassengers series.
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8.3 Seasonal sinusoidal model

After detrending and centering, the seasonal component is modeled by a finite sinusoidal ex-

pansion For a given number of sinusoidal components p, the fitted model is

Y
(c)
t = β0 +

p∑
j=1

[aj cos(ωjt) + bj sin(ωjt)] + εt, t = 1, . . . , n, (8.7)

where ωj denotes the jth angular frequency, aj and bj are the corresponding cosine and sine

coefficients, and εt is the error term.

For monthly data, the dominant seasonal frequency corresponds to an annual cycle Therefore,

the first few harmonics have a direct interpretation in terms of seasonal periodicities In partic-

ular, for the selected value p = 3, the retained components correspond to annual and low-order

seasonal harmonics, approximately representing periods of 12 months, 6 months, 4 months.Hence,

the selected frequencies are interpretable as the annual seasonal cycle and its harmonics The

additional harmonics allow the model to represent asymmetry and sharper seasonal peaks in

the airline-passenger pattern.

8.4 Selection of the number of sinusoidal components

The number of sinusoidal components p is selected using information criteria We consider can-

didate values p = 1, . . . , 6 and compute the residual sum of squares (RSS), Akaike information

criterion (AIC), and Bayesian information criterion (BIC) The results are reported in Table 6.

Table 6: AIC Table

p RSS AIC

1 11.5288 49.0593
2 11.2746 49.8486
3 10.8574 48.4194
4 10.7026 50.3517
5 10.5149 51.8037
6 10.5149 55.8034

From Table 6, AIC attains its minimum value at p = 3, while BIC attains its minimum

at p = 1 The BIC-selected model captures only the dominant annual seasonal component

and therefore provides a more parsimonious representation. However, visual inspection of the

AirPassengers series in Figure 6 indicates that the seasonal pattern is not purely sinusoidal; the

yearly peaks are relatively sharp and asymmetric. For this reason, the additional harmonics

selected by AIC are useful for representing the seasonal shape more accurately. We therefore

take p = 3 for all subsequent comparisons. This choice gives a model that is still simple and

interpretable, while allowing sufficient flexibility to capture annual seasonality and its low-order

harmonic structure.
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8.5 Selection of the ridge tuning parameter

For ridge-based robust procedures, the tuning parameter λ controls the amount of shrinkage

imposed on the sinusoidal coefficients. Larger values of λ produce smoother fitted curves by

shrinking the estimated coefficients toward zero, whereas smaller values of λ allow more flexible

fits. The tuning parameter is selected using the procedure described in Section 5.4. Applying

this procedure to the contaminated AirPassengers experiment with p = 3 gives λHuber-Ridge =

1.09, and λSeq-Ridge = 1.57. These values are then used in the Huber-Ridge and Sequential Ridge

fits, respectively. The selected penalties provide a balance between preserving the dominant

seasonal signal and reducing spurious oscillations caused by the injected outliers.

8.6 Comparison of fitted seasonal signals

We compare five estimation methods on the contaminated detrended series Ỹt: least squares

estimation (LSE), least absolute deviation estimation (LAD), Huber M -estimation, Huber-

Ridge estimation, and Sequential Ridge estimation. The fitted curves are shown in Figure 8.

In each panel, the blue curve denotes the contaminated detrended series and the red dashed

curve denotes the fitted seasonal signal.

Figure 8: Fitted seasonal signals for the contaminated detrended AirPassengers series.
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The main observations from Figure 8 are as follows.

1. LSE: The LSE fit captures the broad oscillatory structure, but it is visibly affected by the

injected outliers. Since squared-error loss gives large residuals high influence, the fitted

curve is pulled toward several contaminated observations. This makes the LSE fit less

stable as an estimate of the underlying clean seasonal signal.

2. LAD: The LAD fit is less sensitive to extreme observations than LSE because it minimizes

absolute deviations. The fitted curve is therefore less strongly distorted by large positive

or negative shocks. However, the LAD fit can still show local irregularity when several

contaminated observations occur close together.

3. Huber M-estimation: The Huber fit provides an intermediate behavior between LSE

and LAD. It follows the main seasonal pattern while limiting the influence of large resid-

uals. Compared with LSE, the Huber fitted curve is less attracted to extreme outliers

and gives a more stable representation of the central seasonal movement.

4. Huber-Ridge: The Huber-Ridge fit combines residual downweighting with coefficient

shrinkage. As a result, the fitted signal is smoother than the unpenalized robust fits. The

ridge penalty reduces excessive oscillatory behavior caused by contaminated observations

and stabilizes the estimated seasonal component.

5. Sequential Ridge: The Sequential Ridge fit preserves the main cyclical structure while

providing stronger regularization against outlier-driven fluctuations. Compared with LSE,

LAD, and Huber estimation, the fitted curve is more controlled and less reactive to

individual anomalous points. This indicates that ridge regularization improves recovery

of the underlying seasonal signal under contamination.

Overall, Figure 8 shows that robust methods reduce the influence of artificial outliers, while

ridge-based methods further smooth and stabilize the fitted seasonal signal. Thus, ridge reg-

ularization changes the fitted curve in a practically meaningful way: it discourages the model

from following contaminated observations too closely and produces a more regular estimate of

the seasonal component.

9 Conclusion

This paper proposed a ridge-type regularized estimator for sinusoidal regression models, mainly

as a shrinkage-based stabilization method rather than a classical robust estimator. For fixed-

dimensional models with unknown frequencies, consistency and asymptotic normality were es-

tablished under suitable assumptions. Simulation studies and the AirPassengers example show

that ridge regularization can improve stability and reduce MSE under the considered contami-

nation settings. Future work may study other penalties and formal robustness properties such

as influence functions and breakdown behavior.
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Appendix A

Proof 10.1 We work conditionally on the design matrix X and take expectations with respect

to the noise ε. By definition,

θ̂λn = (Sn + λnIPn)−1
(
Snθ +

1

n
X⊤ε

)
, where Sn =

1

n
X⊤X.

Hence

θ̂λn − θ = (Sn + λnI)−1
(
Snθ + 1

nX
⊤ε
)
− θ

=
[
(Sn + λnI)−1Sn − I

]
θ + (Sn + λnI)−1 1

n
X⊤ε.

Using

(Sn + λnI)−1Sn − I = −λn(Sn + λnI)−1,

we obtain the standard bias + noise decomposition:

θ̂λn − θ = −λn(Sn + λnI)−1θ + (Sn + λnI)−1 1

n
X⊤ε.

Define bn := −λn(Sn + λnI)−1θ, ηn := (Sn + λnI)−1 1
nX

⊤ε, so that θ̂λn − θ = bn + ηn. The

(normalized) prediction error can be written as

1

n

∥∥X(θ̂λn − θ)
∥∥2 = (θ̂λn − θ)⊤Sn(θ̂λn − θ) = (bn + ηn)⊤Sn(bn + ηn).

Taking expectation with respect to ε and using E[ηn] = 0 and E[ηnb
⊤
n ] = 0, we obtain

1

n
E
∥∥X(θ̂λn − θ)

∥∥2 = b⊤nSnbn + E
[
η⊤n Snηn

]
=: Bn + Vn.

Thus, we need to control the bias term Bn and the variance term Vn. Recall bn = −λn(Sn +

λnI)−1θ. Hence

Bn = b⊤nSnbn = λ2n θ
⊤(Sn + λnI)−1Sn(Sn + λnI)−1θ.

Using the spectral bounds on Sn and on (Sn+λnI)−1, there exists a constant C1 > 0 independent

of n such that

Bn ≤ C1λ
2
n ∥θ∥2.

By assumption, ∥θ∥2 = O(Pn) and λn ≍ Pn/n, so

Bn ≤ C2
P 2
n

n2
Pn = C2

P 3
n

n2
,
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for some constant C2 > 0. Under the stated growth regime and the eigenvalue conditions, this

term can be shown to vanish, i.e. Bn → 0 as n→ ∞. We have

ηn = (Sn + λnI)−1 1
nX

⊤ε,

and, using Var(ε) = σ2In,

Var(ηn) = (Sn + λnI)−1 Var
(
1
nX

⊤ε
)
(Sn + λnI)−1

= (Sn + λnI)−1
(
σ2

n Sn

)
(Sn + λnI)−1.

Hence

Vn = E[η⊤n Snηn] = tr
(
Sn Var(ηn)

)
=
σ2

n
tr
[
Sn(Sn + λnI)−1Sn(Sn + λnI)−1

]
.

Using again the spectral bounds on Sn and (Sn + λnI)−1, there exists a constant C3 > 0 such

that

Vn ≤ C3
1

n
tr(Sn) = C3

1

n

Pn∑
j=1

λj(Sn) ≤ C4
Pn

n

for some C4 > 0. Since Pn/n → κ ∈ (0,∞), this term is of order Pn/n and can be controlled

suitably in the high-dimensional limit. Combining the bounds for Bn and Vn, we have

1

n
E
∥∥X(θ̂λn − θ)

∥∥2 = Bn + Vn −→ 0,

under the stated growth conditions on Pn, λn and ∥θ∥2, together with the spectral assumptions

on Sn.

Hence the ridge estimator θ̂λn is prediction-consistent:

1

n
E
∥∥X(θ̂λn − θ)

∥∥2 → 0.

Appendix B

Proof of Theorem (4.1).

Let θ̂N = (ÂN , B̂N , ω̂N ) to be the ridge estimates of θ0 = (A0, B0, ω0) obtained by minimizing

QR
N (θ) =

N∑
i=1

(Z(t) −A cos(ωt) −B sin(ωt))2 + λ̂N
(
A2 +B2

)
(10.1)
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with respect to θ = (A,B, ω). Here λ̂N is the regularization parameter under ridge regression

chosen optimally by cross-validation. Let us now consider

1

N

[
QR

N (θ) −QR
N (θ0)

]
=

1

N

N∑
i=1

(Z(t) −A cos(ωt) −B sin(ωt))2 +
λ̂N
N

(
A2 +B2

)
− 1

N

N∑
t=1

(e(t))2 − λ̂N
N

(
A02 +B02

)
=

1

N

N∑
t=1

(
A0 cos(ω0t) +B0 sin(ω0t) −A cos(ωt) −B sin(ωt)

)2
+

2

N

N∑
t=1

e(t)
(
A0 cos(ω0t) +B0 sin(ω0t) −A cos(ωt) −B sin(ωt)

)
+
λ̂N
N

[
(A2 −A02) + (B2 −B02)

]
= fRN (A,B, ω) + gRN (A,B, ω) + hRN (A,B, ω) (10.2)

Now with the help of lemma 2.1 and calculation done in [14], we can easily conclude that

lim
N→∞

sup
θ∈Sδ,M

gRN (A,B, ω) = 0 a.s. (10.3)

where δ > 0 the set Sδ,M is defined as

Sδ,M =

{
(A,B, ω); |A−A0| ≥ δ, |A| ≤M, |B| ≤M

or |B −B0| ≥ δ, |A| ≤M, |B| ≤M

or |ω − ω0| ≥ δ, |A| ≤M, |B| ≤M

}
. (10.4)

Now from [16] it follows that for all δ > 0

lim
N→∞

sup
θ∈Sδ,M

fN (A,B, ω) > 0. (10.5)

Also all δ > 0 from 10.4 it follows that

lim
N→∞

sup
θ∈Sδ,M

hN (A,B, ω) > 0. (10.6)

Therefore from (10.3) - (10.6) we can conclude that

lim
N→∞

inf
Sδ,M

1

N
[QR

N (θ) −QR
N (θ0)] > 0 (10.7)
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Now suppose (Â0, B̂0, ω̂0) be the Ridge estimates of (A0, B0, ω0) and they are not consistent.

Therefore either

Case I: For all sub-sequences {Nk} of {N}, |ÂNk
| + |B̂Nk

| tends to infinity or

Case II: There exists a δ > 0 and a M <∞ and a sub-sequence {Nk} such that

(ÂNk
, B̂Nk

, ω̂Nk
) ∈ Sδ,M for all k = 1, 2, . . . . Now

QR
Nk

(ÂNk
, B̂Nk

, ω̂Nk
) −QR

Nk
(A0, B0, ω0) ≤ 0 (10.8)

as (ÂNk
, B̂Nk

, ω̂Nk
) is the ridge regularized estimates of (A0, B0, ω0) when N = Nk. Observe

that as K → ∞, for both cases, the left-hand side of (10.8) converges to a strictly positive

number, that is a contradiction. Therefore, the ridge regularized estimates of the model (4.7)

have to be strongly consistent.

Appendix C: Proof of Theorem 4.2

Let

Q′
N (θ) =

(
∂QR

N (θ)

∂A
,
∂QR

N (θ)

∂B
,
∂QR

N (θ)

∂ω

)
,

and denote by Q′′
N (θ) the corresponding 3 × 3 Hessian matrix.

Using a Taylor series expansion around θ0, we obtain

Q′
N (θ̂) −Q′

N (θ0) = (θ̂ − θ0)Q′′
N (θ̄), (10.9)

where θ̄ lies on the line segment joining θ̂ and θ0. Since Q′
N (θ̂) = 0, equation (10.9) yields

(θ̂ − θ0) = −Q′
N (θ0) [Q′′

N (θ̄)]−1. (10.10)

Define the scaling matrix

D =

N
−1/2 0 0

0 N−1/2 0

0 0 N−3/2

 .
Multiplying both sides of (10.10) by D−1 gives

(θ̂ − θ0)D−1 = −Q′
N (θ0)D

[
DQ′′

N (θ̄)D
]−1

. (10.11)

From (4.26)–(4.31) and the assumption λN → λ ∈ [0,∞), we have

DQ′′
N (θ̄)D P−→ 2Σ(λ),
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where

Σ(λ) =


1
2 + λ 0 1

4B
0

0 1
2 + λ −1

4A
0

1
4B

0 −1
4A

0 1
6(A02 +B02)

 .
Since 16λ2+10λ+1 > 0 for all λ ≥ 0, the matrix Σ(λ) is nonsingular whenever A02 +B02 > 0,

and its inverse is given by

Σ−1(λ) =
1

(A02 +B02)(16λ2 + 10λ+ 1)

×

2(8λ+ 1)(A02 + 4B02) −6A0B0 −12B0

−6A0B0 2(8λ+ 1)(4A02 +B02) 12A0

−12B0 12A0 24(2λ+ 1)

 .
Next, by the central limit theorem for stationary stochastic processes (see [4]), we have

Q′
N (θ0)D d−→ N3

(
0, 4σ2γΣ(λ)

)
,

where

γ =

∣∣∣∣∣∣
∞∑

j=−∞
α(j) cos(ω0j)

∣∣∣∣∣∣
2

+

∣∣∣∣∣∣
∞∑

j=−∞
α(j) sin(ω0j)

∣∣∣∣∣∣
2

.

Combining this with (10.11) and applying Slutsky’s theorem, we obtain

(θ̂ − θ0)D−1 d−→ N3

(
0, σ2γΣ−1(λ)

)
.

This completes the proof. □

Remark. If λN diverges to infinity, the matrix Σ−1(λN ) collapses to zero, leading to a degen-

erate limiting distribution. Hence, the assumption λN → λ ∈ [0,∞) is essential for obtaining a

non-degenerate asymptotic normal distribution.
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Appendix D

Proof of the Theorem 4.3.

With the help of Lemma 2.1 and using similar techniques as that of ([15]), the results can be

established.

Let’s denote the 1 × 3M vector R′
N (Φ) as follows:

R′
N (Φ) =

(
∂RN (Φ)

∂A
,
∂RN (Φ)

∂B
,
∂RN (Φ)

∂ω

)
and R′′

N (θ) denotes the 3M × 3M matrix which contains the double derivative of RN (Φ).

Now we have

R′
N (Φ̂k) −R′

N (Φk) = (Φ̂k − Φk)R′′
N (Φ̄) (10.12)

where Φ̄ = (Ā, B̄, ω̄) is a point in the line joining Φ̂k and Φ0. Since R′
N (Φ̂N ) = 0, we have

(Φ̂k − Φk) = −R′
N (Φk)[R′′

N (Φ̄)]−1. (10.13)

Let’s define the 3M × 3M diagonal matrix V whose first 2M diagonal elements are N−1/2

and the last M diagonal elements are N−3/2. Therefore, we can write (10.13) as

(Φ̂k − Φk)V −1 = −R′
N (Φk)V −1

[
V R′′

N (Φ̄)V −1
]−1

. (10.14)

Now, using similar arguments as in Section 3, we can say that.

R′
N (Φk)V → N3M (0, 4σ2G)

where G is a 3M × 3M matrix and it has the following structure:

G =

G11 G12 G13

G21 G22 G23

G31 G32 G33

 (10.15)

where each of the Gij is an M ×M matrix and
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G11 = G22 = diag

{(
1

2
+ λ̂1

)
c1, · · · ,

(
1

2
+ λ̂M

)
cM

}
G13 = G31 = diag

{
1

4
B0

1c1, · · · ,
1

4
B0

McM

}
G23 = G32 = −diag

{
1

4
A0

1c1, · · · ,
1

2
A0

McM

}
G33 =

1

6
diag {d1, · · · , dM}

G12 = G21 = 0

where

ck =

∣∣∣∣∣
∞∑

j=−∞
α(j) cos(ω0

kj)

∣∣∣∣∣
2

+

∣∣∣∣∣
∞∑

j=−∞
α(j) sin(ω0

kj)

∣∣∣∣∣
2

are and dK = cK
[
(A0

K)2 + (B0
K)2
]

for K = 1, . . . ,M . Observe that

lim
N→∞

V R′′
N (Φ̄)V = lim

N→∞
V R′′

N (Φk)V = 2Γ

Here the 3M × 3M matrix Γ is

Γ =

(12 + λ̂M )IM 0 S1

0 (12 + λ̂M )12IM S2

S1 S2 S3


where S1, S2, S3 are M ×M diagonal matrices as follows:

S1 =
1

4
diag{B0

1 , . . . , B
0
M}

S2 = −1

4
diag{A0

1, . . . , A
0
M}

S3 =
1

6
diag{d1, . . . , dM}

IM is the identity matrix of order M .
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